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On Grhchenig, Heil, and Walnut's proof 
of the local three squares theorem 

Kristian Seip 

It is plain that  the positive (and nontrivial) part of Theorem 5.1 of the preced- 
ing paper by K. Grhchenig, C. Heil, and D. Walnut [1] is equivalent to the following 
theorem. (We keep the notation from [1] with the following slight exception: #k de- 
notes the characteristic function of the interval [-rk,  rk], and uk is the characteristic 
function of the d-dimensional cube [-rk,  rk]d.) 

T h e o r e m .  Suppose 0 < r l  <r2 and rl/r2 ~Q, and set R=rl+r2 .  Then the set 
of functions of the form (g1#1)*#2 + # l *  (g2#2), with gl, g2 E L ~ ( - R ,  R), is dense 
in L 2 ( -  R, R). 

This observation underlies the proof of Theorem 5.1 of [1]. Below I will give a 
more direct proof of the theorem just stated. A d-dimensional extension, equivalent 
to the local three "squares" theorem in dimension d>  1 (cf. Theorem 6.1 of [tl) , will 
be obtained as a corollary of this theorem. 

Pro@ It is enough to consider linear combinations of (g~ttl)*#2, with g~(t)= 
e i~kt/~l , and #~*(g2#2), with 92(t)=e i'~kt/~2, k denoting an arbitrary integer. Tak- 
ing Fourier transforms, we see that  the question is whether the linear span of the 
functions 

a ( t )  
t ( t -Aj ,  k)'  

with ar and G(t)=sin(27crjt)sin(27cr2t), is dense in the Pale~Wiener  
space PW2R. This is answered in two steps. 

First we prove that  G(t) / t  belongs to the closed span of these functions: Choos- 
ing ak>O such that ~ k  ak 1 and 2 ~'~k ak--e, we obtain 

/ G(t) a~&l,kG(t) 2 / R  akG(t) 2 dt < 2rlTr2c, 
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by the orthogonality of the functions sin(27rrlt)/(Al,k--t). The claim follows since 
c > 0  is arbitrary. 

In the second step, we check that  tile functions G(t)/t, G(t)/t 2 and G(t)/ 
(t Aj,k) constitute a complete sequence in PW2R. By step one, this will prove the 
theorem, since each of these functions is a linear combination of functions from the 
original sequence along with G(t)/t. This completeness can be proved in different 
ways. By performing a suitable block summation of a corresponding Lagrange-type 
interpolation formula, one may in fact obtain a considerably stronger result about  
the approximation of functions in PW2R by linear combinations of functions from 
this sequence. Such an approximation result and thus in particular the completeness 
were proved by Levin [2]; see also [3, pp. 151 153], where this type of interpolation 

is investigated in the case tha t  the zeros of the corresponding function G are simple 
and uniformly separated. 

To make this note self-contained, I give an argument for the completeness. It  is 
convenient to switch to the equivalent norm and inner product  for PW2u obtained 
by integrating along the horizontal line Im z = - l .  We shall prove tha t  a function 
F which is orthogonal to each of the given functions, must vanish identically. We 
see tha t  

oo \ x - i - A / d x   F(x- dx. 

For I m A > - l ,  the integrand times e i2:rRx belongs to H 1 of the upper  hMf-plane. 

Thus 

/? /? F(x- i ) (C(x  i)~dx= F(x-i)  G(x i)(l_ei2~R(x_(),_i)))dx 
\ x - i - A /  x-(A-i) 

e-- i2"rrR(A-i)  

• F(x_i)G(x+i)e -i2~Rxsin27rR(x-(A-i)) 
o~ x -  (A-i) dx 

for I m A > - l .  As a function of A, the right-hand side belongs to PW2R.  The 
orthogonality of F to each function in our sequence implies tha t  this function is 

of the form H(z)G(z) for some entire function H.  This is impossible unless H- -0 ,  

whence F(x i)G(x+i)e -~2~R~ must be orthogonal to PW2R. We let f denote 
the inverse Fourier t ransform of F and use the P a l e ~ W i e n e r  theorem to see tha t  
then a linear combination of f(t), f(t-2rl),  f(t-2r2), f ( t -2R) is orthogonal to 
L2(-R, R) considered as a subspace of L2(R).  This can only occur when f is zero 
almost everywhere. [] 

We shall deduce two corollaries of this theorem, of which the second is equiv- 
alent to the positive part  of Theorem 6.1 of [1]. To simplify the book-keeping, we 
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set 

H~hm = hi *h2*...*h.~ 

when hi,  h2, ..., h~ are functions defined on R. 

C o r o l l a r y  1. Suppose O<rl<r2<...<rm ( m > 2 )  and r j / r k~Q for jTs and 
set R=Ej'~_I rj. Then the set Of functions of the form E~_~ (gjpj)* (II~#jpk),  with 
gj cL2[-R,  R], is dense in L2( -R ,  R). 

Proof. The proof is by induction on m. We note tha t  when m=2, the s ta tement  
is identical to that  of the theorem. We set r e = n + 1  and assume the corollary has 
been established for m=n.  

In what follows we let/2k denote the characteristic function of the interval I - R +  

rk,R--rk]. The induction hypothesis implies that  any function #k*(/zk/2k), t~kC 
L2(-R ,  R), may be approximated by functions of the form ~jck(gjpj)*(II~r 
In particular, we may choose 

assuming of course that  j , k r  In other words, any function (hjl~j),(hkltk), 
[I;r p may be approximated by functions of the form stated in the corollary. 
Using the induction hypothesis a second t ime (freezing j and letting k vary), we 

find that  any function (hjt~3),(hjPj) may be approximated by those same func- 
tions. Now remains only the simple exercise to check that  the linear combinations 
of functions of the form (hi #j) * (hi fry), hi, ]~j c L 2 ( -  R, R), constitute a dense subset 
of L 2 ( - R , R ) .  [] 

C o r o l l a r y  2. Suppose O<rl <r2<...<rd+l and r j / r k~Q when jTs and set 
=A.~j=I rj. Then the set of functions of the form N-~d+X ~ j  ~ . j .  (~j ;,j), ~vith ~,j de- 

noting the characteristic function of [- R + r j , R -  r j ] d and ~j E L 2 [- R, R] d, is dense 
in L 2 I-R,  R]d. 

Proof. Corollary 2 is an immediate consequence of Corollary 1 (with m d + l ) ,  
since any product  f l(xl)f2(x2). . ,  fd(Xd), with each f j  a function as in Corollary 1, 
is a function as s tated in Corollary 2. [] 
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