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Endpoint estimates for Riesz transforms
of magnetic Schrodinger operators

Xuan Thinh Duong, El Maati Ouhabaz and Lixin Yan

Abstract. Let A=—(V—i@)?+V be a magnetic Schrodinger operator acting on L2(R™),
n>1, where a=(a1,...,an)€L2 and 0KV €Ll . Following [1], we define, by means of the area

loc loc
integral function, a Hardy space Hi‘ associated with A. We show that Riesz transforms

(8/0z1, —iay)A~1/? associated with A, k=1, ...,n, are bounded from the Hardy space HY into L!.
By interpolation, the Riesz transforms are bounded on LP for all 1<p<2.

1. Introduction

Consider a real vector potential @=(a1, ..., a,) and an electric potential V. In
this paper, we assume that

(1.1) ar €Ly, forallk=1,..,n,
(1.2) 0<VelLl..
Let Lp=0/0x;—iar. We define the form @ by
n
Q(u,v):Z/ LiuLivdz+ Vuvdx
k=17R" R»
with domain
D(Q)= {u€L2:Lku€L2 for k=1,...,n and \/VueLQ}.

It is well known that this symmetric form is closed. Note also that it was shown
by Simon [21] that this form coincides with the minimal closure of the form given
by the same expression but defined on C§°(R™) (the space of C* functions with
compact support). In other words, C§°(R™) is a core of the form Q.
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Let us denote by A the self-adjoint operator associated with (). The domain
of A is given by

D(A)= {u €D(Q), there is v € L? so that Q(u, ¢) :/ v dx, for all ¢ ED(Q)},

n

and A is given by the expression

n
(1.3) Au=Y" LiLyu+Vu.
k=1
Formally, we write A=—(V —id@)>+V. For k=1,...,n, the operators L;A~/? are
called the Riesz transforms associated with A. It is easy to check that

(1.4) | Lpull> < ||AY?u||p2, uweD(Q)=D(AY?),

for any k=1, ...,n, and hence the operators Ly A~/2 are bounded on L?. Note that
this is also true for V1/24-1/2,

We now remind the reader of some known results of boundedness of Riesz
transforms Ly A~1/2 associated with A. It was recently proved in [20] (Theorem 11)
that by using the finite speed propagation property, for each k=1, ..., n, the operator
Ly A=1/? is of weak type (1,1), and hence, by interpolation, is bounded on LP for
all 1<p<2. See also Shen’s result, Theorem 0.5 of [18] for LP-boundedness of
Riesz transforms of certain Schrédinger operators —A+V. The results in [18] were
extended to the case of magnetic Schrédinger operators in [19]. We note that for
p>2, the counter example studied in [18] with the potential V(z)=|z|~2"¢ shows
that the operator V(—A—l—V)‘UQ is not necessarily bounded on LP. However,
LP-boundedness of Riesz transforms for large values of p can be obtained if one
imposes certain additional regularity conditions on the potential V' (see [18]). For
information on LP estimates of Riesz transforms associated with elliptic operators
on manifolds or Euclidean domains, see [4], [2] and [17].

The aim of this paper is to study the endpoint estimates of the Riesz transforms
Ly A=1/2 from the Hardy space H} into L', where H is a new class of Hardy spaces
associated with A ([1], see Section 2 below). The following is the main result of this
paper.

Theorem 1.1. Assume that (1.1) and (1.2) hold. Then for each k=1,...,n,
the Riesz transform LyA=Y2 and VY/2A=12 are bounded from HY into L', i.e.,
there exists a constant ¢>0 such that

IV2A7 20| 2+ | LA™ 20| 11 < cflul gy,
k=1

Hence by interpolation, VY/2A=Y2 and L, A='/% are bounded on LP for all 1<p<2.
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The paper is organized as follows. In Section 2, we recall the definition of the
Hardy space H} associated with an operator A and state its molecular characteriza-
tion as in [1]. Our main result, Theorem 1.1, will be proved in Section 3. In Section
4 we show that for the Schrodinger operator A=—A+V with potential satisfying
the reverse Holder inequality, the classical Hardy space H' is a proper subspace of
the space HY associated with A. It then follows from Theorem 1.1 that the Riesz
transform VA~1/2 is bounded from H' into L.

Throughout, the letter “¢” will denote (possibly different) constants that are
independent of the essential variables.

2. Hardy spaces associated with operators

Let A=—(V—id@)?+V be the magnetic Schrédinger operator in (1.3). By the
well-known diamagnetic inequality (see Theorem 2.3 of [21] and [6]) we have the
pointwise inequality

le A f(z)| <e'®|f|(z) forallt>0, feL?*R").

tA

This inequality implies in particular that the semigroup e *4 maps L' into L> and

that the kernel p;(x, y) of et satisfies

1 2
21 <« __ = eyt a
( ) |pt(x7y)|— (47Tt)n/26

for all t>0 and almost all z,ycR".
For any (z,t)eR™x (0, +00), we let

(22)  Pfl)=cf(@) and Qi) =T ()= 1A f(2)

for feLP,1<p<oo. Consider the area integral function Sa(f) associated with an
operator A, given by

siow =] aeswr )"

Since A is a selfadjoint operator, it has a bounded H.-calculus in L? (see [16]),
and hence S4(f) is bounded on L?(R"). By using the upper bound (2.1), it was
proved in [1] (Theorem 6) that Sa(f) is bounded on LP(R"™) for 1<p<oo. This
means that for each p, 1<p<oo, there exist constants ¢; and c2 (depending on p)
such that 0<¢; <cy<oo and

(2.3) cllfllp <ISa(Hlly < c2ll Fllp-
See Theorem 6 of [1].
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Definition 2.1. ([1]) We say that f&L! belongs to the Hardy space H associ-
ated with the semigroup {e*4};>0 of A if Sa(f)€L'. If this is the case, we define
its norm by

[y, = ISa(H) -

For any function f(y,t) defined on R"" let

sue=( [ ek )/

The tent space T3 is defined as the space of functions f such that G(f)€LP,
when p<oo. The resulting equivalence classes are then equipped with the norm,
1£ 12y =IG(f)ll- Thus, FEHY if and only if Qe f €T3 (or G(Q f)=Sa(f)ELY).
Next, a function a(t, z) is called a Ty -atom if
(i) there exists some ball BCR™ such that a(t, ) is supported in g; and

dz dt 1
ii a(t,z)? < i,
(i) et 2 <

where B={(y,t)eR"* :yeB and B(y,t)CB} and B(y,t) is the open ball with
center y and radius ¢.

We now describe an A-molecular characterization for these Hardy spaces. Fol-
lowing [1], a function a(x) is called an A-molecule if

dt

(2.4 ale)=ma@@) =2 [ Qu(T-Pa)alt @) .

where a(t,z) is a usual T3-atom. Consider the following identity:

dt

2 7t22 t22 2 7t2Z
—" t e —e t e

which is valid for all z#0 in a sector 52 with pe(0,7), where 52 is the interior of
S,={z€C:|argz|<u}. As a consequence of Hu-functional calculus of the opera-
tor A ([16]), one has the following identity which is valid for all f€ H}{NL2,

(25) fa) =7 [ Qul-Pe) Qe .

t
By using identity (2.5) and the atomic decomposition of Q> f€Ts (see Theorem 1
of [3]), an A-molecular decomposition of f in the space HY is obtained in Theorem 7
of [1] as follows.
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Proposition 2.1. Let fe HY. There exist A-molecules ag(x) and numbers Ay
for k=0,1,2, ... such that

(2.6) F@)=>" Aean().
k=0

The sequence Ny satisfies Y oo | Akl <cllf [z, Conversely, the decomposition (2.6)
satisfies |f 1, <¢ 2000 [Ael

The proof of this proposition is based on estimates of area integrals and tent spaces
as in [3]. For the details, we refer the reader to Theorem 7 of [1]. See also [11].

Note. It is proved in [1] that if T is a linear operator which is bounded from
LP to LP for some p, 1<p<oo, and also bounded from H to L', then T is bounded
on LY for all 1<g<p. For more properties of the Hardy spaces H and related
topics, we refer to [1], [10] and [11].

3. Proof of Theorem 1.1

Recall that p;(z,y) is the kernel of the semigroup e~ 4. We first note that
Gaussian upper bounds carry over from heat kernels to their time derivatives. That
is, for each k€N, there exist two positive constants ¢, and Cj such that the time
derivatives of p; satisfy

k
(3.1) ‘8 bt

—R=n —Ci|x— 2
otk (x,y)‘<th k—n/2 g —ck|z—y|?/t

for all £>0 and almost all z, y€R"™. For the proof of (3.1), see [5], [7], [14] and [17],
Theorem 6.17.

We let p,(z,y)=t(d/dt)p:(z,y)=t(d/ds)ps(x, y)|s=t. It follows from the semi-
group property that

(3.2) Do y) =2e"p,(-,y) for all t>0and y € R™.

In particular, for every fixed y, the function p,( -,y)€D(A)CD(Q). This shows that
the expression Lyp, (-, y)(x) makes sense. In the sequel, we always use the notation
Lip,(z,y) to mean Lip,(-,y)(z).

The following proposition gives a weighted estimate for Lp,(x,y) which will
be useful in the proof of Theorem 1.1.



266 Xuan Thinh Duong, El Maati Ouhabaz and Lixin Yan

Proposition 3.1. There exist constants >0 and ¢>0 such that

/ VY25, (2, y) 2o v/t 4z 3 / | Ly () 2?1291/ o < e /271

for all t>0 and yeR™.
The proof of Proposition 3.1 uses the following lemma (see Lemma 2.5 in [21]).

Lemma 3.1. Assume that (1.1) holds. Then for each k=1, ...,n, there exists
a function \y€L? _ such that

loc

Ly, = e —8 ek,
8.2%

Moreover, we have

0
D(Ly)= {u cL?: aTu—iaku (as a distribution) € LQ}.
k

Proof of Proposition 3.1. Let 1) be a C* function with compact support on R"
such that 0<y <1. Consider

@)= [ L )P (o) do
k:l RTL

Using Lemma 3.2, we have

- 0 , 0 , 2
I (v) ZZ - 8—@(@"“@(3:,y))ﬁ—m(e—“\kﬁt(x,y))em”_y' y(x) dx
k=1

n 0 i < o N 2
=D [ e B 0) g (M b )PP () da
k=1 )

" a —q ~ — N - a r— 2
| e N ) B ) (P () de
k=1"R"

dxy,
=1L —1Ib.
Using (3.2) and the fact that ¢ has compact support, we have
p(- ) () €D(Q) € D(Ly).

We can then write the first term II; as

In =Z/  Ligpe(,y) L (- )PP T) () de
k=17 R"
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Since 0<V and 0<, we obtain

5 SZ/ Lipe(z,y) L (B (-, y)ell—v*/ty) (z) da
k=17R"

+ Vﬁt(xvy)ﬁt(xvy)eﬁlxiyp/tw(x) dx
Rn

=Q(i(-,y), Be(-,y)e’l v )

=/ APy (2, y)Pr (@, y) el 1y () d.

From the semigroup property, it follows easily that Ap,(z,y)=—t(d?/dt*)pi(x,y).
We then apply (3.1) to obtain

1 2, 1
I Sc/ tn/QHe—czlx—ylz/tWe—cl\x—yﬁ/teﬁ\x—yﬁ/tw(x) dz.
R”

Hence for any constant G<ci, there exists a constant ¢>0 independent of ¥ such
that

C
(3.3) Ih<

since 0<¢<1.
Next, we rewrite Il as follows:

n
N R L,
IL=>Y / e”k—axk (e “"pt(x,y))pt(x,y)emx ul*/t
— Jra

X [aimk (x)—i-ww(x)} de.

This gives
n c } R P2
<> — [ |Lpi(a, )| P, )=t (z) da
k=1 Vit Jrn

0

a—xk dx

¥(x)

n
. ~ s
+Z/ |Lkpt(x,y)||pt(x7y)eﬁl yl?/t
k:l R

=J1(¥)+J2(1)).

To estimate the first term J;(¢), we use (3.1) and Cauchy—Schwarz’ inequality to
obtain

J1()

c < (3890 a2 1/2 i oy

%Z(/ nt no(38—2c1)|w—yl*/t d]}) (/R” |Lkpt($,y)|2€m yl /tw(x)dx)
k=

1

1/2
<



268 Xuan Thinh Duong, El Maati Ouhabaz and Lixin Yan

Hence, if 8 is small enough (for example, 5<2¢1/3), there exists a constant ¢>0,
independent of v, such that

c

B < = VT,
Using this estimate and (3.3), we obtain
(3:4) L () < c(t™"* 4 Da(v),

where ¢>0 is a positive constant independent of ).

We now apply (3.4) with ¢;(z)=1v(x/j), where ¢ is a function such that
Y(z)=1 for all x with |z|<1. Simple computations show that the sequence Ja(¢;)
converges to 0 as j—oo. An application of Fatou’s lemma and (3.4) (with ; in
place of ¢) gives

/ |Lip, (z, y)|26’8‘””*y‘2/t¢(x) dx < ct—™/?1,
The term
| Vi @) da
can be written as
QUe(+ ). pr(+ y)e” )~ 1.
Both terms have already been estimated. This finishes the proof. [J

Proof of Theorem 1.1. Firstly, the operators L A~'/2 and V'/24-1/2 are both
bounded on L? for all k=1,2,...,n. Indeed, for f€L? we have

> / Lk A2 ()] da+ / V(@) ATV f (@) de= QA2 f, ATV )
k=1"R" R~

(3.5) =/1Z--

The latter equality follows from the fact that for any symmetric form @ associated
with an operator A, one has D(Q)=D(AY?) and Q(u,v)=(AY?u, AY?v) (see, for
example, Chapter VI of [15] or Chapter 7 of [17]).

We now prove that the operators Ly A~/2 are bounded from HY into L'.
By Proposition 2.2, it suffices to verify that for any A-molecule a(z), there exists
a positive constant ¢ independent of a such that

(3.6) | LKA (0) e <.
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Assume that a(z)=7a(a)(z) is an A-molecule as in (2.4), where a=a(t,z) is
a standard Tj-atom supported in B (for some ball B=B(zg,rg)CR"). One
writes

||LkA*1/2(a)||L1:/ |LkA*1/2(a)(x)|dx+/ |LrA™Y2(a)(z)| doe =T+ 11
2B (2B)¢

It follows from (a) of Lemma 4.3 in [11] that ||74(a)|| L2 §c|||a|||T22§c|B|’1/2. Using
Holder’s inequality and (3.5), we obtain

1< el B2 LeA ™ (wa(0)) |12 < | B ma(a) 2 < e BV B2 <.

We now estimate the term /1. Substituting

ale)=ma@)a) =3 [ tAe AT ) alvE))o)

into the formula

A a) =5 [T S

we have
LAV (a)(x)
18 Rl dt ds
__° t{ L. A 7(s+t)A_L A —(s+2t)A T oL Yo
5ﬁ/0 /0 (Luse ke ICCCRICE NG

- % /000/000(5%_ 2‘%>Lk (sd%e—sf‘) (a(v%,-))(z) dt ds

18 [ X{s>t}  X{s>2t} ) .
- - Lips(w, t,y) dy dt ds.
5\/7_7/0 /0 /B(s\/s—t sv/s—2t kB (2, y)a(V,y) dy dt ds

Thus the key to proving Theorem 1.1 is to estimate f(zB)u |Lipg(z,y)| dx. Let 3>0
be the constant as in Proposition 3.1 and let v=(3/4. We have

/ L, (. )] do
(2B)°

S/ Ly, (z, y)|eP1r— 912 g =Bla—yl*/2s gy
lz—y|2rs

< ([ maptaperia) (|

lz—y|>rB

< Cs_n/4_1/26_»yr123/s (/ e—ﬁ\x—yP/Qs dx)l/Q

o—Bla—y[/s dx)m
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< 6571/267')/7’23/5
c 1

<
Vs (1+75/5)°

for any €>0. This gives
-
H<c/ / / 1 X{s>t} X{s>2t}
- B $32(1+r%/s)/2 | \s—t /s—2t
<c/ // a7 1+r2/8)5/2\/_|a(\/1_f,y)|dsdydt

B 1
“’/o /B/ s3/2<1+r%3/s>€/2

1
Vs—t s—2t
=IhL+1,, respectively.

la(Vt,y)| dydt ds

la(Vt,y)| ds dy dt

It follows from the estimate

2t
1 1
- ds < crg /271
/t s3/2(1+r%/s)/2 /s—t  — B

and Holder’s inequality that

tp
ngcr;/ /t€/271|a(\/1_f,y)|dydt
o JB

7‘23 1/2 d dt /
<chE</ /ts_ldydt> </ la(t, 2 pl ) > <ec.
o JB

We now estimate the term Ilr. We have |1/\/s—t—1/\/s—2t|§c(t/s\/s—2t) for

s>2t. Therefore,

1 (oo} 56/2
ds<crg® / ———ds< crgste/z_l.
2

Vi1 52t . s9/2y/s—2t

e 1
/2t s3/2(1+r}/s)/?
This gives

tp
Hggcr;/ /t€/271|a(\/f,y)|dydt§c.
0o JB

By combining the estimates of I, II; and I, we obtain the desired estimate (3.6).
All the above arguments work in the same way if we replace Ly A~'/? by
V1/2A=1/2 We obtain (3.6) for V'/2A4~1/2. The proof is complete. [

4. A characterization of the Hardy space H}

In this section, we continue with the assumption that the magnetic Schrédinger
operator A=—(V —ia@)?+V satisfies conditions (1.1) and (1.2). We define a Hardy
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space I}i by means of a maximal function associated with the semigroup {e*4};~¢
as

(4.1) o= {f6L1 ssup et £ (z))| eLl}.
t>0
We first have the following proposition.
Proposition 4.1. Let A=—(V—i@)?+V satisfy conditions (1.1) and (1.2).
Then, Hy CHY, i.e., the Hardy space HY is a subspace of H} .
Proof. Define

P* f(x) =sup |e_tAf(a:)|.

t>0

Because of the decay of the kernel p;(z,y) in (2.1), one has P* f(z) <cM f(x), where
M is the Hardy—Littlewood maximal function, given by

1
M) = sup /B ) dy.

B>x

In order to prove Proposition 4.1, by Proposition 2.2 it suffices to verify that
for any A-molecule a(z), there exists a positive constant ¢ independent of « such
that

(4.2) [P (@)l <c.

Assume that o(z)=m4(a)(x) is an A-molecule as in (2.4), where a=a(t, x) is a stand-

A~

ard Ty-atom supported in B (for some ball B=B(zp,r5)CR"). One writes
1P @l = [ Pr@@ldet [ [P (@)@ do=T+1II
2B (2B)*
It follows from (a) of Lemma 4.3 in [11] that ||ra(a)|[z2<c[a]z2 <c|B|7'/2. Using
Hélder’s inequality and (3.5), we obtain
I<e|BI'"?||M(ma(a)] 2 < e|BI"?|maa)] 12 < e[ B|/*|B|7? <.

We now estimate the term 71. Substituting

_36
5

/O " A AT — A (a(VE ) () X

o(a) =ra(@)(@) :

into the formula

P* f(z)=suple~*4 f(x)],

s>0
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we have
Pa)le) = sgzsup| [ eA(e 04— 0 (E, ) (o)
= oS / t(s+) 7 ((s+1)A eI (a(VE, ) () %
+csup /TB t(s+26) " ((s+2t)A e~ T2 (a(VE, ) (x) %
s>01Jo

=1hH+1b.

Note that for any x¢2B and y€ B, we have that |x—y|>|z—xp|/2. This, together
with (3.1), give

dtd
In Scsup/ / (s+t) " (Vt+5)|a(V1,y)] y|x—xB|7"75

s>0

B
< c</ / ==t dy dt> lallpzle—xzpg| ™" ¢
o JB 2

<ergle—zp| "

for any €>0.
Similarly, we also have IL<crg|r—xzp|~" ¢ for any e>0. Therefore,

/ |’P*(a)(x)|dx§cr%/ |lzr—zp| " fdx<c.

(2B)¢ (2B)¢

We obtain (4.2) from the estimates of I and II. Thus we have HYC HY. The proof
of Proposition 4.1 is complete. O

Next, a natural question is to ask whether the space HY is the same as I?}l
The question is still open in general. However, we will give an affirmative answer
in the case of A=—A+V with the assumption that V is a fixed non-negative func-
tion on R™, n>3, belonging to the reverse Holder class RH,(R™) for some s>n/2;
that is, there exists a constant c=c(s, V)>0 such that the reverse Holder inequal-

ity

(4.3) (|;|/Vsdx>l/s<c(|;|/‘/dx>

holds for every ball B in R™.
We now show that the spaces H} and H) coincide, and that they contain the
classical Hardy space H! as a proper subspace.
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Theorem 4.1. Let A=—A+V(z), where V satisfies condition (4.3) and is
not identically zero. Then, we have

(4.4) H'CH,=H}.

As a consequence, the Riesz transform VA~Y2 is bounded from HY into L', and
from H' into L'. More specifically, there exist positive constants c; and co such
that

IVA™Y2ul 12 < etlull iy, < eallul -

Proof. By Proposition 4.1, we have H}C H}. By Lemma 6 of [12], H,CH}.
Therefore, HY=H},.

Theorem 1.5 of [13] implies that the classical Hardy space H !is a subspace
of HA In order to see that H' is a proper subspace of HA, we note that if they
coincide then their duals BMO and BMO 4 coincide. Therefore, by Proposition 6.7
of [11], the semigroup e~ %4 satisfies the conservation property e *41=1 for all t>0.
This latter property does not hold if V' is not identically zero.

It follows then from Theorem 1.1 that the Riesz transform VA~'/2 is bounded
from HY into L', and from H! into L'. This proves Theorem 4.2. 0O

We observe that [13] gives an atomic decomposition for functions in ﬁ}l which
shows that the atoms for the ﬁi space satisfy the same size conditions as the
classical H' atoms, but the mean-value zero condition for ﬁ}l atoms is required
only for those supported on small balls. This, together with Theorem 1.5 of [13],
imply that the classical Hardy space H! is a proper subspace of I;'}‘, and thus
H! ;ﬁ 1=

Notes. Let A=—(V—i@)?>+V be a magnetic Schrodinger operator with as-
sumptions (1.1) and (1.2).

(o) Weak type (1,1) of the Riesz transforms L, A~/? associated with A can
be obtained by modifying the proof in [4]. See also [20].

(8) To the best of our knowledge, the question of boundedness of Riesz trans-
form Ly A~1/2 from the classical H' space into L' is still open.
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