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There are many theorems known which state that a function and its Fourier 
transform cannot simultaneously be very small at infinity, such as various forms 
of  the uncertainty principle and the basic results on quasianalytic functions. One 
such theorem is stated on page 372 in volume II of  the collected works of  Arne 
Beurling [1]. Although it is not  in every respect the most precise result of  its kind, 
it has a simplicity and generality which make it very attractive. The editors state 
that no proof  has been preserved. However, in my files I have notes which I made 
when Arne Beurling explained this result to me during a private conversation some 
time during the years 1964---1968 when we were colleagues at the Institute for 
Advanced Study, I shall reproduce these notes here in English translation with 
onIy minor details added where my notes are too sketchy. 

Theorem. Let fELl (R)  and assume that 

f f m If(x) f(y)l eiXyl dx dy < 

where the Fourier transform f is defined by 

f ( y )  = e-iXYf(x)dx. 

Then it follows that f = 0 .  

Corollary. I f  ~o and ~t at'e conjugate convex junctions then 

f ~  If(x)Je q'(:', dx < ~, f~_~ lf(y)le O''l dy <oo=~./ = O. 

Proof o f  the Theorem. Set 

m(y)  = f~_= if(x)Je Ixyl dx, ~l(x) = f~_~ if(y)le p'rl dy. 
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M(y)  and M(x)  are increasing functions of lYl and [xl respectively, and 

(1) f~_ ~ If(y)l-Q(y) dy = f~_~ If(x)l M(x)  dx ---- f f If(x)f(Y)l elXYl dx dy < oo. 

1) Assume at first t h a t f h a s  compact support. Then M must grow exponentially 
if f ~ 0 .  Hencef is  analytic in a band containing the real axis a n d f m u s t  be 0 after all. 

2) I f f  has compact support, we can argue in the same way. 

3) I f  neither f nor f has compact support, then M and M must grow faster 
than any exponential function, so Fourier's inversion formula shows that f and f 
are entire functions, 

(2) If(z)l ~ M( lm z), If(z)l ~ ~r f lm z); z~C. 

Let 

(3) F ( z )  = f ( z ) f ( i z )  dz. 

Since 

7_.o If(x)l If(+ ix)l dx ~ f -  If(x)l M(x)  dx < co, 

the entire function F is bounded on both the real and the imaginary axes. I f  now 

lira M(x)e  -c~'12 = 0 

for every c>0 ,  it would follow from the Phragm6n--LindelSf theorem that f is a 
bounded function, hence equal to 0. I f  f is not 0 we can therefore find c > 0  and 
similarly ~>0  such that 

M(x)  > e ~'/~, M(y)  > e ey'/~, if x, y are large. 
Since 

we conclude that 

f ( z )  ---- (2n)-1 f~_** f ( y ) .~ (y )  eiZ~/.~(y) dy 

If(z)l ~- K sup e lylllm:l-ervz = KeilmztVze. 
Y 

This proves that f is exactly of  order 2 or identically 0. 
I f  e is real, it follows from (1) and (2) that 

7 o  l'f(r)f(re'~)l dr ~ f~o I f ( r ) lg ( r )dr  = g ' <  co. 

Since f is of order ~_ 2, the Phragm6n--Lindel6f theorem yields 

(4) f~o If(rei~/~)12 dr ~ K', if 0 < ct < z/2. 
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In fact, if ~pEC0(R+) , [q~l~l, then the absolute value of the analytic function 

z ~-~ z f f ( t z ) f ( e  i~ tS) q9 (t) dt 

is bounded by K" on the boundaries of the angle 0<arg z-<~., and since the func- 
tion is of order 2 the same bound holds in the interior of the angle. When z = e  i~/z 
the inequality (4) is obtained. Letting ~7z/2  we conclude that 

f~o lf(rei="4)lZ dr ~ K'.  

In the same way we obtain f ~  [f(• Hence [F(•177 is 
bounded, and the Phragm6n--Lindel6f theorem now gives that F is a constant. 
Hence f (z) f ( iz)=O, which implies that 3'=0. The proof is complete. 

Arne Beurling remarked that using results of Lindel6f one can find examples 
which show that the corollary is rather precise. Here my notes end, and they do 
not reveal what references he had in mind, so I shall add some comments of my own. 

The simplest example showing the precision of the corollary is perhaps a 
Gaussian 

f (x )  = e -~'/z', f(•) = 1/2zra e -~162 

More generally, Gelfand and Shilov [2], [3] introduced for 1 <p.<o~ the space Z~ 
of entire functions ~, such that for some constants A, B, C 

I•(z)l ~ Ce allrnzl'-nlReztp, zEC. 

They proved that the Fourier transform of Z~ is equal to ZpP; where 1 / p + l / p ' = l .  
If ffEZ~ it follows that 

I~0(x)l ~ Ce -BI~j', x6R; tff(~)l <= C'e-B'lr r 

so Beurling's theorem gives (Bp)~/P(B'p')~/f~l if ff~0. When 2 ~ p ~ 4  one 
can easily find such a function ~ by noting that if q~ is an even function in C with 

~ 0 ( z ) = - R e z  p, when Rez=>0, 

then ~o is subharmonic. In fact, from refined indicator theorems which are available 
also for analytic functions of several variables it follows that there exist analytic 
functions ~ 0  with [~(z)l~e ~'(~), z6C, hence ~CZ~. Since z ~ r  2) is in 
Z~g if ~kEZp p, it follows that Z~ is non-trivial when 2-<p<~,  and taking Fourier 
transforms we obtain the same statement when 1 <p-<_2. 
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