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The pluripolar hull of a graph and fine analytic
continuation

Tomas Edlund and Burglind Jéricke

Abstract. We show that if the graph of an analytic function in the unit disk D is not
complete pluripolar in C? then the projection of its pluripolar hull contains a fine neighborhood
of a point p€9D. Moreover the projection of the pluripolar hull is always finely open. On the
other hand we show that if an analytic function f in D extends to a function F which is defined
on a fine neighborhood of a point p€9D and is finely analytic at p then the pluripolar hull of
the graph of f contains the graph of F over a smaller fine neighborhood of p. We give several
examples of functions with this property of fine analytic continuation. As a corollary we obtain new
classes of analytic functions in the disk which have non-trivial pluripolar hulls, among them C°
functions on the closed unit disk which are nowhere analytically extendible and have infinitely-
sheeted pluripolar hulls. Previous examples of functions with non-trivial pluripolar hull of the
graph have fine analytic continuation.

1. Introduction

A subset E of a domain QCCY¥ is called pluripolar in Q, if for all z€ E there
exist a connected neighborhood U, of z in  and a plurisubharmonic function
u#—oo defined on U, such that

EnU, c{weU,:u(w)=—o0}.

By Josefson’s theorem (see [J]), a set ECCY is pluripolar if and only if there exists
a globally defined plurisubharmonic function u such that

Ec{weCY :u(w)=—oc}.

In other words a pluripolar set is a subset of the —oo-locus of a globally defined
plurisubharmonic function. Pluripolar sets are the exceptional sets in pluripotential
theory. This motivates the interest in understanding the structure of pluripolar
sets. A set EC() is called complete pluripolar in Q if E is the exact —oo-locus of
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a plurisubharmonic function defined in €. On the contrary, some subsets EC)
(e.g. proper open subsets of connected analytic submanifolds) have the property
that any plurisubharmonic function which is —oo on E is —oo on a larger set. This
leads to the notion of the pluripolar hull E§, (see [LP]) of a pluripolar subset EC,

E§E ({2 Qiul(z) = —cc},

where the intersection is taken over all plurisubharmonic functions in 2 which
equal —oo on E. In general, it is difficult to describe the pluripolar hull of a given
set E. Initiated by a paper of Sadullaev ([S]) the pluripolar hull of graphs of certain
analytic functions has been studied in a number of papers (see e.g. [EW1], [EW2],
[EW3], [LP], [Sil], [Si2], [W1] and [W2]).

For a subset A of the complex plane C and a complex-valued function f on A,
we denote by I'f(A) the graph of f over A,

Ip(A)={(z,w)€C?:z€ A and w= f(2)}.

Let f be a holomorphic function in the unit disk DCC. Clearly I'¢(D) is a pluripo-
lar set. It is a natural attempt to relate non-triviality of the pluripolar hull of I'f(D)
to the existence of analytic continuation or various kinds of generalized analytic con-
tinuation of f across some part of 9D. In [LMP] Levenberg, Martin and Poletsky
conjectured that if f is analytic in D and f does not extend holomorphically across
0D, then I'y(D) is complete pluripolar. This conjecture was disproved in [EW2].
In [Sil], Siciak noticed that the function in [EW2] possesses pseudocontinuation
across a subset of the circle of full measure and showed that the pluripolar hull of
its graph contains the graph of the pseudocontinuation. He also noticed that if an
analytic function f in D admits pseudocontinuation through a set F of positive
measure on the circle and the graph of the non-tangential limits is in the pluripolar
hull of T'f(D), then also the graph of the pseudocontinuation is in the mentioned
pluripolar hull. In [Sil] he showed by an example that the existence of pseudocon-
tinuation of the function f is not necessary for non-triviality of the pluripolar hull
of Ff (D)

The notion of fine analytic continuation seems to us better adapted for under-
standing pluripolar completeness of graphs.

Recall that the fine topology was introduced by Cartan (see e.g. [B]) as the
weakest topology for which all subharmonic functions are continuous. A neighbor-
hood basis of a point in this topology consists of sets which differ from a Euclidean
neighborhood of this point by a set which is thin at this point. Thin sets were
introduced by Brelot. A set FFCC is thin at a point &, if either £ is not in its closure
F or £€F and there exists a subharmonic function V in a neighborhood of ¢ such
that im.ecp ,eV(2) <V(§). One can always choose V in such a way that the limit
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on the left equals —oco. For a point p€C and a positive number r we denote by
D(p,r) the open disk of radius r and center p.

By a closed fine neighborhood V of p we mean a connected closed set which has
the form B\ U for some connected closed neighborhood B of p and an open set U C C
which is thin at p. Note that U can be taken simply connected (but in general not
connected). We will often consider B=D(p,r) for some r>0. Since subharmonic
functions are upper semicontinuous, each fine neighborhood of p contains a closed
fine neighborhood of p.

Definition 1. A continuous function F on a closed fine neighborhood V' of
a point peC is called finely analytic at p (on V') if F can be approximated uniformly
on V by analytic functions F,, in a neighborhood U(F,,) of V.

We will say that a continuous function on a subset S of C has the Mergelyan
property if it can be approximated uniformly on S by analytic functions in a neigh-
borhood of S. Mergelyan’s theorem states that for compact sets K with finitely
many components of the complement all continuous functions on K which are holo-
morphic in the interior Int K have this property.

Note that the term finely analytic is well known and is used for functions
which have the Mergelyan property on a finely open set (see, e.g. [F]). Here we
consider only the local definition above (we do not require that V' contains a fine
neighborhood of each of its points). Even in this local situation a weak version of
the unique continuation property holds (see Proposition 3 below).

Definition 2. Suppose that f is analytic in the unit disk D. Let p be a point
on the unit circle 9D. We say that f has fine analytic continuation F at p if there
exists a closed fine neighborhood V' of p such that VND D> D(p,r)ND for some >0,
and a finely analytic function F at p on V such that Flpny=/.

Remark 1. The conditions of Definition 2 are satisfied, in particular, if V=
D(p,r)\U, where >0, UCC\D is open and thin at p, and F=G+C on V, where
G is analytic on D(p,r) and continuous on D(p, r), and C is the Cauchy-type integral
of a finite Borel measure i concentrated on U such that for an increasing sequence
of compacts s, CU the functions

Cn(z):—l/ du(§) o s,

TSy =2
converge uniformly to C(z) on V.

Note that in Definition 2 we do not require that the set V\D has interior
points. Nevertheless, by the mentioned weak unique continuation property, if fine
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analytic continuation to a given set V exists then it is unique on a, maybe, smaller
fine neighborhood.

Here are examples of analytic functions in the unit disk which allow fine analytic
continuation at certain points of the unit circle.

Ezample 1. The functions constructed in [Sil] and [EW2] satisfy the definition.
Indeed, they have the following form. Let {a,}22 ; be a sequence of points contained
in C\D which cluster to a subset of D and do not have other cluster points. Let

D(ay,, pn) CC\D be a sequence of pairwise disjoint disks around a,, of radius p,, >0

such that Uder ne1 D(an, pn) is thin at a point pedD. Let ¢, be a sequence of

complex numbers such that > >, |¢,|<oo and |c,|<(1/n?)p,. Define

f(z)zz Zina ) ZGC\U D(anapn)'
n=1 n n=1

It is immediate to check that the conditions of Definition 2 are satisfied.

Example 2. Let UC C\D be open, relatively compact and thin at every point
of the unit circle 9D, and suppose moreover that C\U is connected. Such sets
can easily be obtained by first choosing points p, which accumulate to each point
of 9D and to no other point, then choosing p, >0 such that the disks D(pn, pn)
are pairwise disjoint and do not meet D. Then choosing a,, >0 so that the series
o2 anlog(|z—pn|/pn) converges to a subharmonic function which is non-negative

outside J;—; D(pn, pn) and, finally, choosing r,, >0 such that the function is less

than —1 on Uder 1 D(pn,ry). Let F be a C! function on C (here C denotes the

Riemann sphere), such that OF =0 on C\U. By the Cauchy—Green formula

//U dma (&) +F(o0).

Since the density F is bounded and the Cauchy kernel is locally integrable with
respect to two-dimensional Lebesgue measure, the function f=7F|p has fine analytic
extension at each point p€9D, moreover, F has the Mergelyan property on G\U .

More generally, let U be as described and let g€ L?>*¢(C) for some £>0 and

g=0 outside U. The function
// dm2

satisfies the condition of Definition 2 and has the Mergelyan property on (A?\U If
g is a C function then F is a C* function on the whole Riemann sphere. If
g is continuous and in addition ¢g>0 and ¢g>0 at some point of each connected
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component of U, then f=F|p does not have analytic extension across any arc
of OD. Indeed, suppose it has analytic continuation f, to a disk D(p,r) for some
p€edD. By Proposition 3 below, f,, coincides with the fine analytic continuation F
on some fine neighborhood V3 CC\U of p. The neighborhood V; contains a circle
0D(p, p), 0<p<r. (This is well known. The reader who is not familiar with po-
tential theory will find a proof below in Section 2.) Let 3, CU be an exhausting
sequence of compact subsets of U. Since V3 CC\U, we have 3,N0D(p, p)=2 for
each n, and

0 :/ fpdz
|z—pl=p
1 oOF
= lim — / dz // dmz (&)
no00 T japimp S 72

= lm / / n dm2<e>afi<s> /: gfz dz

211

~ lim / /}, Ama(OF(E) X ()

n—oo T

£ 0.

Here Xp(p,py is the characteristic function of the disk D(p, p). The contradiction
proves the assertion.

Ezample 3. The third example is related to pseudocontinuation across certain
subsets of positive length of the unit circle.

Definition 3. A function f which is analytic in D is said to have pseudocontin-
uation from D across the set £CID of positive measure to a domain D.C{z€C:
|z|>1} if for all z€€ the domain D, contains a truncated non-tangential cone with
vertex at z, and there exists an analytic function f in D, such that f and f have
the same non-tangential limits at z. In this case we call f the pseudocontinuation

of f.

For convenience we will specify the situation in the following way. We will
restrict ourselves to the case where £ is closed and the angles and the diameters
of the truncated non-tangential cones in D, are uniformly bounded from below
by positive constants. Shrinking perhaps £& and D, we may assume that D, is
a bounded domain, moreover, that it consists of the union of all open truncated
non-tangential cones with symmetry axes orthogonal to the circle, and that all
the mentioned cones have the same angle and the pseudocontinuation is continuous
in D,. So, D, has the shape of a “saw” near £. Replace D by a domain D; CD which
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is symmetric to D, in a small neighborhood of £ in such a way that the bounded
components of the complement of D;UD, are similar thombs ¢; containing the
complementary arcs of £ in the circle. (The endpoints of one of the symmetry axes
of the rthomb ¢; are the endpoints of a connected component of ID\E.) Assume
that the unbounded component of C\(D.UD;) intersects D along a connected
arc. We may assume that the construction is made so that the original function is
continuous in D;.

The original function together with its pseudocontinuation across £ defines
a continuous function on D;UD,, which is analytic in D;UD,.. Denote the space of
such functions by A(D;UD,).

It will be convenient to give the third example with D replaced by D;. It can
be stated for D instead with obvious changes.

Proposition 1. Let D;, D, and £ be as above and let f€ A(D;UD,.). Put
U=C\(D;UD,). If U is thin at a point p€E and f is Hélder continuous of order
a€(0,1], then f|p, has fine analytic continuation f|y, at p for a fine neighborhood
VicD;UD, of p.

Note that the fact that £ has positive length follows from the fact that its
complement in dD is thin at p.
We will prove Proposition 1 in Section 2. The following theorem holds.

Theorem 1. Let f be analytic in D and let p€ID. Suppose f has fine analytic
continuation F at p to a closed fine neighborhood V' of p. Then there exists another
closed fine neighborhood Vi CV of p, such that the graph Tz(V41) is contained in the
pluripolar hull of Tr(D).

Moreover, if IntV\D has a connected component V which is not thin at P
then, T (V) is contained in the pluripolar hull of I'y(D).

If V=D(p,7)\U, with U open and thin at p and U\D also thin at p, then there

exists a unique connected component
It V\D={2€C:|z—p|<r and |z| > 1}\U
which is not thin at p.

Note that Theorem 1 holds as well in the situation of Proposition 1 with D
replaced by D;. Theorem 1 can be slightly generalized.

Theorem 2. Let F be finely analytic on a closed fine neighborhood V=
D(p,m)\U of a point peC. Let v be a smooth arc, v: [—1,1]=C with v(0)=p,
which divides D(p,r) into two components D, (p,r) and D_(p,r). Suppose U\~ is
thin at p. Then there are unique connected components Vi and V_ of D, (p,r)\U
and D_(p,7)\U, respectively, which are not thin at p. For those we have that the
pluripolar hull of T#(V,) contains T #(V_) and vice versa.
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Corollary 1. Let D;, D, and £ be as described before Proposition 1 and let
feA(D;UD,). If U=C\(D;UD,) is thin at some point p€E and f is Hélder
continuous of order a€(0,1] then the pluripolar hull of T'¢(D;) contains T'f(D.)U
T ;(&ir), where & consists of all points in € at which |J Oy is thin.

Theorem 2 and Corollary 1 have the following consequence.

Corollary 2. There exist univalent analytic functions in the disk which are
smooth up to the boundary, are nowhere analytically continuable and have an ana-
lytic manifold in the non-trivial part of the pluripolar hull of the graph.

Functions with the mentioned property except univalency were constructed
in [EW2]. Theorem 1 and Example 2 give further classes of functions with the
mentioned property (not necessarily univalent functions). The present constructions
are simpler then those in [EW2].

Denote by 7 the projection onto the first coordinate plane in C2, 7y (21, 22) =21
for z=(21,22) €C?. Theorem 1 and its corollaries have the following counterpart.

Theorem 3. Let f be analytic in a domain DCC. Then 7 (I'y(D)gz2) is open
in the fine topology.

Theorem 3 implies in particular the following corollary.

Corollary 3. Let f be analytic in D. Then for each point p in the unit circle,
either {p} x C does not meet I'y(D)&. or (L' (D)&z2) is a fine neighborhood of p.

Combine the corollary with the following results of Wiegerinck and Edigarian.

Theorem 4. [EW3] Let ECC? be a pluripolar subset of class F,. Assume
that E is connected. Then E¢, is also connected.

Theorem 5. [EW3] Let f be analytic in D. If the pluripolar hull T';(D)g. of
its graph is contained in the cylinder D x C then the graph T'y(D) is in fact complete
pluripolar.

We obtain the following result.

Theorem 6. Let f be an analytic function in D whose graph is not complete
pluripolar in C2. Then m (L'f (D)&2) contains a fine neighborhood of a point p€dD.

Proof. Since the graph I'y(D) is a connected F, pluripolar set, Theorem 4
implies that I'y(D)g. is connected. By assumption I'y (D) is not complete pluripolar
and hence, by Theorem 5, the connected set 71(I's(D)g.) is not contained in D.
Therefore there exists a point pedD so that pem(I'y(D)gz). Using Theorem 3,
Theorem 6 follows. [
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Corollary 4. Let D=DUD, where D is a domain, DCC\D, which contains
a truncated non-tangential cone of fized size with vertex z for each z€&, & being
a closed subset of positive length on dD. Let f be holomorphic in D and continuous
in D=DUD (hence f|p and f|p are pseudocontinuations of each other across the
set £). Suppose that C\D is non-thin at every point z€0D and T ¢(D) is complete
pluripolar. Then T'y(D) is complete pluripolar.

Note that functions f with the mentioned properties exist (see [Ed]). Corol-
lary 4 states roughly that if two analytic manifolds in C? have contact along a set
which is not massive enough in potential theoretic terms, then the property of
plurisubharmonic functions in C? to be —oo does not propagate from one of the
manifolds to the other one.

Proof. The set BET 7(D)&: is contained in I'y(D) since by assumption the
latter set is complete pluripolar. Hence m (E)CD and C\m;(E)DC\D is non-thin
at any point pedD. O

We conclude this section with an example of fine analytic continuation to a set
with no interior points outside the unit disk, with an example with infinitely sheeted
pluripolar hull and with some open problems.

Ezample 4. Consider all points in C\D with rational coordinates. This set is
countable and accumulates, in particular, to the whole circle 9D. As in Example 2
there exists a subharmonic function ¢4 which is —oco on this set and non-negative at
each point peD. Let U be the set of points on which ¢/ <—1. The set U is open,
contained in C\D and it is thin at each point of the unit circle. Moreover C\U
is connected, i.e. U is simply connected which is a consequence of the maximum
principle.

Let F be a continuous function on C\U which has the Mergelyan property on
each compact subset of C\U and has complete pluripolar graph I'z(C\U). Such
functions were constructed in [Ed] for arbitrary closed subsets of C. Then f=F|p
is analytic and f has fine analytic continuation at each point p€dD. Hence by
Theorem 2 there exists a set A; which contains a fine neighborhood of each point of
the circle, such that the graph I'z(A;) is in the pluripolar hull of I'z(D). However
the mentioned pluripolar hull is contained in I'z(C\U), and the set C\U does not
have interior points outside the unit disk D. Hence in this case the non-trivial part
of the pluripolar hull of I' /(D) does not have analytic structure, i.e. there is no piece
of a non-trivial analytic manifold contained in it. The following problems arise.

Problem 1. Let f be analytic in D. Suppose 71 (I's(D)g:) has an interior point
p outside D. Is there a neighborhood V,, of p in C and a relatively closed subset X
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of V, x C such that X CI'f(D)¢. and X is a “limit” (e.g. in the Hausdorff metric)
of relatively closed analytic varieties in V,, x C?

Problem 2. Let f be analytic in D and suppose that I'y(D) is not com-
plete pluripolar. How big can the fiber of I';(D)g. be over a “generic point” in
1 (L'y(D)g2)? Can it be more than countable? Does I'y(D)g. contain the graph
of a reasonable function over a sufficiently massive subset of C which is related to
some kind of generalized analytic continuation of f7

We have the following example in mind.

Ezample 5. By a segment we mean the (closed) part of a real line in C which
joins two points in C. Let U be as in Example 2. Consider a sequence of pairwise
disjoint segments o,, contained in U which accumulates to the whole circle 9D and
does not have other limit points in C. Denote the endpoints of the segment o,
by a, and b,, and associate to o, the branch of the function \/ (z—an)(z—by)
on C\o, which equals z+O(1) near co. We will use this notation only for the
mentioned branch. Let ¢, be complex numbers so that Y | |c,|<oo. Let F(z)=
S en/(2—an)(2—by) on C\U. The series converges uniformly on compact sets
in C\U. The function f=F|p has fine analytic continuation at each point of dD.
Moreover, F has the Mergelyan property on compact sets in C\U. By Theorem 1
the graph I'z({z:|z|>1}\U) is in the pluripolar hull of I';(D). Since F has single-
valued analytic continuation to {z:|z[>1}\J,— on, the graph of F over this set is
contained in the pluripolar hull of T';(D) too.

Fix a number n. The graph of the function \/(z—a,)(2—b,) over C\o, is
an open subset of the algebraic curve {(z,w)€C?:w?=(2—ay)(z—b,)}. There is
a neighborhood U, of o, such that Zl?&n ) \/(z—al)(z—bl) is analytic in U,,. Hence
the analytic set

Ay = {(z,w) €U, xC: (w—ch\/(z—al)(z—bl))2 :ci(z—an)(z—bn)}

l#n

contains the graph I'#(U, \ 0,) and is therefore in the pluripolar hull of Tz (U, \ 0,,)
and, hence, of I'f(D). The set A, has two sheets over U, \ oy, the second sheet is
the graph of the function

—cn/(z—an)(z=bn)+ Y _a/(z—ar)(z=by).
l#n

This function has analytic continuation to (C\D)\U. Moreover, it has the Mergel-
yan property on compact subsets of C\U. By Theorem 2 it has fine analytic continu-
ation at each point of 9D to the disk D. We have obtained that the pluripolar hull of
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I't(D) contains a two-sheeted branched covering over the set DU (C\(]SUUz;en a1)),
the points a,, and b,, being the branch points. Repeating the argument for all other
endpoints of the segments, we obtain that the pluripolar hull of It (D) contains an
infinitely-sheeted branched covering (countably many sheets over generic points)
over the set C\0D with branch points {a,}22; and {b,}32,. Note that the sheets
over D are graphs of analytic functions. Moreover, the covering is unbranched
over C\(TUU,~, ({an}521U{bn}52,)). The infinitely-sheeted branched covering
over C\JD can be approximated by analytic subsets of (C\0D)x C, the sheets of
which over C\{J;_, o1 are the graphs of F,,(2)=3"|_, £e1\/(2—a;)(2—b;) with all
possible choices of + and —. Note that similar arguments as in Example 2 show
that the function f is nowhere analytically extendible across D. Choosing the ¢,
more carefully we may obtain that f is of class C'*° on the closed unit disk.

When this paper was written we received a preprint of Zwonek [Zw] where he
constructed an analytic function in D which does not have analytic extension across
0D and for which I'y (D). has at least two sheets over D.

Example 5, Theorem 1 and Theorem 3 give the intuitive impression that the
key for non-triviality of the pluripolar hull of a graph of an analytic function might
be expressed by the words “branched fine analytic continuation of the function”.
At the moment we are not able to give these words a more precise meaning. In
particular, the following problem arises.

Problem 3. Let f be analytic in D. Suppose the fiber of the pluripolar hull
I'y (D) &2 over each point in C contains at most one point, in other words, I'f (D) &z
is the graph of some function F. Is F a fine analytic continuation of f?

Problem 4. Is I'y(D)¢. related to a suitable positive (1,1)-current?

In Section 2 of the paper we will prove Proposition 1, Theorem 1 and its
corollaries. In the remaining Section 3 we will prove Theorem 3.

2. Non-trivial hull

In this section we will prove Proposition 1, Theorem 1 and its corollaries. Recall
that in Proposition 1 we consider domains D; and D., D;CD and DeCC\f), such
that the bounded components of C\(D;UD,) are similar thombs ¢; for which the
endpoints of one of the symmetry axes are the endpoints of a connected component

of OD\E. Here € d:efl_)iﬂl_De. The following lemma will be useful.

Lemma 1. Let |J, I; be a union of open pairwise disjoint arcs on 0D which is
thin at pcdD. Denote by |J; 01 the union of closed similar rhombs with the property
that two opposite vertices of {; are the endpoints of I;. Then |J Oy is thin at p.
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For the proof we need the following proposition which is interesting in itself.

Proposition 2. Let ECC be thin at the point 0€E. Let T: C—C be a map-
ping which satisfies a Lipschitz condition (|Tz1—Tz2|<C|z1— 22| for z1,22€C) and
such that T(0)=0 and |Tz|>c|z| for z€C. (C and c are positive constants). Then
the set TE is thin at 0.

This proposition was known already to Brelot. Since a slightly weaker assertion
is stated in [B] (see Chapter 7, Paragraph 2) and we were not able to find an explicit
reference for Proposition 2, we sketch the proof for the convenience of the reader.

Proof. Since FE is thin at 0 there exists a subharmonic function V in a neigh-
borhood of 0 with V(0)>—o0 and lim¢e g ¢—0 V(§)=—00. Using the Riesz represen-
tation theorem and subtracting a harmonic function we may assume that V has the
form

V(z) = / log € — 2] du(€)

for a positive Borel measure u. Define the measure p; by pu1(A)=p(T~1(A)) for
each Borel set A, and put

Vi) = [ logle 2l duae).
Then
Vi(72) = [ logl¢=T|dur(€) = [ log T~ duc).
Hence V; (T2)<V(2)+log C- ||| and V1 (0)>V(0)+loge- |l O

Proof of Lemma 1. Note first that (J; [; is thin at p if |J; ; is, since the sets
differ by a countable (and hence thin) set. Denote by A the union of the boundaries
of the rhombs. Let A, and A_ be the parts of A which are contained outside the
closed unit disk and inside the closed unit disk, respectively. Both A, and A_ can
be represented as graphs over a part of 9D;

A+ = {7"+6i¢2 7'+:7"+(¢) and eiqseUIl}’
l

A = {r_ew: r_=r_(¢) and 6i¢€UIl}'
1

The mapping T'(e'?)=r,e'?, where ¢’ €|, I; can be extended to the whole plane
as a Lipschitz continuous mapping which satisfies the conditions of Proposition 2
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with 0 replaced by p. (The same is true for the mapping T'(e’?)=r_e?). Since
thinness is invariant under translation, Proposition 2 shows that both A, and A_
are thin at p. Therefore their union A;UA_=A is thin at p. Since the union of
the boundaries of the closed rhombs is thin at p we conclude that the union of the
closed rhombs is thin at p. 0O

We need the following immediate consequence of Lemma 1.
Corollary 5. If U=, 0 is thin at peOD then also U\D is thin at p.
Proof. Indeed, U\D=J, 0;,\D. O

We will make use also of the following three observations.

If the union of rhombs [J, {; is thin at p there are arbitrarily small numbers
r>0 with the property that 9D(p,r)NJ, 0;=9. (See [B] or Proposition 2 with
Tz=|z| after suitable translation).

Moreover, looking at connected components of the union of closed intervals
and replacing the previous rhombs by closed rhombs associated to these connected
components in the same way as above, we may assume that the {;’s are pairwise
disjoint.

If U, 01 is thin at p then there exists another sequence of similar (open)
rhombs ¢’ associated to disjoint open arcs I of dD, such that |J ; Q% is thin at
p and UJ; OiClU; 0. In fact, U, I; is thin at p. If for a subharmonic function V,
lim_ ¢\, 1,,2p Y (2) <a<V(p), then for each I, contained in a small neighborhood V,,
of p, supy, V<a, hence sup; V<a for some open arc I,>1,. Take also for the other

arcs I, suitable open arcs I; containing them. The set U I, is thin at p. Let the Ij‘
be the connected components of the latter union and associate rhombs ()9 to them.

Proof of Proposition 1. We will assume that the {; in the statement of Proposi-
tion 1 are pairwise disjoint (shrinking otherwise the sets D; and D.) and prove fine
analytic continuation to D(p,r)\lJ; 0} for a suitable small 7>0 and the rhombs
¢} described above. We may assume that 7>0 is chosen so that dD(p,r) does
not meet (J; O} (by the remark above). Keep the notation ¢; for only those of
the original rhombs which are contained in D(p,r) and ¢} for those of the en-
larged rhombs which are contained there. The function f is analytic in each of the
domains ng:efD(p,r)ﬂD\Ul O and D’ed:efD(p,r)ﬂ(C\ﬁ)\Ul ¢ and Holder con-
tinuous in the union of the closures. Both domains have rectifiable boundary, hence
by Cauchy’s formula

f(z)= 1/ f(f)df—i— 1/ f(g)df, zeDjUD..
o

C2mi Jop E—2 21 Jopr E—2
T e
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The contours of integration are always oriented as boundaries of relatively compact
domains. Note that one of the integrals in the sum above will be equal to zero.
Using that 0DND(p, )\, (i=END(p, r)=0D;NID,, and integration over this set
is provided twice with opposite orientation we obtain

_ 1 f(€
fl2) = 211 /aD(p, &— z 2 Z/%l E—2 d

Lef J(z)—ZJl(z), 2z€D,UD..

By Privalov’s theorem J(z) extends to a Holder continuous function of order « in
D(p,r) if <1 and of any order less than 1 if a=1. The measure f(£)d¢ on |J, 00,
is a finite Borel measure concentrated on a subset of | J I O;. To prove Proposition 1
let s, =, 01 and F, (2)=J (p+(1=1/n)(z—p)) = > 1=, Ji(2), 2z€D(p,7)\ 56,. We
have to check that the F, converge uniformly to f on D;UD,=D(p, r\U; 0. To
obtain a uniform estimate of J; on D(p,7)\0; we use that for z¢¢; the Cauchy

type integral with pole at z of the constant function f(z) along 9¢; vanishes. We
get for z€ D(p, )\ 0y,

|Ji(2)] =

1 f(6)— ‘ |§—2|*
d C dg|.
2mi Joo, £z : /<>, 1€~ 2| 4¢]

Let N>n be a natural number and let z€ D(p, r)\Uf\Ln O1. Then

|§—=|* |§—=|*
Ji(z <c/ | <C de|.
| l | |£—Z| | | Ulznaol |£—Z| | |

n<I<N Un<i<n 901

Represent the contour of integration on the right-hand side as the union of its
part A, contained in D and its part A} contained in C\D. Each of the parts is
the graph of a Lipschitz continuous function over a subset of (0D)ND(p,r) with
uniform estimate for the Lipschitz constant (which depends on the angle of the
truncated non-tangential cones contributing to D; and D.). For a point (#0 we
denote by ¢’ its radial projection to the circle, ('=¢/|¢|. Using the inequality |§—z|>
const|¢’— 2’| and estimating the arc-length on A, and on A, by arc-length of the
radial projection, we obtain

> elzc | =g’
oD, O

n<I<N

N
<c' [ |e? =112 de™|, zeD(p,m)\ | 01,

Tn l=n
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where 7, is the arc of the circle which is symmetric around the point 1 and has
length mes; (0DNU;s,, O1). Since a>0 the right-hand side converges to zero for
n—o00. This proves the proposition. [

For a domain GCC, a Borel subset £ of G and a point z€G we denote by
w(z, €&, G) the harmonic measure of £ with respect to G computed at the point z.

Proof of Theorem 1. Let V=D(p,r)\U, where U CC\D is open and thin at p.
We will first obtain a harmonic measure estimate. Let p>0 be small enough and
such that {z:|z—p|=p}NU=@. Since U is thin at p such p exists. Let J be a closed
subarc of dD(p, p) contained in D. Decreasing p we may assume that the length of
J is at least 57p/6. Let K,, be an increasing sequence of compact subsets of U, each
K, being the finite disjoint union of closures of smoothly bounded simply connected
domains. Then D(p,r)\ K, is connected. We claim that if p is small enough there
exists a number 71, 0<r1<p, and an open set Uy DUND(p, p), which is thin at p,
such that the following harmonic measure estimate holds:

(2.1) w(z,J,D(p,p)\Kyn) >} for each z€ Vi =D(p,r1)\Uy and each n.

In fact, since U is thin at p there is a subharmonic function ¢/ in a neighborhood of
p which is finite at p and tends to —oo along the set U. Taking p small enough and
adding a constant to U we may assume that U is defined and less than 0 in D(p, p).
Multiplying U by a positive constant we may assume that U/ (p)>—112. Taking p
small enough, we may assume that U <—1 on UND(p, p). Then

(2.2) w(z,J, D(p, p)\K»n) >w(z,J,D(p,p))+U(2), z€D(p,p)\Ky.

Indeed, the boundary of D(p, p)\ K,, is smooth, and hence regular for the Dirichlet
problem. The left-hand side is harmonic in this domain and extends continuously to
all but two points of its closure, the right-hand side is subharmonic in the domain,
bounded from above and its boundary values at all but two points are majorized
by those on the left-hand side. Denote by U; the set Uy dZEf{ZED(p, p):U(z)<— 1.
The set U; is open and since Z/{(p)>—112 the set Uy is thin at p. Clearly U;D
UND(p, p). By the assumption on the length of J we have w(p, J, D(p, p)) > 152. Let
r1€(0, p) be so small so that

(2.3) w(z,J,D(p,p)) > 142 for z€ D(p,r1).
Then by (2.2), the definition of Uy and by (2.3),

w(z, J,D(p,p)\Ky)> 5 — L =14 for z€ D(p,r1)\Us LY, for each n.

The inequality (2.1) is proved.
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Suppose now that f has fine analytic continuation F at p to a fine neighborhood
V=D(p,r)\U, i.e. there exist analytic functions F,, in neighborhoods U(F,,) of V'
which converge uniformly to F on V. Shrinking the neighborhoods U(F,) we
may always assume that supy(r, ) |F,|<C for all n and a constant C'>1. Since
U is simply connected one can choose an increasing sequence of compact subsets
K, of U, each being the finite disjoint union of closures of smoothly bounded
simply connected domains such that D(p,r)\ K, CU(F,). Hence F, are analytic
in D(p,r)\ K, and continuous in D(p,r)\ K, and their maximum norms in these
sets are bounded by the constant C. Take p, 1 and V; as above. Fix an arbitrary
point z€V; and define @y, .(§)=F,(§)+F(2)—Fn(z), £€D(p,7)\K,. Then @, .
are analytic and uniformly bounded on D(p, p)\ K, and continuous on D(p, p)\ K,
Qn.2(2)=F(z), and Q. —F uniformly on V as n— oc.

Let B be a ball in C? which contains the graphs I'q, _(D(p,7)\K,) for all n
and z. Fix 2z€V;. Let u be a plurisubharmonic function in C? which equals —oo
on I'y(D). Adding a constant, we may assume that u<0 in B. The set JCVND
and for large n the set I'q, _(J) is uniformly close to I'y(J)=Ix(J). Since u is
upper semi-continuous for each large N there exists n such that u(€,Qp .(§))<—N
for £¢€J. The function &—u(E, Qn,-(§)) is a negative subharmonic function on
D(p, p)\ K,, which is upper semi-continuous on the closure of this set, hence by the
estimate of harmonic measure we obtain

(2.4) u(z, F(z)) =u(z,Qn,»(2)) < —Nw(z,J, D(p, p)\ Kp) < —JZ.
Since N was arbitrary we obtain u(z, F(z))=—oc for all zeV; if u=—o0 on I'f(D).

Suppose now that Int V'\D has a connected component V which is non-thin
at p. Then f/ﬁVl:f/ﬂD(p,rl)\Ul is non-thin at p (since ‘O/C(XO/OD(p,Tl)\Ul)U
{z:|z—p|>r1}UU; and the last two sets are thin at p). Hence VNV; is not polar,
and therefore, since F is analytic on ‘0/', I‘}-(f/) is contained in the pluripolar hull
of Ff (D)

Suppose U\D is thin at p. There exist arbitrarily small numbers p>0 such
that {z:]z2—p|=p} does not meet U\D, hence for those p the set {z:|z—p|=p}N
{2:]2|>1} is contained in the complement of U\D in C\D, namely in IntV N
{2:]z|>1}. There cannot be two disjoint open connected subsets of C\D for which
p is an accumulation point, which both contain half-circles {z:|z —p|=p}n{z:|z|>1}
for some positive numbers p. Since the open set C\(DUU) is not thin at p it has
exactly one such component and this component is non-thin at p. Theorem 1 is
proved. [

The proof of Theorem 2 is a slight modification of the proof of Theorem 1. We
will omit it.
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Proposition 3. Suppose the continuous function F on a closed fine neighbor-
hood V=D(p,r)\U of p is finely analytic at p. Suppose v:[—1,1]—=C is a smooth
arc with v(0)=p which divides D(p,r) into two connected components D (p,r) and
D_(p,r). Then there is a smaller fine neighborhood Vi of p such that F|p, v,
is uniquely determined by F|p_(prnv -

Proof. 1t is enough to show that if F is finely analytic at p on V and
Flp_(p,rynv =0 then Fly, is equal to zero for some fine neighborhood Vi CV of p.
As in the proof of Theorem 1 there exist compact subsets K, of U, each being
the finite disjoint union of closures of smoothly bounded simply connected domains
and analytic functions F,, on D(p,r)\ K,, which are continuous on D(p,r)\ K, and
uniformly bounded by a constant C'>1, and converge to F uniformly on V. Let J
be a closed arc of a circle dD(p, p) for some p>0 which is contained in D_(p,r)NV
and has length at least 5mp/6. Since F=0 on J, the numbers endZEfmaXJ | Fn| are
less than 1 for n>mng and tend to zero for n—oo. The same arguments as in the
proof of Theorem 1 give a number ;>0 and an open set U; which is thin at p
and a harmonic measure estimate analogously to (2.1) such that the two-constant
theorem gives for zeVi=D(p,r1)\U; and all n>ny,

log | Fn(2)] < loge, -w(z,J, D(p, p)\K,)+log C-(1—w(z, J, D(p, p)\ K.))
< loge,-+logC.

Hence F(z)=lim, 0o Fn(2)=0for zeV;. O

Proof of Corollary 1. By Proposition 1, f|p, has fine analytic continuation to
aset Vi=D(p,r1)\U; CD;UD, for some r1 >0, where U; is an open set which is thin
at p. Moreover, this fine analytic continuation equals f|y,. Hence, the pluripolar
hull of I's (D;) contains I'¢(V2) for a fine neighborhood Vo C Vi of p, in particular it
contains I's({p}). In the same way it contains the graph of f over each point at
which U is thin.

The domain D, is non-thin at p, since D, contains D(p,p)N{z:|z|>1}\U,
where U is thin at p. Hence, as in the proof of the second part of Theorem 1,
I';(D.) is contained in the pluripolar hull of T'f(D;). O

Proof of Corollary 2. Let |J, I; be a union of disjoint open arcs on 0D such
that (J, /; is dense on 0D, its linear measure is less than 27 and J, £; is thin at 1.
Let GCD be a domain whose boundary v is a smooth, nowhere analytic Jordan
curve obtained from 9D by replacing each arc I; by a curve in DN¢; with the
same endpoints as I;. Here the {;’s are similar rhombs corresponding to the arcs
I; like in Section 1. Let f be a conformal mapping of G onto D. f extends to
a smooth homeomorphism of G onto D. Since ~ is nowhere analytic, f and its
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inverse f~! do not have analytic continuation across any part of the boundary of
their domain of definition. However by the Schwarz reflection principle f admits
pseudocontinuation across the set £=9D\J,[; and hence extends to a function
in A(D;UD,) for suitable domains D; and D, of the kind described before the
statement of Theorem 1. Note that the extended function is also univalent. By
Corollary 1 the pluripolar hull of I';(D;) (and hence of T'f(G)) contains I'y(D.).
The graph of f over the subset G in the z-plane,

I'4(G)={(z,w)€C?:2€G and w= f(2)},

can be considered as the graph of its inverse function over the set D in the w-plane,
{(z,w)eC?:weD and z=f~1(w)}. The corollary follows. [

3. Points which are not in the pluripolar hull

In this section we will prove Theorem 3. For the proof it will be convenient to
use the following known results.

Let Q be a pseudoconvex domain in CV. In [LP] the negative pluripolar hull
is defined as

Eq d—efﬂ{z €N:u(z)=—o0},

where the intersection is taken over all negative plurisubharmonic functions in Q
that are —oo on E. The following relation between the negative pluripolar hull and
the pluripolar hull holds (see [LP]).

Theorem 7. Let Q be a pseudoconvex domain in CV. Let {25152, be an
increasing sequence of relatively compact subdomains of € with Ujoil Q;=0Q. Let
ECQ be pluripolar. Then

o0
E} = U (ENQ;)
For a subset EC(Q, the pluriharmonic measure at a point z€Q of E relative to
), is defined as
(3.1) W(z, E,Q) = —sup{u(z) : u is plurisubharmonic in Q and u<—xg},

where xg is the characteristic function of the set E. The relation between the
negative pluripolar hull and pluriharmonic measure is given in the following theo-
rem [LP].
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Theorem 8. Let Q be a domain in CN and let ECSQ be pluripolar. Then
Eq={z€Q:W(z, E,Q)>0}.
Theorem 7 and 8 immediately imply the following fact.

Proposition 4. For a compact set KCCYN the pluripolar hull K&n is of
class F.

For convenience of the reader we give a short proof.

Proof. By Theorem 7 it is enough to show that for each large open ball B
centered at the origin and containing K, the negative hull K is of class Fi. Since
B is hyperconvex (i.e. B has a bounded plurisubharmonic exhaustion function)
the pluriharmonic measure z—W (z, K, B) is upper semicontinuous (see e.g. [K],
Corollary 4.5.11). Hence, for each n the set {zeB:W(z, K, B)<1/n} is open. It
follows that

Kg= G{ZG (1-1/n)B:W(z,K,B)>1/n}

n=1

is the countable union of closed sets. Here (1—1/n)B is obtained from B by con-
tracting B by the factor 1—1/n. O

In the proof of Theorem 3 we will use that I'y(D)g. =I'f(K)g. for a closed
disk K C D and hence I'y(D)¢. is of class F},. Writing the hull as a countable union
of compact sets we see that 71 (I'y(D)g2) is of class F,.

Proof of Theorem 3. Put E=T";(D)¢.. We have to show that for each point
pemi(E) the set 1 (E) contains a fine neighborhood of p, equivalently for pem; (E)
the set AdZEfC\ﬂ'l(E) is thin at p. Suppose on the contrary that A is not thin
at some point peC (in particular p¢ D) and prove that p¢mi(E), i.e. the fiber
71 ' (p)={p} x C avoids E=T'§(D)%.. We may assume that pem; (E). We will apply
Wiener’s criterion to the Borel set A (see e.g. [R] concerning Wiener’s criterion for
not necessarily closed sets). Put A,={2€A:27"<|z—p|<27" "1} for each natural
number n. According to Wiener’s criterion A is not thin at p if and only if the
relation

=0

n
n%:l log(2/ cap An)

holds. Here cap 4,, denotes the logarithmic capacity of the set A,, CC. (If cap A,,=0
for some n the respective term n/log(2/ cap 4, is considered to be equal to zero.)
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By regularity properties of the capacity (see e.g. [R] or [B]) there exist compact
subsets s, C A,, such that cap xnzé cap A,. The s, are pairwise disjoint.

We want to replace s, by simply connected sets 3,. By Theorem 4, E is
connected, and hence 71 (F) is connected. Since pem(F), the set m1(E)U{p}
is connected and it intersects each annulus {z€C:27"<|z—p|<27" "1} for n>ny.
The complement C\UTZLHOJr1 »y, is open and contains m (E)U{p}. Let C be the

connected component of C\Ufj:no 41 #n which contains 71 (E)U{p}. The set C
contains an annulus of the form {z€C:27"<|z—p|<27"(1+4¢&,)} for some positive
en for n=ng+1, ..., N—1. Moreover, it contains the disc {z:|2|<27"} and the set
{z:|z|>27"0}. Hence the complement of C is the union of disjoint compact subsets
7, C{z:27"<|z—p| <27} n=ng+1,..., N, each 3, being simply connected (not
necessarily connected.) Note that 3, D, 36, CA,, and cap 3¢, >cap », > ; cap A,.
In particular 7, does not meet D. Applying Wiener’s criterion once more, we obtain
that (J;—, .1 %, is not thin at p.

For n>np+1 we denote the compact set U?:no 41 % by K n.AThen the sequence
K, n>ng+1, is increasing and for each n>ngp+1 the set D,,=C\ (KUK,,) is a do-
main. (Here C denotes the Riemann sphere.) Let w(-,0K, D,,) be the generalized
solution of the Dirichlet problem for the domain D,,=C\(KUK,) with boundary
value 1 on 9K and 0 on 0K,,. We claim that

(3.2) nlg& w(p,0K, Dy)=0.

Indeed, denote by E, the set of irregular boundary points of d(KUK,) for the
Dirichlet problem. Note that E, COK,, (since 0K is smooth), E, is a polar set and
fEIl)iﬂrflf_m w(&, 0K, D,,) =w(z,0K, Dy,)
for all points z€dD,,\ E,. Extend for each n the function w(z, 0K, D,,) to the set
K, by putting it equal to zero there. Denote the extended function by h,. Let
A be a large open disc which contains KU{p}Ul, >, 41 #n. Associate to each set
E,, n>np+1, and any positive number o, a subharmonic function 3, , on A which
equals —oo on E, such that 5, ,(p)>—0c/2". We may assume also that 3, . is

negative on A. Such a function exists since E, is polar (see e.g. [B]).

The function h,, + 3, is upper semicontinuous on A\ K (h,, is continuous at all
points of A\ (KUE,,) and uniformly bounded, 3, , equals —oco on E,, and is upper
semicontinuous). Moreover hy,+ /0, , is subharmonic on A\K. (The inequality
hn(2)<(1/27) 027T hy(z+1e®) dp, 0<r<r(z), holds for all points in A\(KUK,)
since h, is harmonic there. It holds for points in K,\ E, since h, =0 there and
hrn>0 on A\ K. The inequality for h, replaced by hyp+ By, holds for z€ E,, since
the sum equals —oo at such points.)
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The functions Hn:hn—i—Z?:nO_H Bj,0» n>no+1, are subharmonic on A\ K
and H,y1<H, (since B;, are negative and h,41<h,). Moreover H,(p)>
Z;‘l:no-i-l Bj,0(p)>—0 by the choice of §; , since h,, >0. Hence

n

H =l Ho=lig ot i, D, Pre
j=no+1

is subharmonic on A\ K (being the decreasing limit of subharmonic functions).

Moreover H <0 on Un>n0+1 #,. Since the latter set is not thin at p,

H(p)= limsup H() <0,
§—p
§€U”Zno+1 #n
hence lim,, 00 hn (p) < —limy, o0 Z?=n0+1 Bj,0(p)<o. Since o is an arbitrary posi-
tive number (3.2) is proved.

We want to apply Theorem 8. For each natural j denote by B, the open ball
of radius j and center 0 in C?. The graph I'¢(K) is contained in Bj, for some jo.
Let j>jo. Fix any number €>0. We will construct a plurisubharmonic function
g on B, which equals —1 on I'f(K) such that g(p, w)>—e for all weC for which
(p,w)€B;. Choose n so that w(p, 0K, D,,)<e. The compact set (K, x C)NB; does
not meet E=I";(D)g.. Using the definition of the pluripolar hull and the smoothing
of plurisubharmonic functions together with a compactness argument one can find
a continuous negative plurisubharmonic function u on Bj; with the properties

u<—-1lonTy(K) and u>—¢on (K,xC)NB;.

(See also [Z] where such functions are constructed.) The second inequality is satis-
fied also on a neighborhood of the mentioned compact set (K, x C)NB;. Hence we
may choose a smoothly bounded simply connected compact set f(n, Kncf(n, f(nﬂ
(KU{p})=9 such that u>—¢c on (I?HXC)QEJ'. Put ﬁnza\(KUIN{n), n>np+1.
The domain ﬁnCDn has regular boundary for the Dirichlet problem and

(3.3) w(p, 0K, Dy) <w(p,0K, D,) <e.

The function

(3.4)
-1, zeK, (z,w)eB;,

{ —w(z, 0K, bn), z€ﬁn, (z,w)eB;,

v(z,w)=

is plurisubharmonic on a part of the ball B;, precisely on {(z, w)€B; z¢[~(n} We
want to obtain a plurisubharmonic function in the whole B; using a standard gluing
procedure near (0K, x C)NB;.
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For (z,w)eB; define
(3.5)

Y w) u(z,w), ZGI:(H,(z,w)EBj,
9(z,w) {max{v(z,w)—a,u(z,w)}, 2¢ K, (z,w)€B;.

The function v is defined on {(z,w)ij:zgéI?n}, hence g is well defined. On
(3I~(n><C)ﬂBj we have the inequality v—e=—e<wu. By continuity properties of
u and v the inequality v—e<w holds also on a neighborhood of (af(n xC)NB; in
(D, xC)NB;. Thus g=u on a neighborhood of (9K, x C)NB; in (D, x C)NB;.
Since u and v are plurisubharmonic where they are defined, the function g is
plurisubharmonic on B;. Since for (z,w)el;(K)NB; the relations u(z, w)<—1
and v(z,w)=—1 hold, we obtain for these points g(z,w)<—1. On the other hand,
since p¢l~(m for points of the form (p,w)€eB; we have by (3.3),

g(p,w) >v(p,w)—e > —2¢.

Here £>0 was chosen arbitrary, hence W (p',I';(K), B;)=0 for any p’€7rf1(p)ﬂBj.
Applying Theorems 7 and 8 finish the proof of Theorem 3. O
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