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Weak type estimates for some maximal 
operators on the weighted Hardy spaces 

Shuichi Sato 

A b s t r a c t .  Weighted weak type estimates are proved for some maximal operators on the 
weighted Hardy spaces H~ ( 0 < p <  1, w E A l ) ;  in particular, weighted weak type endpoint  estimates 
are obtained for the  maximal operators arising from the Bochner-Pdesz means and the spherical 
means on H~.  

1. I n t r o d u c t i o n  

Let 

S~(f)(x) = ](1-R-2l~12)~+f(~)e 2 ~  d~ 

be the Boclmer-Riesz means of order 5 on R'~; put 

,.q~,(f)(x) = sup [S~(f)(x)[. 
R>O 

We also consider the spherical means; let 

r n 
Nr~(f)(x) = ~(a) /f(x-y)(1-r21yl2)~--1 dy 

and put 
N,  ~ (f)(x) = sup IN~ (f)(x)l.  

r ~0  

In [8] it was proved that  S, ~(p) and N, ~(p) are bounded from the Hardy space H p 
to the weak L p space if 5(p):n/p-(n+l)/2 and a(p):l+n(1/p-1),  0 < p < l ,  re- 
spectively (see [1], [2], [3], [5], [6], [7] and [11] for results when p_>l). In this note 
we shall prove Al-weighted versions of these theorems; in fact, we shall prove more 
general results. Here and in the sequel, A n denotes the Muckenhoupt class of weight 
functions. 
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Let ~ E S ( R  n) (the Schwartz space) satisfy f~o=l .  Let 0 < p < l ,  weAl .  We 
say that a tempered distribution f belongs to the weighted Hardy space H p if 

I l f l lH~  (f  supko * = < (X:), 
e>O 

where ~r 
Now we define a dense subspace of H p. 

Definition 1. Let fES(Rn) .  We say that fESo if ] (the Fourier transform) is 
compactly supported and vanishes in a neighborhood of the origin. 

If 0 < p < l  and wEAl, the space So is dense in H~. (See [9].) To state our 
theorem, we introduce a function space. 

Definition 2. Let 7~,~ denote the class of polynomials of degree less than or 
equal to m. Let a_>0. For a locally integrable function f ,  put 

Ifl,~,~ = sup inf s -~-n ] If(Y)-Q(Y)IdY. 
zER'~ ,s>0 Q ~7~'* JB(z,s) 

(See [4, Chap. III], [10].) Let 0_>0. Let fEL  1. We say that fE~'(m,a,O) if we can 
write f=~-~k=O~176 2-Okg k for a sequence {gk}k=0~176 of integrable functions such that 

(a) supk>0 ]gkim,a<oo; 
(b) go is supported in {Ix[_<4} and each gk is supported in {2k-2<_ix[<2 k+2} 

for k> l .  
Put a(p)=n(1/p-1) and ~v=~([a(p)],a(p),a(p)+n), where [r] denotes the 

greatest integer not exceeding r. 

We shall prove the following. 

Theorem.  Let 0 < p < l ,  wEAl. Let KE~p. Define 

T r ( f ) ( x ) = /  f(x-y)r '~K(ry)dy and T*(f)(x)=suptTr(f)(x)[~>o 

for f ESo. Then, there exists a unique sublinear extension of T* to H p, which we 
also denote by T*, such that 

(1.1) sup ;~Pw( {x E R'~: T*(f)(x) > ~} ) <_ Cp,w []f]iP~. 
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Coro l l a ry .  Let 0 < p < l ,  wEAl.  Both S. 6(p) and N. ~(p) initially defined on So 
extend to H~ (as in the theorem) and satisfy 

(a) 

(b) 

sup APw({x �9 R n :  S~,(P)(f)(x) > A}) _< ap,~ JlfJ[~/~, 
A>O 

sup APw({x E R n :  N~ (p) (f)(x) > A}) _< ap,~ Ilfll~. 
A>0 

We assume that  0 < p < l  and wEAl in the sequel. 

Proposit ion.  Let KEL 1 be such that 

(1.2) inf f [rnK(r(x-y))-P(y)[dy<c(l§ -'~/p. s u p  
r>O PE~'[~,(p)] Jly[<l 

Define T* on So by K as in the theorem. Then, as in the theorem, T* extends to 
H~ and the estimate (1.1) holds. 

By the proposition and the following lemma we obtain the theorem. 

L e m m a  1. Let KEY:p. Then K satisfies the condition (1.2). 

We shall prove the proposition in w and Lemma 1 in w Finally we shall prove 
the corollary in w 

2. Proof  of the proposition 

Let N be a non-negative integer and B(x0, t) be the closed ball of R n with 
center x0 and ra~lius t. Then a function a on R '~ is called a (p, N, w)-atom if 

(2.1) a is supported in B(x0, t) for some x0 and t; 

[lal[oo _< w(B(xo, t)) - l /p ,  where w(E) : .f~ (2.2) w; 

/ a(x)xa dx=O for all [a[ < N ,  where a=(a l  ,... ,~,~), xa=x~ ' (2.3) ~ X ~  n . ~*~ 

First we prove estimates for atoms. 

L e m m a  2. Let a be a (p, [a(p)],w)-atom supported in B(xo, s). Then 

w({x e R n :  T*(a)(x) > A}) < cA -p. 
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L e m m a  3. Let a be as in Lemma 2. Then 

T*(a)(x) < c(IB(xo, s)l/w(B(xo, s)))~/p(s+ I~-~ol) -'~/p. 

Proof of Lemma 3. It is sufficient to prove the case w = l .  (See [8, (2.9)].) By 
(2.1), (2.2), (2.3) with g=[a(p)] and (1.2), we see that  

. /a(y)r '~K(r(x-y))  dy ITr(a)(x)l 

= inf f a(y)(rnK(r(x-y))-P(y))  dy 
PE'P[~(n)] J B(xo,s) 

~_ [[a[[oo inf [ [r'~g(r(x-y))-P(y)[ dy 
PEP[a(p)I JB(xo,s) 

= [[a[[oo inf f [ (rs) '~K(rs(s- lx-s- lxo-y))-P(y)[  dy 
PET~[~(p)] J[y[<l 

< cllalloo s n / ; ( s +  l~-x0 I)-~/;  

_< c ( s + l x - x o l ) - ~ / p .  

Thus we have T* (a) (s) <_ e(s + I x -  xo])- ~/P. This completes the proof. 

Proof of Lemma 2. Since WeAl and s"(s+lx-xol)-~M(xmxo,s))(x), where 
M is the Hardy-Litt lewood maximal operator, by Lemma 3 we see that  

w({x: T*(a)(x) > A}) _< w({x: (s+l~-x01) -~/, > cAs-n/Pw(B(xo, s))Uv}) 

= w({x:  s ~ ( s + [ ~ - ~ o l )  -" > c~w(B(~o, s))))  
< w({x: M(xs(~o,s))(x) > cAPw(S(xo, s))}) 

_< cA -p. 

This completes the proof. 

We need a weighted version of [8, Lemma (1.8)]. 

L e m m a  4. Let 0 < p < l  and let {fk } be a sequence of measurable functions on 
R '~ such that 

sup APw({x : If~(x)l >A}) < 1 for aUk. 

Then, if E Ickl ~<1, we ha,e 

sup.w( x: ,eke(x)1 > < 2 -p  
~ > 0  . .  - -  - 1 - p  
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Let feSo and let f=~'~)~kak be its (p, [a(p)],w)-atomic decomposition such 
that ~ A~ <clIfHPH~, ~ Akak=f a.e. and ~ Aklakl <c f*, where f* denotes the grand 
maximal function (see [9]). Then, since f* is bounded, we have Tr(f)=~"~. AkT~(ak) 
a.e. by the dominated convergence theorem. Thus by Lemmas 2 and 4 we see that 

sup APw({x e R~: T*(f)(x) > A}) _~ c ~ A~ _~ cllfll~. 
A>0 

Since So is dense in H p, by a standard argument, using this estimate, we can 
find the unique sublinear extension of T* to H~. This completes the proof of the 
proposition. 

3. P r o o f  o f  L e m m a  1 

Let KE.~p. We can write K=~k~176 2-kn/pgk, where {gk} is as in the definition 
of the space 9Vp. To prove (1.2), we have to show that for r>0  and x E R  '~, there is 
a polynomial Pr,~ E:P[~(p)] such that 

(3.1) J~lyl<l Ir'~ g(r(x-Y) )-Pr'~(Y)l dy < c(l +lxl) -n/p. 

Suppose that Ixl<2. Then we can take Pr,x=O since KEL 1. Next, suppose 
that ]xl>2. If 2m<_lrxl<_2 m+l for m_5  and lyl<l, then 

m+4 

K(r(x-y))= E 2-k'~/Pgk(r(x--Y))" 
k = m - - 3  

Since supk Igkl[~(p)l,~(p)<co, there is a polynomial PEP[~(p)] such that 

(3.2) ~vl<l Ir~K(r(x-Y))-P(y)ldy <_ c2-'~/Pr ~/p <_ clxl -'~/p. 

8 If rlxl<32 and lyl<l,  we have K(r(x--y))=~k=o2--kn/pgk(r(x--y)). Since, as 
before, supk Igkl[a(p)],-(p)<co, we can find a polynomial PEP[~(p)] such that 

(3.3) fyl<l  Ir'~K (r(x-Y) ) -  P(Y)I dy <_ cr ~/p < clxr n/p. 

By (3.2) and (3.3) we have (3.1) in the case Ixl_>2. This completes the proof. 
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4. P r o o f  of  t h e  co ro l l a ry  

Since the function (1-1yl2)+ (1/p-D clearly belongs to ~p (see [8, p. 93]), by 
the theorem we have corollary (b). To prove corollary (a), the following lemmas are 
needed. 

L e m m a  5. Let N be a positive integer and h an N times continuously differ- 
entiable function. Suppose that 

(4.1) I(O/Ox)~h(x)l < c~(l +lxl) -"/p for I~I-<N, 

whe~ (OlOx)"=(OIO~,)  ~" ... (Olax~)"*,  ~=(~,,...,  ~,). Then, for all ae[O, N], 
h E ~ ( N - 1 ,  a, n/p). 

L e m m a  6. Let 5=5(p)=n/p-(n+l)/2 and put 

K ( x ) = ~-~r ( 5 +1) lxl-C"/2+~) J,,/~+~( 27rlxl ), 

where J~ is the Bessel function. Then K satisfies the condition (4.1) of Lemma 5 
for all N. 

? I .  O0  Proof of Lemma 5. We consider a C~-par t i t ion of unity on R . Y~k=o ~k (x) = 1, 
where ~Oo is supported in {Ixl_<4} and ~k(x)=~(2-kx) for k>_l, with ~ supported 
in {2 -2 < Ix1_<22}. Set gk(x)=2k'~/P~k(x)h(x). Then h(x)=Ek~o 2-k"/Pgk(x). 

To see that  heJ: (N- l ,a ,n /p ) ,  we have to examine IgkIN-l,~. By Taylor's 
formula we have 

1 1 
(4.2) gk(V+W)= E ~. wag(a)(v)+ E -~.W~/o N(1-t)N-lg(~)(v+tw)dt '  

lal<N I~I=N 

where g(~)(x) = (O/Ox)"gk (x) and a! = al !... a,~ !. Put  

We note that  

(4.3) 

k~l<N 

sup Ig(k~)(x)t~r for I ~ l ~ N .  
k>_kO,xEl: t  '~ 

Suppose that  IwI<s and 0 < s < l .  Then by (4.2) and (4.3) it is readily seen that 

J g k ( v + w ) - Q k , v ( w ) l  < c s  N < c s  ~ for o e  [ 0 , g ] .  
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Thus, for aE[0, N], it follows that  

(4.4) 
f 

s - ~ - ~ /  Igk(v+w)-Qk,v(w)ldw<_c uniformly in k. sup 
vER",sE(0,1] dlwi<s 

Furthermore, since supk Hgk IIoo <c~, for a>__0 we have 

(4.5) 
f 

s-"-'~/ Igk(v+w)ldw<_c uniformly in k. sup 
veRn,s~[l,c~) JIwl<s 

By (4.4) and (4.5) we see that  h E ~ ( N -  1, a, n/p) for all aE [0, N]. This completes 
the proof. 

Proof of Lemma 6. Recall that  

K(x) =/(1-]~]2)~_e2~i=~ d~. 

Thus K is infinitely differentiable. Therefore to prove the estimate (4.1), we may 
assume that  Ix I >1. Put  ~(t)=~r-~F(5+l)t-(~/2+~)J~/2+~(2rt). Then we have (see, 

e.g., [81) 

d~tkzl(t ) <_ck,~(l+t) -~/p for t > 0 .  

It is easy to see that  this implies the estimate (4.1) for Ixl>l .  This completes the 
proof. 

Let K be as in Lemma 6. Since a(p) < [a(p)] +1, we see that  KE~p by Lemma 5 
(with N =  [a(p)] + l) and Lemma 6. (If a(p) is a positive integer, similarly, we see 

that  KEJC(a(p)- 1, a(p), n/p).) Since S~n (p) ( f ) (x )=f  RnK(n(x-y ) ) f (y )  dy, by the 
theorem we have corollary (a). 
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