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Lazzeri's Jacobian of oriented 
compact Riemannian manifolds 

Elena Rubei 

Abstract .  The subject of this paper is a Jacobian, introduced by F. Lazz~eri (unpublished), 
associated with every compact oriented Riemannian manifold whose dimension is twice an odd 
number. We study the Torelli and Sehottky problem for Lazzeri's Jacobian of flat tori and we 
compare Lazzeri's Jacobian of K~ihler manifolds with other Jacobians. 

1. I n t r o d u c t i o n  

The subject of this paper is a Jacobian, introduced by F. Lazzeri (unpublished), 
associated with every compact oriented Riemannian manifold of dimension twice an 
odd number. 

In the literature there are already "analogous" Jacobians associated with com- 
pact K~hler manifolds: Well's and Griffiths' Jacobians, introduced in the 50's and 
the 60's, respectively (see [W] and [G], and also [C], [GH], [Well, [Gre] and ILl]). 

Definition 1.1. Let (M, g) be a compact K~hler manifold of complex dimension 
m. Let f~ be the (1,1)-form associated with g. Let p E N  with p<_m-1. 

Suppose f~ is rational, then the pth Well's Jacobian is the following abelian 
variety: the torus 

H 2p+l (M, R ) / ( H  2p+l (M, Z)/ torsion) 

with the complex structure given by - C  and the polarization whose real part is 
T~(c~,/3)=fM c~A./3, where Weil's operator C: Hq(M, C)--+Hq(M, C) is the linear 
operator that  is multiplication by i a-b on H a'b (it takes Ha(M, R) into Hq(M, R) 
and, if q is odd, then C 2 = - 1 ) .  

The pth Grij~ths' Jacobian is the complex torus 

H 2p+1 (M, C) / (F  p+I (M) + H  2p+I(M, Z)) = F p+I (M)/~rFp+,,gp+, (H2p+I (M, Z)) 
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with the complex structure given by i on F p+I (M) (we use the notation Flq(M):= 
(~a+b=q, a>l H~'b( M, C) and omit the subscript q when no confusion can arise). 

More recently Lazzeri introduced the following Jacobian. 

Definition 1.2. If (M, g) is a compact oriented Riemannian manifold of dimen- 
sion 2m=2(2k+1) ,  then Lazzeri's Jacobian of (M,g) is the following principally 
polarized abelian variety: the torus 

H'~(M, R)/(Hm(M, Z)/torsion) 

with the complex structure given by the operator * and the polarization whose 
imaginary part is Z(a,/3) =- fM aA~, a, ilEUm(M, Z). 

(The operator .:  Hra(M, I:t)--~Hm(M, R), defined through the isomorphism of 
Hm(M,R) with the space of harmonic m-forms, has square -1 ,  so it induces a 
complex structure on H m (M, R) and one can easily see that  our complex torus is 
really a principally polarized abelian variety since, on Hra(M, R), the form fM -A*. 
is positive definite, fM "A'=fM *-A*. and fM-A. is principal.) 

To compare Weil's and Griffiths' Jacobians with Lazzeri's Jacobian we need 
some notation. 

Notation and recalls 1.3. (See [C], [W], [GH], [Wel], [Gre] and ILl].) Let (U,g) 
be a compact K~hler manifold of complex dimension m. Let fl be the (1, 1)-form 
associated with g. 

For all qEN odd, we define 

Jq(M) :--- ~]~ H~'b(M, C), 
aTb=q 

a--b--1 (mod 4) 

the i-eigenspace of C. 
Let L be the operator on the set of forms on M defined by L~=ftA~? and A 

the adjoint operator of L. A form r/is said to be primitive if A~?=0. The operators 
L and A induce operators, again called L and A, on Hq(M, C), and aEHq(M, C) 
is said to be primitive if Aa=0.  Every form 0J of degree q can be written uniquely 
in the form 02 :~ r>(q_ rn )+  Lro)r, where Wr is a primitive form of degree q-2r and 
x+:=max{0, x}. Analogously aEHq(M,C) can be written uniquely in the form 
a=~r>_(q_m)+ Lra~, with a~ primitive in Hq-2~(M, C). Define 

K=K(M,g) 

={~EHm(M,C) a= ~ L~(~r, arEHm-2r(M,C) primitive}, 
r>O 

r- - -m(rn+l) /2  (rood 2) 
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K '  = K ' ( M ,  g) 

={aeHm(M,C)  
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(~= ~ Lrt~T, a r E H m - 2 r ( M , C ) p r i m i t i v e } .  
r>0 

r--l--re(re+l)~2 (rnod 2) 

Let (M, g) be a compac t  K/ihler manifold of  dimension m=2k+ 1. Consider  the 

decomposi t ion  Hm(M, C) =K(M, g)@K'(M, g). In  Section 3 we see tha t  . = C o n  K 

and * = - C  on g ' .  Observe tha t  H'~(M,R)=(H'~(M,R)NK)@(Hm(M,R)AK'). 
Then  the  k th Griffiths',  the  k th Weil 's  and Lazzeri 's  Jacobians  of (M, g) are the same 

real torus,  H'~(M, R)/(Hm(M, Z)/ tors ion) ,  with different complex s tructures:  

- C  for the  k th Weil 's Jacobian;  

CIHm(M,R)NK(~--CIHm(M,R)n K, for Lazzeri 's  Jacobian;  

Cl{~l+fll~lej,n(M)NF--~-+t(M)}(~)--Cl{tl+f?lrlEjm(M)nFk+t(M)} for the  k th Griffiths'  Ja-  
cobian. 

(From this we see tha t  the "change" of  the  complex s t ruc ture  depends on the  
complex s t ruc ture  of  M for Griffiths'  Jacobian  and Weil 's  Jacobian,  and on the class 

of  Ft for Lazzeri 's  Jacobian  and Weil 's Jacobian,  and that ,  for K/ihler manifolds, 

Lazzeri 's  Jacobian  depends  only on the complex s t ruc ture  of  M and on ~) .  

Lazzeri 's  Jacobian  and the k th Weil 's Jacobian  are principally polarized abelian 

varieties(l)  (also if ~ is not  rational)  and the  real par t  of  the polar izat ion is the  

same, f M - A *.. 
If  m = l ,  i.e. M is a compact  Riemannian  surface with a hermit ian metric,  

we have tha t  Lazzeri 's  Jacobian,  Weil 's  Jacobian  and Griffiths'  Jacobian  (with the 

polar izat ion given by - f M - A -  on Hm(M, Z)) are the same (in fact, if r e = l ,  i.e. 

k--0,  we have K = { 0 }  and J i N F l = { 0 } )  and they  are isomorphic to the usual 
Jacobian.  

The  advantage  of Lazzeri 's  Jacobian  with respect to Weil 's and Griffiths'  ones 

is tha t  it is definable not  only for compac t  K/ihler manifolds, but  for any compac t  

oriented Riemannian  manifold whose dimension is twice an odd number.  Unfor tu-  

nate ly  Lazzeri ' s  Jacobian  of  K~hler manifolds, as Weil 's Jacobian,  does not  vary 

holomorphical ly  (see Section 3), while Griffiths'  one does. 

(1) Observe that the polarization of Lazzeri's Jacobian is principal if and only if the po- 
larization of Weil's Jacobian is principal, in fact: let Zw and Z L be the imaginary parts of the 
polarizations of Weil's Jacobian and Lazzeri's Jacobian, respectively, and let B be a basis of 
Hm(M,Z). Consider a basis `4 ---- ̀41U ̀4 2 such that .A1 is a basis of Hm(M,R)nK and -42 is a 
basis of Hm(M, R)NK ~ and such that the determinant of the matrix expressing B as a function of 
`4 is 1. We have detB ZW =det.4 Zw = 4- det~, ~[L = 4- dett3 ZL. Thus ] dets Zw I = 1 r I dett~ ~[L ] = 1. 
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The outline of the paper  is the following. In Section 2 we s tudy the Torelli and 

Schottky problems for Lazzeri 's Jacobian of flat tori. Section 3 deals with Lazzeri 's 
Jacobian for Ks manifolds, and in Section 4 we examine Lazzeri 's Jacobian of 
a bundle. 

Notation 1.4. Let 

,A h : :  {principally polarized abelian varieties of dimension h}/isomorphisms,  

le t  ~-~h be the h-Siegel upper  half space and Ph: 7"Lh--~Ah be the projection. 
Let k E N  and m = 2 k + l .  Let ~ C { ( M , g ) I M  is an oriented compact  Coo man-  

ifold of dimension 2m and g is a Riemannian metric on M}. 

Let (Ml,gl), (M2,g2)ET~. We say tha t  (Ml,gl)~(M2,g2) if and only if there 
exists an orientation preserving diffeomorphism f :  M1 ---)M2 and a Coo map  t: M1 --~ 

R + such that  (M1, tgl)ET~ and f*g2=tgl. Let 

T = Tn: T~/~ > .A(1/2)b,,(M) 

be the map  sending the class of (M, g) into Lazzeri 's Jacobian of (M, g). 
Now fix M and a symplectic basis S of Hm(M, Z)/ tors ion with respect to 

- fM .A- and let T~C{glg is metric on M}. Then Tn can be lifted to a map  

A A 

T = Tn,s: T~/conformal equivalence > 7-I(W2)b,,(M ) 

(g 1, g2 E 7"~ are conformally equivalent if and only if there exists a C ~ map  t: M - +  R + 
such tha t  gl =tg2). 

First (in Section 2) we s tudy the case of fiat tori. 

Definition 1.5. Let ~ be the equivalence defined in Notation 1.4. Define 

.T~ -- {(R~/A,  g) I A is a lattice and g is a fiat metric on R ' V A } / ' ~ .  

Observe tha t  here the equivalence ~ becomes (Rn/A,g)' ,~(Rn/A',g ') if and 
only if there exists an orientation preserving map  f :  R n / A - + R n / A  I induced by a 
linear map R n - + R  n such tha t  f*g~=cg for some c E R  +, where the orientation is 
the s tandard one for R n (in fact, if (Rn/A,  g) and (Rn /A  ', g') are equivalent for 

through a map ~, then ~ is given by an affine map  R ~ - ~ R n ) .  

To s tudy Lazzeri 's Jacobian of flat tori, we first observe that  

= { ( R n / Z  ~, g) lg is a flat metric on R n / Z n } / ~ .  
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Then we fix a symplectic basis of H m ( R n / Z  n, Z) with respect to - fR- IZ"  -A- and 
study the map 

:F: { ( R n / z n ,  g) I g is a fiat metric on Rn/Zn}/conformal  equivalence ) 7-/N, 

where n = 2 m = 2 ( 2 k + l )  and N : =  �89 dim A m R ~. Using the study of T, we study the 
quotient map 

T: ~',~ = { (R~ /Z  ~, g) I g is a fiat metric on R ~ / Z ~ } / ~ - - - +  .AN. 

We prove the following theorem. 

T h e o r e m  A. (i) Chosen any symplectic basis of H m ( R n / Z  n, Z) with respect 
to - fRn / z  . .A., the map 

f~: {g I g is a fiat metric on Rn  /Z'~ } / confo~nal equivalence-~ 7-l N 

is injective. 

(ii) Lazzeri's Jacobian of a generic flat oriented torus has no nontrivial auto- 
morphisms as a principally polarized abelian variety. 

(iii) The map T: U,~-+ -AN is generically locally injective. 

Then we study the image of :F (and thus the image of T, since obviously 
Im T = p N  (Im T)),  see Theorem B. 

In Section 3 we consider Lazzeri's Jacobian of K~fler  manifolds. We saw that  
it depends only on the complex structure and on the class ~ of the (1, 1)-form 
associated with the metric. In Proposition C we fix ~ and we study when the 
map associating Lazzeri's Jacobian with the complex structure is holomorphic and 
we observe another local "Torelli theorem" for Lazzeri's Jacobian, which holds in 
particular for another class of Ricci-flat metrics (K~hler-Einstein ones on complex 
manifolds with trivial canonical bundle). One could conjecture tha t  Tn  is locally 
injective if T~ is a set of Ricci-flat metrics on a manifold M. 

Finally in Section 4 given a bundle F - ~ M ,  we study when there is a holomor- 
phic map from Lazzeri's Jacobian of M into Lazzeri's Jacobian of F and we study 
when it is injective (Proposition D). 

We think that  one can easily find open problems about Lazzeri's Jacobian, for 
instance to s tudy P rym-Tyur in  varieties for it, the relationship with the theory of 
degeneration of abelian varieties and to continue with the study of Schottky and 
Torelli type problems. 
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2. T h e  c a s e  o f  t o r i  w i t h  fiat m e t r i c s  

2 .a .  S o m e  l e m m a s  o f  l inear  a l g e b r a  

In order to s tudy Lazzeri 's Jacobian of fiat tori, it is useful to s tate  some lemmas 
from linear algebra. 

Notation 2.1. Let m E N ,  V be an R-vector  space of dimension n=2m and 

{vj}j=l ..... n be a basis of V. Let n : = { ( i l , . . . , i , ~ ) E N ' ~ i l < i ~ < . . . < i m < n } .  We call 
the basis {vi=vi l  A...Avim }zen of Am V lexicographically ordered if we order it by 
ordering the multiindices of T~ by the lexicographic order. 

Let Z : = { I = ( 1 , i ~ , . . . , i , ~ ) E N m l l < i 2 < . . . < i m < n } .  If I E Z ,  we choose one of 
the multiindices J such tha t  we obtain (I ,  J )  from (1, ..., n) with an even number 
of transpositions and we call it ] .  Let C = { I ] I E Z } .  Now take the multiindices in 

in the lexicographic order and call them I1, I2, .... The symmetric lexicographic 
order is the order I1, /2, ..., I1, /2, ... of the multiindices of ZUC. We call the 
basis {vz}~czuc of A m v symmetrically lexicographically ordered if we order it by 
ordering the multiindices of ZU$  by the symmetr ic  lexicographic order. 

L e m m a  2.2. Let m E N  and n=2m.  Consider the set o/positive scalar prod- 
ucts on R n up to con/ormal equivalence. The map, defined on this set, sending 
the class of a positive definite scalar product into its operator �9 on Am(Rn)  v, is 
injeetive. 

Proof. Given a scalar product  on R n and v, w E R  n, we have tha t  v_Lw if and 
only if there exists an m-subspace S of R ~ such tha t  S_Lw and S 9 v ,  and this is 
equivalent to the existence of ~ E A  m-1 R n, a simple (i.e. of the kind vlA.. .AVm-1) 
such tha t  wA*(aAv)=O and aAv:~0.  Thus * determines the conformal struc- 
ture. [3 

L e m m a  2.3. Let ~ be a real upper triangular n x n matrix, where n=2m.  Us- 
ing the lexicographically ordered set T~ as the set of multiindices, the matrix A m ~ is 

c )  using the symmetrically lexicograph- upper triangular. Moreover, if  A m 12= A 
B D ' 

ically ordered multiindices ZUC, then B=O, A is upper triangular and D lower 
triangular. 

We leave the proof to the reader. 

L e m m a  2.4. Let ~ be a real upper triangular n • n matrix, where n=2m,  with 

( A C ) ,  using the multiindices ZUE ordered by first taking det 12 = 1. Let A m ~ = D 

the multiindices in ~ in any order Ks,  K2, ..., and then taking K1, K2, ... (e.g. the 
symmetric lexicographic order). Then we have 

(a) A~D=I; 
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(b) for IEZ and JEE, 

0, if I and J have more than one index in common, 
(A-1C)H = , ~-~l,l 

• ~H,I ' if i and J have only the index I in common. 

Proof. If P and Q are two multiindices, then 12p, Q will denote the determinant 
of the minor (P, Q) of ~. We will denote the jth column of ~ by vj and vj -121,jel 
by% 

(a) Let I = ( i l ,  ... ,im)EZ and J = ( j i ,  .-. , jm)EE. We have 

(AtD)l,jelA...Aen = E ~8,i~g,jel A...Aen 
sc:[ 

:(S~i"S,leSlh'"Aesm)A(T~E ~~T, JetlA'"Aetm ) 

= ( s ~ s  ~s,lesl A...Aes,n) A ( T ~ s  ~T, jetl A'"Aetm) 

= vix A...Avi,,, AVjl A...Avjm 
= {  O, i f g # i ,  

elA...Aen, i f J = I ,  

where S=(sl, ..., sin), T=(tl ,  ..., tin), and the third equality holds because gts, t=O 
for SEE and IEZ and esAeT=O if S, TEZ or S, TEE. 

(b) Let I = T =  (tl ,  ..., tin) EE and J =  (jl, -.., j r , )  EE, and observe that  they nec- 
essaxily have some index in common. Let l=tr=js. We have, using (a), 

( A-1C)T jel A...A en : ( Dt C)T jel A...A en 

= ( E  ~ ; T ~ K , J )  elA'''Aen 
"KEZ ' " 

= Ot~ A...Avtm A(vj, A...Avjm --~j, A...A0j,~) 

= "vtl A...Avtm Avjl A...Avjm 

Ot~ A...Avt,~ Avj~ A...Avj~_~ A~l,lel Avj~+l A...Avjm 

-- Vtl A...A'vtm A'vjl A...A'~j~_~ A~l,tel AOj,+l A...A0j,n 

0, if T and J have more than one index in common, 

= ~1 l 
e~--~el A...Aen, if T and 3" have only the index l in common, 

a t l , l  

where E is the sign of the permutation taking (t 1 ,  - . .  , t in,  j 1 , . . . ,  i s - -1 ,  1, js+l, "*~ , j r n )  

into (1, ... ,n).  [] 
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2.b .  P r o o f s  o f  T h e o r e m s  A a n d  B 

Notation 2.5. Let P~:={AEM(nxn, R)IA=A t, A > 0  and d e t A = l }  and let 
7-~:={TEM(nxn, R)IT lower triangular, Tj,j >0  for all j and d e t T = l } .  

Remark 2.6. (i) The set 

{ ( R n / Z  n, g) ig is a fiat metric on Rn/Zn}/conformal  equivalence 

is in bijection with Pn, and thus with T~. 
(ii) We have that 

~'n = { ( R n / Z  n, g) I g is a fiat metric on R " / Z n } / ~ , , =  Pn/SL(n, Z) 

(where AESL(n,  Z) acts on P~ by PF-+AtPA, PEPn) and we endow this set with 
the quotient topology induced by the set in (i). 

Notation 2.7. Let n:=2m=2(2k+l) and N : = � 8 9  

We want to s tudy the map 

:F: { ( R n / z ~ ,  g) IN fiat metric on Rn/Zn}/conformal equivalence = P~ = T~ ) 74N 

(after fixing a symplectic basis of H m ( R n / Z  n, Z) with respect to fR-/z, .A.) and 

T:.Tn={(Rn/Z'~,g) ]g is a flat metric on Rn/Z'*}/,~=Pn/SL(n,Z) > .AN. 

We recall that  Hq(Rn/Zn,R) is in bijection with the set of harmonic q-forms, 
which are the translation invariant q-forms, and thus Hq(R'VZn,R)=Aa(R'~) V 
and Uq(Rn/Z '~, z ) = A q ( z n )  v (see [LB] or [M]). 

In the next proposition, after choosing a symplectic basis for H ' ~ ( R n / Z  n, Z) 
with respect to - fRn/z- -A., we write explicitly the image of T of the torus R n / Z  n 

with the fiat metric given by the matrix LtL as a function of L. 

P r o p o s i t i o n  2.8. Let LEGL(n,R). 
Let 

 k§ { A(L) C(L) 
A ( L - ' ) t = ~ , B ( L )  D(L)]'  

using the symmetrically lexicographicaUy ordered set ZUE as set of multiindices. 
Set 

( X(L) ~ ( A(L) -B(L) ~-I ( C(L) 
Y(L) ] = k, B(L) A(L) ] ~ D(L) ) 
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and define Z(L)=X(L)+iY(L)  EM(N • N, C). 
Let d e t L > 0 .  Let (dxj}j=x ..... n be the standard basis of (Rn) v. Consider 

the symmetrically lexicographically ordered basis { dx l =dXi~ A...Adxi2~+~ }iezux as 
symplectic basis for H m ( R " / Z  n, Z) with respect to - fR , / z -  .A.. 

Then :F(R'VZ n, LtL)=Z(L) (the orientation of R n / Z  n is given by the stan- 
dard one of Rn).  

Proof. Let b~ be the columns of L -x, they are an orthonormal basis of R n 
for the metric LtL. The matrix representing the symmetrically lexicographically 
ordered basis (dx~}iczue as a function of the symmetrically lexicogTaphically or- 

b v dared basis { ,  },czug of Hm(Rn/Zn, R) i s  A2k+l(L-i)t=( A C D) Thus the ma- 

trix expressing {dxl, *dxl}iez (Z lexicographically ordered) as a function of the 

symmetrically lexieographically ordered basis { I }Iezue is B -a B and the one 

expressing {dXr}le~ as a function of the symmetrically lexicographieally ordered 

basis {b)'}zezue is ( ~ ) .  Thus the matrix ( ~  -aB) -1 ( ~ )  expresses {dXt}leE as a 

function of {dxz, *dXl}leZ. Thus we have proved that the period matrix of La~zeri's 
Jacobian of (R 'VZ n, LtL), taking the symmetrically lexicographically ordered basis 
{dXl}leZUe as symplectie basis, is Z(L). V1 

Proof of Theorem A. We use Proposition 2.8 and its notation. 
(i) Since harmonic forms on tori are the translation invariant forms, by Lemma 

2.2, we conclude (i). 
(ii) Let S:----Sp~N(Z).(2) If F~:=(Xe?-lNia(x)=X} for aeS*:=S\{Id},  we 

have to prove that T ~ \ Z - I ( U ~ e s .  F~) is an open dense subset of T~ (Z defined 
in Proposition 2.8). The openness follows from the fact that  S acts properly and 
discontinuously on 7-/N (see [LB], p. 218). To prove the density, it is sufficient (by 
Baire's theorem) to prove that for all aES*, the set T~\Z-I(F~) is an open dense 
subset of T~. Since Z - I ( F ~ )  is defined by polynomial equations, we have only to 
prove that T~\Z-I(F~)r i.e. that  Z(Tn)cF~ implies a=Id. 

Let aES be the map ZF-+(MZ+N)(PZ+Q) -a and suppose that Z(T~)CF~. 
Obviously, ZEF~ if and only if Z P Z + Z Q = M Z + N .  

Let LETs.  For every c a R  + let L(c) be the matrix obtained from L by mul- 
tiplying LI,1 by c -4k-1 and the other entries of L by c. We have Z(]-,(c))~- 
c4k+2Z(L), by the definition of Z. Since Z(L(c))EF~ for all c E R  +, we have 
csk+4Z(L)PZ(L)+c4k+2(Z(L)Q-MZ(L))-N=O for all c E R  + and LET~. Thus 

(5) We do.no S.~(Z):={ (~ ~) ~ M(2N • 2N, Z)l (~ ~)~ (0 ~)(o~ ~_r0~j_~, -'~0 J }' which 
acts o. ~ by ( :  9) ~ = ( ~ + ~ ) ( ~ + ~ ) - '  ( ~  I~l, ~a~te~ ~) 
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(1) N=0;  
(2) Z(L)PZ(L)=O for all LCT~; 
(3) Z ( L ) Q - M Z ( L ) = O  for all LeT~. 

Hence, Q=(Mt)  -1 by (1) and the fact that aES, and P = 0  and M = Q  by (2) and 
(3), taking L=I.  Thus U is orthogonal. From (3) we have Y ( L ) M = M Y ( L )  and 
this implies that M is diagonal (take L such that Y(L) is diagonal with the diagonal 
elements different from each other). Being M orthogonal and diagonal, M must be 
diagonal with only • on the diagonal. Still from Y ( L ) = M Y ( L ) M  -1, taking L 
such that Y(L) is not diagonal, we obtain M = I .  

(iii) This follows right away from (i) and (ii), since S acts properly and discon- 
tinously on 7-/N. [] 

Remark 2.9. The map T:~-n-+.A~ is not injective. 
In fact, considering a diagonal matrix FET~ and its inverse matrix F -1, we 

have C ( F ) = B ( F ) = C ( F - i ) = B ( F - 1 ) = O  and A(F)=A(F-1)  -1, D(F)=D(F-1)  -~ 
(using the notation of Proposition 2.8). Thus Y ( F - 1 ) = y ( F )  -1 and X ( F - 1 ) =  
X(F)  =0. Then Z ( F ) = - Z ( F - 1 )  -1. Hence the Z's differ by an element of SP2N(Z). 
Thus Lazzeri's Jacobians of (R~/Z n, F 2) and of (R~/Z  n, ( F - l )  2) are isomorphic 
principally polarized abelian varieties. 

But we can choose F in such a way that there does not exist AESL(n, Z) such 
that A t F~A = ( F -  1)2. In fact A t F2A = (F-  1)2 is equivalent to F A F  being orthogo- 

1 nal and, e.g., if we take as F the diagonal matrix whose diagonal is (1, ..., 1, �89 5,6), 
we have that there does not exist AESL(n, Z) such that F A F  is orthogonal, and 
thus there does not exist AESL(n, Z) such that AtF2A=(F-1)  2. Hence F 2 and 
( F - l )  2 (EPn) do not represent the same element in ~-~ (see Remark 2.6). 

Now we will choose a particular symplectic basis and use Proposition 2.8 and 
Lemmas 2.3 and 2.4 to study the image of T (and then the image of T, since 
obviously it is equal to PN (Im T)). 

T h e o r e m  B. Let {dxl,... ,-dxn} be the standard basis of (R'~) v. Take the 
symmetrically lexicographicaUy ordered basis { dx l =dxil A... Adx~,~ } tezus as a sym- 
plectic basis of ( Hm(R 'VZ  n, Z ) , -  IR- /z-  -A-) and index the entries of the matrices 
in 7-lN by the lexicographicaUy ordered set 5[. 

Then ImT={X+iYET-IN](1) and (2) hold}, where 
(1) Y = E E  t, where ELj=det (S) i , j  , I, J E I ,  for some upper triangular n x n  

matrix S with determinant 1 and Sj,j >_0 for j = l ,  ..., n; 
(2) XH=O, if I and J have more than one index in common (I, JEZ). 

Proof. Let LET~. Using Lemmas 2.3 and 2.4 and the notation of Propo- 
sition 2.8, we have A2k+I(L-1) t (A(L) C(L) = 0 (A(L)~) - ' ) "  Hence, X(L)=A(L) - IC(L)  
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and Proposition 2.8 and Lemma 2.4 imply the claim for X. Moreover, Y ( L ) =  
A-I (L) (A- I (L) )  t, where A(L)i , j=det( (L-1) t ) l , j .  So Y(L )=A- I (L ) (A - I (L ) )  t= 
A(L-1)(A(L-1))  t, where A(L-a)1,j=det(Lt)1,j .  Taking E = A ( L  -1) and S = L  t we 

finish the proof by again using Proposition 2.8. [] 

3. T h e  ease  o f  K~ihler m a n i f o l d s  

3.a.  A l e m m a  a n d  A b e l ' s  m a p  

First we prove the lemma we used in the introduction to compare Lazzeri's 
Jacobian of compact K/ihler manifolds with Weil's and Griffiths' Jacobians. 

Notation 3.1. Here the operator , ,  defined as usual on real forms, is extended 
to complex forms by C-linearity, as in [C] and [W]. 

Let M be a complex manifold. Well's operator C is the linear operator defined 
on the forms of bidegree (a, b) by CTl=ia-brl (observe that  C takes real forms to 
real forms). If M is of k/ihlerian type, then C induces on Hq(M, C) the operator 
we already called C in the introduction. 

L e m m a  3.2. Let ( M, g) be a her~itian manifold of complex dimension m. Let 
rl be an m-form on M. If  we write r / = ~ _ >  0 L ~ k  with ~% being primitive ( m - 2 r ) -  
forms, we have that 

�9 7 =  L'CO..  
r>O r_>O 

Then we can decompose the space of m-forms into the two parts 

T ~ven 

and 

{ ~= ~ Lrrk r k primitive (m-2r) - forms} .  
r>O 

r odd 

On the first part *=(-l)(m2+m)/2C and on the second part *=(-1)(m~+m)/2+lC. 

Proof. In ICI, p. 26, or IWell it is proved that  if w is a primitive p-form on M 
and r<_m-p, where m = d i m c  M, then 

. L r w = (--1) p(p+ I ) /2r! Lm_p_r cw.  
( m - p - r ) !  
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Applying it, with p=m-2r ,  to each term Lryr of the sum Y=)-~r>0 LrY~, we 
obtain 

*~?=. ~ L~?~= ~ *L~r = ~-~(-1)("~2+"~)/2+~LrC~?~. 
r>_O r>_O r>_O 

Since CL=LC, we have C~?=~r>_ o CL~?~=~-~>o L~C*?~. [] 

C o r o l l a r y  3.3. Let (M, g) be a compact Kiihler manifold of complex dimen- 
sion m. Consider the operators �9 and C on Hm(M, (3). We have that *--C on K 
and * = - C  on K ~ (see Notation 1.3). 

Let (M, g) be a compact K~ihler manifold of complex dimension m=2k+l.  

Notation 3.4. If Hq(M, C)=V@W, 7ry, w will denote the projection onto V. 

Observe that  Jm = (Jm NK)(3 (Jm AK'). Analogously as in the introduction, we 
have that  the k TM Weil's Jacobian, the k th Griffiths' Jacobian and Lazzeri's Jacobian 
are the real torus Jm(M)/r(Hm(M, Z)), where r is 71"j,,~(M),Jm(M), with different 
complex structures. We describe the situation in Table 1. 

Table 1. 

Jacobian Hm(M,R)/(Hm(M,Z)/torsion) J,,~(M)/lr(Hm(M,Z)) 

k th W e i l ' s  - C  - i  

k th G r i f f i t h s '  CI(~+~[~Jm(M)NFk+I(M)} 
(~ --C]{~+~],?EJ,n(M)AFk+I(M)} 

iij,,~(M)nFk+l(M) 
(~--ilJ,n(M)AF~+I(M) 

L a z z e r i ' s  CIH,~(M,Ft)NK(~--CIH,~(M,R)N K, iij,~(M)nK(~--iijm(M)NK, 

Notation 3.5. Set J~m(M):=(K(M, g)nJ, n(M))@K'(M, g)nJm(M). 

Remark 3.6. (i) We have T(M, g) =J~m(M)/~rj,(M),j,(M)'(Hm(M, Z)) with the 

complex structure given by i and the imaginary part of the polarization (~,/3) = 
- 

(ii) Seeing T(M,g) as J~(M)/r(Hm(M, Z)), we can define an Abel-Jacobi 
map # for k-cycles also for Lazzeri's Jacobian. Let Z0 be a k-cycle in M and set 
B(Zo):={Z k-cycle homologous to Z0}. Let {r ,r be a basis of J~(M). If 
ZeB(Zo) and C is a (2k+ 1)-chain with OC=Z-Zo,  let # (Z) :=  ( fc  r .-., f c  Cz)E 
T(M).  

One can easily see that  the definition is good (in an analogous way as in [L2], 
p. 131) and, by the same calculation as in [G], p. 826, tha t /z  is not holomorphic in 
general. 
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3 .b .  S o m e  r e m a r k s  o n  h o l o m o r p h i c  v a r i a t i o n  a n d  i n j e c t i v i t y  o f  L a z z e r i ' s  
p e r i o d  m a p  

We saw that Lazzeri's Jacobian of a compact K/ihler manifold (M, g) of odd 
dimension depends only on the complex structure of M and on the class f~ of the 
(1, 1)-form associated with g. In this subsection we will fix Ft and we will study 
when the map T, associating Lazzeri's Jacobian with the complex structure, is 
holomorphic and we will see that its differential is injective if KM=O. 

Let (M, g) be a compact K/ihler manifold of dimension m and let ~ be the class 
of the (1, 1)-form associated with g. Consider a smooth deformation of the complex 
structure M--+ A, A ~0 a polycylinder. 

Notation 3.7. We let Mt be the fibre over t and let r be a C ~ trivialization 
A4-+M• (possibly restricting A), r induces diffeomorphisms Ct: Mt--+M. Let 
Q: T0(A)--+H 1 (O) be the Kodaira-Spencer map, where T0(A) is the holomorphic 
tangent space to A at 0 and O=O(Tl~ 

We recall the definition of Griffiths' and Well's period maps. 
Griffiths' period map GaP: A--+Gc(f~, Hq(M, C)) (possibly restricting A) is the 

map 
t, ~6P(t)=(r 

where f~:=dim F~(M) for p, qEN. 
If q>0 is an odd integer, Weil's period map 142q: A--+Gc (�89 Hq(M, C)) (pos- 

sibly restricting A) is the map 

t, ~ l/Yq(t) = (r 

By Griffiths' calculation [G], p. 812, (see also [Gre], p. 33), if r is a smoothly 
varying harmonic (q-r, r)-form on hit, r and -is the contraction, we have 

(o) 
(1) Oq~(O) = 0  -r which is of type (q-r - l , r+l) ,  

ot N 

(2) o~ = e  -r which is of type (q-r+l,r-1).  

Thus, while 6~' is holomorphic and Im d6~'(0) is in Hom(H p,q-p, HP-I'q-P+I), the 
map l/Yq is not holomorphic. More precisely, if CEF~(M), then 

065(0) (4') (o (~ =~ 
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While, if q is odd and CEJq(M), then 

Ot ((/))~"KJq(M)'Jq(M) Q ~ "~) -~-~0 -~ "r 

((o)) (o) 
O~ ((/)):Trjq(M)'J'(M) LO ~ "~) ~-aO ~ "~)" 

Finally we recall that in [G], p. 844, Griffiths proved that if KM~--O, then the 
maps HI(O)---~Hom(H m,~ H m-lJ ) and HI(O)-+Hom(H ~ H i'm-l) given by the 
contraction are injective, then, if also t~ is injective, dG~(0) is injective. 

Now let m be odd. 

Definition 3.8. Let A' :={tEA] there exists a K/ihler metric on Mt whose (1, 1)- 
form is of class r (f~)}. 

Fix a symplectic basis S of Hm(M, Z) with respect to - f M  .A. and, for all 
tEA',  a Khhler metric gt on Mt whose (1, 1)-form is of class r  Define 

T: A' ) ~'~(1/2)bm(M) 

as the map sending t to the matrix in ?'lO/2)b,,(M) representing T(Mt, gt) with the 
symplectic basis r  

Observe that the map T (which is the composition of the map t~--~(r 
with :Fs,{(r does not depend on the choice of gt, but only on • and ~. It 
describes how Lazzeri's Jacobian depends on the complex structure (after fixing 12). 

To study when T is holomorphic and injective, set s162 
1 GO (~bm, Hm(M, O)) for tEA'  (Lazzeri's period map). 
Let C e J ' ( M ) .  By (1) and (2) we have 

((0)) 
Ot (r ~ ~ "~ =Q 

0 

See T(Mt,gt) as s163 ) (see Remark 3.6). Chosen a basis {wj(t)} 

of s let (E(t))  be the matrix expressing wj(t) as a function of S. Then \ F(t) 

~(t)=-E(t)F(t)  -1. Thus T is holomorphir if and only if ~ is holomorphic and 
T is injective if and only if s is injective. By the remark just before Defini- 
tion 3.8, if Q is injective, the map dW(0) is injective and then W is locally in- 
jective. Hence also/~ is locally injective, in fact (r and 
( r  (K'(Mt, gt))=K'(M, g), thus )42(t)= (s g))Os g), and 
injectivity of l/Y implies injectivity of s and/~. Thus we have the following result. 
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P r o p o s i t i o n  C. Let (M,g) be a compact KShler manifold of odd complex 
dimension m and ~ be the class of the form associated with g. Fix a symplectic 
basis ,q of Hm(M, Z) and consider a smooth deformation of the complex structure 
A/I-+ A, for which we use Notation 3.7 and 3.8. Suppose that A' is a neighbourhood 
of O. Then 

(a) T: Ar-+U is holomorphic at 0 if and only if Q(To(A)) . (K(M,g) f )Jm(M)O 
Kr ( M, g)AJm ( M) )=O, where, is the contraction; 

(b) if KM = 0 and 0 is injective then T is locally injective at O. 

The example of Mattuck in [G], p. 588, which shows that Weil's Jacobian does 
not always vary holomorphically, shows also that  Lazzeri's Jacobian does not always 
vary holomorphically (i.e. that  the condition in (a) of Proposition C is not always 
satisfied). 

Remark 3.9. If K M = O  we can take as gt the Kiihler-Einstein metric whose 
(1, 1)-form is of class ~(12) (it exists uniquely by Calabi-Yau's theorem, see [SP]). 

4. L a z z e r i ' s  J a c o b i a n  o f  a b u n d l e  

Definition 4.1. An element A of a lattice A is primitive if there does not exist 
a AREA, A~r such that  AEZA r. 

P r o p o s i t i o n  D. Let ( M, gM ) and ( N, gN ) be Riemannian compact oriented 
manifolds of dimension 2(2k+1) and 2(2s), respectively. Let p: F-+ M ben bun- 
dle with fibre N and structure group GcDi f f (N)  and suppose that 9N is G- 
invariant. Consider the metric on F induced by 9M and gN. Suppose there exists 
ACH2S(N, Z)/torsion such that A~0, .NA=2  and A is G-invariant. 

We can define a holomorphic map e~: T(M)--+ T(F)  (we omit the metrics) such 
that 

(1) /f  OF and OM are the polarizations of T(F)  and T(M) ,  respectively, then 

(2) e~, is injective if one of the followin9 conditions holds: 
(a) fN AA*A=I; 
(b) F = M •  and A is primitive; 
(c) H* (N, Z) is free and G-invariant. 

Proof. Let us define ea:T(M)-~T(F) .  If F = M x N  we can define ex sim- 
ply as the map induced by the map H2k+a(M,R)-~H2k+I+2S(MxN, R)  defined 
by ~w-~/AA. More generally, define AEH2S(F,Z) in the following way: if U is 
a trivializing open subset of M, let AIp-l(v):--Tr*A, where Ir is the composition 
of a C ~ trivialization p - I ( U ) - + U x N  with the projection U x N - + N .  Define 
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E~,: H2k+I(M, R)-+H2~+l+28(F, R) by E~,(71)--p*~IAA. The map E~ induces a map 
e~,: T( M)-+ T( F). 

The fact that  *NA=A implies at once that  ex is holomorphic. 
Let us prove that  e*~OF= (fN AA*A)0M. Let {U~}~ be a trivializing covering 

of M and let r be a partition of unity for this covering. Let r be the partition 
of unity for the covering { p - l ( u a ) }  of F, defined by r162 Let Wl,W2E 
H 2k+1 (M, R). We have 

/F E~(wl)AE~(w2)= ~-~ [ dpaE),(Wl)AE)~(w2) 

U r AIAw2A~ 
c~ 

= ~  a• 
Aw2 

c~ 

=~/Ua~)otWl]kW2/N )~A*~ 

-'~(/N"~A*~)/MO.)IAO.)2 �9 
If (a) holds then the map ex is injective since it is a homomorphism of princi- 

pally polarized abelian varieties and preserves the polarization. It is easy to verify 
that  (b) implies that  e~ is injective. Finally, if (c) holds, then e~ is injective by the 
theorem of Leray-Hirsch (see IS], p. 258). [] 

Consider K~hler manifolds. A completely analogous statement holds for the 
k TM Weil's Jacobian of M and (kWs) th Weil's Jacobian of F with the condition 
�9 NA=)~ replaced by CN)~=)~. As to Griffiths' Jacobians, if we replace the condition 
�9 NA----.k with ")~ is of type (s, s)" in the hypotheses, we have that  there exists a 
holomorphic map from the k th Griffiths' Jacobian of M into the  (k-}-s) th Griffiths' 
Jacobian of F and it is injective if (b) or (c) hold. 
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