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Criteria for validity of the maximum
modulus principle for solutions of
linear parabolic systems

Gershon I. Kresin and Vladimir G. Maz’ya()

Abstract. We consider systems of partial differential equations of the first order in ¢ and
of order 2s in the z variables, which are uniformly parabolic in the sense of Petrovskii. We show
that the classical maximum modulus principle is not valid in R™ x (0, T] for s>2.

For second order systems we obtain necessary and, separately, sufficient conditions for the
classical maximum modulus principle to hold in the layer R™ x (0, T and in the cylinder ©x (0, T,
where 2 is a bounded subdomain of R"™. If the coefficients of the system do not depend on ¢, these
conditions coincide. The necessary and sufficient condition in this case is that the principal part
of the system is scalar and that the coefficients of the system satisfy a certain algebraic inequality.
We show by an example that the scalar character of the principal part of the system everywhere
in the domain is not necessary for validity of the classical maximum modulus principle when the
coefficients depend both on z and .

Introduction

It is well-known that solutions of parabolic second order equations with real
coefficients in the cylinder

Qr={(z,t):z€Q, 0<t<T}, QCR",
satisfy the maximum modulus principle. Namely, for any solution of the equation

u d%u = Ou
3 2, 0 g, 2 (o g (e u=0,

i,5=1 i

(1) The research of the first author was supported by the Ministry of Absorption, State of
Israel.
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where ((ai;)) is a positive-definite (nxn)-matrix-valued function and ag>0, the
inequality holds

|u(z, t)| <sup{ |uly,7)|: (y,7) €0Qr, T<T}.

This classical fact was extended to parabolic second order systems with scalar
coefficients of the first and second derivatives in [10]. Maximum principles for weakly
coupled parabolic systems are discussed in the books [8], [11].

Furthermore, there exists a large literature on “invariant sets” for non-linear
parabolic systems (see, for example, [1], [2], [3], [4], [9], [12] and references there).
However, we shall not characterize this interesting field, since here we consider
only the maximum modulus principle and since the papers on invariant sets do not
contain our results as special cases.

In this paper we find criteria for validity of the classical maximum modulus
principle for solutions of the uniformly parabolic system in the sense of Petrovskii

Ou
1) 5 > Ag(z,t)obu=0.

1B1<2s

Here u is an m-component vector-valued function, Ag are real or complex (mXxm)-
matrix-valued functions, 3=(f, ..., B, ) is a multiindex of order |8|=01+...+ 3, and
B=0l81/ Ba:f ' ...8zP~. For s>1 the vector-function u is defined in the closure Rp+!
of the layer R =R" x (0,T]. In the special case s=1 it will be defined also in the
closure Qr of the cylinder Q7= x (0, 7], where Q is a bounded domain in R™.

Throughout the article we make the following assumptions:

(A) The matrix-valued functions Ag are defined in Rpt' and have bounded
derivatives in z up to the order |3| which satisfy the uniform Hélder condition on

R_;EH with exponent o, 0<a <1, with respect to the parabolic distance
d((z,t), (@', 1) = (|le—a' P+ [t—t'|"/*) /2.
(B) For any point (:c,t)ew, the real parts of the A-roots of the equation
det((—l)s > Ag(x,t)aﬁ—AIm> =0
|8]=2s

satisfy the inequality Re \(z,t,0)<~6|c|?*, where §=const>0 for any c€R"™, I,
is the identity matrix of order m, and |-| is the Euclidean length of a vector.
We obtain an expression for the best constant X(R™,T') in the inequality

lu(z,t)| <K(R™, T) sup{ |u(y,0)| :y € R" },
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where (z,t)€RpT. Tt is shown that K(R™,T)>1 for all s>2.
For s=1, besides the constant K(R",T), we study the best constant K(Q,T)
in the inequality

lu(z, )| < K(Q, T) sup{ |u(y, 7)| : (y,7) €T },

where (z,t)€Qr,I'7={(z,t)€0Qr:t<T}. The closure I'r of I'r is called the par-
abolic boundary of the domain Q% (0,T).

Then we give separate necessary and sufficient conditions for validity of the
classical maximum modulus principle (i.e. £X(Q,7)=1, X(R",T)=1) for solutions
of the parabolic second order system

(2) %— Xn: Ajr(z, t +ZA (z,t) t Aoz, t)u=0.

If the coefficients of the system (2) do not depend on ¢, then the above mentioned
necessary and sufficient conditions coincide. More precisely, the following statement
concerning the system

3) %—Z A ax 8x +ZA,(x +Ao( Ju=0

J,k=1
holds for the case of real coefficients.

Theorem. The classical mazimum modulus principle is valid for solutions of
the system (3) in Qr(RETY) if and only if:
(i) for all z€Q (z€R™) the equalities

Ajr () = ajk(z)m, 1<j,k<n,

hold, where ((ajr)) is a positive-definite (n x n)-matriz-valued function;
(i) for all z€Q (x€R™) and for any &;, s€R™, j=1,...,n, with (§;,5)=0, the

tnequality
n

Y an(@)(E )+ D (Ai(@)E),6)+(Ao(2)s,6) >0

J.k=1 j=1
s valid.

The next assertion immediately follows from this theorem.
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Corollary. The classical mazimum modulus principle holds for solutions of
the system (3) in Qr(RE™) if and only if condition (i) of the theorem is satisfied
and

(it') for all z€Q) (x€R™) and any cER™, |g|=1 the inequality

Y bi(@)[(Ai(2)s, ) (A (2)s, ) = (Af (2)s, A5 (2)6)] +4(Ao(2)s, ) 2 0

7,j=1

is valid. Here ((bi;)) is the (nxn)-matriz-valued function inverse of ((ai;)) and *
means the passage to the transposed matriz.

In the paper we demonstrate by an example that the scalar character of the
principal part of the system (2) everywhere in the domain is not necessary for
validity of the maximum principle when the coefficients depend both on z and ¢.

Finally, it is shown that all the facts concerning the maximum modulus prin-
ciple for solutions of systems with complex coefficients are corollaries of the corre-
sponding assertions for systems with real coefficients.

In particular, for the scalar parabolic equation with complex coefficients

u 8%y i du
Bt 2 @z +;aj<x)%j+ao<x>u—o

Frk=1

we obtain in Subsection 2.2 that the classical mazimum modulus principle is valid
in Qr(R3TY) if and only if

(1) the (nxn)-matriz-valued function ((a;x)) is real and positive-definite;

(ii) for all z€S) (z€R™) the inequality

4Reag(x) > i bjk(x)Im a;(z) Im ax(z)

Jik=1
holds.
The present paper is related to our work [6] where we considered the system (2)
with constant matrix coefficients A, and with 4g=A;=...=A,=0. In [6] we estab-

lished that the classical maximum modulus principle holds if and only if Az =a;11mn
where ((a;)) is a real positive-definite (nxn)-matrix.

We are going to devote a special paper to extend our present results to the
so called maximum norm principle, where the role of the modulus is played by the
norm in a finite-dimensional normed space.
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1. Systems of order 2s in Rp+!

1.1. The case of real coefficients

1.1.1. Some notations. We introduce the operators

U(z,t,0/0m)= D Ap(z,t)02, Ao(x,t,0/0z)= Y _ Ag(x,1)d%,

1B1<2s |Bl=2s

where Ag are real (mxm)-matrix-valued functions satisfying the conditions (A)
and (B), formulated in the Introduction.

Below we use the following notation.

Let §=Dx(0, g], where D is a domain in R" and 0<p<oco. Let, for brevity,
either M =S5 or M be the parabolic boundary of the domain D x (0, ¢). By C(M) we
denote the space of continuous and bounded m-component vector-valued functions
on M with the norm

[|lull =sup{ |u(q)|: g€ M }.

By C{*1)(S) we mean the space of m-component vector-valued functions u(z,1)
on S whose derivatives with respect to £ up to order k and first derivative with
respect to ¢ are continuous. By C**t*(R™) we denote the space of m-component
vector-valued functions with continuous and bounded derivatives with respect to x
up to order k& which satisfy the uniform Hélder condition with exponent «. Finally,

let CF+ae/2s(RT1Y) denote the space of m-component vector-valued functions with
derivatives up to order k with respect to z which are bounded in R%H and satisfy

the uniform Hélder condition on R;ﬂ“ with exponent a with respect to the parabolic

distance. For the space of (m xm)-matrix-valued functions, defined on R3™ and
having similar properties, we use the notation Cf,r**/2*(Ra+1),
For s>1 we put

lull p Fmrr
(1.1) K(R",T)=sup ——M,
”u|t=0“C(R")

where the supremum is taken over all functions in the class
O (R H)NC(RET)

satisfying the system

ou
s —U(z,t,0/0x)u=0.

5—Arkiv for matematik
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Let R ={(z,t)e R"*':t>0}. We introduce one more constant

“U”C nti
(R

(1.2) Ko(y) =sup ————— L
[uli=ollc(rm)

where the supremum is taken over all functions in the class
C(2s,1) (R:L:I-l ) ﬂC’(Riﬂ)

satisfying the system

Ou
Bt —Ap(y,0,8/0x)u=0

and y€ R™ plays the role of a parameter.
1.1.2. Representations for the constants K(R™,T) and Ko(y). According to [5]
there exists one and only one function in the class
CED(RE)NC(RFT)
which is the solution of the Cauchy problem

(1.3) %—ﬂ(m,t,@/@x)uzO in REYY uli—o=1),

with 1€ C(R™). This solution can be represented in the form
(1.4) u(z, t)= : G(t,0,z,n)¥(n) dn.

Here G(t, 7, z,7) is the Green matrix (or the fundamental matrix of solutions of the
Cauchy problem (1.3)). The Green matrix for the system

ou
ot
will be denoted by G(t, T, z—mn;y).
The Green matrix Go(¢t—7,z—1n;y) for the system

Ay, t,8/0z)u=0

Ou
E—E—Qlo(y, 0,0/0z)u=0

has the following representation
go(t—T,x—n;y)=(27r)_”/ exp[(—l)s Z Ap(y,0)0P (t—7)| ") do,
[Bl=2s

n
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where o=(071, ..., 0,) € R™. This implies

(1.5) Go(t—,z—n; y)=(t—T)""/2sP((t—_a‘:T:)¥75;3y)’

with

P(z;y)=(2n)™" /R ) (@) exp[(—l)s > Aﬂ(y,O)aﬂ] do.

1Bl=2s

When discussing the system (1) with coefficients depending only on ¢ we use
the notation

Ag(t), At,8/8x), Ao(t,8/0z), G(t,7,2—n), Go(t—T,2—7), P(z).

Theorem 1.1. The following formula is valid

(16) K(B",T)= sup sup_sup [ 1G"(t,0,8,m)z]dn,
z€R™ 0<t<T |z|=1JR"
where the * denotes passage to the transposed matriz.
In particular,

(1.7) Kol(y) = Sup /R |P*(n; y)z| dn.

Proof. Let (z,t) be a fixed point in R3"'. We find the norm |u(z,t)| of the
mapping C(R™)3¢—u(z,t)€ R™, where u is defined by (1.4). Using the properties
of the inner product in R™ and the fact that the supremum operations commute,
we obtain

lue, ) = swp | [ G(t,0,2,m)uw(n) dn}

[pl<1
= sup sup (z / G(t,0,z,n)p(n) dn)
Rn

[¥]<1 [2]=1

Rn

(1.8)

= sup sup/ (z,G(t,0,z,m)¢(n)) dn
|z]=1|¢|<1J R

= sup sup /n(G*(t,O,x,n)z,w(n))dn.

|z|=1]¢$|<1JR
Let N(,+)(2) denote the set of points n€ R™ on which

G*(t,0,z,n)z=0.
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By (1.8) we have

|u(z, t)] = sup sup/ (G*(t,0,z,m)z,9(n)) dn.
[2|=1|9|<1 SR\ N5 4 (2)

Clearly, the inside supremum of the last integral is attained at the vector-valued

function
G*(t,0,,m)z

|G*(¢,0,z,m)z|
Consequently,

|u(z, )] = sup / IG*(t,0,2,m)z| dn = sup / IG* (¢, 0, 2,m)2]| dn.
R™M\N(z 4y(%) | Rn

|z]=1 z|=1
Using the definition (1.1) of the constant X(R™,T), we obtain
K(R", T) =sup{ |[ull o g7z, * ule=ollorm) < 1,
Ou/8t—A(z,t,0/8z)u=0 in R3T'}

= sup sup sup{|u(z,t)|:||uli=ollcrn) <1,
rE€R™ 0<t<T

(1.9) Ou/0t—A(z,t,0/0z)u=0 in R3"}

sup sup_fu(z,?)|
zER™ 0<t<T

= sup sup sup / IG*(£,0,,m)2| dn
TER™ 0<t<T |2|=1JRn

1

which gives the representation (1.6).
Substituting Go(t—7,x—n;y) from (1.5) into (1.6) in place of G(¢,0,z,7), we
arrive at the representation of Ky(y) in the form (1.7). O

1.1.3. Necessity of the condition s=1 for the maximum modulus principle in
RZ*!. Henceforth all positive constants with non-significant value will be denoted
by ¢ with various indices.

Lemma 1.1. The inequality
(1.10) K(R",T)>sup{Ko(y):yeR"}

is valid.

Proof. From (1.6) it follows

(1.11) K(R™,T)>lim sup sup sup/ 1G*(t,0,y,n)z] dn,
=0 ycRn 0<t<T |2|=1J B, (y)
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where B.(y)={z€R":|z—y|<r}.
We denote by ||L|| the norm

sup{|Lz|:2€ R™, |2|=1}

of the (mxm)-matrix L. Since Ag€Cq®/**(R2*T), then, according to estimates

given in [5], the Green matrix G(¢,7,y,7n) for 7=0 admits the representation

(1.12)  G(,0,y,m)=Go(t,y—m; y)+[Go(t, y—m;m)—Got,y—m; )|+ W (L, y, ),

where

(1.13) ||Go(t, y—m;m)—Go(t, y—m; )l

) ly—n| ¥/
<aly—nl*t™/ sexp[*ﬂz( t1/23> ]

_ 2s/(2s—1)
(1.14) W (2,5, m)|| < cat™ (728 expy [_04 ( ly nl) ]

Using (1.12)—(1.14) and the representation (1.5), from (1.11) we obtain

K(R",T)> sup sup lim lim {/ |Gt y—m;9)|2 dn—Cg,r"‘—cGt“/zs}
Br(y)

yER™ |z|=1 r—0t—40
* y—77
P (tl 2s’y)z

= sup sup lim lim |P*(z;y)z| dz
YER™ [o|=170t=40Jp o,

= sup sup/ [ P*(z;9)z| dz.
yER™ |zj=1JRn

= sup sup lim fim /2

dn
yER™ |z|=1 r—0t—+0 B.(y)

This and (1.7) yield the inequality for K(R™,T) given in the statement of the
lemma. O

Lemma 1.2. If the classical mazimum modulus principle is valid for solutions
of the system

ou
(1.15) 5 > As(t)dPu=0

1<IB|<2s
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in R3*Y, then Ag(t)=ag(t)In, where ag are scalar functions.
Proof. 1. The structure of the matriz G. From (1.8) and (1.9) it follows that

(1.16) K(R",T)> sup sup [ (G*(t,0,z—n)z,%(n))dn,
l2|=1¢|<1J Rr

where (z,1) is an arbitrary point of the layer R,
Let z be a fixed unit vector in R™. Since

(1.17) G(t,0,z—n)dn=1Ip,
Rn

(see [5]), then the set R™\ N(, +)(2) has non-zero measure for any fixed ze R™, |2|=1,
and (z,t)€ RpL.

Suppose K(R™,T)=1 and let there exist a unit m-dimensional vector zg and
the set M CR™\ N(;+)(20), mes, M >0, such that for all €M the inequality

20 #G*(t,0,2—n)20/1G*(t,0,2—n)20|

holds. Then, using (1.16) and (1.17), we obtain

1=K(R",T)> sup/ (G*(t,0,z—n)z0,9(n)) dn
wl<1 e

k!
=/ (G~ (t,0,z—n)z0, G*(£,0,2—7)20) dn
R™\N(z ) (20) 1G*(2,0,z—mn)20]

— sup / (G*(t,0,3—n)z0, $(n)) dn
R"\N(,1)(%0)

>/ (g*(taoyw_n)z07z0) dT]

R™\N(z 1)(20)

= [ (G*(t,0,2—n)z0,20)dn=1.
RTL

Consequently, if K(R™,T)=1, then for all z€ R™ with |z|=1 and for almost all
nE€R™\N(g 1)(2) one has

(118) z:g*(t,0,55—77)Z/|g*(t,07$—77)2|-

Let gjk, j,k=1,...,m, denote the elements of the matrix G. Setting 2;=
(1,0,...,00*, ..., 2,,=(0,0,..., 1)* successively instead of z in (1.18) and taking into
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account the continuity of the Green matrix G(t,7,z—n) for t>7, we find that
g5k (t,0,z—n)=0 for j#k for all € R™\ N, +)(zx).

Since g;k(t,0,z—n)=0 for j=1,2,..,m and for €N 4(2), k=1,2,...,m,
we conclude that g;x(t,0,2—n)=0 for j#k and for all neR™. Now we put 2'=
m~1/2(1,1,...,1)* instead of z in (1.18). Then

[gfl (ta 0, 30—7I)+---+972nm(t, 0, x-n)]l/z = ml/zgjj(t’ 0, m_n)

for all j=1,2,...,m and for n€ R\ N(, 4)(¢’). Hence making use of the equalities
955 (t,0,2—n)=0 for j=1,2,...,m and for n€ N, 4)(2'), we get

g11(t,0,z—n) =g22(t,0,2—n) = ... = g (¢,0,2—1n)

for all ne R™.
Let g(t,0,z—n)=g;;(t,0,2—n), 1<j<m, and assume that X(R™,T)=1. Then
the solution of the Cauchy problem for the system (1.15) has the form

(119) wat)= [ a(t.0,2-mitn)dn

where ¥(n)=u(n,0).

2. The structure of the operator 2. By 1y we denote a scalar function that is
continuous and bounded on R"™. Let

(1.20) wo(z, ) = /R 9(t,0,2=n)o(n) dn.

According to (1.19) the vector-valued function h,(z,t)=uo(z,t)z, with zER™, is a
solution of the Cauchy problem

(1.21)
Oh, h, .
e u(t,0/0mh =0 S A)8Th. =0 in B, oot

1<|B|<2s

Setting 21=(1,0,...,0)*, ..., 2m=(0,0, ..., 1)* successively instead of z in (1.21),
we obtain m? boundary value problems

Ou N
(122) 6p’qa_t0 — Z A(ﬁp’q) (t)@fuo =0in RT+1’ U |t=0: ¢0.
1<181<€2s

Here §, , is the Kronecker symbol, .Ag’ '?) is the element of the matrix Ag placed at
the intersection of the pth row and the ¢th column, p,¢=1,2,...,m.
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Suppose the initial function ¥o(n) in (1.20) has a compact support. Since the
Green matrix g(t, 7, z—n)I,, satisfies the inequality

t—1

_ _ B venjzs o[ (lz=nl* /(e )
lg(t, 7, z—n)Inll = |g(t, 7, x—n)| < c1(t—7) exp|—co| ——

(see [5]), then (1.20) implies the estimate
[uo(@, 8)] < e3(t) exp(—ca(t)|z]**/*~Y)

for any fixed ¢>0.
Applying the Fourier transform with respect to the variables z1, ..., 2, to the
equation (1.22), we get

d(Fuo) _

1.2 —_
( 3) »,q dt

(Fug) Y iPlAP? ()0’ =o0.

1<|B(<2s

Let p#g¢. Since the function 1 determining ug by (1.20) is arbitrary, the last
equality yields .A(ﬂp D ()=0 for all p#q and all multiindices 8, 1<|8|<2s.

Suppose now that p=¢. After integrating the equation (1.23) with account
taken of the initial condition Fug=F1)y for =0, we find

t
3 bl / AP (7) dT}.
0

Fug= Figexp [
1<|B|<2s

Therefore,

Fdloexp[ Z i'maﬂ/tA(ﬁp’p)(T)dT]

1<|8]<2s 0
t
= FQPO exp[ Z ’L|ﬁ|0'ﬁ / Aglv‘l)(,r) dT] ,
1<|Bl<2s 0

where p,q=1,2,...,m. Hence Ag”p)(t)zAE,q’q)(t) for all p,g=1,2,...,m and for
all multiindices 3, 1<}3|<2s. Thus, if K(R",T)=1, then the operator J/dt—
A(t,0/0z) in the left-hand side of (1.15) satisfies the equality

ou ou
57 ~U(t,0/0z)yu= -~ > as(t)dlu,

1<|6|<2s

where ag are scalar functions. [
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Lemma‘ 1.3. Let the parabolic system have the form
Ou 8
(1.24) - Y agdbu=0,
181=2s

where ag are constant scalar coefficients. Then the equality K(R™, T)=1 is valid if
and only if s=1.

Proof. The sufficiency of the condition s=1 for the equality
K(R™",T)=1

follows from the positivity of the fundamental solution go(t—7,z—n) of the Cauchy
problem for the parabolic second order equation with constant real coefficients

o < 0?u
E _j,kzzl @ik (?zjaxk =0

and from the formula
(1.25) ua0)= [ aolt.a=nppin)dn

for the solution of the Cauchy problem

ou n 62u . n
B 2 kg ger —OmBFY, u(,0)=9(a),
7

J,sk=1

where u and 1 are m-component vector-valued functions, Y€ C(R"™).
Necessity. The solution of the Cauchy problem for the system (1.24) can be
expressed by (1.25) for any s, where

golt—r,x—n)= (t—T)_"/23P<ﬁm)

is the fundamental solution of the Cauchy problem for the scalar equation (1.24),
i.e. for m=1. Consequently, the constant

K@ 1)= [ laotta=nldn=[ Pl

does not depend on m and one can put m=1.
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We note that the solution of the Cauchy problem

v 825y
(1.26) ——a1..17—; =0in R}, v(z1,0) =1(z1),
51552 7, v(z1,0) =9(z1)

where sign a1 1=(—1)°"! and v=wv(z1,t) is a scalar function, also satisfies the

Cauchy problem for the scalar equation (1.24) with the initial condition u(z,0)=
¥(z1). Therefore,
K(R",T) > k=sup([[v]lozz)/lIv li=0 llc(r1));
where the supremum is taken over all solutions of (1.26) in the class
C*D(R})NC(RE).
Henceforth in this lemma z, is denoted by x. We set

a=|a1,,,1|1/25.

The solution of the Cauchy problem

Ov s 25070 .
Fi TV e 5 =0 in RE, v(2,0)=y(2),
»eC(RY), has the form
125 [ r—n
(127) U(m,t):t 1/2 /_wP<—t1/zs>w(7’) d'f],
where
1 % o 25| _|2s
P(a)=o- [ " exp(—a®|o|*)do

= —1—/ cos(za) exp(—a*a?*) do
T Jo
_ 1 cos (ﬁ) exp(—62°) db.
0 a

Ta

From (1.27) it follows that

k= [ 1Pan

-0
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_ s o0 a,;_,q oo
t”z/ P(tms)dn=/ P(n)dn=1,

then k>1 in case P(n) changes sign.
We show that P(n) is a function with alternating signs. Put

Since

(1.28) Fa(r)= /000 cos(rf) exp(—6*) d,

where 7>0, A>1. Then P(z)=(ma) *F2s(z/a). Since F»(0)>0, then F)(r)>0
with 7€(0, €] for some £>0. We verify that .7-3\(%71') <0 for A>4.
Integrating by parts in (1.28), we find

Fa(r)= % /000 exp(—6*) d(sin(r6))

_ 1 N . oo )\
== exp(—0") sin(rf) ‘0

+;—/ 0>~ exp(—6*) sin(r6) df
0

= % /oo 6>~ exp(—0*)sin(rd) do = %(J,\(r)-i—L)\(r)),
0

where
2
JA(r)=/ 6>~ exp(—0*)sin(r) db,
0

Ly(r)= /200 6>~ exp(—0*)sin(r9) db.

The maximum value of the function f(8)=0*"1exp(—6*) is attained at 6=
((A=1)/X)/*<1. Hence Ly (37) <0 for A>1, so it suffices to show that Jx($7) <0
when A>4.

Estimating each of four integrals in the equality

2/3
Jr(37) =/ 0~ exp(—9*)sin(376) df
0

M9

) 4/3
+ / 6~ exp(—6*) sin(376) do+ / 6~ exp(~6*) sin(3706) df
2/3 1

2
+/ 9>~ exp(—9*)sin(376) d8,
4/3
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2/3
J(37) < / 0> exp(—6*) do+ (2) " exp(—(2)) / sin(36) d
0 2/3
a1 N 2
() exp(= (2)) / sin(370) do+ [ 671 exp(=6") df
1
A—1 A
) -3 exn(=(3))
A—1
—3e(3)  ex
<@ -rexp(=(3))
+ (A= (37 exp (= () A7 exp(-2).
The functions
A=A ep(-(3)), A=A E (@)
are monotone decreasing as \ increases. Since f1(4)<0, f2(4)<0, then J)(37)<0
for A>4. Taking into account that
Fa(r)=(M/r)(Ia(r)+La(r)), P(z)=(ma)"  Fas(z/a),
L)\(%‘Il') <0 for A>1, and F»(0)>0,

we arrive at the conclusion that P changes sign for s>2. Thus, K(R™,T)>k>1 for
s>2. O

Theorem 1.2. The classical mazimum modulus principle is not valid for so-
lutions of the system

%—E —A(z,t,8/0z)u=0 in RE
if s>1.
Proof. Lemma 1.2 implies that the equality o(y)=1 is valid for the system
ou
5~ O As(y,0000u=0
|B|=2s

only if As(y,0)=ag(y,0)Im.
By Lemma 1.3 we have Ko(y)>1 for the system

Ou
5 Z as(y,0)0%u=0,
\B=2

with s>1 which together with (1.10) completes the proof of the theorem. [
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1.2. The case of complex coefficients

In this subsection we extend basic results of Subsection 1.1 to the systems
(1) with complex coefficients and with solutions u=v+iw, where v and w are m-
component vector-valued functions with real-valued components.

For the spaces of vector-valued functions with complex components we retain
the same notation as in the case of real components but use bold. The same relates
notation for the spaces of matrix-valued functions.

We introduce the operators

£(,1,0/0z)= > Ag(z,1)0f, Lo(x,t,8/0z)= Y As(,1)df,
|B|<2s |Bl=2s

where Ag are (m xm)-matrix-valued functions with complex elements satisfying the
conditions (A) and (B), formulated in Introduction.

Let R and Hg be real (m xm)-matrix-valued functions defined on R%:™! such
that Ag(z,t)=Rg(z,t)+iHg(x,t). We use the following notation

R(z,t,0/0z) = Rp(z,1)0°, $H(x,t,8/0z)= Hp(z, )05,
B B

18l<2s 18|<2s
Ro(z,t,0/0z) = Rs(z,t)08, $Ho(z,t,0/0z)= Hp(z, )02,
B .'1: 8
|B1=2s 18|=2s

Separating the real and imaginary parts of the system

Bu —£(z,t,0/0z)u=

we get the system with real coeﬂiments, which like the original system is uniformly
parabolic in R

%—q—iﬁ(w t,0/0x)v+$H(z,t,8/0z)w=0,

a—w——f)(x t,0/0z)v—R(z,t,0/0x)w =0.

Remark 1. The preservation of the uniform parabolicity in the sense of Petro-
vskii under the passage from a system with complex coeflicients to the system with
real coefficients is a corollary of the following simple algebraic property.

Let @ be an (m xm)-matrix with R and H being its real and imaginary parts,
respectively. Let the eigenvalues A of @ satisfy ReA<—6, §>0. Then for the

eigenvalues u of the matrix
A= R -H
“"\H R
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the inequality Re < —§ holds.
In fact,

det(A—ploy,) =det (R_“Im —H ) — det (Q—Mfm i(Q—,uIm))

H  R-ul, H R—pul,

=det (Q“;Im Q_O,UIm ) =det(Q—pl,,) det(Q—ul,),

where @ is a matrix whose eleme ts are complex conjugate of corresponding ele-
ments of ). Since

det(Q — 1) = det(Q—[il,n) = det(Q— il ),

then Re p<—6.
We introduce the matrix differential operators

_ [ R(x,t,0/0z) —9H(z,t,0/0x)
R(z,t,0/02) = (ﬁ(m,t,a/(‘?w) R(z,t,0/0z) )

_ [ Ro(z,t,0/0z) —$Ho(x,t,0/0x)
Ro(,t,0/0z) = <5§§(m,t, d/0z) Ro(z,t,0/0x) ) )

Let G'(t, 7, z,m) and G{(t—7,2z—n;y) denote fundamental matrices of solutions
of the Cauchy problem for the systems

(—%—R(x,t, 3/89:)) {v,w}=0 and (%—ﬁo(y,o,a/az)){v,w}=o,

respectively. Further, let P'(z,y) be the (2m x 2m)-matrix-valued function in the
representation

—n/2s -0
Go(t—m,z—m5y) = (t—7) "/ P'(m;y)‘

Let M be the set in the Euclidean space introduced in Subsection 1.1. The
norm in the space C(M) of continuous and bounded on M vector-valued functions
u=v+iw with m complex components is defined by the equality

lull = sup{ (fo(a)|*+|w()|*)*/?: g€ M}.
As in the definition of K(R™,T) we put

K'(R™,T) =sup ——HUHC(R;H) ,
[l |t=0 ||C(Rn)
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where the supremum is taken over all functions u=v+iw in the class C?$1(RET1)N
C(R”+1) satisfying the system

‘?9“ (z,t,0/0)u=
We define one more constant
lull o e
K (y) = sup i

[« lt=o llc(rm)’
where the supremum is taken over all solutions u=v+iw of the system
Ou
Bt
in the class C(2s’1)(R:ﬁ+1)ﬂC(R’_ﬁ+1) and y€R™ plays the role of a parameter.
Clearly, the constant K'(R™,T") for the system
ou

6——23(3; t,0/0zx)u=0

coincides with the constant X(R™,T") for the system

(%—R(m,t,&/az)) {v,w}=0.

Therefore, all the assertions concerning K'(R",T) are immediate corollaries
of analogous assertions about K(R"™,T). Taking this into account, we obtain the
assertions marked below by primes from Theorems 1.1, 1.2 and Lemma 1.1.

—£o0(y,0,8/0z)u=0

Theorem 1.1'. The following formula is valid
KRN T)=swp sp  swp [ (@) (t0,zm)sldn
zER" 0<t<T {2€ R2™:|2|=1} JR"
where the * means passage to the transposed matriz.
In particular,

= sw [ (Pl

(z€R2m:|z|=1} JR
Lemma 1.1’. The inequality
K'(R",T) 2 sup{ Ko(y) : y € R" }
holds.

Theorem 1.2'. The classical mazimum modulus principle is not valid for so-
lutions of the system
0
(9_1: - £(z,t,8/0z)u=0 in R

if s>1.
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2. Second order systems
2.1. The case of real coefficients

2.1.1. Necessary conditions. In this subsection we study the validity of the
classical maximum modulus principle for the system (2) with coefficients A;x, A;

A (1<j,k<n) that are real (m x m)-matrix-valued functions in the layer R3t* and
in the cylinder Q7=Qx [0, 7], where (2 is a bounded domain in R".

We retain all notations introduced in Section 1 for arbitrary s>1 and introduce
one more constant

(2.1) K(Q,T)=sup —J}m,
lulres lo@r

where the supremum is taken over all solutions of the system (2) in the class

C®(Qr)NC(Qr).
Lemma 2.1. The inequality
(2.2) K(Q,T)>sup{ Ko(y):y €2}

holds.

Proof. Let y be an arbitrary point of {2 and let the radius of the ball B,(y) be
so small that B,(y)CQ. Further, let

Ye € C(R™), |Ye(2)|<1, suppteCB:(y), 0<e<r/2.

The vector-valued function

@3  wwt=[ cwoamimd-

Be(y

) G(t,0,z,m)¢(n)dn

is the solution of the Cauchy problem

Oue  — 8%u, i Ou, i pndl
o —MZ:IA]k(m,t)m-i-j;v/lj(x,t)a—%—l-flo(x,t)ue—0 in R,
ue(z,0) =v.(z).

Since Ajk, A;, Ap€C=*/*(REHT), then, according to [5], one has

2
(2.4) 1G(t, 0,2, )] < ext—2 exp(—czﬁ”;i)-
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The last estimate used for (z,t)€(Q\ B, (y)) x (0, T}, yields

lue(z, )] < /

B.(y)

2
< cge™t /2 exp (—04 T)

12
IG(t,0,2,7)||dy < et—™/2 / exp (—C2|i—’7|—) dn
B.(y) ¢

which implies
|ue(z, t)] < cse™,

where |uc(z,t)] is the norm of the mapping . —u.(z,t). Hence, the following
estimate is valid for sufficiently small ¢

(2.5) sup{ |uc(z, t)] : (z,8) €90 x[0,T] } < 1.
From this and the definition (2.1) of the constant C(Q,T) we get

(2.6) K(Q,T)>sup lim lim Ju.(y,t)].
yeN e—0t—+0

Using (2.3) and (2.4), in the same way as in the proof of Theorem 1.1, we find

|ue(y, £)] = sup / 1G* (2,0, ,m)2] dn.
|z]=1JB.(y)

The last equality and (2.6) yield

K(Q,T)>sup lim lim sup/ |G*(t,0,y,1)z|dn
yeQem0i=+01z1=1 /B, (y)

(2.7)

>sup sup lim lim |G*(t,0,y,m)z| dn.
y€Q |z|=1 g—0t—+40 B.(y)

It was shown in Lemma 1.1 that

sup lim lim G*(t,0,y,m)z| dn
|z|=1€—>0t—>+0 Be(y)l ( ) |

= sup lim lim 1G5, y—m; ¥) 2| dn = Ko(y)
|2=1870=40 /B, (y)

which together with (2.7) gives the lower estimate for (2, T) in the statement of
the lemma. O
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Theorem 2.1. The classical mazimum modulus principle is valid for solutions
of the system

(2.8) @—i A (t)az—u+2n:A~(t)2u——0
' 8t = I g bmy, T By
Jrk=1 j=1
in RFTY if and only if the equalities
Ajr(t) =aji(t)m, A;j@)=a;j()Im, 1<j,k<n,

hold, where ((a;r)) is a positive-definite (nxn)-matriz-valued function and a; are
scalar functions.

Proof. The necessity of the above equalities follows from Lemma 1.2. We show

that X(R"™,T)=1 under the conditions of the theorem.
Consider the Cauchy problem

ou 0%y = Ou

. = _ X o () =— = : 41

(2 9) Ot Z a]k(t) 81}]81'k +Z a‘]( )aw] 0 in RT ’
Fk=1 =1

u|t=0=1%, where € C(R™). The solution has the form

u(et)= [ o(t.0,2=n(n)dn,

where g(t, 7, z—n) is the fundamental solution of the Cauchy problem for the equa-
tion (2.9) in which u is a scalar function.
Substituting g(¢,0,z—n)I,, in place of G(¢,0,z—n) in (1.6), we obtain

K(R™,T)= sup sup / l9(t,0,z—n)|dn= sup / 19(t,0,€)| dé
zER™ 0<t<T J Rn 0<t<T JRn

which means that {R™,T) does not depend on m. Since X(R",T)=1 for m=1 we
arrive at the sufficiency of conditions of the theorem. O

Theorem 2.2. Let the classical mazimum modulus principle be valid for so-
lutions of the system (2) in Qr(R3™). Then:

(i) for all z€Q (z€R™) the equalities

Ajk(z,0) = k() [m, 1<j,k<n,

hold, where ((ajr)) is a positive-definite (n X n)-matriz-valued function;

(ii) for all z€Q (x€R™) and for all §;, c€R™, j=1,...,n, with ({;,<)=0 the
inequality

n

D7 aik(@) (& &)+ (Ai(@,0)€5,6)+(Ao(, 0)s,6) 2 0

7.k=1 j=1

is valid.
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Proof. We assume for brevity that  is a bounded subdomain of R™ or )=
R™. From Lemmas 1.1, 2.1 it follows that the equality K(Q,T)=1 is valid only if
Ko(y)=1 for all yeQ, where Ko(y) is the constant (1.2) defined for the system

. &y
Et—_ Z Ajk(yﬂo) 8.1'j(9.’13k =0.

J,k=1

By Theorem 2.1 the equality ICo(y)=1 takes place if and only if (i) is satisfied.

Now we prove the necessity of (ii). Let y be an arbitrary fixed point of €,
and let radius of the ball B,(y) be so small that B,(y)Cf. We introduce the
vector-valued function

n n 2 -1/2
v(z)= <Z €j$j+€) ( > ¢ +|<|2) :
j=1 j=1

where ;€ R™, se R™\ {0}, (&;,5)=0, j=1,...,n. Further, let

Xe EC®(R™), xe(z)=1for |z|<e/2, x(x)=0for |z|>¢

and
0<x:(z)<1 forall ze R",

where e<r.
The vector-valued function

(2.10) ue(z,t) = /R _G(t,0,2,m)xc(n—y)o(n—y) dn,

where G(t,7,z,n) is the Green matrix of the system (2), is the solution of the
Cauchy problem for the system (2) with the initial data u.(z,0)=v.(z), where
ve(z)=x(z—y)v(z—y). I Q is a bounded subdomain of R"™, then by (2.5) the
value of € can be chosen so small that

sup{ |ue(z,t)|: {z,t) € Q% [0, T] } < 1.
Then ||ue|r, llcFr)=1, and, consequently

(2.11) K(Q,T)> sup |uc(y,t)]-
0<t<T

In the case 2=R" the last inequality is obvious.
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Suppose the condition (i) is satisfied. We take the scalar product of the sys-
tem (2) with v and transform the equality

() ) (o0 )

+(Ao{z, u, u)— Z ([Ajk(x,t)—ajk(x)Im] 3338]‘(;;k ,u) =0,

Jk=1

where a;(z)In=A;r(z,0). As a result we find

18u]* 1 & 62|u|2 " Ou du
2o 3 2 gy ag,~ 2 @) 5 g

7,k=1 7k=1
(2.12) Z (z, t) z ) —(Ao(z, t)u, u)
= 0%u
+ [AJ (x,t)—aj (w)Im]—————,u .
j,%=:1( k k ijaxk )

Since the coefficients of the system (2) belong to the class Cr; o/ 2(Rp_’ﬁ“) and since
ve €C?+(R™) then, according to [5], ue €C*+**/2(RE*1). So after substitution of
u, defined by (2.10) into (2.12) in place of u, we obtain

. (9|Uei2 1 & 82|U5|2 n v, O,
I =9¢ = _ )
(mrt)i’rg;l7+0) ot { Z Jk( ) 8.’1)38.’1)]‘7 'ZI Ajk (y) ax] 3 B.Tk

Jik=1 Jik=

n

—;(Aj(y, 0)%,%) — (Ao (y, O)US,UE)}

z=y
Hence, using the equalities
8?|v.|? B Ove ¢ K
0z;0z ' Oz ls’ ve(y) lsI’
Ok lg=y Jla=y 15 |
where 7, k=1, ...,n, we find
. Oluc(y, t) 2 [ ¢ =
tng:ug > aie®)(E5 €+ (A, 0)8,5)
(2.13) k=1 7=1

+(Ao(w, 0)s, g)] .
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The function |u.(y,t)|? is continuous on [0,7] and differentiable at all points
of the interval (0,7T), its derivative 8|u.(y,t)|?/8t tends to a finite limit as t—+0.
Therefore, the function |u.(y,t)|2 has the right-hand derivative 8 |u.(y,t)|%/8t at
t=0, and by virtue of (2.13) we have

w Lzoz‘%[ ) ajk(y)(gj,fk)+;(Aj(y,0)€j,c)

(2.14) b=
+(Ao(y, 0)s, <)] .

Suppose K(2,T)=1 and let there exist a point y€Q and vectors £;€R™,
seR™\{0} with (¢;,¢)=0, j=1,...,n, for which

n

(2.15) > ain®)(&, &)+ D (A5, 0)&5,6)+(Ao(y, 0)s,6) <0

Jyk=1 j=1

Since |u.(y,0)|=|v(0)|=1, then (2.14) and (2.15) imply the existence of a con-
stant §>0 such that |u.(y,t)|>1 for 0<t<é. From this and (2.11) it follows that
K(Q,T)>1 which contradicts our assumption on the validity of the classical maxi-
mum modulus principle.

Thus, if K(Q,T)=1, then for all z€Q and for all vectors ;€ R™, c€ R™\ {0}
with (§;,¢5)=0, j=1, ..., n, the inequality

n

D an(@)(&, &)+ Y _(A;(=,0)€5,6)+ (Ao(e, 0)s,6) > 0

7,k=1 j=1

holds. The condition ¢€ R™\ {0} can be omitted since the inequality

Z ajk x)(é.]agk

Jik=1

is true due to the necessity of the condition (i) for validity of the classical maximum
modulus principle. [

Remark 2. In what follows we show that conditions (i), (ii) of Theorem 2.2, are
necessary and sufficient for validity of the classical maximum modulus principle for
second order systems with coefficients depending only on z. But in general, when
the coefficients depend on x and t these conditions are not sufficient.
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Consider, for example, the parabolic system

(2.16) Z Aj(z, t)a a +ZA (@,t) 5~

Jk=1

in R3*!, where Ajx echt a/z(R"H), A; eCm™® O‘/2(R§L«+1). Suppose the coeffi-
cients of the system (2.16) do not depend on z in the layer RF™, 0<§<T, and
let

Ajp(z,0)=aplm, Aj(z,0)=a;ln,

where ((a;x)) is a positive-definite (n xn)-matrix and a; are scalars. Let the matrix
Ai(z,t) be non-diagonal for all (z,t)€ Ry™". Then, according to Theorem 2.1 the
classical maximum modulus principle is not valid for the system (2.16) in Ry (the
more so in R*!) whereas the conditions (i), (ii) of Theorem 2.2 are satisfied. [

2.1.2. Sufficient conditions for systems with scalar principal part. Next we
present a theorem on a sufficient condition for validity of the classical maximum
modulus principle for second order systems with scalar principal part.

Theorem 2.3. Let the coefficients of the parabolic system

ou < 0%u " ou

satisfy the condition:
(G) for all (z,t)€Qr((z,t)€RFT') and for all vectors £;,c€ R™ with (£4,5)=0,
ji=1,...,n, the inequality

(2.18) Z aji(z,t)( £J,§k)+z (Aj(z,t)&, )+ (Ao(z,t)s,6) >0
Jk=1 j=1
holds. Then K(Q,T)=1 (K(R",T)=1).
Proof. Suppose first that for all (z,t)€Qr and for all {;€R™, ¢ R™\{0},
Jj=1,...,n, with (§{;,5)=0 we have

n

(2'19) Z ajk(xa t)(&j’ 5k)+Z(Aj (7"» t)gj’ §)+(A0(x’ t)g’ g) > 0.

7k=1

We show that for any non-trivial solution ueC®V(Qr)NC(Qr) of the sys-
tem (2.17) the function |u{z,t)| can not attain its global maximum at a point
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(z,t)eQr. This will imply that if the system (2.17) has a regular solution in Qr
and if (2.19) holds, then the function |u(z,t)| takes its maximum value on I'p.
From (2.17) we have

182 1 & lul2 & du Ou
2 |6t| ~32 Z “j’“(””t)az-'aL =2 _aik(= t)( . 0z )
(2.20) gk T = *

Suppose the function |u(z,t)| takes its global maximum at a point (zo,to)EQT.

Then
2
(2.21) Olu® 2( Ou ) =0,
6mj (z0,t0) ax] (zo,to0)
(2.22) %“lz 2(3“ ) >0,
t (20,t0) o’ (zo0,to)
n 32|u|2
(223) ajk(m'o,to)—-— < 0.
‘],%::1 Bwjal’k (watO)

By (2.20)—(2.23) we have
{En:ak(act)(au 8u>
ik(To, o)\ 73— 7~
Jrk=1 ! 630]- Oz

<0
(zo0,t0)

’

+Z(A (mo,to ,u)-l-(Ao(ﬂUo,to)“ U)}

which contradicts (2.19) and hence |u(z,t)| can not attain its global maximum at
(zo,t0)€Q7. This implies

||U||C(Q‘T) =|ju |fT ”C(I_‘T)'

Suppose now that (2.18) holds under the conditions in the statement of the
theorem. Let e=const>0 and let u be the solution of the system (2.17) in the
class C?1(Qr)NC(Qr). The vector-valued function v(z,t)=u(z,t)exp(—et) is
the solution of the system

n 2 n
% _ Z ajk(x,t)%— Z.Aj(x t) Ov +Ao(x t)v+ev=0.
‘ i9Tk i
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According to our assumption, for all (z,t)€Qr and all §;€ Rm’ ceR™\ {0} with
(¢5,6)=0, 1<j<n, we have

37 asil, 1)(E5, &)+ D (Aj(@, 1)E5,6)+ (Ao, )5, 6) +els[? > 0.

jyk=1 ]:1

By what we proved above

Ivlle@r) = lvier lo@r)

and hence

—et

max |e"**u(z, )| = max |e”“u(z, t)].
T I'r

Consequently,
lullo@r <€ lulz, lo@Er):
Since ¢ is arbitrary, the best constant in the last inequality is equal to one.

Now we turn to the constant X(R™,T). Contrary to the case of the bounded
domain, one can not immediately conclude that C(R™, T)=1 because of the absence
of the global maximum of the function |u(z,t)| in REH!.

Suppose the inequality (2.18) holds for all (z,t)e R7™ and all £;,c€ R™ with
(&,5)=0, j=1,...,n, and that the classical maximum modulus principle is not valid
for solutions of the system (2.17) in R%™'. Then there exists a point (zo, %) € RpH
and a vector-valued function ¢€C(R™), |¢(z)|<1 such that
>1.

(2.24) |u(zo, to)| = G(to,0,z0,m)¢(n) dn

R™

By (2.4) one can assume that ¢ has a compact support, supp ¢ C By(xo). If |z —xz0|>
R>p then (2.4) implies

R— 2
G(t; Oa z, 7])¢(77) dn‘ <a exp(—c2 ( TQ) ) s
Rn
where 0<t<T, z€ R"\ Br(zo).
Applying the assertion of the present theorem for a cylinder with a bounded
base, we get

|u(z, )| =

[ 6.0.amstan| <1,

where (x,t)€Bg(z9)x|0,T] and R is sufficiently large. The last inequality contra-
dicts (2.24) which proves the validity of the classical maximum modulus principle
in R3O

2.1.3. Necessary and sufficient conditions. Theorems 2.2 and 2.3 immediately
imply the following assertion.
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Theorem 2.4. The classical mazimum modulus principle is valid for solutions
of the system (3) in Qr(R3T!) if and only if:
(i) for all zeQ (x€R™) the equalities

Aje(z) = ajk(®)Im, 1<j,k<m,

hold, where ((ajx)) is a positive-definite (nxn)-matriz-valued function;
(ii) for all z€Q (z€R™) and all &, s€R™, j=1,...,n, with (§;,¢)=0, the
inequality

(2.25) Z Ajk gj)ék +Z(~A $)§],§)+(A0( )s, ) 0
7,k=1 Jj=1
is valid.

Theorem 2.4 implies

Corollary 2.1. The classical mazimum modulus principle is valid for solutions

of the system
fj Ao 3 4@ 2
J 8 8£L'k =1 7 Bwj

Jrk=1

in Qp(RFY) if and only if for all z€Q (zER™) the equalities

Aj(2) = aji () Im,  Aj(2) =0a;(z)In

hold, where ((ajx)) is a positive-definite (nxn)-matriz-valued function and a; are
scalar functions.

Proof. Putting Ag=0 in (2.25) we get

Z a]k 6]7§k)+2 x)ﬁjag)>0

Jk=1

which can be valid for all ze€Q (z€R") and for all ¢;, € R™ with (§;,5)=0, j=
1,...,n, only provided (A;(z)¢;,s)=0. Consequently, A;(z)=a;(x)In, where

a(2) = AV (@) = AP (@) = .. = AT (@), j=1,.0m D
Remark 3. Minimizing the left-hand side of (2.25) over

é.:(gla"'afnL §j€Rm’
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for a fixed ¢€ R™ with (&;,¢)=0, j=1,...,n, one can write the condition (ii) of
Theorem 2.4 in another form. This was used in [7], where the maximum modulus
principle was studied for elliptic systems with scalar principal part.

One may assume that ¢€ R™\ {0}, since the inequality

n

> ajp(@)(&, &) >0

Fk=1

is provided by the condition (i) of Theorem 2.4 for all {;€ R™.
Let

Follry o)=Y ajulz (@@HZ(A (@)&5,6)+(Ao(2)s, <)

Jrk=1 j=1
or, which is the same
n m
ik k) (i

Folbtyonbn) = Z ZaJk @EPED+3 ST AP (2)e®

dk=11i=1 j=14,k=1

+ Z AP (2)s @)t

i,k=1

where ¢ J(k) and ¢(*) are components of the vectors &; and ¢, respectively. At a point
of the constraint extremum of the function F(&y, ..., £&,) one has

( (&1, onrn)— ZZN(’) )

(2.26) = "
=2 Z aje(@)&) +Y ] AP (@)D =M =0,
j=1 j=1

where k=1,2,...,n, i=1,...,m and the following constraint relations are valid
> e00=0, j=1,2..n.
i=1

Multiplying (2.26) by ¢() and summing up over i from 1 to m we obtain

Ak = 5|2 (Ax(2)s, €),
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where * means passage to the transposed matrix. Consequently, the conditions

(2.26) defining &; can be written in the form

23 an@E”+ Y AP @)D~ H(Ax (@), s =0,

Taking into account the symmetry of the matrix ((a;x(z))), we find
1 = - * *
(2:27) & =35 2 bi@)llsl (AL (@)s, )~ Ak (2)s],
k=1

where j=1,2,...n and ((b;x(z))) is the inverse matrix of ((a;x(z))).

The function F; (&1, ..., €n) attains its constraint minimum at the vectors (2.27)
because of the positive-definiteness of the matrix ((a;x(z))). Calculating the value
of F.(&1, ..., &) at vectors (2.27), we obtain

min{]-' &1y &n) €1y En €R™, (£1,6) =0, ..., (€n,$) =0}
|§| -2 Z bz] A ((I) S C)(A ((L‘)C §)

i,5=1

——Zw (A5 (2)5, A5 (2)5)+ (Ao(2)s, 6)-

,5=1
Thus Theorem 2.4 implies the following assertion.

Corollary 2.2. The classical mazimum modulus principle is valid for solutions
of the system (3) in Qr(R*") if and only if the condition (i) of Theorem 2.4 is
satisfied and

(it") for all z€Q) (x€R™) and for any ER™, |s|=1 the inequality

Z by (2)[(As(2)s, $)(A; (), §) — (A5 (z)s, A5 (2)6)] +4(Ao(T)s,6) > 0

i,j=1

holds, where ((b;;)) is the (nxn)-matriz-valued function inverse of ((a:;)) and Aj(z)
is the matriz transposed of A;(z).

Remark 4. We give an example of a system whose principal part is not a scalar
differential operator in the whole domain and for which the classical maximum
modulus principle is valid in R;‘IH.
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Consider the parabolic system

(2.28) Z Aj(2,t) 5 +ZA z,)5 +Ao(m o+ 2 =0

Jik=1

in R2!, where A;; € C2r® "‘/2(R"+1) AjeCree/2(RaMT), AyeC™?(REFT) and
A=const. Suppose the coefficients of the system (2.28) do not depend on ¢ in the
layer RZ!, 0<§<T. Let the matrix-valued functions Aji(z,0), A;(x,0), Ao(z,0),
denoted by A;x(z), Aj(z), Ao(z), respectively, satisty the conditions (i), (ii) of
Theorem 2.4. Suppose further that |v(z,0)|<1. Then |v(z,t)|<1in RfT'. By M
we denote the value K(R"™,T) for the system (2). Since u(z,t)=v(z,t)exp(\?t) is
the solution of (2), then

sup{ |v(z,t)|: (z,t) € RETI\RE™ } < M exp(—A?6).

Thus, the solution of the Cauchy problem for the system (2.28) satisfies the classical
maximum modulus principle for sufficiently large values of A. O

2.2. The case of complex coefficients

We can extend the results of the first subsection to the systems (2), (3) with
complex coefficients and solutions u=v+éw, where v and w are m-component
vector-valued functions with real components. The results are obtained by applica-
tion of the corresponding assertions on the maximum modulus for the real case to
systems obtained by the separation of real and imaginary parts (see Subsection 1.2).
Thus we can formulate analogous theorems and corollaries as in Subsection 2.1. By
C™ we denote the complex linear m-dimensional space with the inner product (-, -).

We retain the notations of Subsection 1.2 and use them putting s=1. By
analogy with the definition (2.1) of the constant (2, T) let

K'(,T)=sup ————Hu”C@T) ,
l|l |f‘T ”C(f‘T)

where the supremum is taken over all vector-valued functions u=v+iw in the class
CZN(Qr)NC(Qr) that satisfy the system (2) with complex coefficients. Here v
and w are m-component vector-valued functions with real components.

Theorem 2.1’. The classical mazimum modulus principle holds for solutions
of the system with complex coefficients

= ou
Z Ajk( Z;Aj(t)a_szo

3,k=1



Maximum modulus principle for parabolic systems 153

in RETY if and only if the equalities
A; (t) = k() Im, Aj(t) = aj(t)Imv 1<j,k<n,

are valid, where ((aji)) is a real positive-definite (nxn)-matriz-function and a; are
real scalar functions.

Theorem 2.2’. Let the classical mazimum modulus principle be velid for the
system (2) with complez coefficients in Qr(Rptt). Then:

(i) for all zeQ (z€R") the equalities

Ajr(2,0)=aje(z)Im, 1<5,k<n,

hold, where ((ajx)) is a real positive-definite (n x n)-matriz-valued function;

(ii) for all ze2 (z€R™) and all &;,c€C™, j=1,...,n, with Re({;,¢)=0, the
inequality

Re{ > ajk(z)<£j,§k>+Z<Aj(x, 0)¢;,¢)+(Ao(z,0)s, <>} >0

Jik=1

1s valid.

Theorem 2.4'. The classical mazimum modulus principle is valid for solutions
of the system (3) with complex coefficients in Qr(R%) if and only if

(i) for all € (z€R™) the equalities

Aji(z) = aji(z)lm, 1<j,k<n,

hold, where ((a;x)) is a real positive-definite (nxn)-matriz-valued function;

(ii) for all z€Q (z€R") and for all &;, c€C™, j=1,...,n, with Re(¢;,¢)=0,
the inequality

Re{ >, ajk(x)<§j’§k>+Z(Aj(w)fj,C)+<A0($)C,§>} >0

7,k=1 j=1
s valid.

Corollary 2.1'. The classical mazimum modulus principle is valid for the

system
n k£

Ou 0%u Ou
== _ ) - () —— =0
ot Z Aji () Ox;0xy, +Z.A,(x) Oz
Jrk=1 J=1
with complex coefficients in Qr(Ra™") if and only if for all z€Q (xER™) the equal-
ities
Ajie(z) = aji(2)Im,  Aj(z)=a;(z)m, 1<4,k<n,

hold, where ((a;r)) 18 a real positive-definite (nx n)-matriz-valued function and a;
are real scalar functions.
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Corollary 2.2'. The classical mazimum modulus principle is valid for solu-
tions of the system (3) with complex coefficients in Qr(RET) if and only if the
condition (i) of Theorem 2.4 is satisfied and

(ii") for all z€Q (x€R™) and for any s€C™, |¢|=1 the inequality

> bij(e) Reldi(a)s, o) Rely (@)s.5) = D biy(@) (Al (@5, 43 (@)s)

+4Re(Ay(z)s,5) >0

holds. Here ((bjx(z))) is the (nxn)-matriz inverse of ((a;x(z))) and Aj(x) is the
adjoint matriz of A;(x).

We remark that the second sum is real by the symmetry of the matrix ((b;;(x)).
In particular, the next assertion follows from Corollary 2.2’ for the scalar par-
abolic equation with complex coefficients

n

o u du
(229) E— Z ajk(x)m+;aj(x)87j+ao(m)u—0.

7,k=1

Corollary 2.3'. The classical mazimum modulus principle is valid for (2.29)
in Qr(RF™) if and only if:

(i) the (nxn)-matriz-valued function ((a;x(x))) is real and positive-definite

(i) for all € (z€R™) the inequality

4Reag(z) > Z bjk(z) Ima;(z) Imak(x)
7.k=1

holds.
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