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Local Gromov–Witten invariants of cubic
surfaces via nef toric degeneration

Yukiko Konishi and Satoshi Minabe

Abstract. We compute local Gromov–Witten invariants of cubic surfaces at all genera.

We use a deformation a of cubic surface to a nef toric surface and the deformation invariance of

Gromov–Witten invariants.

1. Introduction

A del Pezzo surface Sd of degree d, 1≤d≤9,(1) is a smooth surface(2) whose
anticanonical divisor −KSd

is ample and such that (−KSd
)2=d. For a smooth

projective surface X , the local Gromov–Witten (GW) invariant is a rational number
defined by the integral of a certain class, which is determined by the canonical
divisor KX , on the moduli stack of stable maps to X , see [4] and [16]. Local GW
invariants of del Pezzo surfaces have been intensively studied in physics in relation
to the non-critical string by various methods: mirror symmetry, Seiberg–Witten
curve technique and so on (see e.g. [22]). In the case of toric del Pezzo surfaces
(i.e. for 6≤d≤9), a powerful method based on the duality to the Chern–Simons
theory enables us to write down an explicit formula for the generating function at
all genera, see [1], [6], [7] and [14]. The formula was proved in [31] based on the
virtual localization, [11] and [21], together with a formula for Hodge integrals [24].
In a recent interesting work [5], Diaconescu and Florea proposed a closed formula
for the generating function of nontoric del Pezzo surfaces Si, 1≤i≤5, for all genera
by using the conjectural ruled vertex formalism [8].

(1) In physics literatures, Sd is usually denoted by dP9−d or B9−d. Here we follow the
notation used in [26, Section 0]. A brief account of the classification of del Pezzo surfaces can be
found there.

(2) In this article, a surface means an algebraic surface over C.
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Our modest goal is to obtain a formula for the generating function of local
GW invariants of S3 at all genera. S3 is isomorphic to P

2 blown-up at 6 points
in a general position and it is also realized as a smooth cubic surface in P

3. It
is not toric but has a (unique) smooth nef toric degeneration S0

3 (a smooth toric
surface with the nef anticanonical divisor which is deformation equivalent to S3).
Our main idea is to use the deformation invariance of local GW invariants as in [5]
and [30] and reduce the computations to those of S0

3 , where we can apply the virtual
localization. Here we remark that our results are limited to Sk, k=3, 4, 5, since S1

and S2 do not admit nef toric degenerations.
The results of this paper are as follows. We first prove that in the case of

a smooth projective surface with the nef anticanonical divisor, local GW invariants
are equal to ordinary GW invariants of a projective bundle compactification of the
total space of the canonical line bundle (Proposition 2.2). Our proof is based on
the virtual localization with respect to the C

∗-action in the fiber direction. Then
the deformation invariance of the latter, see [23] and [29], implies that of the former
(Proposition 2.4). Next we introduce the toric surface S0

3 and show that it is
the nef toric degeneration of S3 (Proposition 4.1). Then we derive a formula for
the generating function of local GW invariants of S0

3 by the virtual localization
(Lemma 5.1). Finally we obtain a formula for the generating function of local GW
invariants of S3 via those of S0

3 by the deformation invariance (Theorem 5.2).
The organization of the paper is as follows. In Section 2, we give a definition

of local GW invariants and show the deformation invariance. In Section 3, we
summarize necessary facts about cubic surfaces S3. In Section 4, we introduce the
toric surface S0

3 . For completeness, a proof of the deformation equivalence of S3

and S0
3 is included in Appendices A and B. In Section 5, we give formulas for the

generating functions of local GW invariants of S0
3 and S3. We have computed the

formula explicitly for β∈H2(S3, Z) such that −KS3 ·β≤6. The results are listed in
Section 6 and Appendix C.
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2. Deformation invariance of local GW invariants

In this article, we call a smooth projective surface X whose anticanonical di-
visor −KX is nef (i.e. −KX ·[C]≥0 for all curves C⊂X) a nef surface.

Let X be a nef surface and KX be its canonical divisor. For β∈H2(X, Z) and
g∈Z≥0, let Mg,0(X, β) (resp. Mg,1(X, β)) be the moduli stack of stable maps to
X of genus g without marked point (resp. with one marked point) and with the
second homology class β. Let π : Mg,1(X, β)!Mg,0(X, β) be the forgetful map of
the marked point and µ : Mg,1(X, β)!X be the evaluation at the marked point.

Definition 2.1. For g∈Z≥0 and β∈H2(X, Z) such that
∫

β c1(KX)<0, the local
Gromov–Witten invariant Ng,β(KX) of X with genus g and the second homology
class β is

Ng,β(KX)=
∫

[Mg,0(X,β)]vir
ctop(R1π∗µ∗KX),

where ctop denotes the top Chern class which is of degree (1−g)(dimX−3)−∫
β c1(KX). (This is equal to the virtual dimension of Mg,0(X, β).)(3)

Let P(KX⊕OX) be the projectivization of the total space of the vector bundle
KX⊕OX (here the canonical divisor KX and the structure sheaf OX are regarded as
line bundles). This is a P

1-bundle over X . Let ι : X↪!P(KX⊕OX) be the inclusion
as the zero section of KX⊂P(KX⊕OX). We define the (ordinary) GW invariant
Ng,ι∗β(P(KX⊕OX)) of P(KX⊕OX) of genus g and the second homology class ι∗β
by

Ng,ι∗β(P(KX⊕OX))=
∫

[Mg,0(P(KX⊕OX),ι∗β)]vir
1.

We note that the deformation invariance is established for this ordinary GW invari-
ant in [23] and [29].

Proposition 2.2. Let X be a nef surface, ι : X↪!P(KX⊕OX) be the inclusion
as the zero section of KX. For g∈Z≥0 and β∈H2(X, Z) such that

∫
β c1(KX)<0,

Ng,β(KX)= Ng,ι∗β(P(KX⊕OX)).

Consider the natural C
∗-action on P(KX⊕OX) as the scalar multiplication in

the P
1-fiber direction. The action induces an action on Mg,0(P(KX⊕OX), ι∗β) by

moving the image curves of stable maps. First we show the following lemma.

(3) The condition
∫
β

c1(KX)<0 and the nef condition on X imply that H0(C, f∗KX)=0 for

(f, C)∈Mg,0(X, β).
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Lemma 2.3. Let X be a nef surface, ι : X↪!P(KX⊕OX) be the inclusion
as the zero section of KX . Let β∈H2(X, Z) be a class satisfying

∫
β

c1(KX)<0.
If a stable map (f, C)∈Mg,0(P(KX⊕OX), ι∗β), where C is a connected curve of
genus g and f : C!P(KX⊕OX) is a morphism such that [f(C)]=ι∗β, is fixed by
the C

∗-action, then the image f(C) is contained in the zero section ι(X).

Proof. Denote the P
1-fibration P(KX⊕OX)!X by p, and let P =[ p−1(a)]∈

H2(P(KX⊕OX), Z) be the class of the fiber P
1, where a∈X is any point. Let

ι∞ : X↪!P(KX⊕OX) be the inclusion as the zero section of OX (the section at the
infinity of the P

1-bundle compactification of KX). Note that for any α∈H2(X, Z),
we have

ι∞∗ α = ι∗α−
(∫

α

c1(KX)
)

P.(2.1)

Let γ∈H2(P(KX⊕OX), Z). If a stable map (f, C)∈Mg,0(P(KX⊕OX), γ) is
fixed by the C

∗-action, then the image of an irreducible component Ci of C must
be either one of these: (i) f(Ci)⊂ι(X), (ii) f(Ci)⊂ι∞(X) or (iii) f(Ci)=p−1(ai),
ai∈X , and Ci

∼=P
1. So assume that the irreducible components C1, ..., Ck of C

are of type (i) with [f(Ci)]=βi∈H2(X, Z), that Ck+1, ..., Cr are of type (ii) with
[f(Ci)]=βi∈H2(X, Z), and that Cr+1, ..., Cs are of type (iii) with f : Ci!p−1(ai)
being the di-fold coverings. Then [f(C)]=γ is equivalent to

γ =
k∑

i=1

ι∗βi+
r∑

i=k+1

ι∞∗ βi+
s∑

i=r+1

diP =
r∑

i=1

ι∗βi+
( s∑

i=r+1

di−
r∑

i=k+1

∫

βi

c1(KX)
)

P.

Now take γ=ι∗β with β∈H2(X, Z) satisfying
∫

β c1(KX)<0 and solve the above
equation. The assumption that X is nef implies that the coefficient of P in the last
line is always nonnegative. Therefore it is zero if and only if there is no irreducible
components of type (iii) and

∫
βi

c1(KX)=0 for those of type (ii). Then connected-
ness of the domain curve C implies that either f(C)⊂ι(X) or f(C)⊂ι∞(X). For
the latter case,

∫
[f(C)] c1(KX)=0 and this contradicts the assumption

∫
β c1(KX)<0.

Thus f(C)⊂ι(X). �

Proof of Proposition 2.2. By Lemma 2.3, the C
∗-fixed point set is isomorphic

to Mg,0(X, β). Then, by the virtual localization [11],

Ng,ι∗β(P(KX⊕OX))=
∫

[Mg,0(X,β)]vir
eC∗(R1π∗µ∗KX).

Here eC∗ is the equivariant Euler class. (In the equation below [11, (24)], the non-
trivial contribution comes only from the factor e(Bm

5 ); e(Bm
2 ) does not contribute
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because
∫

β
c1(KX)<0.) Since the left-hand side is independent of the weight, so is

the right-hand side and we can replace it with the nonequivariant integral. �

Proposition 2.4. Let X be a nef surface and X ′ be a nef surface which is
deformation equivalent to X. Let β∈H2(X, Z) be a class satisfying

∫
β c1(KX)<

0 and β′∈H2(X ′, Z) be the class corresponding to β under a deformation. Then
Ng,β(KX)=Ng,β′(KX′) for g∈Z≥0.

Proof. Since the surfaces X and X ′ are deformation equivalent, P(KX⊕OX)
and P(KX′⊕OX′) are also deformation equivalent. Let ι : X↪!P(KX⊕OX) and
ι′ : X ′ ↪!P(KX′⊕OX′) be the inclusions as the zero sections of KX and KX′ , re-
spectively.

We have

Ng,β(KX)= Ng,ι∗β(P(KX⊕OX))= Ng,ι′∗β′(P(KX′⊕OX′))= Ng,β′(KX′).

The middle equality follows from the deformation invariance of ordinary GW invari-
ants [23], [29]. The first and the third equalities follow from Proposition 2.2. �

3. Cubic surfaces S3

Here we summarize some facts on cubic surfaces, see e.g. [12, Section V 4] for
details.

Let S3 be a cubic surface. S3 is realized as a blowing up π : S3!P
2 at six

points in a general position. Let e1, ..., e6 be the classes of the exceptional curves
of π and let l be the class of a line in P

2 pulled back by π. Then l, e1, ..., e6 form
a basis of Pic(S3). Their intersections are

l2 = 1, e2
i =−1, l·ei = 0, and ei ·ej = 0 if i �= j.

Let h be the class of the hyperplane section of P
3. Then we have

h =−KS3 = 3l−
6∑

i=1

ei.

It is a classical fact that S3 contains exactly twenty-seven lines which are given
as follows:

ei, i = 1, ..., 6, l−ei−ej, 1≤ i < j≤ 6, and 2l−
∑

i�=j

ei, j = 1, ..., 6.
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Each one of these is an exceptional curve of the first kind. These twenty-seven
lines are the minimal generators of the Mori cone (the cone generated by effective
divisors on X modulo numerical equivalence) (cf. [26, (0.6)]).

It is well-known that the Weyl group WE6 of type E6 acts on Pic(S3) as sym-
metries of configurations of twenty seven lines. Its generators are given as follows.

si : ei ! ei+1, 1≤ i≤ 5,

s6 : e1 �−! l−e2−e3, e2 �−! l−e1−e3, e3 �−! l−e1−e2, l �−! 2l−e1−e2−e3.

It is known [9, Section 4] that WE6 coincides with the group of automorphisms of
Pic(S3) which preserve the intersection form, the canonical class, and the semigroup
of effective classes.

Hereafter we identify Pic(S3) with H2(S3, Z)∼=H2(S3, Z).

Lemma 3.1. Ng,β(KS3)=Ng,w(β)(KS3) for w∈WE6 .

Proof. See e.g. [13, Section 2.4]. �

4. Nef toric surfaces deformation equivalent to S3, S4 and S5

Let S0
3 , S0

4 and S0
5 be the nef toric surfaces whose fans are given in Figure 4.1.

Here the nine one-dimensional cones of S0
3 are generated by

v1 = (1, 0), v2 = (0, 1), v3 = (−1, 2),

v4 = (−1, 1), v5 = (−1, 0), v6 = (−1,−1),

v7 = (0,−1), v8 = (1,−1), v9 = (2,−1).

Let the fan of the toric del Pezzo surface S6 be given in Figure 4.1 and let p1, p2

and p3 be the torus fixed points of S6 corresponding to the two-dimensional cones
generated by (v5, v7), (v8, v1) and (v2, v4). S0

3 (resp. S0
4 and S0

5) is obtained by
blowing up S6 at p1, p2 and p3 (resp. p1, p2, and p1). S0

k contains (−2)-curves and
its anticanonical divisor is nef but not ample.

Figure 4.1. S0
3!S0

4!S0
5!S6.
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Proposition 4.1. S0
k, k=3, 4, 5, is deformation equivalent to Sk.

A proof will be given in Appendix A (see Proposition A.2).
Now let us explain the geometry of the nef toric surface S0

3 . The torus-invariant
divisors Ci, 1≤i≤9, corresponding to vi have the intersections:

Ci ·Ci+1 = 1, Ci ·Cj = 0, j �= i, i±1, C2
i =

{
−1 i=3, 6, 9,

−2 i=1, 2, 4, 5, 7, 8,
(4.1)

and the canonical divisor KS0
3

is rationally equivalent to −C1−...−C9. The Mori
cone is generated by C1, ..., C9 [27, Proposition 2.26].

Note that Pic(S0
3)∼=Pic(S3) and an isomorphism is given by

C1 �−! e2−e5, C2 �−! l−e2−e3−e6, C3 �−! e6,

C4 �−! e3−e6, C5 �−! l−e1−e3−e4, C6 �−! e4,

C7 �−! e1−e4, C8 �−! l−e1−e2−e5, C9 �−! e5.

(4.2)

This is explained as follows. First, in S6, we regard the torus-invariant divisors C′
1,

C′
4 and C′

7 corresponding to v1, v4 and v7 as the exceptional curves of blowing up
of P

2 and identify them with e2, e3 and e1. The torus-invariant divisors C′
2, C′

5

and C′
8 corresponding to v2, v5 and v8 are identified with the proper transforms

l−e2−e3, l−e1−e3 and l−e1−e2 of lines in P
2. Then in S0

3 , C3, C6 and C9 are
exceptional curves of the blowup at p3, p1 and p2 and we identify them with e6, e4

and e5. For i=1, 2, 4, 5, 7, 8, Ci is the proper transform of C′
i. (This identification

can be seen from the construction of a deformation in the proof of Proposition A.2.)
From here on, we identify Pic(S0

3) with H2(S0
3 , Z)∼=H2(S0

3 , Z).

Theorem 4.2. For g∈Z≥0 and β∈H2(S3, Z) such that KS3 ·β<0,

Ng,β(KS3)= Ng,β′(KS0
3
),

where β′∈H2(S0
3 , Z) is the class corresponding to β by (4.2).

Proof. This follows from Propositions 2.4 and 4.1. �

Remark 4.3. The statements similar to Theorem 4.2 hold for S4 and S5: local
GW invariants of S4 and S5 are the same as those of S0

4 and S0
5 . Their generating

functions also have expressions analogous to the formula for S3 (which will be stated
in Theorem 5.2). Local GW invariants of S4 and S5 appear among those of S3 with
a natural identification of second homology classes H2(S3, Z)=H2(S4, Z)⊕Ze6=
H2(S5, Z)⊕Ze5⊕Ze6. See [20, §6].
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5. A formula for the generating function of local GW invariants of S3

5.1. First we consider the generating function of local GW invariants of S0
3 with

β∈H2(S0
3 , Z) such that KS0

3
·β<0. Take a basis c1, ..., c7 of H2(S0

3 , Z) and let
X1, ..., X7 be associated formal variables. For β=a1c1+...+a7c7∈H2(S0

3 , Z), de-
note Xa1

1 ...Xa7
7 by Xβ. We write the generating function as

FS0
3
=

∑

β∈H2(S
0
3 ,Z)

K
S0
3
·β<0

∑

g≥0

Ng,β(KS0
3
)λ2g−2Xβ.

Let ti=X [Ci], 1≤i≤9, and si=C2
i (see (4.1)). Define ZS0

3
by

ZS0
3
=

9∏

i=1

∑

νi

((−1)siti)|ν
i|e

√−1λsi�(νi)/2Wνi,νi+1(e
√−1λ).

Here each νi, 1≤i≤9, runs over the set of partitions and ν10=ν1 is assumed. For
partitions µ=(µ1, µ2, ...) and ν=(ν1, ν2, ...),

Wµ,ν(q)= sµ(qρ)sν(qµ+ρ)∈Q(q1/2), |µ|=
∑

i≥1

µi, �(µ)=
∑

i≥1

µi(µi−2i+1),

where qµ+ρ=(qµi−i+1/2)i≥1, qρ=(q−i+1/2)i≥1 and sµ denotes the Schur function.
Define Z(−2)(t) by

Z(−2)(t)= exp
[

−
∑

j≥1

1
j

(

2 sin
jλ

2

)−2

tj
]

.

Lemma 5.1.

exp(FS0
3
)=

ZS0
3∏

i=1,4,7 Z(−2)(ti)Z(−2)(ti+1)Z(−2)(titi+1)
.

Proof. Recall that S0
3 has a canonical T =(C∗)2-action determined by its fan.

Let KT
S0

3
=−C1−...−C9 be a T -invariant divisor. For any β∈H2(S0

3 , Z) and g∈Z≥0,
define NT

g,β(S0
3 ) by the following equivariant integral:

NT
g,β(S0

3)=
∫

[Mg,0(S0
3 ,β)T ]vir

eT (R1π∗µ∗KT
S0

3
)

eT (R0π∗µ∗KT
S0

3
)

1
eT (Norm)

.

Here Mg,0(S0
3 , β)T is the fixed point set of the induced T -action, eT denotes the

equivariant Euler class and Norm is the virtual normal bundle determined by the
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obstruction theory [11, (23) and (24)]. Note that NT
g,β(S0

3 )=0 if there is no effective
divisors of the form

∑
1≤i≤9 ai[Ci], ai∈Z≥0, which are rationally equivalent to β,

because Mg,0(S0
3 , β)T is empty.

Consider the exponential of the generating function for all classes

exp
[ ∑

β∈H2(S0
3 ,Z)

∑

g≥0

NT
g,β(S0

3)λ2g−2Xβ

]

.(5.1)

Carrying out the localization calculation in the same way as [31](4) and using the
formula for Hodge integrals [24, Theorem 1], we see that (5.1) is equal to ZS0

3
.

Next we have to subtract the contributions coming from the classes β which
do not satisfy the inequality KS0

3
·β<0. Note that such effective classes are of the

forms a[C1]+b[C2], a[C4]+b[C5] or a[C7]+b[C8], a, b∈Z≥0. Therefore

exp
[ ∑

β∈H2(S
0
3 ,Z)

K
S0
3
·β≥0

∑

g≥0

NT
g,β(S0

3)λ2g−2Xβ

]

(5.2)

=
∏

i=1,4,7

exp
[ ∑

a,b∈Z≥0

∑

g≥0

NT
g,a[Ci]+b[Ci+1]

(S0
3 )λ2g−2tai tbi+1

]

.

The i=1 factor is easily obtained by setting t3=t4=...=t9=0 in (5.1). It is equal
to

ZS0
3
|t3=t4=...=t9=0 = Z(−2)(t1)Z(−2)(t2)Z(−2)(t1t2).

The i=4, 7 factors are similar. Dividing (5.1) by (5.2), we obtain that

exp
[ ∑

β∈H2(S
0
3 ,Z)

K
S0
3
·β<0

∑

g≥0

NT
g,β(S0

3)λ2g−2Xβ

]

=
ZS0

3∏
i=1,4,7 Z(−2)(ti)Z(−2)(ti+1)Z(−2)(titi+1)

.

By the virtual localization [11], NT
g,β(S0

3)=Ng,β(S0
3) for β such that KS0

3
·β<0. Thus

we complete our proof. �

(4) The contribution to NT
g,β(S0

3) from a fixed locus turns out to be completely the same

as [31, (13) and (16)]. Thus the summation over genera, second homology classes and fixed loci
proceeds in the same manner.
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5.2. Next we study the generating function of local GW invariants of S3. Let
Q=(Q1, ..., Q6, Q7) be a set of formal variables and denote Qa1

1 Qa2
2 ...Qa7

7 by Qβ for
β=a1e1+...+a6e6+a7l∈H2(S3, Z). Define

Fd =
∑

β∈H2(S3,Z)
−KS3 ·β=d

∑

g∈Z≥0

Ng,β(KS3)λ
2g−2Qβ, d∈Z≥1,

and FS3 :=
∑

d≥1 Fd.

Theorem 5.2. With the following identification of the parameters

t1 = Qe2−e5 , t2 = Ql−e2−e3−e6 , t3 = Qe6 ,(5.3)

t4 = Qe3−e6 , t5 = Ql−e1−e3−e4 , t6 = Qe4 ,

t7 = Qe1−e4 , t8 = Ql−e1−e2−e5 , t9 = Qe5 ,

we have

exp(FS3)= exp(FS0
3
).

Proof. This follows from Theorem 4.2 and Lemma 5.1. The identification (5.3)
is determined by (4.2). �

Remark 5.3. In [5], Diaconescu and Florea obtained a formula for FS3 which
is different from ours ((3.14) for k=5 in [5]). It would be an interesting problem to
show that these two formulas are equivalent.

Define m(β) for β∈H2(S3, Z) by

m(β)=
1

#{w∈WE6 |w(β)= β}
∑

w∈WE6

Qw(β).

By Lemma 3.1, Fd should be written in terms of these numbers. Fd up to d=6 are
shown in Appendix C.

6. Gopakumar–Vafa invariants

Let ng
β(KS3), g∈Z≥0, β∈H2(S3, Z), be numbers defined by

FS3 =
∑

β∈H2(S3,Z)

∑

g∈Z≥0

∑

k≥1

ng
β(KS3)

k

(

2 sin
kλ

2

)2g−2

Qkβ .

ng
β(KS3) are called Gopakumar–Vafa invariants [10]. They are listed in Table 6.1.
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Table 6.1. Gopakumar–Vafa invariants ng
β(KS3).

d β #O(β) genus g 0 1 2 3 4 5

1 e6 27 0 1

2 −e1+l 27 0 −2

3 l 72 0 3
−e1−e2−e3−e4−e5−e6+3l 1 1 27 −4

4 −e1−e2+2l 216 0 −4
−e1−e2−e3−e4−e5+3l 27 1 −32 5

5 −e1+2l 432 0 5
−e1−e2−e3−e4+3l 216 1 35 −6

−2e1−e2−e3−e4−e5−e6+4l 27 2 205 −68 7

6 −2e1−e2+3l 432 0 −6
2l 72 0 −6

−e1−e2−e3+3l 720 1 −36 7
−2e1−e2−e3−e4−e5+4l 270 2 −198 72 −8

−e1−e2−e3−e4−e5−e6+4l 72 3 −936 498 −108 9
−2e1−2e2−2e3−2e4−2e5−2e6+6l 1 4 −3780 2636 −846 141 −10

Remark 6.1. (a) Gopakumar–Vafa invariants ng
β(KS3) of S3 are integers. More-

over, for each β, ng
β(KS3) is equal to zero for all but a finite number of g. This

follows from the same statement for the toric surface S0
3 (see [28] and [19]).

(b) One could observe that ng
β(KS3) in Table 6.1 are zero if g is larger than

the genus β ·(β+KS3)/2+1 of a nonsingular curve which belongs to β.
(c) The results are in agreement with the previous results in [4, Table 7,

X3(1, 1, 1, 1)], [22, Table 1, n=6] and [25, Table 3] obtained by the B-model calcu-
lation of mirror symmetry. Also compare with [15, Table 7].

A. Nef toric surfaces and their deformations

The following classification is given in the preprint version of [3] (see also [4,
Table 1]).

Lemma A.1. There are exactly 16 nef toric surfaces, whose fans are shown
in Figure A.1.

We will refer to the nef toric surfaces using the numbers shown in the frames
in Figure A.1.

Proof. The minimal nef toric surfaces are P
2, P

1×P
1 and the Hirzebruch sur-

face F2, which are nos. 1, 2, and 4, respectively. Nef toric surfaces are obtained
from them by blowing up at torus-fixed points successively. By the nef condition,
we must blow-up at torus-fixed points which is not on a torus-fixed (−2)-curve. All
possible patterns of blowing-ups are listed in Figure A.1. Note that nos. 13, 15
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Figure A.1. Classification of nef toric surfaces. The arrows indicate blow-downs. The numbers in
the frames are reference numbers. Note that S0

3 , S0
4 and S0

5 introduced in Section 4 are nos. 16,
14, and 12, respectively.

and 16 can no longer be blown-up to nef toric surfaces, since all of their torus-fixed
points are on a torus-fixed (−2)-curve. This completes the classification. �

Proposition A.2. A nef toric surface has a smooth versal deformation family
of dimension h1(Θ), where Θ is the sheaf of germs of holomorphic vector fields,
whose general member is a del Pezzo surface of degree c2

1.

h1(Θ) and c2
1 are given in Table A.1.

Table A.1. Eight deformation types and h1(Θ)(=−(7c21−5c2)/6+h0(Θ)+h2(Θ)).

Deformation type I II III IV V VI VII VIII

no. 1 3 2 4 5 6 7 8 9 10 11 12 13 14 15 16

c21 9 8 8 7 6 5 4 3

c2 3 4 4 5 6 7 8 9

−(7c21−5c2)/6 −8 −6 −6 −4 −2 0 2 4

h0(Θ) 8 6 6 7 4 5 2 4 3 5 3 2 3 2 2 2

h2(Θ) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h1(Θ) 0 0 0 1 0 1 0 2 1 3 3 2 5 4 4 6

Proof. Note that h2(Θ)=0 for any smooth compact toric surface (Corol-
lary B.2). This implies smoothness of a versal deformation family [18].

Versal deformation families of nef toric surfaces are constructed inductively as
follows. Let π : S̃!S be one of the blowing-ups in Figure A.1. Let P ∈S be the
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center of the blowing-up π which is the intersection of two torus-fixed curves C1

and C2 (see Figure A.2). By comparing Table A.1 with Figure A.1, we have

h1(S̃, Θ)=

⎧
⎪⎨

⎪⎩

h1(S, Θ), if C2
1 >−1, and C2

2 >−1,

h1(S, Θ)+1, if C2
1 =−1, and C2

2 >−1,

h1(S, Θ)+2, if C2
1 =C2

2 =−1.

(A.1)

Since smooth rational curves on complex surfaces with self-intersection ≥−1 are
stable under small deformations [17, example on p. 86] (see also [2, Chapter IV,
Proposition (3.1)]), a complete deformation family of S̃ can be found as a simul-
taneous blowing-up of a complete deformation family of S. Furthermore, by (A.1),
we can find a versal deformation family of S̃ as follows. First, we consider a versal
deformation family S of S on which C1 and C2 deform holomorphically. If both C1

and C2 have self-intersection >−1, simultaneous blowing up of S at P gives a versal
deformation family of S̃ which is of dimension h1(S, Θ). If C2

1 =−1 and C2
2 >−1, we

move the center P in the C2 direction (see Figure A.2) and blow S up simultaneously
to get a versal deformation family of S̃ which is of dimension h1(S, Θ)+1. If C2

1 =
C2

2 =−1, we move the center P in the whole direction and blow S up simultaneously
to get a versal deformation family of S̃ which is of dimension h1(S, Θ)+2.

Figure A.2. The center P of a blowing-up (C1 and C2 are torus-fixed curves) and its moving. The
left is the case with C2

1 =−1 and C2
2 ≥0 and the right is the case with C2

1 =C2
2 =−1.

Thus we can find versal deformation families of nef toric surfaces inductively.
It is easy to see that their general members are del Pezzo surfaces. �

B. Unobstructedness

Let X be a smooth compact toric surface, D :=D1+...+Dr be the sum of
all torus invariant divisors D1, ..., Dr, and Θ(− logD) be the sheaf of germs of
holomorphic vector fields with logarithmic zeros along D.

Lemma B.1. H2(X, Θ(− logD))=0.

Proof. Since Θ(− log D)=O⊗ZN (cf. [27, Proposition 3.1]), where N is the
2-dimensional lattice such that the fan of X sits in N⊗R. H2(X, Θ(− logD))=
H2(X,O⊗ZN)=H2(X,O⊕O)=0, as H2(X,O)=0 (cf. [27, Corollary 2.8]). �
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Corollary B.2. H2(X, Θ)=0.

Proof. From the exact sequence (cf. [27, Theorem 3.12])

0−!Θ(− logD)−!Θ−!
r⊕

i=1

O(Di)|Di −! 0,

and Lemma B.1, we have H2(X, Θ)=0. �

C. Fd, 1≤d≤6

Let b[k]:=(2 sin(kλ/2))2.

F1 =
1

b[1]
m(e6),

F2 =
1

2b[2]
m(2e6)+

−2
b[1]

m(−e1+l),

F3 =
1

3b[3]
m(3e6)+

3
b[1]

m(l)+
(

−4+
27
b[1]

)

m(−e1−e2−e3−e4−e5−e6+3l),

F4 =
1

4b[4]
m(4e6)+

−2
2b[2]

m(−2e1+2l)+
−4
b[1]

m(−e1−e2+2l)

+
(

5+
−32
b[1]

)

m(−e1−e2−e3−e4−e5+3l)

F5 =
1

5b[5]
m(5e6)+

5
b[1]

m(−e1+2l)+
(

−6+
35
b[1]

)

m(−e1−e2−e3−e4+3l)

+
(

7b[1]−68+
205
b[1]

)

m(−2e1−e2−e3−e4−e5−e6+4l),

F6 =
1

6b[6]
m(6e6)− 2

3b[3]
m(−3e1+3l)+

(
3

2b[2]
− 6

b[1]

)

m(2l)

+
(

7− 36
b[1]

)

m(−e1−e2−e3+3l)

+
(

−8b[1]+72−198
b[1]

)

m(−2e1−e2−e3−e4−e5+4l)

+
(

9b[1]2−108b[1]+498−936
b[1]

)

m(−e1−e2−e3−e4−e5−e6+4l)

+
(

1
2

(

−4+
27
b[2]

)

−10b[1]3+141b[2]2−846b[1]+2636−3780
b[1]

)

×m(−2e1−2e2−2e3−2e4−2e5−2e6+6l).
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Boston, MA, 1995.

22. Lerche, W., Mayr, P. and Warner, N. P., Non-critical strings, del Pezzo singularities
and Seiberg–Witten curves, Nuclear Phys. B 499 (1997), 125–148.

23. Li, J. and Tian, G., Comparison of algebraic and symplectic Gromov–Witten invari-
ants, Asian J. Math. 3 (1999), 689–728.

24. Liu, C. C. M., Liu, K. and Zhou, J., A formula of two-partition Hodge integrals,
J. Amer. Math. Soc. 20 (2007), 149–184.

25. Minahan, J. A., Nemeschansky, D. and Warner, N. P., Investigating the BPS spec-
trum of non-critical En strings, Nuclear Phys. B 508 (1997), 64–106.

26. Mori, S. and Mukai, S., On Fano 3-folds with B2≥2, in Algebraic Varieties and An-
alytic Varieties (Tokyo, 1981), Adv. Stud. Pure Math. 1, pp. 101–129, North-
Holland, Amsterdam, 1983.

27. Oda, T., Convex Bodies and Algebraic Geometry, Ergeb. Math. Grenzgeb. 15, Springer,
Berlin–Heidelberg, 1988.

28. Peng, P., A simple proof of Gopakumar–Vafa conjecture for local toric Calabi–Yau
manifolds, Comm. Math. Phys. 276 (2007), 551–569.

29. Siebert, B., Algebraic and symplectic Gromov–Witten invariants coincide, Ann. Inst.
Fourier (Grenoble) 49 (1999), 1743–1795.

30. Ueda, K., Stokes matrix for the quantum cohomology of cubic surfaces, Preprint, 2005.
arXiv:math.AG/0505350.

31. Zhou, J., Localizations on moduli spaces and free field realizations of Feynman rules,
Preprint, 2003. arXiv:math.AG/0310283.

Yukiko Konishi
Graduate School of Mathematical Sciences
The University of Tokyo
3-8-1 Komaba
Meguro, Tokyo 153-8914
Japan
konishi@ms.u-tokyo.ac.jp

Satoshi Minabe
Department of Mathematics
Hokkaido University
Kita 10, Nishi 8, Kita-Ku
Sapporo, Hokkaido 060-0810
Japan
minabe@math.sci.hokudai.ac.jp

Received April 25, 2007
published online March 13, 2008



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


