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General Hausdorﬀ functions, and the notion
of one-sided measure and dimension
Claude Tricot
Abstract. The main facts about Hausdorﬀ and packing measures and dimensions of a Borel
set E are revisited, using determining set functions φα : BE !(0, ∞), where BE is the family of
all balls centred on E and α is a real parameter. With mild assumptions on φα , we verify that
the main density results hold, as well as the basic properties of the corresponding box dimension.
Given a bounded open set V in RD , these notions are used to introduce the interior and exterior
measures and dimensions of any Borel subset of ∂V . We stress that these dimensions depend on
the choice of φα . Two determining functions are considered, φα (B)=VolD (B ∩V ) diam(B)α−D
and φα (B)=VolD (B ∩V )α/D , where VolD denotes the D-dimensional volume.

1. Introduction
Hausdorﬀ and packing measures were ﬁrst intended to generalize the notions of
length, area, volume etc. In his 1919 paper [4], F. Hausdorﬀ uses general determining functions (also called Hausdorﬀ, gauge or constituent functions) φ : R+ !R+ to
deﬁne the Hausdorﬀ measure in a metric space as
(1)

φ

H (E) = lim inf
ε!0


i≥0

φ(diam(Ei )) : E ⊂




Ei and diam(Ei ) ≤ ε .

i≥0

Let id be the identity function, so that idα (t)=tα for all t∈R and α>0. The scale of
α
functions Φ={idα :α>0} is used to obtain a large family of Hausdorﬀ measures Hid ,
rather denoted by Hα for simplicity. Up to some constants, H1 gives the proper
deﬁnition for the notion of length, H2 for the notion of area etc. For many references
concerning the classical theory, see [2].
The Hausdorﬀ dimension of a set E is introduced as a critical exponent:
dim(E)=inf{α:H α (E)=0}. The dimension is a real number in this context, but
a diﬀerent choice of Φ could lead to a diﬀerent notion of dimension, as pointed out

150

Claude Tricot

by Hausdorﬀ himself in his seminal paper. In general the dimension is a Dedekind
cut in a scale of functions.
The value of Hα (E) is 0 when α>dim(E), +∞ when α<dim(E). When Hα (E)
is non-zero and ﬁnite, its exact value is known only for very particular sets like curves
of ﬁnite length or symmetric Cantor sets. As shown by A. S. Besicovitch, a ﬁnite
measure μ such that μ(E)>0 may help to get estimations of Hα (E), by using the
μ-densities μ(B(x, ε))/εα , where B(x, ε) denotes the ball of centre x and radius ε.
A typical result [6] stands as follows: If a and b are such that
a ≤ lim sup
ε!0

μ(B(x, ε))
≤b
(2ε)α

for all x∈E, then a≤Hα (E)≤2b. A better result may be obtained by changing
somewhat the deﬁnition of Hα . If we consider only covers of E by centred balls,
the centred covering measure cα (E) is obtained through a two-stages operation [9].
Then, with the same assumptions, the inequality a≤cα (E)≤b is always true.
The corresponding result for the dimension is often attributed to P. Billingsley [1]: Let μ be a ﬁnite measure such that μ(E)>0. If there exists α and β such
that
α ≤ lim inf
ε!0

log μ(B(x, ε))
≤β
log ε

for all x∈E, then dim(E)∈[α, β].
Giving a sense to the above formulas after exchanging lim inf and lim sup is
possible, at the condition of introducing new notions of measure and dimension.
Using the scale Φ={idα :α>0}, this was done in [12] for the dimension and in [11]
and [9] for the measures, by introducing the packing measures and dimension. In
the present paper we will give a detailed account of these notions, in a more general
framework.
The above density results have been extended to functions φ : (0, ∞)!(0, ∞)
which are increasing, continuous at 0, and such that φ(2ε)/φ(ε) is bounded [9].
More generally, φ(diam(Ei )) may be replaced by φ(Ei ), where φ is a speciﬁc set
function: See for example [7], where a multifractal analysis of measures uses φ(Ei )=
diam(Ei )t ν(Ei )q for some prescribed measure ν. In [8], φ is a function deﬁned on
balls centred on the set E under analysis. This is also our point of view in the
present paper.
Let D≥1 and VolD be the D-dimensional volume in RD . For any Borel set E,
let BE be the family of closed balls centred on E. In Section 2 we use functions
φ : BE !(0, ∞) to deﬁne covering and packing Borel measures Hφ and pφ . We
get corresponding results involving the μ-densities and prove the usual inequality
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Hφ ≤pφ . For any Borel set E, replacing the measure μ by the restriction to E of
the measures Hφ and pφ allows us to state local density results in Section 3, giving
rise to a notion of rectiﬁability. Until this point, there is no assumption whatsoever
made on the determining function φ. We introduce parameterized scales of functions
Φ={φα :α∈R} in Section 4 to deﬁne the related covering and packing dimensions,
dimΦ and DimΦ . Section 5 deals with the corresponding box dimension. With
the help of mild assumptions on functions φα , we introduce a pre-measure and
show that the corresponding critical index ΔΦ veriﬁes some of the fundamental
properties of the usual box dimension, for example ΔΦ (E)=ΔΦ (E). We investigate
the particular case φα (B)=ν(B) diam(B)α−D , where ν is a ﬁnite, Borel measure.
If E(ε) is the Minkowski sausage (set of points at a distance ≤ε from E), we show
that ΔΦ (E)=lim supε!∞ (D−log ν(E(ε)))/ log ε.
Section 6 deals with the main purpose of this paper: deﬁning lateral or onesided measures and dimensions on both sides of a closed curve. This has already
been done for the box-counting dimension [15] but for the Hausdorﬀ dimension these
notions seem to be new. More generally, being given an open set V and E ⊂∂V ,
we perform a fractal analysis of E relative to V , by using determining functions
φ : BE !(0, ∞) such that φ(B) depends on B ∩V . There are several ways to do
this. We pay special attention to the function
φα (B) =

VolD (B ∩V )
diam(B)α .
VolD (B)

It involves a notion of covering and packing interior measures (from the results of
Section 2), and interior dimensions (from Section 4) denoted by dimint and Dimint .
Being given a ﬁnite measure on E such that μ(E)>0, we can establish relationships
between those dimensions and the quantities
log VolD (B ∩V )
log μ(B)
+D−
.
log(diam(B))
log(diam(B))
It is worth pointing out that the following characteristic quantity
−D+

log VolD (B ∩V )
log(diam(B))

has already been considered in [5] to perform a multifractal analysis of ∂V , seen
from the interior of V .
Considering the interior of the complement of V , it is also possible to deﬁne
exterior dimensions dimext and Dimext . Relationships between these dimension are
obtained, namely: If VolD (∂V )=0 and E ⊂∂V , then
(2)
max{dimint (E), dimext (E)} ≤ dim(E) ≤ Dim(E) = max{Dimint (E), Dimext (E)}.
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Some examples are studied. An interesting feature of this determining function φ
is that the interior dimension of a singleton depends on the shape of ∂V , and may
take all values between −∞ and 0. We also construct an open set V in R, then
in R2 , such that the ﬁrst inequality in (2) is strict. Finally we point out in Section 7
that this is not the only approach to a one-sided fractal analysis: other determining
functions might be used, giving other results.

2. φ-measures
Being given a set E in RD , a net over E is a family F of sets such that
every point in E belongs to a sequence En of F such that diam(En )!0. In other
words, F is a net if, for every ε>0, one can extract from F a cover of E by sets
of diameter ≤ε. It is sometimes called a Vitali covering, or a ﬁne covering. The
family of all closed centred balls BE is a net.
A centred net over E will be a subfamily F of BE such that every x∈E is the
centre of a sequence of balls in F whose diameters tend to 0.

For every set family F , F denotes the union of the sets in F , as usual.
We will make use of the Besicovitch lemma, in the two following forms:
Lemma 2.1. Let E be a bounded set, and F ⊂BE be such that every x∈E is
the centre of some ball in F . From F one can extract a number K ≤6D of families
K
R1 , ..., RK such that n=1 Rn covers E and every Rn consists of disjoint centred
balls.
This result implies the following consequence:
Lemma 2.2. Let E be a Borel set and μ be a Borel measure such that μ(E)<
+∞. From every centred net F over E we can extract a family R, consisting of

disjoint balls, such that μ(E \ R)=0.
Let us recall that a set function F is subadditive if F (E1 ∪E2 )≤F (E1 )+F (E2 ),


and σ-subadditive if for any sequence {En }n≥0 , F ( n≥0 En )≤ n≥0 F (En ).
Let φ be an application deﬁned on BE , with values in (0, +∞).
2.1. φ-covering measures
For every ε>0, let



Cφε (E) = inf
(3)
φ(Bi ) : Bi ∈ BE , E ⊂
Bi and diam(Bi ) ≤ ε .
i≥0

i≥0
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It is a decreasing function of ε, with values in [0, +∞]. As a set function it is
σ-subadditive. The quantity
Cφ (E) = lim Cφε (E)

(4)

ε!0

is deﬁned like the Hausdorﬀ measure. As a set function, Cφ is σ-subadditive, but
not increasing. Hence it is not a measure. To change it into an increasing function,
it is necessary to perform the following operation:
(5)

cφ (E) = sup{Cφ (F ) : F is Borel and F ⊂ E}.

This new set function is increasing and σ-subadditive. Moreover we can set
cφ (∅)=0. Then cφ is an outer measure. Since it is also metric, cφ is a Borel
measure, called the centred φ-covering measure [9]. The next two results will be
helpful to establish a density theorem for cφ .
Proposition 2.3. Let μ be a Borel measure and F be a centred net over E.
Let us assume that
φ(B) ≤ μ(B)

for all B ∈ F.

Then cφ (E)≤μ(E).
Proof. Suppose that μ(E)<∞. Let ε>0, and for every open V , G(V, ε)=
{B ∈F :diam(B)≤ε and B ⊂V }.
(a) Since E is Borel, there exists an open set VE such that E ⊂VE and μ(VE )≤
μ(E)+ε. The family G(VE , ε) is a centred net over E. Using Lemma 2.2, we can ex
tract from G(VE , ε) a sequence {Bi }i≥0 of disjoint balls such that μ(E \ i≥0 Bi )=0.
Therefore

φ(Bi ) ≤ μ(VE ) ≤ μ(E)+ε.
i≥0

(b) Let F be a Borel set in E. There exists an open set VF such that F ⊂VF
and μ(VF )≤μ(F )+ε. Using Lemma 2.1, one can extract from G(VF , ε) a number K

of families R1 , ..., RK such that Rn is made up with disjoint balls and F ⊂ K
n=1 Rn .
For every n,

{φ(B) : B ∈ Rn } ≤ μ(VF ) ≤ μ(F )+ε,


K
so that {φ(B):B ∈ n=1 Rn }≤K(μ(F )+ε). Applying this to F =E \ i≥0 Bi , we

K
get a cover n=1 Rn of E \ i≥0 Bi such that


φ(B) : B ∈

K

n=1


Rn ≤ Kε.
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(c) Since {Bi }i≥0 ∪( K
n=1 Rn ) is an ε-covering of E,
Cφε (E) ≤




K


φ(Bi )+
φ(B) : B ∈
Rn ≤ μ(E)+(K +1)ε.

i≥0

n=1

Letting ε!0, we get Cφ (E)≤μ(E). This result is true for any Borel subset G of E:
Cφ (G) ≤ μ(G) ≤ μ(E).
Taking the supremum over all G⊂E gives cφ (E)≤μ(E). 
Here is a result in the other direction:
Proposition 2.4. Let ε0 >0, Fε0 be the family of all balls centred on E such
that diam(B)≤ε0 , and μ be a Borel measure such that
φ(B) ≥ μ(B)

for all B ∈ Fε0 .

Then cφ (E)≥μ(E).
Proof. Let ε∈(0, ε0 ]. For every cover {Bi }i≥0 of E by balls centred on E such
that diam(B)≤ε,


φ(Bi ) ≥
μ(Bi ) ≥ μ(E),
i≥0

i≥0

so that Cφε (E)≥μ(E). Letting ε!0, shows that Cφ (E)≥μ(E). Since cφ ≥Cφ we
get the desired result. 
Now we can set up the main density result. It allows us to give estimates of
cφ (E) with the help of the μ-densities μ(B)/φ(B).
The usual conventions hold: for every a>0, 0/a=0 and a/0=+∞. The cases
of indetermination are 00 and +∞/+∞.
Theorem 2.5. Let E be a Borel set and μ be a Borel measure. Then
(6)

inf lim sup

x∈E

ε!0

μ(E)
μ(B(x, ε))
μ(B(x, ε))
≤
≤ sup lim sup
,
φ(B(x, ε)) cφ (E) x∈E ε!0 φ(B(x, ε))

except in the cases of indetermination.
Proof. (a) Let D1 be the left-hand side of (6). Assume that D1 >0. Let 0<
A1 <D1 , and F ={B ∈BE :A1 φ(B)≤μ(B)}. The family F is a centred net over E.
Let μ∗ =(1/A1 )μ. Since φ(B)≤μ∗ (B) for all B ∈F, Proposition 2.3 gives cφ (E)≤
μ∗ (E), so that A1 cφ (E)≤μ(E). Letting A1 tend to D1 gives D1 cφ (E)≤μ(E). This
may be written as D1 ≤μ(E)/cφ (E), except in the indetermination cases.
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(b) Let D2 be the right-hand side of (6). Assume that D2 <∞. Let A2 >D2 ,
and



1
Ek = x ∈ E : ε ≤ ⇒ μ(B(x, ε)) ≤ A2 φ(B(x, ε)) ,
k


so that E = k≥1 Ek . Proposition 2.4 implies that A2 cφ (Ek )≥μ(Ek ). Since μ and
cφ are Borel measures and Ek is an increasing sequence of sets, A2 cφ (E)≥μ(E). To
conclude, let A2 tend to D2 . 
2.2. φ-packing measures
Let E be a bounded Borel set. For every ε>0, {Bi }i≥0 is an ε-packing of E if
Bi ∈BE , the Bi are disjoint, and diam(Bi )≤ε. Let


Pφε (E) = sup
(7)
φ(Bi ) : {Bi }i≥0 is an ε-packing of E .
i≥0

This set function is increasing and subadditive. As a function of ε it increases, and
we can set the following pre-measure
Pφ (E) = lim Pφε (E).

(8)

ε!0

It is also increasing and subadditive, but not σ-subadditive. We get the φ-packing
measure through the standard operation [12], [10],



φ
φ
P (En ) : En are Borel sets with E =
En .
p (E) = inf
(9)
n≥0

n≥0

In particular, pφ ≤Pφ . Like Hφ and cφ , pφ is a metric, outer measure, and therefore
a Borel measure. The main results relating the value of pφ (E) to μ(E), for some
measure μ, are very similar to those already proved for cφ . We begin with two
propositions and get a density theorem.
In the following proofs, it is necessary to assume that E is bounded since the
pre-measure Pφ is used; but all results, as well as (9), may be extended to unbounded
sets E without change.
Proposition 2.6. Let ε0 >0, Fε0 be the family of all balls centred on E such
that diam(B)≤ε0 , and μ be a Borel measure such that
φ(B) ≤ μ(B)
Then pφ (E)≤μ(E).

for all B ∈ Fε0 .
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Proof. Assume that μ(E)<∞. Let V be an open set such that E ⊂V . Let N
be an integer such that N ≥1/ε0. For every n≥N , let



1
En = x ∈ E : B x,
⊂V .
n
The sequence {En }n≥N is increasing. If ε≤1/n and x∈En , then φ(B(x, ε))≤
μ(B(x, ε)). For every ε-packing {Bi }i≥0 of En , we get


φ(Bi ) ≤
μ(Bi ) ≤ μ(V ).
i≥0

i≥0

Therefore Pφε (En )≤μ(V ). Letting ε!0 gives that Pφ (En )≤μ(V ). We deduce that

pφ (En )≤μ(V ) for all n≥N , and since E = n≥0 En , pφ (E)≤μ(V ). Since E is Borel,
we can choose V such that μ(V ) is as close to μ(E) as we wish. Therefore pφ (E)≤
μ(E). 
Proposition 2.7. Let μ be a Borel measure and F be a centred net over E.
Let us assume that
μ(B) ≤ φ(B)

for all B ∈ F.

Then pφ (E)≥μ(E).
Proof. Let ε>0, and Gε ={B ∈F :diam(B)≤ε}. Using Lemma 2.2, from Gε we

can extract a disjoint family {Bi }i≥0 such that μ(E)=μ(E ∩( i≥0 Bi )). Therefore


μ(E)= i≥0 μ(Bi )≤ i≥0 φ(Bi )≤Pφε (E). Letting ε!0 gives that μ(E)≤Pφ (E).

This inequality is also true for any Borel subset of E. If E = k≥0 Ek , then


μ(E)≤ k≥0 μ(Ek )≤ k≥0 Pφ (Ek ). Taking the inﬁmum over all Borel covers of E
gives μ(E)≤pφ (E). 
Propositions 2.6 and 2.7 imply the following density theorem, symmetrical to
Theorem 2.5:
Theorem 2.8. Let E be a Borel set, μ be a Borel measure. Then
(10)

inf lim inf

x∈E

ε!0

μ(E)
μ(B(x, ε))
μ(B(x, ε))
≤ φ
≤ sup lim inf
,
ε!0
φ(B(x, ε)) p (E) x∈E
φ(B(x, ε))

except in the cases of indetermination.
Proof. (a) Let D1 be the left-hand side of (10). Assume that D1 >0. Let
0<A1 <D1 , and


1
Ek = x ∈ E : ε ≤ ⇒ A1 φ(B(x, ε)) ≤ μ(B(x, ε)) .
k
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Proposition 2.6 implies that A1 pφ (Ek )≤μ(Ek ). Since E = k≥1 Ek and Ek is increasing, A1 pφ (E)≤μ(E). Then let A1 tend to D1 .
(b) Let D2 be the right-hand side of (10). Assume that D2 <∞. Let A2 >D2 ,
and F ={B ∈BE :μ(B)≤A2 φ(B)}. The family F is a centred net over E. Proposition 2.7 gives μ(E)≤A2 pφ (E). Then let A2 tend to D2 . 
The relationships between the measures cφ and pφ are as usual:
Proposition 2.9. For any Borel set E and φ : BE !(0, ∞), the inequality
cφ (E)≤pφ (E) holds.
Proof. Let ε>0, and Fε ={B ∈BE :diam(B)≤ε}. Since cφ is a Borel measure,
we may use Lemma 2.2 to extract a disjoint family {Bi }i≥0 from Fε such that

cφ (E \ i≥0 Bi )=0. The set function Cφε is subadditive, so that
Cφε (E) ≤ Cφε





φ
Bi +Cε E \
Bi .
E∩
i≥0

i≥0

From the general inequalities Cφε ≤Cφ ≤cφ , we deduce that Cφε (E \


Cφε (E ∩( i≥0 Bi ))≤ i≥0 φ(Bi )≤Pφε (E), so that


i≥0

Bi )=0. And

Cφε (E) ≤ Pφε (E).
Letting ε!0 gives that Cφ (E)≤Pφ (E).
For any F ⊂E we get Cφ (F )≤Pφ (F )≤Pφ (E), so that cφ (E)≤Pφ (E). If E =



φ
φ
φ
φ
φ
n≥0 En , then c (E)≤
n≥0 c (En )≤
n≥0 P (En ). Therefore c (E)≤p (E). 

3. Local density inequalities
Local density inequalities are direct applications of the density theorems, where
the measure μ is replaced by the Borel measures cφ or pφ restricted to E. Without
looking for exhaustiveness we present here a few basic results. Again, our statements
do not require any assumption on the determining function φ : BE !(0, ∞).
Let E be a Borel set in RD . We make use of the classical notations
cφ (B(x, ε)∩E)
,
ε!0
φ(B(x, ε))
pφ (B(x, ε)∩E)
,
dφp (x, E) = lim inf
ε!0
φ(B(x, ε))
dφc (x, E) = lim inf

cφ (B(x, ε)∩E)
,
φ(B(x, ε))
ε!0
pφ (B(x, ε)∩E)
φ
.
dp (x, E) = lim sup
φ(B(x, ε))
ε!0
φ

dc (x, E) = lim sup
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Lemma 3.1. Suppose that cφ (E)<∞. Let F be a Borel subset of E.
If cφ (F )>0, then
φ

φ

inf dc (x, E) ≤ 1 ≤ sup dc (x, E).

(11)

x∈F

x∈F

φ

If p (F )>0, then
inf dφc (x, E) ≤

(12)

x∈F

cφ (F )
≤ sup dφ (x, E).
pφ (F ) x∈F c

Proof. For any Borel set G, let μ(G)=cφ (G∩E). Then μ is a Borel measure,
such that
μ(B(x, ε))
,
φ(B(x, ε))

φ

dc (x, E) = lim sup
ε!0

φ

and μ(F )=c (F ). A direct application of (6) gives (11). The condition cφ (F )>0
ensures that the indetermination cases are avoided. Also,
dφc (x, E) = lim inf
ε!0

μ(B(x, ε))
,
φ(B(x, ε))

and a direct application of (10) gives (12). 
Equations (6) and (10) may also be used to obtain the symmetric results:
Lemma 3.2. Suppose that pφ (E)<∞. Let F be a Borel subset of E such that
p (F )>0. Then
φ

(13)
(14)

φ

inf dp (x, E) ≤

x∈F

pφ (F )
φ
≤ sup d (x, E),
cφ (F ) x∈F p

inf dφp (x, E) ≤ 1 ≤ sup dφp (x, E).

x∈F

x∈F
φ

Corollary 3.3. If cφ (E)<∞, then dc (x, E)=1 cφ -almost everywhere, that is,
for all x∈E except on a subset F such that cφ (F )=0.
Proof. Let


1
φ
Fk = x ∈ E : dc (x, E) ≤ 1−
k



1
φ
and Gk = x ∈ E : dc (x, E) ≥ 1+
.
k

If cφ (Fk )>0, then (11) implies that 1≤1−1/k. This is impossible, so that
cφ (Fk )=0.
If cφ (Gk )>0, then (11) implies that 1≥1+1/k. This is impossible, so that
φ
c (Gk )=0.
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Taking countable unions of Fk and Gk , we deduce that
φ

φ

cφ ({x ∈ E : dc (x, E) < 1}) = cφ ({x ∈ E : dc (x, E) > 1}) = 0. 
Similar arguments and (14) are used for the following consequence:
Corollary 3.4. If pφ (E)<∞, then dφp (x, E)=1 pφ -almost everywhere.
The following results deal with the notion of regularity:
Corollary 3.5. If pφ (E)<∞, then the following are equivalent :
(i) cφ (E)=pφ (E);
φ
(ii) dφc (x, E)=dc (x, E)=1 pφ -a.e.;
φ
(iii) dφp (x, E)=dp (x, E)=1 pφ -a.e.
Sets that fulﬁll these conditions may be called strongly φ-regular.
Proof. (i)⇒(ii) and (iii) For any Borel set F ⊂E, cφ (F )≤pφ (F ). If cφ (E)=
p (E), then cφ (F )=pφ (F ). This implies that cφ -a.e. is equivalent to pφ -a.e. in this
case.
Let Fk ={x∈E :dφc (x, E)≤1−1/k}. If pφ (Fk )>0, then (12) implies that 1≤
1−1/k. This is impossible, so that pφ (Fk )=0 for all k, or in other words dφc (x, E)≥1
pφ -a.e.
φ
Similarly, deﬁne Gk ={x∈E :dp (x, E)≥1+1/k} and use (13) to show that
φ

φ

pφ (Gk )=0 for all k, or in other words dp (x, E)≤1 pφ -a.e.
With Corollaries 3.3 and 3.4, this suﬃces to prove (ii) and (iii).
(ii)⇒(i) Let F ={x∈E :dφc (x, E)≥1}. Equation (12) implies that cφ (F )≥pφ (F ),
hence cφ (F )=pφ (F ). By hypothesis, pφ (F )=pφ (E), so that pφ (E \F )=0 and
cφ (E \F )=0. Therefore cφ (F )=cφ (E). We conclude that cφ (E)=pφ (E).
(iii)⇒(i) This is shown by similar arguments, using (13). 
Let us give an application, among many others, which deals with the Cartesian
product of sets:
Proposition 3.6. Let D1 ≥1 and D2 ≥1. We assume that RD1 +D2 is endowed
with a metric which is the Cartesian product of the metrics in RD1 and RD2 , so
that for all ε>0, x∈RD1 and y ∈RD2 , we have:
B((x, y), ε) = B(x, ε)×B(y, ε).
Let E be a Borel set of RD1 , F be a Borel set of RD2 , φ : BE !(0, +∞) and
ψ : BF !(0, +∞).
If cφ (E)<+∞ and cψ (F )<+∞, then
(15)

cφ (E)cψ (F ) ≤ cφ×ψ (E ×F ).
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Notice that φ×ψ is deﬁned on BE×F , and that
(φ×ψ)(B((x, y), ε)) = φ(B(x, ε))ψ(B(y, ε)).
Proof. Without loss of generality, we assume that cφ (E)>0 and cψ (F )>0. For
all Borel sets G1 ⊂RD1 and G2 ⊂RD2 , let μ(G1 )=cφ (E ∩G1 ) and ν(G2 )=cψ (F ∩G2 ).
Then μ and ν are ﬁnite Borel measures. If G1 ⊂E and G2 ⊂F , then μ(G1 )=cφ (G1 ),
ν(G2 )=cψ (G2 ) and (μ×ν)(G1 ×G2 )=cφ (G1 )cψ (G2 ).
The inequalities
lim sup
ε!0

(μ×ν)(B((x, y), ε))
μ(B(x, ε))
ν(B(y, ε))
≤ lim sup
lim sup
(φ×ψ)(B((x, y), ε))
φ(B(x,
ε))
ψ(B(y,
ε))
ε!0
ε!0

are true for any (x, y)∈E ×F .
From Corollary 3.3 there exist E  ⊂E and F  ⊂F such that μ(E)=μ(E  ), ν(F )=
φ
ψ
ν(F  ) and for all (x, y)∈E  ×F  , dc (x, E)=dc (y, F )=1. Therefore for all such (x, y),
lim sup
ε!0

(μ×ν)(B((x, y), ε))
φ
ψ
≤ dc (x, E)dc (y, F ) ≤ 1.
(φ×ψ)(B((x, y), ε))

From (6) we deduce that (μ×ν)(E  ×F  )≤cφ×ψ (E  ×F  ). Since (μ×ν)(E  ×F  )=
μ(E)ν(F )=cφ (E)cψ (F ) and cφ×ψ (E  ×F  )≤cφ×ψ (E ×F ) we obtain the inequality (15). 

4. Related dimensions
Let E be a bounded Borel set in RD . Let us call a scale of functions associated
with E a family Φ of determining functions φ : BE !(0, ∞), such that for any φ1
and φ2 in Φ, only the three following cases can occur:
(a) φ1 =φ2 ;
(b) for any x∈E, limε!0 (φ1 /φ2 )(B(x, ε))=0;
(c) for any x∈E, limε!0 (φ1 /φ2 )(B(x, ε))=+∞.
The measures cφ (E) and pφ (E) are signiﬁcant only if φ belongs to such a scale.
Then we may hope to associate a notion of dimension with Φ. We choose to consider
families Φ={φα :α∈R} parameterized by a real number α. To be more speciﬁc, let
us consider throughout this paper the following type of determining functions:
Assumption 1. φα (B)=p(B)q(B)α , where p : BE !(0, ∞), q : BE !(0, ∞), and
if
f (ε) = sup{q(B) : B ∈ BE and diam(B) ≤ ε},
then limε!0 f (ε)=0.
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This property ensures that Φ={pq α :α∈R} is a scale of functions.
Notation. We will write cα instead of cφα for simplicity. Similarly, Cα , Pα and
p replace Cφα , Pφα and pφα , respectively.
α

The classical theory deals with p=1 and q=diam, but we will consider other
scales Φ in the sequel.
Proposition 4.1. Let α<β.
If Cα (E)<∞, then Cβ (E)=0; if Cβ (E)>0, then Cα (E)=∞.
The same results hold for cα , Pα and pα .
Proof. For every ε>0 and B ∈BE such that diam(B)≤ε, we have φα (B)≥
α−β β
f (ε)α−β φβ (B). Therefore Cα
Cε (E). Then let ε!0. 
ε (E)≥f (ε)
Dimensions. We may therefore deﬁne the following dimensions:
dimΦ (E) = inf{α : cα (E) = 0};
ΔΦ (E) = inf{α : Pα (E) = 0};
DimΦ (E) = inf{α : pα (E) = 0}.
The properties of dimΦ , ΔΦ and DimΦ derive easily from those of the related
measures or pre-measures. In particular we have the following facts:
Since cα , Pα and pα are increasing set functions, dimΦ , ΔΦ and DimΦ are also
increasing set functions.
Since Pα is subadditive, ΔΦ is stable, that is
ΔΦ (E1 ∪E2 ) = max{ΔΦ (E1 ), ΔΦ (E2 )}.

(16)

Since cα and pα are σ-subadditive, dimΦ and DimΦ are σ-stable, in other words


(17) dimΦ
En = sup{dimΦ (En )}, DimΦ
En = sup{DimΦ (En )}.
n≥0

n≥0

This allows us to deﬁne dimΦ and Dimφ on unbounded sets as well.
Since cα (E)≤pα (E)≤Pα (E),
(18)

dimΦ (E) ≤ DimΦ (E) ≤ ΔΦ (E).
From ΔΦ a direct deﬁnition of DimΦ may be derived:
Proposition 4.2. For any Borel set E, let



Δ̂Φ (E) = inf sup ΔΦ (En ) : En are bounded Borel sets, with E =
En .
n≥0
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Then
Δ̂Φ (E) = DimΦ (E).

(19)

Proof. Let En be a sequence of bounded sets covering E. Then
DimΦ (E) ≤ sup DimΦ (En ) ≤ sup ΔΦ (En ).
n≥0

n≥0

This gives DimΦ (E)≤ Δ̂Φ (E).
For the other direction let α>DimΦ (E). Then pα (E)=0, and there exists


{En }n≥0 such that E = n≥0 En and n≥0 Pα (En )≤1. For every n, Pα (En )≤1, so
that ΔΦ (En )≤α. Therefore Δ̂Φ (E)≤α. 
As for the measures cα and pα , a Borel measure μ spread on E may help to
evaluate the value of the dimensions:
Theorem 4.3. Let μ be a ﬁnite or σ-ﬁnite Borel measure such that μ(E)>0,
and
αμ (B) =

log μ(B)−log p(B)
.
log q(B)

Then
(20)
(21)

inf lim inf αμ (B(x, ε)) ≤ dimΦ (E) ≤ sup lim inf αμ (B(x, ε)),

x∈E

ε!0

x∈E

ε!0

inf lim sup αμ (B(x, ε)) ≤ DimΦ (E) ≤ sup lim sup αμ (B(x, ε)).

x∈E

ε!0

x∈E

ε!0

Proof. Without loss of generality, assume that μ(E)<∞.
For (20), we make use of (6). Let α1 be the left-hand side of (20), and assume
that α1 >0. Let β ∈(0, α1 ). For any x∈E,
lim inf αμ (B(x, ε)) > β
ε!0

=⇒

lim sup
ε!0

μ(B(x, ε))
≤ 1.
φβ (B(x, ε))

The right inequality of (6) gives cβ (E)≥μ(E). Therefore dimΦ (E)≥β, so that
dimΦ (E)≥α1 .
Similar arguments are used to obtain the right inequality of (20) from the left
inequality of (6). In the same way, (21) derives from (10). 
For further application, let us deal with the sum of two determining functions:
Proposition 4.4. Let p1 and p2 be two functions : BE !(0, ∞), and q be as
above. We consider the function scales
Φ1 = {p1 q α : α ∈ R},

Φ2 = {p2 q α : α ∈ R}

and

Φ1 = {(p1 +p2 )q α : α ∈ R}.
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Then
(22)
max{dimΦ1 (E), dimΦ2 (E)} ≤ dimΦ (E) ≤ DimΦ (E) = max{DimΦ1 (E), DimΦ2 (E)}.
Proof. It suﬃces to show that
DimΦ (E) ≤ max{DimΦ1 (E), DimΦ2 (E)}.
For any determining functions φ and ψ, the inequality Pφ+ψ ≤Pφ +Pψ is obtained
through elementary arguments. This implies that
ΔΦ (E) ≤ max{ΔΦ1 (E), ΔΦ2 (E)}.
Let α>DimΦi (E) for i=1, 2. We can ﬁnd a cover {Ei }i≥0 of E such that
sup ΔΦ1 (Ei )<α, and a cover {Fj }j≥0 of E such that sup ΔΦ2 (Fj )<α. Let Gij =
Ei ∩Fj . Then {Gij }i,j≥0 is a cover of E, and for all i, j, ΔΦ1 (Gij )<α and
ΔΦ2 (Gij )<α. Therefore supi,j ΔΦ (Gij )≤α. This proves that DimΦ (E)≤α, and
gives the desired inequality. 

5. A special study of ΔΦ
The set function ΔΦ becomes the well-known box dimension when φα =
diamα [12]. Among important features of this dimension are
(i) its deﬁnition using balls of equal diameter;
(ii) the equality Δ(E)=Δ(E), where E is the closure of E.
Let φα (B)=p(B)q(B)α as before. With the help of some mild assumptions on
p and q we will be able to recover these properties.
The function f (ε) has been introduced in the last section. The following
strengthens Assumption 1:
Assumption 2. There exists two constants c0 , α0 >0 such that for all B ∈BE ,
f (ε)≤c0 εα0 .
But we also need a few more conditions on p and q:
Assumption 3. Both functions p and q are weakly increasing, in the following
sense: There exists real constants a1 and a2 such that for all balls B and B  of BE ,
B  ⊂B, diam(B)≤2 diam(B  ),
p(B  ) ≤ a1 p(B) and q(B  ) ≤ a2 q(B).
With φα =pq α , this inequality implies that
(23)

φα (B  ) ≤ a1 aα
2 φα (B).
From now on we will assume that Assumptions 2 and 3 are satisﬁed.
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5.1. Packing with equal balls
In this section E is bounded. The following set function is deﬁned like Pα
ε , with
the only diﬀerence that the packings are made up with balls of equal diameter. Let


Qα
(E)
=
sup
φ
(B
)
:
B
∈
B
are
disjoint
and
diam(B
)
=
ε
.
α
i
i
E
i
ε
i≥0

As a function of ε, Qα does not need to be monotonous. Hence there is no limit as
ε!0 in general. Let
Qα (E) = lim sup Qα
ε (E).
ε!0

The statement of Proposition 4.1 is still true for Q: If α<β, then
Qα (E) < ∞ =⇒ Qβ (E) = 0

and Qβ (E) > 0 =⇒ Qα (E) = ∞.

From that, we deduce the existence of a critical index, or dimension. We are willing
to show that this dimension is precisely ΔΦ .
The inequality Qα ≤Pα is easily veriﬁed. But these two set functions are not
equivalent in general.
Proposition 5.1. Let α<β. If Pβ (E)>0, then Qα (E)=∞.
We need the following elementary lemma:
Lemma 5.2. Let {B(xi , ε)}i≥0 be a family of disjoint balls, and a≥1. There
exists an integer K1 ≤(2a+1)D such that the family {B(xi , aε)}i≥0 may be separated
into K1 families, each of them made up with disjoint balls.
Proof. For i =j, B(xi , aε)∩B(xj , aε) =∅⇔B(xj , ε)⊂B(xi , (2a+1)ε). The ball
B(xi , (2a+1)ε) cannot contain more than (2a+1)D disjoint balls of radius ε. Thus
B(xi , aε) cannot meet more than (2a+1)D balls B(xj , aε). A standard argument
achieves the proof. 
Proof of Proposition 5.1. It suﬃces to show that Qα (E)>0. Let η=β −α,
ε∈(0, 1), and a∈(0, Pβ (E)). There exists an ε-packing R={Bi }i≥0 of E such that

i≥0 φβ (Bi )≥a. For any non-negative integer k, let
Rk = {B ∈ R : 2−k−1 < diam(B) ≤ 2−k }.
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When ε≤2−k−1 , we have Rk =∅. The Rk are such that k≥0 Rk =R, so that


{φβ (B):B ∈Rk }≥a. Let c0 and α0 be as in Assumption 2. From the
k≥0
equality

a(1−2−α0 η )2−kα0 η
a=
k≥0

we deduce the existence of an integer k0 such that

(24)
{φβ (B) : B ∈ Rk0 } ≥ a(1−2−α0η )2−k0 α0 η .
Let Cj =B(xj , εj ) be the balls of Rk0 . Let Cj∗ =B(xj , 2−k0 −1 ) and Cj∗∗ =B(xj , 2εj ).
Since 2−k0 −1 <2εj ≤2−k0 , Cj ⊂Cj∗ ⊂Cj∗∗ . As the Cj are disjoint, Lemma 5.2 implies
that for some integer K1 ≤5D , the family {Cj∗∗ }j≥0 may be divided into K1 families
of disjoint balls. The same is true for the family {Cj∗ }j≥0 , so that

(25)
φα (Cj∗ ) ≤ K1 Qα
2−k0 (E).
j≥0

For every j, φβ (Cj∗ )≤f (2−k0 )η φα (Cj∗ ). Using Assumption 2,
φβ (Cj∗ ) ≤ cη0 2−k0 α0 η φα (Cj∗ ).
Since p and q are weakly increasing, (23) gives
φβ (Cj ) ≤ c1 2−k0 α0 η φα (Cj∗ )

(26)

with c1 =a1 aβ2 cη0 . Putting together (24) and (26) shows that


a(1−2−α0η ) ≤ 2k0 α0 η
φβ (Cj ) ≤ c1
φα (Cj∗ ).
j≥0

j≥0

With (25) we obtain
Qα
2−k0 (E) ≥

a(1−2−α0η )
.
c1 K 1

The right-hand side is strictly positive and does not depend on ε. Since 2−k0 <4ε,
we deduce that lim supε!0 Qα
ε (E)>0. 
Corollary 5.3. ΔΦ (E)=inf{α:Qα (E)=0}.
Proof. If α>ΔΦ (E), then Pα (E)=0, so that Qα (E)=0.
If Qα (E)=0, then for all β >α, Pβ (E)=0, so that β ≥ΔΦ (E). Therefore α≥
ΔΦ (E). 
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5.2. The dimension of E
The inequality ΔΦ (E)≤ΔΦ (E) is always true. But when Assumption 3 is
fulﬁlled, the converse inequality also holds. Let us ﬁrst show a result on the premeasures.
D α
Lemma 5.4. For every α, Qα (E)≤a1 aα
2 9 Q (E).

(E). Let {xi }i≥0 be
Proof. Assume that Qα (E)>0. Let ε>0 and 0<a<Qα
2ε

a ﬁnite subset of E such that d(xi , xj )>2ε for every i =j, and i≥0 φα (B(xi , ε))>a.
Without loss of generality we assume that this sequence is maximal, in the sense
that for any x∈E, d(x, {xi }i≥0 )≤2ε. The balls B(xi , ε) are disjoint, and E ⊂

i≥0 B(xi , 2ε).
For every i, let yi ∈E be such that d(xi , yi )≤ε/2, so that
B yi ,

ε
⊂ B(xi , ε) ⊂ B(yi , 2ε).
2

Letting b=a1aα
2 , (23) implies that
φα (B(xi , ε)) ≤ bφα (B(yi , 2ε)).
Since the B(yi , ε/2) are disjoint, we make use of Lemma 5.2 to separate the family
{B(yi , 2ε)}i≥0 into K ≤9D families made up with disjoint balls, so that

φα (B(yi , 2ε)) ≤ 9D Qα
4ε (E).
i≥0

Gathering all intermediary results we obtain


φα (B(xi , ε)) ≤ b
φα (B(yi , 2ε)) ≤ b9D Qα
a<
4ε (E).
i≥0

i≥0

Let a tend to Qα
2ε (E) and then ε!0 to get the result. 
This implies directly that ΔΦ (E)≤ΔΦ (E), hence
Proposition 5.5. For any bounded Borel set E, ΔΦ (E)=ΔΦ (E).
As in [12], this result may be used to establish a relationship between ΔΦ (E)
and DimΦ (E) when E shows a homogeneous structure:
Corollary 5.6. Let E be compact and α∈R be such that for any open set V
meeting E, ΔΦ (E ∩V )=α. Then
DimΦ (E) = ΔΦ (E) = α.
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Proof. It suﬃces to prove that Δ̂Φ (E)≥α. Let {En }n≥0 be a sequence of Borel

sets such that E = n≥0 En . Baire’s theorem implies that for some index N , EN is
somewhere dense in E: There exists an open set V such that E N ∩V =E ∩V . Then
α = ΔΦ (E ∩V ) = ΔΦ (E N ∩V ) ≤ ΔΦ (E N ).
Since ΔΦ (E N )=ΔΦ (EN ), we ﬁnally get α≤supn ΔΦ (En ), and hence the required
result. 
5.3. A special case: φα (B)=ν(B) diam(B)α−D
Let ν be a σ-ﬁnite Borel measure. Letting p(B)=ν(B)/ diam(B)D and q(B)=
diam(B)α , it is easy to check that Assumptions 2 and 3 are veriﬁed. In particular,
if B  ⊂B is such that diam(B)≤2 diam(B  ), then
p(B  ) =

ν(B)
ν(B  )
≤ 2D
= 2D p(B).

D
diam(B )
diam(B)D

We may take a1 =2D and a2 =1.
An interesting case is ν =VolD , where φα (B) diam(B)α . The correspond
ing dimension is the classical box dimension Δ. Let E(ε)= {B(x, ε):x∈E}. We
know [12] that Δ satisﬁes the equality

log VolD (E(ε))
Δ(E) = lim sup D−
.
log ε
ε!0
Let us show that this result may be generalized.
Proposition 5.7. Let φα (B)=ν(B) diam(B)α−D . Then

log ν(E(ε))
ΔΦ (E) = lim sup D−
(27)
.
log ε
ε!0
Proof. Denote by Δ the right-hand side. It may be written as
Δ = inf{α : εα−D ν(E(ε)) ! 0}.
(a) Let ε>0, and {xi }i be a ﬁnite subset of E such that d(xi , xj )>2ε if

Since the balls B(xi , ε) are disjoint,
i≥0 ν(B(xi , ε))≤ν(E(ε)), so that
α−D
α
α−D
φ
(B(x
,
ε))≤ε
ν(E(ε)).
Then
Q
(E)≤ε
ν(E(ε)). Letting ε!0 gives
α
i
2ε
i≥0

i =j.

(28)

Qα (E) ≤ lim sup εα−D ν(E(ε)).
ε!0
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(b) On the other hand, it is possible to choose in E a subset {xi }i≥0 such that
d(xi , xj )>2ε, if i =j, and for any x∈E, d(x, {xi }i≥0 )≤2ε. Let Bi =B(xi , 3ε). Then

E(ε)⊂ i≥0 Bi and

ν(E(ε)) ≤
ν(Bi ),
i≥0

so that
εα−D ν(E(ε)) ≤



εα−D ν(Bi ) = 6D−α

i≥0



φα (Bi ).

i≥0

The balls B(xi , ε) are disjoint: Using Lemma 5.2, we can divide {B(xi , 3ε)}i≥0 into
K ≤7D families, each made up of disjoint balls. Therefore

φα (Bi ) ≤ 7D Qα
3ε (E).
i≥0

We deduce that εα−D ν(E(ε))≤7D 6D−α Qα
3ε (E). Letting ε!0 shows that
(29)

lim sup εα−D ν(E(ε)) ≤ 7D 6D−α Qα (E).
ε!0

(c) Equations (28) and (29) prove that the set function lim supε!0 εα−D ν(E(ε))
is a pre-measure equivalent to Qα . They have the same critical index. Therefore
Δ =ΔΦ (E). 
Remark. The equality ΔΦ (E)=ΔΦ (E) is much easier to prove in this case, by
making use of Proposition 5.7. Indeed, it suﬃces to verify that E(ε)⊂E(2ε), so
that
εα−D ν(E(ε)) ≤ 2D−α (2ε)α−D ν(E(2ε)).
This gives directly ΔΦ (E)≤ΔΦ (E).

6. One-sided measures and dimensions
Let V be a bounded open set in RD , with boundary ∂V such that VolD (∂V )=0.
Let W =RD \V . From now on the notion of inside will refer to V ; the notion of
outside to the interior of the complement of V , which is W . Let us associate with V
the Hausdorﬀ function
φα (B) = VolD (B ∩V ) diam(B)α−D

VolD (B ∩V )
diam(V )α
VolD (B)
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which belongs to the type studied in Section 5.3. It gives rise to a notion of α-interior measure. Theorems 2.5 and 2.8 are valid, as well as the local density results
of Section 3. The family {φα }α∈R provides the interior dimensions dimint , Δint ,
and Dimint . For E included in V they are equal to the classical dimensions. For E
in W we get the dimensions of an empty set, which may be granted the value −∞.
The interesting case deals with the subsets of ∂V . Let us point out that the notion
of interior box dimension Δint is known since a long time, see [3], [13], [14] and [15].
Following (27) it may be written as

log VolD (E(ε)∩V )
Δint (E) = lim sup D−
(30)
.
log ε
ε!0
The inequalities
dimint (E) ≤ Dimint (E) ≤ Δint (E)
are always true.
We associate with W the Hausdorﬀ function
ψα (B) = VolD (B ∩W ) diam(B)α−D

VolD (B ∩W )
diam(V )α
VolD (B)

which gives rise to the notion of the exterior dimensions dimext , Δext , and Dimext .
The exterior box dimension may be written as

log VolD (E(ε)∩W )
Δext (E) = lim sup D−
.
log ε
ε!0
The relation φα (B)+ψα (B) diam(B)α implies that for any E ⊂∂V ,
(31)

Δ(E) = max{Δint (E), Δext (E)},

but Δint and Δext may take diﬀerent values as shown in the quoted references. It
is possible to construct an open set V such that Δint (∂V )=1 and Δext (∂V )=2.
6.1. Main results
The interior and exterior Hausdorﬀ and packing dimensions satisfy the following relations (see (22)):
(32)
max{dimint (E), dimext (E)} ≤ dim(E) ≤ Dim(E) = max{Dimint (E), Dimext (E)}.
Theorem 4.3 is rewritten as follows:
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Theorem 6.1. Let E be a Borel subset of V , μ be a ﬁnite or σ-ﬁnite Borel
measure such that μ(E)>0, and
αμ (B) =

log VolD (B ∩V )
log μ(B)
+D−
.
log diam(B)
log diam(B)

Then
(33)
(34)

inf lim inf αμ (B(x, ε)) ≤ dimint (E) ≤ sup lim inf αμ (B(x, ε)),

x∈E

ε!0

x∈E

ε!0

inf lim sup αμ (B(x, ε)) ≤ Dimint (E) ≤ sup lim sup αμ (B(x, ε)).

x∈E

ε!0

x∈E

ε!0

The same results are true for the exterior dimensions, if we replace B ∩V by
B ∩W in the expression of αμ (B).
Let us mention that the quantity log VolD (B ∩Ω)/ log diam(B)−D is used in [5]
to perform a multifractal analysis along the boundary of a domain Ω.
Symmetry. When a bounded open set V is such that for every x∈∂V and ε>0,
dimint (B(x, ε)∩∂V ) = dimext (B(x, ε)∩∂V ) = dim(B(x, ε)∩∂V ),
and the same holds for the dimensions Dim and Δ, then ∂V may be called laterally
symmetric. This is the case when ∂V is a C 1 curve, or a self-similar curve in the
sense that ∂V is a ﬁnite union of self-similar arcs (like the well-known snowﬂake
curve). A suﬃcient condition for lateral symmetry is the following: There exists
constants c1 and c2 in (0, 1) such that for every x∈∂V and ε>0,
c1 VolD (B(x, ε)\V ) ≤ VolD (B(x, ε)∩V ) ≤ c2 VolD (B(x, ε)\V ).
6.2. The interior dimension may be negative
In the classical theory the Hausdorﬀ dimension belongs to [0, D]. This is not
so for the interior dimension. Depending on the shape of ∂V , the dimension of a set
E ⊂∂V may take any negative value, or even the value −∞. Let us consider four
examples.
Example 1. Our set E is the single point x0 =(0, 0) in R2 . Let α<0.
For all ε∈[0, 1], let f (ε)=ε1/(1−α) , which is continuous and strictly increasing.
Let Γ1 be the graph of f on [0, 1], Γ2 be the polygonal curve with vertices (1, 1),
(0, 1) and x0 , and Γ be the simple closed curve Γ1 ∪Γ2 .
The interior of Γ is V . Since f (ε)≥ε, the area of B(x0 , ε)∩V is equivalent to
ε
0

f −1 (t) dt

ε2−α .

General Hausdorﬀ functions, and the notion of one-sided measure and dimension

171

If μ is the discrete measure of mass 1 over {x0 }, a straightforward application of
Theorem 6.1 gives
dimint ({x0 }) = Dimint ({x0 }) = 2−

log ε2−α
= α.
log ε

Example 2. Now we choose α and β such that α≤β <0, and for x0 =(0, 0), we
construct a simple closed curve Γ such that Γ=∂V , dimint ({x0 })=α, and
Dimint ({x0 })=β.
Let γ =2−(α+β)/2, δ=(β −α)/2, G(ε)=exp((γ +δ sin log ε) log ε), and g(ε)=

G (ε). One can check that there exists ε0 >0 such that g is continuous and strictly
increasing on (0, ε0 ], and limε!0 g(ε)=0. We take f =g −1 on (0, g(ε0 )], with f (0)=0.
Let Γ1 be the graph of f on [0, g(ε0 )], Γ2 be the polygonal curve with vertices
(g(ε0 ), ε0 ), (0, ε0 ), and x0 , and Γ be the simple closed curve Γ1 ∪Γ2 .
As in Example 1, the interior of Γ is V . Since β <0, we have f (ε)≥ε. The area
of B(x0 , ε)∩V is equivalent to
ε

f −1 (t) dt = G(ε).

0

With the help of the discrete measure of mass 1 over {x0 }, we obtain

log G(ε)
dimint ({x0 }) = lim inf 2−
= 2−γ −δ = α,
ε!0
log ε

log G(ε)
= 2−γ +δ = β.
Dimint ({x0 }) = lim sup 2−
log ε
ε!0
Example 3. In this example, we construct an open set V in R, with a boundary K such that dim(K)=log 2/ log 3, dimint (K)≤0, and dimext (K)≤0. This shows
that the ﬁrst inequality in (32) may be strict.
We denote the length by L (instead of Vol1 ).
Let K be the triadic Cantor set in [0, 1].
Let F be the family of the complementary intervals of K: For all n≥1 there
are 2n−1 open intervals of length 3−n in F . For every I ∈F, rk(I) is the rank of I
in the triadic net, that is the integer such that L(I)=3− rk(I) .
Let Kn be the set obtained by removing the ﬁrst 2n −1 intervals of F from [0, 1]:
Kn is the union of 2n closed intervals of length 3−n , Kn ⊃Kn+1 , and n≥1 Kn =K.
Let {an }n≥1 and {bn }n≥1 be two sequences of N such that n≤an <bn , an /bn !0,
2
2
and bn /an+1 !0 (for example, take an =2n and bn =2n +n ). Let a0 =0.
Construction of the subset K  ⊂K. The set Kan is made up of a ﬁnite number
of intervals. We can consider all points in Kan which are at distance ≥εn from the
boundary, for εn small enough. We choose εn =3−bn and construct the closed set
En = {x ∈ K : B(x, εn ) ⊂ Kan }.
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It is made up of 2an intervals of length 3−an −2εn . Let
K =

 

Ek = {x ∈ K : there exists an n such that k ≥ n ⇒ B(x, εk ) ⊂ Kak }.

n≥1 k≥n

Showing that dim(K \K  )=0. Let α>0. The set K \Ek is a subset of Kak \Ek ,

which itself is covered by 2ak +1 intervals of length εk . Since K \K  ⊂ k≥n (K \Ek )
for all n,

α
Hα
2εn (K \K ) ≤ H2εn



(K \Ek ) ≤

k≥n



2ak +1 εα
k.

k≥n


α

Since bk ≥k and ak /bk !0, the series k≥1 2ak εα
k converges, so that H2εn (K \K )!0
α


as n!∞. This proves that H (K \K )=0, and dim(K \K )≤0.
Construction of the open set V . Let

{I ∈ F : a2k ≤ rk(I) < a2k+1 };

F2 (k) = {I ∈ F : a2k+1 ≤ rk(I) < a2k+2 };

G(n) = {I ∈ F : rk(I) ≥ n}.
F1 (k) =



We deﬁne V = k≥0 F1 (k) and W = k≥0 F2 (k). These are two disjoint open sets
such that K =∂V =∂W and K ∪V ∪W =[0, 1]. For all n, Kn =K ∪G(n+1) and
L(G(n))=(2/3)n−1 .
The interior and exterior dimensions of K  . Let x∈K  . There exists n such
that k≥n ⇒ B(x, εk )⊂Kak . Let k≥n. Then the following are true:

(i) B(x, ε2k )⊂K ∪G(a2k +1), so that B(x, ε2k )∩W ⊂ i≥k F2 (i)⊂G(a2k+1 ).
Thus L(B(x, ε2k )∩W )≤(2/3)a2k+1 −1 .

(ii) B(x, ε2k+1 )⊂K ∪G(a2k+1 +1), so that B(x, ε2k+1 )∩V ⊂ i≥k+1 F1 (i)⊂
G(a2k+2 ). Thus L(B(x, ε2k+1 )∩V )≤(2/3)a2k+2 −1 .
Let ν be the canonical measure on K: For any x∈K, ν(B(x, ε)) εlog 2/ log 3 , so
that ν(B(x, εn ))≥c2−bn for some constant c. Since a2k+1 /b2k !∞, we deduce that

log ν(B(x, ε2k ))
log L(B(x, ε2k )∩W )
lim sup
+1−
log ε2k
log ε2k
k!∞



1
≤ lim
−b2k log 2−a2k+1 log 23 +1 = −∞.
k!∞ −b2k log 3
Since this is true for any x∈K  , dimext (K  )=−∞.
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Similarly,

log ν(B(x, ε2k+1 ))
log L(B(x, ε2k+1 )∩V )
+1−
lim sup
log ε2k+1
log ε2k+1
k!∞



1
−b2k+1 log 2−a2k+2 log 23 +1 = −∞,
≤ lim
k!∞ −b2k+1 log 3
so that dimint (K  )=−∞.
Conclusion. Using the stability of dimint ,
dimint (K) = max{dimint (K  ), dimint (K \K )} ≤ max{dimint (K  ), dim(K \K )} = 0.
Similar methods give dimext (K)≤0.
Example 4. From Example 3, we can derive an example in R2 with the help of
Cartesian products. Let us construct an open set V such that
dimint (∂V ) = dimext (∂V ) = 1 and

dim(∂V ) = 1+

log 2
.
log 3

Let K, K  , F1 (k), and F2 (k) in [0, 1] as before. Let us deﬁne
E = K ×[0, 1],

F1 =



F1 (k)×{0} and F2 =

k≥0



F2 (k)×{1}.

k≥0

The sets F1 and F2 are unions of horizontal segments making “bridges” between
the vertical segments of E, at levels 0 and 1, respectively.
We complete the closed set E ∪ F1 ∪ F2 by some arc with endpoints (0, 0) and
(1, 0), so as to form a closed curve of interior V which looks like a “comb” with
irregular teeth (Figure 1). The open set W is R2 \V .
Let ν1 be the canonical measure on K, ν2 be the Lebesgue measure on [0, 1],
and ν =ν1 ×ν2 . Then ν has support E and for all x∈E, ν(B(x, ε)) ε1+log 2/ log 3 .
Using ν and Theorem 6.1, calculations give
dim((K \K  )×[0, 1]) = 1 and

dimint (K  ×[0, 1]) = dimext (K  ×[0, 1]) = −∞,

so that
dimint (E) = dimext (E) ≤ 1,
whilst dim(E)=1+log 2/ log 3. The same results are true for ∂V .
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Figure 1. A fractal comb, enclosed by a closed curve Γ=∂V . The one-sided dimensions dimint (Γ)
and dimext (Γ) are 1, whilst dim(Γ)=1+log 2/|log a|. Here we chose a>1/3 to make the picture
more legible.

7. Using other determining functions
In the last section we used the determining function φα deﬁned as φα (B)=
VolD (B ∩V ) diam(B)α−D to obtain one-sided measures and dimensions. This is
not the only possible choice. For example, let us take p(B)=1 and q(B)=VolD (B ∩
V )1/D , so that
φα (B) = VolD (B ∩V )α/D .
For any E ⊂V , the family {φα }α∈R will provide measures and dimensions equivalent
to the classical ones. It fulﬁlls Assumption 2, with α0 =1. Since p and q are
increasing (a1 =a2 =1), Assumption 3 is also satisﬁed, which means that all the
previous results and deﬁnitions remain valid, up to and including Section 5.2. In
particular, the set function αμ in Theorem 4.3 may be written as
αμ (B) = D

log μ(B)
.
log VolD (B ∩V )

New notions of interior and exterior dimensions in ∂V stem from this determining function. As could be expected the dimension values are not the same as in
Section 6. A major diﬀerence lies in the following result:
Proposition 7.1. With V and φα as above,
0 ≤ dimint (E) ≤ Dimint (E) ≤ Δint (E) ≤ D
for any E =∅, E ⊂∂V .
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Proof. Since VolD (B ∩V )≤VolD (B), we ﬁnd easily that Δint (E)≤D. Therefore
it suﬃces to show that dimint (E)≥0. Since dimint is increasing, all we have to do
is to prove this inequality when E ={x0 }, x0 ∈∂V .
Indeed, for such x0 we have VolD (B(x0 , ε)∩V )>0 for any ε>0, so that
C0 ({x0 })=1. This implies that c0 ({x0 })=1, and dimint ({x0 })=0. 
From the last result we could ﬁnd this new determining function more “natural”
than the one studied in Section 6. One drawback is that there is no such simple
formula as (30) for Δint .
For a set E consisting of one point, dimint (E)=Dimint (E)=0, and the same
is true symmetrically for dimext and Dimext . For the Cantor set K of Example 3
(Section 6), we may verify that dimint (K)=dimext (K)=0 and dim(K)=log 2/ log 3.
For the fractal comb of Example 4, dimint (∂V )=dimext (∂V )=1 and dim(∂V )=
1+log 2/ log 3.
As a ﬁnal remark, if two families of determining functions φα and ψα satisfy
Assumptions 2 and 3, then the same is true for any product of the kind φrα ψαs , where
r>0 and s>0. In theory we could ﬁnd many suitable types of determining function,
each of them giving rise to a notion of one-sided dimension. But let us keep in mind
that a determining function φα has an interest only when it is a generalization of
the classical one, more precisely when the following condition is veriﬁed:
There exists constants 0<c1 ≤c2 such that for any ball B ⊂V ,
c1 diam(B)α ≤ φα (B) ≤ c2 diam(B)α .
We could call a family of such Hausdorﬀ functions normal. Both families
tackled in Sections 6 and 7 are normal. If φα and ψα are normal, then φrα ψαs is
normal only if r+s=1.
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