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Nonexistence of Levi-degenerate hypersurfaces
of constant signature in CPn

Alla Sargsyan

Abstract. Let M be a smooth hypersurface of constant signature in CPn, n≥3. We

prove the regularity for ∂b on M in bidegree (0, 1). As a consequence, we show that there exists

no smooth hypersurface in CPn, n≥3, whose Levi form has at least two zero-eigenvalues.

1. Introduction

The question of nonexistence of smooth Levi-degenerate hypersurfaces in CPn

has attracted a great interest in recent years and takes its origin in the foliation
theory, [4] and [9]. Several nonexistence results were obtained for Levi-flat CR
manifolds. Recall that a CR manifold M is called Levi flat, if there exists a local
foliation of M by complex manifolds, whose dimension coincides with the CR di-
mension of M . In the hypersurface case this is equivalent to vanishing of the Levi
form of M . The nonexistence of real-analytic Levi-flat hypersurfaces in projective
spaces for n≥3 was discussed by Lins Neto in [9]. Siu has shown that there does
not exist any C8-smooth Levi-flat hypersurface in CPn for n≥2, [12] and [13]. The
regularity assumption on the hypersurface was relaxed to C4 by Iordan for n≥2, [8].
The conjecture of Siu on the nonexistence of higher codimensional smooth Levi-flat
CR manifolds in compact symmetric spaces was proved by Brinkschulte in [2]. Cao
and Shaw have proved that there does not exist any Lipschitz Levi-flat hypersurface
in CPn for n≥3, [3]. The case n=2 is still open.

We show that in the more general case of Levi-degenerate manifolds (whose
Levi form does not necessarily vanish) the nonexistence depends essentially on the
signature of the hypersurface. In our paper we use Siu’s idea to reduce the problem
to the regularity of the tangential Cauchy–Riemann operator ∂b in bidegree (0, 1).
One way to prove the regularity is to derive this from L2-weighted estimates using
the Bochner–Kodaira–Nakano inequality. However there are some obstructions to
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prove the desired estimates in terms of the usual Fubini–Study metric of CPn.
Following Brinkschulte’s arguments [2] we construct a new metric in CPn \M , which
provides good estimates for the curvature term in the Bochner–Kodaira–Nakano
inequality at points near to the hypersurface. To extend the obtained estimates
over the whole projective space we use Ohsawa’s method of pseudo-Runge pairs.

Theorem 1.1. Let M be a smooth real hypersurface in CPn, n≥3, having a
constant signature (q−, q0, q+) with q0+min{q−, q+ } ≥2 and q0 ≥1.

If f ∈C∞
0,1(M)∩Ker ∂b, then for every k ∈N there exists u∈Ck(M) such that

∂bu=f on M .

The above regularity implies our main nonexistence result.

Theorem 1.2. There exists no smooth real hypersurface in CPn, n≥3, whose
Levi form has constant signature and satisfies one of the following conditions:

(i) the Levi form has at least two zero eigenvalues ;
(ii) the Levi form has at least one zero eigenvalue and two eigenvalues of op-

posite signs.

Acknowledgements. The results of this paper are based on the investigations
of Dr. Judith Brinkschulte and I would like to express my deep gratitude to her for
the guidance throughout the research.

2. Construction of the new metrics

We consider the complex projective space CPn, n≥3, with its standard Fubini–
Study metric ωFS. Let M be a smooth closed real hypersurface in CPn represented
as

M = {z ∈ U : ρ(z)= 0},

where ρ : U→R is a smooth function in an open neighborhood U ⊂CPn of M , and
dρ(z) �=0 on M . The hypersurface M divides CPn into two sets Ω+ and Ω− with
Ω− ∩U={z ∈U :ρ(z)<0} and Ω+ ∩U={z ∈U : ρ(z)>0}. We denote by (q−, q0, q+)
the signature of M , that means that the Levi form Lz(ρ) of ρ has exactly q−

negative, q0 zero and q+ positive eigenvalues on T 1,0
z M at each point z ∈M . Clearly,

q− +q0+q+=n−1. Next, we denote by δM (z) the Fubini distance from a point
z ∈CPn to the hypersurface M and by K a compact set in CPn that contains all
the points near which δM (z) fails to belong to C2.

It was proved by Matsumoto [10], that if Ω is a weakly q-convex set in CPn,
1≤q ≤n, then the Levi form of −log δM has at least q+1 positive eigenvalues in
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Ω\K. Note that the set Ω− is weakly (q0+q+)-convex, while the set Ω+ is weakly
(q0+q−)-convex. Hence there exists a constant C>0 such that the Levi form
i∂∂(−log δM (z)) has at least q0+q++1 positive eigenvalues in Ω− \K, which are
not less than C, and the corresponding observation holds for Ω+ \K.

In what follows we consider the problem in Ω−, unless otherwise indicated.
Let us denote by γ1 ≤γ2 ≤...≤γn the eigenvalues of i∂∂(−log δM (z)) with respect
to ωFS. As

i∂∂(−log δM (z)) = − i

δM
∂∂δM +

i

δ2
M

∂δM ∧∂δM ,

there exists a positive constant N such that

(1)

γ1 ≤ ... ≤ γq− ≤ − N

δM
,

N ≤ γq−+1 ≤ ... ≤ γq−+q0 ,

N

δM
≤ γq−+q0+1 ≤ ... ≤ γn

at points Ω− near M . By considering a larger compact set K if necessary, we can
assume that these inequalities are valid in the whole domain Ω− \K. Furthermore,
it follows from Lemma 2.1 in [1], that for each fixed z0 ∈M there is a neighborhood
Uz0 ⊂CPn of z0 and a smooth extension Tz of T 1,0M on Uz0 such that

M(z) := i∂∂δM |Tz = M −(z)⊕ M0(z)⊕ M+(z), z ∈ Uz0 ,

and the eigenvalues of M −(z) are the q− smallest eigenvalues of M(z) while the
eigenvalues of M+(z) are the q+ biggest. Since the Levi form Lz(ρ) has exactly
q0 zero eigenvalues on T 1,0

z M at each point z ∈M , it follows that M0(z)≡0 for all
z ∈M ∩Uz0 . Hence there exists a positive number N ′ such that the eigenvalues of
M0(z) satisfy

γq−+1 ≤ ... ≤ γq−+q0 ≤ N ′

near M .
We show below that in order to derive good L2-estimates one needs to control

the sum of some eigenvalues of i∂∂(−log δM ). It follows from (1) that the negative
eigenvalues of i∂∂(−log δM ) with respect to ωFS are not bounded from below and
hence one cannot control the above mentioned sum in terms of ωFS. Thus we need
to construct a new Hermitian metric.

Let us choose a smooth positive function θ ∈C∞(R,R) such that

θ(γ) =

⎧
⎨

⎩

−nγ for γ ≤ −N,

N for 0≤γ ≤N ′,

γ for γ ≥N ′ +1.
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We consider a new Hermitian metric ωM defined by the Hermitian endomorphism
θ(AωFS(z)), where AωFS(z) is the Hermitian endomorphism associated with the
Hermitian form i∂∂(−log δM ) with respect to ωFS. The eigenvalues σν(z):=θ(γν(z))
of θ(AωFS(z)) satisfy

σ1(z) = n|γ1(z)|, ..., σq− (z) = n|γq− (z)|,
σq−+1(z) = N, ..., σq−+q0(z) = N,

σq−+q0+1(z) = γq−+q0+1(z), ..., σn(z) = γn(z)

on Ω− \K. For the eigenvalues λν(z) of i∂∂(−log δM ) with respect to ωM we have

λν(z) =
γν(z)
σν(z)

{
=−1/n for ν ≤q−,

≥1 for ν>q−,

and hence

(2) λ1+...+λr ≥ 1− q−

n
≥ 1

n
for all r ≥ q− +1.

The corresponding observations yield an analogous estimate in the weakly (q0+q−)-
convex domain Ω+ for r ≥q++1.

It follows from the construction that ωM is comparable with the Fubini–Study
metric, i.e. there are positive constants a and b such that

aωFS ≤ ωM ≤ bδ−2
M ωFS.

Moreover, the metric ωM , constructed in such a way, is complete and ∂ωM is
bounded with respect to ωM (see [1]).

All the above considerations lead us to the following result.

Proposition 2.1. There exists a Hermitian metric ωM on CPn \M with the
following properties:

(i) there exists τ >0 such that the eigenvalues λ1 ≤...≤λn of i∂∂(−log δM ) with
respect to ωM satisfy

λ1+...+λr >τ

on CPn \K for all r ≥min{q−, q+ }+1;
(ii) there are positive constants a and b such that aωFS ≤ωM ≤bδ−2

M ωFS;
(iii) there is a positive constant C such that |∂ωM |ωM

<C.
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3. L2-existence in CPn\M

We emphasize that (2) holds only outside the exceptional set K ⊂CPn \M .
In this section we construct a special family of complete Hermitian metrics, which
allow us to extend the estimates over the whole CPn \M . First, let us recall some
definitions from the theory of pseudo-Runge pairs, [11].

Let X be an n-dimensional complex manifold and E be a holomorphic vector
bundle over X . Let X1 and X2 be two open subsets of X .

The pair (X1, X2) is called a pseudo-Runge pair at bidegree (p, q) with respect
to E if X1 ⊂X2 and there exists a complete Hermitian metric ω0 on X1 and a
Hermitian metric ϕ0 along the fibers of E|X1 , a sequence of complete Hermitian
metrics {ωk }k∈N on X2 and a sequence of Hermitian metrics {ϕk }k∈N along the
fibers of E|X2 , such that the following properties are satisfied:

(a) ωk, ϕk and their derivatives converge respectively to ω0, ϕ0 and to their
derivatives uniformly on each compact subset of X1;

(b) there exist a compact subset K ⊂X and a constant C1>0 such that the
basic estimate

(3) ‖f ‖2
hk,ωk

≤ C1

(

‖∂f ‖2
hk,ωk

+‖∂
∗
k f ‖2

hk,ωk
+

∫

K

|f |2ωk
dVωk

)

holds for any compactly supported f ∈C∞
p,q+1(X2, E) and any k ≥1. Here the sub-

indices mean that we use the metrics hk and ωk, and ∂
∗
k denotes the adjoint with

respect to the metrics ωk and ϕk (the more precise definition of the adjoint operator
will be given below);

(c) there is a constant C2 such that

‖v|X1 ‖h0,ω0 ≤ C2‖v‖hk,ωk

for any compactly supported v ∈C∞
p,q+j(X2, E), j=1, 2.

Let us fix some α>0 that is less than the distance between M and K. We
set Xα :={z ∈CPn :dist(z, M)>α}. Our goal is to show that (Xα,CPn \M) is a
pseudo-Runge pair at bidegree (n, q) for q ≥max{q−, q+ }+1.

Proposition 3.1. There exists a complete Hermitian metric ω0, a weight func-
tion ϕ0 on Xα, a sequence of complete Hermitian metrics {ωk }k∈N and a sequence
of weight functions {ϕk }k∈N on CPn \M , satisfying the following conditions:

(i) ωk, ϕk and their derivatives converge respectively to ω0, ϕ0 and to their
derivatives uniformly on each compact subset of Xα;

(ii) ωk ≤ωk+1 ≤ω0 and ϕk ≤ϕk+1 ≤ϕ0 for all k ∈N;
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(iii) there exists a positive constant τ (independent of k) such that the eigen-
values λk

1 ≤...≤λk
n of i∂∂(−log δM ) with respect to ωk satisfy

λk
1+...+λk

r >τ

on CPn \(M ∪K) for all r ≥max{q−, q+ }+1;
(iv) there exists a positive constant A (independent of k) such that the eigen-

values ck
1 ≤...≤ck

n of i∂∂ϕk with respect to ωk satisfy

ck
1+...+ck

r ≥ −A+2|∂ωk |ωk

on CPn \M for all r ≥max{q−, q+ }+1;
(v) there are positive constants a and b such that

aωFS ≤ ωk ≤ bωFS

δ2
M

and a ≤ eϕk ≤ b

δ2
M

for all k ∈N.

Proof. Let us set β :=−log α. For every k ∈N we can choose a smooth increas-
ing function χk(t)∈C∞(R) satisfying

χk(t) =
1

β+1/k −t
, t ∈ (−∞, β],

and such that (χ′
k)2(t)≤χ3

k(t) on R. Let us set

ωk :=ωM +χk(−log δM )∂δM ∧∂δM

and

(4) ϕk(z) := l

∫ −log δM (z)

inf(−log δM (z))

χk(t) dt,

where l∈N is large enough. Then the metrics {ωk }k∈N are complete on CPn \M ,
and on each compact subset of Xα the sequences {ωk }k∈N, {ϕk }k∈N and their
derivatives converge uniformly to the complete metric

ω0 :=ωM +(β+log δM )−2∂δM ∧∂δM ,

ϕ0 :=
l

β+log δM
− l

β −inf(−log δM )

and their derivatives, respectively. Thus the properties (i), (ii) and (v) of Proposi-
tion 3.1 are verified.
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Let λk
1 ≤...≤λk

n be the eigenvalues of i∂∂(−log δM ) with respect to the met-
ric ωk. By the minimax principle we have λk

n ≥λn−1 and λk
1=λ1, ..., λ

k
n−1=λn−1

and we get the inequality in (iii).
The eigenvalues of

i∂∂ϕk = lχk(−log δM )∂∂(−log δM )+lχ′
k(−log δM )∂ log δM ∧log δM

with respect to ωM are not less than the eigenvalues

lχk(−log δM )λ1, ..., lχk(−log δM )λn

of lχk(−log δM )∂∂(−log δM ) with respect to ωM and hence for the eigenvalues
ck
1 ≤...≤ck

n of ∂∂ϕk with respect to ωk we have

ck
1+...+ck

r ≥ lχk(−log δM )τ

for some τ >0 and all r ≥max{q−, q+ }+1.
It follows from the construction of ωk that

|∂ωk |ωk
= |∂ωM −χk(−log δM )∂∂δM ∧∂δM |ωk

≤ C+|∂∂δM |ωM
|χk∂δM |χk(−log δM )∂δM ∧∂δM

≤ C1+C2

√
χk(−log δM )(5)

for some C1 and C2 independent of k. Choosing l large enough we obtain (iv).
Proposition 3.1 is proved. �

Given a domain Ω⊂CPn, we denote by L2
p,q(Ω, N, k), N ∈Z, k=0, 1, ..., the

Hilbert space of (p, q)-forms f on Ω with the norm

‖f ‖2
N,k :=

∫

Ω

|f |2ωk
δN
Me−ϕk dVωk

<+∞.

For each k we denote by ∂
∗
N,k the Hilbert space adjoint of ∂ with respect to the

corresponding global inner product 〈〈 · , · 〉〉N,k of the space L2
p,q(Ω, N, k). Here we

say that f ∈Dom ∂
∗
N,k if and only if ∂

∗
N,kf , defined in the sense of distribution

theory, belongs to L2
p,q(Ω, N, k).

Taking into account (ii) from Proposition 3.1 and the monotonicity of |f |2ωk
dVωk

(with respect to ωk) for p=n we obtain

|f |2ωk+1
dVωk+1 ≤ |f |2ωk

dVωk

for every k ∈N. Therefore

L2
n,q(CPn \M, N, k) ⊂ L2

n,q(CPn \M, N, k+1)
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and
‖f |Xα ‖N,0 ≤ ‖f ‖2

N,k, f ∈ L2
n,q(CPn \M, N, k)

for every k ∈N.
Thus, in order to show that (Xα,CPn \M) is a pseudo-Runge pair at bidegree

(n, q) it only remains to prove the basic estimate (3). First note that the curvature
of the metric

δN
Me−ϕk = e−(−N log δM+ϕk)

is equal to −N∂∂ log δM +∂∂ϕk. In view of the Bochner–Kodaira–Nakano inequal-
ity [6], we have

3
2 (‖∂f ‖2

N,k+‖∂
∗
N,kf ‖2

N,k) ≥ N 〈〈(λk
1 +...+λk

q )f, f 〉〉N,k+〈〈(ck
1+...+ck

q )f, f 〉〉N,k

− 1
2 (‖τkf ‖2

N,k+‖τ̄kf ‖2
N,k+‖τ ∗

k f ‖2
N,k+‖τ̄ ∗

k f ‖2
N,k)

for all smooth compactly supported (n, q)-forms f in CPn \M . Here τk=[Λk, ∂ωk]
is the torsion operator defined by the torsion form ∂ωk and the adjoint operator Λk

of the left multiplication by ωk.
The completeness of the metrics ωk yields the extension of this result to every

f ∈Dom ∂N,k ∩Dom ∂
∗
N,k by the density of compactly supported forms. Hence it is

enough to prove the basic estimate only for compactly supported forms in CPn \M .
It follows from (iii) and (iv) in Proposition 3.1 that there is a constant A′ >0

independent of k such that

(6) 3
2 (‖∂f ‖2

N,k+‖∂
∗
N,kf ‖2

N,k) ≥ (τN −A′)‖f ‖2
N,k

for all smooth (n, q)-forms f , q ≥max{q−, q+ }+1, with compact support in CPn \
(M ∪K).

In order to get an estimate for forms supported on CPn \M we consider com-
pact sets K1 and K2 with K ⊂K1 ⊂K2 ⊂Xα and a smooth function χ on CPn \M

satisfying

χ=
{

0 on K1,

1 outside K2.

Let us apply the inequality (6) to χf . There are some positive constants A′ ′ and
N0, such that for all N ≥N0 and all k ∈N the inequality

(7) ‖f ‖2
N,k ≤ ‖∂f ‖2

N,k+‖∂
∗
N,kf ‖2

N,k+NA′ ′
∫

K2

|f |2ωk
δN
M dVωk

holds for all those smooth (n, q)-forms f , q ≥max{q−, q+ }+1, that are compactly
supported in CPn \M .

Thus the basic estimate is proved. Together with Proposition 3.1 this implies
that (Xα,CPn \M) is a pseudo-Runge pair at bidegree (n, q), q ≥max{q−, q+ }+1.

The next lemma follows from the definition of pseudo-Runge pairs.
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Lemma 3.2. There are integers N0, k0 and a positive constant C such that
for any f ∈L2

n,q(CPn \M, N, k), N>N0, k ≥k0 with q ≥max{q−, q+ }+1, satisfying

f |Xα ⊥ Ker ∂ ∩Ker ∂
∗
N,k

the following inequality holds:

(8) ‖f ‖2
N,k ≤ C(‖∂f ‖2

N,k+‖∂
∗
N,kf ‖2

N,k).

Proof. Assume that the assertion is false. Then there exists a sequence fk ∈
L2

n,q(CPn \M, N, k) satisfying

‖fk ‖N,k =1, ‖∂fk ‖N,k <
1
k

, ‖∂
∗
N,kfk ‖N,k <

1
k

and fk |Xα ⊥ Ker ∂ ∩Ker ∂
∗
N,0.

Since ‖fk |Xα ‖N,0 ≤ ‖fk ‖N,k=1, there exists a subsequence, which we again denote
by fk, which converges weakly to some f in L2

n,q(Xα, N, 0) such that fk→f strongly
on a common exceptional set K2 of the basic estimate (7). As

fk |Xα ⊥ Ker ∂ ∩Ker ∂
∗
N,0,

we have f ⊥Ker ∂ ∩Ker ∂
∗
N,0 by weak L2-convergence. Moreover, we also have that

∂fk→∂f and ∂
∗
N,kfk→∂

∗
N,0f weakly and hence ∂f=∂

∗
N,0f=0. Thus f ≡0.

On the other hand, by the strong convergence on K2 we have
∫

K2

|f |2ω0
δN
M dVω0 = lim

k→∞

∫

K2

|fk |2ωk
δN
M dVωk

≥ lim
k→∞

1
NA′ ′ (‖fk ‖2

N,k − ‖∂fk ‖2
N,k − ‖∂

∗
N,kfk ‖2

N,k)

≥ lim
k→∞

1
NA′ ′

(

1− 2
k2

)

=
1

NA′ ′ .

Therefore f �=0 and we obtain a contradiction. �

Observe that f |Xα ⊥Ker ∂ ∩Ker ∂
∗
N,0 for every f ∈∂L2

n,q−1(CPn \M, N, k) and
therefore (8) implies

∂L2
n,q−1(CPn \M, N, k)

=Ker ∂ ∩ {f ∈ L2
n,q(CPn \M, N, k) : f |Xα ⊥ Ker ∂ ∩Ker ∂

∗
N,k }.(9)

This yields the following result.
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Proposition 3.3. For every N ≥N0 there exists an integer k0 such that for
any k ≥k0 and each f ∈∂L2

n,q−1(CPn \M, N, k), q ≥max{q−, q+ }+1, there exists
u∈L2

n,q−1(CPn \M, N, k) such that ∂u=f and

‖u‖N,k ≤ C‖f ‖N,k.

The next proposition gives the dual version of Proposition 3.3. We denote by
L2

0,q(CPn \M, −N, −k), k ∈N, the Hilbert space of all (0, q)-forms u on CPn \M

with the norm

‖u‖2
−N,−k :=

∫

CPn \M

|u|ωk
δ−N
M eϕk dVωk

<+∞.

Proposition 3.4. For every N ≥N0 there exists an integer k0 such that for any
k ≥k0 and each f ∈L2

0,q(CPn \M, −N, −k)∩Ker ∂, with q ≤min{q−, q+ }+q0 and
f |Xα ≡0, there exists u∈L2

0,q−1(CPn \M, −N, −k) such that ∂u=f .

Proof. We consider g=�N,kf ∈L2
n,n−q(CPn \M, N, k), where

�N,k : Λ0,qT ∗(CPn \M) −→Λn,n−qT ∗(CPn \M)

is the conjugate-linear operator defined by
∫

CPn \M

u∧�N,kv = 〈〈u, v〉〉N,k.

Then we have g ∈Ker ∂
∗
N,k and g|Xα ≡0. Hence g|Xα ⊥Ker ∂ ∩Ker ∂

∗
N,0.

Next we consider the linear form

Lg : ∂Ln,n−q(CPn \M, N, k) −→ C,

∂ϕ �−→ 〈〈g, ϕ〉〉N,k.

To see that Lg is well defined we consider ϕ∈L2
n,n−q(CPn \M, N, k)∩Ker ∂. Since

g|Xα ⊥Ker ∂ ∩Ker ∂
∗
N,0 we may also assume that

ϕ|Xα ⊥ Ker ∂ ∩Ker ∂
∗
N,0,

and hence, taking into account that q± +q0=n−(q∓ +1), we conclude from Propo-
sition 3.3 that there exists ψ ∈L2

n,n−q−1(CPn \M, N, k) satisfying ∂ψ=ϕ. Then for
g ∈Ker ∂

∗
N,k we have

〈〈g, ϕ〉〉N,k = 〈〈g, ∂ψ〉〉N,k = 〈〈∂ ∗
N,kg, ψ〉〉 =0.
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Now let ϕ∈L2
n,n−q(CPn \M, N, k)∩Dom ∂. Then by Proposition 3.3 there

exists ϕ̃∈L2
n,n−q(CPn \M, N, k) such that ∂ϕ̃=∂ϕ and ‖ϕ̃‖N,k ≤C‖∂ϕ‖N,k. This

implies that Lg is continuous in L2-norm and its norm is ≤C‖g‖N,k=C‖f ‖ −N,−k.
Hence there exists v ∈L2

n,n−q+1(CPn \M, N, k) with ‖v‖N,k ≤C‖f ‖ −N,−k such that

〈〈v, ∂ϕ〉〉N,k = 〈〈g, ϕ〉〉N,k

for ϕ∈L2
n,n−q(CPn \M, N, k)∩Dom ∂, i.e. ∂

∗
N,kv=g. Setting u=�−1

N,kv we obtain
u∈L2

0,q−1(CPn \M, −N, −k) with ∂u=f . �

4. Regularity of ∂b in bidegree (0, 1)

Let us first recall some definitions related to foliation theory. Let M be a CR
submanifold in CPn given locally by a defining function ρ : U→Rk, U ⊂CPn, with
∂ρ1 ∧...∧∂ρk �=0 on M ∩U .

A smooth local foliation of M is a family of pairwise disjoint complex sub-
manifolds of M , all of the same dimension, which exhaust an open subset M ∩U and
varies smoothly with a multivariate real parameter. The existence and uniqueness
of such a foliation depends on the geometric properties of the hypersurface. As we
know, any Levi-flat CR manifold M is locally foliated by complex submanifolds.
Furthermore, for each z ∈M , the space T 1,0

z M is the complex tangent space at z of
the leaf of the foliation that passes through z. This result can be extended to the
more general class of Levi-degenerate manifolds as follows.

First, we extend the Levi form to a bilinear map

Lzρ : (T 1,0
z M ⊕T 0,1

z M)×(T 1,0
z M ⊕T 0,1

z M) −→ TzM ⊗C

T 1,0
z M ⊕T 0,1

z M

by setting

Lzρ(Xz, Yz) =
1
2i

πz[X, Y ]z,

where πz is the projection

πz : TzM ⊗C −→ TzM ⊗C

T 1,0
z M ⊕T 0,1

z M

and X , Y ∈T 1,0M ⊕T 0,1M are vector field extensions of the vectors Xz and Yz . For
z ∈M let

N1,0
z M := {v ∈ T 1,0

z M : Lzρ(u, v) = 0 for each u ∈ T 1,0
z M }.

N1,0
z M is called the Levi null set of M at z ∈M . In the case when the dimension of

N1,0
z M is independent of z ∈M , N1,0M=

⋃
z∈M N1,0

z M forms a subbundle of T 1,0M .
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Moreover, under this constant rank assumption on N1,0M there is a unique smooth
foliation of M ∩U by complex manifolds such that the complex tangent space to the
leaf passing through z ∈M is N1,0M (see [7]).

Now we return to the main problem. Our manifold M is assumed to be a
hypersurface of constant signature, i.e. the number q0 of zero eigenvalues of its Levi
form is constant at each point of M . Let us assume q0 ≥1. Hence dimC NzM=q0

for each z ∈M and the hypersurface M can be foliated by q0-dimensional complex
manifolds.

Proof of Theorem 1.1. As before we denote by Ω− and Ω+ two open sets that
are obtained by the intersection of CPn with M . In order to solve the ∂b-problem
on M we consider the ∂-closed extensions of the (0, 1)-form f to Ω− and Ω+ and
then use the L2-solvability for ∂ in each of these domains.

As f is a CR form on the smooth hypersurface M , one can find a smooth
extension f̃ ∈C∞

0,1(CPn) of f with support in some tubular neighborhood of M ,
such that ∂f̃ vanishes to infinite order along M (cf. [5]). We can assume ∂f̃ |Xα ≡0.
The assumption q0+min{q−, q+ } ≥2 implies that Proposition 3.4 can be applied
to the (0, 2)-form ∂f̃ and hence there exists a solution g−, respectively g+, of the
equation ∂g=∂f̃ in the domain Ω−, respectively in Ω+, that satisfy

(10)
∫

Ω±
|g± |2ωFS

δ−N
M dVωFS <+∞, N � 1.

Without loss of generality we can assume that these solutions are minimal,
i.e. ∂

∗
−Ng± =0. Here we denote by ∂

∗
−N the Hilbert space adjoint of ∂ with re-

spect to the global inner product of the space of all functions u with

‖u‖2
−N :=

∫

CPn \M

|u|2ωFS
δ−N
M dVωFS <+∞.

Then there exist positive constants Ks, t and T such that

‖g± ‖2
s,Ω± ≤ Ks(‖δ−ts

M ∂g± ‖2
s−2,Ω± +‖δ−Ts2

M g± ‖2
0,Ω± ) for all s ∈ N.

If N is sufficiently large then by the Sobolev embedding theorem g± ∈Ck
0,1(Ω

±). As
g− and g+ vanish to infinite order along M , they can be patched together to form a
solution g ∈Ck

0,1(CPn). Let us set F :=f̃ −g ∈Ck
0,1(CPn). Then ∂F =0 on CPn \M .

We show that this is true in the whole CPn.
Let ρ(z) be the local defining function for M . This means that dρ �=0 on M

and M ∩U={z ∈U :ρ(z)=0} for some open set U ⊂CPn. We have to check that
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(∂F, ϕ)=(F, ∂
∗
ϕ)=0 for any ϕ∈C∞

0,1(U) with compact support. For ε>0 let us
consider a smooth function ψε with

ψε =
{

1 on {z ∈U :δM (z)>ε},

0 on {z ∈U :δM (z)<ε/2},

such that |∂ψε|<C/ε for some positive constant C. Then (F, ∂
∗
(ϕψε))=0 for any

ϕ∈C∞
0,1(U) with compact support. Since ρ2∂ψε→0 in L2-norm on U as ε→0, we

also have
ρ2∂

∗
(ϕψε) = ρ2ψε∂

∗
ϕ+(ϕ, ρ2∂ψε) −→ ρ2∂

∗
ϕ

in L2-norm on U as ε→0. Let F̃ =ρ−m+4F , and thus F̃ is L2 on U . Taking N ≥6
we obtain

(F, ∂
∗
(ϕψε)) = (ρN −6F̃ , ρ2∂

∗
(ϕψε)) −→ (ρN −6F̃ , ρ2∂

∗
ϕ)= (F, ∂

∗
ϕ)

as ε→0, and hence F is a ∂-closed form on U .
Since the Dolbeault cohomology group of the projective space vanishes in bi-

degree (0, 1), there exists U ∈Ck(CPn) with ∂U=F on CPn.
Next we show that the restriction u:=U |M ∈Ck(M) solves the equation ∂bu=f

on M . Indeed, if (∂bu−f)(z0) �=0 for some z0 ∈M , then (∂bu−f)(z0) �=0 in a small
neighborhood Vz0 of z0 in the leaf of the Levi foliation passing through z0. Hence
there exists a constant C>0 such that

|∂U −f̃ |2 = |g|2 >C in Vz0 .

This contradicts (10). �

5. Nonexistence result

In this section we give the proof of the main result of this paper.

Proof of Theorem 1.2. Let M be as in the previous section and let N1,0
M,CPn

be the holomorphic normal line bundle of M . N1,0
M,CPn can be identified with the

quotient bundle T 1,0(CPn)/T 1,0M and can be endowed with the Hermitian metric
induced from the standard Fubini–Study metric of CPn. Since the line bundle
N1,0

M,CPn is trivial on M , the (1, 1)-curvature form ΘN of that metric is d-exact
on M , i.e. ΘN =dθ as a function on Λ2(T 1,0M ⊕T 0,1M). Here θ is a smooth 1-form
on the holomorphic leaves of the foliation of M , and it can be represented as

θ = θ1,0+θ0,1, θ1,0 = θ0,1,
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where θ1,0 is a function on T 1,0M and θ0,1 is a function on T 0,1M . After comparing
the degrees of the forms we conclude that ∂bθ

0,1=0. The regularity theorem of the
previous section implies that there exists a smooth function u on M with ∂bu=θ0,1.
Hence

ΘN = ∂bθ
1,0+∂bθ

0,1 = ∂b∂bψ,

where ψ :=u−ū is a smooth function on M .
Since ψ is smooth, it achieves its maximum at some point p0 ∈M . Let z1, ..., zq0

be the local holomorphic coordinates at p0 of the holomorphic leaf through p0 of
the foliation of M , such that ∂/∂z1, ..., ∂/∂zq0 are mutually orthogonal unit tangent
vectors of CPn of type (1, 0) at p0. Then

q0
∑

j=1

ΘN

(
∂

∂zj
,

∂

∂z̄j

)

=
q0
∑

j=1

∂2ψ

∂zj∂z̄j
.

On the other hand, if e is the unit tangent vector of CPn of type (1, 0) at p0,
which is orthogonal to T 1,0M , then

ΘN

(
∂

∂zj
,

∂

∂z̄j

)

=
〈

ΘN

(
∂

∂zj
,

∂

∂z̄j

)

e, e

〉

≥
〈

ΘT 1,0
CPn

(
∂

∂zj
,

∂

∂z̄j

)

e, e

〉

.

Here we used the fact that the curvature of the vector bundle is dominated by that
of its quotient bundle.

It is well known that the Fubini–Study metric of the complex projective space
has a positive holomorphic bisectional curvature. This is equivalent to the Griffiths
positivity of the holomorphic tangent bundle T 1,0(CPn). Hence

q0
∑

j=1

〈

ΘT 1,0(CPn)

(
∂

∂zj
,

∂

∂z̄j

)

e, e

〉

> 0

and
q0
∑

j=1

∂2ψ

∂zj∂z̄j
> 0

at the point p0. This contradicts the fact that ψ has a maximum at p0. �
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