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Asymptotics for the size of the largest
component scaled to “logn” in inhomogeneous
random graphs

Tatyana S. Turova

Abstract. We study inhomogeneous random graphs in the subcritical case. Among other
results, we derive an exact formula for the size of the largest connected component scaled by
logn, with n being the size of the graph. This generalizes a result for the “rank-1 case”. We
also investigate branching processes associated with these graphs. In particular, we discover that
the same well-known equation for the survival probability, whose positive solution determines the
asymptotics of the size of the largest component in the supercritical case, also plays a crucial role
in the subcritical case. However, now it is the negative solutions that come into play. We disclose
their relationship to the distribution of the progeny of the branching process.

1. Introduction

1.1. Inhomogeneous random graphs

A general inhomogeneous random graph model that includes a number of pre-
vious models was introduced and studied in great detail by Bollobas, Janson and
Riordan [3]. Let us recall the basic definition of the inhomogeneous random graph
GY(n, »), n>1, with vertex space

V=S, p @™, . z)ns1).

Here S is a separable metric space, u is a Borel probability measure on S, for

each n>1, (zgn), e x%")) is a sequence of points in S, and s is a kernel defined on
(n) "

SxS. No relationship is assumed between z; ' and xin . To simplify notation we

shall write (:Bl,...,xn):(x(l”),...,:cgl)). For each n>1 let (z1,...,2,) be a random
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sequence of points in .S, such that for any u-continuity set ACS,

(1.1) ML#(A), as n — oo.

n

Given a sequence 1, ..., T,,, we let G¥ (n, ) be the random graph on {1, ...,n}, such
that any two vertices ¢ and j are connected by an edge independently of the others
and with a probability

(1.2) pz‘j(n)zmin{@,l}

where the kernel s is a symmetric non-negative measurable function on Sx.S. We
shall also assume that the kernel s is graphical on V, which means that
(i) s is continuous a.e. on S xS
(i) »#€L(SxS, uxp);
(iii)
1 v 1
LBl n,) — 5 [ ) dute) duty),
where e(G) denotes the number of edges in the graph G.

Let C1(G) denote the size of the largest connected component in the graph G.
This is the most studied characteristic of a random graph. For instance, a striking
phenomena of phase transition is seen in the abrupt change of the value Cy(G)
depending on the parameters of the model. There is a close connection between
(4 (G) and the survival probability of a certain multi-type Galton-Watson process
B,.(x) defined below.

Definition 1.1. The type space of B, (x) is S, and initially there is a single
particle of type x€S. At any step a particle of type €S is replaced in the next
generation by a set of particles, where the number of particles of type y has a
Poisson distribution with intensity s (x,y) du(y).

Let p,(z) denote the survival probability of B, (z). Then Theorem 3.1 in [3]
states that

C1(GY (n, x))

(1.3) -

P
sz::/sp%(x) dp(x),
where, as it was proved in [3], p,.(z) is the maximum solution to

(1.4) f(z)=1—e TA1=)
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and T}, is the integral operator on S defined by

(15) (Tu)a)= [ o)) dut).
Whether p,, is zero or strictly positive depends only on the norm

I Toell = sup{ | T fll2: £ 2 0 and [ fll2 <1}

More precisely, Theorem 3.1 in [3] says

(16) . {>0, lfHT‘;{H>17

=0, if [T <1.

This together with (1.3) tells us that in the subcritical case, i.e., when || T <1, we
have C1(GY (n, 5))=0p(n).

Under the additional assumption

sup s(z, y) < oo,
x,y

Theorem 3.12 in [3] establishes that if ||7,.|[<1 then C1(GY(n,s))=0(logn) with
probability tending to one as n—oo.

On the other hand, it was pointed out in [3] that whenever the kernel is un-
bounded, the condition || T || <1 is not sufficient for the size of the largest component
to be of order logn. For an example see the random growth model in [2]. Recently
Janson showed in [6] that a subcritical inhomogeneous random graph (in the rank-1
case) can also have largest component of order n'/7 under the assumption of a
power-law degree distribution with exponent y+1, v>2.

We shall obtain sufficient conditions under which C;(GY (n, 5))/log n converges
in probability to a finite constant, even for unbounded kernels. The exact value of
this constant was until recently only known for the Erdés—Rényi random graph [5].
The first result related to ours for the inhomogeneous model, but only in the rank-1
case, that is, when

(1.7) x(z,y) =2(z)P(y),

was derived in [10]. However, in [10] the formula for the asymptotic value of
C1(GY (n,))/logn is given in terms of the function ® and thus is not applica-
ble for a general kernel. Here we derive the first exact asymptotic formula for the
scaled size of the largest component in a setup that includes, but is not restricted
to, the rank-1 case (i.e., condition (1.7)).
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1.2. Results

Let X(z) denote the size of the total progeny of B, (), and set

(1.8) r%:sup{z>1:/SE(ZX("”))d,u(x)<oo}.

We shall show that r,, is the determining parameter for the size C1(GY (n, »)) in the
subcritical case. In particular, we need to know whether r,,=1 or r,,>1. Therefore
we shall first study r,,. We shall see that there is a direct relation between 7, and
the tail of the distribution of the total progeny X(x). For example, if the tail of
the distribution of X' (z) decays exponentially, then r,, defines the constant in the
exponent. In the case of a single-type branching process the exact result on the
relation between r,, and the distribution of the total progeny was proved in [§].
Whenever the assumption

(1.9) / x(z,y) du(y) <oo for all ze S,
s

is satisfied, Lemma 5.16 in [3] states the following: if || 7..||>1 then p,,>0 on a set
of positive measure. This means that X=o0c on a set of positive measure, which
immediately implies

(1.10) re=1, if |T,] >1.
We shall assume from now on that

(1.11) inf s(z,y)>0.

z,y€S
Theorem 1.2. r,, is the supremum of all z>1 for which equation
(1.12) g(z) = 2eTxlg—1(x)
has a.s. (i.e., p-a.s.) a finite solution g>1.

Theorem 1.2 yields immediately the following criteria.

Corollary 1.3. r,>1 if and only if at least for some z>1, (1.12) has an
a.s. finite solution g>1. Otherwise, r,,=1.

It turns out that r,=1 holds as well in the case ||T..||=1.

Corollary 1.4. Let s satisfy (1.9). Then
(1.13) re=1, if |Tx =1
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Theorem 1.2 and Corollary 1.3 will permit us to derive some sufficient condi-
tions for r,,>1. Assume that T,, has finite Hilbert—Schmidt norm, i.e.,

1/2
(1.14) |nmy=zu%”$=(ééz%awwummw) <o

Define

(1.15) ww=(ﬁﬁmwmmmf7

and assume that for some positive constant a>0,
(1.16) / @ du(x) < oo.
s

Theorem 1.5. Let s satisfy (1.16). Then
(1.17) re>1 if T <1
and at least one of the following conditions is satisfied: || T, ||lus<1, and
(1.18) #(2,y) < e Tu[1](2) T [1] (y)

for some constant ¢ >0 and for all x,y€S.

Clearly, condition (1.18) holds in the rank-1 case (1.7). Here are some other
examples:

(i) condition sup, , s(z,y)<oc implies (1.18);

(ii) under assumption (1.16) the kernel »(x,y)=max{x,y} satisfies (1.18) as
well. (Models with kernels of this type were considered, e.g., in [3] and [9].)

Observe that for all kernels we have || T, || <||T.|lus, with equality holding only
in the rank-1 case (1.7). Hence, under assumption (1.16) in the rank-1 case condition
IT.]|<1 is necessary and sufficient for r,,>1.

Recall the model GY (n, ») for which (1.1) and (1.2) hold. To be able to approx-
imate a component in GY(n, ») by a branching process we need some additional
conditions on the distribution of the types of vertices x1, ..., z,,.

Assumption 1.6. Let SC{1,2,...}, and suppose that for any >0 and ¢>0,

#{1§i§n:xi:x}_
n

(1.19) P{ u(z) < ee?N@ y(2) for all z e S} —1,

as n—oQ.
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Notice, that in the case when S is finite, convergence (1.19) follows readily by
assumption (1.1). In [11] one can find examples of models with countable S that
satisfy condition (1.19).

Theorem 1.7. Let s satisfy (1.16) and (1.18). Then under Assumption 1.6,

C1(GY (n, x)) R 1

1.20
(1.20) logn logr,,’
where

>1, i [|T.]<1,
(2 O A

Theorem 1.7 provides sufficient conditions when the convergence (1.20) takes
place, even for unbounded kernels. Observe, however, that condition (1.16) seems
to be necessary as well. In particular, in the “rank-1” case (1.7), condition (1.16)
excludes the possibility of a power-law degree distribution. Such a distribution is
proved in [6] to yield order n'/7 (y>2) for the largest component in a subcritical
graph.

Clearly, Theorem 1.7 complements statement (1.3) together with (1.6). There
is even a direct relation between the values r,, and p,, as we shall see now. Setting
f(x)=—(g(z)—1) in (1.12), we get from Corollary 1.3 that r,,>1 if and only if at
least for some z>1 the equation

(1.22) Fl@)=1—ze TAA@

has an a.s. finite solution f<0. Notice that when z=1, (1.22) coincides with (1.4).
This observation leads to an unexpected direct relation to the supercritical case.

Proposition 1.8. Let s satisfy (1.11). Then r,,>1 if (1.4) has an a.s. finite
solution f such that sup,cg f(x)<0.

In the case of a homogeneous Erdés-Rényi graph G,, ,, (consult, e.g., [1]), where
the probability of any edge is p=c/n, the relation between the supercritical and
subcritical cases is most transparent. Placing G, , into the general definition of an
inhomogeneous random graph model gives us |S|=1 and »=c. In the corresponding
branching process B,, (see Definition 1.1), the offspring (of a single type) has the
Po(c) distribution. The survival probability p. of this process is again the maximum
solution to (1.4), which in this case has the simple form

(1.23) f=1—e¢.
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By Corollary 1.3 we have here r.>1 if and only if (1.12) holds, which in this case
implies that

(1.24) g=2zec9™D

has a finite solution g>1 for some z>1. It is not difficult to compute, for all 0<c<1,

7C7

re=sup{z>1:g9=2ze9™Y for some g>1} = —
ce

which by Theorem 1.7 recovers the result known already in [5], namely for all
O<e<l,

Cl(Gn,p> i) 1
logn c—1-logc’

It is straightforward to check that (1.24) has a finite positive solution for some
z>1 if and only if (1.23) has a strictly negative solution (or equivalently if and only
if c<1). Hence, in the case of Erd6s—Rényi graphs the condition in Proposition 1.8
is necessary as well. However, whether this statement holds for general kernels
remains an open question. One may start with the rank-1 case, but we do not
consider this question here.

Observe, that while all the non-negative solutions to (1.4) are bounded by 1,
the non-positive ones can be unbounded. This certainly makes a great difference in
our analysis. It was to ease our difficulties in the unbounded case that we introduced
condition (1.18), which resembles the rank-1 case. One may surmise, however, that
the results of Theorems 1.5 and 1.7 should hold in a much more general setup than
we are able to treat here. In particular, condition (1.18) is far from optimal.

In the special “rank-1 case” (1.7) (which implies condition (1.18)) the conver-
gence (1.20) was established previously in [10] under additional conditions on the
function ®. In fact, in the rank-1 case one can derive an explicit formula for r,,, for
the details see [10].

In the general situation r,, can be found at least numerically with the help of
the presented results.

An example with an unbounded kernel is a graph constructed on vertices with
independent identically distributed types 1, ..., x,€{1,2, ...}, such that Ee**! <oco
for some a>0, and kernel »(z,y)=c(xzVy). For this model Theorem 1.7 is applicable
for all positive ¢. We refer to [3], Section 16.6, for a discussion on the norm of 7},
in this case.
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2. The generating function for the progeny of branching process

Recall that we denote by X'(x) the size of the total progeny of B, (z) (see
Definition 1.1 in the introduction). We shall study the function

h(z)=Ez*®  ze§,

for z>1. Tt is standard to derive (consult, e.g., [7], Chapter 6) that h.(k) as a
generating function for a branching process satisfies the equation

hz(k):zexp/s%(k,x)(hz(x)fl)du(a:), ke,

or in a functional form

(2.1) h,=zeT="1 =, h,.

Theorem 2.1. For any z>1, the function h, is the minimal solution f>1 to
the equation

(22) f = (I)z,%fv
and moreover

(2.3) h.= lim ®% [1].

z =
k—o0

Proof. Let us denote by Xi(x), k>0, the number of offspring of the process
B,.(z) in the first k generations. In particular, Xy(z)=1 and

Xl(x) =41+ P,

where P, is the number of offspring of a particle of type x, among which the number
of particles of each type y€.S has Po(s(z,y) du(y))-distribution. Set

hi,»(x) = EzY®)
for k>0 and z€S. It is straightforward to derive that
h s (2) =B =0, [2](2) = . . [ho ] (@),
and similarly, for any £>1,
itz (2) = @2 b 2] ().
Noticing that hg ,(z)=2=@, ,.[1](x) for all €S, we derive from here that

(2.4) hi,-(x) = ®EEM1)(2).
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Obviously, hy . (x)Th,(z), i.e.,
h.(x)= lim @’;%[1](33)

k—o0

for all z€S. By the monotone convergence

,lh)w) = [

s —00 —o0

and therefore

(2.5) ®, . [h.](x) = eimeos T [®F [1]-1](=) _ khm O, [®F [1)(z)=h.(z).
—00 ’”
Hence, h.=limy_,oc ® [1] is a solution to (2.2).

Since @, ,, is monotone and @, ,[1](x)=2>1, it follows by induction that

(2.6) h.(z)= lim ®F [1)(z)>1
k—o0 ’
for all z€S.

Finally, we show that h, is the minimal solution f>1 to (2.2). Assume, that
there is a solution f>1 such that 1< f(z)<h,(x) for some z. Then due to the
monotonicity of ®, ,, we have also

;L [1(2) 0L [f)(@) = f(x) <h:(z) = Jim & [1](x)
—00
for all k>1. Letting k— o0 in the last formula we come to the contradiction with

the strict inequality in the middle. Therefore h, is the minimal solution f>1
to (2.2). O

Remark 2.2. If f>1 satisfies (2.2) and f(z)<oo at least for some x, then it
follows straight from the definition of ®, ., that [gs(x,y)f(y) du(y)<oo. Hence,
under assumption (1.11), if f>1 satisfies (2.2), then either f=oc0 a.s. or f<oo
a.s., in which case also [q 2(z,y)f(y) du(y) <co a.s. The latter together with the
assumption (1.11) yields feLi(S, u) as well.

Remark 2.3. Theorem 1.2 and Corollary 1.3 follow directly from Theorem 2.1
and Remark 2.2.

Next we describe a sufficient condition when the minimal solution f>1 to (2.2)
is finite.

Lemma 2.4. If &, . f<f for some f>1, then there exists a function 1<g<f
which is a solution to (2.2), i.e., D, .g=g.
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Proof. (The proof almost repeats the one of Lemma 5.12 from [3].) The mono-
tonicity of @, . and the assumption ®, .. f<f yield by induction

20 f200 f>...
Since f>1 we have for all z,
D, [f(z) = 2@ > 5 >
which implies by induction that also <I>’§’,{ f>1 for all k>1. Hence the limit

f(@)> g(x) = lim @ _[f](2)>1

exists for every z. By the monotone convergence (repeat the argument from (2.5))
g is a solution to (2.2). O

Theorem 2.5. Let s satisfy condition (1.16).

(1) If || Tyllus<1 then at least for some z>1 there is a finite function f>1
which satisfies (2.2).

(i) If || T:|l<1 and the kernel s satisfies condition (1.18) from Theorem 1.5,
then at least for some z>1 there is a finite function f>1 which satisfies (2.2).

Proof. To prove (i) we shall construct a function f>1 which satisfies the con-
ditions of Lemma 2.4. Let A=||T.,|lus<1. Then

(2.7) %l =X
(see the definition of ¢ in (1.15)). For any >0 let us define

(2.8) gwaznw%ﬂw=éxwwwmhnw@.

By the Cauchy-Bunyakovskii inequality

(2.9) m%a<(Lx%awdmwfﬂ(éww@—n%mwﬁhq=M@A@x

where the function 1/2
aey=( [ 0-12au0))
s

is increasing and, by assumption (1.16) and dominated convergence, continuous on
[0, a/4]. Furthermore, for 0<e<a/4 we can compute

L D(y)es? W (e2¥ W) —1) du(y)
Ale)= S( Js(es¥®@ —1)2 du(y))1/2
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Using again the Cauchy—Bunyakovskii inequality and condition (1.16) we derive
from here that for any small positive ¢,

H(e) < ( [ v du(y)) " < [ e du(y)> "

where M is some absolute positive constant. Hence, taking into account (2.7) we
have

1-X
limsup A'(e) < [[ih]la =A< )\—i—T = <1
el0

This bound together with A(0)=0 and the mean-value theorem allows us to conclude
that there exists some positive value £9>0 such that for all 0<e<ey,

(2.10) Ale) < Ae.
Therefore for all 0<e<eg we get by (2.9) that
(2.11) g(x,e) <YP(x)A(e) < Aey(z).

Now fix z>1 arbitrarily and set ¥ =z1. Define also the function
(2.12) g(x,e)= zT;,[eEQZ’ —1)(x) = 2T, [e**¥ —1](z) = zg(x, z¢).
According to (2.11) we have
(2.13) gz, ) < zelih(x)
for all 0<e<eq. Let us set
(2.14) fo=2(e —1)+1=2(e" —1)+1.

We claim, that for some z>1,

(2.15) O [f] < f

Indeed, consider

(2.16) D[] = @ [ f2] = 2Tl = Tl ),

Using definition (2.12) and bound (2.13) we obtain from here that
(2.17) D,[f.](z) = ze9(®°) < zerMd(@)

Let us assume now that 1<z<d/A; for some A\ <d<1. Then we have

(2.18) o MP(@) < (@)



382 Tatyana S. Turova

Under assumption (1.11) we have ¢ (z) >b>0 for some positive b, which implies that
(x)>b as well. Therefore we can find 1<z<d/A; such that for all z€ S,

(200(@) < o) _ FT1
z

)

which together with (2.18) gives us

M) < L) < <ee¢?<x> _ ﬁ) = (e 1)1 = £ ().
z

Substituting this bound into (2.17) we finally get (2.15). Hence, f, satisfies the
conditions of Lemma 2.4, by which (i) of Theorem 2.5 follows.

The proof of (ii) is very similar to the previous one. Let ||7,.]=A<1. Recall
that by Lemma 5.15 in [3] an operator T,, with a finite Hilbert-Schmidt norm
(assumption (1.14)) has a non-negative eigenfunction ¢€ L?(S, i) such that T,.¢=
IT.||¢. Hence, there is a function ¢ such that ||¢|l2=1 and

1
(219) o) =3 [ o)) o)
This together with (1.11) yields
(2.20) d(x)>co>0
for all x€.S and some ¢y >0, and therefore
1 c

(221) )= [ (o)) duty) = PTA1) ).
Also (2.19) together with the Cauchy-Bunyakovskii inequality implies

1
(222) o) < (@),

where due to condition (1.18),

(223)  ¢2(x)= /5 () dply) < A(T, (1] (x))? /S (T [1)(9))? duy)
< AT (@)2 | Tl s,

Combining now (2.21)—(2.23) we get

DL, (1)) < 6(e) < 3 0(@) < 3T @) T s,
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which immediately yields

V@) _ AT s

(2.24) o) @

for all z€S.
We will show now that the function

(2.25) F(z)=2(e*¢®) —1)—1,

defined similarly to (2.14), satisfies the conditions of Lemma 2.4 for some positive €.
Consider similarly to (2.8) the function

G(,6) = Tu[e™® —1)(z) = /S e, 9)(€PW — 1)dp(y).

From here we derive using assumption (1.16) and bound (2.22), that at least for all
e<aM/4 the derivatives

(2.26) 561 = [ Aol duty)
and
(2.27) 5 Gl@e) = [ a0t duty)

are finite and non-negative for any x€.S. Note that for all x€.5,
G(z,0)=0

and

(2.28) %G(ﬂc, €)

_ /ﬂ s, y)$(y)dpuly) = A(x).

e=0
Therefore for all z€S and 0<e<a\/4 we have
2

(2.29) G(z,¢) SE(AQS(JC)—}—E%G(QE,E)).

Under the assumption (1.16) and (2.22) we get from (2.27) using the Cauchy—
Bunyakovskii inequality that for all 0<e<al\/4,

2

1/2
(2.30) %G(m, g) <(x) (/S B(y)te?=oW) du(y)) <(z)ca,
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where ¢; is some positive constant. Taking also into account bound (2.24), we derive

from (2.30),
2

25 e) < s0(a)
for some positive constant cs. Substituting this into (2.29), we get
(2.31) G(z,e) <ep(z)(Atecs).
For all small £>0 we have
Aecg < )\—I—% =A<l
This together with (2.31) immediately yields
(2.32) G(z,e) < Med(x)

for all small €>0.
Repeating now almost exactly the same argument which led from (2.11)
to (2.15), one can derive from (2.32) that for F, defined by (2.25),

&, [F.]<F..

Hence, F, satisfies the conditions of Lemma 2.4, which yields (ii). O

3. Proofs of the main results

3.1. Proof of Theorem 1.2
Recall that

r;,:sup{zzlz/shz(ac) du(x)<oo}.

Hence, the statement of Theorem 1.2 follows immediately from Theorem 2.1 and
Remark 2.2.

3.2. Proof of Corollary 1.4

Lemma 3.1. If ||T,||=1 one has

(3.1) 12%1117“0,{: 1.



Asymptotics for the size of the largest component in inhomogeneous random graphs 385

Proof. Let X denote the total progeny of B, (see Definition 1.1). It is clear
that if 0<c<c’ then X¢ stochastically dominates X', and therefore it is obvious
that 7., is a monotone non-increasing function in ¢>0. Also, it follows from the
definition of r.,, that r.,,>1. Hence, the limit lim.; r.,,>1 exists. Assume that

(3.2) limre, =:r>1.
ctl
Define
1<z'—l+z <limr
T2 T g1

Then by Theorem 1.2 for any fixed ¢<1 there exists a minimal solution 1< f<oo
to (2.2), i.e.
f — ZeTc%[f_l].

Notice that also

fl@)z=
for all z€S. Let ¢'=4/z>1 and set
_f
It is straightforward to derive
/ 1 / / 1 /
D s o) = a0 = el =0Tt L ool <

Hence, by Lemma 2.4 there exists a function 1<h<oo such that
(3.4) h=® /7 welh] = Vzelvaedh=1l,

Choose now 1/+/z<c<1. Then existence of an a.s. finite solution h>1 to (3.4) with
v/2>1 implies by Theorem 1.2 that r /., >1 even when [|T ., ||=vzc>1. We get
a contradiction with (1.10), which finishes the proof of the lemma. O

By Lemma 3.1 when ||7,]|=1 we have
1:13%111“%2”2 1,
which yields
(3.5) ry=1, if |T,|=1.

This together with (1.10) completes the proof of Corollary 1.4.
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3.3. Proof of Theorem 1.5

The statement follows immediately from Theorems 1.2 and 2.5.

3.4. Proof of Proposition 1.8

Assume that (1.4) has an a.s. finite solution f such that sup,cg f(z)<0. We
shall show that in this case there is z>1 such that (1.12) has an a.s. finite solution
g>1. This by Theorem 1.2 will imply that r,,>1.

By our assumption,

f=1-e""l <o,

Then for h:=—(f—1)>1 we have

(3.6) h=eT-h=1,

Claim. There are 0<e<1 and z>1 such that the function
(3.7) H=c+(1-¢)h
satisfies the inequality

(3.8) & [H] =z <,
Proof. By (3.6) we have for any z>1,
(39) (I)Z[H] _ ZeT,{[e—i-(l—a)h—l] _ Z(eTX[h_I])l_a — Zhl—e =

Define for all numbers ¢>1,

qlfs

Q(&Q)::m-

It is straightforward to compute that for any 0<e<1 and for any ¢>1,

d (1=g)gc(e+(1-g)g)—¢' < (1—¢)
(3.10) 8—qQ(6,q) = TS <0.

Recall that by the assumption,

hs=1inf h(z)=1-sup f(z) > 1.
z€S z€S

Hence, by (3.10) for all z€S,
Qe,h(z)) <Q(e, hs) <Q(e,1) =1.
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Setting now z=1/Q(e, hy)>1 we derive from (3.9),
®.[H|<H,
which proves our claim. [

Notice, that by the definition
H=c+(1—e)h=14+(1—¢)(h—1)>1,

since h>1. This and (3.8) confirm that the conditions on Lemma 2.4 are fulfilled
by the function H. Therefore by Lemma 2.4 there exists an a.s. finite solution g>1
to (1.12) with some z>1. This completes the proof of Proposition 1.8.

3.5. Proof of Theorem 1.7
3.5.1. The upper bound

Theorem 3.2. If ||T||<1 then under the conditions of Theorem 1.7 one has
r,>1 and

(3.11) lim P{Cl(GV(n, ) > (IO;TZJF(S) logn} =0

n—0o0

for any 6>0.

Proof. Notice that here r,,>1 simply by Theorem 1.5.

Recall the usual algorithm of finding a connected component in a random
graph. Given the sequence (z1,...,2,) and a corresponding graph GY(n, ), take
any vertex 1<i<n to be the root. Find all vertices connected to this vertex i in
the graph GY(n, 5), and then mark i as “saturated”. Then for each non-saturated
revealed vertex, we find all vertices connected to it but which have not been used
previously. We continue this process until we end up with a tree of saturated
vertices.

Denote by 7! the set of vertices in the tree constructed according to the above
algorithm with the root at vertex i. Then for any w>0,

(3.12) P{C1(GY (n, ) > w} = P{ max [ri|>w}.

1<i<n
Let the constant a be the one from condition (1.16). Then for any

(3.13) 0<g<ia
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define the auxiliary probability measure on S,
(3.14) tq @) = m e ()
with normalizing constant

—1
e (3 )

s
which is strictly positive due to assumption (1.16). Notice that po(x)=p(z) for all
xz€ S, and m, is continuous in ¢ on [0,a/2] with mo=1. This implies in particular
that, for any €' >0, one can choose a positive ¢ so that
(3.15) () < (14 )1y ()
for all . Fix e>0 and 0<g<a/2 arbitrarily and define the event

{#{lgign:xi—z}
B, = —

n

(3.16) () <epq(z) for all z e S}.

By assumption (1.19) we have

(3.17) P{B,} =1—o(1).
Then we derive from (3.12) that
(3.18) P{C1(GY (n, »)) >w} < P{lrélzagxn |78 > w ‘ Bn}—i—o(l).

Notice that the distribution of the size || depends only on the type z; of vertex i.
Then setting

(3.19) 7o ()| =a |7}l |

XT; =T

for each x€ S, we derive from (3.18),

(3.20)  P{Ci(GY(n, ) >w}<n Y (u(x)+epg(@)P{lm(@)]>w|Ba}+o(1),
eSS
as n— 00.
To approximate the distribution of |7, (z)| we shall use the following branching
processes. For any ¢>1 and ¢>0 let B, , denote the process defined similar to B,,
in Definition 1.1, but with the distribution of the offspring being

Po(cxe(x,y)uq(y))

instead of Po(s¢(z,y)u(y)). Notice, that B; o is defined exactly as B,,. Let further
X©9(x) denote the total number of particles (including the initial one) produced by
the branching process B, , with the initial single particle of type z.
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Proposition 3.3. Under the conditions of Theorem 1.7 one can find ¢>0
and ¢>1 arbitrarily close to 0 and 1, respectively, such that for some €>0 in the
definition of B,

(3.21) P{lmn(z)| > w| By} <P{X%(z) >w}
for all xeS, w>0, and for all large n.

Proof. Observe that at each step of the exploration algorithm which defines 7},
the number of type-y offsprings of a particle of type x has the binomial distribution

Bin(Ny, pzy(n)), where N is the number of the remaining vertices of type y.

We shall use the well-known fact that the binomial Bin(n,p) distribution is
dominated by the Poisson distribution Po(—nlog(1—p)). First we shall derive an
upper bound for Né. Notice that conditionally on B,, we have

(3.22) Ny <#{1<i<n:z;=y} <n(u(y)+epq(y))

for each y€S. The last inequality implies that for any y such that
#1<i<n:z;=y}>0

we have

(3.23) n(u(y)+epq(y)) = 1.

By the Cauchy—Bunyakovskii inequality and by assumption (1.16) we have

Z eITU@) () < Z 1) y(

S

for all g<a. Hence, for all 0<g<a/2 and for all y€ S,
w(y) +epiq () < bg(eoT ](y)+5m ela= LAWY < pye=aTxUW)/2

for all 0<e<1, where by and b3 are some positive constants. Combining this
with (3.23) we obtain for all y such that #{1<i<n:z;=y}>0,

< pu(y) +epig(y) < bge~TIW/2,

S|

This implies that conditionally on B,

max  T,[l](z) < A;ilogn
z€{x1,....xn}
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for some constant A;. Taking into account assumption (1.18), we derive from here
that for all large n conditionally on B,,,

(i, )

2
(3.24) P, () = < cu(Arlogn)”
n n

The last bound and (3.22) together with (3.15) allow us for any fixed positive ; to
choose € and ¢ so that conditionally on B,, we get

(3.25) =N, log (1=pay (1)) < (11(y) +epiq(y))nllog(1—pay(n))]
< (I+e1)pg(y)x(z,y) =: cug(y)»(z,y)

for all large n and all z,y€{z1,...,2,}. Hence, (3.25) holds for any ¢>0 and ¢>1
arbitrarily close to 0 and 1, respectively. It follows by (3.25) that the binomial
distribution Bin(N,), pzy(n)) is dominated stochastically by the Poisson distribu-
tion Po(cpy(y)s¢(x,y)). Therefore if conditionally on B,, at each step of the explo-
ration algorithm which reveals 7/, we replace the Bin(N;, p,,(n)) variable with the
Po(cpq(y)s(x,y)) one, we arrive at the statement (3.21) of the proposition. O

Substituting (3.21) into (3.20) we derive that for any ¢>0 and ¢>1, one has
P{C1(GY(n, %)) >w} <bn Z pg(2)P{X(x) >w}+o0(1)
res
as n— 00, where b is some positive constant. This bound together with the Markov
inequality imply for all z>1,
(3.26) P{C1(GY(n, %)) >w} <bnz™¥ Z piq(2)E2* @ 10(1).
zeS

Let Tt ,, denote the following integral operator associated with the branching
process B 4,

(3.27) T () = /S e ) ) o) = 3 et ) 0

Assume from now on that ¢>0 and ¢>1 are such that
(3.28) cmg > 1.

We shall now extend the result from Lemma 7.2 in [3] on the approximation of
kernels to our special case of unbounded kernels. First, taking into account condi-
tions (1.16) and (1.18) we derive that for any fixed g<a/4 and ¢>1,

Lo s = [3 /S (cmg) 2 (@, )@ TG gy (2) dpa(y) < o0
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Then by the dominated convergence theorem
(3.29) T e, = Toellias — O,
as c—1 and ¢—0. Furthermore, since
I Toell < Nt Il S N Tocl [+ T g = Tl s
the convergence (3.29) implies as well that
[ Tese g | = [T,

as c—1 and ¢—0. Hence, if ||T,||<1 then we can choose 0<¢g<a/4 and c¢>1 so
that (3.28) holds together with

(3.30) (| Tesea, || < 1.
Now for all values ¢ and ¢ for which (3.30) holds we have by Theorem 2.5(ii) that

(3.31) r(g,c):= sup{z >1: Z B @, (x) < oo} >1,
zeS

and therefore for all 1<z<r(q,c),

(3.32) 3 (@B < oo,
zeS

Notice, that condition (3.28) implies that X'%9(x) is stochastically larger than
X (z) for any z€S, which clearly yields

(3.33) r(g,c) <r,.
Lemma 3.4. For any z<r, there are ¢>0 and ¢>1/mq such that

(3.34) z2<r(g,c) <7,

Proof. Notice that when z<1 statement (3.34) follows from (3.31) and (3.33).
Let us fix 1<z<r, arbitrarily. We shall show that for some ¢>0 and ¢>1/m,
the equation

(3.35) F = zeTornalf 1]

has a finite solution f>1. This by Theorem 1.2 will imply that z2<r(gq,c). The
latter together with (3.33) immediately yield (3.34).
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First we rewrite (3.35). Let ¢>0 and ¢>1/m, be such that (3.30) holds. Set
cgi=cmg>1 and  #(x,y) = cyu(x, y)ed W),
Then (3.35) becomes

(3.36) f=o.:f],

where
D, ;[f] =z exp(Ty[cee™ W f] - T3 [1]).
Setting g:cqeqTﬂ[”f we derive from (3.36),
g==Cqz exp(T%[g— 1] +T%[1] -‘qu%[l] _Ti[ll) = (I)cqz,%[g]€(1+q)T%[1]_Ti[1] .
Hence, (3.36) has a finite solution f>1 if and only if the equation

(3.37) g= q;cqz’%[g]e(uq)n[ﬂfT;[ll =:G[g]

has a finite solution gcheqTx[l]. Observe that GG is a monotone operator, i.e., if
g>¢1 then Glg]>G[g1]. Since

Glg) = cqe?™ M, z[c; e ™M g],

for any
9= quqTKm

we have
Glg] > ququ[l]_

If we find a function g¢ such that

(3.38) go> quqTx[l]
and
(3.39) Glgo0] < go,

then we can derive (using an argument similar to the proof of Lemma 2.1) that
(3.40) g:= lim G"[go] ZcqeqT%m
n—oo

is the finite solution to (3.37).
Let go be the minimal positive solution to

(341) go :q)cqz,%[gOL
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where we assume that
(3.42) CqZ < Ty

By Theorem 1.2 the minimal positive solution to (3.41) is finite. Furthermore, by
formula (2.6) we have

(3.43) 90> D2, [1] = cqrel©a* DT > ¢ elca DT

Cq2,%

where we used the fact that z>1. Now for the fixed previously 1<z<r, we can
choose

(3.44) 0<q< %"—1,
and then set
(3.45) cg=1+q.

With this choice of constants condition (3.42) is satisfied, and moreover from (3.43)
we derive

(3.46) go > cgelCa DT — ¢ a1,

which means that condition (3.38) is satisfied as well. Notice also that by (3.44)
and (3.45),

(3.47)  (1+q)Tofl) (&) ~Tx[1](x) = /S (14— o™ @) ) se(z, ) dpa(y)

< /S (14— cg)se(, ) dpa(y) = 0.

Therefore with constants (3.44) and (3.45) we derive from (3.37), (3.47) and (3.41)
that

G[QO] = ‘I)cqz,%[go]e(lJrq)Tx[l]7Tim < (I)cqz,x[go] =Jo-

Hence, both conditions (3.38) and (3.39) are fulfilled. Then by (3.40) equation (3.37)
has a desired finite solution. In turn, this implies that (3.36), and thus also (3.35)
has a finite solution f>1, which yields statement (3.34). O

By Lemma 3.4 for any ¢ >0 we can choose a small §'>0 and (g, ¢) close to (0, 1)
so that (3.32) holds with

z=7(q,c)—0 >1,
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and moreover

(3.48) <

_ st
logr, +5> log(r(q,c)—d") > 1.

Now setting w=(1/logr,.4+9)logn and z=r(g,c)—4" in (3.26) we derive with help
of (3.32),

P{Cl(GV(n, x)) > (loglr,, +5> log n}

<binz~“+o(1) =binexp <—10g(7"(q, c)—d") <

+5) 1ogn) +o(1),

logr,,

where by is some finite positive constant. This together with (3.48) yields state-
ment (3.11). O

3.5.2. The lower bound

Theorem 3.5. If ||T||<1 then under the conditions of Theorem 1.7 one has
r,>1 and

(3.49) lim P{Cl(GV(n, z))<( ! —5) logn} =0

n—00 log 7,

for any 6>0.

Proof. Fix any small positive §<1/logr, and set

(3.50) w= ( —5) log n,

(3.51) N:N(n):%.

logr,,

Introduce also for arbitrarily fixed finite D€.S and €1 >0 the event

A, = {M —u(y) > —e1p(y) for all 0<y < D}ﬂBn
with B,, defined by (3.16). Observe that by assumption (1.1) and by (3.17),
(3.52) P{A.}—1,

as n—o0. Let

P, () =P{-[An}
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denote the conditional probability.

Given the graph GY (n, ») we shall reveal recursively its connected components
in the following way:

Fix 2°<D with p(z°)>0 arbitrarily. Note that conditionally on A,, we have

(3.53) Nyo:=#{1<i<n:z;=2}>(1—e)u(z")n.

Let V4 be a random vertex uniformly distributed on {1<i<n:z;=2°}, and let L;=
71 be the set of vertices in the tree with the root at vertex Vi (see the definition
of the algorithm in Section 3.5.1).

For any UC{1,...,n} let 75V denote the set of vertices of the tree constructed

in the same way as 7& but on the set of vertices {1,...,n}\U instead of {1,...,n}.

In particular, with this notation 7.2 =7¢.

Given constructed components L, ..., Ly for 1<k<[N], let Vi1 be a ver-
tex uniformly distributed on {1§i§n:xi:x0}\Uf:1 L; (whenever this set is non-

K ]
empty) and set LkH:TXk’Ui:l L"(Vkﬂ). If {1 Sign:xi:mo}\Ule L;=2, we sim-

ply set Ly11=@. Then according to (3.52) we have

(3.54) P{Cl(GV(n,%))<< —6)logn}§PAn{ max |Li|<w}+0(1),

0g T, 1<i<[N]+1

as n—»00.
Consider now
55) P L }
(35%) Pa,{_max  |Ll<w
[NV]
=P {|L1|<w} [[Pa.{|Lis1] <w||L1| <w, ..., |Li| <w}.
i=1
Observe that by (3.53) for all large n,
W(N+1)=0(n) < (1—e1)u(z")n < Nyo.

Hence, conditionally on {|L1|<w,...,|Li|<w} the set {1<i<n: xi:xo}\Ule L; is
non-empty for any k<N. Notice also that if UCU’ then |T:'L’U/| is stochastically
dominated by |72V for any i. This allows us to derive from (3.55) that

N
3.56 P { max |L; <w}§ max Py T,‘L/"’U <w}.
50 Paf{ mas Li<of<][ max Pafinl<o)
"= JU|<Nw
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To approximate the distribution of |72:Y| we introduce another branching pro-
cess which will be stochastically dominated by B,,. First define for any value DeS
the probability measure

Mp'uly), ify<D,
0, otherwise,

(3.57) fin(y) = {

where Mp ::Zy< p 4(y) is the normalizing constant. Then for any positive ¢ and D

let Ec, p be the process defined similar to B,,, but with the distribution of offspring

(3.58) Po(cse(z,y)iin(y))

instead of Po(s¢(z,y)u(y)). Notice, that ELOO is defined exactly as B,,. Let X (z)
denote the total number of particles (including the initial one) produced by the
branching process B, p with the initial particle of type x.

Lemma 3.6. Assume that the conditions of Theorem 1.7 are fulfilled. For all
large D and all small €1 in the definition of A, one can find c<1, arbitrarily close
to 1, so that

log4 n
P

T,Yi»U|<w}s(1+b ) PLID(2) <)

n2
for all large n, V;€{i:z;=2"} and all UC{1,...,n} with [U|<Nw, where b is some
positive constant independent of x, ¢ and D (w and N are defined by (3.50)
and (3.51)).

Proof. At each step of the exploration algorithm which defines 7'V, the
number of type-y offspring of a particle of type x has the binomial distribution
Bin(N,), pzy(n)), where N, is the number of remaining vertices of type y.

Here we shall explore another relation between the binomial and the Poisson
distributions. Let Y, ,€Bin(n,p) and Z)€Po(\). Then it is straightforward to
derive from the formulae for the corresponding probabilities that for all 0< p<i

and 0<k<n,
(3.59) P{Y, —k}—”i! F(1—p)n*
' mp =T i — P P

n n — k
_ r(n'k)!((1_p)ep/(l—m)ne—np/(l—p)( P/(lld »))

< (1+’Yp2)nP{an/(lfp) = k‘},
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where « is some positive constant (independent of n, k and p). Also notice,
that (3.59) trivially holds for all k>n.
We shall now find a lower bound for N;. Conditionally on A,, we have

(3.60) Ny :=#{zi:x; =y} = (1—e1)u(y)n

for all y<D. By deleting an arbitrary set U with |U|<Nw from {1,...,n}, we may
delete at most Nw vertices of type y. Hence, conditionally on A,, at any step of
the exploration algorithm which defines 7,V with |77V <w, the number N, of the
remaining vertices of type y is bounded from below as

Nz// >N, —w—Nuw,
and thus for all y<D by (3.60),
N, >n(l—e1)u(y) —w—Nw.

Taking into account definitions (3.50) and (3.51) we derive from here that for any
¢’>0 one can choose a small €; >0 so that

Ny > (1= )uly)n

for all y<D and large n. This implies that conditionally on A,, at any step of the
exploration algorithm we have

(3.61) N7 Pay(n)

YT pyy () > u(y)(1—€')s(z,y)

for any y<D and large n. Now with help of (3.57) we rewrite (3.61) as

Pay(n)

(3.62) N 5 2 (0 Mo (1 —<)e(r, ) = fop (y)ex(s,1)

Y1—pay(n

for all z,yeS, where
c=Mp(1—¢).

Recall that Mp11, as D—oo. Therefore choosing the constants D and €1 appro-
priately we can make c arbitrarily close to 1.

Now using relation (3.59) between the Poisson and the binomial distributions,
and taking into account (3.62), we derive for all k and N, <n,

P{YNy oy () =k} < (1992, () P2y, () (1, () = K}

log4 n

< (HW?A‘% ) P{ZN1pry(n)/(1=pay (n)) = K

n2
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where we used bound (3.24). Note that in the last formula ZINI pay (1)) (1= pay ()
stochastically dominates Z , (y)cx(z,y) due to (3.62). This implies that if condition-
ally on A, at each of at most w steps of the exploration algorithm we replace the

Bin(Ny, pzy(n)) variable with the

Po(fip(y)cs(z,y))

one, we arrive at the following bound using the branching process BC, D,

1 4 nw .
(3.63) Py {InU[<w)< (1+7c%A‘1‘ = ”) P{X°P (2%) <w}

for all large n. This yields the statement of Lemma 3.6. [

Now, combining (3.54) with (3.56) and using Lemma 3.6, we derive

N

)nwp{;?CvD(xO) < w}) +o(1)

< ebl log® n(]_*P{)?C’D(:L'O) > w})n/w2 +O(1),

1og4 n

(3.64) P{C1(GY(n,x)) <w} < ((1—|—b

n2

as n—00, where b; is some positive constant independent of ¢ and D.
Assume from now on that ¢=Mp. Define the following operator associated
with the branching process B p,

D
Tp[fl(x) :=Tese,pp [fl(x) = /0 (@, y) f(y) du(y) = D s(2,y) f (y)n(y)-

y<D

Clearly, under the assumption ||T},||<1 we also have
(3.65) Tl <1.

Hence, T¢,. s, satisfies the conditions of Theorem 2.5(ii), which together with Re-
mark 2.2 implies that (when ¢c=Mp)

(3.66) 7(D):=sup{z>1: E-*""@) < oo} >1

for all z€S. By the construction, p(y)>up(y)c for all y€S (with c=Mp). There-
fore X' (x) is stochastically larger than X% (z) for all €S, and hence

(3.67) r <#(D)

for all D€S. Furthermore, we shall prove the following result.

Lemma 3.7. Under the conditions of Theorem 1.7, imp_,o 7(D)=7,,.
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Proof. Note that #(D) is non-increasing in D. Therefore inequality (3.67)
implies existence of the limit

(3.68) lim #(D)>r,.

D—oo

‘We shall show that if

(3.69) z<7(D) for all D,
then also
(3.70) 2 < Ty

This together with (3.68) will immediately imply the statement of the lemma.
From now on we fix z which satisfies (3.69). Then for any D€ S equation

(3.71) f=zePU N =) [f]
has the minimal solution fp, which by (2.3) equals

(3.72) fo(x):= lim @ [1](z) <oo

k—oo

for all z€S. To prove (3.70) it is sufficient to show that equation
(3.73) f=zTU =0, (f)
has a finite minimal solution as well. Therefore we shall prove that

(3.74) foo(z):= lim ®*[1](z) < o0

k—o0

for all €S, which by Theorem 2.1 is the minimal solution to (3.73).

Claim. For all k>1 and for all x€S,

(3.75) lim &}, _[1)(z) =®5[1](z).

D=0
Proof. We shall use the induction argument. First, we notice that for all z€ S,
D [1)(x) =2 = @.[1](x),
and

(3.76) 32 _[1)(x) = zeTP @) 4 2eTH@) — $2(1](z) < o0,

s

as D—o0.
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Assume now that (3.75) holds for some k>1. We shall show that then also

(3.77) lim ®%11](z) = ¥+ {1)(2)

D—oco ’

for all x€S, which together with (3.76) will imply (3.75) for all k>1. Set
gp = @’B’Z[l] and g:=®"[1].

By the assumption, gp1Tg, as D—o0c. Then with help of the monotone convergence
theorem, we derive

Jim OFFI[1]= lim ®p .[gp]= lim zeTPlr=l= 2Tl = @I,

which proves (3.77). O

Using (3.75) we can rewrite the function in (3.74) as

(3.78) foo(z)= lim lim CI>DZ[ ().

k—o0 D—oo

Recall that by Theorem 2.1 and Remark 2.2 we have either fo(z)<oo or f(z)=00
for all z€S (take into account that S is countable here). Our aim is to prove that
foo(x) <00 for all z€S.

Assume that, on the contrary, f.(z)=o0c for all z€S. Then by (3.78) for any
C>0 and z there is kg=ko(C,z)>1 such that
(3.79) lim @ _[1)(z)>C,

D—o0

which in turn implies that there is Do=Dg(C, ) such that
(3.80) oty [1](2)>C.
Due to the definition in (3.72) we have

(3.81)  fp,(x)= lim @, _[1](z)= lim @}, 1235, (@) = lim @, .[C](2).

k—oo

It is straightforward to derive, taking into account condition (1.11) and the definition
of ®p ., that for any D>0, z>1 and all large A one has limj_,o (I)IB’Z[A](‘Z):OO.
Hence, choosing constant C' large enough, we derive from (3.81) that fp,(z)=o00,
which contradicts inequality in (3.72). Hence, (3.74) holds, which finishes the proof
of Lemma 3.7. 0O

By Lemma 3.7 for any given d; >0 we can find a large constant D such that

(3.82) F(D) <754 501
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It follows from definition (3.66) of #(D) that

lim sup P{X¢P (z) = k}/F = _
I sup {x97(z) =k} D)

(here c=Mp), which implies that also

<1

- 1
3.83 lim sup P{XSP (2) > kYV/F = —
(3.83) I Sup { (z) >k} (D)

Proposition 3.8. Let c=Mp. The limit

lim P{X%P(z) > k}/*
k—o0
exists.

Proof. We shall use a super-multiplicativity property of P{/’? eD(z)>k}. No-
tice that the branching process B p has in the first generation at least 2 offspring
of type x with probability

Ty =1—e @@ (14 5z, 1) (),
which is positive for all . Hence, for all n,m>0,

A(n+m) :=P{X"(z) > n+m} > 1,P{XP (z) > n}P{X*P (z) >m—1}
>, A(n)A(m).

Then, by the result of Theorem 23 in [4], limg_, o log A(k)/k exists, and moreover,

1/k

it cannot be oo since log A(k)<0. This implies the existence of limy_,o A(k)'/" and

completes the proof of the proposition. [
Proposition 3.8 together with (3.83) gives us

s 1
3 C,D > l/k —
(3.84) klg& P{X"(z) >k} D)

for all z€S. Therefore for any d; >0 and some positive constant A=A (5, z") <o
we derive using (3.82) that

P{XP(2") > w} > A(H(D)+381) > Alr+51) .

This allows us to derive from (3.64) that for w=(1/logr,—d)logn, and any >0
and 01 >0,
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(3.85)  P{CL(GY(n, ) <w)
§€b1 log3n(liA(T;(‘i»(;l)f(l/logrkfé)logn)n/(alogn)2+O(1)’

where a=1/logr,, —d. Now for any 6>0 we choose a positive J; so that

1
v = ( —5) log(r,,+6d1) < 1.
logr,,

Then (3.85) becomes

A n/(alogn)?
—6) logn} <eh log®n <1— 0 ) +o(1),

n

P{Cl(GV(n,z)) < (

08 T

where the right-hand side tends to zero as n—oo. This completes the proof of
Theorem 3.5. [

3.5.3. Proof of Theorem 1.7

Theorems 3.5 and 3.2 yield the assertion of Theorem 1.7 when ||T..||<1.

When ||T.,]|>1 we have that r,=1 by Corollary 1.4. It is clear that for any
0<c<1/|T,||<1 the size C1(GY(n,s)) stochastically dominates C1(GY(n,cx)).
Then we have by the previous case for any 0<c<1/||T,| <1,

GGV 1 }SP{CH(G"(”’C“M ! }%0,

logn 2logre,, logn 2logre,,

(3.86) P{

as n—o00. By Lemma 3.1 we have that r.,—1 as ¢11/|T.||. Therefore we derive
from (3.86) that

v
Ci(G (n’%>)i>oo: 1 7
logn logr,,

which finishes the proof of Theorem 1.7.
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