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Schatten—von Neumann properties for Fourier
integral operators with non-smooth symbols, I

Francesco Concetti and Joachim Toft

Abstract. We consider Fourier integral operators with symbols in modulation spaces and
non-smooth phase functions whose second orders of derivatives belong to certain types of modu-
lation space. We prove continuity and Schatten—von Neumann properties of such operators when
acting on LZ2.

0. Introduction

In [5], A. Boulkhemair considers a certain class of Fourier integral operators
where the corresponding symbols are defined without any explicit regularity as-
sumptions and with only small regularity assumptions on the phase functions. The
symbol class here is, in the present paper, denoted by M°! and contains .5'8’0, the
set of smooth functions which are bounded together with all their derivatives. In
time-frequency analysis, the set M°>>! is known as a particular modulation space.
(See e.g. [9], [10] and [13], or the definition below.) Boulkhemair then proves that
such operators are uniquely extendible to continuous operators on L2. In partic-
ular it follows that pseudo-differential operators with symbols in M are L2-
continuous, which was proved by J. Sjostrand in [21], where it seems that M°!
was used for the first time in this context.

More recent contributions to the theory of Fourier integral operators with non-
smooth symbols are presented in [17], [18] and [19]. For example, in [18], Ruzhansky
and Sugimoto investigate, among other things, L2-estimates for Fourier integral
operators with symbol classes which contain non-smooth functions, e.g. Besov spaces
and local Sobolev—Kato spaces.

In this paper we consider Fourier integral operators where the symbol classes
are given by MP 4 where p,q€[l, 0], and with phase functions satisfying similar
conditions as in [5]. We discuss continuity of such operators when acting on mod-
ulation spaces, and prove Schatten-von Neumann properties when acting on L2.
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In order to be more specific we recall some definitions. Assume that p, g€[1, 0o].
Then the modulation space MP9(R™) is the set of all f€S’(R™) such that

00 o= ([ 1Fneanera) w) <o

(with obvious modification when p=o0co or g=00). Here F is the Fourier transform
on &'(R™) which is given by

FrO=F©=@m) " [ f@)e " dx

R
when feS(R"™), and xeS(R™)\{0} is called a window function which is kept fixed.

During the last twenty years, modulation spaces have been an active field of
research (see e.g. [8], [9], [10], [11], [13], [16], [23] and [26]). They are rather similar
to Besov spaces (see [2], [22] and [26] for sharp embeddings) and it has turned out
that they are useful to have in background in time-frequency analysis and to some
extent also in pseudo-differential calculus.

Next we discuss the definition of Fourier integral operators. For convenience
we restrict ourselves to operators which belong to L(S(R"),S’(R™)). Here we let
L(V1,Va) denote the set of all linear and continuous operators from V; to Va, when
V; and V4 are topological vector spaces. For any appropriate a€S’(R?"T™) (the
symbol) and real-valued peC(R?*"+™) (the phase function), the Fourier integral
operator Op,,(a) is defined by the formula

02 Op(f@ =0 [[ ey Qs ayac

when fe€S(R™). Here the integrals should be interpreted in distribution sense, if
necessary. By letting m=n, and choosing symbols and phase functions in appropri-
ate ways, it follows that the pseudo-differential operator

Op(a) () = (2) " [ /R oz QF ) dydg

is a special case of Fourier integral operators. Furthermore, if t€R is fixed, and a is
an appropriate function or distribution on R instead of R3", then the definition
of the latter pseudo-differential operators cover the definition of pseudo-differential
operators of the form

03)  auw, D)f(z) = (27)" //R (1=t)a+ty, O)f ()= dydc.

On the other hand, in the framework of harmonic analysis it follows that the
map a—a.(x, D) from S(R?") to L(S(R™),S'(R™)) is uniquely extendible to a bi-
jection from &'(R?") to L(S(R"),S'(R")).
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In the literature it is usually assumed that ¢ and ¢ in (0.2) are smooth func-
tions. For example, if a€ S(R***™) and pc O (R?"+™) satisfy ¢(®) €S] ,(R?"+™)
for all multi-indices o with |a| >N for some integer N >0, then it is easily seen that
Op,,(a) is continuous on S(R™) and extends to a continuous map from S'(R") to
S(R™). In [1] it is proved that if <p(a)68870(R2"+m) for all multi-indices a with
|a]=2 and satisfies

80181 SO:E
(0.4) ’dt( v f)‘zd

P Plc

for some d>0, then the definition of Op,, extends uniquely to any aES&O(RQ"“‘m),
and then Op,(a) is continuous on L?(R™). Next assume that ¢ instead satisfies
(@) e M1 (R3") for all multi-indices a with |o|=2 and that (0.4) holds for some
d>0. This implies that the condition on ¢ is relaxed since Sg}OQM >l Then
Boulkhemair improves the result in [1] by proving that the definition of Op,, extends
uniquely to any a€ M°>'(R?"*™), and that Op,(a) is still continuous on L?(R").

In Section 2 we discuss Schatten—von Neumann properties for Fourier integral
operators which are related to those which were considered by Boulkhemair. More
precisely, we prove that if p€[l, 0] and a€ MP1(R?"*™) then Op,(a) belongs to
Z,, the set of Schatten—von Neumann operators of order pe[1, oo] on L?(R™). Recall
that an operator T on L?*(R") is a Schatten—von Neumann operator of order p if it
is linear and continuous on L?(R™), and satisfies

oo

1/p
|T||IpEsup(Z (Tf;,95)l ) < 00.

Here the supremum should be taken over all orthonormal sequences { fj};?‘;l and
{9352, in L*(R").

Furthermore, if 1<g<min(p,p’), m=n and instead a(x,y, {)=b(z, () for some
be MP4(R?"), and in addition

(0.5) det (¢l )| > d

for some constant d>0, then we prove that Op,(a) €Z,. Here and in what follows we
let p'€[1, 0] denote the conjugate exponent of pe[l,o0], i.e. 1/p+1/p’=1. When
proving these results we first prove that they hold in the case p=1. The remaining
cases are then consequences of Boulkhemair’s result, interpolation and duality.

Finally we remark that a continuation of the present paper, which involves
discussions of Fourier integral operators in the context of weighted modulation
spaces, is under preparation by the authors.
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1. Preliminaries

In this section we discuss the basic properties for modulation spaces. The
proofs are in many cases omitted since they can be found in [6], [7], [8], [9], [10],
[11], [12], [13], [24], [25] and [26].

We start by discussing notation. The duality between a topological vector
space and its dual is denoted by (-,-). For admissible a and b in §'(R"™), we set
(a,b)={(a,b), and it is obvious that (-,-) on L? is the usual scalar product.

Next assume that By and By are topological spaces. Then By < Bs means that
B is continuously embedded in Bs. In the case that B; and By are Banach spaces,
B1— B2 is equivalent to By CBs and ||z|| 5, <C||z||5,, for some constant C>0 which
is independent of z€B5;.

Assume that p,¢€[1, 0], and that x€S(R™)\{0}. Then recall that the (clas-
sical) modulation space MP9(R™) is the set of all f€S’(R™) such that (0.1) holds.
We note that the definition of MP¢(R™) is independent of the choice of window Y,
and that different choices of y give rise to equivalent norms. (See Proposition 1.1
below.) For conveniency we also set MP=MPP.

The following proposition is a consequence of well-known facts in [9] and [13].
Recall that we let p’ denote the conjugate exponent of p, i.e. 1/p+1/p'=1 should
be fulfilled.

Proposition 1.1. Assume that p,q,p;, g €[1,00] for j=1,2. Then the follow-
g are true:

(1) If xe MY(R™)\{0}, then feMP4(R™) if and only if (0.1) holds, that is
MP-9(R"™) is independent of the choice of x. Moreover, MP9 is a Banach space
under the norm in (0.1), and different choices of x give rise to equivalent norms;

(2) If p1<p2 and q1<q> then

S(R™) s MP14 (R) s MP>%(R") — S'(R");

(3) The L2-product (-,-) on S extends to a continuous map from MP9(R™)x
M? 4 (R™) to C. On the other hand, if ||a||=sup|(a,b)|, where the supremum. is
taken over all be MP9 (R™) such that ||b|| .o <1, then ||| and |- ||area are
equivalent norms;

(4) If p, g< o0, then S(R™) is dense in MP4(R™). The dual space of MP1(R™)
can be identified with MP-9 (R™) through the form (-,-). Moreover, S(R") is
weakly dense in M>°(R™).

Proposition 1.1(1) permits us to be rather vague concerning the choice of x €
M\ {0} in (0.1). For example, if C>0 is a constant and  is a subset of &',
then ||a||arp.a <C for every a€€Q, means that the inequality holds for some choice of
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x€ MM\ {0} and every a€(. Evidently, for any other choice of x€ M\ {0}, a similar
inequality is true although C may have to be replaced by a larger constant, if
necessary.

It is also convenient to let MP2(R"™) be the completion of S(R™) under the
norm || - |[arpe. Then MP4CMP? with equality if and only if p<oo and g<oo.
It follows that most of the properties which are valid for M?4(R™) also hold for
MPI(R™).

We also need to use multiplication properties of modulation spaces. The proof
of the following proposition is omitted since the result can be found in [9], [10], [25]
and [26].

Proposition 1.2. Assume that p, p;,q; €[1,00] for j=0,..., N satisfy
1 1 1 1 1 1
—+.+—=— and —+..+—=N-1+4+—.
P1 PN Do 0 qN do

Then (fi,..., fn)—=fi.fn from SR™) x...xS(R"™) to S(R™) extends uniquely to
a continuous map from MPHI(R™)x...x MPN-IN(R™) to MP>®(R™), and

1 fnllarvo.ao < Ol fillazerar oo || fv | e o

for some constant C' which is independent of f; € MPi-% (R"), j=1,...,N.
Furthermore, if ug=0 when p<oo, f€ MP1(R"), and u and v are entire func-
tions on C with expansions

(o) (o)
u(z):Zukzk and v(z)zz lug|2",
k=0 k=0

then u(f)e MPL(R™), and

[u()larer < Co(ClI f || arw0),
for some constant C which is independent of f€MP1(R™).

Remark 1.3. Assume that p,q, ¢1,¢2€[1, o0]. Then the following properties for
modulation spaces hold:

(1) If ¢y <min(p, p’) and g2 >max(p, p’), then MP9* C [P C MP-%. In particular,
M2:L2;

(2) MP1(R™)—C(R"™) if and only if ¢=1;

(3) M1 is a convolution algebra which contains all measures on R" with
bounded mass;

(4) MPINE'=FLINE'. Furthermore, if B is a ball with radius r, then

Crnllflles <IUFIatrs < Crnll fllze,  fEE(B),

for some constant C, , which only depends on r and n;
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(5) MP is invariant under Fourier transformation. A similar fact holds for
partial Fourier transforms.

(See e.g. [6], [7], [9], [10], [11], [12], [13] and [26].)

For future references we note that the constant C, ,, is independent of the center
of the ball B in (4) in Remark 1.3.

In our investigations we need the following characterization of modulation
spaces.

Proposition 1.4. Let {4 }acr be a lattice in R", Bo=x,+B where BCR"™
is an open ball, and assume that fo€E'(By) for every acl. Also assume that
D,q€[1l,00]. Then the following are true:

(1) if
. 1/p
(1.1) =X ta ad FO=(Tlh©r) @),

acl acl

then feMP1, and f— || F||Lq defines a norm on MP? which is equivalent to || - || pe.a
n (0.1);

(2) if in addition |J,c; Ba=R", x€C§°(B) satisfies Y ,;x(- —wa)=1, f€
MPYR"™), and fa=fx( —2a), then fo€E'(By) and (1.1) is fulfilled.

Proof. (1) Assume that xe€C§°(R™)\{0} is fixed. Since there is a bound of
overlapping supports of f,, we obtain

1/p
IF(fxC =21 <) IF(fax (- —2))(€)| < C(Z |F(fax(- —w))(f)l”)

acl acl

for some constant C. From the support properties of x, it follows that for some

balls B’ and B/ =z,+ B’ we get
1/p
S [ 1t e as)

([ it —myrar)’ oy

<3 [ Uhaerm pa)
<03(Z<|fa|*|>?|><£>p>l/p

acl

< G3(F*[X)(E)

for some constants C7, Cy and C3. Here we have used Minkowski’s inequality
in the last inequality. By applying the L?-norm and using Young’s inequality we



Schatten—von Neumann properties for Fourier integral operators 301

get
£ llazr.a < C"||Fx IR o < C”IF | LalIXl -

Hence, since we have assumed that F'e L9, it follows that || f| are.« is finite. This
proves (1).

The assertion (2) follows immediately from the general theory of modulation
spaces. (See e.g. [13] and [14].) The proof is complete. [

Next we discuss (complex) interpolation properties for modulation spaces. Such
properties were carefully investigated in [9] for classical modulation spaces, and
thereafter extended in several directions in [11], where interpolation properties for
coorbit spaces were established. As a consequence of [11] we have the following
proposition.

Proposition 1.5. Assume that 0<0<1 and that p, q, p1,p2,q1, @2 €[1, 00| sat-
isfy
1 1-6 6 1 1-6 6

—=——+— and —-=—+—.
p P11 P2 q a1 q2

Then

(M0 (R), MP 2 (R)) g = M (R?)

Next we recall some facts from Chapter 18 in [15] concerning pseudo-differen-
tial operators. Assume that a€S(R?"), and that t€R is fixed. Then the pseudo-
differential operator a;(x, D) in (0.3) is a linear and continuous operator on S(R"),
as remarked in the introduction. For general a€S’(R?"), the pseudo-differential
operator a;(z, D) is defined as the continuous operator from S(R™) to &'(R™) with
distribution kernel

(1.2) Kra(z,y) = (2m) "2 (Fy la)(1-t)a+ty,y—2).

Here FoF is the partial Fourier transform of F(x,y)€S’(R?") with respect to y.
This definition makes sense, as the mappings F» and F(z,y)— F((1—t)z+ty,y—x)
are homeomorphisms on &'(R?*"). We also note that this definition of a;(x, D)
agrees with the operator in (0.3) when a€S(R?™).

Furthermore, for any fixed t€R,, the map a+as(x, D) is bijective from S’ (R?")
o LIS(R™),S'(R™)) (see [15]).

In particular, if a€S’(R*™) and s,t€R, then there is a unique beS’(R?*™)
such that as(x, D)=b;(x, D). By straightforward applications of Fourier’s inversion
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formula, it follows that
(1.3) as(z,D)=bi(z,D) <= blx,Q)=e "I P=Pda(z,()

(cf. Section 18.5 in [15].)

We end this section by recalling some facts on Schatten—von Neumann opera-
tors from the introduction, and pseudo-differential operators.

The set Z, is a Banach space which increases with pe[l, c0], and if p<oo,
then Z,, is contained in the set of compact operators on L?. Furthermore, 77, Zo
and Z, agree with the set of trace-class operators, Hilbert—Schmidt operators and
continuous operators on L2, respectively, with the same norms.

Next we discuss complex interpolation properties of Schatten—von Neumann
classes. Let p,p1,p2€[1, 00] and let 0<A<1. Then
1-60 60
—+

1
(14) 1, (Im ) Ipz)[é]v when D I3 Do
We refer to [20] for a brief discussion of Schatten—von Neumann operators.

We also recall some facts on Schatten—von Neumann properties in the calculus
of pseudo-differential operators. For any t€R and p€[l, o0], let s; ,(R*") be the set
of all aeS’(R*") such that a;(x, D)€Z,. Also set |a|ls, ,=|a:(x, D)||z,. By using
the fact that ar>a.(x, D) is a bijective map from &’(R?") to L(S(R"),S'(R")), it
follows that the map arsa;(z, D) restricts to an isometric bijection from s; ,(R*")
to Zp,.

The proof of the following proposition is omitted since it can be found in [26],
and to some extent in [14].

Proposition 1.6. Assume that p,q1,q2€[1,00] are such that g <min(p,p’)
and ga>max(p,p’). Then the following are true:

(1) MP (R2") iy, (R27)C MP (R2");

(2) the operator kernel of a;(x, D) belongs to MP(R*™) if and only if the symbol
a€MP(R2").

2. Schatten—von Neumann properties of Fourier integral operators

In this section we discuss Schatten—von Neumann operators for Fourier integral
operators with symbols in MP4. In the first part we assume that the symbol
a(z,y,¢) belongs to MP1(R?**t™) while in the second part we consider a more
tricky case when the symbol is constant with respect to the y-variable, and belongs
to MP4(R?") with respect to the remaining variables z and (.

Certain parts of these investigations depend on the following lemmas.
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Lemma 2.1. Assume that f €M1 (R"™) and that x€C5°(B), where B is the
unit ball with center at origin. Then the following are true:

(1) if t€[0,1], then f(t-)eM>>1(R"), and for some constant C, independent
of feM®! and t€0,1],

1)z S Clfllaree s
(2) i
1
(@) = (o) [ (1=1) (t(—0) + o)
0
for some xo€R™, then g€ M1, and for some constant C which is independent
of o,
19zollazee1 < C|[ fllazes 1
Proof. The assertion (1) is an immediate consequence of Proposition 3.2 in [5].
(See also [22] for more general dilation properties.) In order to prove (2) we note

that the M°!'-norm of x(- —x¢) is independent of zy. Hence Proposition 1.2 and
the first part of the proposition give

1
l[gaollareer < CrlIx(- —2o) [ aroe.s /O (A=) f (- +(A=t)zo)l| a1 dt

1
= Cilxllazen / (A=t)f )l areenr dt < Col| fllazen
0

for some constants C7 and Cy. The proof is complete. [

Lemma 2.2. Assume that BCR"™ is a ball, p€C?*(R") is real-valued and
satisfies @@ e M for all multi-indices o with |o|=2, and that feM“4(R")N
E'(B). Then fe'eMY4(R™), and for some constant C, which only depends on n
and the radius of the ball,

erWHMlvq < C”f”Mlvq eXP(CHSO””MwJ)-

Proof. We may assume that B is the unit ball which is centered at origin. By
Taylor expansion it follows that =11 +1)9, where

1
1(2) = p(0)+ (¢ (0),2) and  4ho() = / (- t)(¢" (ta); 2, ) .

Since multiplications by modulations do not affect the modulation space norms we
obtain

I£e™ Narra = £ llarna-
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Furthermore, if x€C§°(R™) satisfies that x(x)=1 on B, then it follows from
Lemma 2.1 that ||xt2||pree.t <C||¢” || aree.1. Hence by Proposition 1.2 it follows that
[leX¥2|| proos <C exp(C||@” || proe1) for some constant C. This gives
£ arna = (fe™* )™ [apra < O fe™ || arna|e™¥2]| pyoe.s
< Cul[fllarna exp(Culle” | ar1)
for some constants C' and C;. This proves the assertion. [

We may now prove the following.

Proposition 2.3. Assume that ac M*(R?*"™™), and that peC(R*T™) is
real-valued and satisfies p(®) € M for all multi-indices o with |oa|=2. Then the
distribution kernel of the operator Op,(a) in (0.2) belongs to M'(R*").

In particular, Op,(a)€Z;.

For the proof as well as later on, it is convenient to use the notation XY, 7, ...

for triples of the form (z,y, () €R2" ™,

Proof. Let {Xa}aer be a lattice in R?"t™ xeC§°(R?*™™) be such that
Y acr X(- —Xa)=1, and let ap=a-x(- —X4). From Lemma 2.1 it follows that

lae™|[a < Z laae™ ||an < C(Z ||aa|M1) exp(C1l¢"|[ar.1).

acl acl

Furthermore, by Remark 1.3(4) and Proposition 1.4 we have

D laalan <CY 7 llaallzr < C'llaf i

acl acl
for some constants C' and C’. Summing up, we have proved that
(2.1) lae[[ar < Cllall s exp(Cll@" || aroe.)
for some constant C, which in particular shows that ae’?€M!(R?***™). Hence
ae¥eM?.

Next we recall that the map
fz1,29) — f(z1, x2) dag
R"2

is continuous from M (R™*"2) to M (R™) when z; ER". (See e.g. [13] and [25].)
Hence if

K(z,y)= (QW)in/ a(z,y, C)GW(I’%O d¢

m

is the kernel of Op,,(a), it follows that K e M'(R*").
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The last part of the assertion is now a consequence of Proposition 1.6, and the
result follows. [J

Theorem 2.4. Assume that p€[l, 0] and that a€ MP1(R*T™). Also assume
that € C2(R*™) is real-valued and satisfies (0.4) for some d>0, and that p(®) €
M for all multi-indices o with |o|=2. Then Op (a)€L,.

Proof. In view of Theorem 3.1 in [5] and Proposition 2.3, the result is true
when pe {1, 00}. For general p, the result now follows by interpolation, using The-
orem 4.1.2 in [3], Proposition 1.5 and (1.4). O

Next we discuss Fourier integral operators in (0.2) when a is a distribution of
2n variables. This situation is not covered in Theorem 2.4 when p<oo, due to the
fact that the distribution (z,y, ()~ a(x,0,() does not belong to MP:}(R*") when
a(z,y,()e MPL(R3").

Theorem 2.5. Assume that pE[1,00], t1,t2€R, d>0, and that p€C(R?") is
real-valued and satisfies ©(® € Mt for all multi-indices o with |a|=2 and

(22) |det(t2¢g,<(x»yaC)‘h@Z,g(x»yaC)” >d.

Then the map

a'—>Ka7¢(]),y)E/ a(tlx—l—to,C)eW(%y,C) dc

from S(R*™) to S'(R*) extends uniquely to a continuous map on MP(R?").

For the proof we need the following lemma.

Lemma 2.6. Assume that f€ M>Y(R"), xeC5°(R™) and x€R"™, and let

i () = x() /O (1) -ty db.

Then there is a constant C' and a function g€ L*(R™) such that ||g| L1 <C| f| are
and |F(ha,j,1)(€)]1<9(E).-

Proof. Let ¥(y)=v;1(y)=x(y)y;yx. By a change of variables we obtain

(23)  Flhein)©)= / -t [ Fatrtynbly)e @O dydi

R"

:/01 T (1=0F (fo(——)) (%)e“”@/t dt.
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Hence, if

(2.4) 9©= [ -0 s

zeR"™

#(re(7 ) (F)]

then it follows that |F(he ;1) (§)|<g(§). We have to prove that ||g||p: <C|| f|| proor
for some constant C.

Assume that >0 is chosen so that the support of x is contained in the closed
ball B, with radius r and center at the origin, and let v, (ac):e"g”‘2 and Yy €
C§°(R™) be such that wg(x)ze“”‘2 when x€B,. Also assume that 0<¢<1. By

straightforward computations we get
F(ro () )@ < @m 2 (1F (o~ F (v (<5 o —2) ) ©)

where the convolution should be taken with respect to the £-variable only. Since

(o () et =) [ = |7 (4(5)2)]
we therefore get
(2.5) (0 (55)) @] = @m T 2AF (o (- =)+ F)(©),
where

Fu(&)=|F (v (5)v2) ©
We need to estimate F;. Let {29 be the closed unit ball in R"™ and let §2; be the
set of all £e€R™ outside the unit ball such that |£;]>|¢]/2n. Then U;io Q,;=R",

and since Fy(€)<(2m)~"2||( - /t)aba| 1 it follows that
(2.6) F (&) <Ct*, £eQy.

Furthermore, if N>0 is an integer and {€(;, then by integration by parts,
and the fact that 0<t<1, it follows that

EIVIE ()] < Crlgf Fe(€)]

w<y>w2<ty>(%)N@—“w)dy\

=(Cht"
2 t

R'IL

—car | [ (D)) o]

<= [ D st dy
< Cgtan

for some constant Cy, Cy and C5 which are independent of j. Hence, by taking
geometric means of the latter estimates, it follows that for any real number s>0,
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there is a constant Cs such that

[EI°|E(€)| < Cst"™®, €] 2 1.
A combination of this estimate, (2.6) and the fact that 0<¢t<1 now gives
(2.7) [F (< Cat"™*(6)™%, §€R™,

for some constant C which is independent of £. Here (€)= (1+1¢|2)'/2.
By letting s=n+4 and combining (2.4), (2.5) and (2.7) it follows that

9()<C / 1 =0 (s 1F(Fon (=) ()7 ) <§> dt.

Hence, by applying the L'-norm on the latter inequality, and changing the variables
of integration we get

1
||gHL1§C/ t*"(1—t)f1/2// sup
0 R2n zeR™

—c / sup | F(Fin(- —2))(€)|dE = C"|[ f | g,
R

n xeR™

F(pon(- =) (§n) [t de

where
C' =)V /1(1—15)75—1/2 dt < co.
0
This proves the assertion. [
Proof of Theorem 2.5. By letting
r1=tix+1t2y, y1=s127+sy and E£=(

as new coordinates, where s; and s, are such that s;to#sot1, and observing that
the space MP4(R?") is invariant under pullbacks with automorphisms on R?", it
follows that we may assume that t;=1 and t2=0, and that the condition (2.2) is
reduced to

(2.2) |det(y ¢ (2,7, 8))| > d.

First we assume that p=1 and that a€ M'NE’, and we let x€C(R") and ¢ e
Cs°(R3™) be such that ¢(z,y,£)=1 when a(x, £)x(y)#0. We also let Xo=(0,y,0),
X=(z,2() and

Ia(yv 57 77) = f(Ka,LP(:l@X)( T (07 y))(gv 77)

:/ a(x»C)ei“”(x)x(z—y)e*i(@:f”(z’"))dX7
R3n
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and note that the L'-norm of I, is equivalent to the M!-norm of K, in view of
Remark 1.3, since a has compact support. By a change of variables it follows that

I(y, & n) =W / a(z, Q)ePXHX0)y ()~ @)+ zm) g x|
R3n

In a similar way as in the proof of Lemma 2.2 we now set

¥1,x, (X) = ¢(Xo) + (¢ (Xo), X),

P2,x0(X) =9(X) /01(1—t)<<p”(Xo+tX)X7X> dt.
Then an application of Taylor’s formula on ¢ gives

&l =| [ ale,Ox(e)e o Meiling Gt ) gx
R3n

= (2m) 2| (Fa@x)F(e"%0)) (€~ (Xo), —9¢(Xo), =0y, (Xo))].

As remarked above, we are interested in applying the L'-norm on I,. A prob-
lem here with the right-hand side in the latter equality is that F(e?¥2%o) depends
on Xp. For this reason we set

D xo = F(P2,x ) *...x F (2, x,),

where k>1 is the number of factors in the convolution. An application of Lemma 2.5

then shows that there exists a function G such that |F (12 x,)|<G and |G| <

Cll¢"|| aprsor for some constant C>0. Hence if ¥, =Gx*...xG with k factors of G in

the convolution, then it follows that |® x,| <V and that [V 1 <C*|¢" [k, ..
This implies that

(28) Lol 6.0 <3 sl

where

Ja0(y,&n) = |Fla@x) (=¥ (Xo), —p¢(Xo), n—¢y, (Xo0))l,
Jak(y,&m) = (| F(a@x) %Pk, x,|) (€ = ¢ (X0), =9 (X0), n— ¢y, (X0))
< (|F(a@x)[#[Wr]) (€ — ¥l (X0), —pc(Xo), n—¢,(X0)),  k>1.

Hence, by applying the L'-norm on the latter estimates, and using the fact that a
has compact support, we get

ol = /// Fla®x)(E— o (Xo), — 0 (Xo) n—y(Xo)) | dy d dn

~ [ e i miavasan
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<3 /[ iFasnEanldracan

~Lja)
_d a !

c
< Zlallarn,

and

Mol = [ [ (F @01+ 00} (€= (X0), = (Xo).=y (Xo)) dy s d

C
= [[aoll L[l Lr < EHGHMMJ(C||SDHHM°°v1)k~

In the first inequality we have used (2.2)" and taking x=—¢}(Xo) as a new variable
of integration in the y-direction. By combining these estimates we get

=1 C =1
| Kaellarns < Iallzr <37 5okl < Zlallares Y 25 (Cle”llar=s)*
k=0’ k=0

C
= = lallar exp(Clle" ).

This proves the assertion in this case.

For general a€M', the asserted continuity now follows by applying Prop-
osition 1.4 in a way similar to the proof of Proposition 2.3. We leave the details to
the reader.

Next we consider the case when p=oo. Assume that a,b€ M (R?"), and let
o(x,y,&)=—p(x,&,y). Then (2.2)" also holds when ¢ is replaced by @. Hence,
the first part of the proof shows that Kj, 3€M?'. Furthermore, by straightforward
computations we have

(2.9) (Ka,p,b)=(a, Kp,g).

In view of Proposition 1.1(3), it follows that the right-hand side in (2.9) makes sense
if, more generally, a is an arbitrary element in M (R?"), and then

C
(@, Ko )l < — llallare [1Bllar exp(Clle" [[ar== 1)

for some constant C' which is independent of d, a€ M> and b€ M*.

Hence, by letting K, ., be defined as (2.9) when a€ M, it follows that a— K, o
on M! extends to a continuous map on M°. Furthermore, since S is dense in M >
with respect to the weak* topology, it follows that this extension is unique. We
have therefore proved the theorem for pe{1, co}.

For general p€ll,o0], the result now follows by interpolation, using The-
orem 4.1.2 in [3] and Proposition 1.5. O
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Assume that a€ M>°(R?"), t1,t2€R, and that peC(R3") is real-valued and
satisfies (®) €M for all multi-indices o with |a|=2 and (2.2) for some d>0.
Then we let the Fourier integral operator op,(a)=op, ,, ;,(a) be the continuous
operator from S(R™) to &'(R™) with kernel K, , in Theorem 2.5. The following
result is an immediate consequence of Theorem 2.5 and Theorem 4.3 in [26].

Theorem 2.7. Assume that pe[l,c], a€ MP(R?"), t1,t2€R, and that €
C(R3") is real-valued and satisfies '®) € Mt for all multi-indices o with |a|=2.
Also assume that (2.2) is fulfilled for some d>0. Then the definition of opy, +,(a)
from S(R™) to S'(R™) extends uniquely to a continuous map from MP (R™) to
MP(R™).

By combining Theorems 2.4, 2.5 and interpolation, we obtain the following
result.

Theorem 2.8. Assume that p,q€[l,00] are such that g<min(p,p’), that a€
MP9(R?™), that t1,t2€R, and that p€C(R®") is real-valued and satisfies ©(®) €
ML for all multi-indices o with |a|=2. Also assume that (0.4) and (2.2) are
fulfilled for some d>0. Then the definition of opy 4, 4,(a) from S(R™) to S'(R")
extends uniquely to a Schatten—von Neumann operator of order p on L*(R™).

Proof. We may assume that g=min(p,p’). First assume that p<2, and let
beS'(R*") be chosen such that b(x, D)=op,(a). Then the operator kernel of b
belongs to MP, and since MP is invariant under partial Fourier transformations in
view of Remark 1.3(5), the result is a consequence of Proposition 1.6(1).

If instead p=oo0, then it follows from Theorem 2.4 that op,(a) is continuous
on L2, which proves the result in this case as well. The result now follows for general
pE|[2, o] by interpolation, using Theorem 4.1.2 in [3], Proposition 1.5 and (1.4). The
proof is complete. [J
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