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Capacitary inequalities for fractional
integrals, with applications to partial
differential equations and Sobolev multipliers

Vladimir G Maz’ya and Igor E Verbitsky

Abstract Some new characterizations of the class of positive measures ¥ on R™ such that
H,’,CL,,('y) are given where H,', (1<p<oo 0<l<c0) is the space of Bessel potentials This imbed
ding as well as the corresponding trace inequality

Hulle, () <C fullz,

for Bessel potentials J;=(1—A)~%/2 is shown to be equivalent to one of the following conditions
(a) Ji(J1M)P <CUryae
(b) My(Myy)? <CMy ae
(c) For all compact subsets E of R

[E (Ji7)? dz < Ccap(E HY)

where 1/p+1/p'=1 M| is the fractional maximal operator and cap( H}) is the Bessel capacity
In particular it is shown that the trace inequality for a positive measure v holds if and only if it
holds for the measure (Jz'y)”’d:c Similar results are proved for the Riesz potentials Ijy=|z[!~" vy

These results are used to get a complete characterization of the positive measures on R®
giving rise to bounded pointwise multipliers M(H;*— H, ') Some applications to elliptic partial
differential equations are considered including coercive estimates for solutions of the Poisson
equation and existence of positive solutions for certain linear and semi linear equations

1 Introduction

Let M*=M*(R") be the class of positive Borel measures on R", finite on
compact sets For I€R and 1<p<oo, we define the space of Bessel potentials
Hl=H](R") as the completion of all functions ue D=C§°(R™) with respect to the
norm "u"H;,:”(l—A)l/zU”L,, For 1>0, ue H} if and only if u=G* f, where f€L,
and G is the Bessel kernel defined by Gi( )=(1+| [2)~"/2 (see [20]) (Note that
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G120 and G;€L;(R™)) The operator J;f=Gxf defined for functions f€L, or
measures f€M™ is called the Bessel potential of order I({>0) The Bessel capacity
cap E=cap(E, H}) of a compact set ECR" is defined by

(11) cap E=inf{||u|lf, :/iu>1o0n E; u>0, u€ Ly}

For ye M* and ECR", we denote by g the restriction of v to E:dyg=xg dv,
where xg is the characteristic function of E
In this paper we consider the trace inequality for Bessel potentials

(12) lJiullz,(y) < const |lullz,,

where the Ly-norm of u on the right hand side is taken with respect to Lebesgue
measure It is well known that inequalities of this type are closely connected with
spectral properties of the Schrodinger operator and lead to deep applications in par-
tial differential equations, theory of Sobolev spaces, complex analysis, etc (See [20],
[22], [3], and Section 5 of this paper )

The following result is due to Maz’ya [18], [19], Adams [1], and Dahlberg (8]
(see also [20], (2], {10])

Theorem 11 Let 1<p<oo,0<i<oo, and yEM* Then (12) holds if and
only if, for all compact sets E in R™,

(13) Y(E)<C cap(E, HY)

(Note that we may restrict ourselves to sets E such that diam E<1 in (1 3)
See [22] )

It is easily seen that (1 3) is equivalent to a “dual” condition [1}
(14) IVevelll, <Cv(E),
where 1/p+1/p’=1 Kerman and Sawyer (14] showed that we may restrict ourselves

to arbitrary cubes E=Q (diam@<1) in (14) One can also replace J; by the
corresponding fractional maximal function

(15) Myy(z)=sup{|Q*"/"1(Q):z€Q,diam Q < 1}

Thus, the non-capacitary condition (1 4) can be restated as [14]

(16) /Q (Miyg)P dz<cv(Q), diamQ<1
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(See also [26] for a simplified proof of this result ) We observe that conditions (1 3),
(1 4), and (1 6) are difficult to verify and sometimes not sufficient for applications
For instance, it is not straightforward that, if y; and y,€M*, and Jiy.<Jy1 ae,
then supv1(E)/ cap E<co implies sup7y2(E)/cap E<co In certain problems dis-
cussed below we need characterizations of the trace inequality in terms of potentials
Jiy, rather than the measure 7y itself

Our main result on the trace inequality (see Section 2) is as follows

Theorem 12 Let yeM™*, 1<p<oo, and 0<l<co Then (12) holds if and
only if any one of the following conditions is valid
(a) For allucL,

1 JOwrOmp dz<eluls,
(b) For all compact sets E

(18) /I::(er)" dz <c cap(E, H:,)
(c) For all compact sets E

(19) [rey da<c cap(m, Y
(d) The potential Jiy(z) is finite a ¢ and

(110) Ji(JY)? <cJiyae

Note that in the simpler case I>n/p it follows that (1 2) is equivalent to

sup{7(Q) : diam Q <1} <00

Analogous results are also given for Riesz potentials, u=(—A)""2u,0<l<n/p
(Theorem 4)

In Section 2 we discuss some corollaries and examples In particular, we show
that the trace inequality holds if there exists ¢>1 such that, for all cubes Q,
(diam Q<1)

(111) {I%I /Q ()P dx}l/mSc o
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It should be noted that (1 11) is a strengthened version of the condition of C Fef-
ferman and D Phong [9]

1/pt
(111 {F;, /Q efdx} <c oI,

where dy=g(z)dz We show that (1 11) is less restrictive than (1 11’) and, ob-
viously, applies to measures which are not necessarily absolutely continuous with
respect to the Lebesque measure An example demonstrating that one cannot set
t=1in (1 11) so that the trace inequality remains true is given

We also prove that many operators of Harmonic Analysis (maximal functions,
Hilbert transforms, ¢ functions etc ) are bounded in the space of measurable func-
tions f such that

/ |fl%dz <c cap(E, H)
E

for all compact set £ Here 1<p,q<o0, 0<l<00
Section 4 is devoted to the multiplier problem for a pair of potential spaces
We denote
M(Hy—H,)={g:ue H' =g uc H.}

For positive m and [, multipliers have been characterized by Maz'ya and Sha-
poshnikova [22] In the case m <0, only some sufficient conditions were known
We characterize positive measures ye M (Hy*— H, !) and show that, at least in this
case, the sufficient conditions of Maz’ya and Shaposhnikova are also necessary

Theorem 13 LetyeM™, 1<p<oo, >0 and m>0 Then 'yEM(HI',"—»Hp")
if and only if the following two conditions hold:

(112) /E (Jr)Pdz < c cap(E, HT),

(113) /E ()P de < c cap(B, HL),

for all compact sets ECR™

Note that, in contrast to the assumption (b) of Theorem 1 2, the exponents on
the left hand sides of (1 12) and (1 13) are the same as in the corresponding capac-
ities on the right hand sides In the simpler case p=2, |=m this pair of conditions
is equivalent to supy(E)/ cap E<oo by Theorem 12 (Cf (22, Theorem 1 5] )
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In Section 5 we consider applications to some linear and non-linear problems
for elliptic partial differential equations We show, in particular, that solutions of
the Poisson equation —Au=7, 7>0 and ye M(H,—H_ ") satisfy the coercivity
property: D'ue M(H}—H; ") for all I, |I|=2
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2 Trace inequality for Riesz and Bessel potentials

For >0 and 1<p<o0o, we denote by h;, the completion of the space D=C§®
with respect to the norm ||u||h;=||(—A)'/2u||Lp If 0<l<n/p and 1<p<oo, then
ueh:, if and only if u=Iv, where v€L,, and the Riesz potential J; is defined by
Iiw=| |""™*v In the same manner we define Riesz potentials of measures ye M*:

d

Note that I;7y is finite a e (locally integrable) if and only if flyl>1 [yl'""dy< oo [17]

To any measurable set ECR™, we associate its Riesz capacity by [20]
(21) cap(E, hf[,)=inf{||u||‘L’p :fiu>1on E;u>0,u€e Ly}

The (homogeneous) fractional maximal operator M;, where 0<l<n, is defined
by

(22) Mir(a) =sup{ T e 0}

It is easily seen that M;y(z)<cliy(z) for all zeR"
Now we are in a position to state our main result for Riesz potentials

Theorem 21 Let ye M*, 1<p<n/p The following conditions are equiva
lent
(a) The trace inequality

(23) Wil Ly <cllfllc,
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holds for all feL,
(b) For all compact sets E

(24) Y(E) <c cap(E, hy,)

(c) For all compact sets E

25) / (Iys)? dz < ¢ A(E)

(d) For all compact sets E

(26) / (Irve)P dz < ¢ cap(E, K.)

(e) For all compact sets E

27) [y dose can(s, 1)
(f) The potential Iy is finite a e and

(2 8) L(Iiy)? <cliy ae

Note that the equivalence of (a), (b) and (c) is known (see [20]) We can restrict
ourselves to cubes E=Q in (2 5) due to a result of Kerman and Sawyer [14] It will
be shown below that, for conditions (2 6) and (2 7), this is not true The potential
Iy can be replaced by My in (2 5)—(2 8)

Proof It suffices to prove that (c) = (f) = (e) = (d) = (b)

Step 1 (c) = (f) Suppose (25) holds Let us show first that IryEL},‘ic, and, in
particular, I;y<oo ae Let B=B,(z) be the n dimensional ball with radius r>0,
centered at zeR™ Then

29) /B (ryp)? dy < cv(B)

For z€ B, we have
Iivp(z) 2 cv(B)(diam B)' "

Hence, by (29)

(2 10) 7(Br(z)) < r™ P
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We set y=71+72, where y1=72p and y2="7(2p) Here 2B={t:|x—t|<2r} Then

(211) /B(Ilfy)” dySc[/B(Iz’n)" dy+/B(It’Yz)p dy]
By (29)
(212) [y dy<er@By<oo

B

To estimate the second integral on the right hand side of (2 11), note that, for all
yGB.,-(IE) ’

(213)
Im(y)= / ly—tP "y (t) <2 / et -mdn () <
lz—t|>2r |z—t|>r
 1(B,(x))
<ec /r it de

It follows from (2 10) that

o0
sup Irya(y) <c / 0P D1gs < o0
yEB

T

Thus, we have proved that InELL‘?c Now let us show that (2 9) implies (2 8) Note
that

* dr
ity @se [ (o ay S

To estimate the right hand side of the preceding inequality, we use again the de
composition (2 11) By (212)

0 dr o dr
ey [ [ Gy dsse [ 1eB.@) S <eln@
The estimate of the second term is more delicate By (2 13)
oo do T
/Br(z) (i) dy <er” Ur 7(Be(@)) Z,'ﬁlTﬁ}

For fixed zeR", let
oo dQ r4
p(r) = ’Y(Bg(x))gT_m
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We claim that
o0 o0
/ / (Liy2)? dy—L < c/ i lo(r) dr < cIy(x)
0 () pn~i+1 — o b
To prove this, we note that
00 dQ 14
(215) spo)<| [ B 22| <ailinalp
r>0 0 1Y
Similarly, by (2 10)
oo 4
(2 16) supr'Pp(r) < csup r'P [/ g‘l("_l)_ldg] <cg< o0
>0 >0 r
Clearly, for any fixed R>0,
00 R 0o
/ r=lyo(r) dr§c1/ r~Ydr sup <p(r)+02/ r=P)~1gr sup rPp(r)
0 0 >0 R r>0
Applying (2 15) together with (2 16), we get
/ rlo(r) dr < e [Iiy(z))P R*+c,R1P
0
Choosing R=[I;y(z)]/(*—1) we have
o o]
/ rlo(r) dr < c Iiy(z)
0
We have proved that

o0 dr
Iy dy——<
L o by selnte)
Thus, for all zeR"™,
I(Ly)? (z) < cliy(x)

The proof of Step 1 is complete

Step 2 (f) = (e) Suppose (28) holds and I;y<oo ae If, for some zp€R™,
Iiy(zg) <00, then

Mz(Iz'y)" (:Bo) < CI;(I[’)’)pI (:L‘o) < CI[’)’(:L‘o) < 00,
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where M, is the fractional maximal operator defined by (22) Hence, for any
cube Q, €@,

/ (Iry)? dx < Q™ Iiy(z0) < 00
Q
This implies that IryeL;‘)c By (2 8)

L(IY)P P <c(liy)? <o ae

Setting dy=(I;Y)? dz and integrating the preceding inequality over an arbitrary
cube Q, we get

[ as<e5(@)<oc
This obviously implies
| iy < @),
and, by a result of Kerman and Sawyer [14],
¥(E)<ccapE

for all compact sets £ The proof of Step 2 is complete

Step 3 (e) = (d) Suppose that (27) holds Let us prove first that [([;yg)? dz<
oo for any compact set £ Assuming EC B={z:|z|<R}, we have

[ansy dec{ [ tyass /( ., dx}

P dz
< c{cap 2B+[y(B)] i52n W} <oo
To show that (2 7) implies (2 6), we need some facts from the non linear potential
theory The non linear potential of a measure Y€ M introduced by Khavin and
Maz’ya in [16] is defined by
Vory=Li(Iiy)?

Lemma 2 2 ([16], [22]) For any compact set ECR™, there exists a measure
v=vE such that

(i) suppvCE,

(i) ¥(E)=cap E,

(i) [Tl =cop E,

(iv) Vv(x)>1 quasi everywhere on R™,

(v) Vuv(z)<K=K(p,l,n) on R™,

(vi) cap{Vpiv>t}<At %capFE for all t>0, where o=min(1l,p—1);cap( )=
cap( ,h;,), and the constant A is independent of E
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The measure vE

sure of

associated with F is called the capacitary (equilibrium) mea-
Remark 21 In what follows one can replace V7 by the potential

o0 p—-1
(@17) Woerta)= [ | LD L <o vnta

rn—lp

As was shown by Hedberg and Wolff (see [2]), Wy is a good substitute for Vp; in
many problems In particular, the estimate (vi) holds for Wy, with o=p—1
We will need the following lemma

Lemma 2 3 Suppose 0<l,m<n Suppose vy and veE M+ Then

(218) L(Imv dy) < c[Li(Imy dv)+ Iy Iiy)

Proof of Lemma 23 By Fubini’s theorem

d dv
it @)= [ 20 [ 2O [ [ K0 ae)

z—y|n-

where K(z,y,t)=|z—y|" "|y—t|™ " It is easily seen that

[reviaws [ Keyoaw [ K(@3,1)d1(0)

ly—-t{2[t—=|/2
n—l n—m

2 2
< WImV(t)"'W-_—,;II’Y(“’)

Hence
Li(Invdy) < 2”“II(Im7du)+2n—mIry I,v

The proof of Lemma 2 3 is complete

Now we are in a position to complete the proof of Step 3 Let E be a compact
set and let v=v® be its associated capacitary measure Then

/(Il’)’E)pld-TS/[Il(IlSod’)'E)]p’dz,
where p=(I,v)? =1 Applying Lemma 2 3 with [=m,y=7g and dv=ypdz, we get

(2 19) /(Il’)’E)p deC{/(Il(p)p (Il’)’E)p d:1:+/[Il(<pIny)]p‘dz} =C(A1+A2)
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To estimate A;, we choose an arbitrary r>1 and apply Hélder’s inequality

1/r
A < ||Iz’YE"’},p/r {/(II'YE)p (L))" ? d:c}

Recall that by assertion (v) of Lemma 2 2 one has [jp(z)<K=K(n,l,p) for all
z€R™ Then

K
/(II’YE)p (Lip)” "’dwﬁ/ {/ (It’Y)pldib'}trlp ~ldt
0 Lip>t

By (2 7) and assertion (vi) of Lemma 2 2
/ (Iry)? dz < c cap{lif 2t} < — capE,

Lip2t t

where o=min(1l,p—1) Hence
’ K ’
/(Iry,g;)"J (Lip)" Pdzr<e capE/ trr-olgy
0

Choosing r' >op’, we obtain
(2 20) A1 <c|Tvelt /" (cop BYMT

Let us get a similar estimate for the term A, By duality

A7 =

sup
oz, <

/ Iz(soInE)ydw’ sup

llgliz, <1

/ Lig Iive wdzl

Suppose first that p>2 We set s=p/(p—2)>1 Then 1/p+1/p+1/s=1 Ap
plying Hoélder’s inequality for the three functions, ¢, ¢;=(I;yg)®~2/(®-1) and
p2=(Iryg)"/®~ Vg, we get

1/p
(221) AP <lellz, 1 velly, /e Sup { / [Lig|P(Ziy)? d-'c}
llollz, <1

By Lemma 2 1
lellz, = ||} /? = (cap B)*/

From (2 7) and the trace inequality for the measure (I;y)? dz it follows that

1/p
sup {/]Izglp(lry)" dx} <e<oo

llslizp <1
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Thus
12 s
(222) Az <c(capE)P/ "HIWEII'}.,,/ -

Since p>2, we can choose r’'=p/p’>c/p' in (220) Then, combining (2 20) and
(2 22), we have

A1+Ay <c(cap E)P /”Illzvzll’,ijl”"/”)

We have shown above that |[;yg||z, <oco for all compact sets E Thus (219),
together with the preceding estimate, gives

vellf <ccapE
In the case 1<p<2 we estimate the right hand side of (2 21) in a different way
We set s=p/(2—p) with 1/p'+1/p'+1/s=1 Using again Hélder’s inequality for
the three functions,

p1=¢"", w2=(plLg|)>? and @3=|Lgl" 'Ly,

we obtain
(2 23)
1/p 1/s
Al/” <||<p||p/” sup {/IIlglp(Iry)P dw} X sup {/lIzgl"gopdx}
gz, <1 llgliz, <1

As above ||¢||, =(cap E)!/?, and, by (2 7) and the trace inequality,
1/p
sup { / \LiglP(Liv)? dz} <e<oo
llglle, <1

Let us show that

1/s
(2 24) sup { / \Lgl? (TP dx} <e<oo

laliz, <1

as well Since v is the capacitary measure, its non linear potential is bounded:
Vpv(z) <K for all zeR™ Then, for any compact set eCR", we have

/(Ilt/e)” d:z::/V,,u/,3 dve <K v(e)
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By Steps 1 and 2 of the proof applied to the measure v, the preceding estimate

implies
/(Ilu)” dr <ccape
e

for all compact sets e Hence, by the trace inequality for the measure (I, V)P'dz, we
get (224) We have proved that, for 1<p<2,

Az Sclplly, =c cap B
Together with (2 20) it gives
(225) et <c{cap B+|Ivsly /" (cap B)/'}

We have already shown that ||;vg|lL, <co Moreover, we may assume that
"II'YE"%, >cap E (Otherwise, the desired estimate (2 8) is obviously true ) Then
it follows from (2 25) that

Mhvell}, <c(cap BYY" |Lysl}/”
Since r>1, we have
Ihyelly, <ccapE
The proof of Step 3 is complete
Step 4 (d) = (b) This is easy For an arbitrary ECR"™ let ju>1 on E; u>0,
u€L, If (26) is valid, then by Holder’s inequality

AB)< [ fwdy= [ulvs do< e, Mevelz, <clulz, (a0 )%
Now it follows from the definition of capacity (see (2 1)) that
Y(E)<ccapE,
which concludes the proof of Theorem 2 1

Remark 22 Let 1<p<oo, 0<l<n/p, and g=1+1/p’ Then assertion (e) of
Theorem 2 1 can be rewritten as

(2 26) Vay(z) <chiy(z) ae
where Vyy=1I;(I;y)? ~! is the non-linear potential of y

We observe that one cannot replace Vy; in (2 26) by the corresponding Hedberg—
Wolff potential W, (see (2 17)) Note that Wyy(z)<cVuy(x), but the converse is
true only for 1>(2—g)/n [16] Unfortunately, this is not the case when ¢=1+1/p’
and 0<l<n/p

In fact, the inequality Wy (z) <cly(x) follows from the estimate

Y(Bp(z)) <™, (zeR™, z>0),

which is weaker than the trace inequality
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Corollary 2 4 Suppose 1<p<oco and 0<l<u/p Supposey,veM* and [}y<
Liv ae Then

v(E) v(E)
ANl g Sl 2
sup capE = csup apE
where the suprema are taken over all compact sets ECR™

Corollary 2 4 follows from assertion (e) of Theorem 2 1

The analogue of Theorem 21 for Bessel potentials (see Theorem 12 in the
Introduction) can be proved in a similar fashion, and we do not go into details here
Note only that condition (1 10) can be replaced by

J(J)? < cmax(1, Jpy),

since Jj1=f Gi(z)dz Hence, we can restrict ourselves to the set {z:Jiy(z)<1}
in (110), as well as we can consider only the sets E of diam E<1 in conditions
(13), (18) and (19) (see [22])

3 Some corollaries and examples

Let us show that we can put My in place of I;y in assertions (c)—(f) of The-
orem 21 For (c) and (d) it is easy, since by a result of Muckenhoupt and Whee-
den [23]

31) / (TP de<c / (My)?'dz

with the constant ¢ independent of ; the reverse inequality is trivial
We will need the following lemma, which shows that many operators of classical
analysis are bounded in the space of functions f such that

(32) /E |flide < ¢ cap E

for all compact sets E, (1<g<00), if they are bounded in L,-spaces with Mucken-
houpt weights

Recall that a weighted analogue of (3 1), namely

(33) / (hmwdz <c / (Miy)tw d,

holds for 1<g<oo and we A, where Ay, is the union of the Muckenhoupt classes
Ap,1<p<oo, [23] In particular, (3 3) is true for all A;-weights w such that

(34) Mw(z) <A w(z) ae,

where Mw=M,w for |=0 is the Hardy-Littlewood maximal function Moreover,
the constant c in (3 3) depends only on [, ¢,n and the constant A from (3 4)
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Lemma 31 Let 0<g<oo, 1<p<oo, and 0<i<n/p Suppose that a function
feLlc satisfies (3 2) with cap( )=cap( ,h}) Suppose that, for all weights we A,,

(35) / gl*wdz < K / \flowde
R» R

with a constant K depending only on n,q, and the constant A in the Muckenhoupt
condition (34) Then

(3 6) / |9/%dz < C capE
E

for all compact sets E, with a constant C depending only on l,p,n and K

For g=M f and g=p, Lemma 3 1 is due to I Verbitsky (See [22], where it
was used to derive an analogue of the Sobolev inequality for the spaces of functions
defined by (3 2) ) The idea of the proof is the same in the general case and we give
here only a sketch of the proof

Proof of Lemma 31 Suppose v=vF is the capacitary measure of ECR"™ and
=V is its non-linear potential Then, by Lemma 2 2,

(i) ¢(z)>1 quasi-everywhere on E;

(i) ¢(z)<B=B(n,p,l) for all zeR™;

(iii) cap{e>t}<ct™? cap E, (c=min(1,p—1), t>0), with the constant c inde-
pendent of E We need one more property of ¢ [22]:

(iv) Mp®(z)<cp’(z) ae, with a constant ¢ independent of E, where 0<6<
n/(n-1) for 1<p<2-1/n, and 0<6< (p—1)n/(n—Ip) for 2—I/n<p<oo (Note that
the bounds on § are exact If we use the Hedberg—Wolff potential Wy, v instead of
Vpiv, then one can show that (iv) holds for all 0<é<(p—1)n/(n—Ip))

Now, it follows from (iv) that 9®€A4; Hence by (3 5)

/ 9% de < K / \Flogbda

Applying this together with (i) and (ii), we get

B
/ lgl9dz < / lgltp®dz <c / % do=c / / |f|9dz t5-1d¢
E Rn Rn 0 >t

By (3 2) and (iii)

N |f|?dz <c cap{p>t} < t% cap E
p2t
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Hence

B
/Iglqd:cﬁc capE/ to-o-14t
E 0

Clearly, for all 0<l<n/p, we can choose §>o=min(1,p—1), so that 0<é<
n/(n—1) if 1<p<2-I/n, and 0<6<(p—~1)n/(n—Ip) if 2—l/n<p<oco Then

B
/ t5-7"1dt < oo,
0

which concludes the proof of Lemma 3 1

We observe that Lemma 31 is also valid for Bessel capacities cap( ,H,’,),
0<l<oo (see [22])

In Section 5 we will need the boundedness of the Riesz transforms R;f=
f*z;/|z|*1 (j=1,2, ,n) in the spaces of functions defined by the capacitary con-
dition (3 2)

Corollary 3 2 Let 1<p,g<oo and 0<l<n/p Then

. fle
su fEIRJfI d97<

fEIflqdm -
capE _csupw, (]—1,2, ,n),

where the suprema are taken over all compact sets in R™ and cap( )=cap( ,h:,)

Proposition 3 3 Suppose 1<p<oo, 0<l<n/p, and yEM™ Then the fol
lowing three conditions are equivalent
(a) For all sets E

37 / (¥ dz<ccapE
E
(b) For all sets E
(38) ] (My)Pdz<ccapE
E

(¢) The mazimal function My is finite a e and

(39) M(Mpy)? <c Mpy
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Proof Applying Lemma 3 1 with g=1I;y, f=M;y, and q=p’, we see that (a)
is equivalent to (b)
Let us show that (a) implies (¢) Note that the latter can be restated as

(310) /Q (M) dy < |QY"Miy(z)

for all z€Q As in the proof of Theorem 21, we set y=m1+v2 (11="720 and
Y2=7(2@) ) and have

/ (My)? dy < 0[ / (Mim)? dy+ / (Miy2)? dy]
Q Q Q
By Theorem 2 1, (a) implies that, for z€Q,

(311) [Q (Mim)P dy<c /Q (Im)” dy <c 7(2Q) <c |QI"Y"Miv(z)

To estimate the second integral, note that

1Q'N(2Q)%)
'Ql'l—l/n

If ye@'NQ and Q' N(2Q)°#0, then clearly QC5Q’ Thus, for y€Q,

@) Q)

<c sup ———
|QI|1 l/n Q DpQ IQ/Il—l/n

My2(y) = sup
yeQ

Mz'rz(y)s s
Then
/ (Miy2)? dy <clQ| sup [Y(@)/IQ"[*~"/"1P
Q Q>oQ

<elQI"™/" Myy(z) sup [ (@ )/1Q 7P

It follows from (a) that v(Q)<c|Q|*~'?/", so that the last factor on the right
hand side is finite Combining this with (3 11) we get (3 10)
It remains to prove that (c) => (b) It follows from (3 9) that

/ (My(My)? P dz<c / (Miy)? do
Q Q
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for all cubes Q Letting dy=(M;7y)? dz we have
7y de<5(@)
Applying again the result of Kerman and Sawyer we get
W)= [ (M da<c capE

The proof of Proposition 3 3 is complete

Let us consider some simpler conditions sufficient for the trace inequality to
hold It was shown by Fefferman and Phong [9] that (2 3) is true for the measure
dy(z)=g(z) dx (9=>0) if there exists t>1 such that

i t —ipt/n
(312) lQl/Qg(w)szlel

We observe (see {14]) that this result is a consequence of two known estimates:
Sawyer’s inequality for the fractional maximal function [25]

(313) 1M f )|z, 0 < cllfllz, [sup QI v(Q)]7,

and the Adams-Hedberg inequality [2], [12]

(314) L < (M f)/H(MF)

where t>1 and 0<i<n/t Actually, it follows from (3 12) and (3 13) that

(3 15) | M fllz,(gtaz) < cllfllL,

Hence by (3 14) and the boundedness of the Hardy-Littlewood maximal oper
ator, we have the Fefferman—Phong inequality

tdx 1/tp
(316 1o 2) < s, (32 )

Combining (3 16) with our Proposition 3 3, we obtain the following corollary
Corollary 34 LetyeM™, 1<p<oo, and 0<l<n/p Then the trace inequal
ity (2 3) holds if there exists t>1 such that
(317) [ )tz < cipi-iesn
Q

for all cubes Q

It is of interest to note that condition (3 17) is stronger than the original
Fefferman—Phong condition, and applies to measures not necessarily absolutely con-
tinuous with respect to the Lebesgue measure
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Proposition 3 5 Let dy=gdz, g>0 Under the assumptions of Corollary 3 4,
(3 12) implies (3 17)

Proof Suppose (3 12) holds Then, by Hélder’s inequality,

(318) Q) <c |QI*/"

for all cubes @ Using the preceding inequality, it is easy to see that (3 17) is
equivalent to

(3 17/) L(Mva)p td.’l:S ¢ IQII-lpt/n

(See analogous statements in the proof of Proposition 3 3 or Theorem 2 1 based on
the decomposition dy=x2q dy+(1—x2¢)dy ) For z€Q we have

pt
t_ /1l/n—1
Mg ()P sup [IQ | /Q o 9(y) dy]

<sup {IQ’I“1 /Q mg(y)dy]t[IQ’I“”"‘1 /Q g(y)dy]

t(p —1)

Then, by (3 18),

t
Mot <esup @17 [ ow)du| =clM(xao!
r€eQ QNQ
Since the maximal operator M is bounded in L;(R"), t>1, we have

/(:2(Ml’YQ)p tdz < C/[M(Xog)]tda: < C/Q gtdx

Now it is clear that (3 12) implies (3 17) The proof of Proposition 3 5 is
complete

We observe that, for £=1, Corollary 3 4 is not true In other words, we cannot
restrict ourselves to cubes E=Q in assertions {c) and (d) of Theorem 2 1

Proposition 3 6 There exists a measure v with compact support such that

(319) /Q Iy dw < |Q#/m
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for all cubes Q, but the trace inequality (2 3) does not hold

Note that a similar example for assertion (b) of Theorem 2 1 is well known
By a theorem of Frostman, there exists a measure v with compact support e such
that v(Q)<c|Q|*~'*/™, but cap(e, hi)=0, which contradicts the condition v(e)<
¢ cap(e, h;,) Unfortunately, the energy of the measure v in this example is infinite;
[ live|lz, =00 Hence it does not satisfy condition (3 19)

To construct a measure claimed in Proposition 3 6, we set

dy(z) =n(zn)p(z) dz’ dz,,

where
z=(2",z,), 2'=(z1, ,ZTn-1),

7(zy)=1 for |2,|<1, n(x,)=0 for |z,|>1 and

la'|* =" (log(2/12'))#,  |='| <1

(320) p(z)=pp(z') = { 0 =] >1

Let 1<p<oo, n>2, and l=(n—1)/p We claim that, for 14+1/p'<fB<p the
estimate (3 19) is true, but the trace inequality is not valid

For 0<r<1, set E.={xz:|z'|<r, |£,|<1} It is known [20] that for [=(n—1)/p
the capacity of the cylinder E,., cap(E,, h;):(log 2/r)1-?

Then

VB _ Jiw < 127 Log(2/12']) P da’ o \P—B
capE, =" (log(@/r)? Z(l ‘)

For B<p, (log(2/r))?®—00 as r—0 Thus the trace inequality is not valid
Now suppose 1+1/p'<f<p (Clearly, such 3 exists for any 1<p<oco )
We show that

clz’|+1=" (log(4/1a']) A+ for |2/ <2;

(3 21) Iz')’(fl?) < { clz,l—n for }:L'II >2

It is easily seen that

1 /
o(t') dt’ dtn
I =
1= [ T

< / ') dt' / > dtn
=loa PO | T -t P72

() at’
< —_—t _—¢cB
_c/l;lﬁl lx’—t’{""l-l c
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For |z/|<2, we have

—p
BSclz'|1_"+1/ |t'|1”"(log—2,—) dt’
It 1<)z 1/2 ']

-8
2
+clz/|t™ (log = ) / |z’ ¢/ | g
2’| Iz [/2<]t |<2lz |

2 \#
+c / 1t’|“2"+2(log —,—) dt’
20 <t |<1 |t

=B1+By+B;

By direct computation we get
4 7P
B <clz'|'~"H! (log —) ;
x
4 -8
BZ S c[:l:'ll_"+1 (log —x—) N
4 -8
B; <clz'|lmmH! (log -—)
T
Combining these estimates we see that

4 \}7P
Iy(z) <cle'-™+ (log m) . I)<2

If |z’|>2, we have

1 1 ’
e(t) dt' dt, - /
I, xSc// <clz|"™™ t')dt’
@S | f o @Rz —gpez <ell ™ f o elf)

Since 3>1, we have

/ e(t') dt’ < oo,
It I<1

which gives (3 21) for |z/|>2
Using (3 21), we see that, for any cube Q

/Q (I da

(1-8)
ScIQII/"{ / |/|(=n+0p <log i) pldz’ + / |2 |(-m)p da:’}
o I<2 || o >2
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Recall that I=(n—1)/p Thus p'(n—1-1)=n—1 and 1/n=1-Ip/n Since >
1+1/p’ and (n—1)p’>n—1, both integrals on the right hand side of the preceding
inequality are finite We obtain that

/ (TP do < c|Q*17/m
Q

which concludes the proof of Proposition 3 6

Remark 31 It can be shown that, for the measure
dy=n(zn)ps(z’) dz’ dz,,

constructed in the proof of Proposition 3 6, the trace inequality holds if and only if
Bzp
The estimates of I}y given by (3 21) are easily seen to be sharp In fact, on the
support of v, Bo={(z', #»):|2'| <1, |24| <1}, we have Iyy(z)=c|z’[*~"*? (log ﬁ)l-ﬁ
For £¢2B, we clearly have I;y(z)=<c|z|'"™ Using these estimates and tak
ing into account that l=(n—1)/p, one can show that, for 3>p, condition (f) of
Theorem 2 1 is valid

4 Positive measures as multipliers

Recall that h;, and Hzl’ are the spaces of Riesz and Bessel potentials, respectively
We define the class of multipliers for a pair of potential spaces as

Il
MO 1) = (€D ssup o <oof
4

A similar definition is valid for Bessel potentials
A complete characterization of the classes

M(hy—h) and M(HT - H})

(as well as multipliers of some other spaces of differentiable functions) is due to
Maz’ya and Shaposhnikova [22], mostly in the case when | m>0 For ! m<0, some
sufficient conditions were given

In this section, we characterize positive measures which are multipliers for a pair
of potential spaces when I m<0 (Since by duality M(h*—h, H=M (h;,, —h;™),
we can assume m>0 and !<0 ) As in Sections 2 and 3, we give full proofs only for
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Riesz potentials The case of Bessel potentials requires minor modifications (mainly
in the case when m>n/p or I>n/p), but we do not give the details here
Let
l1<p<oo, 0<m<n/p, 0<l<n/p’, and yeMt

Then, clearly, ye M (hg'—h, Y if and only if

(41)

[wvar| <cluly ol

(Note that, by duality, h;, =(h;l)*, where 1/p+1/p'=1, 0<i<n/p’')
Letting u=I,f and v=I,g in (4 1), we restate it as

(1) [ [us Imgah\ <clfllzp oz,

where the functions f and g may be assumed to be positive
By Hélder’s inequality

<clhifliz, (Imglz, e

/ Lif Ingdy

Suppose that
(42) Y(E)<c cap(E,h}); ~(E)<c cap(E,hT)

for all compact sets £ Then it follows from the trace inequality for the spaces h:,
and hl, that (4 1') holds, and hence ye M(hT*—h?)

For p=2 and m=l, (4 2) is also necessary in order that yEM(h,—h;') (See
[22] ) Indeed, letting f=g in (4 1’) we see that it implies the trace inequality

I fllLoeqyy <cllfliz,

Thus, y(E)<c cap E for all compact sets E

Unfortunately, conditions (4 2) are not necessary when p#2 or l#m (See an
example at the end of this section ) However, it follows from Theorem 2 1 that, for
p=2 and l=m, (4 2) is equivalent to

/E (Ir7)%dz < c cap(E, h)

It is this condition, rather than (4 2) that can be extended to characterize
positive measures Y€ M (h'—h, Y) in the general case
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Theorem 41 Let
1<p<oo, O<m<nfp, 0<l<n/p/, and yeM™*
Then ye M(hy —hy 1Y if and only if the following two conditions hold:
(43) [ rdase can®. )
E

(44) / (In)? dz <c¢ cap(E, h} )
E
Proof 1t follows from (4 1) that ye M(hI*—h;") if and only if

] [ 1tng vy da| <l Nl

By duality, this is equivalent to

(45) 1i(Img dV)llz, <cllgllL,

for all g€ L,, g>0 Changing the roles of I;f and I,,g, we get in a similar fashion
that (4 5) is also equivalent to

(46) M (Lif dD)lz, <cllfllc,

for all fE€Ly, f>0
We recall that by Lemma 2 3

47) L(Img dy) < clli(gTm)+Img It7]

Thus
Mi(Ing d7)lle < c{”Il(gIm'Y)”Lp +"Img”L,(u)}a

where dv=(I;7)Pdz Suppose that assumptions (4 3) and (4 4) hold Then it follows
from (4 3) that

(48) MmgllL, o) <cliglle,
Similarly, it follows from (4 4) that

Iifliz, @) <cllfllz, ,
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where do=(I,,7)? The dual form of the preceding inequality is

| 5:(f do)lL, < cllfllz, o)
Letting f=(I,Y)!"? g, we get

I(fdo)=Ii(9Iny) and |[|fllz,)=lgllz,

Thus
N L(gZm ML, <cligliz,

Combining this with (4 8) we obtain (4 5) We have proved that (4 3) and (4 4)
imply 'yeM(hg‘—»h;’)
Conversely, suppose that ye M (hy'—h; !y Then (4 1') is valid which implies
(45) and (46) Letting f=g=x¢q in (41), we get
@) @17/ <e | 1f Ingdy<clls, lals, =clQ)
Thus

49 1(Q) < c|QP—tHH+mi/n

for all cubes Q Similarly, substituting f =xq and g=xq in (4 5) and (4 6) gives
(410) / (TPde<e Q™" [ (miq) doge Q= /"
Q Q

(In fact, it is easily seen that any one of the preceding estimates implies (4 9) ) As
in the proof of Theorem 2 1, (4 10) together with (4 9), implies

/ (Iy)Pdz < oo; / (Im7v)? dx < oo
Q Q
for all cubes @ Setting g=x0o(Im7)? ~! we see that
lol2, = /Q (In7)P da <00
By (4 5) we get

(411) /Q Iy(Ing dy)[Pdz < c /Q (Iny)? do
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Clearly, for z€Q, we have

sup |Q'[V/»1 / Ingdy = My(Ing dv)(z) < cIi(Img d7)(2)
z€Q Q

By our choice of g,

/ Ingdy= f 9lnyg dy > / (ImyqQ )P dy
Q Q
Thus
(412) sup /147! /Q (nva )P dy < Ii(Img d)(2)
x

for zeQ Now from (4 11) and (4 12) it follows that

v4
(4 13) /Q sup {|Q’|’/"-1 fQ . (Inyo P dy} dz<c /Q (Iny)P dz

z€Q

Let us show that we can replace Imyg by I,y in the preceding inequality We
have

/ Ty dy < / Umm)? dy+e / Lny2)? dy,
QnQ’ QN Q

where dy1=x20dy and dys=(1-x2¢)dy Then by (4 13)

(414) ‘/Q sup [IQ']'/ n-l /Q o (Imm)? dy]pd.z' <c L (Im7)? dz

T€EQ

To estimate the second term note that, for z,y€@’ and t€(2Q’), we have
[t—y|=<|t—z| Hence

m72(y) /It ’zit_).m = /ltdfyzit_m—clm'ﬁ(fﬂ)

Consequently,

sup ||/~ / (Im72)? dy < ¢ sup |Q' ™ [Iny2(2)IP
(4 15) =eQ Q z€Q
<c[Ipy(z)P ! sup Q'Y ™ I y2 ()



Capacitary inequalities for fractional integrals 107

Let diam @Q'=r Making use of estimate (4 9) we get
® ¥(B,(x))

gn—m+l

sup |Q'[/™I;ny2(z) < csupr! / do<c< oo,
z€EQ r>0 r

with the constant C independent of z€Q This, together with (4 15), implies

4
wie) [ sw i@t [ ] dsse [ (e
Q z€Q QnQ Q
Combining (4 14) and (4 16), we obtain
| Mitxaids <ev(@),

where dv=(I,7)? dz Applying again the result of Kerman and Sawyer [14], we
conclude that the trace inequality

Miflz, ) <cllflc,

holds Thus assertion (b) of Theorem 4 1 is valid
Substituting f=xq(f;7)?~! into (4 6), we derive in a similar way that, for
do=(Iy)P dz

‘ /Q Mn(x0))? dz < co(Q)

for all cubes @, which implies assertion (b) The proof of Theorem 4 1 is complete

Corollary 4 2 Under the conditions of Theorem 4 1 it is true that
yeM(hy —hy 1Y if the following two relations hold

(417) L(Im7) (2) ScUm7)” ~Hz) <0, ae,
(418) LI (@) <e(Iy)P Mz) <o, ae

Proof It follows from (4 17) and (4 18) that

I [Il(Im'Y)p ]p <cly (I‘m")')p <oo, ae,
In[In(I)PP < cIm(Iy)P <o, ae

By Theorem 2 1, this gives
/E (Imv)? dz <c cap(E, hl, ),

‘/;(Iry)pd:n <c cap(E, hy')
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for all compact sets E Applying Theorem 4 1 we conclude that ye M (hy'—h; 1
For p=2 and l=m, the assumptions of Corollary 4 1 coincide with the estimate

L(Iiy)?<cliy<oo, ae
By Theorem 2 1 the preceding condition is valid if and only if
v(E) <c cap(E, h})

As mentioned above, this is equivalent to Y€ M(h}—hy h

Remark 41 If p#2 and l#m, conditions (42) are not necessary for y€
M(h—ht)

To show this one can use the same idea as in Proposition 3 6 For p#2 we set
I=(n—1)/p' and m=(n—1)/p Let dy=n(z,)p(z') dz'dzx, where o(z') is defined
by (3 21) with 8=2 ; n(z,)=1 for |z,|<1 and n(z,)=0 for |z,|>1 For

E.={z=(2,z,):|2'| <1, |zn| <1}, 0O<r<1,

we have cap(E:, h.,)=<(log(2/r))!~? and cap(E;, h&,)=(log(2/ 7))1P [20] Then

VE) o Jegr 1 (o8 (2/1']) " 2de’ 22
can(Br ) (log(2/r))™—> Zc(‘°g;)

Similarly
v(Er) 2y
Al P SR ) P
cap(Er,hL,) = c( o8 T)ﬂ

Letting r—0, we see that for p#2, one of the conditions (4 2) is violated In the
opposite direction, one can use estimates (3 21) (see also Remark 3 1) to show that,
for I=(n—1)/p' and m=(n—1)/p, conditions (4 17) and (4 18) are valid Hence,
yeM(hT—h;'), but (4 2) is not true

Setting p=2, I=(n—2)/2, m=(n—1)/2, (n>4), one can construct an analogous
example showing that (4 2) is not necessary even in the case p=2, l#m

There is another generalization of the fact that ye M+ NM(hh—h3') if and
only if the L,-trace inequality holds

Proposition 4 3 Let 1<p<oo, 0<l<n/p, and ye M* Then 7€M(h1’,,—>h;l)
if and only if

(419) 1L f Loy <cllfllz,
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The proof is the same as for p=2 By duality, ye M(hl,—hz") if and only if

‘/u vd’y‘ <liullng lvllag

Substituting u=v=1I;f in the preceding inequality, we see that (4 19) holds
Conversely, it follows from the Schwartz inequality that

[ vdr] <clulzapblzac
Applying (4 19), which is obviously equivalent to
lull g < cllullg,

we get that yE M(hL—hY)
Note that, for p<2, by a result of D Adams (see [3]) (4 19) holds if and only if

(@) Sel@P/ri/™

for all cubes @ For p>2, we arrive at the “upper triangle case” of the trace
inequality considered in [21] According to the Maz’ya-Netrusov result (4 19) is
equivalent to

(4 20) /0 ” [ﬁ]mﬂ) dt < oo,

where p>2 and v(t)=inf{cap(E,hl):v(E)>t}, t>0 A non-capacitary characteri-
zation of the trace inequality in the “upper triangle case” based on different ideas
was given by Verbitsky [26)

5 Applications to partial differential equations

In this section we outline possible applications of the trace inequality and ca-
pacitary estimates found above to some elliptic partial differential equations We
mention here only simple cases of several model problems without any attempts of
generalization However, we treat both linear and non-linear equations, sometimes
in the non-Hilbert case p#2, so that the elements of non-linear potential theory
used in the proofs above are essential

Some of the applications are known (see [20], [3], [14]), and we discuss them
briefly, emphasizing interesting connections with other parts of Analysis Note that
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even in this case known results are stated in a new analytical form; all criterions are
close to being necessary and sufficient, and many particular cases can be derived
easily from them

We start with a few problems for the Schrodinger equation

(51) Lu=—-Au—yu=0,
with ye M ¥, related to the trace inequality

(52) l[ll 3¢y < comst |Vullz,,
or, equivalently,

(52) 111 6ll L2 () < comst ||ullz,,

where I; is the Riesz potential of order I=1 Note that (5 1) and (5 2) are obviously
connected through the equation

(53) (Lu, u) = [ Vull2, - / ful2dy

We would like to mention the following problems for the Schrodinger operator:

(1) Spectral properties of L

(2) Positivity of solutions

(3) Unique continuation property
Problem 1 has been studied in great detail from the point of view of imbedding
theorems since the work of Friedrichs (see [18], [20], [9], [11], (14]) It follows from
(5 3) and our Theorem 2 1 that if L>0, then

(54 L(Lh)?*(x)<c Lhy(z)<oo ae

Moreover, there exists a constant ¢, >0 such that if (5 4) holds for c<c,, then
the Schrodinger operator is positive A sufficient condition for L>0 is given by

1/2p
(55) {ﬁ /Q (117)2”d2} <clQI Y

for some p>1 and all cubes Q, if c<c, As was mentioned above, (5 5) is a refined
version of the Feffermann—Phong condition applicable to measures v not necessarily
absolutely continuous with respect to the Lebesgue measure Many other applica-
tions to distribution of eigenvalues, semiboundedness, discreteness and finiteness of
the negative part of spectra, etc, can be found in the cited literature
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The second problem has attracted attention of specialists in partial differential
equations as well as in stochastic processes A necessary and sufficient condition
for existence of positive solutions to the Schroédinger equation (5 1) for positive
potentials v was given by R Khas’minsky [15] in terms of the Brownian motion (see
also [7] and the papers cited there) It was shown later that Problem 2 reduces to
Problem 1 under minor restrictions on the potential -y, not necessarily positive (See
Agmon [4] where the case of general second order elliptic operators on Riemannian
manifolds is considered; -y is assumed to be in L;,°°, p>n)

We note that a standard substitute u=e? yields that Problem 2 is equivalent
to the existence of solutions of the n dimensional Riccati’s equation

(56) —Av= Vol +y

As was pointed out by K Hansson (see Proposition 5 2 below), one can obtain
directly a criterion for existence of solutions of (5 6) in the following form There
exists a constant C, >0 such that, if

57) v(E) <C cap(E, hj)
for C<C, and all compact sets E, then (5 6) has a solution (in a weak sense) in R™
Conversely, if a solution exists, then (5 7) is valid

Problem 3, first considered for the Schrédinger equation by T Carleman (see
[6], [13], [25]), is related to the inequality

(5 8) lullae) < cllAuflLy(e-1y

where g is an arbitrary non-negative weight It is easy to see that (5 8) is equivalent
to (5 2) with dy=pdz, for any weight o Hence again the solution can be given in
terms of condition (5 7)

Next, we obtain coercive estimates for solutions of the equation

(59) ~Au=+,

where 1 is a measure from M (hl—h;1), 1<p<oco (Similar results are also valid for
the equation —Au+u=" if we replace h}, by H} and use the corresponding Bessel
capacity ) The proof is again based on Theorem 2 1 and Lemma 2 3

Proposition 51 Let ye M ™ and let u be a solution of (59) such that
(5 10) / lu|dz =o(r"*!) asr—o0
r<|z{<2r

Then the following properties are equivalent
(a) yeM(h;—h;1)
(b) VueM(hzl,—» p)nM(h},,—»L,,/)
(c) D'ueM(hl—h;?) for alll, |I|=2
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Moreover, the following estimates hold

> IDrull apng—nzty < €1 (IVullarny—rn) +HIVullargns, -z, )
l|=2

(511) < C2”A'U'"M(h;_.h;1)

<c3 Z "DIU"M(h;_»h;I)
=2

Proof Suppose y€M(h;—h;') Then by Theorem 2 1

612)  [(pdr<cep®n), [ (@) di<e cap(, )

Let neC®, n(x)=1 for |z|]<1 and 7(z)=0 for |z|>2 Put n.(x)=n(z/r)
From (5 9) it follows

—A(neu) =nry—2Vn, Vu—uln,,

which yields
e = Ia(n,y—2Vn,Vu—ulAn,)

After integrating by parts this is rewritten as
neu = I (ney)+ I (ulAn ) —2div I (uVn,)

By differentiating we obtain that on the ball |z|<r/2 there holds the estimate

IVu|5c(n)(In+r-"-1 / lu(y)ldy)

<|yj<2r

where the constant c(n) depends only on n By using (5 10) and taking the limit
as r— oo we obtain the estimate

[Vu| <ec(n)I1y

Now (5 12) implies
(513) /E |VulPdz < c cap(E, hy), /1;‘ IVulP dz <c cap(E, h, )

We have proved that Vue M(h;—L,)NM(hl, —L, ) Thus, (a) = (b)
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Now suppose VueM (h},—+ ») M (hzl, —Ly,) Then by a theorem of Maz’ya
and Shaposhnikova ([22], Section 1 5), D'ue M(hl—h;?) for all |I|=2 and

1D el g gy < c(IVull -,y HIVellaps -z, )

from which we conclude that (b) = (c)

The implication (c) = (a) is trivial, because if D'ue M(hy—h;1), then —Au=
yeM(hy—h;') Obviously, estimate (5 11) follows from the above argument The
proof of Proposition 5 1 is complete

Now let us consider two non-linear problems

(514) —Au=ul4+Xy on Q, u>0;
(5 15) —Au=qa|Vul?+vy on
(516) u=0 on 01,

where {2 is a bounded open subset of R™ with smooth boundary and -« is a positive
measure with compact support on 8 Moreover, 1<g<oo, A and a are positive
constants

The semi-linear problem (5 14), (5 16) was treated by Baras and Pierre [5] A
necessary and sufficient condition for existence of solutions (in a weak sense) was
given in terms of a certain non linear functional Later Adams and Pierre [3] showed
that (5 14) has a solution, for sufficiently small A >0, if and only if, for all compact
sets ECS},

(517) v(E) <c cap(E, h2),

where p=¢q’ The proof is based on capacitary estimates and certain weighted L,
estimates, as in our Lemma 2 3

The generalized Riccati’s equation (5 15) was considered by K Hansson The
proof of the following result is to appear

Proposition 52 (K Hansson) If the problem (5 15)—(5 16) has a solution
(in a weak sense), then for all compact sets ECQ)
(518) 7(e) < ¢ cap(E, hy)
Conversely, (5 18) implies that (5 15)—(5 16) has a solution for sufficiently small
a>0

Hansson’s proof of the second assertion is based on our Theorem 2 1 and an
iteration procedure Clearly, both (5 17) and (5 18) can be given in a different form
by using results of the present paper
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