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On subextension of pluriharmonic and
plurisubharmonic functions

Jonas Wiklund

Abstract. The problem of subextension of plurisubharmonic functions is considered. Re-
cently it was shown by Cegrell-Zeriahi, that subextension is always possible for negative plurisub-
harmonic functions in the energy class F. In this paper we construct, for every hyperconvex do-
main €2, a negative plurisubharmonic function in the class £ which cannot be subextended. Given
any pseudoconvex domain we construct a pluriharmonic function that cannot be subextended.

1. Introduction

We use the notation PSH(Q) and PH(Q?) for plurisubharmonic and pluri-
harmonic functions, respectively, on a domain 2, and the notation PSH ()=
{uePSH(Q);u<0}.

Any smooth bounded domain satisfying a non-degeneracy condition on the
Levi-form on the boundary is a domain of existence for plurisubharmonic functions
([C1], [BB]). However, one can certainly argue that inequalities are more nat-
ural than equalities for plurisubharmonic functions, and thus the following prob-
lem was studied by El Mir [E]: Take domains Q and ' in C", with Q¢ and
QNQY'#@. Given a plurisubharmonic function u in 2, when is it possible to find
a u' €PSH(Y), with u#—oo, such that u'|q<u? The pair (', u') is called a sub-
extension of u.

E. Bedford and B. A. Taylor constructed, for any C2-smooth domain in C”,
n>2, a smooth negative plurisubharmonic function that does not subextend [BT].
This improves an example by Fornaess and Sibony [FS].

Recently U. Cegrell and A. Zeriahi [CZ] showed that under the assumption that
the total Monge—Ampere mass is bounded and the function has in a sense boundary
values zero, i.e. is in the energy class F, one can always find a subextension, without
increasing the total mass.
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Let us recall a definition from [C3]. Let Q be a hyperconver domain, i.e.
a domain that admits a negative continuous plurisubharmonic exhaustion function,
and let £(2) be the set of negative and bounded plurisubharmonic functions on
which tends to zero at the boundary and have bounded total Monge—Ampeére mass.
Let F(2) be the set of plurisubharmonic functions u such that there is a sequence
(u;)32, of functions from &y(Q) such that u;\u and sup; [, (dd®u;)™ <oo. The set
of functions locally in F(€) is denoted by £(€2).

In Section 2 we show why we cannot expect to have subextension of functions
in £ in general, even when we have control over the Monge—Ampere mass. Fur-
thermore we show that subextensions of pluriharmonic functions are not possible
on pseudoconvex domains. In Section 3 we construct, for any given hyperconvex
domain 2, a function u€€&(Q) that cannot be subextended. Finally we also prove
a positive result.

2. Subextension of pluriharmonic functions

Most examples of functions that are impossible to subextend across a bound-
ary point work because they have to large a singularity at a boundary point. In
Theorem 2.6 below the singularity is so large that subextension is impossible due
to integrability reasons and in Example 2.4 and in Theorem 3.2 below the functions
have to large Lelong number at the boundary. In the counterexamples to subexten-
sion mentioned in the introduction ([FS], [BT]) “propagation of Lelong numbers”
were used. We will use a simpler idea in Example 2.4 and Theorem 3.2.

Remember that the Lelong number of u€ PSH(QY) at the point P€Q can be
defined as

0 vl P) =l " =B

It is well known that this quantity is finite for any plurisubharmonic function
UFE—00.

Given a function u: C"D>Q—RU{—oc0} we define a slice of u through P and
QeC", upg, as: up,q(¢):=u(P+{Q),(€C, wherever this expression make sense.
Then we have v(up,g,0)>v(u, P). Given domains  and Q' in C", with Q¢ ', and
QN #£—o00, and a plurisubharmonic function u on Q. Suppose u has a subextension
v to ', and take P€QNY. From equation (1) it is clear that whenever Q€ we
have v(vp,g,0)>v(upg,0).

On the other hand we have the well known result.
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Lemma 2.1. Assume that ue PSH(B(P; R)), where B(P; R) is the ball with
center at P and radius R, and B=B(0;1), as usual. Fix a point QEB, then
v(up,g,0)=v(u, P) for all Q€ B\ A, where A is a pluripolar set.

On the exceptional set A the Lelong number of up g can behave arbitrarily
bad, see [CP].

Lemma 2.2. Let Q be a domain in C™, and P€d). Take ue PSH(Q), and
choose R such that 0B(P; R)NQ#@. If v(up,g,0)=+0c0 for a non-polar set AC
OB(P; R), then we cannot subextend u to any set ' >P.

Proof. If v<w on €, and v is plurisubharmonic on €', where Pe§)’, then
v(vpq,0) 2 v(upq,0).
Lemma 2.1 gives us that v(v, P)=4o00, which is impossible. O

To see that subextension is not in general possible in £, consider the following
example.

FEzample 2.3. Let B be the unit ball in C™. The function

- |Zl|2—1

U(21, ey 2n) = 12

is pluriharmonic and there is no subextension across the point (1,0). Furthermore
u€e&(B) and (dd°u)™=0 on B.

Proof. u(z)=Re((z1+1)/(z1—1)), so u is pluriharmonic. Assume that u has
a subextension v. Then we can estimate the Lelong number of v along slices of
the type I=(1—C,{(p2, ..., pn)) with the Lelong number of u along the same slices.
Lemma 2.2 shows that subextension is not possible.

Since u is the real part of a holomorphic function and ©<0 on B, it is clear
that ue&(B) and (dd°u)"=0. O

The one-dimensional case of the example above was suggested to me by F. Wik-
strom ([W]), for which I am very grateful.

From Example 2.3 it is clear that having control of the Monge—Ampeére mass,
in the sense that there is a constant C' such that [, (dd°u)"<C for any K€,
does not suffice for the existence of a subextension. Comparing this with, e.g.,
u=—1€&\F we see that for some functions in £\F subextension is possible. In
a way subextension in F is possible due to the conditions on the boundary values.

Given an open set 2, and a dense subset A of the boundary of 2. As soon as we
can construct a function u, EPSH™ (), such that u, cannot be subextended over z,
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for any point €A, we can construct a function that is not possible to subextend
over any point in the boundary. Take for example the function

(2) U= Z EAUN,

AEA
where ¢ is chosen such that the sum converges, is not possible to subextend across
any point. This method is efficient if one wants to construct a continuous function
which is not possible to subextend. Of course as soon as we have a continuous
example Richberg’s approximation theorem gives a smooth example.

Ezample 2.4. There is a ue&(B) such that u does not have a subextension to
any larger domain U 2 B with 0BNU#@.

Proof. Take any point = in 0f). After rotation we might as well assume that
x=e1=(1,0,...,0). Then the function ¢g(z) in Example 2.3 is in PSH (B). Form
the sum as in equation (2) in the remark above. [

To see why subextension of pluriharmonic functions is impossible we begin with
a lemma about plurisubharmonic functions with an integrability condition on the
boundary.

Lemma 2.5. Suppose Q) is a pseudoconvexr domain in C", let PH(Y) be the
Fréchet space of pluriharmonic functions with topology generated by the supremum
norm on compact set. Take x€IQ and define, for kEN, r>0:

(3) L(k,z,r) = {u € PH(Q) ;/Q max(u,0)dV < k}

NB(x;r)
Then L(k,x,r) has no inner points and is closed in PH(2).

Proof. First we show that L(k,x,r) is closed.

Take u in the closure of L(k, x,7), then there is a sequence {u;}3, CL(k, z,)

such that u;—u in PH.
We have that u; —u uniformly on compact subsets of €2, and thus

lim max(u;,0) = max(u, 0)
j—o0

on ). Fatou’s lemma implies that
/ max(u,0)dV = lim max(uj,0)dV
QNB(z;r) QNB(z;r) I 7

< lim max(uj,0)dV <k,
J=e JanB(x;r)

and we have u€ L(k,z,r) as required.
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We show that L(k,x,r) has no inner points by reductio ad absurdum. Thus
assume that L(k,x,r) has an inner point ug. In that case there is a Ko&$ such
that uePH and

lu—up|dV <e = wueL(k,z,r).
Ko
Take zo€QNB(z,r)\Ko. Since  is pseudoconvex, and thus a domain of holo-
morphy, there is f, holomorphic on €, such that supy, |f|<e with [f(z0)| as large
as we like. By multiplying with a suitable complex number we get

k-n!

g ol =Re f(eo) = (o) 2, E7 e
Since Re f+uoePH(?) and

/ |Re f+uo—1uol dVS/ lfl<e

Ko Ko
we get Re f€L(k,x,r). In particular, for p=dist (z,0Q)<r,
(f+u0)(20) = Re f(20)+uo(20)
1
= Ri av
VO](B(ZO;p)) /B(zo;p)( ef+“0)

: /
< max(Re f+ug,0)dV
vol (B(Zo,p)) QNB(zo0;p) ( 0 )
: /
< max(Re f+ug,0) dV
Vol (B(z0: ) Jorteom ™™

k-n! k-n!
< = < f(z0)+uol20),
S (CORRTICD
where the very last inequality comes from the choice of f in equation (4). Thus we
have reached a contradiction and therefore L(k,z,r) has no inner points. O

Let us recall that a set F in a topological space S is called meager if E=
UZO:1 E,,, where E,, has no inner points.

Theorem 2.6. Let Q2 be a pseudoconvexr domain in C™. Then there is a pluri-
harmonic function u on Q such that u cannot be subextended to any domain ' D).

Proof. Take a dense sequence {z;}22, of points in 9, and let 75 be the rational
numbers 0<ry<1.
Then every L(k,z;,7s) CPH(Q) is closed and has no inner points. Therefore

U L(k,zj,rs)=L

k.jss
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is meager in PH(2) according to Baire’s theorem. Take u€PH\ L. Suppose —u has
a subextension to the domain Q=QNB(x;r). Then there is v€ PSH(Q) such that
v<-—u on . Since

|v| > max(—wv,0) > max(u, 0)

on © the definition of L gives that v¢ Ll (). Thus —u cannot be subextended
across any point on the boundary. [

3. Subextension of plurisubharmonic functions

Proposition 3.1. Let Q be a pseudoconver domain, then there is a plurisub-
harmonic function that cannot be subextended across any point of the boundary.

Proof. As in the standard proof that holomorphically convex domains are do-
mains of holomorphy (see e.g. [G]) construct a holomorphic function f(z) that has
a zero of total order n at the point p,,, where the sequence of points {p,}22; have
a cluster point at the boundary. Clearly u(z)=log|f(z)| is plurisubharmonic and
have no subextension, since the Lelong number is too large near every boundary
point. [

Unfortunately this construction does not give a function u€ PSH™ ().
Let © be a hyperconvex set in C™. The pluricomplex Green function for Q with
pole at we) was introduced by Zahariuta [Z] and Klimek [K]. It is defined as

g(z,w) =sup{u(z) ;u e PSH (Q) and v(u, w)>1}.

Theorem 3.2. Let Q) be a hyperconvex domain, then there is a function ué€
E(Q) such that w has no subextension.

Proof. Take x€0(2, and let {w;}32; be a sequence such that w; €2 and w; —z,
as j—o0. According to [CCW] we have

lim g(z,w;)=0
j—00

for all zeQ\ E, where the exceptional set E is pluripolar. Take p¢FE, and choose
a suitable subsequence of w; such that g(p, wj)>—j’3. Call that subsequence
{w;}52, as well. Define

o) u(2)i= 3 gl wy).
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Since g(z,w;)€PSH™ () the partial sums Zjv=1 jg(z,w;) is a decreasing se-
quence of plurisubharmonic functions. And since

) )
u(p) :Z]g(pij) > Z _j72 > —0Q,
j=1 j=1

u€PSH () and uz—oo.

Note that v(u,w;)>j. Suppose v is a subextension to a domain ' 2Q such
that z€. Since v<u we have that v(v,w;) >v(u,w;)>j. Thus lim; o v(v,w;)>
+00. Since the Lelong number is finite on any plurisubharmonic function we have
a contradiction, and thus » has no subextension across z€0f2. Since u<0 we can
proceed as in the remark following Example 2.3.

To this point we only know that u<0, so we need to check that ue€. Ac-
cording to a result by Cegrell (Proposition 3.1 in [C2]) it suffices to show that
there is he&y(2), h#0, and a sequence u; €&y(£2), with u;\u as j— o0, such that
sup; [o —h(dd®u;)™ <+oc.

Since € is hyperconvex there is a negative exhaustion function he PSH™ (2)N
C(€2). After thinning out w; even further we can take w; such that h(w;)>—j=2""1
Let up=3"%_, jg(-,w;). Since

(/—h(dd“(<ﬁ1+<ﬁ2))”)l/n< (/_h(ddcwl)n)l/n‘f‘(/—h(ddcgpz)")l/n

(see Lemma 2.5 in [CW]) we have

[ raear) oo < )

Jj=1 J
P 1/n P 3
(2m)™ 2r  w
S () e E<T
j=1 J j=1 J

Thus ve&. O

Thus for functions bounded above we do not in general have subextension
by the theorem above. On the other hand, for functions bounded from below on
pseudoconvex domains subextension is always possible.

Proposition 3.3. Let Q be a bounded pseudoconvexr domain, and Q' be a hy-
perconvex domain such that QEN €C™. If ue PSH(RY), and for some a<0

lim  u(z)>a,
z—CEIN

for all points ¢ on the boundary, then there exist ve PSH(Y), such that v<u on .
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Proof. Take pedf). Since lim, u(z)>a, there is >0 such that u>a—1 on
QNB(p;6). Let Q,.={z€Q;dist (z,0Q)>7}. By compactness there is r>0 such that
u>a—1on Q\Q,.

Since €2 is pseudoconvex it can be exhausted by smooth, strict pseudoconvex
domains. Let Q; € be a strict pseudoconvex domain with smooth boundary such
that Q;9Q,. Clearly ue L*(2;NQ,.).

Observe that the extremal function

up :=sup{p € PSH(21);6<0 and ¢ <w on Q,}

is in F(£).
It is known (Theorem 2.2, [CZ]) that there is a plurisubharmonic function vy
on € such that v;<u; on Q5. Take v=v;4+a—-1. O

References

[BB] BEDFORD, E. and BURNS, D., Domains of existence for plurisubharmonic functions,
Math. Ann. 238 (1978), 67-69.

[BT] BEDFORD, E. and TAYLOR, B. A., Smooth plurisubharmonic functions without
subextension, Math. Z. 198 (1988), 331-337.

[CCW] CARLEHED, M., CEGRELL, U. and WIKSTROM, F., Jensen measures, hyperconvex-
ity and boundary behaviour of the pluricomplex Green function, Ann. Polon.
Math. 71 (1999), 87-103.

[C1] CEGRELL, U., On the domains of existence for plurisubharmonic functions, in Com-
plex analysis (Warsaw, 1979), Banach Center Publ. 11, pp. 33-37, PWN, War-
saw, 1983.

[C2] CEGRELL, U., Two examples in pluripotential theory, Technical Report 14, Depart-
ment of Mathematics, Mid Sweden University, 2000.

[C3] CEGRELL, U., The general definition of the complex Monge—Ampere operator, Ann.
Inst. Fourier (Grenoble) 54 (2004), 159-179.

[CW] CEGRELL, U. and WIKLUND, J., Monge-Ampere norm for delta-plurisubharmonic
functions, Math. Scand. 97 (2005), 201-216.

[CZ] CEGRELL, U. and ZERIAHI, A., Subextension of plurisubharmonic functions with
bounded Monge—Ampere mass, C. R. Acad. Sci. Paris Sér. I Math. 336 (2003),
305-308.

[CP] CELIK, H. I. and POLETSKY, E. A.; Fundamental solutions of the complex Monge—
Ampere equation, Ann. Polon. Math. 67 (1997), 103-110.

[E] EL Mir, H., Fonctions plurisousharmoniques et ensembles polaires, in Séminaire
Pierre Lelong—Henri Skoda (Analyse). Années 1978/79, Lecture Notes in Math.
822, pp. 61-76, Springer, Berlin, 1980.

[FS] Forns&ss, J. E. and S1BONY, N., Plurisubharmonic functions on ring domains, in
Complez analysis (University Park, PA, 1986), pp. 111-120, Springer, Berlin,
1987.



190 Jonas Wiklund:
On subextension of pluriharmonic and plurisubharmonic functions

[G] GUNNING, R. C., Introduction to Holomorphic Functions of Several Variables, Vol.
I, Wadsworth and Brooks/Cole, Pacific Grove, CA, 1990.
K] KLIMEK, M., Extremal plurisubharmonic functions and invariant pseudodis-

tances, Bull. Soc. Math. France 113 (1985), 231-240.
[W]  WIKSTROM, F., Personal communication, 2002.

[Z] ZAHARIUTA, V. P., Spaces of Analytic Functions and Mazimal Plurisubharmonic
Functions, Doc. Sci. thesis, Rostov State University, Rostov-na-Donu, 1984
(Russian).

Jonas Wiklund

Graduate School of Mathematics
Nagoya University

Chikusa-ku, Nagoya 464-8602
Japan
wiklund@math.nagoya-u.ac.jp

Received November 9, 2004
published online August 3, 2006




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


