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Higher order Riesz transforms associated
with Bessel operators

Jorge J. Betancor, Juan C. Farina, Teresa Martinez and Lourdes Rodrguez-Mesa

Abstract. In this paper we investigate Riesz transforms REZC) of order k>1 related to the

Bessel operator A, f(z)=—f"(z)—((2u+1)/z)f’ (z) and extend the results of Muckenhoupt and
Stein for the conjugate Hankel transform (a Riesz transform of order one). We obtain that for
every k>1, R&k) is a principal value operator of strong type (p,p), p€(1, ), and weak type (1, 1)
with respect to the measure d\(z)=x2#*11 dz in (0, 00). We also characterize the class of weights w
on (0, 00) for which R&k) maps LP(w) into itself and L'(w) into L'**°(w) boundedly. This class of
weights is wider than the Muckenhoupt class A; of weights for the doubling measure dA. These
weighted results extend the ones obtained by Andersen and Kerman.

1. Introduction

A theory parallel to the classical Fourier analysis was developed by Mucken-
houpt and Stein, in the descriptive and deep paper [13], in the context of orthogonal
expansions (ultraspherical expansions) and their continuous analogues (associated
with Hankel transforms), which are the objects treated in this paper. We consider
the (positive) Laplacian of Bessel-type

1
1 A :—————:D*D > =
( ) I T ’ 2 2;
where D=0/0x and D*=—x"2#"1D2?*1 denotes the adjoint operator of D in
L?(2?#+1 dx). Our aim, inspired by classical investigations about higher order Riesz
transforms (see [14]), is to define and study the appropriate higher order Riesz
transforms for this context. Following the ideas in [15] (see also [7]), we define
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formally the Riesz transform of order k for any k€N as
k) _ k A—k/2
(2) R} =DFAR2,

In order to give sense to the Riesz transforms (2), the first step is to define properly
the “fractional integrals” A;k/ ® for a general k (see Section 2). We see that, for
a C2°(0, co)-function f, A;k/Qf is k times differentiable for z outside the support of
f and k—1 times differentiable inside the support of f (see Proposition 14). Thus,
for feC2°(0,00) and z outside the support of f, (2) makes perfect sense, and it is
given by the integral against a kernel

(oo}
k _ k 2p+1
RO S@)= [ BP @) f6) 5 by o gsupn .
A precise definition of the kernel R,(f) (x,y), z,y€(0,00), in terms of the Poisson
kernel associated with the operator A,,, appears in (23). Moreover, if f€C2°(0, 00),

R f(x) = wi f (x) +lim FRP) (x, )y dy, x€(0,00),
0z —y|>e
where wy, €R (see Lemma 31). The next step is to extend this definition to a general
function in LP(x?#*1dx), 1<p<oco. In fact this is one of the main results of this

paper.

Theorem 3. For every k€N and feLP(x?*+1dx), 1<p<oo, the limit

lim f(y)thk)(at:,y)y2’“r1 dy exists for a.e. x € (0,00).
e—0 |x7y|>€

Moreover the Riesz transform R,(f) can be extended to LP(x?*+1dx), by defining

(4) R f(2)=wif(x)+lim PR (@ y)y™dy  for a.e. x € (0,00),
0 e—y|>e

as a bounded operator from LP(x?*+1dx) into itself, for every 1<p<oo, and as

a bounded operator from L'(z**T1dzx) into L1°° (2?1 dx). Here wp=0, when k is

odd, and wp=(—1)*27/(2u+1), when k is even.

The key ingredient in the proof of this theorem is a careful study of the kernel
R,(f) (x,y). Outside of the diagonal this kernel is bounded above by a kernel defin-
ing a bounded operator in LP(x?#*! dx) while near the diagonal it is essentially
a modification of the Hilbert transform, see Proposition 24.

Muckenhoupt and Stein, see [13], define and study a “Riesz transform” for the
operator defined in (1), following the classical model of the conjugate function in the
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torus. More concretely, they define the “harmonic extension”, or Poisson integral,
P,f(t,z) of f(x), and the appropriate conjugate extension @, f(t,z) of P,f(t,z).
The conjugate function R, f(z) is then defined as the boundary-value function of
Q. f(t,x). They got LP-boundedness of the conjugate function for p in the range
1<p< oo and some substitutive inequality in the case p=1. The conjugate function
defined by them coincides with our Riesz transform of order one. Therefore from
our results it follows that Muckenhoupt and Stein’s conjugate function is a principal
value and that it is of weak type (1,1).

Weighted inequalities for R,(f), k>1, are also studied here and we obtain that
thk), k>1, are bounded operators from LP(w(z)z?**1 dx), 1<p<oo, into itself and
from L(w(x)z? 1 dz) into L1 (w(z)x?* ! dx), when w is a weight in the usual
Muckhenhoupt class A4 of weights in (0, 00) with respect to the doubling measure
2T dz. The weights in Al are not optimal for these operators. There exists
a wider class of weights such that the former weighted LP-boundedness properties
still hold for R,(f) (see Theorem 34). This wider class coincides with the one given by
Andersen and Kerman in [2], who characterized the weights w on (0, 00) such that
Rf}) maps LP(w(z)dx) into itself, 1<p<oo, and L'(w(x)dz) into L' (w(z)dx)
boundedly.

These weighted inequalities allow us to get boundedness of operators associated
with other Laplacians as follows. In [4] a Riesz transform associated with the Bessel-
type operator

82 NQ _ %

Su=—mgt

e - :—$7M71/2D£C2H+1D{E7M71/2
T xT

is described. If we let R“:J}”J’_l/QDJ?_“_l/QS;lﬂ be the Riesz transform intro-
duced in [4], it can be shown that,

Ry(f)(x) =PRI (y=# 712 ) (2).

Also we can define R,(f), k€N, (in the context of [4]) related to the operator S,
following our procedure. Then,

k _out1/2 pk) (, —p—1/2
RO (F) () =2 RED (=12 f) (2).
Hence, Theorem 34 allows us to get the weights w for which Rf,k) is bounded from
LP(w(z) dz) into itself for 1<p<oo, and from L!(w(x)dx) into L1 (w(z) dz). The
class of weights obtained in this way is wider than the one got by using Calderén—

Zygmund theory in [4] for the first-order Riesz transforms. The result for higher-
order Riesz transforms associated with S, are new, even in the unweighted case.
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The organization of the paper is as follows. In Section 2 we give an appropriate
definition of the fractional integrals A;a/ 2, a>0. We establish the main properties
of these fractional integrals that will be useful in the sequel. Theorem 3 is proved
in Section 3. In Section 4 we analyze the boundedness of the Riesz transform R&k)
on weighted LP-spaces.

Throughout this paper, the letter C denotes a positive constant, not necessarily
the same in each occurrence. Here, as usual, by C2°(0, 00) we represent the space

of smooth functions on (0, c0) having compact support on (0, 00).

Acknowledgements. The authors are grateful to Prof. José Luis Torrea for
insightful comments and for several suggestions that considerably improved the
presentation of the paper.

Also the authors would like to express their sincere gratitude to the referee. He
or she read the manuscript very carefully and made valuable remarks. The referee
pointed out to us the proof of Proposition 33 and an improvement in the proof of
Lemma 31.

2. Fractional integrals

The usual way to define A_a/Q a>0, is

a/2 L a-1, t\/_,b
(5) fla)= e T ) de

/ al/Ptmy()Q’”ldydt,

where eit\/A_“f(a:): )=J" Pu(t,z,y) f(y)y** T dy stays for the corres-
ponding Poisson integral But in the present case this formula has sense for every x
only when 0<a<2u+2, see Proposition 10. If a>2u+2 we shall use a modification
of the Poisson kernel which extends formula (5) and preserves the definition (2) of
the Riesz transforms, see Proposition 14.

In [13] and [17], the Poisson kernel associated with A, is found to be

©) Pultay)= [ ¢ palhe, (@) d:
0
2u+1 [T sin®* 0 df
— t t e (0
T /0 ((z—y)2+t2+22y(1—cosf))nt3/2’ @,y € (0,00),

where g (2)=(zz)"*J,(z2), =, 2€(0,00), and J,, denotes the Bessel function of the
first kind of order p. By the results in [13], P, defines a semigroup of contractions

P.(f)(t,x)=e " "VA% f(z), for t>0, in LP(z***1 dzx), 1 <p<oo.
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Lemma 7. Let 0<a<2u+2. If fe€C(0,00) the integral in (5) defining

;a/2f(x) is absolutely convergent for every x€(0,00) and

AZo2f () / 1y +(/ ta—lm(t,x,mdt)dy, 2 (0,0).

Proof. Let feCg°(0,00). According to [13, p. 86] we have that

Pu(tsr,y) < Ctmind G0 ! t 0
H( 7x7y) = min |£L’—y|2+t2, (|x—y|2+t2)“+3/2 9 7x7y€( 700)'

Hence, for every z€(0, 00),
/ / T B, y) | f () |y dt dy

<C/ / £ f (y)l(wy) 112yt dH/‘X’ Uyt
| —yl>+12 1 (lr—yPHe2)pts/

For the first term we have for each z€ (0, 00),

1
tdtd
I () < Ca /2 ( / )y / _trdidy
lz—y|>1

|z —y[2+12
o=yl t* dt dy
of o ([0 [ ) )
|x— y|<1 |z—y| |JJ y' +t
<Cx_“—1/2/ £ ( ”+1/2d/ ™ dt / |f(y )|y“+1/2dy/ u® du
- 0 1482 0 |x—y|t—e o 14u?
r—y|?+1
[t o og T )
0

< 0.

The second term is also finite for each z€(0, 00), since

x)SC’/ |f(y)]y2H Tt dy/ t* 23 dt < 0o, x€(0,00). O
0 1

Moreover, A,,“ /2 for 0<a<2p+2, turn out to be the fractional integrals, I,
defined by Muckenhoupt and Stein in [13, p. 89]. They introduced fractional inte-

grals in the Hankel setting by using Hankel convolutions. Convolution operations
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associated with Hankel transforms were studied by Hirschman [9] and Haimo [8].
Let f,g€L'(z***1dz). The u-Hankel convolution f#,g of f and g is defined by

2u+1

f#ug / f uTz )2“3;(”_‘_1) dy,
where the p-Hankel translation ,7,(g) of g is given by
S2u+1
00~ [ Dyl G g

and D,, denotes the Delsarte kernel

Dyl 2) = TG [ o (e (0 b

for z,y,2€(0,00). The p-fractional potential I/‘j‘(f) of f is defined in [13, p. 89] by
Iﬁ(f):f#uKa, where

o2 2T ((a+1)/2)T (p—a/2+1)

Ka(y)= T

for y€(0, 00).
Lemma 8. Let 0<a<2u+2. Then A;aﬂleﬁ‘f for every feCx.

Proof. Let fe€C°(0,00). According to Lemma 7 to see that A;aﬂlel‘jf it

is sufficient to show that
s 2 (Ka)(y)

9 (1P (1, 2, ) i = D) 72D W)
(9) | e Rt =iy el
By using [16, pp. 22-23] we obtain that P, (¢, z, y)= .7z (P;)(y) for any ¢, z, y€(0, 00),
where P (u)=2(u+32)t//al (n+1)(#2+u?)"+3/2, t,ue(0,00). Since all the func-
tions involved are positive, we can interchange the order of integration and obtain (9)
as follows

o0
P, (¢ dt=———
/0 H( ,l‘,y) QMF(ILL-F].
I'(p+32)

\/_2“ T (p+1)2

e u® du

XA (1_‘_“2);;-‘,—3/2
_ Tz (Ka) ()
=) S

/ t"‘_l/ D, (z,y,2)Py(2) 22 dz dt

/nyv)a2u22p,+1dz

for z,y€(0,00). O
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As a consequence of [13, p. 89] we have the following result.

Proposition 10. In the case 0<a<2u+2, the operator A;a/2 can be ex-
tended to LP(x?*+1 dx) as a bounded operator from LP(x**!dx) into L(x?*+1 dx)
provided that 1<p<g<oo and 1/qg=1/p—a/(2u+2).

We now establish a formula relating the Hankel transform defined by
o0
hulF)(e) = [ () e )y dy
0

and the operator A;a/Q. The behavior of h, on A;a/Q corresponds to the one of
the fractional integrals of the usual Laplacian with respect to the Fourier transform.
The mapping h,, is an automorphism on the space S, of the even functions in the
Schwartz space S ([1, Satz 5]). The Hankel transform is defined on the dual space
S, of S by transposition and is then denoted by hj,.

Proposition 11. Let 0<a<2p+2 and feC(0,00). Then h;(A;a/Qf)(y):
(1/y*)hyu(f)(y)-

Proof. We only give some hints for the proof of this proposition. For every
s€(0,1), we define the operator

1/s 0
G =g [ 7 [ Pltm P e, e (0.00)

(o)

It follows that limg_,q Gsf:A,:a/Qf, in the weak-* topology of S.. Thus we can
conclude the result. O

We extend the definition of the operator A;Q/Q to all a>0. Choose l,=
min{l€N:2u+2+2I>a}. If h(z)=(1+2)"""3/2, 2€(0,00), we introduce the ex-
tended Poisson kernel by

2u+1

(12) P/S,a) (t7 €T, y) = ]Du(t7 €T, y)_X(l,oo) (t) Ti2nt2

la—1

RO () [ P
x ZO ]ng)/o (x—y)?+2xy(1—cos))’ sin® 0 dh
=

for t,x,y€(0,00). The operator A;a/2 is defined by
(13)
1 OO st [ 1
8PS =g [ TP [y ey, fec(0.00),
(@) Jo 0
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By using the mean-value theorem and proceeding as in the proof of Lemma 7 we
can prove that the integral in (13) is absolutely convergent. Note that definition (13)
reduces to definition (5) provided that 0<a<2u+2 or [;° f(z)zl2?*! dz=0,
j=0,...,2l,—2. The definition (12) of P,Ea)(t,x,y) improves the behavior of the
original Poisson kernel P,(t,x,y) when t is large. This allows us to define A;a/ 2
n (13) for feC°(0,00) although f has not any zero moment. Note also that
(dk/dx VP (t,z,y)= (dk/dxk)P,Sk) (t,x,y), t,x,y€(0,00). Then, the modification of
the Poisson kernel will not change the definition of the Riesz transforms R,(f) in any
case (see Proposition 14).

Proposition 14. Let k€N and let f€C(0,00). Then A;k/2f is k-times
differentiable on (0,00)\supp f and (k—1)-times differentiable on (0,00). More-

over,
A2 () / fly 2““(/ L PO ()" 1dt> dy
0

dx™ dx™

for every m=0, ....,k—1 and z€(0,00), and for m=k and x¢supp f.

Proof. Let f€C(0,00), k€N, and u=((z—y)*+2xy(1—cosf))/t?. Note that

lp—1 ;
2u+1 [T rO)(0) o
P,Sk)(t,x,y):w/o (h(u)—z W X(1,00)(t) | sin®* 6 d6),
j=0

where t,z,y€(0,00) and h(u)=(14+u)"#"3/2 ue(0,00).
It is not hard to see that for every meN there exist ¢j m, j=[(m+1)/2],...,m
such that

dm m du 2j—m 1 d]
(15) dx™ = Z Cj,m (%) t2(m—j) w
j=[(m+1)/2]

Also note that if z,y€(0,00) then

. lo—1 .
a7 < h(0) . a7
1 (=3 ) = ),

provided that t€(0,00) and j>Ik, or t€(0,1) and j€N. Hence, if z,y€(0,00) we
have that

. Ip—1
&’ Ly N Q) (O) . C
i (h(u)— ?—o — U Xu,oo)(t)) ’ S Ugapans
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when t€(0,00) and j>1I, or t€(0,1) and j€N. Moreover by using the mean-value
theorem we obtain that

du?

L (h(u)—; PO )| <t

for te(1,00), x,y€(0,00) and jEN, j<l;—1.
Let meN, m<k. We write, for z,y€(0,00), £y, |[t—y|<1, 0<j<m,
T (du>2jmdjh( u) sin®* 0

lz—yl k-1
/0 2(m—j) dz dul  2nt2
<C/I vl ph—2p—3-2(m—j) /” 51112”9(|x—y|+y(1—cos€))2j’m do dt
Ay (@) 2+ 20y (1 —cosb)) JE)3/25)

de dt

<C Z / f,k|x y|2j—m—iyi
/ / sin?# 0(1—cos )" db dt
2] (x—y)?+2zy(1— cos ) )rt3/2+5

In the inner integral for € (0, 7/2) we use that sin~6 and 1—cosf~602/2 and in
the inner integral for &€ (7/2, ) we apply the change of variables n=m —60, obtaining
that this sum of integrals is bounded from above by

/”/2 21+2i Jg N /” sin®* 0 d
o ((@—y)2+ayf?)pt3/2ti = [y (| —y|2+22y)n+3/2+
_ C(xy)—p,—i—l/Q /Ty /2| —y| V2028 gy, C
= e—y[2t22 (1+02)r+3/245  (|z—y|2+ 2ay)nt3/2ti

C(xy)—u—i—l/z

16 =TT pa

where in the penultimate inequality we have performed the change of variables
v2=xy0?/(x—y)%. With this estimate, we get that

lz—y| k=1
A t2(m—j)
2j—m

(17) <C Z | —y|FHRm MLm=/ 2y i 12,
=0

do dt

du 7~ mdjh( )sm2“0
dx Cdui 242
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Also, for z,y€(0,00), z#y, |r—y|<1l, 0<j<m, we obtain by similar arguments
that

1 tkfl ™
/|9Ey| 7fQ(m—j) /0

2j—m 1 —p—i—1/2
o xy) I
<C r— 2j—m—1 7,/ tk< ( _
< ; | ?J| Y o] (x—y)242)1+i—i
/(W/Q)\/:cy/((x—y)2+t2) 2Ht+2i gy . 1 u
0 (14v2)nt3/2+5 ~ ((z—y)2+1242zy)r+3/2+i

2j—m

o tdt
<C Z |{E y|2j m— zyz(xy) pn—i— 1/2/ tk7172j+22(

i=0 |z—y| x_y)2+t2
25—m (

(18) <C > |e—y[¥ 'y max{1, [z —y[F Y (ay) " 2 log
=0

e i e de dt

(du >2j_m d’h(u) sin®* 6

X

r—y)2+1
2(r—y)?

On the other hand, by proceeding as above we obtain, for every z,y€(0,00) with
|x—y|>1, that

1 tkfl ™
o t2m=3) J,
25—

(19) Z |z m—2 o o i— 1/2 —p— 1/2

=0

2j-m gj 2
(du) @ h(u) sin™ 0 40 dt

dzx dui  2F2

By using the same procedure as in (16) and by [13, p. 60], if j>1) we get, for every
x,y€(0,00), that

0o tk—l g
/1 t2(mfj)/
2j—m —p—i—1/2

<C T— 2j—m—i z/ tk< (xy) _

/(W/2)\/ wy/((—y)>+1%) 20421 gy, 1 )
14

0 (1+0v2)nt3/2+7 * (x—y)? 412+ 2xy)r+3/2+]

2j—m 7 2u
(du) @ h(u) sin™" § 40 dt

dx dui 202

X

2j—m

<C Z |$ y|2] m—i 1/1 tk—Zp,—3—2j dt

=0
2j—m

(20) SC Z |x_y|2j—m—iyi.

=0
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In the case j<lj the following estimate holds

oo gkl T gy NI T i L h(0) J) sin? @
/1 o) / (@) W(h(“)_; T “) vz |10t
Ootk 1-2(m—j)
<C/ t2u+2
™ _ 1— 2j—m _ 2 2 1— l—3
X/ ((= y)+t?é52j_f389)) ((w y)*+ ta;y( cos@)) sin2" 0 d dt
0

> dt
SC/l 120t 3—k+2l;,

(21) ></ (x—y)+y(1—cos0))2 ™ ((z—1y)*+2xy(1—cosh))* 7 sin® 0 db.
0
Now, from (15) and the estimates (17)—(21), we deduce that
k1 d” P(k)(t x,y)| dt dy < oo,

[ e [Tl

provided that m=0,1,2,....k—1 and 2€(0,00), or m=Fk and z¢supp f. Thus we
establish the smoothness of A;kﬂf. O

3. Proof of Theorem 3
As a consequence of Proposition 14, for k€N and fe€C2°(0, ), we have that
(22)  RPf(z)=D"AMf(x)= / R (w,y) f(y)y* " dy, x¢suppf,
0

where, in view of our choice of I,

1 o . dk
(23) R(k)(a: y) = W/o tk ld = Pu(t, v, y)dt,  x,y€(0,00), z#£y.

Proposition 24. Let keN. There exist b>1 and C>0 (depending only on
and k) such that

(k) (xy) 12
R, (x,y)—ak(x,y)T <CH,(v,y), z,y€(0,00), z#y,
where
rT2H=2 0<y<x/b,
Hy(z,y)=q y?2(1+log(1+ay/lx—y|*)), z/b<y<bz,
y 2, y>b,
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and a(z,y)=0 if k is even, ak(x,y):(1/Lk+17r)x{x/b§ygbx}(x,y) for odd k, and ¢
denotes the imaginary unit.
Proof. According to (15) we have that

dk

wpu (tv xz, y)
B zk: Cjk /7r sin?* 0((z—y)+y(1—cosh))¥~* db
Bty P o T (G 21 —cos ) 2725

_ zk: %_:kc.. tyi (z—y) 2~k /7r sin®* (1—cos 0)" df
_j=[(k+1)/2] i=0 PR o (=) +12+2zy(1—cosf)) +3/2+i

for certain c¢; k, c; j,x €R. We split the kernel of R,(f) as

25—k
(25) L(k) R (x,y) = Z > cign(SE (@, y)+ 52 (x,y),
j=[(k+1)/2] =0
where
2 9(1—cosh)* db dt
1 2] k—i, i ik sin
Sij(@,y)=(2—y) / / ((z—y)2+t2+22y(1—cos ) )r+3/2+i

and Si,j (z,y) has the same expression as that for Si{j (x,y); the only difference being
that we take the inner integral over 6&(m/2, 7).

Assume that b>1 is a constant whose precise value will be fixed later (see (30)).
As 1—cos6>1, 0e[n/2,x], for (x,y) in the local region x/b<y<bzx, we can write

thdt
2j—k—i, i
el <clo— 0 ( [+ [7) e s

o dt
2j—k—i, 1 k
< Cla—yl| y (((x_y) ny)wg/gﬂ,/o t dt+/y 7t2jk+2u+3>

k+1

< C|x_y|2j—k—iyi ( (xy)yu+3/2+j +y—(2j—k+2p,+2))
.

=~ y2'u+2 I

since in this region |z—y|<Cz. Outside the local region, for y>bx or y<z/b,
|x—y|>Cmax{z,y} and therefore

192, (@) < Cla—ylP =iyt [ tdt
2,5\ = 0 ((x_y)2+t2)u+3/2+j

(26) <C/ Ldt ¢ <cl” W y<afb,
(z—y) +t2)“+2 |z —y[2t2 Y2 y> b
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From these estimates we get that |S7;(z,y)| <CH,(x,y). In order to analyze S} ;,

note that by proceeding as in (26) we can see that

—2pu—2
x , y<z/b,
|Szl,j(x7y)|gc —2—2
Yy oHETE y>ba.
In the region where z/b<y<bz, let us split S} ;(z,y) as

S} y) =80 (x,y)+ 5,7 (z,y)

g ([ )

X/ﬂ/ sin®* 0(1—cos §)* df dt
o ((x—y)?+t2+2zy(1—cosf))rt3/2+"

where ¢ is a positive number whose precise value will be specified later (see (30)).
Applying the change of variables u?=xy6%/((x —y)?+t?) we obtain that
1 i i [ tk
S0 <Clz—y| ="y 1 ;
| i3 (z,y)| < Clz—y| ) /(sm ((x—y)2412)i 1= (gyy)ntit1/2
/(W/2)\/@/\/ (z—y)2+t2 w2HT2E o, dt

(1—|—u2)“+3/2+j :

X
0

By using the estimate [13, p. 60] we have that

(m/2)/xy/+/ (x—y)2+t2 w2Ht2i gy,
/0 (14u2)wt3/2+7
i/2

is bounded above by a constant times (zy)"?((z—y)>+t2)~ In these circum-

stances, and taking into account that z/b<y<bx, we obtain that

>~ 1 dt
1,00 o |2i—k—i, i -
|S7,‘,j (z,9)| <Clz—y] Y /5\/@ 12 ((m—y)2+12)i /2~ F/2 (gy)nt1/2+i/2

1 < dt 1
S C'yglﬁ-l A\/@ t_g S C'yQIH‘Q .

The study of Si ’jo(x, y) is more involved. We consider the following kernels

g k /2 2u+2i
A i(z y):/ VL —(z— y)Qj—k—iyi/ O°H1=0 do dt [ ‘
o 0 2 o ((z—y)2+t242zy(1—cosf))r+3/2+i

and

O0\/TY 4k w/2 2p+2i
Bij(x y)=/ . y)Qj_’“_iyi/ o db di :
NACS) 0 9i o ((x_y)2+t2+xy02)u+3/2+ja
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and we write

27) S (@ y) = (S5 (@) — Ai (2. 9)+ (Aij (2, y)— Bij(2,y))+ Bi (2, y).

For the first difference, since sin #~6 and 1—cos~62/2 for €0, /2], by using the
mean-value theorem we get that

92042

sin? 9(1—cosf)’ —

<O g {07 g}

Hence,
1S5 (2, y) = Aij(,y)]

Ve 2u+2i42
<Clr— y|2j k—i 1 ik 0 do dt
(z—y)2+12462zy)1+3/2+

< Cla—y|PF i/ér tk(flfy)f’“‘ﬂ%Z /”/2 WEG/ (@=y)2+E 2042042 gy, dt

T T N9 ioNa . _—
- ! ! 0 ((z—y)2+t2)77" Jo (14u?2)rt+3/2+i
where in the last inequality we have performed the usual change of variables u?2=
2y60?/((x—y)?+1t2). Then, from [13, p. 60] we deduce that, when i#k or j#k,

|S7,1,7jo(xay)_A’L,J(x7y)|
— - i 2pu+3+27
<C|x_y|2j—k—iyi /6\/@ tk(a:y) u 3/2‘ z‘( /Ty )M zdt
B 0 (z—y)2+2)I70 \ \/(x—y)2+12+ /7y
5
<C|$—y|2] k zyz/ Ve _ tkdt ‘
: S (e e el P R Ml

s 1 /‘W@ tdt
(z—y)2+t2

On the other hand, we have that

STy /2 §21+2k+2 40 dt
1,0 B k k
S (@:y) = Ar (2, y)| < Cy /O ¢ / (z—y)2+12+022y)nt3/21k
s STy /2 0 2142k ko g gt
= T—y)2 402y th(92zy)nt1/2+k/2

< ¢ C 1 +7r2 xy
ez BT ey )
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By using again the mean-value theorem one obtains that, for every €0, /2],

1 1
(o) o2 2y —cos )2 ()P gt ayfP) e
xy
(e T

<C

Then, by proceeding as for |Si1,’jQ—A¢,j|, we get that

5 /2 92/1,+27,+4x i+1 2j—k—1
Ve y e —yl
|Aij(z,y)—Bij(z,y) |<C/ / (z—y)2+y2+ayf?)nt5/2+i do dt

d\/Ty f21+2i+2 2j—k—i
<C/ tk/ y'le—y| d dt
(x—y)2+t2+xyh2)nt3/2+i

2 Y . .
c log(1+(5 (m—y)2>’ i#k or j#£k,

2 Ty
1 14—— i =7=k.
og( + 1 (x—y)2>’ 1=

To analyze B; ; we need to proceed in a different way. If we substitute (27) in (25),
it turns out that the term that is left to study is given by

< _
— y2p,+2

k 25—k

B(l’,y): Z Z Ci,j, kB i, CL’ y)

G=1(k+1)/2] =0

It turns out that this kernel behaves like that of the Hilbert transform in the case
when k is odd, and that it is an integrable kernel in the case when k is even. More
concretely, the following lemma holds, concluding the proof of Proposition 24. [

Lemma 28. For every k€N, and 0<x/b<y<bz,
) 1 y
B(Z‘,y)—ckxi_y—i-o Wlog 1+W )
where ¢, =0 if k is even and c,=(k—1)!//**11 for odd k.
Proof. Note firstly that, from (27) and (25), and by using (15),

k 25—k

B(z,y)= > Y cijrBij(x,y)

j=[(k+1)/2] i=0

_2M+1/W@tkd_k/”/2 62+ df dt
R dzk Jo  ((x—y)?2+t2+ayf?)n+3/2”
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By the usual change of variables 22=xy6?/((x—1y)?+t?), we obtain that

/2 021 dp oo 6%+ do
/0 (w—y) >+ 2 ayf?)p i3~ /7,/2 (x—y)2+t2+ayh?)rt3/2
1 (ay) 12
2u+1 (z—y)2+t2

Therefore, we get that

(29)
k 25—k k—1 l
B(xay): Z Z Ci,jHi,j(xay)+Z Z dl,le,S(x7y)+dek(x7y)a
J=l(vt1)/2) =0 170 s=((171)/2)

where for every j=[(k+1)/2],...,k, i=0,...,2j—k, ¢; ;€ER and

) o 6\/TY 9] 02p,+2i de
Hi (z, — o2 —k—1 7,/ tk/ -
i(@,y)=(z—y) Yy o /2 (T—y)2+ 12 +ayf2)nt3/2+i

dry=1/m and, for [=0, ..., k—1, s=[(1+1)/2],....1, d; s€R and

tk dt
(=g ey
SVTY gk

Di(z,y) = (xy)_”_1/2/0 - (m)ﬂ“ dt.

Let us start with the term H;;. We first need to make some observations. Let
us consider the function g; j(u)=u?"*2"/(14+u?)*+1/243 4€(0,00). It is not hard
to see that if p+4<0, then g; ; is decreasing on (0, 00), and if p+i>0, then g; ; is
decreasing on (y/(2u+2i)/(142j—2i), 00). Note that 1+2j—2i>0. One can prove
(see [4] for the details) that there exist b>1 and ¢ >0 such that

s Ty 2p+24
30 — >
(30) 2\ (x—y)2+12 — V 14+25—2i

for ©/b<y<bx, x€(0,00) and t€(0,d,/xy). Observe that 6 and b can be taken
independently of j and i. For these values of the variables we have

o\/TYy
0

Clay) " (a—y)* +12)~ 12
wen (@ y Py

o8] u2u+2i du Cu2u+2i
/A (1+u2)}t+3/2+j = (1+u2)p+1/2+j
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in the particular case when A=(w/2)\/zy/((x—y)2+t2). This estimate, together
with the usual change of variables u?=xy6%/((x—y)?+t2), leads to

|x_y|2j—k—iyi /6\/@ tk
H (z,y)|<C—2 2
e o (@)

(zy)rtitl/2 22yt
X/OO w2 oy dt
(r/2)y/oul (@—yre) (L+u?)rtd/2ti
<ol Y /‘W@ t t (a—y)*+ ) 2t
B (zy)1/2 0 (2 —y)2+12 (xy)rt1/2H/2((2 —y)2 +12)771/2

For the terms D; ;5 in (29), we have that

D15 (z,y)|
5 _
<C’y_“_l/Qx_“_l/Q_kH|x_y|k—l—1/ vEy/lz—yl Lk du
B 0 (1+u2)1+5
k—l-1 5 _
< Oy P2 1/2=k g k=11 VY /m/z vl gy
N |z =y 0 (1+u2)i+s

By using [13, pp. 60-61], since [+1—2(14s)=—14+1—-2s<—1, we get that

ST le—y| i1 sy \? 5/
/ u du <C( i ) (1—Hog(1+ xy))

0 (I+u?)tts = "\ 0y/@y+|z—y| |z —yl

Hence we conclude that

)
|Dys(x,y)| < Cy 22 (1+10g(1+ﬂ> > )

lz—yl

We now write Dy (x,y)=—DL(x,y)+D3(x,y), where

o d* 1
T ey o e .
k( y) (y) 57T dxzk (x—y)2+t2

and

oo dF 1
D? = —n=1/2 / b ————— ) dt.
()= (zy) ; t e W dt
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Note that, for certain ¢; €R, j=[(k+1)/2],.... k

2]k
Dioy)— () » 2 3 / M

2\1+j
i=((erD)/2] y)2+12)1+
Then
k 0 k+2 25—k
k)| < s | s e
()12 e Joyar & (@=yP+ O (@ =y)?+ )i
—2 2
ST =T

On the other hand, a straightforward manipulation allows us to write

A1\ (=D 1
dub \u2+t2 ) 2t (u+ b))+l (y—t)kt1 )-

By partial integration k—1 times we obtain that

/°° Rt dt /°° thtdt 111
o (utt)Er o foo (u—t)RL T ku \k o (—)k )

Hence, we conclude that

—p—1/2
Di(x,y) = ckL, where ¢ =

0, if k is even,
x—y (

—1)!
’jk—ﬂ), if kis odd. [

By using the procedure developed in Proposition 24 we can obtain the following
result.

Lemma 31. Let f€C2°(0,00) and keN. Then, for all x€(0, c0),

R® f(2) = wyf(z)+lim F)R® (2, y)y+ dy,

70 fe—yl>e

where w=0, when k is odd, and w=(—1)*/21/(2u+1), when k is even.
Proof. According to Proposition 14 and taking into account that

lp=min{leN:2pu+24+2>k} < (k—1)/2,

we get that

"t —k/2 Y2t 1 4571
e -A fla / Fly)y / t dxk_lpu(t,x,y)dtdy
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for £€(0,00). We now write, for every z€ (0, 00),

dF! k/2 Y2t o1 dF

(zy)H1/2 /1 ! L 5 dt ) dy
2u+1 o drFT\ (z—y)2+¢2
1 gk— 1
d 1 &
X/o e ((x—y)Q—i—tQ)t dt dy.
By proceeding as in the proof of Proposition 24 we can see that for x€ (0, c0),
d 1 OO 2u+1 / o1 A1
— | == t P,(t dt
o <F(k)/0 fWy ; prreyGE)
1 boght 1
- (ay) /2 thdt) d
2ur1 V) 0 dmk—1<(x—y>2+t2> > Y
00 00 dk
~mm Lt [ R aay
d dk 1
+—/ fly 2““/0 dx<t’“ L Pt y)
1 dF1 1
- —pu—1/2 k
2M+1(my) dazk—1 ((x—y)2+t2>t )dt 4y
—L/O@ f(y)yQ”“/oo t’“‘ld—th(t @, y) dt dy
k) J, 1 dgk ™ 17
+L/Oof(y)y2’”“/ #Lp (s 2,y)
F(k) 0 0 dx
1 d* 1
- —p=1/2 % ([~ )k
2u+1(xy) dzk ((x—y)2+t2>t ) dt dy

L Lne 3/2 / fly u+1/2/1 de! ! t* dt dy
2 o deF=t\ (z—y)2+¢2 '

The integrals are absolutely convergent.
We define

1 dkfl 1 X
P(x)= — | ———= |t" dt R.
(z) o dxk—1 <x2+t2> , TE
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Then ®€LY(R,dr) and ®€C>°(R\{0}). Moreover, by defining the function g as
9(y)=F(y)y" /2, y=0, and g(y)=0, y<0, it has, for every z€(0, c0),

d o0
a Bz p41/2
i /. (x—y)f(y)y dy
= L7 ay)g(e—y)d
= | CWele—y)dy
——/OO <I>(y)ig(w—y) dy = — lim QI>(y)ig(x—y)dy
—o0 dy €0 ly|>e dy

e—0

—t( | | ¥ (2= )aly) dy—(@(~elgla ) ~2(la(—2)) ).
r—y|>€
Let z€(0,00). Note that if &k is odd, then ® is even and

lim (®(—<)g(w-+2) — @ (e)g(w—2)) = lim B(e) (g (a-+2) —g (2 —e)) =0,

e—0
because
[D(e)(g(z+e)—g(z—¢))| < Ce|®(e)| =0, ase—0.

On the other hand, if & is even, then ® is odd and, according to [5, Lemma 4.3, (4.6)],
for every €>0, we have

O(—e)g(r+e)—P(e)g(r—e) = —P(e)(9(z+e) +g(z—¢))

:—(g(x—l—e)—i—g(x—s))/ol%( L )tkdt

x2+t2 r=¢
& s DR (k—j)
=(g(z+e)+g(z—¢)) JZ::O 2k T 2))
—1—j 1/e ukdu
R A
Hence
lim(®(—e)g(z+e)—P(e)g(r—e))

k/2—1

19 L(R)L(E—j) 1oy © uk du
:2 2k 1 2] _1 k—1 J xx/JrFl/Q .
2 Ry A A (e
Using the duplication formula for the gamma function we get that

k/2—1

—1-25 F(k)r(k—j) 1o 0o uk K
; PG Y /0 (s =gV,
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We obtain that
% <ﬁ /OOO Pyt (ay) 2 01 dfk_—ll <(x—zj];2+t2) “ dy>
o)y [0 [ 2t

. 1 2u+1 —p—1/2 1d_k 7tk
D) A<y<oo F)y™ ™ (zy) | af \ oy ) Wt @),

jo—y[>e

where ¢, =0, for k odd, and ¢, =(—1)*/?r, when k is even.

Then,
dk k/2 k 2p+1
AL [ (@) =wrf () +lim PR (@, y)y® dy, € (0,00),

lz—y|>e

where w;, =0, for k odd, and wi=(—1)*/27/(2u+1), when k is even.
Thus the proof is finished. O

LP-boundedness of R,(f) is also a consequence of Proposition 24 and the corres-
ponding properties of the Hilbert transform and the Hardy-type operators H,, and
H}, defined by

Hf0)= gz | Sy and 35 = [T ay a0

Note that H} is the adjoint operator in L?((0, 00), z**! dz) of H),. Let 1<p<oo.
According to Proposition 24, we can write for every fe€LP(z?*1dx),

(32)  [RELf (@) < C(HL (1) (@) +Hy (| /1) (@) + [Hige uf @)+ Tu(If ) (@),

where

k _ k 2p+1
RO = [ SRD @

(xy —p—1/2 ,
lsoc,p,f(x) = /E/2<y<2x :)L,Tf(y)ym 1 dya
lz—y|>e
i)

T.f(z) oy log (1—1— (xil;)?> dy.

By [12, Theorems 1 and 2] and [3, Theorems 1 and 2], both H, and H}, map
LP(x?#+1 dz) into itself, 1 <p<oo, and L' (2?#*! dz) into L1>° (2% dz) boundedly.
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The same boundedness properties hold for the maximal operator Hj,. , defined by
Hige,ud = sup [Hige . f |
e>0

For T}, proceeding as in [13] and [2], the same boundedness properties are obtained.
Thus we see that the maximal operator

k
R f=sup |[R%) £
e>0

is bounded from LP(z***1dz) into itself, for 1<p<oo, and from L'(x?**!dx)
into L1>°(2?#*1 dx). Hence, the existence of the principal value in (4) for fe
LP(x?#+1 dz), 1<p<oo, follows from Lemma 31 in a standard way by using density
arguments.

LP-boundedness of the principal-value operator R,(f) can be obtained by using
again the corresponding properties for the Hilbert transform and the Hardy-type

operators.

4. Weighted inequalities

Further, we analyze the boundedness of the Riesz transforms R,(f) on weighted

LP-spaces. Our next objective is to obtain the class of weights having good LP-
behavior for R,(f). Let us consider the weights introduced in [2]. A nonnegative
measurable function w on (0,00) is in A, ,,, where 1<p<oo, provided that there
exists C'>0 such that, for every 0<a<b<oo,

p—1

b b
/ w(t)tP dt (/ w(t)*1/(p*1)tp(2u+1)/(p*1) dt> < C(b2“+3—a2’”3)p.

In the case p=1, we say that a nonnegative measurable function w on (0, 00) is
in Ay, when for some (equivalently, for all) e>0, there exists C. >0 such that, for
every 0<a<b<oo,

th—1/2 b g g\wut3/2+e p2ut+3 _ 420+3
—+- AR R O —
ti$<ww>l(ﬁw) st ds < Gy

The measure x2#*! dz has the doubling property on (0, c0) with respect to the
usual Euclidean metric d(z,y)=|r—y|, z,y€(0,00). We denote by AL, 1<p<oc,
the Muckenhoupt class of weights associated with the measure 22#*1 dx on (0, c0),
i.e. the class of nonnegative measurable functions w on (0, c0) such that there exists
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C >0 satisfying, for every 0<a<b< oo,

p—1

b b
/ w(t)t2u+1 dt (/ w(t)fl/(pfl)tmwrl dt) < C(bQ(M+1)_a2(N+1))p7

in the case 1<p<oo, and

b
/ w()tH dt < C(B* Y — g2 TDY inf w(t)
a a<t<b

for p=1.
In the following we prove that if we.Af then rHlue A, .

Proposition 33. Let 1<p<oo and let jlg:{fu(x):xm”lw(x) :we AL}, Then,

AL CAp i

Proof. Assume that w belongs to A%. Then the measures w(t)t**!dt and
w(t)~/P=D¢2u+1 gt satisfy the doubling condition with respect to d.
Suppose that 1<p<oo. Then, if 0<a<b<oo,

b b p—1
/ w(t)tPertt dt ( / (w(t)t2e )=/ (=D yp(2t1)/(p=1) dt)
a a
b b p—1
< Cbp/ w(t)t2“+1 dt (/ w(t)fl/(pfl)t2u+1 dt> < Cbp(b2u+2_a2p,+2)p’

where in the last inequality we have used the Muckenhoupt Af-condition. It is clear
that b(b2#+2 — g2 T2) <p2r+3 — 243 and the proof finishes in this case.

We now turn to the case p=1. Assume that weA}. Since the conditions are
dilatation invariant, it suffices to prove the required inequality for a=1 and b>1.
We shall consider two subcases.

Assume that b>2. If 1<b<2 we can proceed in a similar way. We need to
show that

th—1/2 b1 s pt3/2+e , B3,
.2 ptl o —p—1/2 ~ HH+3/2
t»ESapb) (w(t)t2u+1 ) A <8 + b> w(s)s B ds<C bita/2 b ,

with £>0. We split the integral in the left-hand side into two integrals extended
over (1,v/b) and (v/b,b), respectively. Then

th—1/2 b /1 8M+3/2+6 ,
- 4 41 7/1,71/2d
P O

1 b g\put3/2+e )
2 Al —p—1/2
Sctiﬁ?m(w(t)wm) LG st
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<C 1 ’ 2p+1 s'te p—h—1/2 4
<C sup o w(s)s A= s

te(1,b) Vb
1 b
<C sup <—>/ w(s)sHHpHT2 s
te(1,b) w(t) Vo
< Oprt3/2,

In the last inequality we have used the A/'-condition.

To estimate the part that consists of the integral over (1, \/6) we proceed as
follows. Let 3 be the positive integer such that 2°<vb<2°+1. We divide the
interval (1,b) into intervals I=(1, vb), I =(v/b, 2VD), ..., 15_1:(25*2\/5, 20-1\/b),
I5=(2°"'Vb,b). Let k€{0, ..., 8} be such that

1
Ssu ———= = Sup —————=.
ety WO T P (et

We assume firstly that £>0. Then

h—1/2 ) 1 s pu+3/2+e
L= S — —4Z 2utlg—p—1/2 4
(o) [ ()

1 Vo 1 pr8/2te 2u+1 1/2
<) [ (5) wome

< C'sup (L) (25Vp) 1372 /JEW(S)S_“E ds.

tely w(t) 1
By the doubling property of w(#)t?**! dt with respect to d,

Vb Vb
/ w(s)s 1 eds < / w(s)s? T ds<C | w(s)s* T ds.
1 1 Iy

Hence

L<Csup <L>(2k\/5)_”_3/2/ w(s)s? T ds.

ter, \w(t) "
Recalling that 2k <C'v/b and using the A‘f—condition we get that
L<C@b) 322k Vo) 22 < b e,

If k=0 the proof of the needed inequality is analogous and simpler than in the
previous case.
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Finally, when 1<b<2 the proof of the desired inequality can be proved in
a simpler way following the same procedure that we have employed above. [

Note that the inclusion in Proposition 33 is strict. Indeed, assume that p>1.
According to [2, p. 16], wa(t)=t*isin A, , when —p—1<a<(2u+2)p—1. However,
if a:—2u—g, wa¢A§ and Wa+2u+1€Ap -

In the next theorem, we show that the class A, ,, of weights is in some sense the
optimal one, since we find that we A, ,, is also necessary in order to have weighted

inequalities for thk) for all k odd such that k<2u+2.

Theorem 34. Let keN and 1<p<oo.

(i) IfweAy,, then R,(f) defines a bounded operator from LP(w(x) dx) into itself,
1<p<oo, and from L' (w(z)dx) into LY (w(x)dz).

(ii) If k is odd, k<2u+2 and R,(f) maps LP(w(x)dx) boundedly into itself,
1<p<oo (respectively, L' (w(x) dx) into L1 (w(x)dx)), then we Ay, (respectively,
W€A1’M).

Proof. The proof of Theorem 34 is a consequence of Propositions 24 and 35
(stated and proved below), by proceeding as in the proof of [2, Theorems 1
and 2]. O

In the next proposition new estimates for the kernel R,(f) (z,y) are given, ex-
tending the ones stated in Proposition 24. The technique we use in the proof of this
result is different from the one employed in [10, Lemma 2.1] and [11, Theorem 2.1].

Proposition 35. Let k,leN. There exist a,b>1 such that

(i) if y>bx, then a1 §y2”+3thk)(x, y)/x<a if k is odd and |y2“+2R,(f) (z,y)|<
a(z/y)t if k is even.

(i) If O<y<az/b and k<2u+2, then a~1<(—1)k 22 +2RF (2, ) <a.

Proof. We begin by expressing the kernel R,(f)(x,y) in a suitable way. By
applying the change of variables x=uy and ¢t=vy in the formula (6) for P, (¢, z,y)
and recalling (23), we can write

o [ g dF o
T(k)RP (2, y) =y 2</0 oF IMPH(U,U,l)dQO = 22T (1)

u=z/y

Note that T} is an infinitely differentiable function on R. Moreover, since z~#.J,(z)
is an even function, P,(v,u, 1) is also an even function of u. Hence, T} is an even
function (respectively, odd) provided that k is even (respectively, odd). Thus, to
prove (i) is equivalent to show that 7} (0)>0, when k is odd, and T,El)(O):0, leN,
[>1, if k is even.
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The following expression for (d"/du™)T}, n€N, will be useful later. We can
find ¢;>0 such that, for every u>0

dn k+n

(36) dun “Tp(w)= > (=1)eu n/ooovk—1

=[(k+n+1)/2]

oo
></ e % (uz) TP Ty (uz)z 1 (2) 2P d g du.
0

Indeed, we only must take into account that for every [€N we can write
d! : sy (1 dY
(37) e Y en (L)
J=[(+1)/2]
for suitable c;; €R, with ¢/(;4.1)/2),,>0, and that by [18, §5.1 (7)]

l
(39) (5 s )] = (22 )0,

u du
Let us first prove (i) for odd k. As was mentioned, in this case T}, is an odd function
and consequently T5(0)=0. Hence, in order to prove that Tj(u)~wu near the origin

we have to see that (d/du)Ty(0)#£0. By using (36) for n=1 and observing that the
function 277.J,(z) takes the value A,=2"°T(0+1)"! when 2=0, we get that

(39) —Tk =B / Tl / e 21 (2) 2R dz do

o1 dk+1 v
=D B d
M/o LA (1+v2)nt3/2 v

where B, =(—1)*"D/2¢; 1) 0 A, 1 (541)/2 and D, =B, 2" T (u+3/2)7~ /2. In the
last equahty we have used that the integral Wlth respect to z is L(zFTrT2],(2)),
where £ denotes the Laplace transform, and we have applied [6, 6.623(2)]. After
integrating by parts k—1 times, we have that

o0

v—O) .

k-1
d 1 D(k) dt? v
duTk(O) Du (;( 1) I‘(l—i—l)v dul+1 (1—1—1)2)/”3/2

Denote by g;, [=0, ..., k—1, the function

dl+1 v
g(v) = dul+1 (1+v2)”+3/2'
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Straightforward manipulations allow us to see that g;(v)=0(v~2#73), when v— o0,
for each [=0,...,k—1, that ¢;(0)=0, [=1,...,k—1, and that go(0)=1. Hence,

d%T’“(O) =—T(k)D,.

Therefore, if k is odd, there exists b>1 sufficiently large for which yQ’”‘QRka) (x,y)~
x/y, when bxr<y.

Let us consider the case of even k in (i). It suffices to prove in this case that
(d™/du™)Ty(0)=0 for every neN. Since T} is now an even function, it follows that
(d™/du™)T,(0)=0, provided that n is odd. Suppose that n is even. By (36) and
proceeding as to get (39), we find that

dn oo oo
T:(0)=Bun / T / e Vi, (2) 2R g dy
du™ ’ 0 0
o dktn v
— k—1
_Dp,,n o v dvk-i-n (1+v2)u+3/2 d'Ua

for a certain coefficient B, ,,, where D,, ,,=B,, ,2*T'T' (u+32)7~1/2 in the last equal-
ity. After integrating by parts k—1 times we get that

k—1

dr T(k) , d+n v >
IO =D, (Y0 s e -
du 230 ; F(l-f—l) dul+ (1_’_,{)2)“-{-3/2 =0
If
dl+n
hy(v) = vt Y 1=0,.. k-1,

=0 dul+n (1+v2)u+3/2a

in the same way as before we can see that h;(v)=0(v=2#727") when v— o0, and
that h;(0)=0, =1, ..., k—1. Moreover, since H(v)=v/(14+v?)**3/2 is an odd func-
tion and n is even, ho(v) is an odd function and therefore hy(0)=0. We conclude
then that (d"/du™)T(0)=0.
Let us now prove (ii), thus in the sequel k<2u+2. We rewrite the kernel
R (2,y) in the followi
. (x,y) in the following way

k

(oo}
RLk)(x,y): Z (_1)ch7kx23—k/0 1

J=[(k+1)/2]

oo
></ e (zw)TFI J i (aw) (yw) TH T, (yw)w T duw dt,
0
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where ¢;>0. Here we have used (37) and (38). By performing the changes of
variables z=zw and t=xv we get that

k

J?QHHR,&]“)(%?J): Z (_1)1‘6“/ k1
J=1(k+1)/2] 0
></ e 2T T 45(2) (—z> Ju (—z) Z2HT2HL 4y do.
0 X T
Let us denote by Sy the function
(40) / k= 1/ dz’“ (271 T (2)] (uz) " T, (uz) 22 TR dz do.

By taking into account (37) and (38) it is easy to see that x2“+2Rf,k)(x, y)=5k(y/x).
To prove (ii) it is then sufficient to see that Si(0)>0, if &k is even, and Sy (0)<0,
when k is odd. Taking =0 in (40) we have

@ SO0 g u+1 / ok 1/ (247, (2)] 224+ dz do.

After integrating by parts k times in the last integral we get that

> —vz dk —p 2u+k+1
e —[z7 M Ju(2)]z dz
0

dzk
dk—]—l oo
— 2u+k+1 —
dzJ e 2 ]W[z B Ju(2)] B
]:0 z=0
o dk
—|—(—1)k/ z*“Ju(z)W[e*”zm”kH] dz, v € (0, 00).
0 z
Since 277 J,(z), 0>—1%, is a bounded function on (0, 00), it is not difficult to

see, by taking into account (38), that for v€(0, c0),

o0 dk
/ e—vzﬁ[z—utjﬂ(z)]zmﬁ-k-&-l dz
0

o dk
:(_1)k/0 () Tl g
k

(oo}

I
—
|
—_
~—

=

Jj=0
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Let bj=(—1)7 (?)/F(2u+j+2), j=0,...,k. By using the Laplace transform £ and
[6, 6.623(2)] we can write for ve (0, 00),

OO —vz dk — 2p+k+1
e [z7HJ,.(2)]= dz
0

dzF
k .
= (—DFT2u+k+2) > ol L(z T, (v)
j=0
(—1)R20 D (2p 4+ k+2)0 (u+3) & i v
_ ) S (),
N3 = dvi \ (14v2)nt3/

By inserting this integral into (41) we infer that

(DR RuA kT (4 3) K, [ k@ v
0= R, i ()

For each j=0, ..., k we analyze the integral

& @ v
R ktj—1-~ (_ =
I; _/o v dui ((1—1—1)2)/”3/2) dv.

Let j=1, ..., k. If we integrate by parts j times we get that

J -1 o0
) d v

o =l k-1

I; = lg (=1) " ay v dol—1 ((1+v2)1‘+3/2> ‘

=1

=0

. o ka
—1)\7 . -
+( 1) ao,]/o (1—}-1}2)/”‘3/2 dv.

Here a; j=T'(k+j)/T'(k+1), 0<I<j. Since k<2u+2, for each [=1, ..., j, the function
»J I

q(v) ="t " V
a1 \ (11 02)n+3/2

satisfies that ¢;(0)=0 and ¢;(v)=0(v*~2#72), as v—o0. Therefore,

. o0 vk
e (— 1V v C_
IJ - ( 1) ao,j A (1+02)M+3/2 d’U, J 07 ) k?

where ao ;=I'(k+7)/I'(k), j=0,...,k. Then, we can write

k

(—DF2T2pu+k+2)T (u+3) /°° vF
Si(0) = dv biag. ;.
£(0) VAl (p+1) o (1+402)ut3/2 JZ::O 70,5

Since Z?:o bjag, ;=T (k)1 Z?ZO(—l)j(I;.)F(k—i-j)/F(ZM—i-Q—I—j) and 2p+2>k, ac-
cording to Lemma 42 below we conclude that Sk(0)>0, when k is even, and
Sk(0)<0, if k is odd. O
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Lemma 42. Let k€N and fi the function defined by
k .
(k
=3 (-1 < > s
= C(z+j)’

Then, for every I=1,....k, fr()=0 and fr(z)#0, when x¢{1,....k}. Moreover,
fe(x)>0, for z>k.

Proof. We can write

fe(z)=

s _1j<k> (w+k—1)(@+k=2)...(z+j) _ T(2k)
h—1)(2k—2)..(k+])  T(atk)?’

Pr(2),

=0

where py, is a polynomial of degree k satisfying that lim, . pr(x)=00. Hence, since
I'(2k)/T(z+k)>0, for >0, and py has exactly k complex roots, the statement of
the lemma will be established as soon as we prove that pg(1)=0, (=1, ..., k.

Let le{1,...,k}. We observe that

-5 () g =S ()

Jj= j=0

for certain {a;(i)}*=! CN, where we use the convention that 0°=1. Therefore it is
sufficient to prove that

k
(43) Hy (i)=Y (-1) (?)ﬂ:o, i=0,..,k—1.

Jj=0

We proceed by induction on k. Consider first k=1. In this case it is clear
that (43) is satisfied. Assume now that for a given k€N, k>1, Hy(i)=0, for each
i=0,...,k—1, and let us show that Hy1(i)=0, i=0, ..., k. It is known that

Hyo1(0) ='§<—1>J‘ (’“.1) 0.

i=0 J

Take now i€{1, ..., k}. Since (7")=(m/n)(""}), for m>n>1, we get that

n—1

Hkﬂ(z‘):ki:l(_l)j <’f+1>]

i=0 J

_’f (k+1> ;
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2N
- _(k+1)§_:: (’_1> g(—nﬂ (1;))

The induction hypothesis allows us to conclude that Hy41(¢)=0, i=1, ..., k, and the
lemma is thus proved. [
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