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Small angle scattering and X-ray 
transform in classical mechanics 

Roman G. Novikov 

A b s t r a c t .  We consider the Newton equation 

(*) ~ = F(x) ,  F (x )  --Vv(x), x C R d, 

where v E C2(R d, R), ]OJv(x) l < clj I (1+ Ix[) -(~+ljl) 

for [j]<2 and some (~>i. 

We give estimates and asymptoties for scattering solutions and scattering data for the equa- 
tion (*) for the case of small angle scattering. We show that scattering data a t  high energies 
uniquely determine the X-ray transforms P F  and Pv.  Applying results on inversion of the X-ray 
transform P we obtain that  for d_>2 scattering data at high energies uniquely determine F and v. 
For the case of potentials with compact support we give a connection between boundary value 
data and scattering data and for d>2 we'obtain, using known results, a uniqueness theorem in 
the inverse scattering problem at fixed energy. 

1. I n t r o d u c t i o n  

Consider the Newton equation 

(1.1) ~--F(x) ,  r ( x ) = - V v ( x ) ,  x C R  d, 

(1.2) where v ~ c 2 ( n  d, R), IO{v(x)l <_ ~,Jl (l+lxl) (~+,Jl) 

for ]j]_<2 and some a > l  (here j is the multiindex j c (NU{0})  d, " d 131 En lJn). 
For the equation (1.1) the energy 

E :  �89 2 +~(~(t)) 

is an integral of motion. 
Under the conditions (1.2), the following is valid (see [RS]): for any (p , x_) 

R 2d, p / 0 ,  the equation (1.1) has a unique solution xEC2(R,  R d) such that  

(1.3) x(t) p_t+x +y (t), 
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where ~ (t)-~0, y_(t)--+O, as t--+-oo; in addition, for almost any (p_,x_)ER 2d, 
p_ r  

(1.4) x(t) p+t+x++y+(t), 

where p+r  p+=a(p_,x ), x+=b(p ,x_), 9+( t )~0 ,  y+(t)--+0, as t--++oc. 
The map S: R2d--+R 2d given by the formulas 

(1.5) p+--a(p ,x ), x+=b(p_,x_) 

is called the scattering map for the equation (1.1). 
B y / ? ( S )  we denote the domain of definition of S; by /~(S)  we denote the range 

of S. (By definition, if (p ,x )C/9(S), t h e n p  5 0  and a(p ,x )r 
Under the conditions (1.2), the map S has the following simple properties 

(see [RS]): the sets / )(S)  and T4(S) are open subsets of R2a; Mes(R2a\D(S)) 
0, Mes(R2a\T4(S))=0; the map S:D(S)-+T~(S) is continuous and preserves the 
element of volume; if ( p _ , x )  ED(S),  then ( - p  , x ) ET4(S) and if (p+, x+) ET4(S), 
then ( p+,x+)cD(S); a(p ,x_)2=p 2. 

If v(x)_O, then a(p_,x_)~-p , b(p ,x_)=x , (p_,x_)cR a, p_r Therefore 
for a(p ,x ), b(p ,x_) we will use the following representation 

(1.6) 
a(p ,x_) p_+a c(p ,x_), 
b(; ,x ) = 5  +b c(p ,x_), (p ,x )eT)(s). 

The map S restricted to 

Y]E(S) ~D(S)f"IY]E, where EE={(  p ,x )~R2d] l~p 2 = E } ,  /~>0, 

is called the scattering map at fixed energy E. 
We will use the fact that,  under the conditions (1.2), the map S is uniquely 

determined by its restriction to 34(S)=D(S)C~A4, where 

A d = { ( p  , x_)cR2dlp_r  , p x_ 0}. 

In particular, the map S at fixed energy E is uniquely determined by its re- 
striction to JtdE(S)=/9(S)NA//E, where AdE=EzNM. 

In Section 3 we give estimates and asymptotics for the deflection y_(t) from 
(1.3) and for the scattering data asc(p , x_), bsc(p_, x )  from (1.6) (Theorem 3.1). 
These estimates and asymptotics are of interest, in particular, when the parameters 
c, c~, d, /~_, x are fixed and Ip-I increases or c, ~, d, p_, d:_ are fixed and I z I 
increases or, e.g., c~, d, p , x_ are fixed and c decreases (where Cljl, c~, d are 
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constants from (1.2), e=max(cl ,  c2); ~_--p /IP I, } =x-~Ix I)- In these cases 
suPt~ a 10(t)l decreases, where O(t) denotes the angle between the vectors ~(t)= 
P +9-  (t) and p_, and we deal with small angle scattering. Note that  already, under 
the conditions of Theorem 3.1, without additional assumptions, there is the estimate 
suPtcR 10(t)l< ~Ir and we deal with a rather small angle scattering. The term"small 
angle scattering" is adopted by us from Section 20 of [LL]. Note, however, that  
in [LL] the small angle scattering is considered only for a large impact parameter 
] x I for the spherically symmetric case. 

Consider 
TSd-~ {(O,x) l e e S d  1, x e R  d, Ox=O}, 

where S d-1 is the unit sphere in R d. Note that TS d 1,-~AJE, E>O. 
Consider the X-ray transform P which maps each function f with the proper- 

ties 

f cC(Rd, Rm), If(x)l=O(Ixl ~), a s l x l ~ o o ,  for s o m e f l > l  

into a function PfEC(TS  d 1 R~) ,  where P f  is defined by 

Pf(O,x) f(tO+x) dr, (0, x) �9 TS d-1. 
o o  

In Theorem 4.1 (Section 4) we give, in particular, the asymptotic formulas 

PF(O,x) = lim Sasc(sO, x), 

Pv(O, z) = lim s ob  (sO, z) 
s- - -*~-oG 

with explicit upper bounds for the difference with the limit for s large. (These 
results follow directly from Theorem 3.1.) 

For d_>2 Theorem 4.1 and methods for the reconstruction of f from P f  (see 
[GGG], [Na], [FN] and Section 4 of the present paper) permit to reconstruct F and 
v from scattering data at high energies. 

In the present article we consider also the time delay 

T(p ,X ) p_x_--a(p_,x )b(p_,x ) 
]P 12 

In Proposition 3.1 we give asymptotics for T(p , x )  for small angle scattering; in 
Theorem 4.1 we give, in particular, formulas for the reconstruction of Pv from 
T(p , X )  at high energies. 

To our knowledge the multidimensional inverse scattering problem (without as- 
smnptions of spherical symmetry) for the Newton equation (1.1) was not considered 
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before. However, for the equation (1.1) in a bounded open strictly convex (in the 
strong sense) domain D C R d, d> 2, with smooth boundary OD the inverse boundary 
value problem at high energies and at fixed energy was considered in [GN]. In [GN] 
results are obtained using results of [BG2]. The work [BG2] is a detailed version 
of [BOll. The work [BG1] generalizes, in particular, [B]. Results similar to results 
of [BG1] were given independently in [MR]. 

In Section 5 we obtain the following results: we give a connection between the 
boundary value data from [GN] and some other boundary value data (Lemma 5.1); 
for the case 

vcC2(Rd, R), suppv c D 

(where D has the properties mentioned above), we give a connection between bound- 
ary value data and the scattering data  (Theorem 5.1), and for d>_2 we obtain (using 
results of [GN]) that  the scattering data and D uniquely determine v (Theorem 5.2) 
at fixed, sufficiently large energy E>E(v, D). 

Let ft(D) c T S  d-1 denote the set of all rays which do not intersect D (with the 
properties mentioned above). Let Cg(R a, R) { f cC2(R  a, R) lsupp f is compact}. 

C o n j e c t u r e  A. / f  vEC2o(Rd, R), d>_2, and at fixed E > 0  the identities 
a(v/2EO, x)=x/2EO, b ( ~ O , x ) = x  for (O,x)C~2(D) hold, then suppvC_D. 

Conjecture A is a generalization of the Cormac~Helgason support theorem 
from the theory of the X-ray transform (see [Na]). (We have a proof of Conjecture A 
for the case of the Born approximation and for the case v(x)>0.) 

C o n j e c t u r e  B. Under the conditions (1.2), d>2,  at fixed suJ~ficiently large 
energy E> E(v), the scattering data S uniquely determine v. 

Concerning the works on the inverse problem for the equation (1.1) in dimension 
1 we can mention [A], [K], [AFC]. Concerning the works on the inverse scattering 
problem for the multidimensional equation (1.1) with spherically symmetric poten- 
tial we can mention [Fi], [KKS], where this problem was considered in dimension 3 
at fixed energy for the case of monotonous decreasing potential in Ixl. 

As related preceding works we would like to mention also the works that  deal 
with asymptotics of scattering data at high energies for the Schr6dinger equation 
and with the inverse scattering problem for this equation, see, e.g., [F], [R], [EW], 
IN1], IN2], [N3] and references given there. 

2. A c o n t r a c t i o n  m a p  

If x satisfies the differential equation (1.1) and the initial condition (1.3), then 
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x satisfies the integral equation 

/ 'f  (2.1) x(t)=p t+x + F(x(s))dsd~-, where F(x) -Vv(x) ,  p_/L0. 

For y (t) this equation takes the form 

(2.2) 
y_(t) = A  n . . . .  (Y)(t) ,  

? l  where Ap ,x_(f)(t)= F(p s+x +f(s))dsdT, p r 
CO O(3 

From (2.2), (1.2) and from y_CC(R,  Ra), y (t)-~0, as t--~-oc, it follows, in par- 
ticular, that  
(2.3) 

y_(t) e C l ( R , R  d) and I~_(t)l=O(l~l-~), ly_(~)l=O(Itl (a-a)), as t ~ - o o ,  

where p r  and x_ are fixed. 
Consider the complete metric space 

(2.4) 
MT,~ = { f  ~ C 1 (]-oo,  r], Rd) I LIfIIT < r}, 

where llfljT=max ( sup If(t)[, sup If(t)--tf(t)l ) 
"tc] oo ,T]  te]--oo,T] 

(where for T = + o o  we understand ] -0% T[ as ] -oo ,  § From (2.3) it follows 
that, at fixed T < + e o ,  

(2.5) y_ (t) C MT,~ for some r depending on y (t) and T. 

L e m m a  2.1. Under the conditions (1.2), the following is valid: if fEMT,r, 
0 < r < l , p _ x  =0 and IP I >'f~r, then 

1lAp ,~_(f)lIT<~T(d, cl,oq jp [, Ix [,r) 

gc~2 ~§ (Ip-I /~ + l - r )  (2.6a) 
(ct-1)(Ip_l/v/2-r)2(l+lx l/V~ (Ip_l/v~--r)T) ~-1 

forT<O, 

IIA~ ,~_ (I)IIT ~ ~(d, Cl, ~, Ip l, Ix_ I, r) 

d~12 ~+~(l~-I/v~+l-~) 
(2.6b) 

(~-l)(Ip I/v~-r)~(R+lx_l/v~fl -z 
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for T_<+oc; 
if f l , f2EMT,r,  0<r_<l, and Ip_l>x/2r, then 

(2.7a) IIAp ,~_(f2) Ap ,~ (fl)llT<_AT(d, e2, a, lp I, Ix I,r)[[f2 faHT, 

AT (d, e2, a, [p 1, I x 1, r) = d 2 e22 "+2 (]p_ 1/Yr2 + 1 - r) 2 
(a-X)( lP_l /V~-r )a( l+lx_ l /x /2- ( lp  ] /x /2-r)T)  a-x 

forT<O, 

(2.7b) IlAp . . . .  ( f2)-Ap . . . .  (A)IIT ~A(d, c2,a, IP l, Ix I,r)llf2-AllT, 

A(d, c2,a, ]P-l, ]x_l , r )= d~c22~+3([P [ / x / 2 + l - r ) 2  
( a -1 ) ( lp  l/v/2 r )a( l+l  x I /v~)  ~-1 

for T<+oo. 

Note that 

(2.8~) 

for T_<0, 

max(  OT(d'cl'a'[pr [,[x [,r),AT(d, c2, ct,[p_[,[x_[,r)) 

<_ ~T(d, e, a, Ip-I, Ix_],r) 

d2c2a+2 (IP-I/v/~ + l - r )  2 

r (a-1) ( lp- l /v / f f - r )a( l+lx  [/x/ff-(tp [/v rff r)T) ~-1 

m a x (  ~(d'Cx'a'lpr ],px ],r) A(d, e2,a, lP_l,{x F,r)) 

(2.85) < #(d, c, a, ]p_ ], Ix_ ], r) 

d2e2~+3 (IP I / ~  + l - r )  2 
r(o~-l)(I; I /v~-r)3( l+lx I / ~ F  -~ 

for T<_+~, where e=max(ex,r 0<r<X, IV ]>v~r. 
From Lemma 2.1 and the estimates (2.8) we obtain the following result. 

Coro l l a ry  2.1. Under the conditions (1.2), O < r < l ,  p x =0, [p_[>~/2r, the 
following result is valid: 

if #T(d,c,a,]p [,[x [ , r )< l ,  then Ap ,~ is a contraction map in MT,r for 
T<O; 
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if u(d, e, o~, Ip-I, Iz_ I, r) < l, then Ap_,~ is a ~ontr~ction .~ap in MT,~ for T <  

Taking into account (2.5) and using Lemma 2.1, Corollary 2.1 and the lemma 
about contraction maps we will study the solution y_(t) of the equation (2.2) 
in MT,~. 

We will use also the following results. 

L e m m a  2.2. Under the conditions (1.2), fcMT,~, 0<r_<l,  p_x --0, IP I > 
x/~r, the following is valid: 

lAp ,x (f)(t)l _< C_ (d, c1, o~, [p_ I, Ix I, r, t) 

(2.9) dc12~+1 

= ~(Ip i/~/~ - r ) ( l + l x _ l / v ~  - (Ip- I /v~  - r ) t f l '  
lAp ,~ (f)(t)l_<C (d, Cl,~,lp I, ix_l,r,t) 

(2.10) dcl2a+l 
= c~(c~-a)(]p I / ' / 2 - r )2 (1+1  x I / v ~ - ( l p - I / v ~ - r ) t )  ~-~' 

for t<_T, t<0;  

Ap . . . .  (f)(t) kp_,x (f)t+Ip_,x (f)+Hp ,~ (f)(t), (2.11) 

where 

(2.12a) 

(2.12b) 

kp ,~_ (f) = 

Ip_,x ( f ) =  

(2.131) Ikp_,x (f)l ~< 
(2.13b) Ilp_,x (f)l ~< 
(2.14) JHp ,x (f)(t)l _< 

(2.15) IHp ,x (f)(t)l < 

for T = + o c ,  t>0 .  

/ +~F(p s§  § 

~ F(p s+x +f(s))dsdT 
(2,0 O 0  

--J0 ,IT 
2C_(d, Cl,C~,]p L, Ix I,r,O), 
2~_(d, cl,o~, IP-[, Ix [,r,O), 

~+(d, ea,c~,]p I, Ix- l , r , t )  

dcl 2 '~+ 1 

~(Ip I / ~  r)(l+lx II~+(Ip-II~ r)t) ~' 
{+(d, Cl,~, IP I, I~-I ,r ,t)  

dG2~+ 1 

~(c~-l)(Ip I / v /2 - r )2 ( l+ lx_ l / x /2+( Ip  I/x/~ r) t f l  -~ 
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L e m m a  2.3. Let the conditions (1.2) be valid, y_ GMT,~ be a solution of (2.2), 
T=+cx~, 0 < r < l ,  p x 0, IP [>v~r ,  then 

IG ,~ ( y - ) - G  ,x (O)l~ca(d,c,~,lP_l, lx_l,r) 

(2.16a) _ d2c2~ ( IP-I /v~ +l - r )~ , (d ,  c, ~, Ip I, Ix_ I, r) 

- o~(Ip I/v"2-r)2(l+lx I/v~fl 
Ilp . . . .  (y_) Ip_,~ (O)l<_cb(d,c,c~,lp /,Ix I,r) 

(2.16b) _ d2c2~+3 ( IP-I /v~ + l - r )  g(d, c, oL, IP I, Ix-I, r) 

- ~ ( ~ - l ) ( I p  I/v'~ r ) 3 ( l + l x  I /v~)  ~-~ 

where c : n l a x ( c 1 ,  c2). 

Proofs of Lemmas 2.1, 2.2, 2.3 are given in Section 6. 

3 .  S m a l l - a n g l e  s c a t t e r i n g  

Under the conditions (1.2), for any (p ,x  )CR 2d, p_#0,  the equation (1.1) 
has a unique solution x c C 2 ( R ,  R d) with the initial conditions (1.3). Consider the 
function y (t) from (1.3). This function describes deflection from free motion. 

Using Corollary 2.1 the lemma about contraction maps, and Lemmas 2.2 and 
2.3 we obtain the following result. 

T h e o r e m  3.1. Let the conditions (1.2) be satisfied, #(d, c, ~, IP-I, I x I, r) < 1, 
(p ,x ) er% c=ma~(Cl,~), 0<r_<l,  p x =0, IP-I>v~r. ~hen the deZeetion 
y (t) has the properties 

(3.1) y C MT,r, T : + o o ;  

(3.2) 

(3.3) 

(3.4) 

I~ (t) l ~ C-(d, el, a, Jp I, Ix I, r, t), 
[y (t)[~G(d,c~,~,lp I,/x I,r,t) 
y_(t)=asc(p ,x )t+bs~(p_,x )+h(p_,x_,t), 

for t <_ 0; 

where, with p =p /IP l, 

(3.5a) asc(p ,x )_~l+~F(~lr s+x )d8 <ca(d,c,a, lp I, Ix I t ) ,  
lp I Z ~  - ' 
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(3.5b) 
1 o T 

<--Cb(d,c,c~,lP I, Ix I,r), 

(3.6a) 

(3.6b) 

(3.7) 

(3.8,) 

for tZO. 

las~(p-,x-)l~2C (d, cz,a, ip_l, lx I,r,O), 
(bs~(p ,x_)l <2r  I; I, I~_l,r,O), 

Ih(p_,x_,t)l _< C+(d,~l,~, Ip I, Ix_l,r,t), 
Ih(p_,x ,t)l <_G(d, cx,a, IP-I, ix I,r,t) 

We remind that 

(3.9) . (d ,  c, a, IP-I, I x-  I, r) = 

(3.10a) c~(d,c,o~,ip_l, lx I,r)= 

(3.10b) 

(3.11a) 

(3.1~b) 

2C-(d,a,a, lp I, Ix I ,r ,O):  

2r (d, c, ~, lp I, Ix I,r,O)= 

d2c2 ~+3 (]p_l/x/2 - r + l )  2 

r ( a - 1 ) ( l + l x - l / x / 2 )  ~-1 (Ip I / ~ - r )  ~ ' 

d ~ 2  ~+~ ( Ip - I / ~  - r + ] )  ~ 
a ( a - 1 )  ( l +  ix I / v~ )  2~-1 ( Ip_l/v~-r) n ' 

d ~ 2  =~§ ( Ip - I / ~  - r + l )  ~ 
a(a_l)2(l+ixl/x/-~)2~ 2 (Ip I /v '2 - r )  ~ ' 

dc2 ~+ 2 1 

~(] +l~-I/v~ ) ~ I ; - I / v ~ - r '  
dc2 a+2 1 

a(~-1) (1q-Ix I /v~) ~-1 ( I p_ r / v~ - r )  2' 

dc12 ~+ ~ 1 
(3.12) a(l+lx l/vr2T(]p ] /v~-r) t )  ~ ]p_]/v~-r' 

dc12 ~+l 
(3.13) o~(o!- 1)(1 + , x  I/h/~ ::F (IP-[/~/~ - r )~)  a-1 

1 
x 

( I p - I / v ~ - r )  2 

We will use the following observations. 
(1) Let nCN,  m, /CNU{0},  l + m < n ,  then 

s i ( ~ l / V ~ - r + l )  m s ~ ( ~ / v ~ - r + l )  ~ 
(3.14) > ~ 

@(d, c l ,a ,  lP ],Ix I , r , t ) =  

~ ( d ,  cl,o~,jp_],]x ],r,t) = 
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for v~r<sl<s2 ,  0 < r < l ;  

J ( s / x / ~ - r l + l )  ~' 
(3.15) (s/v/2 _ra) n 

for v/2rl<v/2r2<s, 0<r iG1 ,  0 < r 2 < l .  

< 
(4 -r2) n 

(2) Let z=z(d, e, ~, Ix_ I, r) be the root of the equation 

(3.16) tt( d, c, c~, z, lx F , r ) - l ,  z e ] v ~ r , + e c [  

(where the assumptions about d, c, a, Ix_l, r are the same as in Theorem 3.1). 
Then 

(3.17) p(d,c, ct, s, lx ] , r ) < l ,  s c ] v ~ r , + o c [  .: ". s>z(d ,c ,~ , lx_l , r  ). 

Theorem 3.1 gives, in particular, estimates and asymptoties for the scattering 
process when the parameters c, c~, d, :5 , x are fixed and/P-[ increases or, e.g., c, c~, 
d, p_, k_ are fixed and Ix_ I increases. In these cases supteR IO(t)l decreases, where 
O(t) denotes the angle between the vectors ~(t) p_+9_(t) and p , and we deal 
with small angle scattering. Note that  already under the conditions of Theorem 3.1, 
without additional assumptions, there is the estimate suptc a 10(t) l< ~rl and we deal 
with a rather small angle scattering. 

Using Theorem 3.1 we can obtain asymptotics and estimates for small angle 
scattering for functions which are expressed through a(p , x ) and b(p_, x ). Con- 
sider, e.g., the time delay 

7-(p ,x ) = p  x_ -a (p  )v(p_ , x_ ) ,X  

(3.18) IP 12 
_ (-p_bsc(P ,x ) - x  a~c(p_,x_)-a~(p_,x_)bs~(p_,x_)) 

]P 12 
and the function 

(3.19) - p  b~c(~_, x_) 
Ip_l 2 

for (p_, x_)ChD(S). 

Remark. To recall the physical sense of T(p , X_) note that  

(3.20) T(p ,x_) R~+o~lim (T(p_,x  , R ) - 2 ~ ) ,  (p x 

where T(p , z , R )  is the total time during which the solution x(t) of (1.1) and 
(1.3) satisfies Ix(t)l<_R. Note that  if v(x)-O, then T(p_,x_)_-0 for (p ,x ) E R  2d, 
p r 
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P r o p o s i t i o n  3.1. Under the conditions of Theorem 3.1, the following formu- 
las are valid: 

-p_b~(p_,x ) 1 [§ d~- cb(d'c'c~'lP-I'lx-l'r) (3.21) IP-I 2 Lp-b3 j _ ~  v(9 r + z  ) < - IP-I 

(3.22) 

~-(p_,x_)- 1 ( l + x _ V x ) ] + ~  f ~-+x )dT 
J - - O ( 2  

<~r(d,c,c~,lp I, I~-I,r) 
Cb(d,c,(~,lP-l, lx I,r) Ix-lc~(d,c,~,lp_i, lx-l,r) 

IP l  IP-I 2 
4( (d,c,~,lp I, Ix I,r,O)~ (d,c,a, lp_l, lx_L,r,O) 

IP-]2 

where if, in addition, [p_l> 2v~,  then 

(3.23) ~(d,c,o~,lP-I,l~-I,r) <~ 
const d 3 c 222~ 

(0/-- 1) 2 (] -[- l~_ I/VK2 ) 2~ 21p_ ]4 " 

Pro@ Under the conditions (1.2), for (p , x_ )ER 2d, p 7s the following for- 
mulas are valid: 

/ -9 F(9 s+x_)d~=~(gJ+x ), 
o o  

P- F(9 s+x_)ds=v(b_T+x_) ,  

(3.24) 
-9 -  ~ ~ F(9 ~+x_)esd~-.]  ~ ]~ e(9 ~+~_)ds~  

= f+v(9_~-+x )tiT, 

(3.25) F - F(~_~+x )ds=Vx ~(9 .s+x)ds, 
o o  
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Under the conditions of Theorem 3.1, from (3.5b), (3.24) we obtain (3.21) and the 
formula 
(3.26) 

X_asc(p_,x_) 1 [+~v(~ s+x )ds < Ix Isa(d'c'c~'lP-l'lx I'r) 
- I  I'p -'3x Vx j_~ /p_l 2 Ip_l 2 

Under the conditions of Theorem 3.1, from (3.18), (3.21), (3.26) and (3.6) we obtain 
(3.22). 

Under the additional condition that  IP 1>2v/~, the estimate (3.23) follows from 
the formulas for ca, eb, ~ , ~ . 

4. I n v e r s e  s c a t t e r i n g  a t  h igh  ene rg i e s  

Consider 
TS~-I={(O,x)IOeS d-l, ~ e R  d, Ox 0}, 

where S d-1 is the unit sphere in R d. We interpret TS d 1 as the set of all rays in R d. 
As a ray l we understand a straight line with fixed orientation. If l= (0, x)C TS d-l, 
then l={yER d ly=tO+x, tcR} (up to orientation) and 0 gives the orientation of l. 

Consider the X-ray transform P which maps each function f with the proper- 
ties 

(4.1) f e C ( R d ,  R'~), If(x)l=O(Ixl-~), as Ixl--~o~, for some,3>l 

into a function P f c C ( T S  d 1, R,~), where P f  is defined by 

(4.2) F Pf(O,x) f(tO+x) dt, (O,x) � 9  d-1. 
(2,0 

Properties of the X-ray transform P and, in particular, the problem of recon- 
struction of f from P f  were being investigated in many works (see, e.g., [Na], 
[coo], [FN]). 

In this section, when considering P f  we always assume that  f satisfies, at least, 
(4.1), although one can extend P to less regular functions. 

The simplest property of P is 

(4.3) Pf(O, x) = Pf( -O,  x), (0, x) e TS  d 1. 

Some other simple properties of P are given in the following lemma. 
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L e m m a  4.1. Let 

(4.4a) 

(4.4b) 

(4.4c) 

(4.4d) 

f e c n ( n L  m ,  

If(x)l _< c(f)( l  +lxl) -~(~ 

oU(~.) = o(Ixl 9(IJl)), 
9(.,) > 1, 

a s  Ix)--, oc, for IJl -< n, 

Then 

(4.5a,) P f  e c n ( T s d - l ~  R) 

and, in particular, 

(4.5b) IPf(O,x)l 

for (O,x)eTS d-~, 

2x/2 c(f)  

(fl(0)-l) (l+lxl/v~)Z(~ 

(4.5c) oJ f(O, Aoy)=O(lylZ Z(IJO), as lyl-~cx~, 

for Ijl<n, for OCS a-l,  y f f R  d 1, where Ao is a linear isometric map of R d 1 

X• {xeRglOx=O} (as on a subspace of Rd). 

To prove (4.5b) and (4.5c) we use the formulas 

on  

Ito+~L >~ ( I t l + l ~ l ) / ~  for �9 CXo, 
/ / j  dt _ 2 ~  

( l + ( l ~ l + l x i ) / ~ ) ~ - ( a _ l ) ( l + l x l / v ~ ) r  , a > l .  

For reconstruction of f from P f  for d>3  there is, in particular, the following 
well-known scheme based on the methods of reconstruction of f from P f  for d=2.  
To reconstruct f at a point x I c R  d we consider in R d a two-dimensional plane Y 
containing x/. We consider in T S  d 1 the subset T S  1 (Y) which is the set of all rays 
lying in Y. We restrict P f  on T S  I(Y) and reconstruct f(x ')  fi'om these data using 
methods of reconstruction of f from P f  for d=2.  

Remark. As coordinates on Y we take the Euclidean coordinates (with respect 
to the structure induced from R d) with centre at the point which is the nearest to 0 
in R d. In such coordinates y on Y the following is valid. If f satisfies the conditions 
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(4.4), then the restriction fly satisfies these conditions in y with the same constant 
in (4.4b). 

For reconstruction of f from Pf  for d=2 there are, in particular, the formulas 

(4.6a) f(x)  = - ~ x  t I2(x)+o~Ii(x), 

(4.6b) I j (x )=(1)2 /s lOj (p .v . /_+~ 9(O'q) dq) dO, j • 

(4.6c) g(O,q) Pf(O, qO• 

where 0=(01,02), 0•  and dO denotes the standard Euclidean measure 
on S 1 . 

In addition, 

Ii (x) = Im ( 1 / /  f (Y) dyl dy2) , 
\Tr J J R 2  yl+iys (xl+ix2) 

k, Tr J J R  2 y l + i y 2  ( X l + i X 2 )  

Using Lemma 4.1 and some properties of the Hilbert transform H, 

1 /~.~ 9(q) 
H g ( s ) =  s q dq, 

we can show, in particular, the following: 
(1) under the conditions (4.4) with n=0,  d=2, Pf  determines Ij(x) by the 

formulas (4.6b) and (4.6c) as a function from L p (n2~ for any p>2; l ock  ~ ] 

(2) under the conditions (4.4) with n = l ,  d 2, Pf  determines Ij(x) by the 
formulas (4.6b) and (4.6c) as a function from C(R2). 

The system of formulas (4.6), (4.7) differs somewhat from well-known formulas. 
In fact, the system of formulas (4.6), (4.7) is similar to the formula (1.12) from [FN]. 

Consider PF and Pv. We assume that  the conditions (1.2) are valid. Some 
simple properties of PF and Pv follow from (4.3) and Lemma 4.1. The functions 
PF and Pv arise in leading terms of asymptotics of scattering data for small angle 
scattering (see Theorem 3.1 and Proposition 3.1). In addition, scattering data at 
high energies determine PF and Pv uniquely. 

T h e o r e m  4.1. Let the conditions (1.2) be valid, c=max(cl ,  c2), (0, x) ETS d-l, 

Then 

(4.8a) PF(O,x)= lim sasc(sO, x) 
s - + + o o  
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and, in addition, 

(n.Sb) IPF(O, x)-Sas~(sO, x)l < 
d3c222a+5 8(8/v/2-r+l) 2 

Oz (Oz- 1)(1-}-J Xl/~/2 ) 2c~-1 (81~v/2 --r) 4 

for , > 4 d ,  ~, ~, Ixl, r); 

(4.9a) Pv(O,x) = lim s2Ob,c(sO, x) 
s~+-l oco 

and, in addition, 

(4.9b) IPv(0, x)-~0bs~(,0,  x)l <- 
da c2 22a+ 5 s2(s/v~ - r + l )  2 

~ ( ~ - 1 ) 2 ( 1 + 1 < / ~ )  2~-2 ( , / ~ - r )  ~ 

for s>z(d, ~, ~, Ixl, r); 

(4.10@ 

(4.10b) x = lim s3r sO, q ~  l + q  Pv O,q~ ,~+~o 

JxJ r o, 

and, in addition, 

(4.10c) l+q~q x )_s3.r(sO, q~.~ _ (a-1)2(l+q/v~) 2~-2s 

for s>max(z(d,e, ct, q,r),2x/~ ), where q>lxl. 

The function z(d, c, a, ]xl, r) is defined by (3.16). Some properties of the func- 
tions 

s(s/x/2-r+l)2 and s2(s/v/2-r+l)2 

from the right-hand sides of (4.8b) and (4.9b) are given by (3.14) and (3.15). 
Theorem 4.1 follows from Theorem 3.1 and Proposition 3.1. 
For d>2 Theorem 4.1 and the methods for the reconstruction of f from Pf  

permit the reconstruction of F and v from scattering data at high energies. 
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5. The inverse scattering and inverse boundary value problems 

Let D c R  d be a bounded, open, strictly convex (in the strong sense) domain 
with smooth (say, infinitely smooth) boundary aD (without singular points). Let 
D=DUOD. Consider the equation (1.1) in D, where 

(5.13) v C C'~(D,R),  n = 3 ,  

or 

(5.1b) c R),  = 2, 

(C}~(D, R)={vECn(D, R)Isupp v c D } ) .  
Under the conditions (5.13), at fixed suiticiently large E (i.e. E>E(v ,D)> 

SUpxc D v(x)) solutions x(t) of the equation (1.1) in D have the following properties 
(see [ON]): 

for each solution x(t) there are tl ,  t2 C R, tl  < t2, such that  

(5.2) xEC'~+l([tl,t2],Rd), x(tl),x(t2) EcgD, x(t) ~D for tC]tl,t2[, 

X(S1) r g(S2) for 81, S 2 E [tl, t2], 81 ~s 82; 

(s.3) 
for any two points q0, q E D, q0 7 ~ q, there is one and only one solution 

x(t) = x(t, E, qo, q) such that  x(O) = qo, x(s) q for some s > 0; 

~(0, E,  q0, q) E C '~-1 ((D x D) \G ,  Rd), where G is the diagonal in D x D. 

Remark 5.1. In this statement one can replace the conditions (5.13) by the 
conditions (5.1b). 

Let E>E(v,  D). Consider the solution x(t, E, qo, q) from (5.3) for qo, qEOD, 
qo•q. Let s=s(E, qo, q) be defined as the root of the equation 

x(s,E, qo, q)=q, s>O. 

Let ko(E, qo, q)=a?(0, E, qo, q), k(E, qo, q)=a?(s(E, q0, q), E,  q0, q)- 
The functions s(E, qo, q), k(E, qo, q) for E>E(v,  D), (qo, q) c (OD x OD)\OG, 

were taken as boundary value data in [GN]. 
For d_>2, under the conditions (5.1a), using the Maupertuis principle and re- 

suits of [BG2] it was shown in [GN] that  s(E, qo, q) on OD x OD at high energies 
E uniquely determines v(x) in D and that  k(E, qo, q) on (OD x OD)\OG at fixed 
energy E>E(v,  D) uniquely determines v(x) in D. 



Small angle scattering and X-ray transform in classical mechanics 157 

Remark 5.2. In these results from [GN] one can replace the conditions (5.1a) 
by the conditions (5.1b). 

Note that 

(5.4) 
Iko(E, q o , q ) l = ~ ) ) ,  

Ik(E,  qo, q)l = ~ ) ) ,  
ko(E, qo, q) = - k ( E ,  q, qo), 

E>E(v ,  D), (q, qo) ~ (OD x OD)\OG. 
For x COD we define 

( ~  = {0 ~ S d 1 I x + tO E D for t C]0, s[ for some s > 0}, 

0 + = {0 ~ S d-1 Ix+tO E Rd\l~ for t > 0}. 

Consider the functions v(qo), q(E, qo, 0o), O(E, qo, 0o), s(E, qo, 00) for E>E(v ,  D), 
qoCOD, Oo ~Oqo, where q=q(E, qo, 0o) is defined as the root of the equation 

ko(E, qo,q)= E~-v(qo)Oo, qcOD\qo, 

and 

o(z,  qo, Oo) = k(z ,  qo, q(Z, qo, O o ) ) / ~  qo, 0o))), 
~(E, qo, Oo) = ~(E, qo, q( Z, qo, Oo)). 

One can take the functions v(qo), q(E, qo, 0o), O(E, qo, 0o), s(E, qo, 0o), qoeOD, Ooe 
Oqo , as boundary value data instead of the functions s(E, qo, q), k(E,  q0, q), (q0, q) 
(OD x OD)\OG, E>E(v ,  D). 

L e m m a  5.1. Under the conditions (5.1a), (or (5.1b)), at fixed E>E(v ,D)  
the functions s(E, qo, q), k(E, qo, q), (qo, q) C (OD x OD)\OG, uniquely determine the 
functions v(qo), q(E, qo, Oo), O(E, qo,Oo), s(E, qo, Oo), qoCOD, OoEOq, and vice 
v e r s a .  

The direct statement of Lemma 5.1 folIows from (5.4) and the definition of 
q(E, qo, 0o), O(E, q0, 0o) and s(E, qo, 0o). 

To determine the functions in the converse statement we proceed in the follow- 
ing way: we determine Oo=Oo(E, qo, q) as the root of the equation 

q(E, qo, 0o) -: q, 8o E @qo 
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and we use the formulas 

k(E, qo, q) = v / 2 ( E - ~ ( q ) )  O(E, qo, Oo(E, qo, q)), 

~(E, qo, q) : s(E, qo, Oo(E, qo, q)). 

Let us consider C~(D, R) as a subspace of C0~(R 2, R) (extending each function 
f from Co 2 (D, R)  by zero outside of 9 ) .  

Let v E C02 (9 ,  R ) c C g  (R d, R).  Consider for the function v the boundary value 
data q(E, qo,Oo), O(E, qo,Oo), s(E, qo,Oo), qoEOD, 00cOco (note that in this case 
v(qo)=-O, qoEOD); consider for v also the scattering data (as defined in Section 1) 
a(p_,x_), b(p_,~c ), (p ,x_)~Adz where E>E(v,D).  

T h e o r e m  5.1. Let vECg(D,R)cCg(Rd,  R). Then at fixed E>E(v ,D)  the 
scattering data a(p , x ), b(p_ , x_ ) , (p , x ) E M E , uniquely determine the bound- 
ary value data q(E, qo,Oo), O(E, qo, Oo), s(E, qo, Oo), qoEOD, OoEf3qo, and vice 
v e r s a .  

Pro@ I. The direct statement. 
Consider the system of equations 

(5.5) p t+x_ =qo, p /xf2E =0o 

for determination of (p_,z_)cAd~ and t E R  through qoEOD, OoE@qo. One can 
solve this system by the formulas 

(5.6) p = 2 v ~ 0 0 ,  z_=qo-(qoOo)Oo, t=-t_(E, qo, Oo) (qoOo)/V/~. 

Consider the equation 

(5.7) at+b E OD 

for determination of t c R  through 

(a,b) EEE:{ (a ,b )ER2d]  l~a2:E} and OD. 

There are functions x(a, b), T• b), 7• b) depending on OD such that x(a, b)=0 
if and only if the equation (5.7) has no solutions, ~((a, b ) = l  if and only if (5.7) has 
one and only one solution, x(a, b)=2 if and only if (5.7) has two different solutions; 
the functions 7• b) are defined if and only if x(a, b)>0, in addition, the function 
~-(a, b) denotes the minimal solution of (5.7) and the function %(a,  b) denotes the 
maximal solution of (5.7); 7 i ( a ,  b)=aT• b)+b. 
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Let us observe that  if x(t) is the solution of (1.1) with initial data  (1.3), where 
(p ,x_) is given by (5.6), then the equation 

x(t) EOD f o r t c R  

has two different solutions t=t_(E, q0,00) and t=r+(a(p , x ) ,  b(p_, x ) ) .  
Using this observation and the formulas for solving the systems (5.5) and (5.7) 

we obtain the formulas 

q(E, qo, 0o) = %(a(p_,x ), b(p_,x )), 

O(E, qo, 0o) = a(p_, z_ ) / v / ~  , 

s(E, qo,Oo)=%(a(p_,x ),b(p_,x ) ) - t_(E,  qo,Oo), 

where 

p _ = ~ 0 0 ,  x_ =qo-(qoOo)Oo. 

Thus the direct statement is proved. 
lI. The converse statement. 
For determination of the functions in the converse statement there are the 

formulas for (p_ ,x )CAdu,  

{ a(v_,x_)=V_, 
b(p ,x ) = x ,  

if X( p ,x )<1,  

a(p ,x_)=v/2EO(E,~/_(p_,x_),p /V~E) ,  

b(v_, = q ( z ,  > ( v  , 

), 
if X(P-, x_)=2 .  

The proof of Theorem 5.1 is completed. 

As a corollary of Remark 5.2, Lemma 5.1 and Theorem 5.1 we obtain the 
following result. 

T h e o r e m  5.2. Let v<Cg(D,R)cC2(Rd,R) ,  d>2. Then at fixed E>E(v,  D) 
the .scattering data a(p_, x ), b(p_, x ), (p_, x )  CJ~4E, and the domain D uniquely 
determine v. 

Remark 5.3. Suppose that  v satisfies the conditions (5.1a) and vloD~kO. Let 
us extend v by zero outside D. Consider the scattering data for v (generalizing the 
definition from Section 1). In this case the formulas connecting the scattering data 
and the boundary value data  are more complicated than in Theorem 5.1, one needs 
to take into account the boundary refraction. 
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6. A p p e n d i x :  P r o o f s  o f  L e m m a s  2.1 ,  2.2 a n d  2.3  

Proof of Lemma 2.1. The property 

(6.1) A(f) ECI(]-oc, T],R d) for f~MT,~ (O<r_<l ,  r<lp_l/x/2) 

follows from (2.2) and (1.2). 
Consider 

/ /  Aj(f)(t) = Fj(x +p_s+f(s)) ds dr, 
oo oo 

(6.2) for f E MT,r. 

Aj(f)(t) = o0 Fj(x_+p_s+f(s)) ds 

We shall prove that  

(6.3a) dAj(f)(t) < C12c~+1 

~(IP-I/V~-r)(I+I~ I/~-(lP-i/~-r)t) 

for t<T, t<0;  

d C 12 a-~- 2 
(6.3b) Aj(f)(t) <a(Lp L/,/~_r)(I+L x L/x/~)~ 

for t<_T (without assuming that t_<0). 
From (6.2) and (1.2) it follows that 

(6,4) A j ( I ) ( ~ )  ~ c  I ( l + l x _ + p  s + f ( s ) r  ) (~+~)ds.  
o<3 

If fEMr,~, then 

(6.5) If(s)f~rlsl+r for s~T.  

Let 

(6.6) f(s) =g~(s)+g2(s), 

where 
9~(s) = 0 + Isl)-I f ( 4 ,  

From (6.5) and (6.6) it follows that  

g2(s) = ] s l ( l + ] s l ) - ~ f ( s ) .  

(6.7) Igl(s)l ~r, [g20)l ~rlsL for ~ T .  
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As x p =0, 

(6.8) I x-  +P-Sl >_ (1/v/~) (Ix-I+ IP-Ilsl) �9 

From (6.6), (6.7) and (6.8) it follows that  

(6.9) 

2(1+ [ x  +p_ s+ f(s)I) -> 2-}-Ix_ +p_ s-~g I (8) Avg2 (8) 1 

>2-r+lx +p_s+g2(s)] 

_> 1+1~_1/42 +(Ip_l/~-~)l~l 

for s<_T (0<r_<l, r<lp I/v~).  From (6.4) and (6.9) it follows that 

(6.10) 

for t < T .  
If a>0,  b>0, /3>1,  then 

(6.11) 

f * 1 

oo(a+b}s}) ~ ds = (~- l )b(a-bt)~ -1 

. f  d~ - 2 1 
o (a+blsl) -~ (fl_ 1)baZ-1 (/3-1)b(a+bt)Z -1 

2 
< for 0 < t .  
- (~_  1)baZ-1 

for t<O;  

The formulas (6.3) follow from (6.10) and (6.11). 
We shall prove that  

(6.12a) 

Aj(f)(t)  d (f)(t) el2a+l 
- t ~ t A J  <-(~_l)(lp_l/~_,.)2(l+lx l/v~_(lp_l/v~_r)eF 1 

for t<T, t<O, 

(6.12b) 
d Cl 2a+2 

A j ( f ) ( t ) - t  ~ Aj(f)(t) < ( a - 1 ) ( I p - I / v ~  __?~)2(I_~_IX_I/V/~)a_I 

for t <_T. 
For t<_0 we shall use that 

(6.13) A j ( f ) ( t ) - t  d Aj(f)(t)  <_lAj(f)(t)[+ t d ~tAJ(f)(t) �9 
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Prom (6.2) and (6.10) it follows that 

? f  (6.14) IAj(f)(t)l ~Cl 2c~d-1 (1-I-IX I /v /2+( lp  I /v~  r)lsl) -(~ dsdT 
O O  

for t<T. 
If a>0,  b>0, 2?>2, then 

f/- (6.15) (a+blsl) -~ ds d7 ~- ( ~ - l ) ( g  2)b2(a-bt)~ -2 

for t<0.  
From (6.14) and (6.15) it follows that 

(6.16) IAj(f)(t)l <_ 
c12a+ 1 

oz(o~-- 1) (IP-I/V r~ --r) 2 (1+ Ix I/v/2 - (IP l/x/2 --r)t) ~-1 

for t<_T, t<_O. 
From (6.3a) it follows that 

Cl 2a+1 

(6.17) t d A j ( f ) ( t )  <c~([p ] /v~-r)2( l+lx_l /v~-(pp_[/v /2-r) t )  ~-z 

for t<T, t~O. 
The estimate (6.12a) follows from (6.13), (6.16) and (6.17). For 0 < t < T  we 

shall use the formulas 
(6.18) 

/o; /o7 As(f)(t)= Fj(x +p_s+Z(s))dsdr+ _Fj(x +p ,+f(8))dsar 

I7 = A j ( f ) ( 0 ) +  Fy(x +p s+f(s)) dsd7 
Oo 

~o!jfT~ Yj (x_ -J-p- 8 ~- f (s) ) d~ dT, 

/07 (6.19) Aj( f ) ( t ) - t  Aj(f)(t) Aj(f)(O)- Fj(x +p s+f(s))dsd'r. 

For Aj(f)(O) we use the estimate (6.16), i.e. 

Cl 2~+I 
(6.20) ]Ay(f)(O)] < 

a(a 1)(Ip_[/v/2-r)2(l+lx I /v~)  ~-1" 
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We estimate the second term on the right-hand side of (6.19) in the following way, 

(6.21) 
t f  t 6 (x_ +p s+f(s)) ds dT 

/o7 ~Cl 2a+l ( l+ lx  [/v~+(lp_l/VZ2-r)s)-(~+l)dsd~ -. 

If a>0, b>0, /3>2, then 

(6.22) 

1 
(a+bs) ~ ds d~- = (/3_ 1)(/3_2)b2a/~_ 2 

1 t 

(/3-1)(~- 2)b2(a+bt)~ -2 (/~- l)b(a+bt)~ -1 
1 

< for t>0 .  
- (/3_ 1) (/3_ 2)b2aZ-2 

Thus, 

(6.23) / o t f  t d~- c12~+1 
Yj(x +p_s+f(s))ds <a(c~_l)(lp_l/x/~_r)2(l+l z [/V~)a_l. 

The estimate (6.12b) follows from (6.12a), (6.19), (6.20) and (6.23). 
From (6.3) and (6.12) it follows that 

max(  d A(f)(t) , A( f ) ( t ) - t  d A(f)(t) ) 

dc12a+1(Ip I/V~ 4-1-r) 
(6.24a) <- (~-l)(Ip_l/v~ -r)2(1+11-1/~/2- ( I p - I / v ~  - r ) t )  ~ 1 

for t<_T, t<0; 

(6.24b) 

max(  d A(f)(t) , A( f ) ( t ) - t  d A(f)(t) ) 

dcl 2~+1 (IP-I/x/2 + l - r )  < 
- ( a_ l ) ( i  p I /v~-r)2(l+lx_j/v~) ~-1 

for t<T. 
The statements of (2.6) follow from (6.1) and (6.24). 
Consider now Ad(f2)(t)-Aj(fl)(t), (d/dt)(Aj(f2)(t)-Aj(fl)(t)) for f l , f 2c  

MT,r (O<_r<l, r <]p_l/vZ2 ). 
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We shall prove that 
(6.25a) 

d -Aj(f l)(t))  (Aj (f2)(t) _< 

for t<T, t_<O; 

dc2 2~+2 (IP-l/x/2 + 1 -r)I l f2-  fl liT 

~(Ip I /x/U-r)2(l+lx-I/x/U (Ip I /x/U-r)t)  ~ 

(6.25b) d(Aj(f2)(t) Aj(fl)(t)) < dc22~+3(lp I/v~+l-r)llf2-filIT 
- ~ ( l ; _ l / v ~ _ ~ ) ~ ( l + l ~  I /v~ )  ~ 

for t <T. 
We shall start with the estimates 

(6.26) 

IFj (x_ +p_s+ f2(s))-Fj (x_ § fl (s))l 
(6.27) < ma• I v F j ( x _ + p _ s + ( 1 - ~ ) / l ( S ) + < h ( s ) ) l  If2(s)-fl(s)l" 

Ec[0,1] 
IVF2(x- +P-S+(1-~)fl(s)+vf2(s))I 

(1.2) 
(6.28) <_ dc2(l+[x_+p s+(1-c)fl(s)+cf2(s)[) (~+2). 

Further, for s<_T, eC IO, 1] the following estimates are valid 

(6.29) [(1-c)fl (s)+cf2(s)l <_ r ( l+ls l ) ,  

(6.30) 2(l+lx-+p-s+(1-~)fl(s)+cf2(s)l) >_ l+lx_l/v~+(Ip_l/v~-r)lsl ,  
(6.31) IVFj(x_+p_s+(1-c)fl(s)+ef2(s))l 

_< dc22 ~+2 (1+ Ix_ l/v/2 + (]p l/v/2 - r ) Is[)  -(~+2) , 

(6.32) I f2(s ) - f l (S) l  _< llf~-flllT(l+lsl). 

Using (6.26), (6.27), (6.31) and (6.32), we obtain 

d ( A j ( f 2 ) ( t ) -  (fl)(t)) Aj 
(6.33) 

<dc22 ~+2 (l§247247 
0(3 

If a>0, b>0, 3>2,  then 

(6.34) (a+blsl)-~(l+ Isl) ds <_ (a+blsl) -~ ds+ b l(a+blsl) -(9-1) ds. 
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Using (6.34) we obtain for a_>1, 
(6.35) 

/ ~  (~ -  l )b(a-bt) 1 ( a+ b l s I ) -9 ( l+  Isl) ds <_ + 

b + l  
<<- (/3_2)b2(a_bt)Z 2, t <_ O, 

/ * 2(b+l)  
( a + b l s I )  z( l+lsI)  d~ < (9_2)b2~Z_ 2 , t > 0. 

(6.36a) 

The estimates (6.25) follow from (6.33) and (6.35). 
We shall prove that  

Aj (f2) (t) - Aj (fl)  (t) - t ~ (Aj (f2) (t) - Aj (fl)  (t)) 

dc22 ~+2 (]P-]/V~ + l - r ) I I f 2 - f l  )IT < 
- ( a -  1) ( IP-] /v /~  - @  (1+ Ix I/v/7 - ( IP - I /V~  - r ) t )  '~-1 

for t<_T, t<0;  

d - A j ( f l ) ( t ) )  A j ( f 2 ) ( t ) - A j ( f l ) ( t ) - t  ~ (A j ( f 2 ) ( t )  

(6.36b) de223+3 (IP I /v~  + l - r ) I I f 2  --fl lit < 
-(o~-l)(Ip I/v~-r)3(l+lx i /V~)  ~ 

for t <T. 
For t < 0  we shall use that  

d 
Aj (f2) (t) - Aj  ( f l)( t)  - t ~; (Ay (f2) (t) - Ay (fl)  (t)) 

(6.37) 
t d A j ( f l ) ( t ) ) .  <<_ [d j ( f 2 ) ( t ) - d j ( f l ) ( t ) l+  -d~(Aj(f2)(t) 

From (6.2) and (6.25a) we obtain 

dc22~+2(lp I / v~  + l - r )  
IAy( f2)( t ) -Ay( f l ) ( t ) l  <_ 

~(Ip I 1 ~ - ~ )  ~ 

(6.38) • ~ 0 + l x - I / v ~ - ( I p  I /v~-~)~-f l  III2-IIIIT 

(6.11) dc22~+2 (IP-I/v/2 + 1 -r)IIf2 - f l  lIT 

o~(o~- l) (Ip I / ~  - r )  ~ (1 +Ix_ I / ~  - (Ip-I/v~ -~')t) ~-1 
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for t<T, t<_O. From (6.25a) we obtain 
(6.39) 

t d  (Aj(f2)(t)-Aj(fl)(t)) < dc22~+2(IP-I/v/2 +l-r) l l f2- f l l IT 
-ct(lp I/V/2--r)3(l+]x ]/x/2--(lP I/V/2--r)t) ~-1 

for t<_T, t<0.  
The estimate (6.36a) follows from (6.37), (6.38) and (6.39). 
For 0 < t < T  using (6.19) we obtain 

d (Aj(f2)(t)-Ay(fl)(t)) <_ IAy(f2)(O) Aj(fl)(O)l Aj( f2)( t ) -Aj( f l ) ( t ) - t  

fot~ t dT-. (6.40) + (Fj(x +p_s+f2(s))-Fj(x +p s+fl(s)))ds 

Due to (6.38) we have 

d~22~+2(I; I / , / 2 + 1  r ) l l / : - f l l l ~  
(6.41) ]Aj(f2)(O) Aj(fx)(O)] < 

a(c~-l)(lp I/,/5 r)3(1+l x I /v~) ~-1" 
Due to (6.27), (6.31) and (6.32) the second term on the right-hand side of (6.40) 
admits the estimate 

/o7/ (Fj(z_+p_s+f2(s))-Fj(z +p s+fl(s))) ds 

(6.42) <dc22 ~+2 f f (1§ I/~/2 §  �9 
-- dO JT 

If a>0 ,  b>0, /3>3, then 
(6.43) 

/o7 /o7 /o7 (a+bs)-/3(l+s)dsaT<_ (a+bs)-/3 dsdT+ b-l(a+b8) (/3 1) dsdT. 

Using (6.43) we obtain 

/o7 1 (a+bs)-/3(l+s) dsdT < (/3_l)(/3_2)b2a/3 2 4 
(6.44) 

b + l  < 
- ( / 3 - 2 ) ( ~ - 3 ) b 3 a ,  3 

(/3_2)(~_3)b3a/3 3 

for t_>0, a_>l. Thus, 

fo'f t dsdT (Fj (x_ +p_s+ f2 (s)) -Fj  (x_ +p_s+ fl (s))) 

(6.45) dc22 ~+2 ( ]p_/ /v~ §  lit < 
- 1 ~ - 1 -  ~(~ 1)([p I / v ~ - r ) 3 ( + l x _ l / v ~ )  
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The estimate (6.36b) follows from (6.36a), (6.40), (6.41) and (6.45). 
Drom (6.25) and (6.36) it follows that 

(6.46a) 

max(~-~(A(f2)( t ) -A(f l ) ( t ) ) ,A(f2)( t )  A(f~)(t)-t  d (A(f2)(t)-A(fl)(t)) ) 

d2c2 2~+2 (IP-I/x/2 + 1 -  r)2 II f 2 - f l  lIT 

-(a_X)Op_l/x/~_r)3(l+l x I /x /~-(Ip_l /V~-r) t )  ~-1 

for t<T, t_<0; 
(6.46b) 

max(  d (A(f2)(t)-A(fl)(t)) , A(f2)(t ) A( f l ) ( t ) - t  d (A(f2)(t)-A(fl)(t)) ) 

< d2c22~+3([P I/x/2+l--r)211f2--fl[[T 
-- (c~_ l)([p_[/x/~_r)3 (l+lx_]/v~ ) a-1 

for t<T. 
The statements of (2.7) follow from (6.46). Lemma 2.1 is proved. 

Proof of Lemma 2.2. The estimates (2.9) and (2.10) follow immediately from 
(6.3a) and (6.16). Further, we have 
(6.47) 

Aj(f)(t) = x_ +p s+f(s)) ds dr+ x_ +p s+f(s)) ds dr 
o o  ~ - - o o  

= Fj(x + p _ s + f ( s ) ) d s d r + l l  Fj(x +p s+f(s))dsdr 
o o  o o  - -  c x )  

f F  Yj(~ +p s+f(s))a~& 
--JO J T  

Fj(~_ +p s+f(s)) J]Fj(x 
F7 Fj(x +p_s+f(s)) dsdr 

--JO J~- 
fT Fj(x +p_s+f(s))dsdr. 

-}-.It J r  

Thus, we obtain (2.11) and (2.12), where 

f + ~ + o o  (6.48) H(f)(t) = F(x +p s+f(s)) ds dr. 
J t  J T  
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Using (2.12), (6.48), (6.2), (6.3a) and (6.16) and the observations 

f+~ /_~ 
(6.49) 7~(s) ds = ~ ~ ( - s )  ds, ~- >_ 0, 

f ~ M~,~, T = +o~, g(~) = f ( - ~ )  ~ g ~ M~,~ 

we obtain the estimates (2.13), (2.14) and (2.15). 
Lemma 2.2 is proved. 

Proof of Lemma 2.3. Using (2.2) and (2.6b) we obtain 

(6.50) IIY---011T=IlY II~<_~(d,~,~,lP-I,l~ I,r), T = ~ - ~ .  

Using (2.12), (6.2), (6.25a) and (6.38) for t=0 ,  (6.49), (6.50) we obtain the esti- 

mates (2.16). 
Lemma 2.3 is proved. 
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