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The complex scaling method for
scattering by strictly convex obstacles

Johannes Sjostrand and Maciej Zworski

1 Introduction and statement of results

The purpose of this paper is to obtain upper bounds on the number of scattering
poles in varying neighbourhoods of the real axis for scattering by strictly convex
obstacles with C° boundaries The new estimates generalize our earlier results on
the poles in small conic neighbourhoods of the real axis and include the recent result
of Hargé and Lebeau [3] on the pole free region In fact, one of the new components
here is their observation on the choice of the angle of scaling (see Sect 2)

The starting point of our approach is the same as in [13]: the poles are identified
with the square roots of complex eigenvalues of a non self adjoint operator obtained
by scaling ‘all the way to the boundary’ That produces a new elliptic boundary
problem for which a semi classical calculus was developed in [13] It was then
applied to the study of the characteristic values of the scaled operator

In the present work we adopt a more direct and microlocal approach partly
similar to the one used in [9] By a microlocalization on the boundary we reduce
the problem to the study of ordinary differential boundary problem for which a
detailed spectral information is available

We recall that if P is —A on R™\Q, with the Dirichlet boundary condition,
and O is a bounded subset of R™ with a connected exterior, then the resolvent

(P-23)"L. L2(R™\O) — H}R"\O)NHR™"\0), ImA>0,
extends to a meromorphic operator
(P=X%)"": Ly (R™\O) — Higo(R™\O)NHj 1o.(R™\O),

for AeC or A€ A, the logarithmic plane, when n is odd or even respectively (see [6],
[14], [10]) Here H*(R™\O) is the standard Sobolev space and H}(R™\O) is the
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closure of Cg°(R*\0) in H'-norm Then, L2, HZ, H} |, are defined from these
spaces in the usual way The poles of this continuation are called the scattering poles
and can be considered as a replacement of the discrete spectral data for an exterior
problem In our results we count the number of the poles with their multiplicity
(see [10])

We will estimate the poles in the following neighbourhoods of the real axis
(11) {¢:1<Re{<r, ~Im({<pu(Re{)Re(},
where the function p is assumed to satisfy

2
w(z) 2z, :(50272) z™1 non decreasing,

1 1
_— < < e
o <p(z)< o

(12) w(z)’
, z>C,

‘We remark that, if n>>4, the last monotonicity condition is a consequence of the first
two and that we could take more general p’s at the expense of some complications
in the statements The natural u’s to take are u(r)=606r—=, 0<a< %——see Fig 1

Ci

~Im (=4 Smin(Re()/3-Cy

—Im{=p(Re({)Re(
Figure 1 The neighbourhoods of the real axis and the critical curve

Theorem 1 If N(r,u) is the number of scattering poles in (1 1) with p sat
isfying (1 2) then
N(r,p) <Cu(r)*?r"+C, r>C,

Jor some constant C' depending only on the O and the constants in (1 2)
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The proof will be given in Sect 7 as a consequence of a more precise local
upper bound in Theorem 4 there In that bound we also recover the result of Hargé
and Lebeau (3] on the pole free region:

(13) p(r) < 18mimr™ 23 —cir™! = N(r,u)<C,
where "
_ defyo/3 1 . o
Smin = 2% cos(g7) Gy (z €00 =T n—xK’(x )) ’

with K;(z'), the principal curvatures of 80 at =’ and —(3, the first zero of the Airy
function In other words there are only finitely many poles above the critical cubic
parabola —Im(=1Snix(Re()}/3—c; Near that curve one expects finer estimates
once the geometry is more controlled To that aim we have

Theorem 2 If the second fundamental form of O restricted to the sphere
bundle of 8O has a non degenerate minimum on an embedded submanifold of codi
mension v (in the sense that the transversal Hessian is nondegenerate), then the
number of scattering poles in

1<Re(<r,
{ —ImCS %Smin(Re C)1/3+C(R£C)1-a,

%Saﬁl, is bounded by

(14) Crn—1p—(a/2)-(1/3)v
As in the case of Theorem 1, a more precise local bound is possible, see (7 8)
The special choices of y in Theorem 1 give the following corollaries In the

first one we take @ large (at least, to get a non-trivial statement, greater than the
critical value):

Corollary 11 For %S’min<0<01 and r>C(6)
#{¢:¢ a scattering pole, 1 <Re( <r, —Im( <O(Re()/3}=0O(63/?)r"1

For @ small and a:=0 we recover, in a strengthened form, the result of [14]:

Corollary 1 2 If0<0<6, then for r>C
#{¢:( a scattering pole, 1 <Re(<r, —Im{ <hRe(}=0(0%/%)r"

The two corollaries and the pole free region estimate are optimal for the sphere
In the non-symmetric case the only lower bound follows from the work of Bardos,
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Lebeau and Rauch [1}: a non-degenerate, isolated, simple closed geodesic - of length
d., on the boundary of a strictly convex analytic obstacle generates infinitely many
poles in any region

d,
{¢:~Im¢<B(ReQ)'?}, B>B,% a3 cos(%)al; /0 ox(s)2/3 ds,

where g, is the curvature of vy in R®, n odd and s is the length parameter on «y
From their argument it also seems to follow that there are only finitely many poles
in the region with %Smin replaced by B, B< By, where

Bpin = sup inf 2_1/3(1cos(£)l/TQ (5)*3ds
i T>0 {7 2 geodesic} 6/T 0 v

Using a simple Tauberian argument [12] one actually sees that for every é>0 and
B> B,, there exists r(e, B) such that

#{¢: ¢ a scattering pole, |Re(|<r, —Im( < B|Re(|'/3}> 7?35, r>r(e, B)

Finally, we give an example of an obstacle for which the assumptions of The-
orem 2 are nicely satisfied We let 00 be an ellipsoid of revolution Then the
second fundamental form restricted to the sphere bundle takes its minimum on the
normal bundle to the shortest geodesic, which is assumed to be the equator The
codimension is 2 and the bound (1 4) becomes O(1)r(8/3)— compared to the bound
obtained using Theorem 1, @(1)r? In the analytic case a better estimate is possible
(corresponding to a larger pole free region obtained by using Bmin above) but the
bound seems new if the boundary is no longer analytic but the geometry is the
same

2 The scaled operator

In this section we will review the complex scaling construction used in the
preceding papers [10], [11], [12] stressing the explicit representation of the operator
Thus, let OCR™ be bounded and open with a smooth boundary We assume that O
is strictly convez It then follows that d(z)dist(z, ©) is in C*°(R™\0) and that
d(z) is a convex function with kerd’ (z) of dimension 1, generated by z—z(z),
where z(z) €80 is the unique point such that d(z)=|z—z(x)] We observe that at
z2€00 the exterior unit normal of 3O at z is given by

(21) n(z) =Vd(z)
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If 2p€ 00, we choose some local coordinates ' =(y1, ,y¥n—1) for 8O centered at 2
so that we have a corresponding diffeomorphism

(22) s:neighpna-1(0) — neighye (20)

We then get the normal geodesic coordinates (¥, yn), ¥ €neighga—1(0), y,, >0 for a
sector of an extension of O, given by

(23) z=35(y)+ymn(s(y')) = s(y') +yaVd(s(y')

We will also write
(24) z=5(y), y=@",vn)

Let 2o=5(0)+yo nn(3(0)) be some fixed point (we take y’'=0 for simplicity—any
other choice of 3’ €neighgn-:(0) would work in the same way) We shall compute
the leading contribution to A in the y-coordinates at the fixed point yo=(0,yo »)
After a Euclidean change of the z-coordinates we may assume that z¢=(0, yo ,,) lies
on the positive z,, axis From (2 3) we get

0
oz oz :
25 — =Vd(s(v')), — =
1
We also have, 5
Oz _ 03 Pd(s(y)e 2
6yl - 6y/ +y‘nv d(S(y ))oayla
and in particular at y'=0:
@ _{ (I+yadl . (0))3,s(0) 0
(26) oy ( 0 1

Notice that d .,(0)>0 so that the matrix (2 6) is invertible for y, €C\(~00,0) At

z '

y'=0 and for y, small we get from (2 6)

L 0x\' [ (I+ynd! , (0))71(t8, s)~1(0) ©
en () =( : )
28) _ ((I-ynd;’:z (0))(t3y s)"H0)+O0(¥2) (1>>
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The principal symbol of —A then becomes (still at y’'=0):

co=((5) » () ")

ey =nr((awma. o) (L) 0rowd)r)
i+((Zw) )
(210) (. (20) 7 (Z0) 7 )+routm

Here the second term in the last expression is the principal symbol of Aaod_ef

R(y',D, ) expressed in the local coordinates ' We can interpret d ,,(0) as the
Hessxa,n of d at 0 restricted to Tp00 (viewed as a subspace of R*=T;R™) and, by
the Euclidean duality, as the corresponding Hessian on T*80 Then

<d2z<o> (a,u) (gs,«») ")

is the corresponding quadratic form expressed in the (3, 7)-coordinates on Tg30O
Let Q(y', Dy ) be the corresponding elliptic differential operator on the boundary
(where now we let 3’ vary) From the discussion above we see that R(y’,7n’) is dual
to the first fundamental form (the metric on 80) and Q(y',7'), to the second fun-
damental form (given at y'=0 by (d, n(Y"),(Y’,0))=(d] , (0)Y",Y"), Y’ €Tp00)
Since the principal curvatures of 80O are the eigenvalues of the second fundamental
form with respect to the first, we obtain

Lemma 2 1 The principal curvatures of 80 at z'=s(y’) are the eigenvalues
of the quadratic form Q(y',n') with respect to the quadratic form R(y',7)

With the new notation, and for /', ¥,, small, we now get

—h2A=(hDy,)*+R(y',hDy )2y, Q(y’, hDy )

211) +O(A(hDy )*)+O(R)hD, +O(h?)

Here we found it convenient to introduce the semi-classical parameter h>0 that we
will let tend to 0
In [13] we considered exterior complex scaling which near 30 was of the form

(212) z=z+i0f'(z)
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with f(z)=3d(z)? so that f'(z)=d(z)d'(xr) Replacing = by the corresponding
geodesic coordinates above, we get

(213)  z=s(y)+ynVd(s(y'))+iby, Vd(s(¥)) = s(¥')+(1+i0)y. Vd(s(y'))

Following Hargé and Lebeau [3] near 80, we shall scale up to the angle %1:', so that
[1+46|~1(1+i0)=exp(i37) near HO Further on we connect the scaling to the one
used in [13] (with smaller ) More precisely, we let 8>0 be small enough and let g be
an injective C* map [0,00)—C We demand that |¢g’'|=1, g(0)=0, g(t)=texp(i}m)
for ¢ near 0 and that g(¢t)=t|1+i6|~1(1+i6) outside a small neighbourhood of 0,

arg(1+i6) <argg(t) < jm, ;arg(1+if) <argg'(t) < 3w
Let I'=T'y CC™ be the image of
(2 14) 90 x[0,00) 3 (', z,) — 2’ +g{z, ) Vd(z")

Theﬁ, replacing 2’ €30 by the corresponding local coordinate considered before and
denoted by 3/, we see that
1
Pr & = Alr = o553 (D3, )’ +R(/, hDy) = 29(4n)QW', Dy )
+O(ya(hDy )*)+O(R)hDy+O(R?),

so that the operator is elliptic in both the semi-classical and the usual sense
For yn, so small that g(yn)=yn exp(iin), we get

_h2A|F = e—zﬂ/a((hDyn)z +2ynQ(yla hDy’)) +R(3/,1 hDy )

(2 15) +O(@2(hDy )*)+O(h)hD, +O(h?)

We finally notice that if pr denotes the principal symbol of P=Fr, then pr takes
its values in the closed lower half plane and for every §>0 there exists £>0 such
that

Y28 = e<—argpr(y,n)<n—¢

We also recall from Sect 2 of [13] (partly based on Sect 3 and Sect 2 of [10)
and [11] respectively) the contents of the following

Lemma 2 2 The poles of the meromorphic continuation of (—A—X2)"1 in
0<—argA<8/C are given (with multiplicities) by the square roots of the complex
eigenvalues in 0<—arg 2<20/C of the Dirichlet realization of —A|r, provided C is
taken large enough
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3 Some facts about the FBI transform

We will now review some basic facts about the FBI transform or rather its
simpler version, the Bargmann transform Our presentation is motivated by the
general theory [7] and the discussion of Bargmann transforms in [8] (see [5, Sect 6])
Although in the application here we will only use one phase function ¢(z,x)=
%i(z—x)z, it is instructive to proceed in this greater generality

Thus, let ¢(z, z) be a quadratic form on C™ x C™ satisfying

2
(31) w2850, aet 2L 20
We define T=T, 5, on S(R™) by
(32) Tu(z) =cgh™3m/2 / e A/ hy(z)dx, zeC™,

cp =221 3™/4) det(Im 82,4)| /4| det 82, 4|

Some basic motivation comes from the standard observation that for ¢=i%(z—w)2

(3 3) Tu(z) — e(Imz)2/2h—i ImzRez/h]:(e—( —Re z)2/2hu)(_ Im z/h),

2m/
(27rh)3m/4
where F:v(z)— [ v(z)e™*¢ dz is the Fourier transform on R™
We now define the weight

(34) o(2) = max —Im ¢(z, ),

and the corresponding L?-space, L2, with the measure e~2%(2)/h £(dz), where L(d2)
is the Euclidean measure on C™

In the special case of ¢=i3(z—z)* we have ®(z)=1(Im2)? and (3 3) shows
that T extends to an isometry

(35) T:L*(R™) — L%(C™),

and for the case of any ¢ satisfying (3 1) we refer to Proposition 6 1 of [5] In what
follows || |,(, Yand| |le,{ , )& will denote the norms in the source and target
spaces in (3 5) respectively

The same definitions apply if we consider vector valued functions Thus for a
Hilbert space ‘H we start with S(R™,H) and obtain an isometry

T:L*(R™, H) — L%(C™, H),
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where we have the obvious norms:
eliZam 20 = / @) dz, Nwl2s om )= / lhw(2)l3e~2*/* dRe zdIm 2

In our applications we will take m=n—1 and H=L2([0,00)) Thus we will either
discuss the scalar case (when the vector valued extension is clear) or that specific
case

For the main part of the proof of Theorems 1 and 4 in Sect 5 we will need
the following proposition (motivated by Theorems 12 and 2 2 of [9], see also [2])
which for notational simpliticity we state and prove for the phase i (z—2)? only
It describes the intertwining properties of T on L?(R™"1, L?([0,0))), in a way
sufficient for our purposes Let Cg°(R™) be the space of smooth functions on R™
that are bounded with all derivatives, and define Cg°(R™~! x [0, 00[) similarly

Proposition 31 If A(z,hD) is a second order operator on R™1x[0,00)
with coefficients in CP(R™~1 x [0, 00)), then for ueC§e(R™! x[0, 00))
|A(z, hD)u|? = || A(Re 2, %n; — Im 2, hD, )Tu|)%
36) +O(h)(I(h D2, )*Tull3
+(1+|Im 2[)h Dy, Tul§ + || (14| Im 2*)Tulf3),
where T is given by (3 2) with ¢(z,z)=i1(z—z)?

Proof It will be clear from the discussion below that we can neglect the z,,
variable We will first consider B(z’,hD,), a differential operator of order p with
coefficients in C{°(R"~!) We claim that for u,v€C§°(R"! x [0, 00))

(B(z',hD; Yu,v) = (B(Re z, — Im 2)Tu, Tv)s
37 +OM)||(1+]Im 2/ )Tulle[|(1+|Im 2]} Tvlle,
Pi€No, pitp2=p

Proceeding inductively on p=|a| we only need to consider
B(z',hD, )= (hD; )*?a(z')(hD; )™, |ai|=p;,
so that

(B(z',hD; )u,v) = (a(z')(hD; )**u, (hD; )*2v)
=(T(a(hD; }*'u), T((hDz )**v))e
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For u3,u2€CP(R™ 1 %[0, 00)) we have
(38) (T(aw1), Tuz)e = (a(Re 2)Tu1, Tuz)s +O(h) || Tu1 || | Tuzlle
In fact, since a€Cy°(R""!) we can write
a(z') =a(Rez)+ (2’ —Rez,a1(z’,Rez)), a;€CEPR" xR L, R"1),

and thus we need to estimate
(T({ —Rez,a1( ,Rez))u),Tus)s

(39) = (2—7rh)T1(77——1W /// e (= —R.ez)’/h(xl_REz,al(xl,Rez))
Xuy (', TpYuz(z’, ,,) dRe 2 dz’ dz,,
where we used (3 3) and the Plancherel formula Since
(z' —Re 2) exp(—(z' —Re 2)?/h) = hVg, , 1 exp(—(z'—Re z)?/R),

we can integrate by parts so that the dRe z integral is O(h) uniformly in =’ and
z, Hence the left hand side of (3 9) is estimated by O(h)||Tu1|le||Tuzlle To see
that (3 7) follows from (3 8) we observe that

T((hDqy)Pvy) = (hD, )P Tv,
and that for ja|=1
(b(Re 2)(hD;)*Tv1, Tva)e = {[(—hD,—Im 2)*(b(Re 2))|T'v1, Tv2) s,
v; €Cy°, beCp°,
which follows from integration by parts using
(—hD.)* exp(—(Im 2)*/h) = (~ Im 2)* exp(~(Im z)?/h)
and (—th)"‘T;g_(z_)_EO as T'v, is holomorphic
We conclude the proof by deriving (3 6) from (3 7) For that let us write
A= Ay(hD.,)*+A1(hD,,)+ Az,

where A;’s are of the same form as B above (with some irrelevant dependence on
Zn), with p=i Then
| 4ul* = (A5 Ao(h Dz, )*u, (hDs,, )*u)+2Re(A} Ao(h Dz, ) s, hDs, u)
+{A}A1hD,, u,hD, u)+2Re(A3 Ag(hD:, )u, u)
+2Re(A3A1hD,, u, u)+ (A3 A2u, u),
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where A}’s are the formal adjoints We can now apply (3 7) to each individual term,
taking p;<2 O

As is well known and as is also indicated by the proposition above, the be
haviour of the FBI transform (3 2), ¢=i%(z—z)?, at z reflects the microlocal be-
haviour of u at (Rez,—Imz)eT*R™ Hence in Sect 5 we shall use the notation

z=x'—if

In the remainder of the section we shall review some facts needed in Sect 6 for
the proof of Theorem 2 In doing this we will allow any phase ¢ satisfying (3 1)
To such ¢ and the corresponding T we associate a linear canonical transformation
(with respect to the complex symplectic forms Y77, d¢;Adz; and 3°;_, d{;Adz;):

(310) Xo: T*C™ —T*C™, (z,-0,¢(z,2))— (2,0,¢(x, 2))

We can then quote from (7], [8] (see also Proposition 6 2 of [5]):

Lemma 31 The quadratic form ®(z) given by (3 4) is strictly pluri subhar
monic (that s, strictly subharmonic on any complez line in C™), and the canonical
transformation x4 is a bijection of T*R™ onto

As ={(2,-2i0,%(z)): 2€ C™},

which is a totally real submanifold of T*C™, Lagrangian with respect to the sym
plectic form Im 377", d(;Adz; (that is, I Lagrangian)

Since T'u(z) is clearly holomorphic, the closed subspace of the holomorphic
elements of L3 (C™), Hs(C™), makes a natural appearance We will now follow [8]
and give a well-known expression for the kernel of the orthogonal projection

II: L} (C™) — Hs(C™)
Let ¥(xz,y) be the unique holomorphic quadratic form on C™ x C™ such that ®(z)=

¥(x,Z) (in the special case, ®(z)=3(Imz)?, ¥(z,y)=—1(z—y)?) We will use it
to deform the contour in the following representation of identity in Hg(C™):

. i(z—y)¢/
'U,(il:) - (zwh)m //I‘(I) € vl hu(y) dy d§7

I(zx):y— &= %aztb(x)+i0(z—y), C>»1

(311)
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This can be seen by introducing polar coordinates at z, the mean value theorem
for holomorphic functions and an evaluation of a Gaussian integral—the absolute
convergence is guaranteed by

312) Re(20;®(2)(z~y)+2(y) ~2(z) ~Clo—y[*) < ~|z—yl*,

if C islarge enough We want to change (3 11) to obtain a kernel giving a self-adjoint
operator on L% For that we use ¥ and make a change of variables 6—¢:

) o 2
2U(z,0)- ¥, 0) =ilz-1)E, 5=V
Putting =% we obtain another ‘good contour’ (compare (3 12)):

a2
(319) Re(20(2,)~20(0 )+ 8(6)-2(e) =~ 2 (s-).77 ) < T2

Thus, for ue Hy(C™)

m
Bl1) uw=x)= (—2;1,&? (%) det ¥Y, / / 2V /by (4))e~220)/b gy g e Ty,

The operator II is defined for any u€L%(C™) and gives an element of Hy(C™)
Since it is self-adjoint and equal to the identity on Hg, it must be equal to II The
inequality (3 13) shows that the reduced kernel of II, e~%/#TIe®/* is smooth and
0(h‘"‘)e‘|"V|2/ Ch Thus for any compact K CC, 15 and IT1x are of trace class
From this observation we will pass to traces of Toeplitz operators

For g€ LY,,,(C™) we define the operator

IIgIT*: Hs(C™) — He(C™)

Here we consider II* as an operator Hg(C™)— L% (C™) From the comments above
it follows that

g€ £,(L3(C™), L3(C™)), Tge L1 (L3(C™),He(C™)),
qIl* € £, (Hg (C™), L3 (C™)),

so that IIgIT* €L, (Hg(C™), H5(C™)), and from the cyclicity of the trace we see
that

m
(3 15) trig, TgIT* =try3 gIl= _(27"1W (%) det @, // g(z) dz dZ

For the future reference we shall restate (3 15) in a more elegant form:
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Lemma 32 Let g€L3,,(C™) and let TI be the orthogonal projection
Li(C™)—He(C™) If Ao={(x,—2i0,9(z)):x€C™} then

w1
(3 16) try, Hqll —(_27r—h_)7//h g(z) dz d¢

The method of the proof of (3 14) can also be used to establish the following
basic fact, roughly half of which was already seen in (3 5):

Lemma 33 The FBI transform (3 2) is unitary as a map
T: L2(R™) — Hz(C™)
We will now review briefly the Weyl quantization in the usual and Hg settings:

S8 o(T"R™) 3 b+— b*(z,hD,) € Op¥SY
56 0(As) 3 a— ag(z,hD,) € Op3 Sy,
where S§ o(R?™) is the class of symbols satisfying the estimates |928°a(z, £)|<C,
00 z Vg ]
The operators are initially defined for a€S(Ag) and beS(T*R™):
(317)
1 e
(e, hDJu= g [[ €€V I (o), ulo) dy e,
(3 18)
1 i(z—w
ag(z,hD,)v= iy //r ( )e ( ()/"a(%(z+w),()v(w)d(dw,
o(z
u€L?(R™), v€ Hp(C™), and where [y(z) is an integration contour in C2™: wrs
(=-2i0,%(3(z+w))

The oscillatory behaviour of the exponential when z#w, the non-degeneracy
of 82;® (Lemma 3 1), and an integration by parts based on

oo (26-u e (52)) ~e(2e-w) 28 (52 )e-w 22,

allow a definition of a%(z, hD,) for any a€S§,(As) and give

Proposition 32 For a€S§((As) the Weyl quantization (3 18) defines an
operator

a¥(z, hD,): Hp(C™) — Hp(C™)

We can now apply the method of Theorem 18 5 9 of [4], first for a€S and then
by approximation for a€SJ , to obtain
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Proposition 3 3 The FBI transform (3 2) gives a one to one correspondence
between Op*SY o, and Opy Sy o:
T~'oa3(z, hD;)oT = (aoX4)"(2,hDs), a€Spo(As)

As an immediate corollary of Propositions 3 2 and 3 3 we obtain the well-known
boundedness of the elements of Op™S9, on L2(R™) Our goal here is the following

Theorem 3 Ifa€S) (As) then
a%(z,hD,)—a(z,~2i0,8(z)) = O(h!/?): He(C™) — L}(C™)
Conseguently, if b€ S9 o(T*R™) then
Tob¥(z, hD;)—a(z, ~2i8,8(2))T = O(h'/?): L2 (R™) — L%(C™), b=acxs
Proof We start from the expression (3 18) where we want to deform the inte-
gration contour I'y(z) to a ‘good contour’ in order to obtain an exponentially de-
caying integrand To control the error coming from Stokes’s formula we introduce

an almost analytic extension of a€SJ ,(As) (also denoted by a) with the support
in Ag+Bgzm(0,1) and satisfying

(319) 9; ca(z,¢) =On(1)dist((z,¢), Ae)", NeN

We then define a family of contours I'y(z): wH—ZiazQ(%(z+w)) +it(z—w), 0<t<L1,
and put

Are) =(‘27r2?//m<z> e O/ha(L(z+w), )u(w) dC dw

In this notation a®(z, hD,)u becomes Agu(z) and we claim that

Il A1u—a(z, ~2i8,®(2))ull 12 = O(h/?)|lull s,

(320) -
lA1u—Aoull g = Oh*®)llulla,

In fact, since on I';(2)

222 (21w

Re(i(z—w,c>)=Re< il s

), z-—'w> —|z—w|? = ®(2) - B(w) —|z—w]|?,

the reduced kernel, exp(—®/h)A; exp(®/h), is O(h~™) exp(—|z—w[?/h) By ex-
panding a(}(z+w), —2i8,® (3 (2+w))) in Taylor series around w=z we similarly see
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that the reduced kernel of A; —a(z, —2i0,®(z)) is O(h™™)|z—w|exp(—|z—w|?/h)
=0O(hY?)h~™ exp(—|z—w|?/2h), so that the first part of (3 20) follows from Schur’s
lemma (see for instance Lemma. 18 1 12 in [4])

To obtain the second part we apply Stokes’s formula:

Aju(z)—Aou(z) = (271};)—"7 //Q dw ¢ (647 O/ a (L (z+w), ) u(w) dwA d¢)

_ (Tﬂ,%)—m //Q gitz—w C)/hu(w) (Z ; ga (z+w’<) diw;

108a fz+w
+226<]( : ,c)dc,)/\dw/\dg,

where Q=U:=O T'; is parametrized by weC™ and ¢€[0,1} Thus,

div;ANdwAdl|q, diAdwAd(|q = O(z—w|)L(dw) dt
The almost analyticity of a guarantees that on Ty,

Ow ca(3(z4+w), ) =On (N |z—w|N), for any NeN
Hence we can write A; —Ap= fo B, dt, where the reduced kernel of B, is

O(h—m)e—t|z—w|2/ht1v|z_w|N+1 _ 0(h—m+(N+1)/2t(N«1)/2)e—tlz—-w|2/2h

Schur’s lemma shows that the L% — L% norm of B, is O(AR(N+1)/2¢(N-1)/2-m) 'from
which the second part of (3 20) follows This completes the proof of the theorem as

the first part is immediate from (3 20) while the second one follows from Proposi-
tion32 0O

4 Estimates for localized ordinary differential operators

The purpose of this section is to provide lower bounds for ordinary differential
operators arising by freezing (y',7’)€T*00 in (2 15) and considering it as an op
erator on [0,00) We start by discussing the Dirichlet realization of (hD;)?+t on
[0,00) Since T2+t—00 as |7}],t— 00, its resolvent is compact and the spectrum dis-
crete By a simple scaling argument (putting t=h?/3s) we see that the eigenvalues
are of the form (;h%3, 0<{1<(a< , where (;’s are the eigenvalues of the Dirichlet
realization of D?+s on [0, 00):

(D3+3)Ai(s—¢;) =G Ai(s—(5),  Ai(—¢;) =0,

(41) Ai(s) = _1_ / ei(e®/3)+ios g
2m Imo=6>0
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If N(u, h)=N(uh~2/3,1) is the number of eigenvalues less than p, then the semi-
classical Weyl law or the well-known asymptotics of the zeros of Airy functions show
that N(u, h)=(2/3m)h~1u3/2(14+0(1))

The spectral theorem gives the following trivial lower bound

(42) ((RDe)*+t)u, u) 2 pllufl®~ (p—G1h*/%) 4 (Muu, Tuw),

u€Cg°([0,00)), u(0)=0,

where I1,,: L%([0, 00))— L?([0, 00)) denotes the orthogonal projection onto the space
spanned by the first N=N(u, h) eigenvalues of (hD;)%+t

The motivating operator (2 15) contains additional terms—to control them we
start by studying the stability of (4 2) with the potential ¢ in the left hand side
replaced by a potential min(¢,2Ru) with R>2 To do that we shall first review
exponentially weighted estimates on the eigenfunctions That can be done using
asymptotic expansions of the Airy functions (4 1) but we prefer a direct approach
in the spirit of Lithner-Agmon estimates

Recall that if P=—h2A+V(z) on  and (P—\)u=0, then under reasonable
assumptions (which will be satisfied below), we have

43) KV )| Fa )+ /Q (V (@) == |V(x)*)e**® M u(z)[? dz =0
In our case Q=[0,00), P=hD2+t and A€(0, y] is an eigenvalue with u the corre-

sponding normalized eigenfunction We then define ¢(t) depending on u but not
on A by

0) OStSN,
t
(44 o(t)= / Vs—pds, p<t<Ry,
M
¢(Rp), Ru<t

In (4 3) this gives
o Ry
RID P+ [ =Nl ot [ (a0 Hu(o) d
0 Iz
+e#RU)/k / (t—A)|u(t)]? dt =0,
Ry
which implies

2t [P aes [ O-olu@Pdsu [ uof d<p
Ru 1} 0
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Since t—A>(R—1)u on [Ru,o0) and ¢(Ru)=2(R—1)3/2u3/2 we obtain from this

—_ 133/ /
(#5) llull L2((rp 0o)y < —e€ (2/3)(R—1)3/243/2 /R

for any eigenfunction u of (hD;)%+¢ with an eigenvalue A€(0, 1] This is crucial for
Lemma 41 If u<1 and R>2 then for ueC§°(|0,00)), u(0)=0
(46) ((hDy)*+min(t, 2R))u, u)

2
> u(1-0( g ) JIulP+ R Dt~ (s G*) ALl

where I, (1 are as in (4 2) and x1 €C*®((Ry, 0);[0,1]), x1=1 for t>2Rpu, x1=0
fort close to Ru

Proof We take x1 with the properties in the statement of the lemma and in
addition such that

1-x3=x3, X0€C®((—00,2Ru);[0,1]), 8%xj=0((Ru)™%)

It then follows that

h 2
xolxo» (ADe)2]+x1(xt, (RDe)?] = — (xo(hDe) (x0) + 1 (B D2 (x2)) = 0((‘127) )

from which we get

(((th)2 +min(ta 2Rﬂ))u’ ’U.)

2
> (D22 +t)xou, xOu>+Runxlun2—0((Ri”) )uuiP

Combining this with (4 2) we obtain
(47) {(((hD¢)*+min(t,2Rp))u, u)

2
2 (120 s ) -+ (R Dbasl?~ (= G) Lo

This is almost (4 6)—we only need to see that the last term can be replaced by
—(u—(1h?3) 4 [T ul|?, that is we have to estimate [|II,(1—xo)ul|> Let us write

N(p,h)
,u= Z (u,e50€;, ((hD)*4t)e; = Aje;, €;(0)=0
j=1
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Then
N(p,h) N(u,h)
IMu(1=xo)ul< Y lu, (1—xo)e) P <Tull® > N(1—xo)e;ll*
=1 j=1

so that, using (4 5)

713 2 (l‘t ”‘) —_ 3/2,3/2

i=1

2
cof 2N —amm-vrrenm
=“\nEoD

I h M
- (R—-1)5/4 (R—1)3/2,3/2 ’
for any M Taking M=2 we obtain (46) O

When we restrict the support of u to a fixed interval and optimize the param
eters we get

Lemma 4 2 For L>0, 0<h<ho(L) and 0<u<po(L) the following estimate
holds uniformly for ue C§°([0, (2L)~1]), u(0)=0:

hv'L
(6D 4ty )2 p(1-0() max (ur, 22 ) )
—(p=GA*®) ¢ ||+ Lijtul?
Proof Writing T=2Ru, we observe that (4 6) implies that for T'>4u (this
reflects the condition that R>2), some C'>0 and any u€C§°([0, a[), v(0)=0,
((hD)* +t)u, u) 2 p(1-Cu BT 2 —6)|[u|?

~(u=Cuh*®) ¢ ITull®+ Liltull?,

(48)

(49)

provided that

Lt2—pué<0 if0<t<T,
L2 —us4+T<t ifT<t<a
We choose a=(2L)~! and require that T<(2L)~! Then (4 10) follows if we have
the last inequality of (4 10) satisfied at the end points t=T, t=(2L)~1: LT?<ué,
T—(4L)"1<pé, we choose 6=y~ max(LT?, T—(4L)"!) Remembering also that
T=2Ru, R>2, it is enough to restrict T to the interval 4u<T<(2L)~! As
suming that p and h are sufficiently small depending on L, we can then take
T=max(CY4L~/4h/2 4y) and get §=p~1LT?, and

§+Cu ' T 202 =O(1) max(u"LY?h,Ly) O

(410)

We still need to control more terms and for that we have
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Lemma 4 3 For ucCg°([0,00)) with u(0)=0

(411) VGR2[hDyu| < || (hDe)* +t)ull,
(412) I(hDe)*ull < |((hDe) +t)ull

Proof For u in the statement of the lemma we have
I1((RDe)* +t)ull® = || (RDy)*ull* +litull* +2 Re(tu, (AD¢)?u),
where the last term is equal to
9 Re(hDs(tu), hDyu) = 2 Re(thDyu, hDyu)+h Re %@, hDyu) = 2/|t/2hDyul?
Hence (4 12) follows To get (4 11) we observe that
llull < (¢1h*?) | ((hDe)? +t)ull,
so that, by (4 12)
IhDgul® = {(RDe)*u, u) < (GA*3) 7 |((RD:)* +t)ul?,

which is (411) 0O

To motivate the proof of the main result of this section let us now consider the
model scaled operator e=2™/3((hD;)?+t) Let wo=Rewq-+iro satisfy 0<argwo<Zr
and let u>h?/3/C be close to 0 Then for ucC°([0, (CL)~]), L, C>>1, u(0)=0,
we have

I(e™27/3((hD¢)? +t) —wo)ul|® = fwo [ [ull®+ | (~D2)* +t)ul|?

(413) +2Re(—e™2"/350)(((hDy)? +t)u, u)

Since Re(—e~2"/3%g)=|wo| cos(3 7 —arg wp) >0, the combination of (4 13) and (4 8)
gives for h<ho(L) and u same as above
(414)
(=2 /3((hDy)?+t) —wo)ull® > (jwo—e2"/3 2 — O(1) max(VE b, Ls?)) ul]
—2Re(—e">"3w0)(u— (1 h*/%) 4 | yuull?
+Lfitull® +|((AD)* +t)ul%,

where we also used |wo—e~2"/3 |2 =|wp|2 42 Re(—pe~2"/350) 4+ O(u?)
We will now proceed to the main result of this section:
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Proposition 4 1 Suppose that a second order ordinary differential operator
P on [0,00) satisfies

(4 15) P = 2"/3((hD,)2+1)+O(h)hD;+O(h+h* 2t +1?)

If L>0 is sufficiently large and h>0, u>0 are sufficiently small depending on L,
then for wo€C, 0<argwo<2w and ueCg ([0, (CL)™1)), u(0)=0:
(4 16)
(P —wo)ull? > (jwo—e ™™/ >~ O(1) max(VL h, y> L)) ul|® + 3 L[ tul®
—2Re(—e ™ 0) (u— A ®)  Tul?+ | (RD:)? +t)ul?
Here 11, is the orthogonal projection onto the eigenspaces corresponding to the in
tersection o((hDz)?+t)N(—00, )

Proof Since h'/2t=0(t?+h) we can neglect that term in (415) Thus, to
apply (4 14) and Lemma 4 3 we first estimate the left hand side of (4 16) from
below by

I(e™2"/3((RD2)? +)—wo)ull* ~ ((O(h)hD;+O(h+4*))u, (RD;)*u)
—((O(R)ADy+O(h+t2)t)u, u) — (O(h)hDyu, O(h)hDyu)
The last three terms are bounded from below by
—O(1) [al|Deull|(hDe)*ul|+hljulll| (R D;)?ull
+Hitulll|(hDe)*ull+ ki hDeulfllull+ Rilull+ |[tull® +h? | A Dyulf?]

=-0(1) [hz/ 3(hM®||hDull)?+ 13| (hDs)?ul|® +hljul® +All (R Ds) *ull?
M 1
Il + AP+ (Dl -+ b+l
which by Lemma 4 3 is bounded from below by

1 M
-0(1) [(51\7 +h1/3+2h2/3+h> | ((AD¢)? +t)ul|? +2h|u|®*+ (3+1> ”tu”z]
By taking M sufficiently large and then L>>M this estimate combined with (4 14)
gives (4 16) provided A is sufficiently small depending on L [

It is clear that (hD;)?+t in (4 15) can be replaced by (hD;)%2+Qt where Q€I
with I a compact subset of (0,00) The projection II, is then to be replaced by
the spectral projections associated to o((hD;)2+Qt)N(—o0,u) All the estimates
remain uniform for Q€
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5 Lower bounds for P—wyg

As already indicated in Sect 3 we want to freeze (y',7')€T*d0 in (2 15) and
to apply Proposition 4 1 to the resulting ordinary differential operator

Let 2C 00O be a neighbourhood of a fixed point y € 8O near which we consider
coordinates such that (2 15) holds Consequently for P=—h2?A|r

P(-'BI, Tns 517 thn) = e_zi"/a((thn)2+2an(x,7 él))

i R, €)+ O 4R +OMWD;,.,

where we identify  with a subset of R"~! so that (z/,£)eT*R™"!, and z,, is small
enough so that g(z,)=z,e"™/% (see (214)) For a fixed wy in the first quadrant,
we want to obtain lower bounds (positive except for a finite rank contribution)
on (P—wp)*(P—wp) In view of Lemma 2 2 we can start with the corresponding
differential operator obtained from (5 1) The estimate in the critical region 1/C<
[€|<C is provided by

Lemma 51 Suppose that wo€C, Rewp, Imwy>0 and |Rewo—R(z',¢’)| is
sufficiently small, L is large enough and O0<h<hg Then for ji close to 0 and any
veC§e([0, (CL)™)), »(0)=0,

”(P(.’El,t,fl,th)—UJO)'Un2
> (lwo—R(a',€) e~ "2 4*~ O(1) max{VL h, @®}) |o||*

(52) din /3 .
~2Re(~e /(20— R(&/, §)) (i—Cu(', €)1 e ¢ yoll®
+3I((hDy)* +2tQ(’, €")wl|> + 3 Liitwll?,

where || || is the L? norm on [0,00), I, ¢ z) is the orthogonal projection associ

ated to o((hD;)?+2tQ(z’,£'))N(—o00, i) and (i (z',€')=C1(2Q(z',¢'))*/3 is the first
eigenvalue of D? +2tQ(z’,¢')

Proof The bound (5 2) follows immediately from Proposition 4 1 and (51)
once wo in (4 16) is replaced by wo—R(z’,€') The size condition on |Rewg—
R(z',¢')| guarantees that 0<arg(wo—R)< 2w, so that 2Re(—e~%"/3(5y—R))>0
The uniformity of the constants follows from the ellipticity of Q and R and the
bound Rewg—c< R(z/,&)<c+Rewy O

In the ‘easy’ region, the estimate is immediate:

Lemma 5 2 Suppose that woeC, Rewy, ro=Imwy>0 and that

(53) |R(z',€') ~wo| > c+rg, ¢>0
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Then for L large enough, h sufficiently small, and veC§° ([0, (CL)™1)), v(0)=0,
1V 1

64) P66 AD)—wol 2 (ro+ 5 ) I+ GRS +(€) ol

Proof 1In place of Proposition 4 1 we use the following elementary inequality
(aeR):

I(e=%7/3(hD¢)? +a—iroYol® = [|(hDe)?vl* +(r3 +a*) v ]®
+2Re(e~2"/3(a+irg))((hDs) v, v)
> (1-sin(3m))||(hDy)v}f?
+(rg+a?(1—sin(i7)))llv|f?,
which holds since

2 Re(e~2"/3(a-+iro)){(hD¢)?v, v) > —asin(%) (%ll(th)2v||2+a||v||2)

We then put a=R(z’,&')—Rewp so that in view of (5 3) |a|>C~1(¢')2 Hence for
L sufficiently large and h sufficiently small

I(O(t+t*+R)(€')2+O(R)AD: Ju|* < é—(a2||v|12+ll(th)2vllz),

so that (5 4) with yet another constant C follows from (51) O

Using the term O(th!/2) in (4 15), the lower bound given in Proposition 4 1
allows us to vary (2/,¢') in the left hand side of (5 2) within the distance /2 More
precisely, let us fix (z,¢’), 2'€Q, 1/C<|¢'|<C For p>0 and >0 small, we define
A(z',£')>0 by

65) | gf s 0RO T) e €)= rotp, o =Tmuwo,

with the convention that =0 if

inf wo— R, 7)| > ro+
[y n)~(= E)lSeh1/2l 0 (y 7I)|_ o+u

We notice that 8;(Jwo—R(y',7')—e~2"/3|2)=21+2Re(—e~%"/3(@y—R))>0 if C
is chosen as in Lemma 51 Hence, fi—|wo—R(y',7)—e 2"/3ji| is an increasing
function of >0 and the definition makes sense, ji(z’, ¢')=0(max(h?/3, 1))

We also observe that for |(z',£')—(v',7')| <eh'/?

P(yl7 t) 77,’ h-Dt) - (P(:E,’ tv 61’ th)_R(xl, gl))+R(y,a 77,)
+O(hY/?)(t+h+O(h)hD;)

Hence, proceeding as in the proof of Lemma 5 1 we obtain
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Lemma 5 3 Under the assumptions of Lemma 51 and for
fi=max((1(2, €)h*/3, p(2', €'))

with i given by (5 5) we have for |(y',7')—(z',¢')| <eh'/? and veC ([0, (CL)™ 1)),
v(0)=0,
(56)

NP, 517, hDy) —wo)oll? 2 ((ro-+1)2 —O(1) max(VE h, 12 L)) ol

O ¢ aol®+3((hD:)*+2tQ(z',€))vl* O

The advantage we gained is in having a fixed projection II; ¢ ; for varying
(¥',7’) in P as long as they remain in an eh!/? neighbourhood of (z’,£¢’) We will
now follow Sect 3 of [9] and introduce finite rank operators associated to partitions
of unity

Let KqoCQxR™! be the compact set

(57 Ka={(«',¢) € QxR": (=, &) > (1(a',€')h*/%}

where /i is defined by (55) We observe that 2>0 implies |wo—R(z',&')|<ro+pu
and hence |Rewy—R(z',¢")|<p/2(2rq+p)!/2, and finally

(5 8) V01R2(u-1) (KQ) = 0(#1/2)

Let us assume that Kq can be covered by M =M (Kq, eh'/?) balls B((z},€;);€h*/?)
‘We then choose a partition of K:

M
Ko=) K;, KjnKe=0, j#k, K;CB((z},&),er'?), (z},€) € K;
i=1

We note that (5 6) holds precisely for (y',7')€K; and (z',£')=(z},£;) in the right
hand side Motivated by this we define a modified projection operator for (z’,¢')e

T

~ 0 if (¢/,¢') ¢ K,
(59) H(zf)z{ s (151)¢ ?
H(-"’,-fjl—‘) if (ZB,E)EKJ'

With this notation we can state:
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Proposition 5 1 Suppose that uc C*(R™\O) satisfies
suppu C2x[0,(CL)™?), uloo =0,
where L is sufficiently large, Q is a sufficiently small open subset of 8O and we use
the coordinates (2 3) near @ Then for h?/3/C<u<1/C, wo€eC, 0<Imwy<1/C,
and 0<h<hgo(L):
(510)  l(P-wo)ul®> ((ro+#)*—O(1) max (L, VL h) ) |[ull® - O(u) ITITul]s,

where T is given by (3 2), z=1'—i£' and
Mu(e’,€;20) = (ll ¢(u(z',€, )))(@n)

Proof We apply Proposition 3 1 with A=P —wy (since supp u is compact, the
coefficients of P—wy are effectively Cg°):

I(P—wo)ull® = |(P(', zn; €', hDs, ) —wo)Tull3

(1) FOM)(I(ADan ) Tul3+) 1+ P)Tull3),

where, as Tu|,_ —0=0, we simplified (3 6) by interpolation
Lemmas 5 2, 5 3 and 4 3 show that

{o o)
/ (P&, 203 €', hDs. ) —wo)Tu(, € z2) | dzn
0
is bounded from below by

((ro+#)*—0O(1) max(p2L, \/Zh)) /00Q |Tu(z’, ¢, x,)|? dzn,

—O(IJ') / lﬁ(z’ 3 )Tu(xly Ela xn)|2 dxn‘*‘% / '(th,. )ZTU'(:E,’ Ela xn)lz dx'm
0 0

if |R(z’,&’) —Rewp|<c, and by

1 4 ® ay 1 [ 2 ! gl 2
& (@ [ 1rue g P dsnt s [ 0Dz, LUl 2l ),

otherwise If 0<ro+p<2/C for C>>C), integration in (z’,¢') (with the weight
function exp(—[¢’|2/2h)), gives (5 10), as the remainder terms in (5 11) can be
absorbed into the lower bound [J
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Since the second term on the right hand side of (5 10) is obtained from inte
gration over the finite volume subset of the phase space (of 80), K, and ﬁ(z )
projects on a finite number of eigenspaces, we would like to replace that term by
the square of the norm of a finite rank operator acting on u

We recall from Sect 3 of [9] that for any £>0, which is the same as the ¢
in the construction of the partition {K;} of K above, there exists an operator
E: L3(C™1)— L2 (C"™ 1) of finite rank less than or equal to M=M (K, ch!/?), sat
isfying

(512) 11k (Tu—E(Tu( ,20)))lle < Cel|Tulle

In fact, by the mean value theorem for holomorphic functions we have for ve
Hg(C™ 1)

o) = [[ Iy (e w)h o w) L),

where xo€C§°(B(0,1)), [ xo(w)L(dw)=1, xo(2)=X(|z|) (compare (3 11) where
(2m) /2 exp(—|z|?) is used in place of xp) We then define an operator of rank
less than or equal to M

(513)

e'CmwImz/hy (2 —w)h~Y2)h " (w) L(dw), z€ K;, zj=x;—i¢;
0, 2¢K

Zu(2)=
In our case the relevant operator v(z,zn)—(E(v( ,2n)))(2) is not of finite rank
However, it becomes one when composed with the projection II:

(2, %n) — ((Re s —1m 5 ((B0)(2, )))(@n) = ([E0) (2, 20)

The rank of IIZ is less than or equal to ZFNj, where N; is the rank of the
projection II(re z; —Imz; 3)» 2 €K; On the other hand by (512)

IITu—TETulls < |1k (Tu—ETw)||s < Cel|Tuls,
and consequently
(514)  |OTu|} < (IIETulle+|TTu—TETulle)? < [TETul|} +O(e)|lull?

‘We have thus proved the local version of the main result of this section:
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Proposition 5 2 Suppose that h, u>0 and we€C satisfy
O0<h<hg, R¥3|C<pu<1/C, ro=Imwe>0, Rewp>2(Imwo+p)
Then for every €>0 there exist finite rank operators
EP: L3(R™\0) — L} (C™ 1 %[0, 0))
such that for ueC°(R™\0), u|so=0 we have

Q o~
(515) I(P—wo)ull® > ((ro+m)?—O(h+p? +em))llull>~O(x) (Z IIEQ’UII%)

p=1
’ M(K, ehl/?)
rankE2< ) rank(flz 7)),
Jj=1
where K,=Kgq, given by (57), 6(9=U1,?=1 Qp, Q, open, and ﬁ(z; er) 18 defined
by (59)

Proof We start by proving (5 15) for u with the support sufficiently close
the boundary: suppuC{z:d(z)<(CL)~'} If 6&'Z=UQ___1 Q, where (), are open
sets which are images of coordinate maps 5,=3 (see (2 2)), then we choose x,€
C>(80;[0,1]), supp xp TSy, 21?:1 x2=1 We have already seen that (5 15) holds
for u replaced by xpu:

I(P~wo)xpull? 2 ((ro+1)? = O(1) (h+1* +em)) I xpul® - O(W) ITE T 5 xpull3,
with Z.=E given by (5 13) and using (5 10) and (5 14) We also used the fact that
since a small neighbourhood of ©, in R®\O is identified with Q, %[0, ), the x,’s
can be considered as functions on R"\O

We now write

Q
(P —wo)ull® = lixp(P—wo)ul?

p=1
Q Q Q
> I(P-wo)xpull®+_ lixp, Plull®~2 Y I(P—wo)xpulllxp, Plul
p=1 p=1 =1

Q Q Q
2 Y I(P-wo)xpul =Y llixp: Pluli2=2 3~ llxp(P—wo)ullll[xp, Plul
=1 p=1 p=1

Q Q
> I(P-wo)xpull* = llixp» Plull?
r=1 p=1

2

Q 1/
—2)|(P-wo)ul (Z n[xp,P]uw)
p=1
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We also have ||u||2=21?=1 Ixpull? so that if we put
2 ¥ IE. T8, L2(R™\0) — L3(C™1 x [0, 0)),
then (5 15) follows, once we show that

IDxp, Plull = O(R) () (P—wo)ull +|lul)

Since ||[xp, Plull=O(h)(|ADg, ull+||hD; ul|+]|ul]), this is immediate from the el
lipticity of the Dirichlet problem for P—wjp (see the proof of Lemma 5 2)

It remains to remove the restriction that the support of u is close to 80 For
that let ¢q,d1€C°(R™\O;[0,1]) satisfy dZ+¢2=1, supp ¢oC{z:d(z)<(CL)~'},
#o=1on {z:d(x)<(2CL)~'} Let u be small enough so that Im((1+i8)wo)>ro+ i,
where @ is the same as in the definition of T (2 14), P=—A|r We claim that then

(5 16) (P —wo)prul® > (ro-+u)*druf®

In fact, we can replace P on I' by —A|x where T extends the totally real submanifold
I'cC™\O to a smooth totally real submanifold in C* By the construction of T
and by choosing the extension suitably, we see that the symbol of —A|x takes its
values in arg(1+if)<—argz<jm Hence, inf|o(~Alz)—wo|>Im((1+i8)wo) and
(5 16) holds if h is small enough We conclude the argument by writing:

I(P-woyull® > > I(P—wo)iul®~ Y llés, Plull?
i=12 i=12

~2 )" l¢s(P~wo)ulll|[¢:, Plull

i=12
2 ((ro+p)* —O(h+p?+ep)) i doul®

P
+(ro+a)?llgrul’—O(w) > IE2ull3

r=1
=D ge Plul? =2 Y lig(P~wo)ullll[g:, Plul
=12 =12

By estimating the commutator terms by O(h)(||(P—wo)u||+||u]l) as before we ob
tain (515) O

It is clear that for p smaller than C—'h2%/3 a better estimate is possible if C
is large enough Thus we want to find the largest u for which one gets a positive
lower bound
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Proposition 53 Suppose that wyeC satisfies 0<ro=Imw<1/C, Rewp>0
and that 0<h<hg for some sufficiently small hg>0 Then

(517) |(P—wo)ul|® > |ro+ Smin(Re wo)*/3h?/3 —O(h) [*lu|1?,
2/3

(518) Smin def92/3 cos(%w)(l ( a1 K; (-'L'I))

min
z €90 i=1
where K;(z') are the principal curvatures of 80 at ' and —(; is the first zero of

the Airy function (4 1)

Proof Following the arguments in the proof of Proposition 5 1 we only need
to consider the critical region |R(z',£¢')~Rewp|<c and prove the bound on the
FBI transform side:

I(P(',t,€', RDe)—wo)ol| 2 (ro+Sumin(Rewo)?/® —O(h))?|lv],

where v satisfies the assumptions of Lemma. 5 1 (from which we take the notation)
If we put 1=(1(2Q(z',£¢'))%/3h2/3 in (5 2) then we see that the minimum of
|w0—R(x,, 6/)_8—2i7r/3<~1(zl, £I)h2/3|2 — IRﬁUJO—R(x,,f’)+COS(%7r)Cl(Z,, &-I)h2/3|2
+|ro+cos(%1r)41(:z:',5’)h2/3|2
is obtained by taking R(z’,¢')=Rewp+O(h?/3) and the minimum of ¢; (z’, ¢') with

that constraint Since {1(2/,¢')=¢1(2Q(2,£))?/3, Lemma 2 1 gives the minimal
value in terms of Swin:

|70+ Smin(Rewo)>3h¥/3240(n*3) O

6 Refined estimates near the critical curve

We will now investigate the lower bounds with the parameter u close to the
critical value Smin(Rewg)?3h?/® In the case of the model ordinary differential
operator—the Airy operator—this corresponds to taking ¢y h%/3 < fi<(2h?/3 in (4 2)
In the analysis in Sect 5, i was replaced by ji(z’,¢’) given by (55) Here we will
consider a fixed (2/,£')€T*80O and determine ji(z',£') by the equation

(61) lwo—R(z',€")—e 2"/ 3 (', &) =ro+p,

with the convention that 4=0 if |R—wp|>ro+p



The complex scaling method for scattering by strictly convex obstacles 163

Let e, ¢ (t) be the first normalized positive eigenfuction of (hD;)2+2tQ(z',¢’)
corresponding to the eigenvalue (;(z/,£')h?/® We also define

Nz, &= /O v(Zn)es ¢ (Tn)dTn,

so that for {1 (z',€)h?3<p<(a(’,€')R?/3, we have

"Hm 3 ‘“‘u"2=|’)’1(.’111,£l)‘ll;|2

Let Q and u be as in the statement of Proposition 51 Then, using (52) and
the proof of Proposition 51 we get with the same notation and for i(z’,¢)<

Cz(zl’él)h2/3
(P—wo)ull® > ((ro+1)2 —O(h)—O(u?)) ||ul|?
62 ‘// xa(€)a@, ) (@, €)Tu(, €)1 P/ ! dg!,
QxR"-1
a(@',€') =2x2(€')* Re((R(z', ') ~@0)e " /*) (i, €') - (1 («',€)h*/°) .,

with x; €CP(R™1,[0,1]), x:(€')=0 for |¢'}>2C or |¢'|<(2C)™! and x;(¢')=1 for
C-1<|¢|<C, xax1=x1

We shall reexamine, in a more microlocal way, the approximation of the nega-
tive term in the lower bound (6 2) by —(Qu,u), where Q is a finite rank operator
For that we investigate the symbol properties of y;(z’,&’) If ep(t) is the first nor-
malized positive eigenfunction of D?+t then

oo (0] (250)")

The function eg and all its derivatives belong to §([0,00)), so that for C~1<|¢/|<C

1 en\L/3
02 8 e ¢ (zn)=h"217 £ ((%5—)) )

where fo f (t) is smooth in z’, £’ with values in S([0, o))

Hence, 7(z/, &) =x(€')n(z',€') satisfies 2 9 v(«', &) =O(1): L*([0, 00)) > C,
and consequently gives a pseudodifferential operator

y(z',hD;, ): L*(22%[0, 00)) — LZ(R"™"1)
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Theorem 3 now shows that
I(Ty(z', hDz )=~ (2’, & )T)ull x = O(R'/?)||ul],

for any compact KCC™™ !, z=2'~i¢’ If xo€C(R™1,[0,1]) has the property
X2Xx1=x1 we define

r: L(Qx[0,00)) — L*(@xR"™),  r=1ax2(¢')(Ty(z’,hD; )~(z’,€)T)

Using r we rewrite the last term in (6 2) as

— /L Rt ‘I(:c'7 f’)lT’)’(;L", th )ul2x2(£l)26_|£ 2/h i’ d{’
— // O(M)I'f'u(xl? é’)lz dz’ dé-’_. /O(#)l’l’u(x’,é")l IT,Y(x/’ hD, )ul da’ d{”

and here the last two terms can be estimated by O(uh'/?)||ul|?=0(u?+h)|u|?
Thus, (6 2) can be rewritten as

I(P—wo)ul® > ((ro+1)* - O(h) ~ O(?)) ull?

63
. _/ / q(a',€)|Ty(z', hD; Yule ¥ /7 4o’ dg’
OxR»-1

We now gained an advantage of having Ty(z', hD, Ju€ He(C" 1) so that the last
term above can be written using a Toeplitz operator:

—(gII*"T(z', hD; Yu, Tvy(z', hD, Ju)s

We now have a. simple

Lemma 61 If q€L,,,(C") and ¢>0, then for every e>0 there erists a
finite rank operator Q. such that

1 x
(64) . ITgIT* — Qe || (g Hy) <€, rankQ < p tr lgll

Proof Put Qc=1| «){IIgII*)IIgIT* The first part of (6 4) clearly holds while
for the second part we observe that the rank of Q. is equal to the number, N,
of eigenvalues of IIgIT* larger than or equal to ¢ Since IlgIT* is self-adjoint and
positive, eN. <trIlgIl* O
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From Lemmas 3 2 and 6 1 we now see that the last term in (6 3) can be replaced
by

—(Qeu, u)—elull?,
(65) rank Qe < 6_(57—{;1;)_53 // 2x2(¢")? Re((R(z', &) —@p)e~27/3)
x (A(e',€) =G (@', € )h*3) 1 da’ d€’

We will use this to prove the next lemma which will then be used in Sect 7 to
estimate the number of poles near the critical line Let us first recall that R(z’,£’)
is the symbol of the tangential Laplacian so that S*00={meT*00:R(m)=1}

Lemma 6 2 Let us define p1;=C;Smin(Rewp)?/3h?/3, j=1,2, where Sy, is
given by (5 18) and assume
hp—py, p<pp—h*3/C

Let us also assume that Q|s so attains its minimum on a submanifold ToCT*00 of
codimension v and that the transversal Hessian of Q|s so is non degenerate Then
for any fized 0< 61 there exists a finite rank operator Qs such that

I(P—wo)ull® = ((ro+1)* —6(u—p1) ~O(R)) lull®* - (Qsu, u),

66
(66) rank Qs < %(u— 1) @IDHA/2) p=(/3)~(n=1)

Proof We only need to consider a local version of (6 6)—the global one follows
as in the proof of Proposition 5 2 We start by observing that i(z’,¢’) >0 implies

2ropu—(R(z',€')—Re wp)?
2rq cos(3m)

(67) A=’ = +0O(h)

In fact, (6 1) is equivalent to

(68) (ro+cos(im)i(z, E'))2 +(Rewo—R(z', £")+cos(3m) iz, g’))2 = (ro+u)?,

and fi(z’,¢')>0 implies Rewp~R=0(u!/2)=0(h'/3) Expanding (6 8) gives (6 7)
To simplify the notation let us now assume that Rewg=1 (a scaling argument

then treats the general case) Denoting by A the annulus {C~1<|¢'|<C}, we
introduce new coordinates on T*30N(Qx A), 21, ,2z2n, S0 that

S*BOH(QXA)={z1 =O}, Fon(QXA)={Zl= =Zy41 =0}
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Motivated by this we write 2=(z;, 2, 2""), where 2'=(22, ,2v4+1) The nondegen-
eracy assumption allows a more particular choice of coordinates in which

Q(2)]2,=0=Q(0,0,2")+|2'|?

Since the minimal value of (1(2Q(2))*/3 is (1.Smin/ cos(3m) we get using (6 7) and
the fact that z, =0O(h/3) if ji(2)>0

()= Q1 (2)R? = u(2) - (1[Q(0,0, ") + |2 P+ O (21 )|/ *h?/*
p—p 7

- cos(i7) " 21 cos(gm)

1 1/2
-5 (SBSm)) om0 +o0)

We now insert this into (6 5):

rank Qe < oo [ el )0 €) - ) d

S—iz_T// x2(§'(z))2( A= +0(h)-—c1zf—02h2/3|z'|2) dz dz'd2",
eh® QxRn-1

cos (i) A

where ¢;,c3>0 This is bounded by

C c -n v -v,
el (7Y dzy d’ < —h™" (e ) /DD

c12}+c2h3/3|2'2<Cp~p1)

Putting e=6(pu—p1), we get (6 6) from (65) O

7 Distribution of scattering poles

We will now use the lower bounds of Sect 5 and 6 to prove Theorems 1 and 2
This will be done by the method originating from Sect 3 and 4 of [9] (see also [10],
[11], [13]) but for the convenience of the reader we will try to make the presentation
self-contained

We start with the results of Sect 5 which give:

Theorem 4 If 0<h<hg and h?/3/C<u<po<1, then the number of eigen
values of P=—h%A|r in

(71) |Rez—1|<pl/?/C, —Imz<2yu,
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n(h, p), satisfies
(72) n(h, 1) = O(1)(21~ Sminh* 3 +coh)} p?h ™,

for some ¢y and Spyy, s given by (5 18)

Proof We start by showing that if 2 < Sminh?/3 —cgh, for some ¢y, then P has
no eigenvalues in the rectangle (7 1) In fact, if z were an eigenvalue in (7 1), then
by Proposition 5 3 applied with wg=Re z+irg, u<rg<2Rez,

ro—Im 2 > 1o+ Smin(Re 2)%/ 313 —O(h)

Since (Rez)?/3=1+0(u'/?)=14+0(h}/?) we get a contradiction once ¢y is large
enough

Let us now assume that 2u>Sminh?/3—coh and take wo=1+iry with o suffi-
ciently small We observe that for C large enough the rectangle (7 1) is contained
in the disc

D= D((‘JO: 7'0+4”‘)

Ifz1, ,zn arethe eigenvalues of P in D then N >n(h, 1), so we will estimate N Let
us introduce the characteristic values of P—wyp, 11< <un< as the eigenvalues
of [(P—wo)*(P—wp)]*/? (with the convention that in case there are only finitely
many such eigenvalues we repeat the infimum of the essential spectrum infinitely
many times) We then use the Weyl inequality (see Apppendix A of [9]):

(73) B un <|z—wo| |zn—wol

We start by estimating
N# =#{p; : pj <ro+6p},

with p<pp so that
inf ess ([(P—wo)* (P—wo)]*?) > Im((1+46)wp) > ro+8,
see the proof of Proposition 5 2 The max-min principle shows that

V6>03 a closed subspace E C D(P—uwp) C L2(T)
(7T4) N¥<M <= of codimension less than or equal to M —1 such that
I(P—wo)ull® > ((ro+6p)*~6)||lull?, ue E

Let us now apply Proposition b 2 with u replaced by 8y to see that

I(P—wo)ull® > ((ro+8u)* ~O(1) (h+u?+em)) lull® > (ro+6)?|lu||?,



168 Johannes Sjéstrand and Maciej Zworski

if é’e’u=0, for p=1, ,Q and h,e are small enough Thus (7 4) implies that

Q Q M(K, ch'/?)
N#<) rankZ2 <y ) rank I c»

=1 =1 j=

We now recall (5 8) and (5 9) to see that M(K,,eh}/2)=0, (u1/2h~(=1) and that
rank IL» g;y:(’)(u?’/ 2h~!) Hence N#¥=0O(u?h™) and the proof is completed by
showing that N<CN# and that is done exactly as in [9], [10], [11], [13]: if N>N#
then

iV (ro+6u)N N < (ro+4p)N

Since by Proposition 5 3, uy >rg if h<hg, we get

-1
N< (m,;(%%)) 1og(5’:0—6”)1v# —O()N*=0(u2h™) O

Writing A=h~1, (2=h—22 the semi classical statement about resonances trans-
lates immediately into a statement about the scattering poles: for A\>>1and A~%/3/C
<p<1/C, the number of scattering poles in a rectangle

|Re¢—-Al<p/2)/C, —Im(<ph,
is bounded by
(75) O) (= Smin A"+ A7)0 22",

for some ¢; Theorem 1 is a somewhat weaker global version of (7 5) and to obtain
it we need

Lemma 71 Suppose that m, f and g are measurable functions on [1,00),
f(a:),f(%:z:)—lg(:c) are non decreasing, C~'< f(z)<C~'z and

(76) m(z)—m(z- f(z)) < g(z),

then
m(r) <Crf(ir) ' g(r)+C

Proof We first obtain a bound on m(\)—m(3A), and for that we define a
sequence Ag=A, Ag+1=Mg— f(Ax) Then

K
m(A)—-m(32) <D g(M) < Kg(N),
k=0
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where K is the smallest integer for which Ax41<3A Hence JA+Kf(3A)<) and
K<iif (%)\)_1 Consequently, using the monotonicity of f(3 )\)_1 g

- rg(r)
m(r) < g2 *r)+C<C +C,
2,§f<2 = 7(r)
where M is the largest integer for which 2=Mr>2 0O

Proof of Theorem 1 We put m(A)=N(X, p), fF(\)=p(A\)¥2)/C and g(\)=
Cu(A)2X™ The estimate (7 5) implies that (7 6) and the assumptions of Lemma 7 1
are satisfied in view of (1 2) Thus the bound

m(r) < C'rf(%r)_lg(r)+C < Cu(r)3/*m

follows from the monotonicity of g O

Proof of Theorem 2 The proof is based on Lemma 6 2 (from which we borrow
the notation) in the same way as that of Theorem 4 was based on Proposition 5 2
Thus we start by estimating the number of eigenvalues of P=—h2A|r in the disc

|z—wo| <ro+m+3(u—pn), ro=Imwo<3Rewo—3u1,

77
") p—p1 > h, p<pe—h*3/C,

and claim that it is bounded by
0(1)(”_u1)(1/2)+(l//2) h—~u/3h—(n—1)
To see that, we observe that for §<<rg

(To+ﬂ)2—0(h)-5(#—m)Z(ro+u1+(ﬂ—u1))2—(5—;?_(—’:%)(#—u1)

> (r0+p,1+ (1—3%) (u~u1))2

Hence, (see Lemma 6 2) except on a space of codimension less than or equal to

rank Qs
|(P—wo)ul? > (7‘0+#1+(1—§i—0)(u—ﬂ1)) Jul?

Since 1-6/ 3r0>§ for small 6 we conclude that the number of characteristic values
of P—wyp in [0,ro+,u+§(u—-u1)] is O(1)6~ Y (u—pq)V/D+W/Dp—v/3p~(n—1) The
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(

To<

Re Wwo

1/2
~Im 2= Spin(Re 2)2/3h%/3

Figure 2 The covering of a neighbourhood of the critical curve

Weyl inequality applied as in the proof of Theorem 4 gives the claimed bound on
the number of eigenvalues of P in the disc (7 7)

A covering argument analogous to the one used in [13] (see Fig 2) shows that
the number of eigenvalues of P in

3<Rez<},
{ —Im 2 < Smin(Re 2)%/3h%/3 +p,
is bounded by
(78) O(1)g*/?hv/3p~(n-1)

We now need to translate this bound to the ¢-plane with (=h~14/z, g=Re f(2)h%,
%Sas 1, where f is holomorphic near the positive real axis and positive on it From
(7 8) we immediately get a bound in the region

{ 3h?<Re(*<3h7?,
~Tm (2 < Smin(Re (%) +Re(f(h?(*)h72),
which by choosing f(z)=coz'~(*/?), 2<a<1, becomes
Ih-? <Re(?<$h™,
{ ~Im ¢ < 3 Smin(1—(Re()~*(Im()?)*/3(Re ()3 +JcoRe (**(Re() ™!
Using Im ¢=0O(Re()'/3, we get this to be the same as

{ \/gh‘l <Re((1+O0(Re()~%/3) < \/gh-l,
~Im (< $Smin(Re )3 +4co(Re ()™ *+O((Re) ™)
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Thus the number of the scattering poles in this region is bounded by (7 8) with
o=h* Another standard scaling argument completes the proof O
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