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1. Introduction

The problem of giving asymptotic formulas for moments of large-degree L-functions
has proven challenging. In approaching this problem, one encounters difficult analytic
questions in the representation theory of reductive Lie groups, involving complicated
multi-dimensional oscillatory integrals.

The orbit method (see, e.g., [Ki2], [Vo3]) is a philosophy for, among other purposes,
reducing difficult problems in the representation theory of Lie groups to simpler problems
in symplectic geometry. It has been widely applied in the algebraic side of that theory.

This paper develops the orbit method in a quantitative analytic form. We com-
bine the tools thus developed with an indirect application of Ratner’s theorem to study

moments of automorphic L-functions on higher-rank groups.

1.1. Overview of results

We refer the reader who is not familiar with automorphic forms to §1.3 and onwards for
an introduction, in explicit terms, to the main ideas of this paper.

Let H~ G be an inclusion of reductive groups over a number field F. Let II and
3 be cuspidal automorphic representations of G and H, respectively. Assuming that
HS G is a strong Gelfand pair, and under a temperedness assumption, one may define
an “automorphic branching coefficient” L£(II,%)>0 which quantifies how vectors in II



THE ORBIT METHOD AND ANALYSIS OF AUTOMORPHIC FORMS 3

correlate with 3. We recall this definition in a simple setting in §1.4 and more fully in
§25.4.
We focus on the “Gan-Gross—Prasad” case (§13) in which

(G,H) is a form of either (SO,,SO,_1) or (U,,Up,_1).

The definition of £(II, ) then applies, at least for tempered IT and X, and one expects
L(II,Y) to be related to special values of L-functions: Ichino-Tkeda [II] and N.Harris

[HarN] conjecture the formula

LU (3, TIx2Y) (g

I,x)=2""°
£0LE) LB)(1,Ad, TIxxV) "¢ 7

(1.1)

whose terms are as follows (see [II] and [HarN] for details):

e R is a fixed set of places outside of which IT and ¥ are spherical (and thus £(II, X)
depends upon R);

e YV denotes the contragredient of the unitary representation X; it is isomorphic to
the conjugate representation ¥, and we will occasionally use the latter notation;

e L") denotes an L-function without Euler factors in R;

e 27 is the size of the Arthur component group of IIKYY on G xH;

e A is the L-function whose local factor at almost every prime p equals

pdim(G)

#G(Fp)

(see [Gr]); e.g., Ag=((2)((4) ...¢(2n) for G=SO02p,11; A(GR) omits factors at R.

The formula (1.1) has been proved in the unitary case, under local assumptions
which allow one to use a simple form of the trace formula, by W. Zhang [Z1] (see also
[Z2, §2.2] and [BP4]).

Fix one such II. What are the asymptotic statistics of L(II, X)), as ¥ varies over a
large family? For example, what are the moments? Predictions for these may be obtained
via (1.1) and random matrix heuristics (§1.2) for families of L-functions. To verify such
predictions rigorously has proved an interesting challenge, testing our understanding of
families of automorphic forms and L-functions. It has been successfully undertaken in
many low-degree cases, where obtaining strong error estimates remains an active area of
research (see, e.g., [BFK+], [BM], [KMS], [BFS+] and references).

We aim here to explore some first cases of arbitrarily large degree. Our main result
(Theorem 31.11) may be summarized informally as follows.
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THEOREM 1.1. Assume certain local conditions, including the compactness of the
quotients G(F)\G(A) and H(F)\H(A). For each sufficiently small positive real h, let
Fn be the family of all ¥ as above which are locally distinguished by I, have Satake
parameters at some fized archimedean place inside the rescaling h™' Q0 of some nice fized
compact set Q, and have “fived level” at the remaining places in R. Then, the branching

coefficient L(I,X), averaged over €T, is asymptotic to i:

1 1
lim —— L(ILY)==. 1.2
h—0 | Fp| 2; (I, %) 2 (1.2)

For “typical” II and X, we expect that (1.1) holds with =2 (see §25.5 for further

explanation). Our result should thus translate, under (1.1), as follows:

R)(1
Gt LM BN B (1.3)
LB (1,Ad, TIxxV) "¢ ' '

The average value of

We outline in §1.2 why (1.3) agrees with random matrix theory heuristics for orthogonal
families of L-functions with positive root number.

One way to normalize the strength of (1.2) is to note (§31.4) that the size of the
family Fj, is roughly the fourth power of the analytic conductor of the relevant L-function.
By ignoring all but one term and slowly shrinking the family, we obtain a “weakly
subconvex” bound

L(I1, ) = o(cond (ITx £)'/4) (1.4)

(compare with [So], [SoTh]). The hypotheses relevant for (1.4) are that IT is fixed, while
Y traverses a sequence whose archimedean Satake parameters all tend off to co at the
same rate.

The new ideas used to obtain (1.2) are based on the orbit method, applied in two
ways:

e To determine the asymptotics of complicated oscillatory integrals on higher-rank
groups. For instance, Theorem 19.3 gives general and uniform asymptotic expansions
of relative characters away from the conductor-dropping locus. This analysis gives a
robust supply of analytic test vectors for the local matrix coefficient integrals as in the
conjecture of Ichino-lTkeda. We hope these to be of general use in analytic problems
involving families of automorphic forms in higher rank.

e To obtain invariant measures towards which we can apply measure-theoretic tech-
niques. Indeed, a major global ingredient for (1.2) is an application of Ratner’s theorem
to the case of measures invariant by the centralizer of a regular nilpotent element in
G(F). The estimate (1.2) is ineffective, and the application of Ratner is solely responsi-
ble for the ineffectivity. We expect that an effective version of Ratner’s theorem for the
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case at hand would lead to a subconvex estimate for £(II,3); this perhaps contributes
interest to the problem of effectivization.

To implement these, we develop a microlocal calculus for Lie group representations,
which may be understood as a quantitative, analytic form of the orbit method and the
philosophy of geometric quantization.

These basic ideas do not interact with the arithmetic nature of the setting; in par-
ticular, we do not use Hecke operators. However, the problem of averaging and bounding

L-functions seems to be the most interesting source of applications at the moment.

1.2. Compatibility with random matrix heuristics

We briefly outline why our result (1.3) should be compatible with the standard heuristics.
Random matrix theory heuristics (see, e.g., [BK] and references, such as [KaSa], [CF],
[CFK+], [KeSnl], [KeSn2]) suggest, for a family of L-functions L(%7 f) parameterized by

elements f of some nice enough family F, that

% ZL(R) <;’ f> ~ (global factor g) XH<‘1P>’
].‘

p

where
e p runs over the finite primes of F' outside R,
o (a,) is the expectation

(o) %;Lp(;f)

of the central value of the pth Euler factor, and
e the “global factor” g is described by random matrix theory, and given here by the

following limit of integrals taken with respect to probability Haar measures:

g= lim det(1—z).
N=0o J2e80(2N)
Indeed, the symmetry type [KaSa] of the family of L-functions implicit in (1.2) is O(2N),
i.e., it is an orthogonal family with positive root numbers. One may see this by, for
instance, considering the analogous situation with the number field replaced by a function
field (see also [ShTe] and [SST]).
Each integral

/ det(1—2x)
z€SO(2N)
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equals 2, independent of N. Indeed, det(1—z) is the (super-)trace of z€SO(2N) on
N(C2N). The average trace of z on A\’(C2N) computes the dimension of invariants,
which is 1 for j€{0,2N} and 0 otherwise. Thus, g=2.

We sketch here why (a,)=1 for every p. We expect the families F}, considered here
to have the (provable) property that the local component o, at p of a uniformly random

element Y€ Fy, becomes distributed, as h—0, according to the Plancherel measure dop,

thus ) Y
o= [ Lol
P o, Lp(1,Ad, mpx0)))

a.p dop.

=:I(mp,0p)
Ichino and Ikeda [II, Theorem 1.2] have shown in the orthogonal case, and N.Harris
[HarN, Theorem 2.12] in the unitary case, that this integral can be rewritten as a matrix

coefficient integral:
I(mp, 0p) :/ (hv,v){u, hu) dh,
heH,

where vem, and u€o, are spherical unit vectors and dh is the Haar measure assigning
unit volume to a hyperspecial maximal compact subgroup. Using the Plancherel formula,
one can show (§18) that

I(mp,0p) dop =1,
9p

as required.

We have not discussed yet the quantity 8 as in (1.1). As mentioned above, we expect
for “typical” II and 3 that S=2. However, for “atypical” II (i.e., endoscopic lifts), one
can have $>2 in the entire family. In that case, the limit of (1.3) is instead a larger
power of 2. Correspondingly, the L-function in question factors. It seems to us that our
result continues to match with L-function heuristics after appropriately accounting for
this factorization and variation of root numbers, but we have not checked all details.

The random matrix theory predictions for higher moments involve somewhat more
complicated coefficients than the quantity g=2 appearing above. It may be possible to
study higher moments by adapting our method to periods of Eisenstein series, and would

be interesting to obtain in that way some geometric perspective on those predictions.

1.3. Basic setup

We now simultaneously outline the contents of this paper and sketch the main arguments.
Suppose given a pair of unimodular Lie groups G and H, with H<G. An example

relevant for our main theorem is when

G and H are the real points of the split forms of SO,,+1 and SO,,.
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We assume that representations of G have “multiplicity-free restrictions” to H, as hap-
pens in the indicated example (see [SZ] for a precise statement and proof).
Suppose also given a lattice I' in G for which I'y:=I'NH is a lattice in H. We

assume that both quotients
[G]:=T\G and [H]:=Ty\H

are compact. We equip them with Haar measures.
For the motivating applications to L-functions, we must consider adelic quotients.
This entails some additional work at “auxiliary places” (see §24), which we do not discuss

further in this overview.

1.4. Branching coefficients: comparing global and local restrictions

Let
™ C L*([G))

be an irreducible unitary subrepresentation, with the group G acting by right transla-
tion. We assume that « is tempered. The branching coefficients of interest arise from
comparing the two natural ways to restrict = to H:

e (Globally) Take a smooth vector vem. It defines a function on [G]. We may
restrict it to obtain a function v|jg; on [H]. The L?-norm of that restriction may be

decomposed as

/ lv|? = Z [|[projection of v|z to of*. (1.5)
(] irreducible o CL2([H])

e (Locally) Consider 7 as an abstract unitary representation of G. We may restrict

it to obtain an abstract unitary representation |y of H. We verify in the examples of

interest (see §18) that this restriction decomposes as a direct integral

7T|H :% meo,
o

weighted by multiplities m,€{0, 1}, and taken over tempered irreducible unitary repre-
sentation o of H with respect to Plancherel measure. We may define the components

pr,(v)€o of a smooth vector ve€n with respect to this decomposition, and we have

Jo]l? = / o, (01 (1.6)

A priori, ||pr,(v)|| is defined only as a measurable function of o, but there is a natural

way to define it pointwise in the cases of interest.
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Let 0 CL?([H]) be an irreducible tempered subrepresentation for which m,=1; we
refer to such o as w-distinguished. By the multiplicity-1 property, we may define a

proportionality constant £(7,0)>0 by requiring that, for every smooth vector vem,
[projection of v[(z] to o|*=L(m, o) |pr, (v)|?. (1.7)

We note that L£(m, o) depends upon the choices of Haar measure.

1.5. Objective

Let h traverse a sequence of positive reals tending to zero, and let Fy, be a corresponding
sequence of families consisting of irreducible tempered representations o C L?([H]) for
which m,=1.

Assume that each family JF, arises from some nice subset Fu of the m-distinguished
tempered dual of H as the set of all irreducible 0 CL?([H]) for which the class of o
belongs to Fi. Assume that |Fn|—00 as h—0. (In our main theorem, we take for 7
the set of o whose infinitesimal character belongs to the rescaling h™ Q of some fixed
non-empty bounded open set £2.) Our aim is to determine the asymptotics of the sums

Z L(m, o).
0EFh

In our motivating examples, these are (in some cases conjecturally) proportional to sums
of special values of L-functions.

We drop the subscript h in what follows for notational simplicity.

1.6. Strategy

The rough idea of our proof is to find a vector vem which simultaneously “picks out the
family F” in that

1, ifoeF
r_(v)|? %{ ’ i 1.8
[[pro(v)]| 0. ifodF (1.8)
and “becomes equidistributed” in that
o i lof?

vol([H])  vol([G])

The vector v will of course depend upon the family F =7}, hence upon the asymp-
totic parameter h>0, and the above estimates are to be understood as holding asymp-
totically in the h—0 limit. Note that (1.8) is a purely local problem of harmonic analysis
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in the representation m, whereas (1.9) is a global problem: it relates to the specific way
in which 7 is embedded in L?([G]).

The Weyl law on [H] says that the cardinality of F is approximately the volume of
[H] times the Plancherel measure of F, and thus, by (1.8) and (1.6),

| F| = vol([H])||v||?. (1.10)

Comparing (1.5), (1.7) and (1.8) with (1.10) yields the required asymptotic formula

1 1
m;fﬁ(ﬁ,a)wm. (1.11)

In applications, the volumes are defined using Tamagawa measure and given then by
vol([H]) = vol([G]) = 2.

Thus, (1.11) leads to (1.2).

Observe, finally, that it suffices to produce families of vectors v;, i€, for which the
analogues of (1.8) and (1.9) hold on average over the index set I.

We note that this basic strategy has appeared (sometimes implicitly) in several
antecedent works (see, e.g., [Sar], [BR2], [Ve], [MV]). We would like to note, in particular,
the influence of the ideas of Bernstein and Reznikov in exploiting the uniqueness of an
invariant functional. The novelty here is that we execute this strategy successfully in

arbitrarily large rank.

1.7. Microlocal calculus for Lie group representations

To implement this strategy, we need some way to produce and analyze (families of)
vectors in the representation w. Our approach, inspired by microlocal analysis, is to
work with vectors implicitly through their symmetry properties under group elements
g€G within a suitable shrinking neighborhood of the identity element. Since we do
not expect our readers to have extensive prior familiarity with microlocal analysis, we
describe here its content in our setting. The discussion in this section is rather informal,
but we hope that the reader will find it helpful in navigating the many technical estimates
of the text.

Let g denote the Lie algebra of G, and g” the Pontryagin dual of g; we identify g”
with the imaginary dual ig*, and denote by e*¢€C™) the image of (z,&)egxg” under
the natural pairing.
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The shrinking neighborhood in question depends upon an infinitesimal scaling pa-

rameter h—0. Informally, we say that a vector vEm is microlocalized at £€g” if
m(exp(z))v ~ e/ Py (1.12)

for all z€g of size |z|=0(h). In practice, we choose h small enough in terms of 7 that such
vectors exist. For instance, if 7 is generated by a Maass form ¢ of Laplace eigenvalue A on

a locally symmetric space I'\G/K, then we choose h comparable to or smaller than the

1/2 of ; similar considerations apply more generally, with the role

—1/2

“wavelength scale” |A|~
of wavelength scale played by the inverse root norm || of the infinitesimal character
of 7 (see §9.8). We quantify the heuristic (1.12) in several different ways throughout this
paper, typically by working with sequences of representations m=m), and vectors v=uvy
that vary with h and asking that the difference between the left- and right-hand sides of
(1.12) decay at some specified rate as h—0.

The group elements g=exp(z) with |2|=0(h) approximately commute as h—0, and
so the operators 7(g) may be approximately simultaneously diagonalized; their common
approximate eigenvectors are the microlocalized vectors. We might thus hope for an

approximate decomposition

m~ @D Cue, (1.13)
£

where £ traverses a subset of g" and ve €7 is microlocalized at ¢, and to have an approx-

imate functional calculus

Op,,: {symbols g" — C} — {operators on 7}, (1.14)
Opy(a)ve = a(§)ve, (1.15)

where “symbol” refers to a class of functions with suitable regularity.

To implement such ideas rigorously, we write down an operator assignment (1.14)
and verify that it has the properties suggested by the heuristics (1.13) and (1.15). The
assignment is similar to the classical Weyl calculus in the theory of pseudodifferential
operators, which may be recovered (more-or-less) by specializing our discussion to stan-
dard representations of Heisenberg groups. The definition and basic properties of this
assignment are philosophically unsurprising. If a: g¢* —C is the Fourier mode correspond-
ing to a small enough element z in the Lie algebra of G, then Op,(a)=n(exp(hx)). If
a is real-valued, then Opy(a) is self-adjoint. If a is positive, then Opy(a) is asymptot-
ically positive as h—0. The association a—Opy,(a) is nearly G-equivariant. One has
composition formulas relating Opy,(a)Opy, (b) to Opy (axpd) for a suitable star product
a*p b, bounds for operator and trace norms, and so on; see Theorems 4.5-5.8, 6.3-8.11
and 12.2.
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Our main input concerning 7 is the Kirillov character formula, due in this case to

Rossmann, which asserts roughly (see §12 for a precise statement) that

tr(Opy, (a)) z/ adw, (1.16)

hO,

where O, Cg”" is a G-orbit (or finite union thereof), called the coadjoint orbit attached
to w. In the metaphor of microlocal analysis, the coadjoint orbit O is the “phase space”
underlying 7; it bears the same relationship to 7 as the cotangent bundle T*M of a
manifold M does to L?(M). The coadjoint orbit is equipped with a canonical symplectic
structure, and dw is the associated symplectic volume form.

For each real-valued symbol a, we may informally identify the self-adjoint operator
Opy,(a) with a family of vectors (v;)ic; by writing it in the form ), ; v;®v; for some
v; €m; here we have identified operators on 7 with elements of (a suitable completion of)
m®. If the symbol a is taken to be suitably concentrated near a regular point £ €g”, then
the corresponding family is essentially a singleton (i.e., of cardinality O(h™%)), consisting
of vectors microlocalized at £. By decomposing the constant symbol a=1 associated with
the identity operator Op,,(a)=1 and appealing to (1.16), we may write any reasonable
vector as a linear combination of microlocalized vectors vg, taken over representatives
&/ h for a partition of the coadjoint orbit @, into pieces of unit symplectic volume. We
may thus regard the microlocalized vectors as giving an approximate basis (1.13), with
respect to which the Opy,(a) act as the approximate multipliers (1.15); in other words,

Opy(a)~ > a(&)ve@ue.
£€h O
In this way, the Opy-calculus parameterizes weighted families of microlocalized vectors.
These considerations apply uniformly across the various classes of tempered representa-
tions of G (principal series, discrete series, etc.) and without reference to any explicit
model.

Informally, if the dominant contribution to the decomposition of a vector vEn as a
sum »_ ve of microlocalized vectors comes from those £ belonging to some nice subset of
h O, then we refer to that subset as the microlocal support of v; equivalently, it describes
where the distribution on g” given by a~(Opy,(a)v,v) is concentrated. A vector is then
microlocalized if its microlocal support is concentrated near a specific point.

These notions from microlocal analysis play a central role throughout the paper, so
we illustrate their content in a couple basic examples. Figure 1 depicts coadjoint orbits

for certain representations 7 of the groups

G=S0(3) and G=S0(1,2)=PGLy(R),
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Figure 1. Coadjoint orbits for (SO3,SO32).

respectively; in the latter case, m belongs to the holomorphic discrete series.(*) Each of
these groups contains the compact subgroup H=S0O(2). The circles drawn on the orbits
are level sets for the “z-coordinate” projection g*—h* dual to the inclusion h<= g
of Lie algebras. They divide the orbits into strips of equal symplectic volume, say of
volume 1, which correspond under the orbit method philosophy to the basis of 7 given
by H -isotypic weight vectors e, ; the strip should be regarded as the microlocal support
of the corresponding weight vector. We may normalize the weights n to be even integers
lying in

{ [k, K], if G=S0(3), (1.17)

(=00, —k—2]U[k+2,00), if G=S0(1,2)=2PGLy(R),

for some non-negative even integer k.

Let us now take k£ tending off to co, but simultaneously zoom out our camera by the
factor k, so that the above picture of the coadjoint orbit O, remains constant. Which
weight vectors should we then consider to be “microlocalized”? That is to say, for which
vectors does the “zoomed out” microlocal support concentrate within some small distance
of a specific point in the picture as k—o0? The strength of this notion depends upon
the definition of “small distance”, which can sensibly range from the weakest scale o(1)
to the Planck scale O(k~1/2).

Vectors of highest or lowest weight (etp or e4(x42)) are microlocalized, even at
the Planck scale, since the corresponding strips are concentrated near the “caps” of the
coadjoint orbit (i.e., the regions of extremal z-coordinate). By contrast, “typical” weight
vectors—such as the weight-zero vector eg in the representation of SO(3), corresponding
to the equatorial strip—are not microlocalized, even at the weakest scale. In particular,
weight vectors do not give an approximate basis of microlocalized vectors as in (1.13).
The partition of the coadjoint orbit corresponding to a microlocalized basis would instead

(1) The pictures were created using the online graphing calculator GeoGebra [Hoh].
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Figure 2. Rescaling to the nilcone.

have every partition element concentrated near a specific point.

Microlocalized vectors occasionally go in the literature by other names, such as
“coherent states”. They are extremely useful for the sort of asymptotic analysis pursued
in this paper. Among other desirable properties, their matrix coefficients behave simply
near the identity, and are as concentrated as possible; we discuss this phenomenon further
in §1.10.

In the body of this paper, we do not often refer explicitly to microlocalized vectors.
We instead work with them implicitly through their approximate projectors Opy,(a). We
hope that by phrasing the introduction in terms of microlocalized vectors, it may serve

as a useful guide to the ideas behind the arguments executed in the body.

1.8. Measure classification; equidistribution

In the discussion starting in §1.7, we allowed both 7 and h to vary simultaneously.
Let us suppose now that the representation 7 is held fixed, independent of the scaling
parameter h. As h—0, the rescaled coadjoint orbit h O, then tends to a subset of the
nilcone A'Cg”. Figure 2 depicts this for the coadjoint orbits corresponding to fixed
principal series representations of G=SO0(1,2)~PGL2(R). The operators Opy(a) are
negligible unless a is supported near N.

We thereby obtain in the h—0 limit a sequence

{functions N’ — R} O, {self-adjoint T € End(7)} — {measures on [G]}, (1.18)

where the final map sends T=3, v;®v; €End(m) =7 @7 to Y., |v;|*(z) dz, with dz the
chosen Haar measure on [G]. In §26, we implement this informal discussion rigorously
and construct a G-equivariant limit map from functions on N to measures on [G]. We
emphasize that this limit map is insensitive to the shape of the unscaled coadjoint orbit
O, whose role becomes replaced in the limit by a subset of the nilcone N.

A key observation is now that the limits of the measures on [G] obtained via (1.18)
may be understood using Ratner’s theorem. The application of Ratner is indirect, be-
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cause these measures themselves do not acquire any obvious additional invariance; rather,
they may be decomposed into measures having unipotent invariance.

Indeed, after suitably rescaling, we may describe the limiting behavior of the se-
quence (1.18) in terms of a G-invariant measure p on the product space N x[G]. Let
Nieg CN denote the regular subset; it is the union of the open G-orbits on the nilcone
N, and its complement N\ N,ee has lower dimension. We assume that 7 is generic,
or equivalently, has maximal Gelfand—Kirillov dimension (cf. §11.4.2); for instance, the
principal series satisfy this assumption. Then, the support of x intersects Nyeg X [G]. By
disintegrating the restriction of p to Nyeg X [G] over the projection to Nyeg, we obtain a
non-trivial family of measures pe on [G] indexed by £E€Nyeg. Speaking informally, we
may regard e as the h—0 limit of an average of L?-masses |v¢|?(z) dz taken over all
vectors ve microlocalized at £. In any case, each such measure p¢ is invariant by the
centralizer of the regular nilpotent element £. In favorable situations, an application of
Ratner’s theorem then forces the pe and hence p itself to be uniform.

This last paragraph mimics, in the context of Lie group representations, some of
the semiclassical ideas behind the construction of the microlocal lift. We discuss this
connection at more length in a sequel to this paper.

The argument just described gives a rich supply of families (v;);ec; of vectors v; €m

for which

2
Jigy vi ,
|2 W ~ 2 W, on average over i € [, (1.19)
/[G] vol([G]) Jig
for fixed continuous functions ¥ on [G]. Although the characteristic function of [H]C[G]
is not itself continuous, we may deduce an averaged form of (1.9) by applying a similar
argument to the derivatives of the functions obtained via (1.18) and appealing to the
Sobolev lemma. This approach may be understood as an infinitesimal variant of the

“period thickening” technique of Bernstein—Reznikov [BR1].

1.9. Branching and stability

Having indicated how we achieve the objective (1.9), we turn now to the problem of
producing (families of) vectors v which pick out the family F as in (1.8).

This is a quantitative version of the branching problem in representation theory: we
wish to understand not only how a representation of G restricts to H, but in fact the
behavior of individual vectors under the restriction process. Our approach is inspired by
the following basic principle of the orbit method: restricting m to H should correspond
to

disintegrating the coadjoint orbit O, along the projection g — h*. (1.20)
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For example, the distinction of ¢ by 7 should be equivalent, at least asymptotically, to

the existence of a solution to the equation

€l =m, (1.21)
with (£,7)€0, x O, Cg" xh".

The geometry of the projection (1.20) plays an important role in our argument, so
we devote a fair amount of space to studying it in a purely algebraic context (see §13,
§14 and §16). Of particular significance is the branch locus of (1.20), i.e., the locus where
the map O, —h”" induced by (1.20) fails to have surjective differential. Many features of
our analysis break down near this branch locus.

We recall, from geometric invariant theory, that £ €g” is called stable if the following
conditions are satisfied (see §14 for details):

e ¢ does not lie in the branch locus; equivalently, ¢ has trivial h-stabilizer;

e ¢ has closed H-orbit, where H is the algebraic group underlying H.

This notion plays a fundamental role in our paper, and appears to be analytically
significant: the complement of the stable locus is where the analytic conductor C(mx &)
of the Rankin—Selberg L-function L(7x,s) drops (see §15.4).

For instance, in the basic examples depicted in Figure 1, with Ge{SO(3),50(1,2)}
and H=S0(2), the coadjoint orbits for H are just singletons {n}, corresponding to 1-
dimensional representations, and the equation (1.21) says that £ should have z-coordinate
given by 7; in other words, the solutions to (1.21) are the horizontal slices shown in the
diagram.

The stable case, in Figure 1, is when £ is not at the north or south poles of the
sphere. Note that the group H=S0(2) of rotations fixing the z-axis acts transitively on
any circle in O, with z-coordinate 7, and freely away from the poles. This is a general
pattern: the set of solutions to (1.21)—if non-empty—admits a diagonal action by H,
which is simply transitive in the stable case (cf. §14.3 and §17).

Figure 3 depicts the coadjoint orbit of a principal series representation 7w of G=
SO(1,2)=PGLy(R), with H being the diagonal subgroup SO(1,1)2GL;(R). One sees

again that H acts simply transitively on generic fibers (i.e., away from the “cross”).

1.10. Analysis of matrix coefficient integrals; inverse branching

Having set up the necessary preliminaries regarding the geometry of orbits, we return to
the problem of producing (families of) vectors v which pick out the family F as in (1.8).
The solution involves several steps which may be of independent interest:

[

(i) We prove in §19 some asymptotic formulas for ||pr, (v)||*, on average over v, when

the pair (7, o) is tempered and the infinitesimal characters of m and o satisfy a stability
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Figure 3. H-orbits on the one-sheeted hyperboloid.

condition (see §14.2 for the exact definition). In more technical terms, we compute
asymptotically the Fourier transform of relative characters in a small neighborhood of
the identity. The asymptotic formulas readily give a solution (§22) to the inverse problem
of producing (families of) v approximating a given function o+ |pr, (v)||>. The proofs
depend heavily upon the operator calculus discussed in §1.7.

(ii) We must estimate the “undesirable” contributions to (1.5) coming from o which
are either non-tempered, non-stable or of “high frequency”. The proofs (see, e.g., §22.3
and §29) apply the operator calculus. We refer to §28 for some discussion of the relevant
subtleties.

As illustration, let us indicate how the methods underlying steps (i) and (ii) address
the analytic test vector problem for a tempered pair (m, o) in the stable case, i.e., away

from conductor-dropping. Informally speaking, that problem is to find
“nice” vectors v € m and u € o for which the local period |(pr, (v),u)|? is “large”.

Solutions to this problem have appeared in period-based approaches to the subconvexity
period (see, e.g., [MV, §3.6.1], [NPD2, §2.17.1], [BR2], [Re], [DN], [B]], [NPD1, Re-
mark 50], [HNS, Theorem 1.2]); the point is that the period formula (1.7) and a “trivial”
estimate for the global period f[ ) VU often suffice to recover the convexity bound for
L-function, suggesting the possibility for improvement in arithmetic settings via Hecke
amplification.

The problem reduces to a robust understanding of the asymptotics of the local
periods, which may be expressed in terms of matrix coefficient integrals as follows (see
§18):

[(p, (), u)|? = / (ool (1.22)

Such integrals had previously been estimated in some low-rank examples (see, e.g., [Wa],
[Wo], [BR2], [NPS], [FS2], [FS1]) via explicit calculation.
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To analyze (1.22), first decompose as in §1.7 to reduce to the case that v and u are
microlocalized at some elements £€h O, and n€h O, of the rescaled coadjoint orbits. If
¢ and 7 do not satisfy (1.21), at least up to some small error, then the resulting integral
is readily seen to be negligible.

We thereby reduce to giving an asymptotic expansion for (1.22) when v and u
are microlocalized at a stable solution (£,7) to (1.21). One of the main local results
of this paper (§19) establishes such expansions after averaging over small families of
microlocalized vectors, of cardinality O(h™¢) for any fixed e>0 . Such averages are
harmless for the applications pursued here; we note that the basic technique applies
also in p-adic settings, where such averages may often be omitted (see [HNS, §3] for
illustration in a basic example). Our expansions give in particular a solution to the
test vector problem (modulo taking small averages), which appears to be new even in
some low-rank cases (e.g., for discrete series representations in the triple product setting
H=GLy(R)<G=GLy(R)?).

We summarize the proof of the local result just described. The stability hypothesis
ensures that, if a group element s€ H is not too close to the identity, then it moves any
solution to (1.21) a fair bit (cf. §19.7 for details), so the microlocal support of the pair
of vectors 7(s)v and o(s)v is disjoint from that of v and u, and so the matrix coefficient
integrand in (1.22) is negligible. We may thus truncate the integral (1.22) to the range
where s is small. We evaluate the contribution from this range asymptotically (§19.5),
after a small average over v and u, by applying the Kirillov formula for 7 and o. The
application involves some pleasant book-keeping (§16 and §17) concerning disintegration
of volume forms (e.g., of dw on O under O, —h" JH).

The methods described here are more than adequate to produce families of v which
pick out the fairly coarse families F required by our motivating application; see §22. We
hope that they will be useful in many other problems involving asymptotic analysis of
special functions arising from representations of higher-rank groups. There are several
avenues for extending our methods further. For instance, it seems to us an intriguing

problem to obtain analogous asymptotic expansions in non-stable cases.

1.11. Comparison with other work

We briefly discuss the relationship of the ideas of this paper to some others:

(i) The general philosophy that equidistribution results lead to mean value theorems
for L-functions was advocated in [Ve], but the source of the equidistribution in this paper
is quite different from that in [Ve]. The latter dealt exclusively with translates of a given
vector by a large group element, which do not pick out sufficiently flexible families to be
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useful for the higher-rank applications pursued here.

(ii) Bernstein and Reznikov initiated the systematic application of identities such
as (1.7), with a carefully chosen vector, to the estimation of branching coefficients (on
average or individually). Their ideas have deeply influenced our basic strategy (§1.6).

(iii) The orbit method [Ki2] is very well known in the representation theory of Lie
groups and widely used in the algebraic side of that theory. It is particularly satisfactory
in the nilpotent case [Kil], [ShTs]. However, it does not seem to have been used much
in the way of this paper—that is to say, developed quantitatively along the lines of
microlocal analysis and used as an analytical tool. One example where it has been
applied in such a context is the asymptotic analysis of Wigner 65 symbols; see [Rob]. We
hope it will be useful in many other contexts like this.

Although we have focused on applications to the averaged Gan—Gross—Prasad pe-
riod, we hope that the ideas and methods of this paper, especially those related to the
orbit method, should be helpful in a broader class of problems involving analysis of

automorphic forms in higher rank.

1.12. Reading suggestions

The reader might wish to peruse Part I and then to skip directly to Part V, referring

back to earlier results as needed.
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1.14. General notation and conventions

We collect these here together for the reader’s convenience. We have attempted to include

reminders where appropriate throughout the text.

1.14.1. Asymptotic notation

We write X=0(Y) or X<Y or Y>> X to denote that |X|<c|Y]| for some quantity ¢
which is “constant” or “fixed”, with precise meanings clarified in each situation. We
write X <Y to denote that X <Y <« X. “Implied constants” are allowed to depend freely

upon any local fields, groups, norms, or bases under consideration.

1.14.2. The asymptotic parameter h

Throughout this paper, the symbol h will denote a parameter in (0, 1]. Whenever we use
this notation, there will always be an implicit subset HC (0, 1] in which the parameter h
takes values; this subset will usually (but not always) be a discrete set with 0 as its only
limit point, reflecting, e.g., the wavelength scale of a family of Laplace eigenfunctions.

We always require the implied constants in any asymptotic notation to be indepen-
dent of h. We use notation such as O(h*) to denote a quantity of the form O(h™) for
any fixed N.

By an “h-dependent element” s of some set S, we mean an element that depends,
perhaps implicitly, upon the parameter heH, thus s=s(h). We might understand s
more formally as an assignment H—.S, h—s(h). For instance, an h-dependent positive
real c=c(h)€R is a map H—RY. The parameter h itself may be understood as an
h-dependent positive real, corresponding to the identity map. The terminology applies
even if the set itself varies with h, thus S=S5(h); an h-dependent element of S is then an
element of the Cartesian product [, S(h).

1.14.3. Translating between h-dependent and absolute formulations

The results stated in this paper in terms of h-dependent elements can often be refor-
mulated quantitatively for individual h. Namely, a theorem formulated in terms of an
arbitrary h-dependent sequence 7, is formally equivalent to an “absolute” statement valid
for all 7 and all he (0, 1]. More frequently, we encounter theorems involving an arbitrary
h-dependent sequence my, of representations and an h-dependent sequence fy of func-
tions which remain bounded with respect to certain norms, where the norms themselves

are typically h-dependent. Such theorems may likewise be reformulated as quantitative
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bounds valid for all w, f and he (0, 1]. We illustrate this translation in Remark 6.4. As
one sees in this example, the resulting absolute statements are more explicit but less

succinct. For this reason, we have usually preferred the h-dependent formulation.

1.14.4. Groups

Let k be a field of characteristic zero. We denote by k an algebraic closure of k.

We generally denote by X the set of k-points of a k-variety X (and vice versa, if X
is clear by context). We identify X with X when k=k.

By a reductive group G over k, we will always mean a connected reductive algebraic
k-group G. The set G of k-points of G is then Zariski dense (see [Bo2, Corollary 18.3]).

We will frequently use restriction of scalars to regard reductive groups over C also
as reductive groups over R.

For an algebraic k-group G, we denote by G, g and g* the respective sets of k-points
of G, of its Lie algebra, and of the k-dual of its Lie algebra. The group G acts on g
and g*. Recall that an element of one of the latter spaces is regular if its orbit has
maximal dimension, or equivalently, if its centralizer has minimal dimension. We use a
subscripted “reg” to denote subsets of regular elements.

Suppose now that G is an algebraic group over an archimedean local field F', thus
F=R or F=C. We may then regard G as a real Lie group; complex Lie groups do not
play a role in this paper.

For a Lie group G, we write g for its Lie algebra and g” for the Pontryagin dual
of g. We identify g” with ig* (see §2.1 for details).

1.14.5. Unitary representations

Let G be a reductive group over a local field k of characteristic zero. As above, we
denote by G the group of k-points of G. By definition, a unitary representation 7 of G
is a Hilbert space V equipped with a strongly continuous homomorphism 7 from G to
the group of unitary operators on V. In Part I, Part IT and Appendix A, we commit the
standard abuse of notation by writing = for the Hilbert space V; we then denote by 7>
the subspace of smooth vectors (where in the non-archimedean case, “smooth” means
“open stabilizer”). In §18, §19, Part IV and Part V, it will be convenient instead to write
7 for the subspace of smooth vectors in V. It will occasionally be useful also to confuse

“unitary” with “unitarizable”. The reader will be reminded locally of these conventions.
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1.14.6. Topologies on vector spaces

When given a vector space V defined as the subset of some larger space V on which some
[0, +00]-valued seminorms take finite values, we define I(V') to be the set of restrictions
to V of those seminorms, and equip V' with its evident topology: that for which an open
base at vp€V is given by the sets {veV:||lu—wvyl|;<e for all i€ M}, where e runs over the
positive reals and M over the finite subsets of I(V). In all examples we consider, the

seminorms will separate points, so V' will be a Hausdorff locally convex space.

Ezample 1.2. This discussion applies to V=C(U), for U an open subset of R™,
taking for I(V') the set of pairs (K, D), where K CU is compact and D is a differential

operator (with smooth coefficients, say) on R"™, with
| fll(x,p) = sup [Df(z)|.
reK

It applies also to the Sobolev spaces 7°, s€ZU{oo}, defined below (§3.2) for a unitary

representation 7 of a Lie group.

Unwinding the definitions, a linear map 7: V —W between two spaces so equipped
is continuous if for each jeI(W) there is a finite subset M CI(V') and a scalar C'>0 such
that

ITol; <C > vl forallveV, (1.23)
ieM
while a family of such linear maps T,:V —W is equicontinuous if, for each j, we may
choose M and C uniformly with respect to the family’s indexing parameter a. We might
also describe the latter situation by saying that Ty, is continuous, uniformly in «.

We can make an analogous definition even if the spaces themselves vary, provided
that the indexing sets for their seminorms admit natural identifications. Thus, suppose
T,: Vo —W, is a family of linear maps between spaces as above, and suppose also given
identifications I(V,)=1(V3) and I(W,)=I(W3) for all @ and 8. We may then speak as

above of T, being continuous, uniformly in «.

Ezxample 1.3. Fix a Lie group G and an element x of its Lie algebra. As 7 varies
over the unitary representations of G, the family of operators 7> —n defined by =z is

continuous, uniformly in 7.

Let V be a vector space arising as the increasing union of a sequence of topological

vector subspaces V,,, as above, with continuous inclusions.

Ezample 1.4. C*(U), for U as in Example 1.2, can be described in this way, as can
the space ==, ., 7° of distributional vectors defined below (§3.2).
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By the evident topology on V', we then mean the “locally convex inductive limit”
topology, which may be characterized in either of the following ways:

(i) it is the finest for which the inclusions V,, < V are continuous;

(ii) for every locally convex space T', the continuous maps V' —T are precisely those
that restrict to continuous maps V,,, =T for each m.

Given another space W as above, we say that a family of maps Ti,: V—W is contin-
wous, uniformly in « if for each m, the family of restrictions T, : V,;, —+W has the property
explained above.

We consider several examples (§4.5, §5.4 and §12.1) of vector spaces V consisting
of “h-dependent vectors in a varying family of vector spaces, equipped with the evident
topology”. More formally, suppose given:

e h-dependent vector spaces V (h);

e an indexing set Z for h-dependent seminorms on V'(h); thus, for each i€Z, we are
given an h-dependent seminorm i(h): V' (h)—[0, co].

Let V denote the subspace of the Cartesian product [[, V(h) consisting of h-

dependent vectors v=v(h) for which the seminorm

Vi = Sup l[v(m)lin) (1.24)

0]

is finite for each 1€Z. We then topologize V' by means of these seminorms.

Still in the situation just described, suppose given an h-dependent positive real
¢>0. We denote by ¢V the image of V'C[], V(h) under the bijection v+—cv=c(h)v(h),
equipped with the seminorms and topology transported from V' via this bijection. Thus,
an h-dependent vector v=v(h)€V (h) belongs to cv if every seminorm

[vllev,i = sup [le(h) ™ o(h)]lim)
he(

is finite. For instance, we may speak of the space h'®V; it is the image of V under
multiplication by h'®. We denote by h® V' the intersection M, 1"V, topologized in the
evident way. In practice, h®™ V consists of h-dependent vectors which are “negligible” in
the h—0 limit.

Ezxample 1.5. Let V be a finite-dimensional real vector space. We topologize the
Schwartz space S(V'), as usual, by means of the seminorms f+||Df|| L~ indexed by the
polynomial-coefficient differential operators D on V. Per the above conventions, h"” S(V)
is the space of h-dependent Schwartz functions f= f(h) whose seminorms satisfy, for each

D as above,
81}11p h™ |Df(h)||pe < 0.

We apply this notation even when n=0; elements of h’S(V) are then h-dependent

Schwartz functions whose seminorms are bounded uniformly with respect to h.
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1.14.7. Miscellaneous

For an element £ of a normed space, we often write

(€)= (1+1E)2.

This quantifies the size of &, but is never smaller than 1.
When we have equipped some space X (e.g., a group G as above) with a “standard”

measure /i (e.g., a Haar measure), we often write [

cx f(x) as shorthand for the integral
Jex f(x) du(x) taken with respect to the standard measure.

We extend addition to a binary operation + on the extended real line RU{z+o0},
given by

and in other cases in the obvious way; this extension is used starting in §4.5.

Part I. Microlocal analysis on Lie group

representations I: definitions and basic properties

Let G be a unimodular Lie group over R, with Lie algebra g. Let m be a unitary
representation of G. This part (Part I) and its sequel (Part II) will study the basic
quantitative properties of an assignment Op from functions on the dual of g to operators
on . We will describe the contents of both parts here; we suggest that the reader peruse
Part T and consult Part I as needed.

§2-85 and their sequels §7—88 concern aspects of this assignment which apply to
any unitary representation m, such as 7=L?(G).(*>) Their results may be equivalently
formulated in terms of the convolution structure on L!(G), and more generally on spaces
of distributions supported near and singular only at the identity element. In particular,
all estimates in these sections are uniform in .

In §9, we record some preliminaries concerning the relationship between representa-
tions of real reductive groups and their infinitesimal characters. These are relevant for
us because our main result concerns averages over automorphic representations having
infinitesimal character in a prescribed region.

86 and its sequel §12 establish finer properties of Op for G reductive and 7 irreducible
and tempered. The relevant consequence of these assumptions is the Kirillov-type for-

mula.

(?) It may be possible to reduce from the general case to this particular one and then to appeal to
the pseudodifferential calculus as in [T, Proposition 1.1], but doing so does not seem to yield an overall
simplification, so we have opted instead for a direct and self-contained treatment.
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We note that §19 in Part IIT applies the results of Part I to determine (under
certain assumptions) the “asymptotic decomposition” of Op under restriction to certain
subgroups.

The contents of Part I may be understood as generalizations of standard results
in the theory of pseudodifferential operators (see [Hor], [Beal] and references), which
corresponds roughly to the case in which G is 2-step nilpotent. We note some minor
differences:

(i) The exponential map is neither injective nor surjective for the groups G of interest
to us, so we work within a fixed small enough neighborhood of the identity element of G.

(ii) The Baker—Campbell-Hausdorff formula is much simpler when G is 2-step nilpo-
tent; for the G of interest, it contains arbitrarily nested commutators. It was not obvious
to us at the outset whether this would present an obstruction.

(iii) The appropriate way to generalize the standard operator classes in the theory
of pseudodifferential operators was not obvious to us; Definition 3.1, given in §3, took
some work to identify.

We note that the x-product implicit in our operator calculus on the Lie algebra
has been previously considered by Rieffel [Ri], who observed that it gives a deformation
quantization of the Poisson structure. As Rieffel observes in [Ri, p. 658]: “At the heuristic
level, our results also mesh nicely with Kirillov’s orbit method for the theory of group
representations, and perhaps the connection can be made stronger”. The results of this
paper concerning the operator calculi may be seen as steps in this direction. We mention
also the work of Cahen and B. Harris (see for instance [Cah], [HarB]).

Notation

We denote by 7°° <7 the (dense) subspace of smooth vectors, by 4l the universal envelop-
ing algebra of gc, and by m: U—End(7>°) the induced map. For ueil, we occasionally

write simply u instead of m(u) when it is clear from context that u is acting on 7.

2. Operators attached to Schwartz functions

We define here the basic construct of the microlocal calculus on representations: an
assignment from Schwartz functions on the dual of the Lie algebra to operators. See
(1.14) and surrounding discussion for motivation. We extend and refine this assignment

in later sections.
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2.1. Measures, Fourier transforms, etc.

We fix an open neighborhood G of the origin in the Lie algebra g, taken sufficiently small.
In particular, exp:G—G is an analytic isomorphism onto its image.

We choose Haar measures dg on G and dx on g satisfying the following compatibility:
for xeG and g=exp(z), we have dg=j(z)dx, where the analytic function j:G—Rsq
satisfies j(0)=1.

Since G is small, the image j(G) is a precompact subset of Ryg. We assume also
that —x€G whenever x€g.

We use the letters {x, y, z} for elements of g and {&, n, (} for elements of its imaginary
dual ig*:=Homg (g, :R). We denote the natural pairing by z&:=£x:=¢(x)€iR.

Recall that g =Hom(g, C(")) denotes the Pontryagin dual. We identify ig* with g"
via the canonical isomorphism &~ [z++e%¢]; we will find it clearer to work with g" for
analytic purposes, ig* for algebraic purposes. In particular, we identify g with the space
of iR-valued linear functions on g”.

We write S(...) for the Schwartz space. We equip g" with the Haar measure d¢ for
which the Fourier transforms S(g)3¢—¢"€S(g") and S(g")>a—a” €S(g) defined by

" (€) ::/e p(x)e** dr and a(z) ::/5 a(€)e™ " d¢

egh
are mutually inverse.
We let G act on g by the adjoint action g-z:=Ad(g)z, on g"=ig* by the coadjoint
action x(g-€):=(g~1-x)&, and on functions f on either space by g-f:=f(g~* —).

2.2. The basic operator map

For a neighborhood G of the origin in g as above, we let X(G) denote the set of all
“cut-offs” x€C*(G) with the following properties:

(i) x is even: x(z)=x(—=z) for all z;

(ii) x(x)€[0,1] for all z; in particular, x is real-valued;

(iii) x(x)=1 for all x in some neighborhood of the origin.

For G as above, xe X(G) and a€S(g"), we define the bounded operator

Op(a, x:m) € End(7)

by the formula
Op(a, x:m)v ::/ x(z)a" (z)m(exp(z))v dz. (2.1)
reg
We abbreviate Op(a, x):=Op(a, x:7) when 7 is clear from context. Starting in §5.4, we
further abbreviate Op(a):=0p(a, x)-
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Recall that h denotes a parameter in (0, 1]. For a as above, we define the rescaled

function ay,(€):=a(h§) and the correspondingly rescaled operator

Opy (@, x) = Op(an, x) = / x(hz)a” ()m(exp(hz)) d. (2.2)
reg

As informal motivation for this definition, recall from (1.15) the desiderata that
Opy,(a)v=a(§)v
for vem microlocalized at £€g”, i.e., for which
m(exp(hz))v ~ e v

whenever |z|< 1. Indeed, since a"(z) is small unless |z|<1, in which case y(hz)=1, we
see from (2.2) that

Opy (a, x)v ~ ( / s d:c) v=a()v.

2.3. Adjoints

Our assumptions on x imply that the adjoint Op(a,x)* of Op(a,yx), regarded as a
bounded operator on 7, is given by Op(a, x).

2.4. Equivariance

Let a€S(g"), g€G and xyeX(G).
Assume that Ad(g)supp(x)CG. Then, g-x€X(G), and we verify readily that

7(9)Op(a, x)7(9) " =Op(g-a,g-x).

2.5. Composition: preliminary discussion
For feC(G), we define w(f)€End(r) by
T(flvi= flg)m(g)vdg.
geG

Then,
m(f1)7(f2) =7 (fi*f2), (2.3)
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where * denotes convolution. This fact unwinds to a composition formula for Op(a, x):
Suppose given a pair of open neighborhoods G and G’ of the origin as above and
cut-offs x€X(G) and x'€X(G’) for which the following conditions hold:
(i) exp(G) exp(G) Cexp(G’), so that we may define x: GxG—G' by

xxy :=log(exp(z) exp(y)).

(ii) x'(z*y)=1 for all z,yEsupp(x).
Let us denote temporarily by ¢+ f the topological isomorphism

C(G) — O (exp(9))

defined by the rule f(exp(z)):=¢(x)j(z)~t. Then, f(g) dg is the push-forward of ¢(x) dz,
and so

w(f) = / o(2)m(exp(x)) da.
reg

We may define continuous bilinear operators x on C2°(G), and then on S(g"), by requiring
that the diagram
C2*(exp(G))? —— CZ(exp(d"))

R
R

o] Foo
() ———— C(G)

arsxa” prsp”

S(g")? ——— 8"
commute. The top arrow is defined thanks to (i). The middle arrow may be described

conveniently in terms of the Fourier transform: for ¢, 2 €C°(G) and (€g”,

/ o1 *gbg(z)ezc dz= / o1 (m)gbg(y)e(g“‘y)C dx dy. (2.4)
zEg T,YyEQg

(Indeed, by definition, ¢1*¢2(z) dz is obtained from ¢1(z)p2(y) dz dy by pushing forward
to the group, convolving, and then pulling back to the Lie algebra; testing this definition
against zr»e*¢ gives (2.4).) The bottom arrow, which we refer to as the star product, is

given by a;*as=(xay*xay)”". Note that x depends upon y.

LEMMA 2.1. For ay,a2€8(g"),

Op(a1, x)Op(az, x) = Op(ar*az, x'). (2.5)
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Proof. Set ¢;:=xay €C(G), and let f;€C>(exp(G)) be as associated above. The
identity (2.5) follows from (2.3) upon unwinding the definitions and noting that x’=1 on
the support of xayxxay . O

We also have the rescaled composition formula
Opy(a, x)Opy (b, x) = Op(axubd, x'),
where the rescaled star product axyb is defined by requiring that
(a*pb)h = an*by.

We note that * is recovered from x, by taking h=1.

3. Operator classes

The operator map (2.1) has been defined for functions a belonging to the Schwartz space
of g". We want to extend it to other functions, e.g., functions a that are permitted
polynomial growth at oo. In that case, Op(a) is no longer a bounded map 7 — m; rather,
it behaves more like the (densely defined) operator on 7 induced by an element of the
universal enveloping algebra.

Motivated by this, we define certain classes of densely defined operators on . These
classes will eventually serve as the target of Op, after we extend its definition to various

symbol classes.

3.1. The operator A and its inverse

Let us fix a basis B:=8B(g) of g, and set

A::AG:=1—Zx2€u.

zeB

We will often confuse A with its image 7(A)€End(7n>). It has the following properties:
(i) It induces a densely-defined self-adjoint positive operator on 7 with bounded
inverse A~! (see [NS]). The operator norm of A™1 is <1.
(ii) For n>0, let D(A™)Cr denote the domain of the densely-defined self-adjoint
operator extending m(A"). Then, 7=, D(A") (see [NE, Corollary 9.3]). Conse-
quently, A~! acts on 7.
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3.2. Sobolev spaces

For s€Z, we define an inner product (—, —),s on 7 by the rule
<1)1, ’l)2>ﬂ-s = <AS’U1, U2>.

We denote by 7° the Hilbert space completion of 7°° with respect to the associated norm

1/

2 . . : : .
||| 7= :=(v,v),%". These norms increase with s, and so, up to natural identifications,

T :mﬂs G R P i P ol 2:U7T8.
S S

These spaces come with evident topologies (§1.14.6).
The inner product on 7 induces a duality between 7° and 7—°.

We note that, for each s€Zx, there exist Cs>c;>0, depending upon B, such that

200 >0l | P < Cuu] (3.1)

r=0 z1,....z,€8B

A

(see, e.g., [NE, proof of Lemma 6.3]).

3.3. Definition of operator classes

By an operator on w, we mean simply a linear map T: 7> —7n~>°. For each z€g, the

commutator

is likewise an operator on 7. Indeed, by (3.1), we have for s>1 that 7(z): 7*—m*~1. By
duality, it follows that 7(x):7!~*—7~*%. In particular, 7(z) acts on both 7 and 7=,
so both compositions w(z)eT and Tom(x) are defined.

The map z+—0, extends to an algebra morphism ${— End({operators on 7}), de-

noted u—#6,. For example, for z1,...,x,€g,

eﬂﬂlmrn (T) = [ﬂ(‘rl)a [7‘((562), I3) [W(J}n), T“]

Definition 3.1. For meZ, we say that an operator T on 7 has order <m if, for each

s€Z and uell, the operator 0, (7T) induces a bounded map
0., (T): m° —> 7.

Remark 3.2. When 7 is a standard representation of a Heisenberg group, this defi-
nition is closely related to Beals’s characterization [Bea2] of pseudodifferential operators.
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We denote by U™:=U™(7) the space of operators on 7 of order <m, by ¥~>°:=
M, ¥ the space of “smoothing operators”, and by ¥>:=[J, ¥™ the space of “finite-

order operators”. Then,
Y= C..cymlcymcymtlic. . Ccu™, (3.2)

These spaces come with evident topologies (§1.14.6); thus, for meZ, the relevant semi-
norms on U™ are T'— |6, (T)]

7o ms—m, taken over s€Z and u€il. The inclusions (3.2)
are continuous.
We note that ¥™ depends, implicitly, upon the group G which we regard as acting

on .

3.4. Composition

Observe that finite-order operators act on the space of smooth vectors, i.e.,
U C End(7).

We may thus compose such operators.

LEMMA 3.3. For my,ma€ZU{xo0}, composition induces continuous maps
Y P2y gt
b

where, as usual, co+(—00):=—00.

Proof. For T; U™ ToeW¥™2 and uell, we may write 6, (T1T») as a sum of expres-
sions 0y, (T1)0y, (T2) with ui, us€il. For s€Z, the compositions of bounded maps

o Ouy (T2) S—m2 Ouy (T1) ST m—me

are bounded, and so 6, (71T») induces a bounded map 7% —w°~™~™2 ag required. [

3.5. Differential operators
It is easy to see that ¥ contains the identity operator. We record some further examples.

LEMMA 3.4. Let meZ. Then
o T(A)meyIm;

o (xy...xm)EY™ if m>=0 and x1,...,2m €.

The proof is elementary but somewhat tedious, hence postponed to §8.5.
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3.6. Smoothing operators
LEMMA 3.5. An operator T on  belongs to W~ if and only if, for each N€Zxy,
the operator ANTAN induces a bounded map m—m. The corresponding seminorms
T+ [|ANTAN | r
describe the topology on W~°,
Proof. This follows readily from (3.1) and the definitions. O
LEMMA 3.6. For feCX(G), one has w(f)eV™>°, and the induced map
CX(G)— o™
18 CONLINUOUS.

Proof. Set f':=ANxf+xAN. We note that AN7(f)AN =7 ('), |7(f)lxor <If |1,
and that the map f— f" on C$°(G) is continuous. O

4. Symbol classes

As promised, we now define various enlargements of the Schwartz space; we will later
extend Op to these spaces.

We also study the behavior of the star products x and *y,, defined above, on these
enlarged spaces. Eventually, under Op, these products will be intertwined with operator

composition.

4.1. Multi-index notation

Temporarily, denote by n:=dim(G) the dimension of the underlying Lie group. For
convenience, we choose a basis for g. This choice defines coordinates g3z (21, ...,z,) €
R™ and g"3&— (&1, ..., &n) €IR™ for which z€=xz1& +...+xpén.

)

For each “multi-index” a€Z%, we set
ol =a1+...4ay, o=l a,l, %=z . xyreR, £¥:i=£.60n cil*R.
We define the differential operators 9% on C*°(g”) and on C*°(g) by requiring that
(0%a)”(z)=2%"(x) and (0°¢)"(§)=(-¢)"¢"(¢) (4.1)

for acC>(g") and ¢p€C>(g); the formal Taylor expansions then read

(=Y S 00a(Q) and o)=Y Torale)

e}

We fix norms | -| on g and g”. Recall that we abbreviate (£):=(14|¢[?)'/2.
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4.2. Formal expansion of the star product

Let *, x and %, be as in §2.5. We define the analytic map {-, - }: GxG—g to be the “re-
mainder term” {z,y}:=x*y—x—y in the Baker-Campbell-Hausdorff formula. It follows
then from (2.4) that, for a,beS(g"),

axb(() = / 0¥ ()b (4) e VBV () x () dar dy. (42)
z,ycg

The factor el®¥} cC() defines an analytic function of (z,y,¢)€G x G x g, and so admits
a power series expansion
elov} = Z ca/gvx“yﬂ@. (4.3)
B,y
The estimate {z,y}=0(|z||y|) controls which monomials 2%y%(" actually appear
in this expansion. Using superscript to indicate degree, the terms appearing are 1, then
x"y*Ct, r,s>1, then 2"y*C%, r,5>2, and so on. In particular, x%yC¢ appears only if
j=a+b—c is a non-negative integer, and each j corresponds to finitely many terms.
By grouping the right-hand side of (4.3) in this way, substituting into (4.2) and
casually discarding the truncations y, we arrive at the formal asymptotic expansion

axb~Y " axlb, (4.4)

J=20

where %7 is the finite bidifferential operator on C*°(g") defined by

axIb(C) = > CaprCT0%a()0PD(C). (4.5)
By
| +1 B8] =|vI=4
[v|<min(|al,|8])
max(|al,|8])<d
(We have introduced some redundant summation conditions for emphasis.) The operator
xJ has order <j with respect to both variables and is homogeneous of degree j with
respect to dilation, i.e.,

(Zh*j bh = hj(a*j b)h,

thus (4.4) and (4.5) suggest the rescaled formal expansion

axpb~ Y bl axlb. (4.6)
j=0

The leading term is ax’b=ab (pointwise multiplication of functions), while the next term
ax!b is a multiple of the Poisson bracket (cf. Gutt [Gu] for explicit formulas for general j).
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4.3. Basic symbol classes

Definition 4.1. Let meR. We write S™ for the space of smooth functions a: g* —C
so that for each multi-index a there exists C, >0 (depending upon a) so that, for all
feg”,

|0%a(§)| < Ca &)™ 1, (4.7)
where, as usual, (£)=(1+|¢[?)"/2. We extend this definition to m=—co by taking in-
tersections and to m=+oc by taking unions. We refer to elements a€S™ as symbols of

order <m.
We equip S™ with its evident topology (§1.14.6).

Ezample 4.2. If meZy, then a polynomial of degree <m defines an element of S™.

The space S~ coincides with the Schwartz space S(g").

For finite m, we may characterize the elements a€.S™ informally as those which
oscillate dyadically and are bounded by a multiple of (£)™. To see why this is the
case, take m=0 for concreteness. For R>1, the estimate (4.7) says that the rescaled
function £—a(RE) is smooth, with fixed bounds for all derivatives inside the dyadic
annulus 1<[£]<2. In fact, it is bounded by Cy, its derivatives bounded by max|4|—1 Ca,

its second derivatives bounded by max|,|—2 Cy, and so on.

4.4. h-dependent symbol classes

We encourage the reader to skim this section, and all further discussion of h-dependent
symbol classes, on a first reading; these classes will be exploited in the proofs of our core
technical results (Parts IT and IIT), but not in their applications (Parts IV and V).

Recall that h denotes a small positive parameter, and that symbols in S™ oscillate
on dyadic ranges. We will occasionally need to consider symbols that vary in a controlled
manner with h and oscillate on slightly smaller than dyadic ranges.

Recall (§1.14.2) that an h-dependent function a:g"—C is a function which depends,
perhaps implicitly, upon h:

a(§) :=a(&;h).

We still denote, as before, by ay, the rescaled h-dependent function

an(§) :=a(h§) =a(hg;h).

Definition 4.3. Let meR, §€[0,1). Let a: g" —C be a smooth h-dependent function.
We write

a€eS§"
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if for each multi-index « there exists C,, >0 such that, for all £eg” and he (0, 1],
[0%a(€)] < Co b0 (g)m 1o, (4.8)

For instance, a€Sy" means that

e a(-;h) belongs to S™ for each h;

e the constants C,, defining the membership a(-;h)€S™ may be taken independent
of h.

Informally, S consists of elements which oscillate at the scale £+O(h®(€)) (see §7.6
for details); it is obtained from Sg* by “adjoining smoothened characteristic functions of
balls of rescaled radius h®”. As explained below, § :% corresponds to the Planck scale.
The most important range for us is when d€ [0, §); taking 6=0 means we work at dyadic
scales, while taking ¢ close to % means we work “just above the Planck scale”.

We write S§*(g") when we wish to indicate explicitly which Lie algebra g is being
considered. We extend the definition to m=400 as before, and equip these spaces with
their evident topologies. We note that, as m and J increase, the spaces S§* are related
by continuous inclusions.

We may combine the notation S§* introduced here with the notation h” V introduced
in §1.14.6 to obtain the space

b Sy,

consisting of smooth h-dependent functions a: g" —C satisfying
[0%a()] <" Co ™"l

Ezample 4.4. Fix feC®(Rso) (independent of h) and define the h-dependent ele-
ments a,be C(g"\{0}) by the formulas

=1 () e b =n (e

Then, a belongs to S; > and b belongs to h‘sS’a‘X’, but not in general the other way

around.

For a treatment of h-dependent classes in the setting of microlocal analysis on man-

ifolds, we mention [Kiis].

4.5. Basic properties

Pointwise multiplication defines continuous maps

(=) S X §™2 — gt me,
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where, as usual, co+(—00):=—00. For any multi-index «, differentiation and monomial-

multiplication give continuous maps

9% 5™ — gmlel,

£ S — gmtlal,
For the h-dependent classes, we have analogously

_ ). gmi ma mi+ma
( ): S5t % Sy, ’Smax((sl,[sz)v

9%: Sy —»h~dlel gm=lel, (4.9)

£ 8y — SyrHlel

with notation as in §4.4.

4.6. Star product asymptotics

Using the properties of «7 indicated in §4.2, we verify readily that

*: M x §™M2 oy Gt me = (4.10)

K S Sy 20 gt (4.11)

From (4.10), we see that the expansion (4.6) of the star product converges formally with
respect to the symbol classes S™. From (4.11) and its proof, we see that the same holds
for S§* if 6< %, but not if 6> % Indeed, if the symbols a and b oscillate substantially at
scales finer than about h'/ 2 then the summands in the formal expansion > >0 h? axib
do not decay as h—0 and j—o0. The scale h'/? is thus the natural limit of our calculus,
corresponding to the “Planck scale”, or in the language of §1.7, to projections onto
individual vectors; we discuss the latter point further in Remark 6.6.

These observations may motivate the following result.

THEOREM 4.5. (i) There is a unique continuous bilinear extension
*: 5% % % — 5 (4.12)

of the star product *, defined initially on Schwartz spaces as in §2.5. It induces continuous
bilinear maps
x: 87 x 82—y Gmatme (4.13)

and, for d€ [O, %),
*h: S5 X SF — S§“+m2.
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(il) Fiz J€Zso. If a€S™ and beS™2, then

axb= Z ax’b mod SmMtm2—J
0<j<J

where the remainder term
ri=axb— Z ax’be §gmitma=J
0<i<J

varies continuously with a and b. In particular,

axnb=ab mod hgmitma2—1
a*xpb=ab+h axth mod h2 gmitma2—2
Similarly, for §€[0,1), a€S§™ and beS§",
axpb= Z h ax’b  mod h' 7297 Sgnﬁmr,]’
0<j<J
with continuously-varying remainder.

We verify this (in a slightly more general form) in §7 below. The proof is an appli-

cation of integration by parts and Taylor’s theorem to the integral representation (4.2).

Remark 4.6. Our discussion applies with minor modifications to slightly more gen-
eral symbol classes, e.g., for meR, pe(0,1] and §€[0, 1), to the class S§°, defined by the
condition

19%a(€)] < C 01 (g sl

with the most important range being when pe (%, 1] and € [O, %) One could also rescale
in more general ways than we do here, or work with symbols that are substantially rougher
in directions transverse to the foliation of g”* by coadjoint orbits. We are content here
to develop the minimal machinery required for our motivating applications, leaving such

extensions to the interested reader.

5. Operators attached to symbols
5.1. Weak definition of the operator map
Let xeX(G) (cf. §2.2). By §3.6, the assignment Op(-,x): S~ =¥~ is defined and

continuous. We calculate that

Op(eu= [ @[ er@menmm ) 5

3
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for all u,ven®.
We observe that, for any tempered distribution a on g, the formula (5.1) defines

— 00

an operator Op(a, x): > —7~°°, sending smooth vectors to distributional vectors. (To
see this, we need only note that the function g>z+— x(z){m(exp(z))u, v) belongs to the
Schwartz space.) This observation applies in particular to a€S°°. We may similarly

extend the definition of the rescaled analogue Opy,(a, x).

5.2. Polynomial symbols

The identification of g with the space of iR-valued linear functions on g" extends to
identify Sym(gc) with the space of polynomial symbols. For instance, if p=y; ...y, with
each y; €g, then p(&):=y1(§) ... yn(&). Which operators arise from such symbols?

LEMMA 5.1. For peSym(gc), we have

Op(p, x) = m(sym(p)).

Here sym: Sym(gc) — 4t denote the symmetrization map, i.e., the linear isomorphism
that sends a monomial to the average of its permutations. The proof is given in §8.1.

We assume henceforth when working with Op that the norm |-| is chosen so that
B(g) is an orthonormal basis. Then, for p(£):=1+|¢|?=(£)?, we have Op(p)=A (cf. §3.1).

5.3. h-dependence

When working with the rescaled operator assignment Op,,, we allow the representation

7 to be h-dependent, i.e., to vary implicitly with the small parameter he (0, 1]:
m=m(h).

We emphasize that the variation of  with h is arbitrary (without, e.g., continuity or mea-
surability requirements); indeed, in our applications, we consider only those h belonging

to some discrete subset of (0, 1].

Definition 5.2. Let 7 be an h-dependent unitary representation of G. Fix 6€]0,1).

We denote by ¥} the space of h-dependent operators T=T'(h) on m=n(h) with the

property that, for each u€il and s€Z, there exists Cy, s >0 (independent of h) so that,
for all he(0,1],

105(7)]

rosme—m < Cy g,
where ur62 denotes the linear map given, for u=x; ..., (21, ..., 2, €g), by 03:2h"6 0.,

with 2=6, as in §3.3. We extend the definition to m=+o00 by taking intersections or

unions.
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For example, in the (most important) special case =0, the space ¥ consists of
h-dependent elements of U™ whose seminorms are uniformly bounded with respect to h.
In general, U} consists of h-dependent elements of ¥ whose seminorms vary with h in
the indicated manner, depending upon the exponent §. The results in §3.4 remain valid
for ¥ (with the same proof), while the results in §3.5 hold for U, hence for any ¥}".

The classes U§" enter into our applications only in a crude way, in the estimation
of remainder terms and the proofs of a-priori bounds. For such purposes, it is useful to

note that estimates involving W™ yield slightly modified estimates for Wj*.

LEMMA 5.3. Let w and § be as in the definition above.

(i) Fiz meZ. Let v: U™ —Rso be an h-dependent h-uniformly continuous semi-
norm. Then, for large enough fized M >0 and all T eV, we have I/(T)<<h_M.

(ii) Fiz N>0. Let £: =N C be an h-dependent h-uniformly continuous linear
map. Then, for some fized N'>N, the restriction of ¢ to W=N' satisfies |4(T)|<v(T)

! ’
for all TG\II(S_N and some continuous seminorm v on \II(S_N .

Proof. (i) By definition, we may find a finite family of pairs (u,s) such that, for
each T€P™, the quantity v(T') is bounded by a constant multiple of |6, (T)]

for some such pair. We may assume that u=w; ...z, with x;€g. The conclusion then

TS =S T

holds for any M larger than the maximum value of né.
(i) We may bound |¢| in terms of finitely many pairs (u,s) as in the proof of

(i), with u=x1 ...z, We take for N'—N the maximum value of n and use that each
7T(£L'j) el O

For an h-dependent positive scalar c=c(h), we denote, as in §1.14.2, by c¥}* the
image of ¥J* under the map T+ cT=c(h)T'(h).
We define
ho wg =\ h" ™
n

and topologize it as in §1.14.2. This space is independent of §; for instance, for finite m,
it consists of h-dependent operators T on 7 that induce continuous maps T:7°—7w5~™
having operator norms O(h”) for all fixed s and N. We often drop the subscript § and

simply write h®™ U™,

5.4. Variation with respect to the cut-off

Our operator assignment is not particularly sensitive to the choice of cut-off.
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LEMMA 5.4. Fizx x1,x2€X(G).
(i) For a€eS*,
Op(a, x1)=0p(a, x2) mod ¥~ (5.2)

with remainder R:=0p(a, x1)—O0p(a, x2) €V~ varying continuously with a.
(ii) More generally, for a€S5°,

Opy,(a, x1) =O0py(a, x2) mod h™ ¥~ (5.3)
with continuously-varying remainder.
The latter continuity means explicitly that, for all M, N >0, we may write
Opy(a, x1)—Opy(a, x2) = hY R,

with ReU~M | and the induced map a+ R is continuous, uniformly in h.

The proof, given in §8.3, amounts to noting that the Fourier transforms of our
symbols are represented away from the origin in g by smooth functions of rapid decay.
The singularity at the origin is related to the order of the symbol. These observations
are the analogue, in our setup, of the fact that kernels of pseudodifferential operators are
smooth away from the diagonal.

We henceforth fix y and x’ as in §2.5, and abbreviate
Op(a) :=Op(a:7):=Op(a, x) =Op(a, x : 7),
and similarly for Op,,.

5.5. Equivariance

By combining §2.4 and §5.4, we see that Op is nearly G-equivariant. Indeed, for each
fixed group element g€ G, we may find a cut-off x1 € X(G) such that g=!-x; €X(G); then,
with all congruences taken modulo ¥=°,

Op(g-a) :=Op(g-a, x) =Op(g-a, x1) = Op(a, g~ ' -x1) = Op(a).
This estimate remains valid for ¢g in any fixed compact subset of G modulo the center.

A finer assertion holds for the h-dependent classes.

LEMMA 5.5. Fiz §€[0,1) and £>0. Let g€G be an h-dependent group element such
that
|Ad(g)[| < h=+oFe. (5.4)

Then, for a€Sg5°, the h-dependent symbol g-a satisfies
Opy(g-a) =(g)Opy(a)m(g)™" mod h* ¥~

The proof is given in §8.4.



40 P. D. NELSON AND A. VENKATESH

5.6. Operator class memberships
The symbol and operator classes have been defined so as to interact nicely.

THEOREM 5.6. For any meZU{+oo}, we have
Op(S™)Cco™,

and the induced map is continuous. In particular, elements of Op(S™) act on 7, and

so may be composed. Their compositions satisfy
Op(S™*)0Op(S™2) C Op(S7™1H72) W~
more precisely,
Op(a)Op(b) =Op(axb, x') =Op(axb) mod ¥,

with continuously-varying remainder.

The proof is given in §8.7. By combining with the asymptotic expansion of the star

product (Theorem 4.5), we obtain the following result.

COROLLARY 5.7. Fiz my,ma<oo and JEZxy. Then, for a€S™ and beS™2, we
have
Op(a)Op(b) = Z Op(ax’b) mod wmitm2=J
0<j<J

with continuously-varying remainder.
We also have the following rescaled analogues.

THEOREM 5.8. Fix € [O, %) For méeZ, we have
Op, (87') € h™nOm) .
For a,beS5°, we have
Opy, (a)Opy, (b) = Opy, (a*nb, X') = Opy, (axpb)  mod h™ U=,
The proof is given in §8.8. The following consequence will be very useful.

COROLLARY 5.9. Let mq,my<oco and 56[0, %) For M,N€Zxq there exists J&€

Lo, depending only upon (my,ma, M, N,0), such that, for all acS§™ and be Sy,

Opy,(a)Opy, (b) = Z h’ Opy,(ax’d) mod h™¥ w5 M, (5.5)
0<i<J
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Proof. By Theorems 4.5 and 5.8, the two sides of (5.5) agree modulo
£ :=h> U™ +O0p, (b 727 grratma=7),

We choose M’', N'€Zx¢, with mi+mo—M'<—M, (1-26)M'>M and (1-20)N'>N.
We take J:=M'+N'. Then, (1-20)J>M+N and mi+mes—J<—M—-N'<—M, so

h(1—2§)J Sgn1+m27JghM+N Sé_M

By another application of Theorem 5.8, we conclude that £Ch™ \I/(S_M . O

A very useful generalization, involving proper subgroups G; and G5 of G, will be

given in §8.9.

6. The Kirillov formula

Our discussion thus far has been quite general: 7 was any unitary representation of
a unimodular Lie group G. Conversely, the only control we have established over the
operators we have constructed on 7 is through their operator norms. We now consider a
more restrictive situation and derive correspondingly stronger control.

Let G be a reductive algebraic group over an archimedean local field F'. (Our
discussion applies somewhat more broadly, e.g., to nilpotent groups, but we focus on the
case relevant for our applications.) By restriction of scalars, we may suppose F'=R. Per
our general conventions, G denotes the group of real points of G.

Let m be a tempered irreducible unitary representation of G. We can then apply the
character formula for m (§6.2), expressed in Kirillov form in terms of coadjoint orbits

(86.1), to study the traces and trace norms of the operators constructed via our calculus.

6.1. Coadjoint orbits

The survey article [Ki2] is a useful reference for the following discussion. A coadjoint orbit
O is an orbit of G on g"=ig*. Being an orbit of a Lie group, it is a smooth manifold.

Each such orbit carries moreover a canonical G-invariant symplectic structure
o:=00,

given at each £€O by the alternating form

oe(ads, adig) = (LS
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on the tangent space T¢(O)={ad;{:zcg}.

In particular, O is even-dimensional. We denote by
d:=d(0):= 1 dimg(0)

half the real dimension of O; it is an integer with 2d<dim g.

The d-fold wedge product o defines a volume form on O. We refer to the measure

d
o _1/c
e (277)

as the normalized symplectic measure on O.

induced by the volume form

If we choose local coordinates z; and &; on O, 1<4, j<d, with respect to which
o= dz;Nd;,
J

then

wH(d:z:ﬂ\ii).
J

Integration with respect to w defines a measure on g" [Rao]. One verifies readily

that these measures enjoy the homogeneity property: if t€R} and feC®(g), then

/ f(2) dwo (z) =t~ / ft7 ) dwo (). (6.1)
ze® zetO

A coadjoint orbit is called reqular if it consists of regular elements, or equivalently,
has maximal dimension among all coadjoint orbits.

To each coadjoint orbit O we may assign an infinitesimal character [O] in the geo-
metric invariant theory (GIT) quotient [g"] of g™ by G; we recall the details below in §9
and §12.

By a coadjoint multiorbit, we will mean a finite union of coadjoint orbits sharing
the same infinitesimal character. A regular coadjoint multiorbit is a coadjoint multiorbit
whose elements are regular. The notation and terminology introduced above carries over
with minor modifications; for instance, given a non-empty coadjoint multiorbit, we may
speak of its infinitesimal character or its normalized symplectic measure. We note that
the number of coadjoint orbits having a given infinitesimal character is bounded by a
constant depending only upon G (see [Kos2, Theorem 3 and Remark 16] and [Wh, §3]),

so a coadjoint multiorbit consists of a uniformly bounded number of orbits.
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6.2. The Kirillov character formula

Harish-Chandra showed (see, e.g., [Kn, §X]) that there is a locally L!-function x,: G—C,
the character of w, with the following property. Having fixed a Haar measure dg on G,
we may associate with each fe€C2°(G) a smooth compactly-supported measure f(g)dg

on G and an operator
w(f) = / 7(9)/(g) dg.
geG

Then, 7(f) is trace class, with trace given by

()= / o) (a)ds.

The facts recalled thus far apply to any irreducible admissible representation. Recall
now that 7 is assumed tempered. A fundamental theorem of Rossmann [Rosl], [Ros2],
[Rosd] gives the validity of the Kirillov formula for , i.e., gives an exact formula for the
“Fourier transform” of x, in a neighborhood of the identity element. Recall from §2.1
the definition of j.

THEOREM 6.1. There is a unique non-empty reqular coadjoint multiorbit O, Cg"
such that, for all = in some fixed neighborhood of the origin in g, we have the identity of

distributions

X (€°)y/j(x) = Fourier transform of normalized symplectic measure on O,

(= / e dwo, (£).
§€0,

Moreover, the following statements hold:

(6.2)

(i) The infinitesimal character of Oy is the infinitesimal character of 7 (cf. §9).

(ii) If the infinitesimal character of = is reqular, then Oy is a coadjoint orbit.

We emphasize the following:

o The statement of (6.2) is independent of choices of Haar measure.

e In general, G may have several orbits with the same infinitesimal character as .
It is remarkable that only a single one contributes in the case of regular infinitesimal
character. (We do not directly use this fact in this paper.)

e We have defined O, only for tempered 7.

We henceforth denote by d the maximal dimension of any coadjoint orbit, so that

for each m as above, every orbit in O, is 2d-dimensional.

Remark 6.2. In the p-adic case, the Harish-Chandra/Howe local character expan-
sion gives a result of similar spirit but less precise. It describes the Fourier transform of
the character, but only in a neighborhood of the identity that depends on the represen-
tation w. As a result, it detects only the geometry of the coadjoint orbit “at infinity”.
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6.3. Trace estimates

The Kirillov formula implies that

tx(Op(a)) = /O (i~ 2xa" ) dwo, (6.3)

for all aeS~°(g"). By simple estimates (see §8.2 and Appendix A.3), this conclusion
extends continuously to a€ S~ for large enough N €Z,. By appeal to the homogeneity
property (6.1), we see more generally that

x(Opy(a) =h ! [ (5 ua) dano (6.4
hO,
where jy(z):=j(hz) and xn(x):=x(hz). Using these formulas, we will establish in §12.3

some refined and generalized forms of the following result.

THEOREM 6.3. Fix N sufficiently large in terms of the reductive Lie group G.
(i) Let acS™N, let 7 be a tempered irreducible unitary representation of G, and let
he(0,1]. Then,

tr(Opy(a)) =h~ (/h o adwhoﬂ—i—O(h)). (6.5)

The implied constant is independent of © and h, and may be taken to depend continuously
Upon a.

(ii) Let 7 be a tempered irreducible unitary representation of G. Any
TevN.=vN(r)

(see §3.3) defines a trace class operator on w. The trace norm depends continuously
upon T, uniformly in 7 (in the sense of §1.14.6).

(iii) Let aESgN for some fized §€ [0, %) Let m be an h-dependent tempered irre-
ducible unitary representation of G. Then, the trace norms of h? Opy(a) are bounded,

uniformly in ™ and h, and continuously with respect to a.

We note that part (i) follows readily from (6.3), a Taylor expansion of j, and xy, and
some a-priori bounds for integrals over coadjoint orbits, while part (ii) follows from the
uniform trace class property of A= Part (iii) is established using the symbol/operator

calculi.

Remark 6.4. To illustrate the content of our “h-dependent” notation, we record an
equivalent formulation of part (iii) of Theorem 6.3. Let N €Zx be large enough in terms
of G. Let €0, 3). There exist C>0 and J €Zx such that, for each tempered irreducible
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unitary representation 7 of G, each symbol a€ S~ and each scaling parameter he (0, 1],

the trace norm of the operator h? Opy (a) on 7 is bounded by C > \aj< Vau(a), where

0%a
Van(a):= sup —5\|a| (§)|,
gegh W01 (g)=N—lal
denotes the infimum of all scalars C, >0 for which the specialization to m:=—N of the

inequality (4.8) holds for all £€g”.

Remark 6.5. In our applications of Theorem 6.3, it is important that 7 and h may
vary simultaneously, but our calculus is interesting only if the rescaled orbit h O,. does not
“escape to co” as h—0. In many examples of interest, it happens that (h O, dwy o, )
converges to some “limit orbit” (O, dw) (§11.4); studying the limiting behavior of the
calculus will be a major concern of the later parts of the paper (§26, §27). A special case
relevant (but not sufficient) for our aims is when 7 is independent of h and generic; the

limit orbit O is then contained in the regular subset of the nilcone (§11.4.2).

Remark 6.6. We have noted already (in §4.6) that the h'/2 scale is a natural limit
to our calculus. Using (6.5), this may now be understood as follows: If the symbol
a is a smooth approximation to the characteristic of a ball, with origin some regular
element £€h @, and with radius C'h'/2, then §2.3 and (5.5) suggest that Opy,(a) should
approximate a self-adjoint idempotent, i.e., an orthogonal projector onto a subspace V'
of 7, consisting of vectors “microlocalized within Ch™"/% of h™' & (cf. §1.7). But (6.5)
suggests that dim(V)=<C??, which makes sense only if C' is not too small. Conversely,
our calculus allows one to work with such symbols provided that C>>h™° for fixed but
arbitrarily small >0, hence to construct and manipulate approximate projectors onto
subspaces of size h_o(l); in other words, to work with an approximate orthonormal basis

of 7 consisting of vectors microlocalized at elements £€h O,.

Part II. Microlocal analysis on Lie group

representations II: proofs and refinements

We now give proofs of results in Part I, as well as certain refinements that will be useful
at localized points of the later treatment. The reader might wish to skim or skip Part II

on a first reading.

7. Star product asymptotics

The aim of this section is to prove Theorem 4.5 in a generalized form (Theorem 7.4) that

will be very convenient in applications.
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7.1. Setup

Let g1 and go be subalgebras of g. We assume that they arise as the Lie algebras of
some unimodular Lie subgroups G; and G5 of G. The most important example is when
g1=92=9.

We fix some sufficiently small even precompact open neighborhoods GCg, G1 Cg1
and GoCgo of the respective origins, with G; and G, small enough in terms of G. In

particular, the maps *,{-, - }: G1 xGo—G given (as in §2.5 and §4.2) by

xxy:=log(exp(z) exp(y)) and {x,y}:=zxy—x—y

are defined and analytic.
We assume that g; +go =g, or equivalently, that the multiplication map Gy x Go =G

is submersive near the identity element. The restriction map

0" 3¢— (C1, () €97 xg)

is then injective.

Convolution defines a continuous map
O (exp(G1)) x O (exp(G2)) —> C°(exp(G))-

By fixing cut-offs x;€X(G;) as in §2.2, and arguing as in §2.5, we may define a “star
product”
*xS(gr)xS(gy) — S(g")

A

by the formula axb:=(a"x1%bYx2)"; it admits the integral representation

Q)= [ a @ et e I g @),
z,y

Here, the integral is over (z,y)€g) X g2 with respect to some fixed Haar measures.
For a unitary representation 7 of G, we may define Op(a, x1) and Op(d, x2) as in

82, acting on 7 via its restrictions to G; and G5. We then have

Op(a, x1)Op(b, x2) = Op(axb, x)

for any cut-off ¥’ on g taking the value 1 on G.
We wish to extend the domain of definition of * and understand its asymptotic

behavior. As in §4.2, we may expand into homogeneous components, namely

A, y,¢)=el™¥= 3" copa®y?T=>"0;(x,y,0), (7.1)
a, By j=0
[v|<min(|al,|8])
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where Q; denotes the contribution from |a|+|8|—|y|=j. This again suggests the formal

asymptotic expansion axb~3" . ax’b, where
>

ax?b(¢) ::/ a¥ (z)bY (y)e™ev2Q(z,y, () = Z CapyC10%a(C)0°D(C).
T,y

By
[v|<min(|al,|B])
la|+|Bl=lvI=J

7.2. When should the star product map symbols to symbols?

Let my, mo€ZU{x}. For j=1,2, we introduce the temporary abbreviation
§™ = 5™ (g}),

and similarly
57 = 570

When does x extend naturally to a continuous map with domain S™ x S™2 and
codomain one of our symbol classes?” We might ask first whether the finite-order dif-
ferential operators «/ admit such an extension, starting with the simplest case j=0, for
which

ax"b(¢) = a(C1)b((2)-

Ezample 7.1. Suppose go#g. Take for a€S%(g)) a constant symbol and for be
S=°°(g4) a compactly-supported symbol, both non-zero. One can verify then that ax’be
C*(g") does not belong to S (g").

Definition 7.2. We say that the pair (mq, ma) is admissible (relative to g1, g2Cg) if
both of the following implications are satisfied:

e if g #£g, then mo=—o00;

e if go#g, then m;=—o0.

For instance, if g1 =go=g, then any pair is admissible, while if g; #g and go#g, then
(—00, —00) is the only admissible pair. One verifies readily that, if (mq, ms) is admissible,
then

xS X Sy G2 T (gl

)

and more generally
K S X SPE —s W00 g maT (gh),

are defined and continuous. In fact, the converse holds as well.
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LEMMA 7.3. For (mq,ms) as above, the following are equivalent:
(i) ax’beS>(g) for all (a,b)€S™ x S™2;
(ii) ax’beS>(g) for all (a,b)€S™ xS™2 and jEZLso;

(iii) the pair (mqy,ms) is admissible.

We have included this lemma for motivational purposes only; the proof is left to the
reader.

3. Main result

THEOREM 7.4. The star product * extends uniquely to a compatible family of con-
tinuous maps

*: S™(gh) x S™2(gh) —» ST (gh),

taken over the admissible pairs (mi,ms).
Fiz 01,02€[0,1) with 01+3d2<1, JEZ>¢ and an admissible pair (m1, mz). Then, for
all a€ S5 (g7) and bESF*(gh), we have the asymptotic expansion

axb= Y Wax'b mod W00 gt nd(gh), (7.2)
0<j<J

with continuously-varying remainder.
The proof is given in §7.7, after some preliminaries.

Remark 7.5. In all applications of Theorem 7.4, except that in §19.5, we take

01=0r€ [0,%).

7.4. Taylor’s theorem

LEMMA 7.6. Fiz J€Z>o and a multi-index 5€Zilgl(g). For (z,y,()€G1 xGaxg",
abbreviate

p:=max(|z, [y|, |z] ly| [¢])-
Then,
0wy, Q)= Y RY(a,y,0)<p’, (73)

o<y<J

where the implied constant may depend upon (J,08) but not upon (x,y,().
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Proof. Recall (7.1). We note first that, if |y|<min(|al, |3|) and |a|+]|B]—|y|=7, then

2y | < Jael 1 [y 1P ¢ <
as follows readily by induction on |y|. Thus,

02z y ¢ < (|| [yl < 7. (7.4)
We observe next, by the analyticity of 2, that there is a constant R>0 so that

|Capy] < Rlal+181=Il

From this and (7.4), we obtain

089 (w,y,¢) < (145)°M (Rp)’ (7.5)
for all j>0. By (7.5) (applied with j<.J) and the trivial estimate

9.y, ¢) < (o] Iy < 1,

we deduce the claim (7.3) in the special case that p is bounded uniformly from below, say

by 3 R. In the remaining case p< 3R, we deduce (7.3) by summing (7.5) over j>J. [

7.5. Integration by parts

For (£,n,()€gy x g5 xg", we set

F(€n,0):= / I (@)X ()2, 1, ). (7.6)

z,y

Recall that G; and Gs have been taken sufficiently small, and that g=g;1+gs. It will
be convenient now to normalize the norms |-| on the dual spaces g”, g1 and g5 to be

euclidean norms with the property that, for (€g”,
<12 =GP +1¢ ). (7.7)
LEMMA 7.7. Fix N€Zxo and a multi-index y. Set t:=+/|§|?+|n|2. Then,
t=3lKl = 9FEn )<tV (7.8)

The implied constant may depend upon (N,v), but not upon (£,1,¢).
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The conclusion holds with % replaced by any fixed fraction, provided that G; and
G are taken sufficiently small. The basic idea is that the hypothesis t}%K | implies that
the integral (7.6) has no stationary point.

Proof. We may write
NFEnQ)= [ Ty,
.y

where f(z,y):={z,y}"x1(z)x2(y) and ¢: G; x Go—iR is given by

8e,)i= B (03

Since G; and Gs are small and |(|/t<2, the total derivative
0¢:G1 x Gy — ig] Xigs

approximates the unit vector ({/t,n/t). In particular, the euclidean norm |0¢|(z,y) of
the total derivative is bounded from below by (say) 3 for all (z,y)€G1 xGo. Moreover,
¢ lies in a fixed bounded subset of C°(£2). The required estimate follows by “partial

integration”, as summarized by the following lemma. O

LEMMA 7.8. Fiz n,N€Zxo and €>0. Let §2 be an open subset of R™ and ¢: Q—iR
be smooth. Assume that the total derivative 0¢:Q—iR"™ has euclidean norm |0¢|: Q—
R>o bounded from below by €. Then, for all feC>?(Q) and t>0,

felt<t™ 3" [0 f|pr,
RW,

la| <N

where the implied constant is independent of (f,t) and depends continuously upon
peC™(Q).

Proof. We may assume that N is even, say N=2r. Let A denote the multiple of
the standard Laplacian for which e?=|0¢|"2A(e?), and set D:=|0¢|"2A. Integrating by

parts repeatedly, we obtain
I:t_N/fDT(et¢) =t N / D"(f)e?,
so that |I|<t=N [|D"f|. Set b:=]0¢|~2. We may expand
D' f=Y"Ca,8V,.... 80) (8 1) (8”7'b) ... (9°"b),
with the sum taken over multi-indices o, ), ..., B satisfying || 4|80 |+... 4|3 |=N.

By the quotient rule for derivatives, we have
10°b]] Lo () < 1.

The required estimate follows. O
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7.6. Decomposition into localized symbols

Let meZ, 6€[0,1) and weg”. Observe that each a€S}* varies mildly over the ball
U,:={¢€g":|¢—w| <% (w)}.
Definition 7.9. We say that the symbol a€ 55" is localized at w if it is supported on
U.
Note that this terminology depends implicitly upon §.
LEMMA 7.10. If a€Si" is localized at weg”, then
m f_w )
a(§)={(w = |,
©=tormo( 52
where ¢€C°(g") depends continuously upon a. In particular,
e The rescaled Fourier transform of a has the form

ay (z) = (w)™e ™/ D AMM@D ¢V (Az),  A:=h""H(w), (7.9)

where ¢¥ €S(g) depends continuously upon a.
o For fized n€Zxq,

| lat @Il <, (7.10)
reg
with continuous dependence upon a.

Proof. Each assertion follows readily from the definition of S§". O

It is not difficult to decompose any symbol into localized symbols. To that end, the

following partition of unity is convenient.

LEMMA 7.11. Fiz §€(0,1]. There is an h-dependent countable collection Q=85 C
9" of points weg” with the following properties:

(i) the balls Uy, for we, cover g";

ii) for X>1, we have #{weQ:|w|<X}<h W x0W),

(
(iii) sup,, cq #{w2€Q:Us, NV, #D}<1;
(

iv) we have
§—w\ A
> ¢“(h5<w>> =1 for all €€ g",

weN

where ¢, belongs to a fized bounded subset of C°(g") and is supported on {§:|§\<%}.
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Proof. We construct ) and ¢,,, leaving the remaining verifications to the reader.
Fix an element g€2,3] which is generic in a sense to be clarified below. Fix a dyadic

partition of unity

1=4o(&)+ > ¥1(a7"¢),

n>1

where 1o€C(g") and ¥, €C(g"\{0}). For n>1, write ¥, (£):=11(¢~"¢). Fix a suf-
ficiently dense lattice LCg” and an additive partition of unity

1:Zp(£_‘€)7
LeL

with peC%°(g"). Then, for n>0,

wn@)an(&)p( : e). (7.11)

5
el h™gn

Take for 2 the set consisting of all w=h’ q"¢ for which the corresponding summand in
(7.11) is non-zero; the genericity assumption on ¢ implies that these elements are pairwise

distinct as n varies. Take for ¢,, the corresponding summand. O

LEMMA 7.12. Each a€S§" may be decomposed as a=3) .o (w)™aw, with  as above,

where aWES((;J is localized at w and depends continuously upon a.

Proof. Take

o=t atg)o (575 ) ]

7.7. Proof of Theorem 7.4

The claimed uniqueness follows from the fact that C2° has dense image in S7°° and
also in S°° (note that C™C.S™, the closure of the image of C2°, contains S™ whenever
m’<m). The existence follows, via a limiting procedure, from the continuity established
below in the course of the proof of the asymptotic expansion. For the latter, we may
assume that mq, ms<oo. It suffices to consider the following cases:

(a) mi=mg=—00;

(b) mi=—00, me€Z and g1 =g;

(¢) m1E€Z, my=—o00 and ga=g;

(d) m1€Z, my€Z and g1=ga=g.

Abbreviate §:=max(d1, d2). We must verify then that

ri=a*x,b— Z h' ax’b

0<j<J
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belongs to h(1~917%2)7 Sg”1+7”2_‘](g/\), i.e., that, for each fixed multi-index VGZ(;BH(G),
(Q)’YT(C) < h(17(517(52)‘175|7|<C>ml-',-mz—J—\'y\7 (712)

where the implied constant may depend upon (my, ma, J,d1,d2) and continuously upon

a and b, but not upon h, {. If either m; or ms is —oo, then the meaning of (7.12) is that
(¢ <<h(1’51’52)J’5‘7‘<C)_N

holds for each fixed N.

In fact, since the spaces h(1—01=92) Sg'wn*j decrease as j increases, the terms h? a+/
b, for fixed j>J, satisfy the analogue of the estimate (7.12) required by r. The proof of
Theorem 7.4 thereby reduces to that of the following assertion: for each fixed N€Zxg

and multi-index 7, one has for large enough J€Zx( that
'r(¢) <hN ()N, (7.13)

If mp=—o00 for some k=1,2, then it will suffice to show that (7.13) holds under the
weaker assumption that my is any fixed (negative) integer taken sufficiently small in
terms of N. In particular, we may assume that m, ms€Z.

We may decompose

a= Z (wy™a,, and b= Z (w)™2b,,,
w1 €M w2 €Q
as in §7.6, where a, €55, (g7) and by, €55, (g5) are localized at w; and wy, respectively.
We may assume N chosen large enough that
WY N wpymi TN <L, =12,
w; €Q;
say. The proof of (7.13) thereby reduces to that of the following result.

PROPOSITION 7.13. Fiz 01,02€(0,1) such that 1 +02<1. Fix N€Zxo. Fiz a multi-
index veZ;igﬂ(G). Fiz J, M €Zx>q sufficiently large in terms of N and . Let aeSgl (g7)
and be Sy (g3) be localized at wi gy and wyegh, respectively. Set §:=max(d1,d2) and

r:=axpb— Z h? ax"b.
0<j<J
We then have the following estimates, in which implied constants may depend upon
(01,02, N,v) and continuously upon a and b, but not upon (h,{,wy,ws):

(2) 07r(Q)<h™ ()™M (wi)M (wa)™;

(b) if g1=g, then &7 () <h™ ()N (wi)™ (wo)

() if ga=g, then 7r(()<h™ (¢) ™ (wr) ™ (wa)™;

(d) i g1=g2=g, then 07r(Q)<h™ (¢) N (wi) ™V (wa) V.
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Proof. To simplify the presentation, we focus on the case y=0; the general case
follows by the same arguments applied with a, b, Q(z,y,{) and F(,n,() replaced by
some fixed derivatives (with respect to ¢, in the latter two cases); note that our inputs
(§7.4 and §7.5) apply to such derivatives.

We define Q€R>; in the various cases as follows:

(a) Q:=h""(();

(b) @:=h""(¢){wa);

(¢) Q:=h""{(){wn);

(d) @:=h""(¢){wn){wa).

We first note that, for fixed j, the element

h' axd e h(1=01=92)0 g3 C g9
is localized at both w; and wy. Thus, h? ax7b(¢{)=0 unless (w; )= (ws)=(¢), in which case
b/ ax?b(¢) < 1.

Next, set A:=h™'"1 () and B:=h"'2 (w,), so that, by (7.10), we have

[ @@l <a s (714)
z,y
for fixed m,n>0. By specializing this estimate to the case m=n=0, and recalling that
1Q(z, y,¢)|<1 and h? a7 b(¢) <1 for fixed j, we deduce in particular that r(¢)<1. This
gives an adequate estimate for 7({) in the special case Q< 1. We may and shall thus
assume that @ is sufficiently large.

We now fix >0 small in terms of §; +J2, assume that M is chosen large in terms of
(N,e), and treat the various cases separately:

(a) The required estimate is trivial unless |w1|<Q° and |wa|<QF, as we henceforth
assume.

Suppose that |¢|>Q?%. In that case, ax’b(¢)=0 for all j, so it will suffice to show
that ax,b(¢()<Q Y. To that end, recall the function F: g} x g4 x g" —C defined in §7.5;
we have

(=€ G <>'

anb(Q) =u2 ) [ pinr (275 2 ¢ (7.15)

For ¢ and n with a(£)b(n)#0, we have |£|=<(w1) < Q® and |n|={ws) < Q*, while

¢l = VI P +c? > Q.
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-

and ¢>>Q?%. The required estimate thus follows from §7.5, together with the trivial
estimate O(QPM) for the L'-norms of a and b.

We have reduced to the case that |wi], |wz|, |¢|<Q%. We then verify readily, using
that d;4+02<1 and that € is small enough in terms of §; +Jo, that

max<1 1 IC') <Q7°. (7.17)

Therefore,

G2—n
h

C1—§‘2+

2
11¢
> |2 .
. /Q‘h‘ (7.16)

A’B’hAB
Informally, the key point here is that we have reduced to a case in which

{wi) &= (w2) = ((), (7.18)

so that

[q =616, _ Q) =662y —1 < ()¢
m<<h <w1>(w2> éh <C> 1§Q .

We now split r(¢)=r"({)+r"(¢), where

(0= [ aenm(e(ert)- X aeng)) o

0<j<J

and

() o= / @b ) o @) -0 (w v }cl)

Since Q(z,y, ()< 1, we obtain using (7.14) the estimate r”'(¢) < (AB)~™ for any fixed n,
which is adequate due to (7.17). We estimate /({) using §7.4, (7.14) and (7.17), giving
the adequate estimate ' (¢)<<Q~¢7.

(b) We may assume that |w;|<QF, since the required estimate is otherwise trivial.
We may assume that || <Q?¢, since otherwise (7.16) holds with #>>Q?%, and we may con-
clude as above; in particular, (2| <Q?%*. We may assume that |wo| <Q3°, since otherwise
(7.16) holds with ¢>>Q3°. We then verify (7.17) and conclude as before.

(

(d) If for some k=1,2 we have either
e [¢|<Q° and |w|>Q*, or

o [¢|>Q° and |wi|¢[Q="[¢|, Q= [¢I),

then (7.16) holds with t>>Q52, so we may conclude as above. In the remaining cases, we

¢) By the same argument, but with the roles of w; and wy reversed.

have either
o [(|<Q° and |wi], |wo| <Q*, or
o [¢1>Q and Q=" [¢| <Jwn], Jw2| <Q'[C].
In either case, we verify (7.17) and conclude as before. O
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7.8. Asymptotic expansions for certain convolutions

Here we record a miscellaneous estimate to be applied occasionally. Fix §€0,1), m<oo,
and 1 €C(g). For a€Sy", we may define b: g" —C by requiring that

by =1ay.

It is the Fourier transform of a compactly-supported distribution, hence is smooth.
LEMMA 7.14. We have beS§*. Moreover, for each fized JE€Zxy,
; 9%¢(0) —6)J qm—
b= Z (—h)’ Z T@"‘a mod h(1~=9 Sy,
0<g<J la|=j
with remainder depending continuously upon a.

The proof is similar to, but much simpler than, that of Theorem 7.4, hence left to

the reader.

8. Proofs concerning the operator assignment

The main aim of this section is to supply the proofs of Theorems 5.6 and 5.8, as well as
some of the miscellaneous results stated in §5. We retain their notation and setup. We
also establish a generalization (Theorem 8.11) that will be very useful in applications.

8.1. Polynomial symbols: proofs

We now prove Lemma 5.1. We first recall a characterization of the map sym. Each
pESym(gc) defines a translation-invariant differential operator on C*°(g), that we denote

by 0p: if p=y1 ... Y, then
Opd(x) =0ty =0 - Op,, =0 (T +t1y1+ ..+ EnYn)-

On the other hand, each r€4l defines a left-invariant differential operator on C*°(G),
that we denote simply by r: if r=y; ... y,, then

7f(9) = 0¢=0 --- Or, =0 f(gexp(t1y1) ... exp(tnyn))-

As one verifies readily using Taylor’s theorem, the symmetrization map intertwines the

two actions near the origin: if f(exp(z))=¢(z), then

9p#(0) =sym(p) f(1). (8.1)
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Now fix u,ven®. After the change of variables £— —¢ in the definition, we must

verify that

(r(sym(p))u,o) = [

egh

-0 [ _erlexp(a))uo) w)ae. 2
Define ¢p€C°(G) and feC>(exp(G)) by

flexp(x)) := ¢(x) := x(2) (m(exp(z) )u, v).

Since x=1 in a neighborhood of the origin, we have rf(1)=(m(r)u,v) for r€sl. The left-
hand side of (8.2) is thus sym(p)f(1), while the right-hand side is (p-¢")¥(0)=0,¢(0),
where p_(£):=p(—&). We conclude by (8.1).

8.2. Smoothness away from the origin
The following simple estimates, suggested in §5.4, will be employed occasionally.

LEMMA 8.1. (i) For any a€S®, the distributional Fourier transform aV is repre-
sented away from the origin by a smooth function.

(ii) Fiz integers m and N, and a multi-index o with |a|]+m—N<—dim(g)—1.
Then, for aeS™ and x€g\{0}, we have

9%a" (z) < |z| 7V,

where the implied constant depends continuously upon a. More generally, for ac€Sy*,

. —

0%ay(z) <h™ O

(8.3)

(iii) Let n€Zzo. If a€S™ with m<—dim(g)—1—n, then a” is represented near
the origin by an n-fold differentiable function.

Proof. We integrate by parts repeatedly in the integral defining aV. O

8.3. Variation with respect to the cut-off: proofs

We now prove Lemma 5.4. It suffices to prove (ii). Define the h-dependent element
F€CX(G) by a)) x1=a) x2+ f. Fix >0 small enough that x;(z)=x2(z) whenever |z|<e.
Then, f(x)#£0 only if |x|>e¢; in that case, we may apply (8.3) to see that, for any fixed
N=>0, the h-dependent elements h™" f belong to a fixed bounded subset of C2°(G). As
discussed in §3.6, the map C°(G)— ¥~ is continuous. The conclusion follows.
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8.4. Equivariance: proofs

We now prove Lemma 5.5. We may assume that e€(0, 1) is such that 5+%s€(0, 1), say.

Recall that g€ G is assumed to satisfy condition (5.4), which we copy here for convenience:
IAd(g)|| <« h=H0Fe (5.4)

We fix hg>0 sufficiently small in terms of £, § and the cut-off x implicit in the
definition of Op. We treat separately the cases h>hy and h<hg. In the range h>hy, the
rescaled symbol ay, lies in a bounded subset S°°, and we see from (5.4) that g lies in a
fixed compact subset of G modulo the center. The required conclusion thus follows from
the same argument as in §5.5. It remains to treat the range h<hy.

Define b€ S5° so that b is a smooth truncation of a¥ to A:={x:|z| <h™97¢/?}. Using
§8.2, we see that

a=b mod h*S™° and g-a=g-b mod h™ S™°, (8.4)

hence
Opy,(a) =Op,,(b) mod h™ ¥~ (8.5)
Opy(g-a)=0py,(g-b) mod h™ &=, (8.6)

We may also verify directly, using the identity
m(g)ln(x), T]n(g9)~" = [r(Ad(g)z), T]
for xeg and its n-fold iterate, that
Teh™®U > = n(g9)T7r(g) ' €h™® ¥, (8.7)

For z€ A, we have
lg-2 <||Ad(g)| h—°~/2 <2

Since h<hy, it follows (having chosen hg suitably) that the cut-off x implicit in the
definition of Op,, satisfies x(ha)=x(h(g-x))=1, and so the identity

Opy,(g-b) =7(g)Opy, (b)m(g) " (8.8)

holds exactly. We conclude by combining (8.5)—(8.8).
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8.5. Membership criteria for operator classes

We establish a basic criterion for membership in the operator classes U defined in §3.5.
This will be applied to establish Lemma 3.4, and then further in §8.7.

PROPOSITION 8.2. For meZ, an operator T on w belongs to W™ if and only if the
following holds for each uei:

2
16, (T)0ll?

if m>0, then 0;}2(}@ A0 ; (8.9)
0u(T)xy ... 20—
if m<0, then sup sup [ ()71 .. 2o < o0. (8.10)

0#vET™® z1,...,.x_me{1}UB ||U||

Moreover, the seminorms defining V™ may be bounded in terms of such quantities.

The proofs occupy the remainder of §8.5.

We extend 7: 44— End(7°°) to m:U[A"—End(7°°). (Here U[A~1] is the localization
of &l at A: it is the universal ring equipped with a morphism from # in which A becomes
invertible. Although this ring is difficult to describe precisely, we will use it in a rather
formal fashion.) We define on ${{[A~1] a Z-filtration by assigning weight 1 to elements of
g and weight —2 to A~1.

Definition 8.3. For meZ, we say that t €U[A~!] has order <m if it may be expressed
as a linear combination of products wy ... wy,, n€Zxq, for which
(i) for each i€{1l..n}, either
(a) w;€g, or
(b) w;=A"1.
(ii) If cases (a) and (b) occur nq and ny times, respectively, then ni —2ns<m.
We denote by U>ur6, €End($U[A~]) the algebra morphism extending 6,.(¢):=[z, ]
for z€g, so that 0., . (t)=[z1,..., [xn,t]] for z1,...,2,Eg. Observe that

0,( A =[z,A7 =-A z,A]A™! forzeg. (8.11)
LEMMA 8.4. Let teU[A™1], uesl and meZ. If t has order <m, then also 0,(t)

has order <m.
Proof. By repeated application of (8.11). O
LEMMA 8.5. If teU[A™] has order <0, then m(t) induces a bounded operator m—.

Proof. By repeated application of (8.11), we may write ¢ as a linear combination of
products of factors of the form zyA~!, with z,y€{1}UB. To each such factor we apply
the case s=2 of (3.1), giving ||m(zyA~1)v||2<(AZA v, A=) =||v]|%. O
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Proof of Proposition 8.2. The forward implications are straightforward: if TeU™,
then 0, (T): 7™ —7Y is bounded, so (8.9) holds, while if T€¥~™ then 0, (T): 7" —7—™
is bounded, so (8.10) follows from (3.1). We turn to the converse implications, which
we treat now in a unified manner. For quantities A and B depending upon an element
ven™, we write AKB to denote that |A|<c|B] for some ¢>0 not depending upon v,
and write Ax<B if A BKA. Let meZ. Assume that, for each uei,

if m>0, then ||6,(T)v| <« sup |21 ... 2ol (8.12)
T1,...,xm €{1}UB

if m <0, then sup 10, (1)1 ... z_pv]| < V]| (8.13)
T1,..,—mE€{1}UB

We must show then, for each u€il and s€Z, that
(A0, (T)v, 0,(T)v) < (A°v,v). (8.14)

To that end, choose k€Zx sufficiently large in terms of m and s; it will suffice to assume
that 2k >max(m—s, —s). Then,

(A% ARy, AFv) = (AT o) < sup 1 ... 25 ronv]|?,
T1,..., T2 €{1}UB

so by the invertibility of A, our task (8.14) reduces to showing that

(AS~™0,(T)AFv, 0, (T)Akv) < sup 21 ... Tsponv||* (8.15)

T1,...,Ts426E€E{1}UB

In the case s>m, we expand the definitions of A* and A*~™ and use identities such as
O, (T (z)=m(2)0,(T)— 0., (T) for xz€g to write the left-hand side of (8.15) as a linear

combination of expressions
O (1)1 .. Ts—mt2k0, O (T)Y1 oo Ys—mt2k?), (8.16)

where x;, y; €{1}UB and v/, u” €4l. We then apply the Cauchy—Schwarz inequality to each
such expression and invoke the assumed bound for T" to conclude. We argue similarly in

the case m>s, but only expand AF. We arrive then at expressions of the form
(A0 (T)xy oo Ts—mp280, O (TY1 o Ys—mt2k) (8.17)

with
A=21 ... 2 s A7 W1 o Wiy s, (8.18)
where x;, y;, z;, w; €{1}UB and v/, u” €4l are as above. By Lemma 8.5, each such operator

A is bounded on 7. We may thus apply Cauchy—Schwarz to (8.17) and argue as before
to conclude. O
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We now establish Lemma 3.4 in a general form.

PROPOSITION 8.6. Let meZ. If teU[A™1] has order <m, then 7(t) has order <m,
i.e., m(t)ew™.

Proof. By Lemma 3.3, it suffices to consider the following special cases:

(a) teg and m=1,;

(b) t=A"1 and m=-2.

We appeal to the criterion of Proposition 8.2. Let u€il. In case (a), we have
0.,(t)€g, so the required estimate (8.9) reduces to the case s=1 of (3.1). In case (b), we
have, by Lemma 8.4, that 6,,(¢) has order <—2, hence that 6, (¢)z1z2 has order <0 for
x1,22€{1}UB, so the required estimate (8.10) reduces to Lemma 8.5. O

8.6. Operator norm bounds
We record some estimates to be applied below in the proofs of Theorems 5.6 and 5.8.

PROPOSITION 8.7. (i) If a€SY, then Op(a) defines a bounded operator on =, with
operator norm bounded continuously in terms of a.

(ii) If a€Sy for some fized §€ [0, %), then Opy,(a) defines an h-dependent bounded
operator on w, with operator norm bounded uniformly in h and continuously in terms

of a.

The proof occupies the remainder of this section. It suffices to establish assertion (ii),
which recovers assertion (i) upon taking 6=0 and restricting to h-independent symbols.

We begin with some preliminaries. Let A denote the norm on S(g") given by
N(a):=l[la"||p1(g)- It is dilation-invariant: N'(a)=N(an).

Denote by || - || the operator norm on End(w). We have the following trivial estimate.
LEMMA 8.8. For aeS(g"), we have ||Opy(a)|| <N (a).
We note the following consequence of Lemma 7.10.

LEMMA 8.9. Let a€S? be localized at some element weg”. Then, N(a)<1; the

implied constant may depend upon &, and continuously upon a, but not upon w.
We recall the Cotlar—Stein lemma (see [Hor, Lemma 18.6.5]).
LeMMA 8.10. Let Vi and Va be Hilbert spaces. Let T;:Vi—Va be a sequence of

bounded linear operators. Assume that

sup Y ||ITyTil|'/2<C and sup» |T;T7|V?<C, (8.19)
J k J k
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Then, the series T::Zj T; converges in the Banach space of bounded linear operators

from Vi to Va, and has operator norm ||T||<C.

We now prove assertion (ii) of the proposition. Let a€SS. As in §7.6, we may write
a=3) ,cqw, Where aweSg is localized at w, and depends continuously upon a. Since
> ., @ converges to a distributionally, we have Opy, (a)=)__ Opy,(a.) as maps 7% =7~ °.
As noted in §2.3, we have Op(a,,)*=0p(a.,), s0 Op(aw, )*Op(aw, ) =0p(dw, *h uw,, X')- By

Lemmas 8.8 and 8.10, it will thus suffice to show that

su N (@, *naw,)/? < 1, 8.20
p Y | *h
w1 €N waEf

with continuous dependence upon a. To that end, we fix N€Z>( large enough, then fix

J€E€Z>¢ large enough in terms of N, and write

— _ ] — y
Aoy *h Gy = g hY Gy % Ay 7001 00 -
0<j<J

:5bw1,w2

Using Proposition 7.13, we see that
N(Twl,wz) < hN<W1>_N<w2>_N‘

In particular, 7, o, gives an acceptable contribution to (8.20). On the other hand, the
symbol b, «, is localized at w; and depends continuously upon a; moreover, for given
w1, we have b, ., =0 for wy outside a set of cardinality O(1). By Lemma 8.9, we deduce
that by, w, gives an acceptable contribution to (8.20). The proof is complete.

8.7. Proofs of operator class memberships: without rescaling

We now prove Theorem 5.6. We must verify for meZ (hence for meZU{+oo}) that
Op(S™) C o™, (8.21)
with the induced map continuous, and that
Op(a)Op(b) = Op(axb, x') (8.22)
for a,beS°°. Recall that (8.21) implies that

Op(S°)r> C 7™, (8.23)
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so that the composition in (8.22) makes sense. In fact, we will prove (8.22) and (8.23)
simultaneously, and then combine these with §8.6 to deduce (8.21).

We observe first that, for a polynomial symbol p, the corresponding operator Op(p)
acts both on w*° and on w—°°. This observation is a consequence of §5.5. It applies in
particular when p(¢)=(£)2V, in which case Op(p)=AN.

We observe next that the composition law (8.22) holds if both a and b are compactly-
supported, as is clear from the preliminary discussion in §2.5.

We observe next that the composition law (8.22) holds under the assumption that
either a or b is a polynomial. In view of the previous observations, this assumption
permits us to define the composition in (8.22), following §5.1.

Suppose first that b is a polynomial. Let u,ven>. We must check that the quantities

Op(a)O u,v)= a (& g xz){m(exp(x))O u,v)dx | d 8.24
< p( ) p(b) ) > /EEQ/\ (6) (/xeg X( )< ( p( )) p(b) ’ > ) 5 ( )
and

(Op(axb)u,v) :/

(axb)(&) (/ e~ x(z) (m(exp(x))u, v) d:r) d€ (8.25)
gegh zeg

are equal. Note that in either expression, the parenthetical integral over x defines a
Schwartz function of &.

To verify the required equality, we note first from the star product asymptotics that
for given b, the tempered distributions a and axb depend continuously upon a€.S>°.
Using that C$° has dense image in S*° (cf. the beginning of §7.7), we may thus reduce
to the case that a lies in C2°. Then, Op(a) and its adjoint Op(a)*=Op(a) act on 7.
We may rewrite (8.24) as

<Op(b)u7010(a)*v>/5 b(f)(/ e"’”Ex(m)<7f(exp(ff))u,Op(a)*v>dw) g, (8.26)
egh TEg

where, since Op(a)*ven®, the parenthetical over z again defines a Schwartz function of €.
Using now that, for given a, the tempered distributions axb and b depend continuously
upon b€ S, we may reduce the comparison of (8.25) and (8.26) to the case that also
beCg°. As noted above, the conclusion is known in that case.

If instead a is a polynomial, then we must check that (8.25) and (8.26) are equal.
We argue as before, reducing first to the case that b lies in Cg°.

We next verify (8.23). It will suffice to show that

ANOp(§<)7r*> C 70

for each N€Zx. Let us say that T€Op(S™) is good if Tr> CrY.
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We have
ANOpP(8%) C Op(§>°) 4T~

by the special case of (8.22) already established, so it will suffice to show that every
element of Op(S) is good.

Let meZ, acS™, T:=0p(a). If m<0, so that T€Op(S™)CO0p(SY), then T7°C O
by Proposition 8.7, so T' is good. For the case m>0, we show now by induction on m
that T is good. Define peS? by p(£):=(£)2. Then, a/peS™ 2. By the case of (8.22)
established above and the result of §5.4, we see that

Op(a/p)Op(p) = Op(a/pxp, x') = Op(a/pxp)+R,
where ReWU~>°. By Theorem 4.5, we have a/pxp=a-+r with r€S™~1. Thus,
T'=Op(a/p)A—-Op(r)-R.

In particular,
T €O0p(S™ ?)A+0p(S™ 1)+, (8.27)

By our inductive hypotheses, we conclude that T is good.

We next verify the general case of (8.22). Let u,ven™. Having established (8.23),
we know that, in each of (8.24), (8.25) and (8.26), the parenthetical integral over = defines
a Schwartz function of £. By a continuity argument as above, we may reduce first to the
case that a is compactly supported, then to the case that b is compactly supported, in
which the conclusion is known.

In summary, we have established (8.23) and the general case of (8.22). We now
establish (8.21). (Continuity will be clear from the proof.) We may assume that meZ.
We appeal to the criterion in §8.5.

By iterated application of (8.22) (with one symbol a polynomial), it will suffice to
verify this criterion in the special case u=1. Our task is then to show for T'€ Op(S™)
that there exists C'>0 so that for all v,

|Tv||* < C(A™v,v), if m>0, (8.28)

> osup [Ty a]| <], if m <0. (8.29)
k=0 z1,..., 2 EB(G)

When m=0, either assertion follows from §8.6. The case of (8.29) in which m <0 reduces

to the case m=0 by the composition law (8.22): for k<—m, we have
Tz ... 2 € Op(S™)Op(SH)* C Op(S™HF) + T~ C Op(S°) 4T —°°.

For m>0, we may then use the decomposition (8.27) to establish (8.28) inductively.
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8.8. Proofs of operator class memberships: with rescaling

We now prove Theorem 5.8.

8.8.1. Composition formula

Fix de [07 %) From the h=1 case treated above and §5.4, we have for a,bcS§° that

Opy,(a)Opy, (b) = Opy, (a*n b, X') = Opy, (a*pb)  mod h™ ¥~°. (8.30)

8.8.2. Operator bounds: overview

It remains to verify for each me€Z that
Opy, (S§7) € hmin@m) g, (8.31)

We know by Theorem 5.6 that, for each a€Sj*, the operator Op,(a) defines an h-
dependent element of ™. Our task is to estimate suitably the variation of its seminorms
with respect to h. We carry this out in the remainder of §8.8.

Before proceeding, it may be instructive to give a plausibility argument for why
(8.31) is the natural bound to expect. We focus on the following consequence of (8.31):
for a€S§* and fixed s€Z, we have

10py ()]

(Conversely, in §8.8.5, we will apply the composition formula (8.30) to reduce the proof

R < hmin((),m) )

of (8.31) to that of this consequence.) We consider the case that G is the vector space
R”, regarded as an abelian Lie group, and that 7=L?(IR™) is the regular representation.
In this case, we may omit the cut-off x in our definition of Op. The assignment Op then
attaches to each symbol the corresponding Fourier multiplier. The Sobolev norms || - ||
may be given in terms of the Fourier transform v+sv” on L?(R™) by

oll2. = /g W)™ de,

where as usual (£)=(1+]¢|?)!/2. Tt follows that, for b€ S™,

O b s 71-57771 -_ .
” p( )||7r — ES&}IQF/)\ <§>m

Recalling the definition a,(€)=a(h§) of our rescaling and the estimate a(€)<(£)™ con-
tained in the definition of SJ , it follows that

o)) [——— <'(’9' < sup

fegh h>m fegh <f/h>m
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It is not hard to see that this last supremum is comparable to h™®©m) (consider sepa-
rately the cases in which £€=0 and in which ¢ is large).

The case of general GG is more involved due to the absence of an analogue for general
7 of the Fourier transform on L?(R™). In the special case §=0, we will reduce readily to
the h-independent estimates established in §8.7, with the aid of the membership criteria
in §8.5. We argue similarly in the case of general 4, but using the composition formula
(8.30) as a substitute for the commutator-theoretic arguments in §8.5, which are less
efficient when §>0.

8.8.3. The case §=0
We treat first the simplest (and most important) case 6=0. Let a€S]", so that
9%a(h &) < (heymlal,
Writing b(€):=an(§)=a(h§) for its rescaling, we see by the chain rule that
9°b(&) =hl* o%a(n ¢).
Using the estimates
(he)™ <O ™ and  h(g) < (hE),

it follows that
aab(g) < hmin(O,m) <£>m7\a|

In other words, beh™n(0m) S§*. By the continuity of Op=0p;: 5™ — U™ established in
Theorem 5.6, we deduce that

Opy, (@) = Op(b) € h™n(Om) g

as required.

8.8.4. Reduction to symbols supported away from the origin

Turning to the case of general §€[0,1), we treat first the subcase in which a€S}" is
supported on elements £ of size O(h%). Set b(€):=a(h® &), so that ap=b,i-s. By the
chain rule, 9°b(¢)=h°l%l 9>a(h’ £)< 1. Since b is supported on elements of size O(1), we
have be Sy (in fact, be€S; >°). By the construction of b and the case §=0 treated above
(applied with h replaced by h175), we see that

Opy (a) = Opyi—s (b) € (0! ~%)mnOm g ¢ puin©m) gy,
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as required. By smoothly decomposing a general symbol, it will suffice from now on to
treat the case of symbols supported on {¢:[¢] >h6}, say.

We henceforth fix 6€[0, 1) and take a€ S§* supported on elements ¢ satisfying |€| >h°.
By smoothly decomposing a inside S§*, we may assume that there exists a basis element
z€BCg such that |z(§)|x|¢| for all £€supp(a). We define the h-dependent operator

T":=Opy(a)

and must verify that '€ Uf", i.e., that for each fixed u€il and s€Z, the operator norm
103 (T) || wosys—m is Om™(0™)) “yniformly in h (recall from §5.3 the definition of 02).

8.8.5. Reduction to the case u=1

It will be convenient to reduce to the case u=1. By linearity, we may suppose that
u=x1 ...z, for some zi,...,x,€g9. Regarding z; as a linear function on g", we have

m(x;)=h"" Opy,(x;). Using the composition formula (8.30), we see that
0,(T)=Opy,(h™"6;(a)) mod h™ ¥,
where 62 (a) is defined inductively by
0% (a) =h° 921“,%71 (Tprna—a*pxy,) forn>1

and 09 (a):=a for n=0. The star-product asymptotics (Theorem 7.4) imply that, for each
fixed yeg and beS§*, both yx,b and bx,y are congruent to the pointwise product yb
modulo h'™° §7*. By induction, it follows that

h™" 60’ (a) € SP".

Thus, the required operator norm bounds 7°— 7~ for each element of Opy, (S§*) imply
the same for their images under #2. The claimed reduction to the case u=1 follows.

It remains to verify that T:7° —7~™ has operator norm O(h™"(®™) for each fixed
s€Z. Asin §8.5, we fix k€Zx( large enough in terms of s and m, and reduce to verifying

that, for each vem,

(AT ARy, TAFY < (WO |1y oo )2 (8.32)

8.8.6. The case s—m >0

We argue separately according to the sign of s—m, supposing first that s—m>0.



68 P. D. NELSON AND A. VENKATESH

Recall that the symbol a is assumed supported on elements £ with |£ \>h6. Let us
assume for the moment the stronger support condition |£]>1.

By expanding the definition of A*~™ and appealing to Cauchy—Schwarz, we reduce
to verifying for all zy,...,xs_m €{1}UB< I that

1 e gy TARD|| < WO )] o
To see this, we first evaluate x ... zs_,, TAF using the composition formula. Since
m(z)=h"'Op,(z) forzeg,

we obtain

T1 o Ty TAF = h~(57m+2k) Opy, (Z1*h - A0 T s *naxnpt),

where p(€):=h? +|¢|2 and = denotes congruence modulo h™ U~>°_ (Strictly speaking,
is not associative due to the cut-off x, so we should specify that this iterated star product
is evaluated (say) left-to-right. Changing the order of evaluation introduces negligible
errors lying in h®™ ¥~°° 5o we do not belabor this point.)

By Theorem 5.6, we may find a continuous seminorm v on S*+2¥ such that, for all

c€8*+2F and ver, we have
10p(c)v|| < v(e)||v]| ro+an. (8.33)

Since the evaluation at ¢, of any S**2¥-seminorm is bounded polynomially in h™!, we

see that, if N€Zs is fixed large enough (in terms of m, s, k and ¢), then
h =m0 4 () < 0™ for all ce b §5F2E, (8.34)

Fix J€Zx¢ large enough in terms of m, s, k and N. Let b denote the approximation to
L% ... kp Ts—m*pax, p¥ obtained by replacing each star product %, with the finite part
of its asymptotic expansion obtained by summing over 0<j<.J, as in the statement of
Theorem 4.5. Then,

be S§+2k and supp(b) Csupp(a).

Since J was chosen large enough, we have
J;l*h...*hxs_m*ha*hpk =b+c, c€ hY S(;N.
We deduce from (8.34) and (8.33) the acceptable bound

=T Opy (c)o ]| < b RO o]

rs+2k .
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Our task thereby reduces to verifying that

b= Opy (bl < b0 o

otk (8.35)

Recall from §8.8.4 that we are given an element z€B such that |z(£)|x<|{] for all £
in the support of a, hence also for £ in the support of b. We now “approximately divide
b by 2512F on the right” with respect to the star product; precisely, we construct qESg

s+2k

for which b g*y, z in the sense that

b=gxn2**  mod hV S5V

for fixed large enough N. To that end, we take q:20<j<M b’ qj, where M is fixed large
enough in terms of N and the ¢; are chosen so that the required approximation holds in
a formal sense; explicitly,

b _ —bxlqgo  —bxPgo+brt gy
qo-= Zs+2k’ q1:= Zs+2k and 42 = Zs+2k ?

(s+2k)j

and so on. We see by induction on j that qjehf‘sj Ss . It follows from the com-

position formula (8.30) that ¢ has the indicated properties.
By another application of the composition formula, we see that the left-hand side of

(8.35) is given up to negligible error by
b= G772 Opy, () Opy, (2572 v =™ [|Opy (g) 20|
Our task thereby reduces to showing that
b [|Opy, (¢)2° ol < WO o | oo

To see this, we appeal to part (ii) in Proposition 8.7, which tells us that Opy,(¢) defines

a bounded operator m—m with operator norm O(1). Thus,

0Py (q)2°2Fo| < ||z°F2 0.

By appeal to the lower bound in (3.1) for ||v||;s+2+ and the obvious inequality

hm < hmin(O,m) 7

we obtain the required estimate.

This completes our treatment under the assumption that a is supported on |£|>1.
By smooth decomposition inside S§*, it suffices now to treat the complementary case in
which a is supported on h®< |€]<2, say.
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We consider first the subcase in which a is supported on R<|£|<2R for some h-
dependent positive real R with h’<«<R<1. The general strategy is then as above, but
taking into account that the polynomial symbols x; and p have respective sizes < R and
< R? on the support of a. The symbol b constructed as above now lies in R¥~" T2+ 5>,
By choosing N and J suitably, the remainder term ¢ remains acceptable. The “quotient”

q obtained by approximately dividing b on the right by z52*

now lies in R~™SY. Since
h<h®< R<1, we have h™ R~ < h™"(0™) We may thus conclude as before.

In the general case that a is supported on h®<|€|<2, we take a smooth dyadic
decomposition a=)" 5 a®  where R runs over powers of two satisfying h’ < R<1 and
a™ is as in the previous paragraph. The quotient ¢ obtained as before has the form
Sz g, where ¢) € R~™S?. For each R, the number of R’ for which the supports of
¢® and ¢®) overlap is O(1). Thus, gemax(1, hf‘sm)Sg, and we may conclude as in the

previous paragraph.

8.8.7. The case s—m<0

The argument is similar in structure to that in the case s—m >0 considered above: we
treat separately the subcases in which a is supported on [£|>1 or on h6<|£ |<2, and
dyadically decompose in the latter case. The only difference is that we arrange the
composition and division arguments slightly differently.
We begin by using the composition formula to write the left-hand side of (8.32), up
to negligible error, as
h=** (A" Opy, (b)v, Opy,(b)v),

where b is a truncation of the asymptotic expansion of ax,p”, with p(f):h2 +|€]2. We
s+2k

m—s

then approximately divide the symbol b on the left by z
s+2k

and on the right by z

giving a symbol ¢ for which bz~ %, qx 2 in the same sense as before. In the case

that a is supported on |£|>1, the symbol q lies in Sg, while in the case that a is supported
on |£|=<R, we have qER‘mSS. We reduce in either case to verifying that

D2 (m(2)* ™ AT (2) " Opy (9), Opy (g)v) < (W™ O o] o).
To that end, we see, by Proposition 8.6, that
m(z)° T AT M (2)5 ™
has operator norm O(1). By Cauchy—Schwarz, we reduce further to showing that
B [|Opy, ()v]] € W™ O™ o] osan.

We now conclude exactly as in the case s—m>0.
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8.9. Generalization to proper subspaces

Let g1,g2<g and accompanying notation be as in §7.1; in particular, g;+g>=g. We
assume, for convenience, that the cut-offs x; and yo have support taken small enough
in terms of the cut-off y using to define the operator map on S(g"); this assumption
matters little in practice (cf. §5.4).

Let aeS(g)) and b€S(gh). As mentioned in §7.1, one can then define operators
Opy,(a) and Opy(b) on =, preserving 7>°, and acting via the restrictions of 7 to the
subgroups (G; and G2. These operators typically do not belong to any of the operator

classes we have defined, but their composition belongs to ¥~°°; indeed,

Op(a)Op(b) =Op(axb)
with axbeS(g”). Some analogues of the above results hold in this setting. For instance,
we have the following.

THEOREM 8.11. Fiz mi,mo€Z with (m1, my) admissible (§7.2). Fiz 6€[0,3). Let
aeS{" (g7) and be S§**(g5). Then, Opy,(a)Opy, (b)=Opy, (a*nb). Moreover, for each fized
M, N €Zsyy, there is a fivzed J€Zxq such that

Opy,(a)Opy, (b) = Z h? Opy,(ax’b) mod h™¥ wyM (8.36)
0<i<J

Proof. We apply the general star product asymptotics (Theorem 7.4) and argue as
in the proof of Corollary 5.9. O

8.10. Disjoint supports
We retain the notation of the previous subsection, and record a simple consequence.

LEMMA 8.12. Let (0, m1,ma,a,b) be as in the hypotheses of Theorem 8.11. Assume
that the preimages in g" of the supports of a and b are disjoint. Then, Opy,(a)Opy,(b)€

h® W= with continuous dependence upon a and b.

The precise meaning of “continuous dependence” is that for any seminorm ¢ defining

the topology on h®™ ¥~ and any N >0, we have
¢(Opy,(a)Opy, (b)) < v1(a)ra(b) WY
for some continuous seminorms v; on Sg* (g}).
Proof. We apply (8.36) with large J and use that ax/b=0 for all j€Z>( and

o= (] bwVeyM O
M,N€Zsq
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9. Infinitesimal characters
9.1. Overview

Let G be a reductive group over R. (Our discussion applies, by restriction of scalars,
also to groups over C.) We denote by G the Lie group of real points of G, by g the
Lie algebra, by gc=g®rC the complexification, by g¢ its complex dual, and by ig* the
imaginary dual of g, which we may identify with the Pontryagin dual g (cf. §2.1). We
regard g™ as a real form of the complex vector space g¢.
We denote by
lacl=9c/G

the GIT quotient, i.e., the spectrum of the ring of G-invariant polynomials on g¢. This
variety has a natural real form, denoted [ig*], corresponding to the polynomials taking
real values on ig*. We will identify [g&] with its set of complex points and likewise [ig*]
with its set of real points inside [g&]. As we recall below, these varieties are affine spaces:
the inclusion [ig*]< [g¢] looks like R C™ .

Ezample 9.1. Suppose G=GL,(R). Using the trace pairing, we may identify g¢
with the space of nxn complex matrices £&. The map sending £ to the characteristic

polynomial of £/i induces isomorphisms
[9] == monic polynomials X" +p; X" ' 4...4p,_1 X +p, € C[X],
[ig*] — monic polynomials X" 4+p; X" 4...+p, 1 X +p, € R[X].

Let 4l denote the universal enveloping algebra of gc, and 3 its center; the latter acts
by scalars on any irreducible representation of G. Harish—-Chandra defines an algebra
isomorphism

~: 3~ {regular functions on [g¢]}, (9.1)

to be recalled below. Each irreducible representation m of G thus gives rise to a point
Ar€[g¢], which we refer to as the infinitesimal character of 7.

The first aim of this section is to record some preliminaries concerning the assignment
m—Ar. We then aim to prove, using our operator calculus, some basic estimates involving
the \,.

9.2. Basics concerning the quotient

We denote temporarily by R and Rc the rings of regular functions of the varieties [ig*] and
[9%] defined above. By definition, Re2Sym(gc)? is the ring of G-invariant polynomials
on g¢; its real form

R=Sym(ig)“ C Re



THE ORBIT METHOD AND ANALYSIS OF AUTOMORPHIC FORMS 73

consists of the polynomials taking real values on ig*.

The R-algebra R admits a finite set py, ..., p,, of algebraically independent homoge-
neous generators. Indeed, the corresponding assertion for R¢ is a theorem of Chevalley
[Ch], and remains true for R due to the following fact whose proof we leave to the reader:
if KCL are fields and R=D,, R, is a graded K-algebra with the property that R®x L
is polynomial on homogeneous generators, then the same is true for R.

Thus, R=R|[ps, ..., pn] and Rc=C|p1, ..., p,] are polynomial rings.

Recall that [gg] denotes the set of complex points of the spectrum of R¢ and [ig*]
the set of real points of the spectrum of R; by definition, [gf] consists of C-algebra
maps Rc—C and [ig*] consists of R-algebra maps R—R. There is a natural inclusion

[ig*] < [g¢]. Fixing generators as above, we may identify

[ig"] =R" C [ge] = C™.

In particular, we may speak of the euclidean distance between elements of [gf]. This
depends on the choice of generators p; above; however, on any fixed compact subset,
the notions of distance arising from different choices of generators are comparable, i.e.,
bounded from above and below in terms of one another.

We denote by £—[¢] the natural maps g&—[gg] and ig*—[ig*]. The first of these
maps is surjective. More precisely, let t¢ be a Cartan subalgebra of g¢, with corresponding
Weyl group We. Then, gc splits as nz tc®nc, and we may identify {7 with the subspace
of g orthogonal to nz@nc. By Chevalley’s theorem, the natural composition

tt —oc — loc
induces an isomorphism of complex varieties
t/We = [z (9.2)

The map ig*—[ig*] is not in general surjective (e.g., for G=SO(3)), but its image is
readily verified to be Zariski dense.

The complex conjugation £—& on ge descends to an involution on [gf] that we
continue to denote by A . Similarly, the scaling action of t€C* on gi given by £r>t&
descends to a scaling action A—tA on [gf]. The unique fixed point [0] of the scaling
action gives an origin on [g{].

For pe R and £€gp, one has p(§)=p(—¢); it follows readily that

lig" ] ={Xegt]: A=—A}. (9.3)
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9.3. The regular set; description by Cartan subalgebras

We recall that an element of [g¢] is regular if it identifies with a regular point of t&/Wc,
i.e,. apoint having |W¢| distinct preimages in t{; equivalently, X is regular if its preimages
in g¢ are regular semisimple. We note that £€g is regular whenever [¢] is regular (cf.
§1.14), but not conversely. As usual, we use a subscripted “reg” to denote the subset of
regular elements.

The subset [ig*]reg Of [ig*] is dense and open. We recall how to parameterize
[ig"]regNimage(ig")

in terms of (real) Cartan subgroups T of G (compare with, e.g., [Kn, Theorem 5.22]). For
each such T, the complexified Lie algebra tc is a Cartan subalgebra of gc. As T varies
over a finite set of conjugacy representatives, the images of the maps (it*)reg— [10"]req

partition [ig*] eg Nimage(ig*).

9.4. Harish—Chandra isomorphism

We recall the construction of the map v as in (9.1). (see, e.g., [Kn, p.220] for further

details). Fix a Cartan subalgebra tCg and a corresponding decomposition
gc =ncBtcOne.

Let H denote the universal enveloping algebra (equivalently, symmetric algebra) of tc.
One has the decomposition
U= (nci4Lnc) BH. (9.4)

Let pet* denote the half-sum of positive roots and o: H—H the algebra automorphism
extending tc3t—t—p(t)1y. Given z€Z with component zp € relative to the decom-
position (9.4), Harish-Chandra defines the element v(z):=0(zr)€H. This element turns

out to be Weyl-invariant, and thus identifies, via (9.2), with a regular function on [g§].

9.5. Basics on infinitesimal characters

Let 7 be a U-module on which 3 acts by scalars. For instance, this happens when 7
comes from an irreducible representation of G. The infinitesimal character \:€[gf] is
then defined by the following property: each z€3 acts on 7 by the scalar v(z)(Ar).

For any ${-module 7, we may define the dual module 7* and the complex conjugate

module 7.
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We write 7" :=7* for the conjugate dual. We note that, if 7 comes from a unitary
representation of G, then 727", If 3 acts on 7 by scalars, then it also acts by scalars on

the modules 7*, 7 and 7%, whose infinitesimal characters may be described as follows.
LEMMA 9.2. Apr=—Ar and Az=Ar and A+ =—Ay.

Proof. This is presumably well known, but we were unable to locate a reference. It
suffices to prove for each A€[gy] that the required identities hold for some Y-module 7
with Ar=A.

Let gsCgc be a split real form, with split Cartan t<g,, and fix a reductive group
G with Lie algebra g,. Lift A to a representative Aetf, and form the corresponding
normalized principal series representation I(A) of G4 via induction from some Borel
containing exp(t). Then, I()) is a Yf-module whose infinitesimal character is the image
of A (by, e.g., [Kn, Proposition 8.22]), while I()\) has dual I(—\) (by, e.g., calculations

as in [Kn, p.170]) and complex conjugate I(\) (by construction). O
In particular, by (9.3), we obtain the following.

COROLLARY 9.3. If 7 is an irreducible unitary representation of G, then A €[ig*].

9.6. Langlands classification

Recall that a representation of G is tempered if it is unitarizable and weakly contained
in L?(G), or equivalently, if its central character is unitary and the matrix coefficients
of its K-finite vectors (with K some maximal compact subgroup of G) belong to L?*¢
modulo the center (see [CHH]). The Langlands classification (see [Kn, Theorem 8.54])
asserts that for each irreducible representation(®) m of G, there is a unique G-conjugacy
class of pairs (P, o), consisting of a parabolic subgroup P of G and a representation o of
the Levi quotient M such that the following statements hold:

e 7 is the unique irreducible quotient of the induced representation igag

e o is tempered on the derived group of M;

e the absolute value of the central character of o is strictly dominant.

The infinitesimal characters of o and 7 coincide with reference to the natural map
[m¢]=mg JMc—[g¢] (see [Kn, Proposition 8.22]).

9.7. Infinitesimal criterion for temperedness

The infinitesimal characters of non-tempered representations are located near irregular
elements; for lack of a reference, we record the proof.

() in the sense of (g, K )-modules, but this includes unitary representations, see [Kn, Corollary 9.2].
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LEMMA 9.4. For each compact subset 2 of [ig*|reg there exists ho>0 such that, for

each he(0,hy), every irreducible unitary representation 7 with hA;€Q is tempered.

Proof. First, fix a Cartan subalgebra tc of gc and let Aeh™' Q. Since A is regular,
any preimage \€tc under (9.2) satisfies w- A for all non-trivial elements w of the Weyl
group for tc. Since () is compact, it follows that

lw- A=Al =ch™? (9.5)

for some ¢>0 depending only upon tc and €.

Next, let m be an irreducible unitary representation with hA,€€. We may realize
7 as the Langlands quotient of i%o for some (P,o) as in §9.6. Let |w,| denote the
(dominant) absolute value of the central character of 0. Assume that 7 is non-tempered.
Then, P#G and |w,| is strictly dominant, and in particular non-trivial.

Unitarity also imposes a constraint on |w,|. Choose a Levi subgroup M of P.
Write m for the Lie algebra of M, and a for the center of m. Let pp be the half-sum
of positive roots for a on the unipotent radical of P. It follows from boundedness of
matrix coefficients that pp|w,|~!, considered as a character a—C*, is bounded above on
the dominant cone [Kn, Chapter XVI, §5, Problems 6 and 7]. This, together with the
condition that |wy| is dominant, confines |w,| to a compact subset of a*. (Compare with
[SVo, Proposition 7.18].)

Now, passing to a smaller parabolic subgroup if necessary, we may assume that 7 is
a quotient of {30, where

e the restriction of ¢ to the derived group of the Levi subgroup M of P belongs to
the discrete series, and

e the absolute central character |w,| is non-trivial and confined to a compact subset
of a*.

Let m® denote the derived subalgebra of m. We then have the splitting m=a®mP,
which induces a bijection

[mE] =~ ag x [me’]

By our assumptions on o, its infinitesimal character decomposes as
>\ﬂ' = (K+;L7 V)a

where k€a*, p€ia* and ve[im®]; moreover,  is non-zero and confined to a compact
set.

By the classification of discrete series [Kn, Theorems 9.20 and 12.21], the parameter
v comes from an imaginary parameter for some (compact) Cartan subgroup of M°. We
may thus find a Cartan subgroup T of G, contained in M and containing its center, such
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that A\, is the image of A4k for some Ae€it*; here we identify k€a* with its pull-back
to t&. The unitarity of m implies that Ar=—MAy: since A=—\ and &=k, it follows that

Ak=w-(A—k)

for some w in the Weyl group of t¢. Since k#0, the element w is non-trivial.
In summary, we have shown that there exists a Cartan subgroup T' of G (which we
may assume taken in a finite set of conjugacy representatives), a lift Ar of Ar to &, and

a non-trivial Weyl group element w for t¢ such that
WAy EAg+C

for some compact C'Ctg. But if h is small enough, this contradicts (9.5). O

9.8. Norms

Let us introduce a norm |- | on [gc]*, i.e. a continuous non-negative function such that
[tA|=|t] |A] for t€C*, and that vanishes only at the origin. Any two such choices are

bounded above and below in terms of each other:
|1 |2,

and so the explicit choice will not matter.

For example, choosing coordinates A=(pi,...,p,) on [g¢] as in §9.2, where p; has
degree d;>1, the function

I\ = e [/

gives a norm. Alternately, identifying [g] with the quotient of a Cartan subalgebra by
the Weyl group, any Weyl-invariant norm on the Cartan subalgebra gives a norm on [g¢].

Now, let 7 be an irreducible unitary representation of G. Recall the positive-definite
densely-defined self-adjoint operator A:=7(A) on 7, as defined in §3.1. Then, the norm

[Ar| of the infinitesimal character A, of 7 gives a reasonable notion of a “norm of 7”.

LEMMA 9.5. There is an eigenvalue of A on 7 of size O(1+|\:|?). The implied

constant depends at most upon G and the choice of norm.

Proof. The assertion does not depend on the basis B of g used to define A. Choose
a Cartan decomposition g=¢®p and let {y;} and {z;} be orthonormal bases for ¢ and p,
respectively, as defined with respect to the (possibly-negated) Killing form. Take

B:={yi}U{z}
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such that A=2Ag —1—C with
AKzzl—Zy? and C::—ny—i—Zz?.
i i j

Recall that C (the Casimir operator) defines a quadratic element of 3 whose eigenvalue
on 7 is thus O(1+|A\;|?). We thereby reduce to verifying that A has an eigenvalue of
size O(1+|\x|?).

For this we use Vogan’s theory of minimal K-types (see [Vo2] or [Kn, §XV]). Let u
be a minimal K-type of m. Then, Vogan shows that there exists a parabolic subgroup P
and a (possibly not unitary) relative discrete series representation o of the Levi quotient
such that:

e 7 is a subquotient of an induced representation 15 (o), and

e 4 is a minimal K-type of I§ (o).

This permits us to reduce the question to the case that « is induced from a discrete
series, and in turn to the case of discrete series. In that case, the desired result follows
from Blattner’s formula (see [HS] or [Kn, Theorem 12.26 c]). O

9.9. Harish—Chandra versus symmetrization

The symmetrization map (cf. §5.2) is the linear isomorphism Sym(gc)cﬂs given by

averaging over permutations. We consider the composition
Sym(gc)” == 3 —— Sym(gc)“. (9-6)
LEMMA 9.6. Let n€Zx1, and let pESym(gC)G have order <n. Then,
~vosym(p)—p has order <n—1. (9.7)

Proof. We use that the component sym(p)r€H of sym(p) with reference to (9.4)

coincides modulo terms of degree <n—1 with the restriction of p via tf < g¢. O

10. Localizing

Here we record some results of the following theme: if a vector v is “microlocalized” at
a point £€g” (§1.7), and a symbol a is supported away from that point, then Op(a)v is
negligibly small. The method of proof—to approximately divide one symbol by another—
is ubiquitous in microlocal analysis. The main result is Lemma 10.4, which we apply
below in a few places (§19.2, §22.3, §22.4 and §29.3) as an a-priori estimate.

In §10.1 and §10.2, 7 is an h-dependent unitary representation of a unimodular Lie
group Gj in §10.3, we specialize further.
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10.1. Division

LEMMA 10.1. Fiz 0<61,(52<% and M,N€Zsq. Set §:=max(d1,d2). For each a€c
S5, and q€S5° for which

a)#0 = |g(&)|=h™,
there exist b, €h™° Sy > such that

Opy,(a) = Opy(¢)Opy, (b))  mod WY T3,
Opy (@) = Opy,())Opy(¢)  mod b W™,
Remark 10.2. One can extend this result to M =N =00 via “Borel summation” as
in [Hor, Proposition 18.1.3], but we have no need to do so.

Proof. (The idea of the proof was applied already in §8.8.6.) We construct b; one
may similarly construct b’'. Set by:=a/q. By the quotient rule, we see that by ch™% Sy .

We now inductively construct b; for j>1 so that

q*hz hj bj ~Qa
720

in the formal sense (i.e., comparing coefficients of powers of h). Explicitly,

—q*'b —q*%bg+q*'b
bolzg, bl = 7(] 0, bg:: —q 0td 1,
q q q

and so on. We see by induction that supp(b;) Csupp(a) and that
bj € h™027200 g oo, (10.1)
We now take

bi= Y Wby,

0<i<J

with J€Zs( large but fixed, and appeal to (5.5). O

10.2. Localizing near the locus of a symbol

Suppose now given an h-dependent h-uniformly continuous map

H: U™ —C
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and a symbol p€ S§° with the property that there is an (h-dependent) scalar A€ C such
that either of the following conditions hold:

H(Opy,(p)T) = H(T) forall Te W™, (10.2)
H(TOpy(p)) =AH(T) forall Te W™, (10.3)

We will verify that #H(Opy,(a)) is small if a is supported away from the vanishing locus
of p. Let us first choose (as we may) an h-uniformly continuous seminorm v on ¥~>°
such that |H|<v.

LEMMA 10.3. Fix 0€ [O, %) and N€Zxo. Let acSy ™. Then,
H(Opy(a)) <h ™M ()7, (10.4)
where M s fized large enough in terms of the seminorm v. If moreover

a€)#0 = |p(&)-A=D’,

then
H(Opy(a)) < hN (AN, (10.5)

Proof. We assume (10.2); a similar proof applies under (10.3). By Lemma 5.3, we
may choose M so that the restriction of v to \IJE_M is continuous. We have

H(Opy(a)) = A"V H(Opy(p)" Opy(a)),
Opy(p)Y Opy(a) € Opy (S5 ) +h™ T,
Opy (S5 ) € Opy(S; ) Ch M wy™,

By applying these both with the given value of N and with N=0, we obtain (10.4). We
turn to (10.5). Fix e>0 with §+e<2. By applying (10.4) with NV with sufficiently large,
we reduce to the case that |A\|<h™°. We must verify then that

H(Opy,(a)) < b . (10.6)

Set ¢:=h*(p—\)€S5°. We have lg/=h%* on the support of a. By §10.1, we may write
Opy(a)=O0py,(¢)Opy () and h™ U5 for some b. Since H(Opy,(q)Opy(h))=0 and H

induces a continuous map \I!(S_M —C, the required estimate (10.6) follows. O
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10.3. Localizing near an infinitesimal character

We now establish an analogue of §10.2 which will be very useful in applications. Fix an
inclusion H< G of reductive groups over R. Let m and ¢ be h-dependent irreducible

unitary representation of G and H, respectively. Let
H: ¥ (m) —C

be an h-dependent h-uniformly continuous map which factors as an (H x H)-equivariant

h-uniformly continuous composition
U=°(7r) — U ~>(c) — C.
We quantify the rescaled frequencies of w and ¢ via their infinitesimal characters:
(hAy) = (14X >)Y? and (h),):=(1+|hA,[>)V/2

Define
Op: 8™ :=8"(g") — U™ := V"™ (7),

as usual. Let a€S™>°. We will verify that H(Opy,(a)) is small unless a is supported on

elements £€g” for which

([€], [€]p]) = (h Az, hAo) € [g"] x [07).

More precisely, let us choose an h-uniformly continuous seminorm v on ¥~°°(7) such

that |H|<wv. Then, we have the following result.

LEMMA 10.4. Fix 6€ [O,%) and N€Zxo. Fiz M>=0 large enough in terms of v.
Let a€ Sy . Then, H(Opy(a)) satisfies the “a-priori estimate”

H(Opy,(a)) < h ™M (hA) "N (ha,) V. (10.7)
Suppose now that a is supported on the complement of
{eeg" :dist([€],h)\;) <h® and dist([¢]p],hA,) <h°}, (10.8)

with dist being the euclidean distance function defined by the coordinates fixed in §9.
Then, H(Opy,(a)) is negligible:

H(Opy,(a)) < hN (b)) "N (hA,) V. (10.9)
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Proof. We denote as in §9.2 by Re=Sym(gc)® and R=Sym(ig)® the rings of G-
invariant polynomials on ig* taking complex and real values, respectively. Recall (from
85.2, equation (9.1)) that, for p€ R,

Op(p) acts by the scalar (yesym(p))(Ar)- (10.10)
For pe R, we denote by p’€ R the element for which
Yosym(py,) = ph. (10.11)
Regarding p’ as a polynomial symbol on g”, we see that
Op,, (p) acts by the scalar pp(A\,) =p(hA,). (10.12)

On the other hand, if we fix p and regard p’ as an h-dependent polynomial symbol, then
Lemma 9.6 gives

p'=0(1) and p =p+O0(h); (10.13)
more precisely, (10.13) says that p’ch® Sg° and p'—peh! Sge.

Fix a set {p}={pc}U{pn}, where

e pc runs over a system of generators for the ring Sym(ig
"

)&, corresponding to the

coordinate functions defining the distance function on [g"], and

e py runs over a similar system for Sym(ih)¥.
Let the assignment p—p’ be as above, applied either to H or to G. For each such p,
our assumptions concerning H imply that

H(Opy(p')T) =p(hAs)H(T) (10.14)

for all Te®~>°. We have |hA;|+|h),|=<max, [p(h),)|, so the first estimate (10.7)
follows immediately from (10.14) and §10.2. In verifying (10.9), we may thus suppose
that |hAz|+|hA,|<h™° for any fixed £>0. By (10.13), we have

Ip(&)—p'(£)] <h' e,

so that, for small enough h,

dist([¢]s],hA;) > b = max [p(€) —p(hAs)[ >’

= max|p/(¢&)—p(hA,)| >h°",
P

say, and similarly if dist([§]7h)\7,)>h5. Having fixed ¢ small enough, we may suppose
that d+e< % If @ is supported on the complement of (10.8), then we may decompose it
into pieces indexed by p supported on the sets

{&:1p'(&)—p(hAs)| > hoTe}.

We conclude by applying §10.2 to each such piece. O
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11. Regular coadjoint multiorbits

G is the set of real points of a real reductive group G, with notation as above.

11.1. Notation and terminology

For each infinitesimal character A€ [g"], we may form the fiber O*:={¢€g":[¢]=\}. For
example, if A=[0], then O* is the nilcone N. As noted already in §6.1, each such fiber
O* consists of a uniformly bounded finite number of G-orbits. We recall that a coadjoint
multiorbit OCg" is a G-invariant set contained in O* for some A, and that O is regular

if it consists of regular elements; then,
O isregular <= O is relatively open <= (O has maximal dimension,

where “relatively open” is with respect to O, and “maximal” means with respect to all
coadjoint orbits.

Recall that to each coadjoint orbit O we may attach its normalized symplectic
measure w:=we on O. Let a€C.(g"). By a result of Rao [Rao], the integral [, adw

converges. Hence, w may be regarded as a measure on g”.

11.2. Topology

We temporarily denote by fR the set of regular coadjoint multiorbits Oggﬁeg. We equip
R with the topology induced from the inclusion

O wo € {locally finite Radon measures on g},

where we endow the target with the weak-* topology. Thus, a sequence O; of regular
coadjoint multiorbits converges to O in R if the corresponding symplectic measures wo,
tend to weo. We note that the infinitesimal character map R\{@}—[g"] is continuous,
and has finite fibers.

We note that the topology on R is Hausdorff: the topology on the target of the
above inclusion is Hausdorff, and the map O—wp is injective in view of the regularity
of O.

It is a non-trivial fact that the topology on R may be described more simply.

THEOREM 11.1. Let O;€R be a sequence of regular coadjoint multiorbits. Set
0:={¢ egfengj — & for some &€ O;}.
(1) If O; has a non-empty limit Oum €R, then Oim=0.

(ii) If O is non-empty and contains all reqular subsequential limits of the sequence
Oj;, then OcR and O;— 0.
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This follows from arguments of Rossmann [Ros2], [Ros3], who also gives in [Ros3]
some characterizations of when O is non-empty. Since it does not appear to have been
stated explicitly in the above form, we outline the proof. We consider first the special

case involving full preimages under the map g/, —[g"]. To that end, for Ae[g"], set

A
[ wOreg,

where by convention wy:=0 if Or)‘egzg.

LEMMA 11.2. The measures wy vary continuously with respect to A€[g"].

Proof. Suppose that A\;—A. We must verify that w);, »wy. By a diagonalization
argument, we may assume that the A; are regular. After passing to a subsequence, we
may assume that there is a Cartan subalgebra b of g such that \; is the image of ¢; € hyeg,
with the ¢; lying in the same connected component C'Ch,., and having a limit teCCh.
The required conclusion in that case is stated explicitly in the second paragraph of [Ros2,
p. 59] and follows from [Ros2, Lemma D] and the arguments of [Ros2, pp. 59-62], which
rely in turn upon results of Harish-Chandra. O

LEMMA 11.3. Fiz {y€gl,, and let €U CgL, be a sufficiently small open neigh-
borhood. Let O be any reqular coadjoint multiorbit. Clearly, woly is non-zero if and
only if ONU#@. In that case, wol|y=wg.¢lu for any EEONU. The family of measures

wa-¢|lu varies continuously with respect to £€U.

Proof. We have for each A€ [g"] that the intersection Uﬂ@A:UﬂOﬁeg is non-empty
precisely when there is some £ €U with [(]=\. Since the differential of the map g, —[g"]
is surjective at every point [Kos2, Theorem 0.1], we have in that case—for sufficiently

small U—that UNO*=UN(G-¢). The claims then follow from the prior lemma. O

Proof of Theorem 11.1. Let A\j=[0,]€[g"] denote the infinitesimal character of O;.

Suppose first that the O; have a non-empty limit Oy €R, with infinitesimal charac-
ter A:=[Olim]. Then, A;—J; it follows that O is non-empty. It is therefore a non-empty
regular coadjoint multiorbit with infinitesimal character A. Using Lemma 11.3, we see
that

(restriction to g, of wo,;) — (restriction to gy, of wo). (11.1)

Since Oj —O\im, this forces Oy =0.

Conversely, suppose that O is non-empty and contains the regular subsequential
limits of the O;. We can find a sequence &;€0; converging to some {€O, so that
Aj=[&,] likewise tends to A:=[¢]. Since every element of O arises in this way, we see that
O is a non-empty regular coadjoint multiorbit with infinitesimal character A. We aim to
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verify that O;—O. Using Lemma 11.3, we see that (11.1) holds. The remaining point is
to understand what happens on g" —gJ.,. Since wo, <wy;, we see from Lemma 11.2 that
wo, admits (after passing to a subsequence) a limit measure w’ which is G-invariant and
bounded by wy, hence is a non-negative linear combination of the measures weo: attached
to G-orbits O'CO},,. By (11.1), we deduce that w’'=we. Thus, O;—O. O

reg*
11.3. Bounds for symplectic measures

In what follows, we denote by sup, a supremum taken over all non-empty regular coad-

joint multiorbits.

LEMMA 11.4. For each a€C.(g"),

sup
o

< o0. (11.2)

/adw
1)

Proof. It will suffice to show that sup, ¢y [wa(a)| <oo, with wy attached to O}y as

in §11.2. Recall that |wy(a)|<oo. The image in [g"] of the support of a is compact, so

we may conclude via the continuity noted in Lemma 11.2. O

Combining this with the homogeneity property (6.1) of the symplectic measures, we
obtain a basic estimate valid uniformly over g*. Recall the discussion of norms from §9.8
and the abbreviation (\):=(1+|A|?)!/2, which applies in particular with A=[O)].

LEMMA 11.5. For each >0,

sup([O])° /€ 71O duole) <.

(@]

Proof. The contribution from |£|<1 may be estimated using the prior lemma, noting
that this contribution vanishes identically if ([O])>1. For the remaining contribution,
we split the &-integral into dyadic shells A<|¢|<2A, with A=2" for n€Z3,. By (6.1)
and (11.2), the contribution from each such shell is bounded by a constant multiple of
A~¢, while the smallest A giving a non-zero contribution has size > ([0]). We conclude

by summing dyadically over A. O

11.4. Limit orbits

Let 7 be a tempered irreducible unitary representation of GG, the real points of a reductive
group G over R. We now allow 7 to vary with a positive parameter h—0 traversing some
sequence {h}C(0,1). We emphasize again that the dependence of 7 and o upon h is not

assumed to be (e.g.) continuous or measurable.
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11.4.1. Definition

Let O be a regular coadjoint multiorbit. We say that O is the limit orbit of © (or,
pedantically speaking, limit multiorbit) if limp_,o h O, =0 in the sense of §11.2. We then
often abbreviate wo to simply w.

We note that m admits at most one limit orbit, since the topology on fR is Hausdorff
(see §11.2). We note also that if 7 admits the non-empty limit orbit O, then h\,

converges to the infinitesimal character A\:=[O] of the limit orbit.

11.4.2. The h-independent case

Recall that 7 is generic if

e ( is quasi-split, i.e., contains a Borel subgroup defined over R, and

e 7 admits a Whittaker model (with respect to some non-degenerate character of
the unipotent radical of that Borel).

We refer to [Vol] for definitions concerning Gelfand—Kirillov dimension.

LEMMA 11.6. Suppose that 7 is h-independent. Then, ™ has a limit orbit O, where
O is contained in the regular subset Nyeg of the nilcone. The following are equivalent:

(i) O is non-empty;

(ii) 7 has mazimal Gelfand-Kirillov dimension;

(iii) 7 is generic.

Proof. The initial assertions and the equivalence of (i) and (ii) follow from [BV] and
[Ros5, Theorem C and D]. (The initial assertions also follow readily from Theorem 11.1.)
The equivalence of (ii) and (iii) follows from [Kos3, Theorem 6.7.2].(%) O

Remark 11.7. Condition (i) is what is relevant for the purposes of this paper; we

have invoked its equivalence with (ii) and (iii) only to simplify the statement of our result.

12. Trace estimates

We now prove (a sharper form of) Theorem 6.3. We retain the setup of §11.4, and define
Op: 8™:=8™(g")—U™:=U™(r) as usual. Recall that we write

(€)= (1+1¢)?

for an element £ of a normed space.

(4) Kostant proves what is required here modulo the possibility of replacing 7 by another Hilbert
space representation 7’; Kostant’s Hilbert space representations do not preserve the inner product, so
it is not obvious that m and 7/ are “the same”. But Casselman [Casl]| shows that the spaces of smooth
vectors in the two representations are isomorphic.
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12.1. Spaces of operators associated with various norms

For T: m—m and p=1, 2 or oo, we let ||T||, denote respectively the trace, Hilbert-Schmidt
or operator norm of T. We let 7,,:=7T,(m) denote the space of operators T on 7 with the
property that for each u€il, the operator 6,,(T") (defined as in §3.3) induces a bounded
map m—m for which [|6,(T)|,<occ. We equip 7, with its evident topology (§1.14.6).
Note (by §8.5) that Too =¥ is not a new space.

Given an h-dependent positive real ¢, we denote as in §1.14.2 and §5.3 by c7, the
space of h-dependent T'€7, for which the seminorms of ¢~'7T" are bounded uniformly
in h. As usual, expressions involving h®™ are to be understood as holding whenever co is

replaced by an arbitrary fixed number N.

12.2. Approximate inverses for A

Set

Ay :i=1—h? Z 2.

z€B(g)
By the spectral theory of the self-adjoint operator A, the operator m(Ay}) is invertible,
and its inverse has operator norm <1. The following lemma allows one to control its

inverse via integral operators.

LEMMA 12.1. For each N €Zx there exist positive reals hg and C, depending upon
G and x but not upon m, so that the following holds for 0<h<hy.
Define b€ S® by b(€):=(¢)~N. Then,

A(h) =AY Opy (b)

defines an invertible operator on m. Moreover, the operator norms of A(h) and A(h)~!

are bounded by C.

Proof. By applying the composition formula, we see that the h-dependent operator
A(h) belongs to 1+h¥~1C1+h W% For small enough h, it follows by the Neumann
lemma that A(h) is invertible with inverse of operator norm O(1), as required. O

12.3. Results

Let m be an h-dependent irreducible tempered representation of G. We adopt here the
convention that implied constants in any asymptotic notation are independent of = and h,
and must depend continuously upon any symbols under consideration. Recall from §6.1
the definition of d€Zx.
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THEOREM 12.2. Let assumptions and conventions be as above. Let N €2Z>q satisfy
N>d.

i) For §€[0,1) and acS:Y, we have
(i) : 5

tr(Opy(a)) <h™(hA )N (12.1)
and
h tr(Opy,(a)) :/ adwy o, +O0(0 2 (hA )4 NV=1), (12.2)
hOx

In particular, if a is h-independent and 7 admits the limit orbit (O, ), then
lim hdtr(Oph(a)):/ adw. (12.3)
h—0 o)

For each j€Zxy, there is a constant coefficient differential operator D; on g" of

pure degree j, so that for a€Sy > and fived J,N'€Zxo,

h'tr(Opy(a)) = > W Djadwy o, +OMID7 A )N, (12.4)
0<j<J h O

(ii) A;Nﬂ (¢f. §12.2) is trace class, with HA;N/2||1:tr(A;N/2)<<h7d<h)\,r>d_N.

(iii) For any operator T on w, the trace norm is majorized as follows:
1Tl <COR) " NMIT gy, (12.5)

where C' depends only upon G and N. For p=1,2, we have \IJ_NQE; the normalized

map

N T,

(12.6)
T— A4,

18 continuous, uniformly in w. These conclusions remain valid also for non-tempered ,
possibly with a larger value of N.

(iv) For fized x,ycsl and any Teh® W= we have ||zTy|2<1, with continuous
dependence upon T.

(v) We have

Opy (S5 ™) Sh™ AT,
Oph(So_N) C hfd/2<h)\ﬂ_>(d—N)/27~2.
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(vi) For k€Zx1 and al,...,akESO_N,

Opy(a1) ... Opy(ax) €™ (W A7) VT, (12.7)
h? Op,,(a1) ... Opy, (ar) =h? Opy (ay ...ar) mod h(hA )4 NT7. (12.8)

(vil) Fiz ¢>0. Let geG be an h-dependent element with |Ad(g)||<h™'c. Let
acSg°. Then,

h? Opy,(¢-a) =h? 7(g)Opy,(a)7(g)™" mod h>(hX, )~ NT;. (12.9)

Proof. We will frequently apply Theorems 4.5-5.8.

(i) The first assertion reduces to the estimate

sup  sup (h[O])°h? / hé&)™1¢ dwep (¢) < oo, (12.10)
he(0,1] 0:d(0)=d cco

which follows in term from (6.1) and the results in §11.3. The remaining assertions follow
by expanding (7~ /?xa")" using §7.8 and recalling that j(0)=1.

(ii) By spectral theory, we may assume that h is sufficiently small. Set

b(&):= (&)~
By §12.2, we have
tr(A; V/?) < tr(Op, (b)?).

By applying the proof of (i) to

tr(Opy, (0)*) = tr(Opy, (b*nb, X)),

we obtain an adequate estimate for tr(Opy,(b)?).
(iii) Let Te ¥V, By (ii) and the inequality

—N/2 N/2
Al < 1AL (10 1AY 2 Al oo, (12.11)

applied with A:=0,(T") and h:=1, we obtain the estimate (12.5), as well as the required
inclusion for p=1. We deduce the case p=2 via ||A||2<||A||}/2||A||é42.

The necessary input in this argument was the uniform trace class property of A=N/2,
This is presumably well known, and holds also non-tempered , as follows, e.g,. from
the proof of part (i) of Lemma A.3.

(iv) By a similar argument as in (iii).
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(v) We must estimate ||6,,(Opy(a))l|, for fixed ueil and p=1,2. By differentiating

the composition formula, we have
0., (0Opy,(a)) =0py,(0,(a)) mod h™ W™=,
By (iii), we thereby reduce to the case u=1. Using the identity

10Dy, (a) 13 = tr(Opy(a)Opy (a)*) = tr(Opy, (a)Opy (a)),

the composition formula, and (iii), we reduce further to the case p=1, in which it remains
to show that [|Opy,(a)||1 <h™%(hA;)?N. For this we apply (12.11) with A:=Op,,(a) and
appeal to (ii) and the consequence ||A}]1V/2Oph(a)Hoo<<1 of the composition formula.

The remaining results (vi) and (vil) may be proved similarly (for (vii), cf. §8.4). O

Part III. Gan—Gross—Prasad pairs: geometry and asymptotics

Let k be a field of characteristic zero.

For our purposes, a Gan—-Gross—Prasad pair (henceforth “GGP pair”) over k is a
pair (G, H) of algebraic k-groups equipped with

e an inclusion H s G of algebraic k-groups, isomorphic to one of the standard

inclusions

S0,“+80,.1, U,“>U,,;; or GL,“>GL,,, (ITL.1)

and

e an action (called the “standard action”) of G on some vector space V, i.e., an
embedding G~ GL(V). See below for complete details.

We make this definition precise in §13.2. The general linear example may be un-
derstood as a special case of the unitary example, as we will find very convenient in our
proofs. We refer to the first case as the orthgonal case, and the latter two as unitary
cases.

The study of such pairs, locally and globally, was initated (in the special orthogonal
case) by Gross and Prasad [GP]. A broader formalism was developed in the paper of
Gan, Gross and Prasad [GGP]. The cases of (SO2,S03) and (SO3,SO4) have played an
important role in the analytic theory of L-functions for GLs. It is therefore very natural
to consider the analytic theory of Gan—Gross—Prasad periods in higher rank.

Part III contains several algebraic and analytic preliminaries concerning GGP pairs,
many of which may be of independent interest.
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The main aim of §13 and §14 is to study in detail certain algebraic properties of
the restriction to H of the adjoint (equivalently, coadjoint) representation of G. In the

language of §1.10, we are studying how H acts on the system of solutions to

fly=n, &g’ and neph’;

this is relevant for us because (for k& a local field) it models the “asymptotic decompo-
sition” of the restriction to H of a unitary representation of G. The “nice” solutions
will turn out to form a smoothly-varying family of H-torsors. The definition of “nice” is
formulated in §14 in terms of the GIT notion of stability and then related in §15 to the
absence of “conductor dropping” for the associated Rankin—Selberg L-function. In §16,
we study, e.g., how integrals over G-orbits in g”* can be disintegrated in terms of integrals
over the H-orbits discussed previously. In §17, we apply our results to archimedean GGP
pairs. The main output is that we can write the integral over a coadjoint orbit O for G
explicitly in terms of integrals over the H-orbits on O, with control over how everything
varies in families. The main aim of §18 and §19 is then to prove a “quantum analogue”
of such integral formulas, involving the asymptotic decomposition of the restriction to H
of a tempered irreducible representation of G.

The pictures in §1.7 and §1.10 may usefully illustrate the discussion below.

13. Basic definitions and invariant theory
13.1. Orthogonal groups and unitary groups

As above, let k be a field of characteristic zero. Let ki be either a quadratic étale
k-algebra or k itself, thus either

ki1 =k, ki/kis a quadratic field extension, or k;=kxk. (13.1)

The three cases indicated in (III.1) will arise accordingly. In the third case, k is embedded
diagonally in the product.

Let ¢ denote the involution of k; fixing k, and let (V,(—.—)) be a ki-vector space
equipped with a non-degenerate (-linear symmetric bilinear form. We then denote by
dim(V'), End(V) and GL(V') the dimension, endomorphisms and automorphisms of V' as

a ki-vector space. We may define the connected automorphism group
G=Aut(V/ky, (—,—))°

It is a k-algebraic group which comes with a standard representation G GL(V).
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We denote as usual by g& End(V) the Lie algebra of G. We write

gl =9/G

for the set of k-points of the GIT quotient (cf. §9.1 for an example). For z€g, we write
[x] for its image in [g].

For x€End(V'), we denote by *€End(V) the conjugate-adjoint, defined by means
of the rule (u,zv)=(x*u,v) for all u,veV. Then, x+>x* is t-linear, and (zy)*=y*z*.

The Lie algebra g consists of those z€End(V') that are skew-adjoint: x*=—z.

13.2. Standard inclusions

Retaining the setting of §13.1, fix e€V for which k;e is a free rank-1 k;-module on which
the form (—, —) is non-degenerate, and set Vi =(kie)-CV. One then has the splitting

V=V ®kie, which induces an inclusion
H:=Aut(Vy /k1,(—, =)’ G:=Aut(V/ky, ())°.

A GGP pair over k is defined to be such an inclusion, together with the accompanying

standard representations.

13.3. Extension to an algebraic closure

The action of G on V is ki-linear, and so preserves the k-linear decomposition of V' into
isotypic subspaces for ki. We explicate this decomposition first in the special case that
k is algebraically closed, so that either ki =k xk or k1 =k:

(i) (Unitary case) If ky =k x k, then we have a decomposition of k-vector spaces

V=VteV-,
where k7 acts on V* via the two projections to k. The form (—, —) on V' x V™ is valued
in the first factor k of k1, and thus induces a k-valued perfect pairing [—, —] between V'*
and V~; the Hermitian form is described in terms of [—, —] as

(01 +o1, 05 +vy) = ([v1, 03], [vg, 01]) €k,

Moreover, G=GL(V ") identifies with the set of pairs (g,’¢g™1) in GL(V*)x GL(V 7).
The vector e is given by et +e~, with e"€V™" and e~ €V~ satisfying (e*, e )#0.

There is a corresponding splitting Vg =V &V .

(if) (Orthogonal case) If k1 =k, so that G=SO(V'), then we set

Vi=vV":=W



THE ORBIT METHOD AND ANALYSIS OF AUTOMORPHIC FORMS 93

In general, we fix an algebraic closure k of k& and apply the above considerations with
(V X k, k., ky X l;:) playing the role of “(V,k,k1)”. We obtain in this way G-invariant
k-subspaces V* of V @, k.

13.4. Eigenvalues and eigenvectors
13.4.1. Invariants in terms of eigenvalues

We recall the description of the ring of G-invariant polynomial functions on g (“invariant
functions” for short). Each z€g gives a ki-linear endomorphism of V' and thus has a
characteristic polynomial in kq[t]. Since z*=—z, the nth coeflicient of the characteristic

polynomial of z belongs to

ki ={x €k :1(x) =%z},

where + depends upon the parity of n. The spaces ki are at most 1-dimensional over k;
fixing bases, we obtain invariant functions g— k. These freely generate the ring of invari-
ant functions in all cases except when G is even orthogonal, in which the Pfaffian pf(x)
gives another invariant satisfying pf(z)%=det(z).

We denote by ev(z) the multiset of roots in k of the characteristic polynomial for the
k-linear action of z€g on V*, except that in the odd orthogonal case, we subtract the
“obvious root” zero with multiplicity 1, noting that it always occurs. Thus #ev(z)=n,
where n=dim (V) in the unitary, linear and even orthogonal cases and n=dim(V)—1 in

the odd orthogonal case. We may descend ev to a function on [g]. The map

the ordered pair (ev(z), pf(z)), in the even orthogonal case,

a3 {

ev(x), otherwise,

is then well defined and injective, with readily characterized image.

13.4.2. Geometric characterization

We may describe the set underlying the multiset ev(z) more geometrically as follows.

LEMMA 13.1. Let x€g and c€k. The following are equivalent:
(i) ceev(z);
(ii) x has an isotropic eigenvector in V' with eigenvalue c;

(iii) @ has an isotropic eigenvector in V~ with eigenvalue —c.

Proof. The equivalence of (ii) and (iii) follows from the definitions of V* and V.
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For the equivalence between (i) and (ii), note that any eigenvector with non-zero
eigenvalue is necessarily isotropic. The required equivalence is thus clear if ¢£0. Suppose
henceforth that ¢=0. In the unitary case, the space V' is itself isotropic, so (ii) just says
that x has zero as an eigenvalue on V', which is equivalent to (i).

It remains to show that (i) and (ii) are equivalent in the orthogonal case with
¢=0. Let WCV™ denote the generalized zero-eigenspace for x. Because the general-
ized eigenspaces with eigenvalues A and —\ are in perfect pairing with one another,
we have dim(W)=dim(V™") modulo 2; moreover, the restriction of {(—, —) to W is non-
degenerate. Recall that 0€ev(x) in the even orthogonal case when dim(W)>1 and in
the odd orthogonal case when dim(W)>2. We see in either case that if 0€ev(x), then
dim (W) >2; since W is non-degenerate, it thus contains a non-zero isotropic vector. Thus
(i) implies (ii). For the converse implication, note that if « has an isotropic eigenvector
with eigenvalue zero, then W contains a non-zero isotropic subspace, whence dim(W)>2;

to complete the proof, it is thus enough to check the following fact.

Cram. If (W,(—,—)) is a non-degenerate quadratic space of dimension at least
2, and z€End(W) is skew-symmetric and nilpotent, then there is a non-zero isotropic

vector in the kernel of x.
This is clear if =0. Otherwise, there is a non-zero vector v€ker(z) which belongs
to the image of x, say v=zu, and then v does the trick:

(v,v) =—(u, zv) =0.

(Said differently, if = in the claim is non-zero, then it arises from the action of ( 8 (1) )

under some homomorphism sl, —soy, and we choose v to be a highest weight vector.) O

13.4.3. Regular elements
We note also a related characterization of regular elements.

LEMMA 13.2. Let x€g and suppose that every isotropic subspace of V¥ on which x
acts by a scalar is at most 1-dimensional. In the orthogonal case, assume moreover that

the kernel of x is at most 2-dimensional. Then, x is regular.

Proof. In the unitary case, this is well-known: the word “isotropic” can be ignored
since the form vanishes on V', and an n x n matrix is regular if and only if each eigenvalue

corresponds to a single Jordan block. Accordingly, we focus on the orthogonal case.

Write
V*@V;( D v;@vg)@vg (13.2)
A {2#£0}/+
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for the decomposition into generalized eigenspaces under x. To prove regularity, we must
show that the dimension of the centralizer of x is minimal. Since any element of this
centralizer preserves each summand in (13.2), the minimal centralizer dimension for SOq,
or SOz, 41 is n, and the summands V" @V, are even-dimensional, we reduce to showing
the following;:

(i) « induces a regular element of the orthogonal group of V" + V™, for each A#0:

Our condition implies that x—A\ is a regular nilpotent on V)", so its centralizer in
GL(Vy}) has minimal dimension, which implies the above claim.

(ii) x induces a regular element of the orthogonal group of V;". In what follows we
denote this restriction simply by z.

By the Jacobson—Morozov theorem, x is the image of a non-zero nilpotent in sly
under a homomorphism sly —s0(V;"). The assumption on ker(x) implies V" decomposes
into a sum of at most two irreducible representations U®U’. If U and U’ are each of
dimension >2, then we see by considering weights that ker(z) is contained in image(x);
the skew-symmetry of  then implies that ker(z) is isotropic and of dimension >2, con-
trary to hypothesis. We may thus suppose that dim(U’)<1. We may also suppose that
dim(U) >2; if not, then z is the zero element of s0; or sop and is regular.

Now dim(U) is necessarily odd-dimensional, otherwise sly does not preserve an or-
thogonal form on it. It is now a routine computation with sls-representations to compute
that the centralizer of z in so(V") has the correct dimension; explicitly, this centralizer
is given by

{ x, 28, .., xdU)=2 i U = {0},
x, 2%, ..., xd™W)=2 0 if dim(U) =1,

where y is a skew-symmetric transformation sending a generator of U’ to a non-zero

highest weight vector in U and mapping U to U’. O

13.5. The spherical property

Given a GGP pair (G, H), we will have occasion to consider the diagonal inclusion
H—GxH (13.3)

This is a spherical pair, in the following well-known sense (see, e.g., [BP3, §6.4,
p. 142, equation (1)]).

LEMMA 13.3. H has an open orbit, with trivial stabilizer, on the flag variety of

G xH.
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14. Stability

Recall that £ is a field of characteristic zero.

14.1. Preliminaries

Let H be a reductive algebraic k-group which acts (algebraically) on an affine k-variety M.
Recall, following Mumford, that an element z€M(k) is called H-stable if

(i) the stabilizer of x in H is finite, and

(ii) the orbit H-z is closed.

We summarize some background from geometric invariant theory.

LEMMA 14.1. Suppose we are in the setting just described with k algebraically closed.
Let MJJH denote the spectrum of the ring of H -invariant regular functions on M, and
¢o:M—M/H the canonical map. Then, MJ/H is an affine variety, and ¢ is surjec-
tive. Each H -invariant morphism with domain M factors uniquely through ¢. If M is
irreducible, then so is M) H.

Let M°CM denote the subset of H-stable elements. Then, M?® and

(M H)*:=¢(M?)

are open (but possibly empty). If the isotropy group of every point in M® inside H is
trivial, then the induced map ¢°:M*—(M/JH)*® is a principal H-bundle (indeed, it is
locally trivial in the étale topology).

For the last statement, we refer in particular to [MFK, Proposition 0.9] and [Mi,
p. 120].

14.1.1. Moment map interpretation

If M is smooth, then the action of H on M induces an action on the cotangent bundle

T*M and, by duality, an H-equivariant moment map
O:T*M — b*.

We then verify readily that condition (i) in the above definition is equivalent to

(") The moment map ¢ induces, by differentiation, a surjective map T M —bh*.
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14.2. Characterization for GGP pairs

Let H& G< GL(V) be a GGP pair over k. We retain the accompanying notation
of §13.2. We denote by EF€End(V) the orthogonal projection with image Vy. For
x€End(V), we denote by zx €End(Vy) the restriction of ExE to V. We then have a

commutative H-equivariant diagram

o

4>g*

g
ZHJCHJ Jrestriction

4>[)*

o

in which the horizontal isomorphisms are induced by the trace pairing on End(V'). Via
this diagram, the definitions and results below admit equivalent formulations in terms of
the coadjoint representations. We sometimes also write &y for the restriction of £€g* to
b*.

THEOREM 14.2. Let x€g. The following are equivalent:

(i) x is H-stable.

(i) ev(z)Nev(zy)=2.

Definition 14.3. We say that a pair (A, p)€[g] x [b] is stable if ev(A)Nev(p)=2.

This condition is equivalent to asking that the multiset sum ev(\)+ev(—p) not
contain zero. We will later (§15) interpret that sum in terms of the Satake parameters
of an associated L-function. In this way, the failure of stability will be related to the
situation where the conductor of this L-function drops.

We note that the set {(\, p):(\, ) is stable} is dense and open in [g] x [h]. Moreover,
for each A€[g], the set {p: (A, w) is stable} is dense and open in [b].

We turn to the proof of Theorem 14.2. We may and shall assume that k is alge-
braically closed, so that either ki =k x k (the unitary case) or ky =k (the orthogonal case).
A key ingredient is the following geometric characterization of when x and xy share an

eigenvalue.

LEMMA 14.4. Let x€g and c€k. The following are equivalent:
(i) ceev(z)Nev(zy);
(ii) = has either

e an isotropic eigenvector in Vy; with eigenvalue c, or

e an isotropic eigenvector in Vi with eigenvalue —c.

To see the significance of the two cases, consider the simple example of G=GLy(k):
if a 2x2 matrix (a;5); ; €g has an eigenvalue that coincides with the upper-left entry a1,

then either a2 or az; must vanish, corresponding to the two cases above.
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Proof. Recall from §13.4.2 that ¢ belongs to ev(z) exactly when there is an isotropic
vector in V* with eigenvalue +c. Thus, (ii) implies (i).
Conversely, suppose c€ev(x)Nev(zy). There is then
e an isotropic eigenvector veV;y for xy with eigenvalue ¢, and also
e an isotropic eigenvector weV ™ for x with eigenvalue —c.
We have
((x—c)v,w) =—(v, (x+c)w) =0. (14.1)

and thus either
e zu=cv, so that v is an isotropic eigenvector for = in V7, or
e zv#cv, so that et (the V' component of e, as in §13.2) is a multiple of (z—c)v.

By (14.1), it follows that (e*, w)=0, hence w is an isotropic eigenvector for z in V. O

Recall the Hilbert-Mumford criterion: z is not H-stable if and only if there is a non-
trivial 1-parameter subgroup ~v: G,, —+H with respect to which x has only non-negative
weights; we say then that v witnesses the failure of stability for x. Equivalently, consider

the decomposition of V' into weight spaces for ~v:

V= @ Vi, ~(t) acts on Vj by the scalar t'.
i€z

Then,

x is not stable <= there exists 7# 1 so that zV; C @ V; for all 4. (14.2)
Jjzi
To prove Theorem 14.2, it is enough to show that the following are equivalent:
(a) x has an isotropic eigenvector in V7 UVy;;

(b) Some ~ as above witnesses the failure of stability for .

(a) implies (b): We assume that = has an isotropic eigenvector v1 €V}; the other
case is handled analogously. By a standard lemma, we may choose an isotropic vector
ve €V} for which (v, v2)=1; we refer to [Se, p.29] in the orthogonal case ki =k, while
in the unitary case k; =k x k, we use that the spaces V;; are themselves totally isotropic

and in duality. The subspace kvi @ kv of Vi is then non-degenerate, and so, with
W = (kvi ®kvy) L,

we have

V:kvl@w®k’02. (143)

Write zvy=cv;. Then, {(z+c)W,v1)=0, so W CW +vi-=v;&W, and thus the matrix
of & with respect to (14.3) is upper-triangular. The 1-parameter subgroup v of H given
by ~v(t)vi=tvy, v(t)lw=1 and ~(t)vo=t"' then witnesses the failure of stability for z.
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(b) implies (a): Suppose 7 witnesses the failure of stability for z. Since v is non-
>0 Vi and V<0::@i<0 V;
are totally isotropic, contained in Vi, and in duality, hence both non-zero. The non-zero

trivial, some V; with i#£0 is non-trivial. The spaces Vso:=&P

z-stable isotropic subspace V5 of Vg thus contains an isotropic eigenvector v for x. In

the unitary case, we further split v=v"+v" to get an isotropic eigenvector in V;;UV};.

14.3. Fibers of x— ([x], [z H])
We retain the setting of §14.2, and assume that k is algebraically closed.

THEOREM 14.5. The morphism of varieties

{H-stable z € g} — {stable (A, ) € [g] x [0]}

(14.4)
z— ([z], [za])
defines a principal H -bundle. In particular, for stable (A, p)€[g] x[h], the fiber
OM ={recg:[z]=\ and [xy] = u}, (14.5)

which consists entirely of H -stable elements, by the prior theorem, is an H -torsor.

As before, it suffices to consider the first map (14.4). We may and shall assume that

k is algebraically closed. We require several lemmas.
LEMMA 14.6. The map g—[g] x [b] given by x—([z], [xH]) is surjective.

Proof. Recall from §13.5 that the quotient X of G xH by the diagonally embedded
H is a spherical variety, i.e., each Borel subgroup of G xH has an open orbit on X. In
particular, fixing such a Borel B, the associated moment map

T"X — g ®h”
has image which surjects onto b*, because B acts simply transitively on an open subset
of X.

This readily implies that the composition T* X —[g*] x [h*] is surjective. Indeed, if t
is the torus quotient of b, and Aet* < b*, all extensions of A from b* to g* ®h* have the
same image in [g*] x [h*]; this common image corresponds to the class of A in t* modulo
the Weyl group.

The map T X — [g*] x [h*] is thus also surjective, where zo€ X belongs to the open
orbit. The image of the moment map restricted to the fiber T); X is thus

orthogonal complement of diagh inside g*®h*,

which is precisely the set {(£, —€p):£€g*}. Thus, every element of [g*] x [h*] is of the
form [¢] X [—€x]; negating the second coordinate gives the result. O
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LEMMA 14.7. Let x€g be H -stable. Then, x and xg are reqular.

Proof. Suppose, to the contrary, that either x or x g is irregular. We divide into cases
using §13.4.3 and, in each case, produce an isotropic eigenvector veV};, contradicting
stability by Lemma 14.4:

(a) z has an isotropic eigenspace W CV™ of dimension >2. Take v to be any non-
zero element of WNV.

(a)" zm has an isotropic eigenspace W CVy of dimension >2. Take v to be any
non-zero element of the kernel of W -V /Vi.

(b) there is a subspace W of V*, of dimension >3, on which x is identically zero.
Take v to be a non-zero isotropic element of WNV}; it is possible because this space is
at least 2-dimensional.

(b)’ there is a subspace W of V;, of dimension >3, on which zy is identically zero.
Take v to be a non-zero isotropic element of the kernel of W -5V */V; it is possible
because this space is at least 2-dimensional. O

The proof of Theorem 14.5 requires also a further stability characterization.

LEMMA 14.8. The equivalent conditions (i) and (ii) of Theorem 14.2 are also equiv-
alent to the following:
(iii) The kq[z]-module
kylzleCcV

generated by e (see §13.2) is
— all of V in the unitary cases;

— a non-degenerate subspace of codimension <1 in the orthogonal cases.

Remark 14.9. Rallis and Schiffmann [RS, Theorems 6.1 and 17.1] obtained a re-
lated(®) equivalence. See also [BGW] and [Z1].

Proof. Observe that
U=(ki[z]e)t CV.

is a k1 [z]-stable subspace of V which is non-degenerate precisely when k1 [x]e is. In view
of Lemma 14.4, it is enough to show that the following are equivalent:

(a) z has no isotropic eigenvector in VUV ;

(b) U is trivial in unitary cases, and non-degenerate of dimension <1 in orthogonal

cases.

(5) ‘We note that in the orthogonal case, our results do not exactly agree with theirs, due to a
slight inaccuracy in the latter: the first paragraph of the proof of [RS, Theorem 17.1] suggests that the
Lie algebra of the orthogonal group of a non-trivial quadratic space is non-trivial, which fails when the
latter is 1-dimensional.



THE ORBIT METHOD AND ANALYSIS OF AUTOMORPHIC FORMS 101

If (b) holds, then U is anisotropic; since any eigenvector in VUV, belongs to U,
it follows that (a) holds.

Conversely, assuming (a), we proceed separately in the unitary and orthogonal cases:

e In the unitary case, the spaces V* are isotropic. Since x is k;-linear, our hypothesis
implies that the spaces U* contain no eigenvectors for x. It follows that UF={0} and
thus U={0}.

e In the orthogonal case, there is a maximal isotropic subspace X of U stabilized
by x|y. If X+#{0}, then x|y has an eigenvector in X, hence an isotropic eigenvector,
contrary to our hypothesis. Thus X={0}. Therefore dim(U)<1 and, if U is non-zero,
then the quadratic form must be non-zero on it. O

We finally prove Theorem 14.5. Consider the unique morphism j fitting into the

commutative diagram

gs

l wﬂ,[m)

o/ H — (la]x )",

where a superscripted s denotes the subset of stable elements in the sense of either
Theorem 14.2 or the definition that follows it.

By Lemma 14.6 (and again Theorem 14.2), j is surjective. We will show in addition,
with notation as in (14.5), that if (A, u)€([g] x[p])*, then

if £, € OMH, there is a unique h € H with h-x=1y.

This implies that j is injective; then (by Zariski’s main theorem, using characteristic
zero) j will be an isomorphism. It also implies (see Lemma 14.1) that the map g*—g¢°/H
is a principal H-bundle.

By Lemma 14.7, x and y belong to the unique regular (open) G-orbit O contained
in the fiber O* above .

Therefore, there exists go€G such that go-y=z. Set ¢’:=gpe. From [zy]|=[yy], we
deduce that

[vu]=[zH], (14.6)

where we define z/ :=FE’xE’, with E’ the orthogonal projection onto the orthocomple-

ment of /. Since H is the G-stabilizer of e, it will suffice to show the following.
CrAIM. There is a unique g in the G-stabilizer of = for which ge'=e.

Indeed, the element h:=ggg then belongs to H and satisfies h-y=x, and any such h

arises from some g as in the claim.
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We show first that, for all n€Zx,
(x"e,e) = (x"e €). (14.7)
For this, it suffices to show that the formal power series

Z t"(z"e,e) = (e, (1—tx)'e)

TLEZZO

is unchanged by replacing (z,e) with (z,¢’). To that end, it suffices in view of (14.6) to
establish the identity
(e,(1—tx)~te) det(l—twpy)
(e, €) det(1—tx)

(14.8)

For this, we extend e to an orthogonal k;-basis e=eq,es, ..., e, of V. The left-hand side
of (14.8) is then the upper-left matrix entry of (1—tz)~!. The identity (14.8) follows
from Cramer’s rule, noting that the matrix of (1—¢xy) with respect to the basis es, ..., €,
of Vi is the lower-right (n—1)x (n—1) submatrix of the matrix of (1—tx) with respect
to eq, ..., ep.

Consider the submodules W:=k; [z]e and W':=k;[z]e’ of V. Let U and U’ denote the
orthogonal complements in V' of W and W’, respectively. By Lemma 14.8, the spaces
U and U’ are non-degenerate, and so V=W aU=W'@U’. Since x is skew-adjoint, it
preserves these decompositions. By (14.7) there is a unique isometric k;[z]-equivariant
isomorphism ¢g:W’'—W for which ge’=e. In particular, dim(W)=dim(W’), so that

§:=dim(U) =dim(U").

If 0+#0, then we are in the orthogonal case with d=1. By Witt’s theorem, there is
an extension of g to an isometric isomorphism V —V. There are two such extensions,
which may be obtained from one another by composing with the non-trivial element of
the orthogonal group of the line U. There is thus a unique extension which belongs to
G (the connected component of the orthogonal group of V). This extension remains z-
equivariant—indeed, gU=U", and z acts on the 1-dimensional spaces U and U’ by zero.
The proof of the claim is thus complete in this case.

Suppose now that §=0, so that g:V —V is the unique isometric z-equivariant mor-
phism for which ge’=e. If we are not in the orthogonal case, then g defines an element
of G, and so the proof of the claim is likewise complete. What remains to be checked
is that in the orthogonal case, g belongs to G, or equivalently, either that det(h)=1 or
det(g)=1. To do this, we must use the one piece of information not used to date, namely,
that not merely eigenvalues but also Pfaffians match.
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Consider first the case that dim(V') is odd. Then,
pf(zg) =pf(h-yu)=det(h)pf(ym) = det(h)pf(zs),
so if pf(xg)#0, then det(h)=1. Otherwise, pf(zy)=0. Then, 0€ev(xy), so the kernel

of xy is non-zero, necessarily even-dimensional, and so of dimension >2. Thus, the
kernel of x contains a non-zero element v€Vyy (not necessarily isotropic). Clearly, z™v is
orthogonal to e for all n€Z>, and hence veU, contrary to our assumption that §=0.

If dim(V) is even, then we may argue as above that det(g)=1 (since g-x=z) unless
pf(xz)=0. In the case pf(z)=0, the kernel of z is again even-dimensional, and thus
contains a non-zero element v€Vy; as above, this contradicts the assumption that §=0.
We thereby deduce as required that det(g)=1.

This completes the proof of the claim, hence of Theorem 14.5.

15. Satake parameters and L-functions

In this section we show that the notion of stability is closely related to the analytic notion
of conductor dropping. This is not used in the proof of our main result but, of course, is
helpful in interpreting it.

15.1. Local Langlands and infinitesimal character

Let us first recall the relationship between the Langlands parameters and infinitesimal
characters (see, e.g., [ALTV, §6] or [Bol, §11]). Let G be a reductive group over R. Let 7
be an irreducible admissible representation of G. The local Langlands parameterization
attaches to 7w a conjugacy class of representations of the real Weil group:
¢n: Wr — G¥ xGal(C/R).
La

Here GV is the complex dual group of G, and the right-hand side defines the Langlands
dual FG.

Now restriction to C*=W¢ C Wy gives a homomorphism ¢2:C* -GV, which we may
express uniquely as

60 (c!) = exp(tAn+jix)

for some commuting elements A, and p, in g, the Lie algebra of GV.

If 7 is tempered, then the image of ¢, is bounded, which imposes the constraint
e ==Xy, thus ¢2(e’) =exp(2ilm(tA;)), (15.1)

where we write tA\;=Re(tA;)+iIm(tA,).
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Ezample 15.1. If G=GL,(R) and 7 is a principal series representation with pa-
rameters ivy, ..., v, €IR, then one may choose ¢, so that \;=p,=diag(ivy,...,iv,). If
G=GL2(R) and 7 factors through the discrete series representation of PGL3(R) of lowest

weight k, then one may arrange that
An = —Hr :dlag(%(k_1)7 %(1_k)>
We observe next that one may identify

9" /G" ~[gt]- (15.2)

Indeed, if we fix maximal tori TV C G and T¢C G, then TV and T¢ are dual, canonically
up to the action of the Weyl group. For complex tori 77 and T5, an identification of T
with the dual of T3 identifies the Lie algebra of 77 with the complex linear dual of the

Lie algebra for T. So, there is a canonical identification
C[(t")*]" ~Cltc]"™

which induces (15.2).

LEMMA 15.2. The identification (15.2) carries Ar to the infinitesimal character

of m.

The lemma justifies our notational abuse of using the same symbol )\, above as we

had in §9 for the infinitesimal character.

Proof. Recall (§9.6) that the representation 7 is a summand of the unitarily normal-
ized parabolic induction from a discrete series representation o on the Levi factor M of
a parabolic subgroup P CG. The Langlands parameters of o and 7 are related by means

of the natural inclusion of the L-group of M into the L-group of G, and the natural map

carries the infinitesimal character of o to that of 7. The two maps (of dual groups, and
of dual Lie algebras) are compatible with reference to (15.2).

We thereby reduce to the case of a discrete series representation, and then (by the
characterization of the local Langlands correspondence for discrete series via infinitesimal
characters; see [Bol, §11.2]) we further reduce to the case of a real torus S. This follows
from [Bol, §9.3, equation (2)] (note the misprint: the second occurrence of o-x should
be o-Z); see also [AV, §6]. O
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15.2. GGP pairs

For simplicity, we restrict ourselves to the case K=R, and leave the straightforward
extensions to K =C to the reader.

Let (G,H) now be a GGP pair, in the sense of §13, over K=R; let K;/K be
the associated K-algebra, and let n=[3 dim (V)], where V is the associated Ki-vector
space. Thus,

G = (form of SO, or SOg,41 or GL,, over K),
H = (form of SOz, 1 or SOy, or GL,,_; over K).

15.2.1. Dual Lie algebra

The K-group G admits a representation by K;i-linear automorphisms of V. The form
T,y €gr—rtry(zy)

is actually K-valued and non-degenerate; it identifies g~g* (duality of real vector spaces).

We may assign to each z€g a multiset ev(z) of complex numbers—namely, the
multiset of eigenvalues of x in the standard representation, where we remove zero with
multiplicity 1 in the odd orthogonal case. By means of the identification above, we may
also make sense of ev(z) for z€g*; this is a set of size 2n, 2n and n in the three cases
above. Similarly, ev(y) for yeb* is a set of size 2n—2, 2n and n—1 in the three cases

above.

15.3. Rankin—Selberg L-function for GGP pairs

The tensor product of standard representations on HY x GV extends to a homomorphism
E(HY xGY) — Spy,,_5 X Oa,, or Og,, xSps,, or (GL,_1 x GL,(C))x{+1}.

We define the Rankin—Selberg representations p to be the natural representations of the
right-hand side of dimensions (2n—2)-2n, (2n)? and 2n(n—1), respectively; in the last

case we induce the standard representation of (GL,_; x GL,(C)) to the disconnected

group.

LEMMA 15.3. The correspondence (15.2)

AV xBY €gV)GY xhY JHY «+— A" x B" € [g&] x [bE]
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has the property that

eigenvalues of p(AY x BY)
_ (ev(A')—FeV(B/))x{ {1,—1}, in the unitary case, (15.3)

{1}, in the orthogonal cases.

On the right-hand side we interpret the sum of two multisets as all pairwise sums of

elements from the individual multisets.

Proof. Let Qg be the multiset of weights arising from the standard representation
for gc, where we remove all zero weights. Define Qg similarly and let 2=Q¢g x Q; this
Q2 is a Weyl-invariant multiset inside t; ¢ @t . (We add subscripts to clarify whether
dealing with a torus for G or a torus for H.)

Let 2V be the multiset of weights for the Rankin—Selberg representation of g¥®hV,
as just described above; it is a Weyl-invariant multiset in (t%)*®(t);)*.

Therefore, what we must show is that { corresponds to QY under (15.2) and the

trace duality, i.e., under the sequence of identifications

trace
pairing

thc——tac— (t&)*, (15.4)

and its analogue for H. The final identification is well defined only up to the Weyl group
(this ambiguity makes no difference for comparing Weyl-invariant multisets).
There is a standard basis for roots for SOs,, SO2,+1 and GL,, labelled as

{Feitejtm), {Feite;, tejlp and  {ei—ejlp,

respectively, where we use [n] as a shorthand for 1<, j<n, and we always omit zero

roots. Label similarly the roots for H as

{£fitfj £ fitm—y, AXfitfitm land] {fi—fi}p-1

in the three respective cases. The composition (15.4) carries e; to ey (the correspond-
ing standard basis for the space of cocharacters); with these identifications we readily

compute

Q={£e;£f;} and Q" ={xe/ 1} O

15.4. Satake parameters, conductor drop, and stability

The set appearing in (15.3) almost determines the Rankin—Selberg L-function.
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Any irreducible admissible representation of the real Weil group is at most 2-

dimensional. If it has bounded image then its restriction to C* is of the form
zi |2t or  zes /AT 2Hi g /240t a0 /240 4 e R and neZ).

For a complex number z=x+1iy, write z*=|z|+iy. The associated L-factor is given

respectively by

2
.
Tgr(s+e+it) or HFR<5+(g+it) +€i),
1=1

where £;€{0,1} and where T'g(s)=7"%/2T'(5/2) is the real T function.

From this, it readily follows that if 7 is a tempered representation of G with A\, =AY
(equivalently, in the notation of the prior lemma, with infinitesimal character A’), and
similarly o a tempered representation of H with A\, =B" (equivalently, with infinitesimal

character B’), then we have

LR(WXJ, P, S) = HFR(S+)\?+&),

where the )\; range through the multiset appearing in (15.3). For this reason, we will
refer to the multiset on the left-hand side of (15.3) as the multiset of Satake parameters
for the Rankin—Selberg L -function.

We may now reinterpret Theorem 14.2. Here, we denote by o the contragredient

of o; its Satake parameters are the negatives of those of o.

LEMMA 15.4. Let w and o be irreducible representations of G and H, respectively,
with infinitesimal characters A€[gf] and pe[bE].

The following conditions are equivalent:

(a) (A, ) is stable;

(b) no Satake parameter for the local L-factor L(nxa",p,s) is equal to zero.

The significance of this reinterpretation is that (b) is related to an important analytic
phenomenon—dropping of the analytical conductor. It would be interesting to see if this

relation between stability and conductor drop extends to other integral representations.

16. Volume forms

Let k be a field of characteristic zero. A wolume form on a smooth k-variety Y is
simply an everywhere non-vanishing global section of the bundle of top-degree algebraic
differential forms. When k=R, volume forms give rise to measures (§17.1).
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The purpose of this section is to describe the various volume forms that exist on a
Lie algebra, its dual, and its coadjoint orbits, as well as the relationships between these
forms that arise in the context of a GGP pair. As we explain in §17.5 and §19, the results
obtained here model the asymptotic representation theory of G and H.

We note that, in order to evaluate the constant in the main theorem of this paper,
we really need the exact relationships between these volume forms (rather than, say, their
relationship up to an unspecified proportionality constant).

Some special cases of the foregoing results have been established for certain compact
groups G and H (see, e.g., [Ba, Proposition 4.2] and [Ol, Proposition 3.1]).

Throughout this section, we work over an algebraically closed field k of characteristic

zero. In the following section, we deduce results over k=R.

16.1. Fibral volume forms

Recall that a short exact sequence X —Y —Z of vector spaces induces a natural isomor-
phism det(Y™*)>det(X*)®@det(Z*), where det denotes the top exterior power.

More generally, given a smooth morphism of varieties, a volume form on source and
target induces a volume form on each fiber. To be precise, let f: Y —Z be a morphism
of smooth irreducible varieties, and fix a regular value z€ Z, i.e., for each y€ f~1(2), the
induced map T,Y —T.Z of tangent spaces is surjective. Then, the fiber X =f"1(2) is
smooth, and we have a sequence of maps

inclusion

X ———Y
f
Z.

We obtain for each z€ X a short exact sequence T, X —T,Y —T,Z, and hence an iden-

tification

det(T0Y) 2 det(T; X)@det(T) Z). (16.1)

Let 8 and v be nowhere vanishing volume forms on Y and Z, respectively. There is
then a unique volume form a on X so that f=a®-y under (16.1) at each point of X. We
refer to « as the fibral volume form with respect to 8 and -y, and express this symbolically
by a=p/~. We shall also say, in this situation, that the sequence X —Y — Z is compatible

with the volume forms.
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16.2. Haar forms

Let V be a finite-dimensional vector space over k. A Haar form 8 on V is defined to be
a translation-invariant volume form. It induces a dual form B* on the dual space V*.

This terminology will be applied most frequently when V =h* for a reductive k-group H.

Ezample 16.1. Suppose H=GL2(k). We may identify h* with the space of 2x2
matrices. The Haar forms on h* are the non-zero multiples of d&11 Ad&1o Adéay AdEas.

16.3. Symplectic volume forms

Let G be a reductive k-group. Recall (from §1.14) that regular elements of g* are those
whose stabilizer has minimal dimension, and that we denote subsets of regular elements

by a subscripted reg, as in g;.,. We have the following result.

LEMMA 16.2. Every fiber O of g—|g] contains a unique open orbit Or)‘eg. This
orbit consists precisely of the regular elements of that fiber. An element £€g* is reqular
if and only if the linear map g*=Te¢g"* — Ti¢)[g*] obtained by differentiating the projection

g—g] is surjective.
Proof. See [Kos2, Theorem 0.1 and Theorem 3]. 0

The orbit Or)‘eg carries a canonical G-invariant symplectic form o, and so also a G-

invariant symplectic volume form o /d!, by the algebraic version of the discussion in §6.1:

the symplectic pairing on T¢ (O}, )={ad;&:x€g} is given by

(ad; ¢, ady¢) — (C, [, y]). (16.2)

The same discussion applies to any coadjoint orbit, but we require here only the regular

case.

16.4. Affine volume forms

Let H be a reductive k-group. The quotient [h*] is an affine space (cf. §9.2).

Choose an isomorphism [h*]— A", or equivalently, generators py, ..., p,- for the ring of
G-invariant regular functions on h*. The volume form dp; A...Adp,- on [h*] is independent,
up to scaling, of the choice of generators p;; indeed, any two choices will differ by an
invertible element of C[py, ..., p;]. An affine volume form on [h*] is then defined to be a
non-zero multiple of dp; A...Adp;-.
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Ezample 16.3. Suppose H=GL,.(k). We may identify h* with the space of rxr

matrices. By sending a matrix to its characteristic polynomial, we obtain an isomorphism

r
i

[h*] = monic polynomials xr-i-z a;x" "
1

An affine volume form is then given by daj A...A da,.
LEMMA 16.4. For each Haar form By on b* there is a unique affine form vy on
[6*] so that for each pwe[h*], the fibral volume form for the sequence

Ok, —h* — [h7]

reg

is the symplectic volume form.
Proof. See [Ros2, Lem C]. O

Later it will be useful to have an explicit formula available for the form on [p].
Choose as usual a Chevalley basis H;, X, X_, for b, where ¢ ranges over simple roots
and « over all positive roots; in particular a;(H;)=2 and [X,,, X_o,|]=H;. Wedging
these together gives a volume form on h*. Write t for the Cartan subalgebra spanned by
the H;. Now for pet” regular the natural projection gives an identification t*~T),[h*].
A short computation shows that the pull-back to h* of the affine volume form is given
by

H(,u,av>- /\Hi; (16.3)
a>0 i
note that the Weyl group acts by the sign character on both factors of (16.3), so the

product is invariant.

Definition 16.5. Given a Haar form By, the normalized affine form g on [h"] is

the one associated by the lemma.

Remark 16.6. When working over a local field, the normalized affine form is closely

related to the scaling limit of the Plancherel measure; see §17.5.

16.5. Orbital volume forms for a GGP pair

Let H~ G be a GGP pair over k. Recall, from Theorem 14.5, that for each stable
element (), 1) €[g*] x[h*], the corresponding fiber O*# of the map

g"xh" —[g"] x[h"]



THE ORBIT METHOD AND ANALYSIS OF AUTOMORPHIC FORMS 111

is an H-torsor. Fixing a basepoint £€OM*, the orbit map gives an identification
H =5 0Mn,

Fix a Haar form Sy on h*. We define the orbital volume form « to be the volume form

on OM* transferred, via the orbit map, from the volume form on § dual to Bx.

THEOREM 16.7. Fiz Haar volume forms g and By on g* and b*, respectively.
Equip [g*] and [6*] with the corresponding normalized affine volume forms v and v,
respectively. Let (A, ) be stable. Equip Or)‘eg and O, with their symplectic volume

forms. Let a denote the orbital volume form on OM*. Then, in each of the following

three sequences, either a or —a is the fibral volume form:

_y Emetletn
O X Ot Ty
OMh O, 6] (16.4)

reg — > [0"]x[h7]

Note that, for the top sequence, 0€h* is a regular value, due to the “trivial stabilizer”
consequence of stability; for the middle sequence, p€[h*] is a regular value because “stable
implies regular”; for the bottom sequence, (A, 1) €[g*] x [h*] is a regular value because of
the “principle bundle” consequence of stability (see §14.3).

The proof for the upper exact sequence is given in §16.5.1, and for the bottom
sequence in §16.5.2. The claims for the two lower sequences are readily seen to be

equivalent, so this will conclude the proof.

16.5.1. Proof for the top sequence

We examine the top sequence of Theorem 16.7. We equip (Dr)‘eg X Ok with its symplectic
volume form 2, and must show that Q/8y==xa. The differential at 7€, , of the
sequence in question fits into the commutative diagram

T (OM) —— T (O, x O ) —=— b* (16.5)

reg reg

or | &
o¢ °d

b
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in which ¢:=(7,—7|p), o- and o, denote differentials of orbit maps, and ¢: h—géh and
res: g*®h* —h* are given by 6(z):=(z,z) and res(&,n):=E|p+1n.

We claim that this is a Lagrangian fibration, i.e., that oc0d(h) is Lagrangian and
that the duality between h and h* is induced by the symplectic structure on the middle
term.

We may then conclude via the definition of symplectic volume forms.

To verify the Lagrangian fibration property, it is enough to check, for each z€
b and neTy (O, x O t)Cg* xb*, that o(oced(x),n)=(x,res(n)), where o denotes the

symplectic pairing on T¢ (O, x Orl). Indeed, we may write n=o¢(y) for some yegah.

reg

By the definition of the symplectic pairing (see (16.2)), we then have

o(o¢o6(x),n) = (¢, [6(2), y]) = (0(x), 0¢ (y)) = (0(x), n) = (x, res(n)).

This concludes the proof.

16.5.2. Proof for the bottom sequence

It will be convenient to deduce the assertion from one that is more explicitly phrased
in the context of spherical varieties. The proof that follows borrows ideas that are well
known in that context (resolving the cotangent bundle, degenerating to the boundary).

Thus, let M be any reductive group over k£ with Lie algebra m. Suppose that s is
a spherical Lie subalgebra of m, that is to say, that there is a Borel subgroup B of M
whose Lie algebra b is complementary to s; in particular, s is of dimension dim(M/B).
Let (€s-Cm*. We denote by Ti¢ the tangent space to [m*] at [(], and assume that the

sequence

g ZdeC g1 profect gy (16.6)
is short exact; here the final map is
st mt 2 Tem* — T
Note that the composition of the sequence (16.6) is always zero.

CLAM. This sequence is compatible, up to signs, with volume forms, where

o We fix Haar forms on s and m, and give s+ the induced form via
det(sT) ~det(m)* @det(s).

e The given Haar form on m defines a normalized affine form on [m*], and hence

a volume form on Tig.
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Before proving the claim, let us see how it implies the desired result, namely, that
the bottom sequence of the theorem is compatible with volume forms. We apply the
claim with (M, S):=(G xH, diag H). Then, s=diagh“ gxh=m, and we have an iso-

morphism
st gt
(& —&ly) — ¢,
compatible with the adjoint actions of S=H.

Let (A, 1) be stable. Fix a basepoint £€OM*Cg*. Then, the sequence (16.6) with

¢:=171(¢) is isomorphic to the differential of bottom sequence of the theorem, namely:

xrrady (§,—€m) [] * *
gt Tix—w (lg*]x 7))

>~ | z—ad) € L

IR

(717T2)H(7'1,—7'2) o

&= ([€]:[€x])

Te(OM) ————— Te(8%an) T ([87]x [H7]).

Here we identify T¢ (g, ) =g, with the subscripted stab denoting the subset of H-stable
elements.

The rightmost vertical arrow preserves volume forms, up to sign. Since the claim
shows that the upper sequence is compatible with volume forms, the lower sequence is
also compatible with the volume forms that are transferred from the upper sequence.

The desired result follows.

Proof of the claim. Consider the set of (€s* for which there exists a Borel subalge-
bra b<m such that

(i) m=bdPs;

(ii) ¢ is the composition of the projection b&®s—b/[b, b] with a regular character ¢
of b/[b,b]. Here “regular” means “regular when identified with a character of the torus
quotient of b”.

We claim that it is sufficient to prove the claim for such ¢. Indeed, condition (ii)
implies that ¢ is regular semisimple when considered as an element of m*. For such a (,
the set of Borel subgroups b that satisfy the polarization condition {([b, b])=0 is actually
finite. It follows from this that

e For ( arising as in (i) and (ii), the stabilizer of ¢ in m is contained in b, and hence
the stabilizer in s is trivial. Therefore, the first map of sequence (16.6) is injective.

e For ¢ arising as in (i) and (ii), the second map of (16.6) is surjective (and so,
counting dimensions, sequence (16.6) is exact). Indeed, writing t for the torus quotient
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of b, there is a natural map P:t*—[m*], and the second map of (16.6) sends ( to the
image of ¢ under that map. But P is submersive at the regular element (.

e The dimension of the set of ¢ that arise as in (i) and (ii) equals
dim(M/B)+dim(T) = dim(s%).

Let Y be the set of all (€st for which (16.6) is short exact. Then, Y is a Zariski-
open subset of s, and it contains the constructible set X of ¢ arising as in (i) and (ii).
As the dimension of X coincides with the dimension of Y, X is Zariski-dense inside Y.
It follows that it is sufficient to prove the desired assertion for (€ X.

We will do this by degeneration. Let L be the variety of pairs
(s",¢),

where s’ is a subalgebra of m of the same dimension as s, and such that (16.6), with s’
replacing s, is short exact. Comparing the volume forms on the various factors of (16.6)
describes an M-invariant regular function f:L—G,,, where f=1 at any point (s',¢’)
where the sequence is compatible with volume forms. Fixing ¢, ¢ and b as in (i) and (ii),
we will show that f(s,()=1.

Let B be the associated Borel subgroup, and fix a maximal torus T'C B with Lie
algebra t. We get a splitting m=n®t®dn, where n=[b, b]. Choose a regular 1-parameter
subgroup v: G,, =T with (7, «)<0 for every positive root a, so that v(t) contracts n as
t—00.

Let ¢, denote the restriction of ¢ to t; we regard (; as an element of m* by extending
trivially on n@®n. Then, it is easy to see that (n, ;)€ L; moreover,

lim Ady(t)-(s,¢) = (i, C). (16.7)

t—o0

Indeed, by the assumption sNb={0} and a dimension computation, we see that s
projects onto n with respect to the splitting m=n®b. It follows readily from this that

li¥n Adv(t)s=n.

Furthermore, the character Ad(y(¢))¢ is trivial on the subspace Ad(vy(t))s®n, which
converges in turn to ndn. This implies that Ad(y(¢))¢ converges in m* to the character
¢, extended trivially on nén, and so concludes the proof of (16.7).

Since f is T-invariant and regular, it follows that f(s,{)=f(n,{;). It remains to
show that f(n,(;)=1. This is a routine computation with (16.3). O
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17. Measures and integrals

We now apply the preceding considerations to define and compare measures on spaces

associated with a GGP pair over an archimedean local field.

17.1. Real varieties

We denote by X =X(R) the set of real points of a smooth real algebraic variety X. For

each Haar measure A on R there is an assignment (see [We, §2.2])
{R-rational top-degree differential forms w on X} — {measures |w| on X},

which is functorial under pullback by étale maps, compatible with products, satisfies
|fw|=]|f]"|w|, and is normalized by |dz|=\ when X is the affine line A®.

We henceforth take for A the measure

Lebesgue
V2r

On the affine space A", we then have

Lebesgue

|[dxyi A Adxy | = CORER

(17.1)
We have normalized A to be Fourier self-dual for the character 1 (x):=e**. This
normalization has the following consequence:
Let V be a real vector space. Using ¥, we may identify the real dual V* with the
Pontryagin dual V":=Hom(V,C")). Then, dual algebraic volume forms on V and V*

correspond to (Fourier-)dual measures on V and V/.

17.2. Groups

Let G be a reductive group over R. Recall (from §1.14) that we denote by g the real Lie
algebra, by g* its real dual, and by g” the Pontryagin dual Hom(g, C")). Sending ¢ €ig*
to x> e €CM) gives an identification ig*~g".

We suppose given a Haar measure dg on the Lie group G. There is then a compati-
ble Haar measure dz on g, normalized as in §2.1 by requiring that UCg and exp(U)CG
have similar volumes when U is a small neighborhood of the origin. We obtain also
a Fourier-dual measure d¢ on g”". We choose an R-rational Haar form 8 on the real
vector space g" by requiring that |3|=d¢; it normalizes a dual form 3V on g. Ex-
plicitly, if we choose coordinates z=(z1,...,2,) and £=(&1,...,&,) as in §4.1 so that
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xfzzj z;€; and de=dz; ...dz,, then d§=(2m)""d& ... d&,, B==(2m)""/2dE A . AdE,,
and Y =+(2m)"2dz 1 A...Ndx,,.
Recall that, for A€[g"], we set

Or={¢ceg":[¢]=A}

On the regular subset Or)‘eg we have both an algebraic symplectic volume form
1
Walg = aO’

as in §16.3 and a normalized symplectic measure

_1(aY
Y=a\ o

as in §6.1. We verify readily that the algebraic form is R-rational, and satisfies |wag| =w.

By the recipe in §16.4, 8 induces a normalized affine volume form ~ on [g"]. (We

use that g and [g"] are real forms of gc and [gc].) We verify readily that v is R-

rational, hence induces a normalized affine measure |y| on [g"]. By the construction and

compatibilities noted previously, we then have

/QA a:/AE[gA] </0A ad“’) (17.2)

for each a€C,(g").

17.3. GGP pairs

Let (G,H) be a GGP pair over an archimedean local field. By restriction of scalars, we
may regard G and H as reductive groups over R; the discussion and notation in §17.2

thus applies.

17.3.1. Stability consequences

For Ae[g"] and pe[h”], we set

OM = {geg’:[e] =X and [€]y] = ).

As before, a subscripted “stab” denotes the subset of H-stable elements.
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THEOREM 17.1. The map g, — {stable (\, )} is a principal H-bundle over its
image, with fibers OM. In particular, if (X, u)€[g"] x[b"] is stable, then either

o OM =g, or

o OMH s an H-torsor, i.e., a closed H -invariant subset of g" on which H acts

simply transitively; moreover, O™ consists of H-stable reqular elements.

Proof. This follows readily from the corresponding properties (§14.3) established

over the algebraic closure C. O

More generally, for each regular coadjoint multiorbit OCg”" and p€[h”], we set
O(n) :={£ € O: [§ly] = u}-
For example, OM*=0*(11). Then,
Ostab — [h"]Nimage(Ostan )

is a principal H-bundle, with fibers O(u).
Let m and o be tempered irreducible unitary representations of G and H, respec-

tively. We set
Oro:={£€0- &y €Oy}

We note that
Or.0 COx(As) COMA.

The pictures in §1.7 and §1.10 give some examples to which this notation apply. Theo-
rem 17.1 implies that if (Ar, A) is stable and O , is non-empty, then O, , is an H-torsor
consisting of H-stable elements, and hence

Oro =0r(Ny) =0 N0, (17.3)

17.3.2. Integral transforms and identities

We assume given a Haar measure on H. As in §17.2, this choice defines a measure [p"].
By the discussion in §16.5 and §17.1, we obtain also—for stable (X, u)€[g"] x [h"]—a
measure on OM*| which we will see below induces a measure on g". More generally,
we adopt the convention that an integral over OM* is defined to be zero unless (\, i)

is stable; in that case, the measure is given explicitly by the push-forward of the Haar

measure from H, i.e.,
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for any basepoint &y ,€OM*. We note (cf. §14.2) that, for given A, the pair (\,p) is
stable for p outside a measure-zero subset.

For a regular coadjoint multiorbit OC[g"] and pe[h”], the set O(u) is either empty
or of the form OM* with A=[0]. Thus integration over O(u) is defined.

THEOREM 17.2. Integration defines a continuous map
{stable (X, p) € [g"] x[h"]} xS(g") — C,

(A psa) — a.
O)\,;L

/ adw:/ / a. (17.4)
o HEDN] SO 1

reg

We have

More generally, for any regular coadjoint multiorbit OCg”,

/adw:/ / a. (17.5)
o HeMA]JOw)

Proof. The convergence follows from the inequalities recorded below in §17.4, the

continuity from Theorem 14.5, and the integral formulas from Theorem 16.7. O

This result will be applied in §22.3.

17.4. A Lojasiewicz-type inequality

We pause to record a technical lemma justifying the convergence and continuity of the
integral transforms defined above.

We fix a norm |-| on g" and a faithful finite-dimensional representation of H. We
may use the latter to define an algebraic norm |-| on H: denoting the faithful represen-
tation by R, we set

(h] = max(| RO, 1R,

where || - || denotes the operator norm on the space of R.

LEMMA 17.3. Let £€g” be H-stable. There are then positive reals c¢i and ¢y and a
(topological) neighborhood U of & such that, for all neU and s€H,

|s-n| > c1]s]|?. (17.6)

Proof. The required estimate is in the spirit of the Lojasiewicz inequality, but for

lack of a convenient reference it is simplest for us to argue directly.
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Let Z denote the set of H-stable elements of g*. By Theorem 14.2, the set Z may
be described explicitly as the non-vanishing locus of a certain resultant p: g —R. We
may thus regard Z as the set of real points of the real affine variety Z:=SpecR[g",1/p].

The group H acts on Z. The orbit map (h, z)+—>(hz, z), regarded as an algebraic
map

HxZ —7ZxZ,

is a closed immersion. Indeed, this property may be checked on complex points, and
Theorem 14.5 says that Z(C)—Z(C)/H(C) is a principal H(C)-bundle. In particular,
the induced map on coordinate rings is surjective.

Choose generators fi, ..., fr for the R-algebra of regular functions on Z. The closed
immersion property noted above implies that each regular function P(h) on H may be
written as a polynomial in f;(z) and f;(h-z). Writing ||2||=max; |f;(z)|, we may thus
find positive constants C' and K such that, for all he H and z€ Z, we have

P(h) < O(ll2l1+[lh-2I)*,

or equivalently,
12|l = C7VE PRV —2]].

The norm |s| defined for s€ H by a finite-dimensional faithful representation is com-
parable to max;¢cy | P;(s)| for some finite collection (P;(h));er of regular functions on Z.

Restricting n to a compact subset of Z, we obtain
ls-n| = cals|® —cs (17.7)

for suitable constants ¢y, ¢q, ¢3>0 (depending only upon the given compact set). When |s|
is large enough, the required estimate follows from (17.7). In the remaining range, s and n

both lie in fixed compact sets and s-n7£0, giving the adequate estimate |s-n|>1>|s|. O

17.5. The scaling limit of Plancherel measure

It is instructive to note that the normalized affine volume measure on [h”] is closely
related to the Plancherel measure p on H (cf. §A.3). We do not use this comparison

directly, and so will be brief and sketchy. For an open set U C[h"], let
ﬁ::{aeﬁtcmp:)\JGU}

denote the set of isomorphism classes of tempered irreducible unitary representations
having infinitesimal character in U. We assume for simplicity that we are working over

a complex group, so that, for each aeﬁtemp, we have O, =04, with p:=X\,.
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LEMMA 17.4. Fizx a non-empty bounded open subset U of [h”] whose boundary has

measure zero (with respect to any measure in the class of smooth measures). Then,

. Plancherel measure of h™! U
im =1.
b0 normalized affine measure of h™1 U

While one can prove this simply by examining the explicit form of Plancherel mea-
sure, it would then be tedious to check carefully the normalization of constants. We sketch
a different argument, presumably well known, which makes the normalization clear. De-
fine Op,,:C2°(h")—End(o) as usual. Fix a€C°(h"), with dilates a,(£):=a(h ) as usual.

By the definition of normalized affine measure,

/ue[w </@ ah) = / .

Recall that Opy,(a)=0(f) for some feC°(H) supported near 1 and given by

Flexp(@)) = ay (x)x(2)j(2) ™"

since x(0)=3(0)=1, we have in particular

/A an = f(1).

By the Plancherel formula (§A.3),

By the Kirillov formula (see §12.3),

tr(o(f)) :tr(Oph(a))N/ ap dwo,, .

(Here and henceforth the precise meaning of ~ may be inferred from the precise state-
ments in §12.3.) It follows that

L)L (o) s

We now choose a so that [, a approximates the characteristic function 1r7(A). The left-
hand side of (17.8) then approximates the affine measure of h™! U, while the right-hand
side approximates the Plancherel measure of the set U of representations o for which
Ao €ERLTIU.
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18. Relative characters: disintegration

Let (G, H) be a GGP pair over a local field F'.
We equip G and H with some Haar measures. To simplify notation, we do not

display these Haar measures in our integration notation. Thus f et (s) denotes the

integral of feL'(H).
By the proofs of [II, Proposition 1.1] and [HarN, §2], the corresponding Harish—
Chandra functions (cf. §A.2) satisfy

/ EG|H'EH<OO. (181)
H

Let m and o be tempered irreducible unitary representations of G and H, respec-
tively. More precisely, we denote in this subsection by 7 and o the spaces of smooth
vectors in the underlying Hilbert spaces. Choose an orthonormal basis B(o) consist-
ing of isotypic vectors for the action of some fixed maximal compact subgroup of H.

Similarly, choose an orthonormal basis B(r) for .

LEMMA 18.1. (i) For vy,va€m, the formula

Ho(v1®V2) 1= (sv1,v2){u, su) (18.2)
Py

converges and defines an H -invariant Hermitian form
Hy:mm— C.

(ii) For Tew®T, one has

(T = / L H), (18.3)

where tr:m@7T—C is the linear map for which tr(vy ®vs):=(v1,v2) and the integral is

taken with respect to the Plancherel measure on ﬁtcmp dual to the chosen Haar measure

<Ulva>:/o

(iii) Suppose that F is archimedean, so that the definitions of Part 1 apply, and let

on H. In particular,

/EH<sv1,vg><u,su>. (18.4)

EHtemp UGB(O')

N >0 be sufficiently large in terms of G. Then, H, extends to a map
Ho: 0N (1) —C
which is continuous, uniformly in © and o, and given by

Ho(T)= Z /EH tr(sT)(u, su) = /GH<5TU, v){u, su). (18.5)

ueB(o) veB()

u€eB(o)
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Proof. The details of the proof are technical and not particularly interesting, so
we have relegated most of them to Appendix A. Let vy, vs€m, and define f: H—C by
f(s):=(sv1,v2). Then

F()=(v1,v2), Hs(v1®T2)=tr(a(f)). (18.6)

Observe now that assertions (i) and (ii) are formal consequences of the Plancherel for-
mula. That formula does not directly apply, because f is typically not compactly-
supported, but an approximation argument gives what is needed. We postpone the
details to §A.6. O

Remark 18.2. Tt is expected, and known for F' non-archimedean (see [SVe]), that

H, satisfies the positivity condition
Hy(v@0) 20 for all ver. (18.7)

Assume this. Since dim Homg (7, 0) <1, we may then write

/ (50, ) {u, us) = (s (v), u)|? (18.8)
seH
for some H -invariant functional ¢, :m— 0o, determined up to phase. One has

Ho(v) =1€s ().

The continuity of ¢, follows from that of H,,.

19. Relative characters: asymptotics in the stable case

We assume that (G, H) is a GGP pair over an archimedean local field, and retain the
notation and conventions of §17 and §18. In particular, by restriction of scalars, we may
regard G and H as real reductive groups, and the corresponding point sets G and H as

real Lie groups with Lie algebras g and b.

19.1. Motivation

Let WG@temp and oeﬁtemp be tempered irreducible unitary representations. We allow
7w and o to vary arbitrarily with a scale parameter h—0, which we normalize so that the
rescaled infinitesimal characters hA,; and h\, remain bounded.

Fix aeS™>°(g"), and set

Opy(a) :=Opy(a:7) € ¥~°(7).
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We wish to understand the h—0 asymptotics of the evaluation H,(Opy,(a)) of the relative
character H, defined in §18.

To see what to expect, observe the following:

(12.2)

18.3 17.5
[ o) = uop @)% [ wa™ [ ]
0€Htomp Or Me[h/\] Oﬂ'(:“‘)

Consideration of the action of the universal enveloping algebra of H suggests that
the above sequence localizes to individual o, i.e., that

H, (Opy(a) ~ /O an, (19.1)
at least if (hA;,h\,) stays away from the boundary of the stable locus.

Strictly speaking, the most one can deduce immediately from such reasoning is an
equality like (19.1), but summed over all o of fixed infinitesimal character. However,
there is another way to motivate (19.1), again ignoring issues of rigor. If we were to
pretend that the exponential map were an isomorphism with trivial Jacobian and to

ignore the cut-off in Opy, (a), we would obtain

Ho (Opy (a)) = / te(m(h)Opy (a)) X0 (R) (19.2)

heH

~/ _ai@) / ), (19.3)

which leads formally to (19.1) via the Kirillov formula.

The expectation (19.1) belongs to the general philosophy of the orbit method,
whereby restricting a representation of G to the subgroup H corresponds to disinte-
grating its coadjoint orbit along the projection g™ —» h” (cf. §1.9). The main result in
819 (Theorem 19.3 below) confirms this expectation in a sharper form. Our proof will
be along the lines of the second argument discussed above; we will chop the H-integral

up into ranges depending on how far the group element h is from the identity.

19.2. A-priori estimates

For orientation and later applications, we record some crude bounds. We abbreviate

Sp:=Sm(g"), and write a for an element of S5 > for some fixed 0<5< 1.

LEMMA 19.1. We have the very weak bound

H,(Opy(a)) <h ™. (19.4)
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Proof. Recall from §18 that for N chosen sufficiently large (relative to G), the map
Ho: U~V (m)—=C is continuous, uniformly in 7 and o. By enlarging N suitably and
appealing to Lemma 5.3, we deduce that H, induces a continuous map H,: \IJ(;_N(W)*)(L
uniformly in the same sense. Since a€S; ™, we know by Theorem 5.8 that Opy(a)€
h \I!(;N . The required estimate follows. O

The technique employed in this last proof for passing from ¥~ to \I/(S_N (after
possibly enlarging N) will be applied in the remainder of §19 without explicit mention.
Recall from §9 that we identify [g"] and [p”] with euclidean spaces, equipped with

distance functions.

LEMMA 19.2. Assume that a is supported in some fized subset UCg” (independent

of h, but otherwise arbitrary). Then, the very strong bound
H,(0py,(a)) < hN (b)) "N (hA,) ™V (19.5)
holds unless
(hAx, h,) is within distance oy 0(1) of the image of U in [g"]x [p"]. (19.6)

Proof. We observe first that H, factors as an (H x H)-equivariant sequence

tr

U(1) — U *(0) — C,

where the first arrow sends T to the operator on o given by

/SEH tr(sT)o (s ).

This sequence is continuous, uniformly in 7 and o, by the same argument as in the
proof of part (iii) of Lemma 18.1. These observations allow us to deduce the required

implication (in sharper form) from the results in §10.3. O

19.3. Main result

For convenience, we recall some notation and conventions from §17.

e We write O, for the intersection of O, with the preimage of O, under the
projection g™ —h”.

o Integration over the set O ,, or over its rescaling h O ,, is defined to be zero
unless that set is non-empty and H-stable; in that case, it is an H-torsor, i.e., a closed
subset of g" on which H acts simply transitively, and we equip it with the transport of
the Haar measure from H.
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The simplest case §=0 of the following result is the relevant one for our applications,

but we will pass to the general case §>0 in the course of the proof.

THEOREM 19.3. Fiz a compact subset UCg”" consisting of H-stable elements. Let
h traverse a sequence of positive reals tending to zero. Fix 0<5<%, and let a€S; > (g")
with supp(a)CU. Let m and o be h-dependent tempered irreducible unitary representa-

tions of G and H. Then,

Ho(Opy(a)) :/ a+0(h'™%), (19.7)

hOxr &

More precisely, there are differential operators D; on g™ with the following properties:
e Dya=a;
e D; has order <2j and has homogeneous degree j: Dj(an)=h’ (Dja)y;
o for each fized JE€Z>y,

Ho(Opy(a))= 3 W / Dja+0(m1297), (19.8)
0<j<J VhOro
We may take the implied constant in (19.8) to be Cv(a), where
e (>0 is a scalar depending at most upon U and §, and

e v is a continuous seminorm on S5 °°(g") depending at most upon J.

We note that the maps

ar— a,
hoﬂ,a‘

whose domain we take to be the class of symbols a arising in Theorem 19.3, are h-
uniformly continuous. Indeed, by the support assumption on a, the integral on the right-
hand side vanishes identically unless the pair (hA;,h),) belongs to a fixed compact
subset of the set of stable pairs; the claim thus follows from the discussion in §17.3.2.

Since D; has order <2j, we deduce in particular that
hj/ Dja < h1 =297, (19.9)
hOnr o

which explains why (19.8) remains consistent as J varies.

Theorem 19.3 applies readily to H,(Opy,(a1) ... Opy,(ax)) for fixed &k and aq, ..., ay, as
in the hypothesis: just expand Opy,(aq) ... Opy(ax) using the composition formula (5.5),
then apply the uniform continuity of H,: ¥~V (7)—C to the remainder and the main
formula (19.8) to the other terms. Taking the resulting estimate to leading order gives

in particular that

Ho(Opy,(a1) ...Oph(aj)):/ho ay ...ap+0(h' %), (19.10)
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Recall from §17.3.1 the definition of the notation (e.g.) O(h\,). Using Theorem 17.2, it

follows also that if 7 admits a limit orbit (O, w), then

fO(h)\U) a, if Op,#@,

(19.11)
0, otherwise,

(O, (a)) = {

where pr: g™ —bh” is the natural projection and A~B means A=B+oy(1). One has also
the analogue of (19.11) for multiple symbols, as in (19.10).

For the proof of Theorem 19.3, we may assume that (19.6) is satisfied, since otherwise
the integrals fh o. . Dja are eventually identically zero, and so the claim (19.8) follows

from the a-priori estimate (19.5).

19.4. Reduction to symbols on the product

We perform here an important technical reduction for the proof of Theorem 19.3. We

introduce the notation
M:=GxH, S:=diagonal embedding of H in M,

and set

T:=7Ka,

so that 7 is a tempered irreducible representation of the reductive group M conversely,
every such 7 arises in this way. We equip S with the transport of Haar from H. Recall
from (18.5) that

Ho(Opy(a) = 3 / (sOpy (@), v) (u, su).
veB(x) Y SEH
ueB(o)

We may rewrite the integrand as
(sOpy,(a)v, v){u, su) = (sOpy,(a)(vRTW), vRT),

where here s acts on 7 diagonally while Opy, (a) acts via the restriction of 7 to G. Thus

Ho(Opy(a)) = (sOpy,(a)v, v).
Pn UEXB(:T) /ses Pn

We now exploit the S-invariance to “fatten up” Opy(a); this will have the effect of

replacing the symbol a on g" by a symbol on m” supported close to

sti={¢em":¢,=0}.
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To that end, fix be C2°(s”) supported in a small neighborhood of the origin and identi-
cally 1 in a smaller neighborhood. We may then form Op,, (b), which acts on 7 via its

restriction to H. By invariance of Haar measure, we have

/ (5Opy (5)Opy(a)v, v) = o / (sOpy(a)v, v),
seS

ses

where

co::/xb}\le—i-O(hoo).

S

Combining this with the a-priori bound Hq(Opy,(a))<h™ %Y (see (19.4)), we obtain

Ho(Opy(a)) = Z/ (sOpy, (b)Opy, (a)v, v) +O (). (19.12)
vEB(T) s€S

The composition Op,, (b)Opy,(a) of operators on 7 is a bit subtle because the symbols
a and b are defined using different Lie algebras. We may nevertheless compose them using
(8.36); what’s crucial here is that a and b both have order —oo, and m is spanned by s
and g. We obtain in this way—for any fixed N1, N2 >0, and large enough fixed J>0—an
expansion

Op,, (b)Opy,(a) = Opy,(¢/) mod h™N* N2 (7) (19.13)

where
a':= > 1 Op,(b+'a) e CZ(m").
0<j<J

Arguing as in §18—using now that [ g Zm <oo—we see that the formula

H(T) _/Gstr(sT) =y

vEB(T)

/ (sTw,v) (19.14)
ses

defined initially by the first equality for smooth finite-rank tensors T'€T®7, extends
continuously to

H: U N(r)—C,

uniformly in 7 and o, for N sufficiently large but fixed. These observations give an
adequate estimate for the contribution to (19.12) from the remainder term implicit in
(19.13). Thus H,(Opy(a)) is given up to acceptable error by H(Opy(a’)).

Recall that a was assumed supported on a fixed compact collection of H-stable
elements of g”*. We claim that if the support of b is chosen small enough, then a’ will be
supported on a compact collection of S-stable elements of m”. Indeed, if the support of b
is small, then the symbol a’ will be supported close to s*. But we have an identification

st ={(¢,—¢ly) :Eeg =g, (19.15)
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which intertwines the coadjoint actions of S and H, hence identifies S-stable elements
of s+ with H-stable elements of g". Since the S-stable locus in m” is open, the claim
follows.

The coadjoint multiorbit of 7 is given by
Or; =07 x05={(§,—1):£ €O and n€ O, },
so the identification (19.15) induces
O, Nst = Or .0,

intertwining S and H. In particular, O,Ns" is an S-torsor; we equip it with the transport
of Haar from S, which is then compatible with the above identification. We similarly
equip h O, Ns*.

Since b=1 in a neighborhood of the origin in §", we have a’({)=a(£]y) for all Eem”

/ a':/ a.
hO,Nst hOs.y

More generally, any homogeneous differential operator D’ on m” induces a homogeneous

close to s*. In particular,

differential operator D on g”, of the same homogeneity degree and of no larger order, so
that D'a’(§)=Da(¢,) for £€s; in particular

/ D' = / Da
hO,Nst hOy.y

The proof of Theorem 19.3 thereby reduces to that of the following (in which we have
relabeled (a/, 7) to (a,)).

THEOREM 19.4. Fix a compact subset UCm” consisting of S-stable elements. Let
h traverse a sequence of positive reals tending to zero. Fix 0<5<%, and let a€ S5 *(m")
with supp(a)CU. Let w be an h-dependent tempered irreducible unitary representation
of M, and Op: S™(m") =¥ (1) as usual.

There are differential operators D; on m”, satisfying properties analogous to those
enunciated in the statement of Theorem 19.3, so that, for each fixed J=0,

H(Opy(a)= > /ho ) LDja—l—O(h(l_Q‘s)‘]). (19.16)

0<i<J

The proof of Theorem 19.4 occupies the remainder of this section. The discussion
in §1.10, phrased in terms of microlocalized vectors, might serve as a useful guide to the

following arguments.
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For the same reasons as explained in §19.2, we may reduce to the case that h\; is
within o(1) of the image of U in [m”"], so that a— [, p+ 18 h-uniformly continuous,
and

hj/h(’) LDja<<h<1*25>J’. (19.17)
NS

We may assume that 0<6 <% is sufficiently large: the problem becomes more gen-
eral as ¢ increases, and the asymptotic expansion (19.16) for a given § (taken with J
sufficiently large) implies it for all smaller values.

Recall (from (19.14)) that

H(Opy(a)) = / tr((3)Opy ().

seH

We will analyze below the contribution to the latter from various ranges of ||s—1||, where
| -|| denotes the operator norm on End(m”). We note that S contains no non-trivial
central elements of M, so that the coadjoint representation of M, restricted to S, is a
faithful representation; thus ||s—1|| may be regarded as quantifying the distance from s
to the identity element 1 of S.

19.5. Small elements give the expected main term
Let js be attached as in §2.1 to the group S.

LEMMA 19.5. Fiz ©€C2°(s), with ©=1 near 0. Fiz J€Z>o and 5>8">0. Then,

Y)j r(m(ex a)) = J o (1—28)J .
/yes@( )]S(y)t( (exp(y))Opy(a))= > h /h Dja+0(h ), (19.18)

5/
h 0<G<J OrNs+

with D; as in the statement of Theorem 19.4.

The basic idea of the proof is as follows. The left-hand side involves traces of group
elements close to the identity, which may be evaluated with the Kirillov formula. The
conclusion then follows essentially as in the formal sketch (19.2).

In practice, we implement the proof by using the multiplication law for symbols;
the O(y/ h‘sl) factor is accounted for, in the proof below, by the symbol s. The simplest
case for the argument is when §=0. In that case, both a and the symbol s belong to
the “easy” symbol class S° defined in §4.3, although their supports are on quite different

scales.

Proof. Note first of all that it is permissible to prove the statement with h(1=20)7
replaced by h’’ so long as J'— 00 as J —00; one then applies the modified statement with



130 P. D. NELSON AND A. VENKATESH

a larger value of J to obtain the version above, noting that (by (19.17)) the contribution
of Dja has size O(h1=29)7),

We will first establish the modified form of (19.18) obtained by omitting the factor
Js(y) from the integrand; we will later explain why including this factor does not affect

the required conclusion. With this modification, we may write the left-hand side as

/ . 9(5& )tr(ﬂ(exp(y))Oph(a)) =1tr(Opy, (b)Opy,(a)), (19.19)

where beS(s”) is defined by requiring that b)) (y)=O(y/h?), i.e., that
Using our assumptions on O, we check readily that
beh?® (dims) goo (51 (19.20)

and
/ nb(n) = la=o, (19.21)
nesn

for all multi-indices «, where 1x denotes the indicator function for the condition X. The
property (19.21) remains valid up to an additive error O(h®) if we replace s by a ball
of fixed radius about the origin (or indeed, by a ball of radius O(hl_‘s//), 0">¢"). We
should thus think of b as a very strong approximation to the delta function on s”, with
thickness at scale h' 7.

Although b is defined using a smaller Lie algebra than a, we can compose Opy,(a)
and Opy,(b) using Theorem 7.4. Due to the crucial assumption ¢’>J (which may be

rewritten d+(1—¢")<1), we obtain in this way an asymptotic expansion

Opy(0)Opy(a) = Z b’ Opy, (b*’ a)+Opy, (1),
0<j<J

involving star products
1 bxd a € h® =97 550 (mh)

and remainder reh® —97 S5,°°(m”). By the consequence (12.1) of the Kirillov formula,
we obtain a satisfactory estimate for tr(Opy, (r)) provided that J is taken sufficiently large.
To the remaining terms we apply the Kirillov formula expanded in terms of differential
operators (see (12.4)). We obtain an asymptotic expansion for the right-hand side of

(19.19) as a linear combination taken over small ji, j2 >0 of integrals

pirtie / ¥ (C7-8%a(¢)-8%b(C)) (19.22)
(€h O
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involving multi-indices satisfying |a|+|5|—|v|=J1, |a|,|3|<ji and |o/|=j2. By the prod-

uct rule applied to 30", followed by partial integration, we may rewrite the above as

h’ / bDja,
hO,

where j=j1+72 and D; has the form indicated in the statement of the theorem.
The map h O, —s" has full rank in a neighborhood of w, so we may fix a small open

neighborhood N, Ch O, of w and local coordinates
N,3&=(&,&)€s" x(h0LNs™), & ~0, &LA~w,

so that

e the coordinate &; defines the projection to s”, and
o £=(0,¢) for Eeh O Nst.
The integral of a function f on h O, supported on N,, may be expressed in such coordi-

L=l e e

where d€; denotes the given Haar measure, d¢; the transport of Haar from S, and w

nates as

is a smooth Jacobian factor. We have b(§)=b(&1), and a is supported in N,, for small

enough h, so

/ bDja :/ b(&)w (&1, &2)Djallr, &2) dér déa.
hOx (€1,62)€EN,,
Using Taylor’s theorem, we may write

w(é1,&)Dja(ér, &) =w(0,£)D;a(0,&)+ > cal&)EF+0(G1* h7°4)  (19.23)

1<|al<A

for any fixed A. The compatibility of the top sequence in (16.4) tells us that w(0, &) =1,
so the contribution to [, ,, bDja from the first term on the right-hand side of (19.23) is

/@hsgeww P PO o) dor e = (/ &) d&) (/g D;a(0,&) d€2> +0(h™)

hO,Nst

The remaining Taylor monomials contribute O(h*?), by (19.21) and the remark there-

after. The contribution from the remainder term is dominated by

B0 [l b6 dey < n” @m0,
&
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due to (19.20) and the definition of b; informally, b(n) is concentrated on |n\<<h1_‘5/.

Since 6, ¢’ <%, we have 1—§—8'>0, so this last estimate is adequate for A sufficiently

large.
This completes the proof of the modified assertion obtained by omitting jgs. To
incorporate that factor, we define the symbol ¢ by requiring that ¢ (y)=0(y/ h‘sl)js(y)7

and then follow the previous argument up to (19.22), leading us to consider
AR / o' (¢7-0%(¢)-0%¢()) (19.24)
CEL O

We apply §7.8 to obtain an asymptotic expansion for ¢ given up to acceptable error by

a sum over finitely many multi-indices a of the quantities

0%js(0)

al

(—h)l*19b(¢);

inserting these into (19.24) yields terms of the form (19.22), which we treat as before. O

19.6. Huge elements contribute negligibly

LEMMA 19.6. For each fized N >0 there is a fired N' >0 such that
/ tr(m(s)Opy (a)) < b . (19.25)
s€S:[|s—1[>h ="

Proof. We note that, due to the finitude [ s Em <00 and a Lojasiewicz-type inequal-

/ Em(s) < XN
seS:||s—1||>X

holds for some fixed 1>0. By the matrix coefficient bounds for tempered representations
(see §A) and the trace norm estimate (12.5), we deduce that the left-hand side of (19.25)
is dominated for some fixed L>0 (independent of N') by

ity, the estimate

| AL Opy ()AL / =(s) < b4+

s€S:||s—1||=h=N'

Taking N’ large enough gives an adequate estimate. O

19.7. Medium-sized elements contribute negligibly

This section contains the most delicate arguments.
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LEMMA 19.7. Let QCm” be a compact collection of S-stable elements. For each
weQ and s€S there exists uem with |u|=1 so that

|s-ul <[ (s-w)w| > |[s]|°,

where the implied constants and the positive quantity € depend only upon . (Recall from

§2.1 that the natural pairing between m and m” is denoted by juztaposition.)

Proof. Fix a maximal compact subgroup K of S and maximal split Cartan sub-
algebra a of S such that S=Kexp(a)K. We may reduce readily to verifying that the
conclusion holds when s€exp(a), say s=exp(rz) with >0, z€a and |z|=1. Consider the

weight decompositions for the adjoint and coadjoint actions of z:

m:@mt and mA:@mtA.

teR teR

Each we is S-stable, and so has both positive and negative weights (e.g., by applying
Hilbert—Mumford to a dense set of 1-parameter subgroups, or by noting that the S-orbit
of w must be topologically closed). By compactness, each we has projection onto
@D,<_.m; of norm >1. We may choose a weight vector u€@@,,, m; with |u[=1 and
|uw|=<1. Then, s-u is a multiple of u with |s-u|>|/s||*. The required estimates follow
for w. The same choice of u works for all w’ in a small neighborhood of w, so we may

conclude by the compactness of . O

LEMMA 19.8. Suppose s€S satisfies ||s—1||=h'/>"" for some fized n>0. Then,
tr((5)Opy () < B

The informal idea is to write a:Zi a;, where each a; has very small microlocal
support; the trace of 7(s)Opy(a;) is then small, because the stability condition implies
that s-supp(a;) and supp(a;) are disjoint. It is worth noting that the result is essentially
optimal: if ||s—1|<h'/2 that is, if s is just a bit closer to the identity than the scale

prescribed by the lemma, then s does not move Planck-scale balls significantly.

Proof. The problem becomes more general as ¢ increases, so we may and shall assume
that
6=

n. (19.26)

=
[ NI

We fix >0 sufficiently small in terms of §,  and U.

By decomposing a into h=oM many pieces, we may assume that it is supported on
a ball

B(w,h%):={¢em":|¢—w|<h’}
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centered at some welU. We may choose a compactly-supported “envelope” 1€ S5 with

. 0<e<1,
e =1 on B(w,2h6), and
e =0 on B(w,3h°).

We may write tr(m(s)Opy,(a))=FE1+ Es, where

B :=tr(w(s)Opy(a)Opy (1-4)) and B = tr(Opy (1)7(s)Opy, (a)).

Since a and 1—1) have disjoint supports, we see (by §8.10 and §12.3) that Ey <h™.

We turn now to Fy. The idea is that the translation by s of the support of the symbol
a is disjoint from the support of ¢). This idea can be implemented rigorously using the
operator calculus when s is not too large. Indeed, suppose first that ||s—1[|<h™*,
which means, by (19.26), that

WO =2 ls—1]| <h e,

The upper bound implies in particular that ||s||<<h_5§h_1+6+€, so the hypothesis (5.4)

in §5.5 is satisfied; by the conclusion of that section, the operator norm of

7(s)Opy, (1) (s) "' —Opy(s:1)

is negligible, so we reduce to showing that

10py(5-9)Opy(a) 1

is negligible. As s distorts Lie algebra elements by at most ||s||<h™, we have s-1€ S5 2,
and may assume that § +E<%. It will thus suffice to verify that s-1) and a have disjoint
supports. To that end, we need only verify for £ € B(w, 3 h5) that

|s—1| =h®™"2 = |s-£—¢]>h°F, (19.27)

say. Note that the union of the sets B(w,3h5), as w varies over U and h over suffi-
ciently small positive reals, is contained in a fixed compact collection of stable elements.
The estimate (19.27) follows in the range ||s—1||>h® from Hilbert—-Mumford, as in the
proof of Lemma 19.7, and in the remaining range h®>||s—1||>h°""/? from Lie algebra
considerations, using that £ has trivial s-centralizer.

It remains to handle the case that ||s—1||>h™°, and hence ||s||>>h™°. Direct appli-
cation of the symbol calculus does not work as well here, because s-1) is overly distorted.
We instead construct convolution operators along well-chosen lines inside m, correspond-

ing to 1-parameter subgroups in G, so that there is no issue of distortion.
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Fix a Fourier transform between R and its Pontryagin dual R"=iR, and fix ©¢
C*(R") and xeCX(R), each identically 1 in neighborhoods of the respective origins.
Choose u€m as in Lemma 19.7, so that |u|=1 and |s'u|>>h_52 and

=1. (19.28)

—w X
|s-u|

Set r::hlfss/\s-u|, so that r<<h1+627637 and

ez /teR‘Wx(hft)ﬂexp(tu)),

r

crmrs = P G e of22)

Informally, we should think of C; as a convolution operator in the u direction utilizing

a bump function of width substantially smaller than h, whereas C; is a convolution
operator in the s-u direction utilizing a bump function of width slightly greater than h.

It will suffice to verify that (with ||| the operator norm)

IC10py,(a) —Opy(a) ||l <h™, (19.29)
0Py (¥)Ca |0 <™, (19.30)

because then, writing = to denote agreement up to O(h*) and applying §8.10 and §12.3,

we have
E3 =tr(Opy ()7 (s)C10py (a)) = tr(Opy, (¥)Cam(s)Opy (a)) = 0.

To establish (19.29) and (19.30), let [1,loCm denote the lines spanned by u and s-u,
respectively, and observe that we may write C;=Opy, (b;), with by €5 (I1) and by € S5 (12)
satisfying

o b1 (6)=1+0(h™) for |¢|<h™=", and

o by(6)=0(>) for [¢|>h7",
and similarly for derivatives. In particular, b; is approximately 1 on the image of the
support of a, while (by (19.28)) by is approximately 0 on the image of the support
of ¥. The required estimates (19.29) and (19.30) follow from the asymptotic expansion
(8.36). O

19.8. Completion of the proof

We note for X >1 that

vol({s€ S:|s—1|| < X}) < XOW) (19.31)
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(cf. [WI1l, Lemma 2.A.2.4]). The definition (19.14) and the results in §19.6 and §19.7
show that, for any fixed >0,

H(Op, (@)= | tx(n(5)Opy (@) +O(1).

SES:||s—1||=h1/2—7

We now write s=exp(y), pull the integral back to the Lie algebra, and combine §19.7

and §19.5 to derive the required asymptotic expansion.

Appendix A. Some technicalities related to the Plancherel formula

The aim of this appendix, which the reader is encouraged to skip, is to supply the
unsurprising details required by the proofs in §18.

Let F be alocal field, either archimedean or non-archimedean. Let G be a reductive
group over F.

We denote as usual by @tempgé the tempered dual of G, thus each ﬁeétemp is a
tempered irreducible unitary representation of G.

We always choose a Haar measure dg on G and a maximal compact subgroup K:=
K¢ of G. For a unitary representation 7 of G, we denote by B(w) an orthonormal basis
consisting of K-isotypic vectors. For feL!(G) we define

w(f) = / o

as usual.
When F is archimedean, we retain the notation of Part I (4, A, ...), applied to the
real Lie group underlying G.

A.1. Uniform bounds for K-types

Assume that F is archimedean. The proof of [Kn, Lemma 10.4] shows that there is an
element x of the universal enveloping algebra of K with the following properties:

(i)  acts on each irreducible representation 7 of K by a scalar x,;(%)

(i) dim(r)<ky/?;

(ili) Y oz ;" is finite.
(Explicitly, one may take

K=—c Z z?
z€B(Lie(K))

for large enough ¢>0.)

(5) We use the notation k, for what Knapp denotes d3 (14(|A|z,[1?).
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LEMMA A.1. Let 7 be an irreducible admissible representation of G.
(i) Let ver be T-isotypic. Then, dim(Kv)Y?|v|<||kv].
(ii) (k) is positive and invertible. tr(m(k)~2)<C, where C depends only upon G.

Proof. (i) By [Kn, Theorem 8.1], we have n,:=Homf (7, 7)<dim(7), so that
dim(Kv) < n, dim(7) < dim(7)%.
The conclusion follows from the enunciated properties of .

(i) tr(m(k) )<Y, cp nrdim(T)r;2<Y0 g riy <00 O

A.2. Bounds for matrix coefficients

Assume that 7 is tempered.

A.2.1. By [CHH], there is a function Z:=Z5:G— R+ (depending also upon K), called
the Harish—Chandra spherical function, with the following property: for any WEétemp

and any K-finite u, vE€m, one has
[{gu, v)| < E(g)(dim Ku)"/?(dim Kv)"/?[[u]l |v] (A1)

for all geG. The function E descends to G/Z, where Z denotes the center of G, and
tends to zero at infinity on G/Z.

A.2.2. Assume now that F' is archimedean. We may then readily translate the bound
(A.1) in terms of the Sobolev norms defined in §3.2.

LEMMA A.2. For m€Giemp, 9€G and u,veT?,

[(gu, v)| < E(g)|ullzs (V]2 (A.2)

s

where ¢20 and s€Zxo depend only upon G.

Proof. Let k be as in §A.1.
Let ven be K-finite; write its isotypic decomposition as v=y)__v,. By part (i) of

Lemma A.1,

1/2
S dim () 2o < 0k e < (L k) el (A.3)
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To prove (A.2), we may assume by continuity that the vectors u and v are K-finite.
We decompose such vectors into their K-isotypic components, apply (A.1) to the inner

product arising from each pair of components, and then apply (A.3), giving

gu,v)] < (Z m:l)ag)nfwn o]l

We conclude by appeal to the simple consequence (3.1) of the definition of || - || z=. O

A.3. Plancherel formula

Let 7 be an irreducible unitary representation of G. We denote by x, its distributional
character, as in §6.2.
The Plancherel formula asserts that, for f€CS°(G), we have the identity

1) = / ), (A4)

with the latter integral taken with respect to a certain measure on étemp, called the
Plancherel measure dual to dg. For n€Z>( large enough in terms of G, the formula

extends by continuity to the class of n-fold differentiable compactly-supported functions.

A.4. Some crude growth bounds

A.4.1. Assume that F' is non-archimedean. Let U be a compact open subgroup of G.
For any admissible representation 7 of G (e.g., any irreducible unitary representation),
the space ¥ of U-fixed vectors is finite-dimensional. By applying the Plancherel formula

to the normalized characteristic function of U, we see moreover that

/ dim(7%) < cc.
Tl'eétemp

A.4.2. Assume that F' is archimedean.

LEMMA A.3. There is N€Zx>q, depending only upon G, such that
(i) sup, g tr(r(A™N)) <oo;
(ii) fﬂeétemp tr(m(A™N)) < 0.

This is likely well known; we record a proof for completeness.
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Proof. Here we require implied constants to be uniform in 7.
(i) Let kel be as in §A.1. Assume that N exceeds twice the degree of k. By
Lemma 8.5, the operator A:=7(k)?7(A~") then has uniformly bounded operator norm.

Since (k)2 is positive, it follows that
tr(r(A™N)) < tr(m(k)72).

We conclude by part (ii) of Lemma A.1.
(ii) By spectral theory, it suffices to establish the modified conclusion obtained by
replacing A with the rescaled variant Ay, (cf. §12.2) for some fixed he (0, 1]. Set

Let Weétemp. Then, Ty :=0p,, (b:7)? is positive definite. By §12.2, we have
tr(m(A2N)) = tr(Ty)

for h small enough. Let n€Zx( large enough that the Plancherel formula holds for n-fold
differentiable functions fe€C.(G), and assume that N is large enough in terms of n. By
the composition formula, combined with §8.2, we then have T, =n(f), where f€C.(G)
is n-fold differentiable. Thus,

[ wtra< [ (=)< 0
TEGtemp

Weétcmp

A.5. Plancherel formula, IT

We record an extension of the Plancherel formula (A.4) to a larger space of functions
that we denote by F:=Fq; in brief, it consists of functions whose G x G derivatives lie
in L}(G,E).

e In the non-archimedean case, we define FU, for each compact open subgroup U

of G, to be the space of bi-U-invariant functions f: G—C satisfying
/ E(9)|f(g9)ldg < oo, (A.5)
geG

equipped with the evident topology (§1.14.6); we then set F:=UFU equipped with the
direct limit topology.

e In the archimedean case (so that G is regarded as a real Lie group), we take for
F the space of smooth functions f: G—C each of whose (xG)-derivatives (i.e., allowing
applications of both left- and right-invariant differential operators) satisfies the analogue
of (A.5); we equip F with its evident topology (§1.14.6).
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In either case, observe that C°(G) is dense in F and (by the Sobolev lemma) that
point evaluations on F are continuous. Let WGétemp. For feF, we wish to define and
study an operator 7(f) on the space 7> of smooth vectors in 7. It is natural to ask that

this operator satisfies

(), v) = / _T@)guv) dg (A.6)

for u,vem™; note that the right-hand side of (A.6) converges absolutely, due to (A.2)
and (A.5).

LEMMA A.4. Let f€F and weétemp.
(i) There is a unique continuous linear map w(f): w> —7m> for which (A.6) holds.
(ii) The map frm(f) is continuous for the trace norm ||-||1 on the target.
(iii) The map
f= =Dl

‘ﬂ'EGtemp

1$ finite-valued and continuous.
(iv) The Plancherel formula (A.4) remains valid.

Proof. We may initially define 7(f)u as the anti-linear functional on 7#°° for which
(A.6) holds. We aim then to verify that 7(f)u is represented by a smooth vector and
that the resulting map has the required properties.

In the non-archimedean case, f is U x U-invariant for some open subgroup U of G.
We verify readily that the functional 7(f)u is then U-invariant, hence represented by
a unique element of the finite-dimensional space 7V. The remaining assertions may be
verified by simpler analogues of the arguments to follow (using §A.4.1 instead of §A.4.2).
We turn henceforth to the details of archimedean case.

(i) Choose N€Zx large enough that we have the bound (cf. §A.2)

(gu, v) < Z(g) AN ull [AN ]

for u,ven™>. Since
/ f(g9){gu,v) dg:/ (AN 5 £+ APN) (9) (gA™*Nu, AN o) dg,
geG geG

we then have

[ (f)u, v)| <v(HIAVul A0 (A7)

for some continuous norm

W)= [ S |afeat ()
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on F. By summing over v in an orthonormal basis and appealing to §A.4.2, we deduce
that 7(f)u is represented by an element of the Hilbert space 7°. By a similar argument
applied to A"x(f)u for each n€Zsg, we deduce that m(f)uen™ and that the induced
map 7(f): 7> —x> is continuous.

(ii) The trace norm of 7(f) is bounded by

Y lm(Huv)l,

u,veB(m)

so we conclude by summing (A.7) and appealing to §A.4.2.
(iii) We argue similarly, using now also part (ii) of Lemma A.3.
(iv) We appeal to continuity and the density of C°(G) in F. O

A.6. Proof of Lemma 18.1

By §A.2 and (18.1), the function f defined in (18.6) belongs to the space Fp from §A.5.
Assertions (i) and (ii) thus follow from §A.5.
To establish (iii), we first show that the map

¢:m@7T — Fp,

V1 @V — f,

extends continuously to
O: V(1) — Fp.

To that end, observe that for each t1,ts €4, we may write
tl *(I)(’Ul ®’L_)2) *tg = (I)(tll}l ®t§7’02 ),

with ¢ being the standard involution on (. Thus for each continuous seminorm v on Fg
there are C>0 and N €Zxq so that

V(P (01©02)) <C[[AN vy || [ANvg].
By summing over orthonormal bases and appealing to §A.4.2, we deduce that
v(®(T)) < [|ANTAN |

for all Tem®7, where | - |2 denotes the Hilbert—Schmidt norm. By Theorem 12.2 (iv),
we deduce that ® extends continuously to ¥~°°(rr) with the required uniformity. By the
definition of the topology on ¥~°°(7), we may pass to ¥~ () for some fixed N.
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The same argument gives, for T€ U~ (7) and with notation as in (18.5), that each

of the quantities

and

/seH tr(sT) u, su) /SEH<8TU, v){u, su)

ueB(o) veEB()

ueB(o)
is finite and depends continuously upon T'. The required identity (18.5) thus follows by

continuous extension from the finite-rank case.

Part IV. Inverse branching
20. Overview

Let (G,H) be a GGP pair over a local field F' of characteristic zero. Fix a tempered
irreducible representation 7 of G. More precisely, we abuse notation in what follows, as
in §18, by working implicitly with underlying spaces of smooth vectors.

Let H denote the unitary dual of H, ﬁtempg H the tempered dual, and ﬁt’remp the

mw-distinguished subset, i.e.,

Hip = {0 € Hiemp : there is a non-zero H-equivariant map o:m — 0}

For each O’Eﬁmmp, the discussion in §18 gives us a map H,: 77— C. It is known
at least for F' non-archimedean (see [BP3, Theorem 5] in the unitary case and [WII,
Proposition 5.7] in the special orthogonal case) that H, is non-zero precisely when

ccH

temp-*

Recall that H, is expected to satisfy the positivity condition (18.7), and that this
expectation is a theorem in the non-archimedean case [SVe].
If o is tempered and H, is non-zero and satisfies the expected positivity condition,

then we may write

Ho (11 ®0g) = (sv1, v2) (u, suy = (by(v1), €y (v2)) (20.1)
1®U2 UGZB(:U) /SGH 2 1 2

for some ¢, as above, uniquely defined up to a scalar of magnitude 1. If H, vanishes,
then we take ¢,=0.

In the unexpected case that the positivity condition (18.7) is violated (necessarily
for F' archimedean), we define ¢, by requiring that (20.1) hold, up to some scalar of
magnitude 1.
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We crudely extend the definition of ¢, to non-tempered ceH by choosing an H-
equivariant map ¢,: m— o, possibly zero but non-zero if possible (and in that case, unique
up to a scalar), and requiring that (20.1) hold. Thus H,, for non-tempered o, is defined
only up to multiplication by a positive real.

‘We have defined an association

@7 — {functions H — C},

T+ [o— He(T)].

Let us pause to speak informally about the relevance of this association to our aims.
Recall, from §1.7, that we may think of self-adjoint elements > ;U ®U; ETQT as weighted

families of vectors in m, and hence the above association as an assignment

{Weighted families} N { weighted families of }

of vectors v in 7 representations o of H

To implement the basic strategy of this paper (cf. §1.6 and §1.10), we would like to know
that we can approximate any reasonable family of representations in this way, while
retaining some control over the family of vectors achieving the approximation. This
is the “inverse branching problem” alluded to in the title; by comparison, the classical
branching problem concerns how a representation of a group decomposes upon restriction
to a subgroup, or perhaps how individual vectors decompose.

In the global setting (Part V), the pairs (7, o) as above will arise as the local com-
ponents of a pair (II,X) of automorphic forms over a number field, taken unramified
outside some fixed set R of places containing the archimedean places. We will single
out an individual archimedean place g€ R as the “interesting” one, assume that the rel-
evant groups are compact at all other archimedean places, and aim to study families
with “increasing frequency at q” and “fixed level at p” for all p€ R\ {q}, with some fairly
flexible definition of “fixed level”. Motivated by this aim, we consider here in Part IV
the “inverse branching problem” indicated above in the following aspects:

e For varying families of representations o, taken over a suitable scaling limit, and
with F' an archimedean local field (§22).

e For fized families of ¢ in either of the following cases:

— (the trivial case in which) H is compact (§21);
— F is non-archimedean (§24), after some general preliminaries (§23).

An important subtlety is that the families of interest to us will not in general be
“microlocally separated” from the complementary series, e.g., via their infinitesimal char-
acter. We must nevertheless exclude the latter from our final formula, due to the absence
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of a general conjecture along the lines of Ichino-Tkeda in the non-tempered case. These
considerations motivate the estimate (22.11) and are responsible for the main difficulties
in §24.

21. The case of compact groups

Suppose that H is compact. Then, H™ s a discrete countable set. The Hermitian

temp
forms H, describe the canonical decomposition

7|y & @ o.

7r
oc Htemp

Thus, for any finitely-supported function k: Hr —C, there exists T'emr®m such that

temp

for all o€ HT

femp- 1f k is valued in the non-negative reals, then we may take T' to be

positive definite.

22. The distinguished archimedean place

We assume here that F' is archimedean. By restriction of scalars, we may regard G and

H as real reductive groups.

22.1. Setup

We allow the tempered irreducible representation m of G to vary with a positive parameter
h—0. We assume that 7 has a limit orbit (see §11.4)

(O,w):lgigé(h(’)mwh@").
As in §17, we write Ogga, CO for the subset of H-stable elements. We recall that, for
each pe[h]Nimage(Ogtap), the preimage O(u) of {u} in O is an H-torsor. The map
Ogtab— [p"]Nimage(Ogtap ) is a principal H-bundle, with fibers O(u).
We assume given a Haar measure on H; as explained in §17, this choice defines
measures on b, b, [h*], and on the sets O(u) as above.
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22.2. Orbit-distinction

Let O’Eﬁtemp. Recall (from §20) that o is distinguished by 7 if Hompy (7, 0)#0. We say
that o is orbit-distinguished by 7 if O, ,—the intersection of O, with the preimage of

O,—is non-empty.

Remark 22.1. Our asymptotic expansion of relative characters (Theorem 19.3) im-
plies that

(i) if h, belongs to a fixed compact subset E of [h”]Nimage(Ostap), and

(ii) if h>0 is small enough in terms of E,
then orbit-distinction implies distinction. One expects also the converse implication, that
distinction implies orbit-distinction under the stated hypotheses. This would follow from
the following:

e Strong multiplicity 1 for archimedean L-packets. This is addressed in unitary
cases by the preprint [BP3] and in orthogonal cases by the recent preprint [L].

e That distinction implies non-vanishing of the matrix coefficient integral, known in
p-adic cases (cf. §20) and in the unitary archimedean case [BP3, Theorem 5|, and likely
provable in the orthogonal archimedean case.

In any event, orbit-distinction seems easier to check than distinction, so we are

content to formulate our main results in terms of the former notion.

22.3. Main result

Let
ke C([h"|Nnimage(Ogtab))- (22.1)

For each h>0 we define a function ky: H—C by setting
kn(o):=k(hAy)

if o is tempered and O, ,#@; otherwise, we set ky(c):=0.
We may find

precompact open subsets U C [h"] and V C g", (22.2)

with
V consisting of H-stable elements, (22.3)

such that

supp(k) Cimage(V), image(V)CU and U Cimage(Ogap). (22.4)
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Since Ogtap is a submanifold of g” and the map Ogiap,—[h”] is a principal H-bundle
over its image, we may readily find a€C2°(V') such that, for each pe[h”],

/ a=k(p). (22.5)
O(n)
From (22.5) and the asymptotic formulas in §19.3 it follows that

Ho(Opy,(a)) = kn(0)+on0(1)  for all 0 € Hyemp with hA, € U. (22.6)

If k is real-valued, then we may arrange that a is real-valued. In the language of §1.10 and
820, we have achieved our goal of producing a weighted family of vectors—that obtained
by writing Oph(a):zj v;®@0;—that picks off the weighted family of representations
described by ky,. We note in passing also that, by (17.5), we have

/adw:/ / a= k, (22.7)
o nebr] JO(n) (6"

with integration over [h”] defined by the normalized affine measure.

We aim now to elaborate upon this observation in somewhat technical ways that
will turn out to be convenient for our global applications. It will be useful to work with
“positive-definite families”, such as those attached to Op, (a)? for real-valued a, and to
bound the error in (22.6) in terms of another such family.

We will also need to say something about non-tempered o. In that case, we have only
thus far (cf. §20) normalized H, up to a scalar. It will be convenient now to impose the
following more precise normalization, again motivated by global considerations (cf. §29):

we suppose given an h-dependent family of maps H, that factors as a composition

tr

U (1) — U~ () —C (22.8)
with the first arrow h-uniformly continuous. In practice, this is a fairly weak requirement.
We note that the analogous continuity holds in the tempered case by the discussion
of §19.2.

THEOREM 22.2. Let k, U and V be as in (22.1) and (22.2), satisfying the assump-
tions (22.3) and (22.4). Assume that k>=0. Then, for each >0 and N €Zx, there exist
non-negative a,a, as, an € C° (V) with the following properties:

(1) fo a? dw is bounded by a constant depending only upon k and V, while fo a3 dw
and fo a, dw are bounded by ¢.

(ii) U[bA] k— [, a® dw|<e.
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(i) Assume that h>0 is sufficiently small.
o Let o be a tempered irreducible unitary representation of H for which hA,€U. If
Or,o is non-empty, then

[kn(0)] <[Ho(Opy(a1)?)] (22.9)

and

|kn(0) —Ho (Opp(a)?)| < [Ho (Opy(a2)?)]. (22.10)

e Let o be a non-tempered irreducible unitary representation of H such that
hA, eU.

Then,
Mo (Opy(a)®) = Ho (Opy (ane)®) +O(M7). (22.11)

The implied constant may depend upon (N, k,a,¢€), but not upon (w,o,h).

Remark 22.3. 'We note that, since Opy,(a;)? is positive-definite, the absolute values
on the right-hand side of (22.9) and (22.10) should not be necessary; in any event, they
will disappear from our analysis when we pass to the global setting, in which the product

of local Hermitian forms as above is manifestly positive.

Proof. The informal idea for (22.9) and (22.10) is as in the arguments leading to
(22.5) and (22.6): for instance, to get (22.10), we can just choose a such that

with the difference thus majorized by [, ) a? dw for some small a;; the asymptotics for
Hos(...) then give the required estimates.

The informal idea for (22.11) is that the infinitesimal characters of non-tempered
representations are close to irregular elements, which form a set of measure zero. We may
thus construct an; from a by shrinking its support to be concentrated near the inverse
images of irregular elements.

Turning to details, choose a; as indicated, depending only upon k& and V, so that
fO(u) a?>k(u)+1 for pesupp(k). Fix an open subset UpC[h”"], with supp(k)CUy and
UoCimage(V). Choose €1 >0 small enough in terms of k and e, then choose as as
indicated so that |, o) a3 >2e, for pely and [, a3 dw<e. Choose a as indicated so that
|k(,u)—fo(m a?|<ey for pel.

The set

W= {&ebh" Nimage(V) : [€] & [6" |res }
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is compact and has measure zero. We may thus find ay as indicated, with [, a2, dw<e,
so that a=ay in a small neighborhood of W.

Assertion (i) is clear by construction. Assertion (ii) follows as in (22.7) if e is
sufficiently small. Turning to assertion (iii), let o€ H with h\,€U.

Suppose first that o is tempered and O, ,#@. Then, ky(c)=k(h),), while the
asymptotic formulas in §19.3 give

HaOp(@)= [ aona),
O(hX,)

and similarly for a; and ay. Thus (22.9) and (22.10) hold for h small enough in terms
of g1.

Suppose next that o is non-tempered.

By the composition formula (8.36), we may write
Opy,(a)? = Opy, (ant)* +Opy () +€,

where the following statements hold:

e The h-dependent element c€CS°(V) is bounded with respect to h and vanishes
identically on a small neighborhood of W. Since non-tempered representations have
infinitesimal characters close to irregular elements (cf. §9.7), it follows that ¢=0 on

{€ep” i dist([¢],hA\,) <ea}

for some small but fixed g5 >0. By §10.3, we deduce that H,(Opy,(c))<h”.

o EchY \IJ_N/7 where N/ — 00 as J— 00, so that, by the assumed uniform continuity
of (22.8), we have H,(£)<h®.

The required estimate (22.11) follows. O

22.4. Auxiliary estimates relevant for Weyl’s law

Recall that our main result concerns the average of an L-function over a family. We
record here, for completeness, a technical estimate relevant for computing the cardinality
of that family (cf. §31.4 for its application).

Let H denote the Hecke algebra of smooth compactly-supported complex measures
on H. Since we have fixed a Haar measure dh on H, we may identify H with C°(H); in
particular, we may define the evaluation f(1) at the identity element 1€ H of any feH.

LEMMA 22.4. Let k and U be as in §22.3, with k>0. Fiz €>0 and N€Zxg, and
let h>0 be sufficiently small. There are positive-definite elements f, f1 €H, supported on
140p-0(1), such that

’/ khdf(l)‘ <e (22.12)
[b"]
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and

fi(1)<en™, (22.13)

and, for each Ueﬁ,
k() = Xo ()| < Xo (f1)+O(0™N (hA;) ), (22.14)

where xo: H—C denotes the character.

Before giving the proof, we record the basic idea. If we argue formally— ignoring
convergence, truncations, etc.—then, for each a€S~>°(g"), the function f: H—C defined
by

NNf(s):=tr(n(s~1)Opy(a)),

where Opy,(a):=Opy,(a:7), satisfies

o(f)= (sOpy(a)v,v)(u, su) =H,(Opy(a)),
X UE%(:W) / _,,50pn Py
ueB(o)

and
f(1) =tr(Opy(a)).

To make f positive definite, we can argue instead with Op,,(a)?. The lemma should thus
be plausible in view of the analogous passage from (22.5)—(22.7) to Theorem 22.2. The
subtlety is that f as defined above is not compactly-supported, so does not belong to
H as we have defined it. To make matters worse, the integral defining x,(f) need not
converge when o is non-tempered. To get around these issues, we truncate f, taking care
to do so in a manner that preserves positive definiteness. For o tempered and stable
relative to 7, we have seen already that the main contribution to the integral over s€e H
defining H,(Opy,(a)) comes from s fairly small, so the truncation has negligible impact in
that case. We can use the operator calculus and the same argument as in Theorem 22.2

to control the contributions from the remaining o.

Proof. For b€ S~>°(h"), let us denote by (f)\i)h(b)e’;‘—l the element implicit, for a
unitary representation o of H, in the definition of Opy,(b:o)=c(Opy, (b)).

Choose V' as in §22.3, choose £1>0 small enough in terms of k£ and &, assume
that h>0 is small enough in terms of €1, and choose a,a2€C(V) as in the proof of
Theorem 22.2. Define fo€H by the formula

for= [ x(sn)x(on) (n(s1)Opya). m(s2)Opy(a)) 81,
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where

e x€CX(H) denotes a suitable normalized cut-off: supported near the identity,
non-negative-valued, invariant under inversion, constant near the identity, and satisfying
Ju XPP=1;

e Opy(a):=0py(a:7);

e 0,1, is the 6-mass; its integral as above will define a smooth measure;

e we employ the Hilbert—Schmidt inner product on End(r).

Then, fy is positive definite. Choose an open W Ch” such that W Dimage(V) and

U Dimage(W). Choose be C°(h”) supported in the preimage of U and with b=1 on W.
We note, by (8.36), that

Opy, (b:7)Opy,(a) =0py,(a) mod h™ T~°(7).

Set
f:=0py(b) foOpy ().

(Here and below the only relevant product structure on H is given by convolution.) In
the same way that f was defined in terms of a, let f, be defined in terms of as. Arguing
as in the proof of Theorem 22.2, let b,; be obtained from b by smoothly truncating to a
sufficiently small neighborhood of those elements in the support of b whose image in [h”]
is irregular, and set fntzzévph(bnt) foév})ll(brlt). Finally, set

Ji=2e1 [+ fut.

Then, f and f; are positive definite. By slowly shrinking the support of y, we may
arrange that they are supported on 14o0p0(1), or indeed on 1+O(h") for any fixed
n€(0,1); this has no effect on the arguments to follow.

We now verify that these constructions lead to the required estimates. We start
with (22.12). By unwinding the definitions, we see that

0= [ 32 om@ =17 [ @ doronan)

As in the proof of Theorem 22.2, it follows that

R0 = [ ron )

[h”]
for small enough h, which gives the modified form of (22.12) obtained by replacing f

with fp. To obtain the required assertion concerning f, we calculate first that

1) = / _ u(T.0p, (0" ),
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where

T, = / X(5t)0p () (D)7 (). (22.15)
teH

Note that Ts=0, unless s is small, and the integrand in (22.15) vanishes unless ¢ is small.
By trivially estimating the L'-norm of (Sf)h(b), we see that the operator norm of Ty is
O(1) and the trace norm of Opy(a)? is O(h™®). Thus, to compute f(1) to accuracy
o(h™), it suffices to do so after replacing Ty by any modification T” differing in operator
norm by o(1). To that end, let us pull the integral (22.15) back to the Lie algebra, writing
t=e¥ with yeh. The integrand is concentrated on |y|=0(h), so we may truncate it to
ly|<h'™" for some fixed >0 and then Taylor expand

x(se?)=x(s)+0(h' ™).
The modification

Ti=x) | Opy, (b) (£)(£) = x(s)Opy (b: )

is thus acceptable for our purposes, and we obtain

)= ( / x2)tr<0ph<b>0ph<a>20ph<b>>+ohﬁo<h-d>, (22.16)

say. We appeal now to the composition formula (8.36) to replace Opy,(b)Opy,(a)?Opy, (b)
with Opy,(a)?, and argue as before. This completes the verification of (22.12).

The same arguments applied to f; lead to the estimate (22.13).

We turn finally to (22.14). Thus, ¢ be a unitary representation of H. We con-
sider first the case that hA,¢U. Then, ky(o)=0. On the other hand, the results in
§10.3—applied with (G, ) playing the duplicate role of “(H,0)”, and using the continu-
ity of (12.6) as an a-priori estimate to clean up remainders—give that the trace norm of
Opy,(b:0) is O(h™ (h\,)~N) for any fixed N. As the operator norms of o(fo), Opy,(b:0)
and Opy, (by :0) are readily bounded by h™™") | the claim (22.14) follows in this case.

It remains to consider the case that hA,€U. If ¢ is tempered, then we may verify—

using arguments similar to those leading to (22.16)—that

Xo(f)=Ho(Opy(a)?)+O0(h),

and similarly for x,(f1). If o is non-tempered, then, as before, Op, (b—by:0) has trace
norm O(h*). In either case, we may conclude as in the proof of Theorem 22.2. O
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23. Preliminaries on representations of p-adic groups

In this section, we recall how tempered representations of a p-adic reductive group fit
into families indexed by quotients of certain tori, and explain the relationship of this
picture to the Bernstein center.

The considerations of this section apply to any reductive group H over a non-

archimedean local field F' of characteristic zero; the group G plays no role.

23.1. Standard parabolic and Levi subgroups

We fix a minimal parabolic subgroup Py of H and Levi subgroup My<Py. A standard
parabolic subgroup is one that contains Py. A standard Levi subgroup M is one that
contains My and arises a Levi component of a standard parabolic P=M N; thus P=MPF,.
Each parabolic or Levi subgroup is conjugate to a standard one, so there is little loss of
generality in restricting to the latter.

For each standard Levi subgroup M , we have an induction functor i%:lndg from
smooth representations of M to smooth representations of G, normalized to take unitary
representations to unitary representations; here and henceforth “unitary” and “unitariz-
able” are used interchangeably.

What matters most for our purposes is the set of irreducible subquotients of if\;/IT.
This set is independent of the H-conjugacy class of (M, 7), and makes sense for any Levi
subgroup M, not necessarily standard. If moreover 7 is unitary, then so is i%ﬂ hence

subquotients of i§,T are the same as submodules.

23.2. Good compact open subgroups

Let J be a compact open subgroup of H. Recall that J admits an ITwahori factorization
with respect to a parabolic subgroup P if there is a Levi decomposition P=M N, with
associated opposite parabolic subgroup P~ =M N, so that

J=Jn_JuJn

with
Jy_=JNN_, Jy:=JNM and Jy:=JNN.

We may and shall fix a maximal compact subgroup K of G for which K Py=H (see, e.g.,
[HR, Corollary 9.12]).
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Let us call a compact open subgroup J of H good (relative to the choice of K and
Py) if
(i) J is a normal subgroup of K, and

(ii) J admits an Iwahori factorization with respect to each standard parabolic sub-

group.

LEMMA 23.1. For suitable choice of K as above, there are good compact open sub-
groups (Jn)n>o0 of H that form a neighborhood basis of the identity.

Proof. We apply [MP, Proposition 4.2], with x a special vertex. O

23.3. Invariant vectors and induction
The following result is standard.

LEMMA 23.2. Let J be a good compact open subgroup of H, let P=MN be a par-
abolic subgroup of H, and T a supercuspidal representation of M. The following are
equivalent:

(a) T admits a non-zero Jy;-fixed vector;

(bl) some subquotient of igT admits a non-zero J-fized vector;

(b2) i1 admits a non-zero J-fized vector;
(

c) every subquotient of i%T admits a non-zero J-fived vector.

Proof. The dimension of the space of J-fixed vectors may be expressed as the trace
of an averaging operator, and so may be computed in terms of a composition series.
Conditions (bl) and (b2) are thus equivalent; henceforth we refer to them together
as (b). Obviously (c) implies (b1).

We now show that (a) and (b) are equivalent. We may assume that P and M are
standard. The J-fixed vectors in i{i7 are described by pairs (z,v), where z€ P\ H/J
and veT satisfy

5113/27'(9)1/ =v forall g€ PNzJz 1, (23.1)

where as usual 7 acts via the projection P —» M . Since H=PK, we may assume that
r€K; then zJx~'=J, so (23.1) just says that v is fixed by the projection to M of
PNnJ=JyJn, i.e., by Jy. Thus (a) and (b) are equivalent.

It remains to see that (a) implies (c). Suppose thus that 77/ #£0. Let m be any sub-
quotient of ig 7. In fact, we may assume that 7 is a submodule, by a standard argument:
there exists a parabolic Q=NU such that the Jacquet module 7y is supercuspidal, up to
twist; by the computations of Bernstein and Zelevinsky [BZ, §2.13] there is an element of
g carrying (M, 7) to a constituent of (N, 7). We may therefore suppose that N=M and
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that 7y contains a conjugate wr of 7 by the normalizer of M; thus < i%U(wT). Since
w has a representative belonging to K, it is equivalent whether wr or 7 has a Jy,-fixed
vector.

By Frobenius reciprocity, the inclusion W—)igT gives rise to a non-zero map Ty —T.
Since 7 is irreducible, this map is surjective. Taking Jjs-invariants gives a surjective
map (7y)’™ —77/M. But a basic theorem [Cas2, Theorem 3.3.3] asserts that the map

7/ — (7 )?™ is surjective. Thus, our assumption 7/M £0 implies 77/ #0, as required. [

23.4. Classifications
23.4.1. Terminology

Let 7 be an irreducible representation of H. Recall that 7 is tempered if it is unitary and
its matrix coefficients lie in L2+ modulo the center. Recall that 7 is square-integrable if
its central character is unitary and its matrix-coefficients are square-integrable modulo
the center; in particular, 7 is unitary and tempered. Recall that « is supercuspidal if its
matrix coefficients are compactly-supported modulo the center; then 7 is unitary if and
only if its central character is unitary, in which case it is square-integrable. In particular,

any supercuspidal representation has an unramified twist which is unitary.

23.4.2. Bernstein—Zelevinsky; infinitesimal characters

By the results in [BZ, §2], we have the following.

LEMMA 23.3. For each irreducible representation w of H there is a unique H -
conjugacy class [(M, 1)) of pairs (M, T), where M is a Levi subgroup and o is a super-

cuspidal representation of M, such that w is a subquotient of ifﬂ'.

The infinitesimal character of an irreducible representation 7 of H is the class
Ari=[(M, )]
arising in the lemma. By an infinitesimal character for H we will mean any such class

(M, 7)].

23.4.3. Langlands, from square-integrable to tempered

By [WI1d, Proposition I11.4.1]. we have the following result.
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LEMMA 23.4. For each tempered irreducible representation m of H there is a unique
H -conjugacy class [(M, )] of pairs (M, o), where M is a Levi subgroup and o is a square-
integrable representation of M, such that 7 is a subquotient (equivalently, submodule)

of i%o.

23.5. Bernstein components

In this and the following subsections we recall some facts from [Ber] (cf. [BDK, §2] for a
summary).

For a Levi subgroup M of H, let Xj;; denote the group of unramified characters
of M, i.e., homomorphisms x: M —C* that are trivial on the subgroup M° on which
all algebraic characters have valuation zero. The group X,; is a complex torus, i.e.,
isomorphic to (C*)", while the subgroup X9, of unitary characters identifies with the
compact subtorus (C)7.

For each supercuspidal representation 7 of M, the set
O={[(M,7®x)]: x € Xn}

is a Bernstein component, or simply a component for short, of the set of infinitesimal
characters. Each component may be identified with the quotient of X,; by a finite group

(see for instance the discussion in [Hai, §3.3.1]).

23.6. Bernstein center

Varying (M, ), the set of infinitesimal characters identifies with a disjoint union of finite
quotients of complex tori, giving it the structure of a complex algebraic variety, typically
with infinitely many components. The Bernstein center is the algebra 3(H) of regular
functions on the variety of infinitesimal characters for H; it is the direct product over

the set of components © of the algebra of regular functions on O, and we have
spectrum of 3(H) = |_| O,

the union taken over all Bernstein components. By [Ber] (cf. [BDK, §2.2]), we have the

following result.

LEMMA 23.5. There is a natural action of 3(H) on the category of representa-
tions of H: for each z€3(H) and each representation m of H, there is an associated
H -equivariant endomorphism z:m—m, such that for each H -equivariant morphism of
representations j:w—w', we have zoj=joz. If m is irreducible, then z:w—7 is scalar

multiplication by z(Ar).
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To apply this in practice, we let H denote the Hecke algebra of locally constant
compactly-supported measures on H, under convolution, regarded as a representation of
H under the action defined by left translation. For a vector v in a representation 7w of H,
the action map H—7 given by fr— fx*v is then H-equivariant, so, for each z€3(H), we
have (z- f)*v=z-(f+*v). Let J be a compact open subgroup of H that fixes v, and take
f:=ey, the corresponding averaging operator. Then, z-v=h,*v, where h,:=z-ey is a
central element of the bi-J-invariant subalgebra H ; CH. In particular, if 7 is irreducible,
then h, acts on 7/ by the scalar z(\,).

23.7. Components arising from Langlands classification of the tempered dual

23.7.1. By §23.4.3, there is a natural map

~ T is a square-integrable representation
I: Hiemp — {[(M, )]:

. (23.2)
of the Levi subgroup M of H

assigning to o the H-conjugacy class [(M,7)] of pairs as indicated for which o< il 7.

As in §23.5, we may fix M and vary 7 in a family of unramified unitary twists
{T®x}yexg, to write the right-hand side of (23.2) as a disjoint union of subsets D
parameterized by the compact tori X9, and identified with quotients X9,/T" for some
finite subgroups I' of X%, x N(M)/M. To differentiate from the Bernstein components
(§23.5), we refer to these subsets D as [-components; we are unaware of any standard
terminology. We rewrite (23.2) as

[t Hyemp —|_|D.

23.7.2.  We note in passing, for the sake of orientation, that, by generic irreducibility
[Cas2, Theorem 6.6.1], each [-component D contains a non-empty Zariski open subset U
such that the map [71(U)—U is injective.

23.7.3. If I[(o0)=[(M, )], then the infinitesimal character A, is the image of A; in
the space of infinitesimal characters for H under the evident map from infinitesimal
characters for M.
In particular,
l(o1)=l(o2) = Aoy =0,-

For each [-component D there is thus a (unique) Bernstein component © for which o+ A,
descends to a map
D—0.
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This map is continuous; indeed, as noted in §23.5, both spaces are locally (for the analytic
topology) identified with character tori for Levi subgroups, and locally the map is given
by a homomorphism of these character tori arising from an inclusion of Levi subgroups.

Two distinct [-components D; and Dy may map to the same Bernstein component ©,
and their images may overlap. For instance, there do exist (for general H) non-isomorphic

square-integrable representations of H having the same infinitesimal character.

23.8. Finiteness

The Bernstein components or [-components form countable sets. More precisely, it follows
from §23.3 that for any good compact open subgroup J of H, a representation o of H
with [(o)=[(M, 7)] has a non-zero J-fixed vector if and only if the representation 7 of the
Levi M, taking M standard without loss of generality, has a non-zero Jys-fixed vector.
By [BDK, §2.3] and the Plancherel formula (or see [W1d, Theorem VIII.1.2]), only finitely

many Bernstein components or [-components contain some [(M, 7)] with this property.

24. The case of auxiliary p-adic places

We consider now the non-archimedean case of the setup of §20, thus (G, H) is a GGP pair
over a non-archimedean local field F' of characteristic zero, and 7 is a smooth tempered

irreducible unitary representation of G. We introduce the abbreviation

Q:=HT

temp

for the m-distinguished tempered dual of H. The notation and terminology of §23 will
be employed freely.

24.1. The structure of Q2
Recall from §23.7 the map [: ]:jtemp—>|_|D arising from the Langlands classification.
LEMMA 24.1. (Strong multiplicity 1) The induced map
LQ—| |D
18 injective.
Proof. Indeed, strong multiplicity 1 [MW], [BP1] implies that each L-packet of tem-

pered representations of H contains at most one w-distinguished element. Since each
fiber of [ is contained in a single L-packet, the conclusion follows.
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We note that the results in [MW] and [BP1] are formulated as conditional on certain
expected properties of L-packets for classical groups. It is not straightforward for us
to extract these properties from the literature, so we observe also that the required
conclusion—multiplicity 1 for the full induction of a square-integrable representation—
can be verified directly (see [BP2, §14.2 and §14.3]). O

For t=[(M,7)]€l(2), write oy:=["1(t) €. Then, i}l 7 decomposes as a finite direct
sum of tempered irreducible representations o of H; one of these summands is the given 7-
distinguished representation o, while strong multiplicity one implies that the remaining
summands are not w-distinguished. It follows that for any vy, ve €,

Ho, (V1 ®T2) = Z / (hvy, va) (u, hu). (24.1)
heH

u€B(if;T)

Here the sum over u is really a finite sum, since v; and vg are smooth (under H). The
right-hand side of (24.1) is manifestly continuous as ¢ varies within a given [-component

D, and so defines a continuously-varying family of Hermitian forms on 7®7.
LEMMA 24.2. The tmage of € under [ is a union of l-components.

Proof. We need only verify that [(Q) is both closed and open: it is closed, by the
upper semicontinuity of multiplicity [FLO, Lemma D.1], and open, by the continuity of
t—H,, noted above. O

Thus [ identifies 2 with a disjoint union of (typically infinitely many) finite quo-
tients of compact tori, hence equips {2 with a natural topology with respect to which
the Hermitian forms H, vary continuously. We may also speak of the space C.(£2) of
compactly-supported continuous functions. We henceforth refer to © and [(2) inter-
changeably.

It seems conceivable to us that the topology just defined on €2 coincides with the
topology induced by the Fell topology, but we have not verified this. In any event, the
more explicit topology just defined is the relevant one for our purposes.

The map

Q— |_| O =spectrum of the Bernstein center (24.2)

is continuous, for the topology just defined on 2. This continuity follows from the fact

the map from [-components to Bernstein components, discussed in §23.7.3, is continuous.

24.2. Main results

and
Q7 the spaces corresponding to representations of H having a non-zero .J-fixed vector.

Let J be a good (see §23.2) compact open subgroup of H. We denote by H”, H

ternp
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The space 27 is a finite union of [-components, and as .J traverses a neighborhood basis

of the identity, we have

o=J' and C.(@)=]C©Q").
J J
The following notion is motivated by our global applications, and related to the class

of functions that appear in Sauvageot’s “principe de densité” [Sau].(") We henceforth
adopt the convention that k(0):=0 for k€C.(2) and CTEf'j\Q.

Definition 24.3. We say that an [-component D of € is allowable if there is a good

compact open subgroup J as above, with DCQ’ such that every non-negative
keC(D)C C()

may be approximated in the following senses:
(i) For each £>0 there are positive-definite T, T, en/ @/, with tr(T}) <e, such
that, for each UEEL
k(o) =Ho(T)| < Ho(T4) (24.3)

(We emphasize that, per the general conventions of Part IV, all tensors considered here
such as T and T, are smooth.)

(ii) For each >0 there are ¢, ¢, €H s, with ¢, positive definite and ¢, (1)<e, so
that, for each UEI?,

k(o) —tr(o(¢))| < tr(o(+))- (24.4)

We say that a function k: Q—C is allowable if its support lies in a finite union of

allowable [-components.

Remark 24.4. Allowability (applied with e=1, say) implies that there is a positive-
definite T, ew’ @77 such that
k(o) < Ho(T2) (24.5)

for all o€ H. Similarly there is a positive-definite element ¢, of the bi-J-invariant Hecke
algebra H ;=C°(J\ H/J) such that

k(o) <tr(o(¢+)) (24.6)

for all o€ H. The upper bounds (24.5) and (24.6) will be useful in applications involving

products of several groups such as G.

(") There were some points in the original paper [Sau] that we do not understand: specifically the
usage of Lemma 2.1 on p.181. Lemma 2.1 assumes that the algebra in question separates points. This
is related to the distinction between [-components and Bernstein components.
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Also note that the left-hand side of either (24.3) or (24.4) vanishes identically unless
o belongs to H7 , whose Plancherel measure is finite. By the Plancherel formula (cf. §18,

8A.3), it follows that, for T" and ¢ as in the conclusion, we have

k= ¢(1)+0c0(1). (24.7)

Htemp

tr(T)+0z0(1) :/

24.3. Cuspidal type components are allowable

There is a a class of Bernstein components which are particularly straightforward to
analyze.

We say that an [-component is of cuspidal type if the inducing data is not merely
discrete series, but supercuspidal. For example, the [-component of unramified principal

series is of cuspidal type.
THEOREM 24.5. Any [-component of cuspidal type is allowable.

It seems reasonable to expect that all [-components are allowable.

24.4. Outline of the proof

In this subsection, we give an overview of the argument. Details of the steps are given
in the following subsections. The subtlety is in controlling the contribution of the non-
tempered spectrum, which meets the tempered spectrum in different ways (for example,
the complementary series can approach both the Steinberg representation and a tempered
principal series).

In the argument that follows, integrals and volumes are always computed with re-
spect to Plancherel measure.

We must verify conditions (i) and (ii) of Definition 24.3. We first prove (i) and then
deduce (ii).

For the proof of (i), it suffices to obtain the required approximation (24.3) for each
continuous function

k:D—0,1],

where D is an [-component of cuspidal type. Recall that we extend k by zero to H.

Step 1. Let © denote the union of Bernstein components with .J-fixed vectors, where
J is chosen small enough so that D maps into ©. The complex variety © has a natural
real form (see §24.5.2 for details); we write R[O] for the set of regular functions on that
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real form, and regard it as a subring of the Bernstein center (§23.6). Given z€R[0] and

T=> wevcr or,
i
we set
2z = Z 2U; QR ZV; € ey o

K2

Then, for each o€ H, we have z(\,)€R (§23.6) and
Ho(2T2) = 2(N\e)*Ho (T). (24.8)

In particular, H,(272)=0 unless \,€0O.

Step 2. There are finitely many mw-distinguished [-components besides D that map

into ©; let D’ be their union. Since the [-component D is of cuspidal type, we have that

D — © is injective and its image is disjoint from the image of D’. (24.9)

Step 3. We may find a positive-definite Ty such that H,(Tp)>1 for c€ DUD’ (see
Lemma 24.6).

Step 4. Fix e<1.
Then, by an application of Stone-Weierstrass and the assumed disjointness (see
§24.5.3 for details), we may find zo €R[©] which approximates \/k(c)/Hq(To) on D and

approximates zero on D':
k(o) —20(\s)*Ho (To)| <&, o€DUD. (24.10)
Set T:=2z¢Tpz0. Then, (24.8) and (24.10) imply that

k(0)—Ho(T)| <e, ocH

temp?

(24.11)

since the left-hand side vanishes for o€ H \(DUD’). Using our assumptions on k

temp

and €, we get
/ [Ho(T)| <& and sup|H(T)|< 1. (24.12)
/ D

Here we adopt the convention that implied constants may depend upon (D, J, k) (hence
possibly upon (D’,0,T})), but must be independent of e. We also have abused notation
and written integrals over D and D’, where the domain of the integral is, more precisely,
(1D and 71D,
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Step 5. Now take T, =2Tz+¢eTy, where z€R[0O] has the following properties, again
achieved by Stone-Weierstrass:

e 2(\,)>1 for cach non-tempered o€ H:;

o 2(\,)€[—2,2] for cach o€ H;

e z()\,) is small on average over o €D: the integral of z(\,)?, taken with respect to
Plancherel measure, is bounded by e.

See §24.5.3 for the construction. Note that the first and third requirements “pull in
opposite directions” because the intersection

infinitesimal characters of non-tempered representationsNA(D) (24.13)

need not be empty; we can nevertheless simultaneously satisfy them because the measure
of the set (24.13) is zero. Note also that we are again using our assumption that D is
of cuspidal type—the same intersection, but with D replaced by D’, does not necessarily
have measure zero. For example, if G=PGLy(F) and D is the [-component of cuspidal
type consisting of the unitary principal series representations, then the other [-component
in D’ is the singleton consisting of the Steinberg representation, whose infinitesimal
character is a limit of infinitesimal characters of complementary series representations.

We claim now that
k(o) —Hq(T)| < Ho(T,) forall o€ H (24.14)
and
tr(T)) < e. (24.15)

Assuming the claim, we may replace € by a smaller constant as needed to obtain the
desired pair (7,7} ). We verify (24.14) separately in the following cases:

e for c€eDUD’, we have |k(o)—H,(T)|<eHo(To) <Ho(T+);

e for Ueﬁtcmp but c¢DUD’, both sides are zero;

e for non-tempered o, we have H,(T)>0, z(A,)>1 and k(c)=0, and hence

|k(0)—Ho(T)| =Ho(T) < Ho(2T2) < Ho (T).

We verify (24.15) using that

tr(T)) = Etr(To)+/ 2(\o )*Ho (T),
and the following estimates, deduced using (24.12) and the construction of z:

/UED 2(Ao)*Ho (T) < (max’HAT)) /UED 2\ ) <e

c€D
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and
/ 2(Me)*Ho(T) < 6.
oceD’

Step 6. We now prove (ii). One could argue in parallel with the prior argument;
however, for (ii), one encounters issues of reducibility that do not occur in (i)—in the
context of (i) such issues are effectively eliminated by strong multiplicity 1. We have
therefore found it more convenient, although perhaps slightly unnatural, to deduce (ii)
from (i).

Given k, take Ten’/ @7/ as in (i). Define the bi-J-invariant function ¢: H—C by
¢o(h):=tr(nw(h)T). Write eye€H  for the normalized characteristic function of J. The
dimension of o7 is uniformly bounded for ceH ; let M be an upper bound for this
dimension.

In a formal sense, we have H,(T)=tr(c(¢o)) (see §18). The basic idea of the argu-
ment is to use this formal identity to construct functions from the 7" and T, previously
constructed. This is not entirely straightforward, because ¢ is not compactly supported.

However, at least if o is tempered, the integral defining the operator o(¢o) con-
verges (see §A.5), and defines a non-negative operator because T'>0. (To verify the
non-negativity, it suffices to treat the case when T is of rank 1, and then it comes from
the positivity of the matrix coefficient integral, see [SVe]).

Take

¢1 = (bi-J-invariant) truncation of ¢g+small multiple of e,

with a large enough truncation; by truncating symmetrically, we arrange that
$1(z7h) =1 ()

for all x€ H. Using the absolute convergence of the matrix coefficient integral defining
‘H,, we obtain the following:

o [tr(o(d1))—Ho(T)|<e for all o€ HY, . ;

e o(¢1) is positive definite for each such o;

e o(¢1) is zero if o does not have a J-fixed vector, i.e., A\, ¢0O.

For oeﬁt‘émp, we have
[tr(a(¢1)) =k(o)| < [tr(0(¢1)) = Ho (T)[+[Ho (T) —k(0)| < 2¢, (24.16)

using (24.11) at the second step.
We now construct a function ¢s which controls ¢; on the non-tempered set, in a

sense to be made precise. Fix />0, and choose z as in Step 5, but now with

/ 2z(M\g)? <€,
oc€D
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Put ¢3=c"1(z-¢1)*(z-¢1)V, where as usual fV(g)=f(g'). Then, ¢3 is positive definite
and symmetric.

We claim that, for any non-tempered ocel ,

[tr(o(¢1))| <tr(o(¢s))+Me. (24.17)

Indeed, choose an orthonormal basis for o7 consisting of eigenvectors for o(¢;). The

basis has cardinality at most M. Since z-¢; acts self-adjointly on o/, its action coincides

with that of (z-¢1)Y. Thus, if v belongs to the chosen basis and has eigenvalue ¢ under

o(¢1), then o(¢3)v=c'v, where ¢:=2(\)%e7t|c|> =7 |c|[2. Thus ¢’ >|c| whenever |¢|>e.

We obtain (24.17) by summing over v, considering separately the cases |c|>¢ and |c|<e.
Moreover,

#3(1) _/Gﬁ e 2\ ) 2tr(o(p1%01)). (24.18)

J
We bound the integrand on the right-hand side as follows:
e Suppose that c€QNI~(D), i.e., o has [-parameter in D and is distinguished. The
trace of o(¢1*¢1) is bounded by M||¢1]|3.. The contribution of such o to the integral

above is therefore ,
€
<= Mllgn 7

e If o is not as just described, then k(c)=0, so (24.16) implies that tr(c(¢1))<2e.
But positivity of o(¢1) implies that tr(o(¢;*¢1))<tr(c(¢1))?. The integrand on the
right-hand side of (24.18) is thus bounded by 16e.

Taken together, we get

6/
63(1) < —Mlln |71 +e. (24.19)

Now, ¢1 depends on e. However, choosing first £ and then reducing &’ as appropri-
ate, equations (24.17) and (24.19) show that (¢1,p3+2Meey) give the desired pair of
functions (up to a final rescaling of €).

24.5. Proofs for steps 3, 4 and 5
24.5.1. Uniform distinction

LEMMA 24.6. Let J be a good compact open subgroup of H. There is a positive-
definite (smooth) tensor Ten’ @m7 such that Hqe(T)>1 for all o€,

Proof. Each 0€§Q’ is m-distinguished and contains non-zero J-invariant vectors,
so we may find z€n’ with Hy(z®2Z)>2. By continuity—using the formula (24.1) for
H, in terms of matrix coefficients—we then have H,/ (z®z)>1 for all o’€Q’ in some
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neighborhood of o. Thus, by the compactness of 7, we may find a finite collection of

vectors 1, ..., z, €’ and corresponding finite-rank tensor
T= E T;QT;
J

such that H,(Tp)>1 for all c€D. O

24.5.2. The real form of a Bernstein component

Let © be any Bernstein component. We denote by ©""i* the image in © of ﬁ[, i.e., the set
of infinitesimal characters in © arising from some unitary representation. Since unitary
representations are isomorphic to their conjugate-dual, @'t is pointwise fixed by the

anti-holomorphic involution
O3 [(M,7)]— [(M,77)],

where as usual 7 denotes conjugate dual. That involution defines a real form of © whose
real points contain ©Ut. We henceforth abuse notation slightly by writing R[©)] for the
set of regular functions on that real form, with real coefficients; any such function is
real-valued on @UMit,

We write ©YCOUM for the subset consisting of [(M, 7)], with 7 unitary (i.e., 72277")
and set ©O™:=0"it _Q0 The set O° is in general a finite quotient of a compact torus;

we equip it with the push-forward of an arbitrary Haar measure on the latter.

Ezample 24.7. Suppose G=PGLy(F) and that ©=X/W is the principal series com-
ponent as considered above, so that we may identify X=C* by sending x to its value «
on a uniformizer and © with the quotient of C* by the equivalence relation ~ defined by
the inversion map a+ra~!. We then have the following identifications (here ¢ denotes
the cardinality of the residue field of F):

e {real points of ©}=CHUR*/~;

@unitg@(l)u[qfl/Q’ q1/2]/~;

0°0=CM /~;

oM =(¢ 12, )U(1,q"/?)/~.

We may identify C[©] with the ring of Laurent polynomials in « that are invariant

under a—a 1, and R[O] with the subring consisting of those having real coefficients.
LEMMA 24.8. Then, the closure O of O™ intersects ©° in a set of measure zero.

Proof. Let t=[(M,7)]€©""t. Then, there is a unitary representation occH with

infinitesimal character A, =t. Since o is isomorphic to its own conjugate dual o™, we
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have A\, =A,+, so that 77 2w for some we N(M)/M. If w is trivial, then 7 has unitary
central character; thus o is tempered and thus t€@V.
It follows that each t€©n*NAO° is contained in the set

{[(M, 7)) €0 wr=T}

for some 1#£weN(M)/M. Each of these sets has measure zero. O

24.5.3. Applications of Stone—Weierstrass

LEMMA 24.9. Let D, D’ and © be as in §24.4. For any k€C.(D) and £>0 there is
a regular function f€ER[O] such that

o |k—f|<e on D;

o |fl<e on D'

Proof. This follows from a variant of Stone—Weierstrass. We spell out some details.

Since D is compact, infinitesimal character induces a homeomorphism between it
and its image A(D) in ©. Therefore, the continuous function k is pulled back from a
continuous function (also denoted k) on A(D).

Moreover, A(D) is disjoint from A\(D’) by assumption, and each of these sets is closed.
By Tietze’s extension theorem, we may find a continuous function on ©® which induces k
on A(D), and is zero on A(D’). The union of these sets is contained in a compact subset

of the real points of ©, and then we apply Stone-Weierstrass as usual. O

LEMMA 24.10. For each e>0 there is a regular function fER[O] with the following
properties:

o f is valued in [—2,2] on OUM;

e f>1 on O™

o foo f<e.

For instance, in the above PGLy(F') example, the conclusion of the lemma holds
with
a "o "2 4o
n

fi=

for n€Z>, taken large enough in terms of €. Note also that, in the third part, we take
the measure on ©° to be that induced from Haar measure, but that implies a similar
statement for Plancherel measure, which is a continuous multiple of the Haar measure
(see, e.g., [WId]).
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Proof. Write ©wit for the closure of ©U"t  Then, ©Wit is compact. By Stone-
Weierstrass, R[O] is dense in the space of continuous real-valued functions ¢ on Qunit
Choose €1 >0 sufficiently small in terms of . It then suffices to find such a ¢ for which

o [|<2—¢1 on O,

e ¢=>(1+¢1) on O™, and

b feo P*<er,
because then we may find feR[O] with ||f—¢|<e; on Ourit. and this satisfies the re-

quired conditions.

The existence of ¢ follows from Urysohn’s lemma, using Lemma 24.8. O

Part V. Application to the averaged Gan—Gross—Prasad period

We aim now to formulate and prove our main result (Theorem 31.11, stated at the very
end).

25. Setting
25.1. Basic setup

Let F' be a number field; denote by Zp its ring of integers (we are using the letter O for
a coadjoint orbit) and by A its adele ring.

Let (G,H) be a GGP pair over F, in the sense of §13. We denote by p a typical
place of F' (possibly archimedean!) and by F), the corresponding completion. When p
is non-archimedean, we denote by Z, CF, the ring of integers. We set Gp,:=G(F}) and
H,:=H(F,).

We fix a finite set R of places of F' which is sufficiently large in the following senses:

e R contains every archimedean place.

e The groups G and H admit smooth models over Zr[1/R], which we continue to
denote by G and H. This implies that for each p¢ R, the subgroups

K,:=G(Zp) <Gy, and J,:=H(Z,)<H,.

are hyperspecial maximal compact subgroups.
e The inclusion H~ G extends to a closed immersion of the smooth models over
Zr[1/R], so that K, contains J,.
e Set
Ggr:= H Gy, K:= H K,, Hpg:= H Hy, and J:= H Jp.
peER pP¢R peER p¢R
Then, G(F)-Gr-K=G(A), and similarly for H in place of G.
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25.2. Measures
We equip the quotients G]:=G(F)\G(A) and [H]:=H(F)\H(A) with Tamagawa mea-

sures and denote by 7(G) and 7(H) their volumes.
We fix a factorization of the associated measures on G(A)=[] G, and H(A)=[]' H,
in such a way that K and J have volume 1. We always equip products, such as Gr and

Hp, with the product of the Haar measures on the corresponding components G, and H,.

25.3. Automorphic forms

For the rest of this paper, the letters II and 3 denote irreducible square-integrable auto-
morphic representations IIC L2([G]) and XC L?(H) that are unramified outside R, i.e.,
that admit vectors invariant by K and J, respectively. More precisely, we write IT and X
for the subspaces spanned by the smooth factorizable vectors in the corresponding Hilbert

space representations, so that we may identify
M=), and L=,
P P

where II, and X, are smooth irreducible unitarizable representations of G, and H,.
For p¢ R, the spaces Hf" and E; * are 1-dimensional, so the fixed subspaces II¥ and
%7 define irreducible representations of G'r and Hpg, respectively. We may identify these

fixed subspaces with the products of local components at R:

X 2Tl =T, and L/ =¥gp:=@)%,.
PER pER

We fix unitary structures on Iz and X i such that the above identifications are isometric.

Here, and later, when we (e.g.) sum over ¥, we always have in mind that we sum
over a set of representatives of ¥ as above, whose Hilbert space direct sum is L?([H]).
(The choice of representatives is ambiguous only in the event of global multiplicity larger
than 1.)

25.4. Branching coefficients

Assume that (Ig, X g) is distinguished in that the space of Hg-invariant linear forms on
IIr®XY, is non-zero. That space is then 1-dimensional. The space Z consisting of all

H p-invariant Hermitian forms on

NpRIERYEeYE — C
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is likewise 1-dimensional. We may define P€Z by the formula

P(v1 Q@2 @u; @ug) = (/{H] vlu1> (/[H] v2u2>. (25.1)

If [T and X i are tempered, then we may define HeZ by

H(v1 @ @ui @usz) ::/ (hvy, ve){uy, hus), (25.2)
heHgr

using the temperedness assumption to justify convergence (cf. §18).
If H is non-zero—as is expected (cf. §20)—then it spans the 1-dimensional space Z,

so we may define a branching coefficient £(II, ¥) R by requiring that
P=L(I,X)-H onlHpI};eX),0%x. (25.3)

We have suppressed from our notation the dependence of L(II,X) upon the fixed set R

of places at which everything is assuming unramified.

25.5. The conjectures of Ichino—Ikeda and N. Harris
See [IT] and [HarN].

Conjecture 25.1. If (Ilg,Xg) is distinguished and I and X g are tempered, then
H, as defined in §25.4, is non-zero, so L(II, X)) is defined; it is given by

5 LI (5, = IIxZY) (g

L(I,%) =2~
(IL,%) LB (1,Ad, TIxXV) ¢ 7

(25.4)

where 27 is the order of the component group of the Arthur parameter for IINY and
A(GR) is, as in the introduction, the partial L-factor of the L-function whose local factor

at almost every prime p equals
pdim(G)

#G(Fp)
Remark 25.2. We expect (but have not attempted to verify rigorously) that

2% = 7(G)7(H)

holds generically, that is to say, for “typical” II and ¥. Let us explain where this comes
from.

The left-hand side is, by definition, the number of components of the centralizer (in
GY x HV) of the Arthur parameter for IIXY. Now, for “typical” II and X, one expects
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that the image of its Arthur parameter meets G¥ x H” in a Zariski dense set. Then, the
centralizer in question is simply the set of Galois-invariants in the center Z(GY x HV).
The cardinality of the latter is directly related to Tamagawa numbers: a result of Kottwitz

[Kot, equation (5.1.1)], building on work of Sansuc, shows that

#Z(GV X H\/)Gal

r(G)r() = PR

where h is the order of the Tate-Shafarevich group for Z(GY x H). In the cases at hand,
Z(GY) and Z(HY) are either {1} or the torus G,,, and in the latter case the Galois

action is through a quadratic character; in all cases, h=1.

25.6. Some unconventional notation

25.6.1. We fix once and for all an archimedean place q of F. This place plays a
privileged role in both our results and their proofs, so we introduce the otherwise uncon-

ventional notation

G:=Gqg,
=[] G
peR\{q}

I':=G(Zp[l/R])=G(F)NK < Gx G,

[G]:=T\(GxG"),
so that [G]=[G]/K. We analogously define H, H', Ty and
[H]:=Ty\(HxH")=[H]/J.

By our choice of factorization of Haar measures, the quotients [G] and [H| have volumes
7(G) and 7(H).

25.6.2. We denote, as in §2.1, by g and h the Lie algebras of G and H, respectively, and
by g”=ig* and h"=ih* their the Pontryagin duals. We have normalized Haar measures
both on H and H’, giving rise to Plancherel measures on the unitary duals of both. The
Haar measure on H normalizes Haar measures on h and §”, hence a normalized affine
measure on the GIT quotient [h"] (see §9 and §17.2).
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25.6.3. Recall that for any II and X, we may isometrically identify and embed
Hp =X [2([G]) and Trp=%/ < L3([H)).
We may then unitarily factor
=77’ and Tr=0®0,

where
T2, o=Y%, H I, and o' H o
peRr\{q} pER\{qa}

are smooth irreducible unitary representations of G, H, G’ and H’, respectively.

25.7. Assumptions

For the remainder of the paper, we fix an individual IT as above. We now impose several
assumptions concerning G, H, R, q and II:
(1) The representations 7 of G and 7’ of G’ are tempered.
(2) G and H are anisotropic and non-trivial. This has the following consequences:
e [G], [G], [H] and [H] are compact;
e the pair (G, H) is isomorphic either to
— (Up41,Uy,) with n>1, or to
- (SOp41,50,,) with n>2,
and not to (GL,+1,GL,,). In particular,

T(G)=7H)=2

(see, e.g., [We] and [On]).

(3) Gy is compact for every archimedean place p#q.

(4) G is quasi-split at q, so that G is quasi-split, and the representation 7 is generic,
and hence satisfies the equivalent conditions of Lemma 11.6. (The assumption concerning
7 holds if, for instance, it belongs to the principal series.) In particular, the limit orbit
O of 7 is a non-empty union of open G-orbits on the regular subset Nyeg of the nilcone
in g/

2 # O C Neg-

Ezample 25.3. Take F=Q(a), a®?=5. Let n€Zs,. Take for G the special orthogonal
group of the F-quadratic form

i+.+rh +(1—a) (2l +..tah),



172 P. D. NELSON AND A. VENKATESH

where n=2m or 2m+1.

Similarly, let H be the special orthogonal group of the quadratic form
x%+...—|—xfn+(1—0¢)(mfn+1—|—...+xi_1),

embedded in G as usual. Let q be the archimedean place of F sending a to v/5=2.23 ...,
and q’ the other archimedean place. Then, G=ZSO(m,m) or SO(m,m-+1) is split, while
Gq=80(n) is compact; similarly, H=SO(m,m—1) or SO(m,m) and Hy=SO(n—1).

Remark 25.4. Assumption (1), or some strong bound in that direction, is required by
the formulation of the Ichino—Ikeda and N. Harris conjectures; we also exploit it through
our use of the Kirillov formula. Assumption (2) is essential for the measure classification
step. Assumption (3) is primarily for convenience. Assumption (4) ensures that regular
nilpotent elements exist, or equivalently, that the limit coadjoint orbits considered here
be non-empty (cf. §11.4.2).

26. Construction of limit states
26.1. Setting

Recall that we have defined the quotient
[G]=T\(Gx&),

where

e ( is a reductive group over an archimedean local field,

e (¢’ is an S-arithmetic group, and

e I' is a cocompact lattice in Gx G'.

The groups G and G’ arose from “half” of a GGP pair, but the properties just
enunciated are what matter here. We denote by p(g) the Haar measure that we have
normalized on [G]. From an automorphic representation II of G, we obtained a unitary
G x G’ subrepresentation

ren' s L2([G]).

We will assume starting in §26.4 that 7 varies with an infinitesimal parameter h—0 and
admits a regular limit coadjoint orbit (cf. §11.4)

(O,w)=limh Or,who,).
h—0

In applications, O will be a subset of Meg, but this feature plays no role in §26.
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26.2. Overview
The main aim of this section is to construct, after passing to a subsequence of {h}, a
natural G-equivariant assignment

O — {probability measures on [G]} (26.1)

which captures the average limiting behavior of the L2-masses |v|? dpg) of vectors vem
microlocalized at a point £€(O. The construction shares many common features with
standard constructions in the pseudodifferential calculus (referred to variously as the
quantum limits, semiclassical limits, microlocal defect measures, etc.).

This construction will be achieved in the following three stages.

(1) From operators to functions. Recall, from §3, the space ¥~°°:=U~>°(x) of
“smoothing operators” on m; it contains m®7 as the subspace of finite-rank operators.

Recall also, from §12.1, the space
T1:=Ti(7) = {“smoothly trace class” operators on 7}.

The first stage, achieved in §26.3, is to construct a G-equivariant positivity-preserving

map

T — C>([G]),
T—[T),

such that the trace of T is the integral of [T]. (The map will depend upon the choice of

a fixed “family of vectors” in the auxiliary representation 7’.)

(2) From symbols to functions. The second stage, achieved in §26.4, is to compose

the map T'+—[T] with the operator calculus
Opy : S™ = §™(g") — W™ o= W7 (1),
specialized here to the Schwartz space S™>*°=8(g"). This gives a family of maps
S(g") — C=((G]),

depending upon h. We will show that the leading order asymptotics of this family of

maps are described, after passing to a subsequence, by a limit map

[[]:8(g") — C([G)),
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with several natural properties.

Informally (cf. §1.7), fix a small non-empty open set ECQO, and suppose that a|o
defines a smooth approximation to the normalized characteristic function vol(E, dw) !1g
of E. Then, [a] roughly describes the limiting average of |v|?, taken over all vectors vem
microlocalized in E.

(3) From points to measures. The third stage, achieved in §26.5, is to describe
the map [-] in terms of measures. The description may be understood as an effective
implementation of measure disintegration. It will allow us to analyze our limit states

using measure-theoretic techniques, notably Ratner’s theorem.

26.3. Stage 1: from operators to functions

We fix a (smooth, finite-rank) non-zero element 7" € 7’ @7’ with the following properties:
e 1" is positive definite;
e unless explicitly stated otherwise, tr(T")=1.
Equivalently, 7" is a finite sum

T = Z ciu; @iy, (26.2)

where u; €7’ are smooth unit vectors and ¢; are non-negative reals summing to 1. The
normalization tr(7”)=1 serves to simplify notation; in practice, we may reduce to the
case in which it is satisfied by multiplying 7" by a suitable positive scalar.

For each T€m®7, we obtain an element T®T'€ L*([G] x[G]). We denote by

[T®T']e L([G])

its diagonal restriction. Since the interesting variation will happen in the T variable, we
will often drop the 7" from the notation by abbreviating

[T):=[TeT'] e L ([G)).

Example 26.1. Suppose that T'=v1®, and T =w; @9, with v;€m and w; €n’, so
that u;:=v; ®w; defines an element of T®@7' < L?([G]). Then,

(TOT")(x,y) = u1(x)ua(y),

while

[T)(z) =u1 (x)uz(x).
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LEMMA 26.2. Fiz T’ as above. Abbreviate “continuous, uniformly in w7 to “contin-
wous”.

1) Tz e <ITll1, where ||-||1 denotes the trace norm.

(ii) The map T—TQT' extends uniquely to a continuous G x G-equivariant map

U= — C*([G] X [G)).
(iii) The map T [T] extends uniquely to a continuous G -equivariant map
T — C([G]).
(iv) For T€Ty, we have
/ [T =tr(T).
(G]
(v) If T is a non-negative self-adjoint operator, then [T] is a non-negative function:
T>0 = [I]>0.

(vi) [T] is invariant by the action of the center of G(A) on [G].

Proof. For (i), let B(m) be an orthonormal basis for 7 consisting of eigenvectors v for
the non-negative self-adjoint finite-rank operator v7T* T, with eigenvalues ¢, >0. Writing
T' as in (26.2), we then have

=Y > a(Tveuw) vdu, (26.3)

veB(mw) 1t

where each sum is really a finite sum. By the Cauchy—Schwarz inequality,

1/2
/ |(Tv®ui)-v®ui|<(/ |Tv®ui|2> = (Tv@u;, TvRu,)/?
(G (G
:<T*Tfu®ui,v®ui>1/2:cv.

Thus by the triangle inequality,

[T]||L1([G])<( > Cv) <Zci>: > =Tl

veEB() % veB(m)

For (ii), we note that the map in question is isometric up to a constant factor (given
by the Hilbert—-Schmidt norm of T”); the conclusion follows from the Sobolev lemma,
applied on the homogeneous space [G] x[G]. We analogously deduce (iii) from (i) and
the Sobolev lemma on [G].
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For (iv) and (v), the proof reduces by continuity to the finite-rank case, and then

by linearity to the rank-1 case as in the above example. In that case,
/[ (7] {0, 15) = 01,03) s, ) = T (T) = (),
G

If T>0, then we may assume moreover that v =v, and w;=ws, hence that u, =us=:u,

and so
[T](x) = Ju(z)|* > 0.

For (vi), let w denote the central character of II. Then, the function T®T’ on
[G] x [G] has central character (w,w™!), and so its restriction [T to [G] has trivial central

character. O

26.4. Stage 2: from symbols to functions

We now allow 7w to vary with a positive parameter h—0 in such a way that we obtain
a regular limit coadjoint orbit (O, 7). We assume that h traverses some sequence {h}
having zero as its unique accumulation point.

For k€Z>1 and (ay, ..., ar) €S(g")*, the operator Opy (a1) ... Opy,(ax) belongs to 71,

and thus yields a smooth function
[ala ey ak}h : [G] —C

L (26.4)
[a1, ..., ax]n :=h%[Opy(a7) ... Opy (ak)],

where the exponent d in the normalizing factor h? denotes half the real dimension of O,

as usual.

LEMMA 26.3. The linear map
[In: S(a")* — C=([G)

defined by (26.4) is h-uniformly continuous. That is to say, for each continuous semi-
norm v on C*([G]) and each k>1, there is a continuous seminorm p on S(g") so that
for all he(0,1] and all ay,...,ap€S(g"), we have

v((a1, s kln) < i(ar) - u(ag).
Proof. Indeed, by (12.7) and Lemma 26.2 (iii), [-], is a composition

k
, h?Oop?

[0 S(87) 7 L co(1a))

of h-uniformly continuous maps. O
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We aim now to show that this family of maps has a limit satisfying several natural

properties.

THEOREM 26.4. Let notation be as in §26.1 and (26.4). After passing to a subse-
quence of {h}, there exist continuous maps (depending upon 7 and the choice of subse-
quence)

[]:8(g™)" — C>([G)),
(a1, ..., a) — a1, ..., ag],

indezxed by k€Z>1 with the following properties:

(i) for fired k€Zx1, the function [ai,...,ax]n converges to [ai,...,ar] in the C*°-

topology, with continuous dependence upon (ay, ..., ax);
(i) [a1,...,ax]=]a1 ... ag]; in particular,
[y ... ax] = lim h*[Opy(a1) ... Opy(az)] in C®(|G]); (26.5)

iv) if a=0, then [a] >0;
v) [-] is G-equivariant (for any k);

/[G] la] = /O o dw. (26.6)

Proof. (i) The existence and first property of [-] follows by an Arzela—Ascoli-type

(
(
(
(

vi)

argument together with the noted uniform continuity of the maps [-],. We record the
details for convenience.

We observe first that, for any (ay, ..., ax) €S(g")¥, the subset

{[al, ...,ak]h -h e (0, 1]}

of C*>([G]) is bounded, i.e., each seminorm has bounded image. This feature is a conse-
quence of the h-uniform continuity of [-], noted in the above lemma.

We observe next that each bounded subset of C*°([G]) is precompact. Indeed,
boundedness forces equicontinuity of the subset, and therefore the existence of a sub-
sequence that converges in the space C(|G]) of continuous functions equipped with the
supremum norm. One similarly extracts a further subsequence that converges along
with its first derivatives in C([G]), and—proceeding in this way and using a diagonal
argument—a subsequence that converges in C*°([G]).
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We observe finally that S(g")* is a separable topological vector space. A countable
dense subset may be given, for instance, by finite rational linear combinations of Hermite
functions.

We now choose a countable dense Q-subspace Sy of S([g])¥. By the second obser-
vation above, we may find a subsequence of {h} along which [ay,...,ax]n converges in
C>([G)]) for each (ay,...,ax) in Sp. Call this limit L(aq,...,ar). The noted h-uniform
continuity of the maps [-], then implies that the map L:Sy—C*([G]) is continuous,
hence extends uniquely to the desired continuous map S([g])¥ —C>([G]). We verify
readily that this extension is R-linear.

(ii) We apply [-]: T1 = C=([G]) to (12.8).

(iii) For every h, the operator

Opy,(a)Opy, (@) = Opy,(a)Opy, (a)*

is non-negative-definite, and so [a,a],>0 by the assumed properties of T—[T]. We
conclude by taking limits.

(iv) By continuity, it suffices to show that [a] >0 for every a of the form a=bb, which
is the content of the previous assertion.

(v) We may assume k=1. We then apply [-]: T1 —=C*°([G]) to (12.9).

(vi) We have

lA;Ja}=%Hg e and /Lﬂhhl=tral Opy(a))
and (by (12.3))

lim tr(h? Opy (a)) = / adw. O
h—0 )

26.5. Stage 3: from points to measures

THEOREM 26.5. Let notation and assumptions be as in Theorem 26.4; assume also
that we have passed to a subsequence of {h} for which that the conclusions of that theorem

hold. There is then a G-equivariant linear map

O — {probability measures on [G]},
{p [G]} (26.7)
£r— [66}7

so that, for all aeCS°(g") and Vel .([G)]),

/'mw:/ a(€) (6] V) duw(€). (26.8)
[G] £eo
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An importance consequence of this theorem is that
[0¢] is invariant by the G-centralizer of &. (26.9)

The measures [0¢] and the invariance property (26.9) generalize the “microlocal lift” of
semiclassical analysis and its invariance under geodesic flow. Informally speaking, [d¢]
describes the average behavior of the measures [v|? 1), where ver CL?([G]) is localized

near €.

Proof of Theorem 26.5. Consider the distribution 1 on g” x [G] given for a€C°(g")
and ¥eC>([G]) by

n(a®D) ::/[G] [a]- 0. (26.10)

(The Schwartz kernel theorem provides the unique extension of this definition from
the algebraic tensor product C°(g")®@C>([G]) of test function spaces to the space
C(g" x[G]) of test functions on the product space.) Part (iv) of Theorem 26.4 im-
plies that 7 is positive on positive functions. Those results and the Riesz representation
theorem then imply that 7 defines a G-invariant positive measure on g x [G], pushing
forward in the first coordinate to the measure w on O.

Since 7 is positive, we have for a€C.(g") and Ve C,([G]) that

n(a@W)| < n(la @] T)) < | T n /O o] d. (26.11)

Suppose, for a moment, that ¥>0. The rule a—n(a® V) defines then a positive
functional on C.(g"), thus a measure. This measure is absolutely continuous with respect
to w, and thus (by Radon—Nikodym) may be written as fgw for some measurable non-
negative function fy on g”. The bound (26.11) shows that in fact fy<||¥|loc almost

everywhere with respect to dw. The rule ¥+ fg defines then a function
Ce([G])z0 — L>=(0)

and this extends to a bounded linear map on all of C.([G]) by splitting into positive and
negative parts.

The image of the map U fg in fact lies inside the space C(Q) of continuous func-
tions, since there is a dense subspace of the source (all convolutions with elements in
C.(@)) for which this is true. This uses the following consequence of the regularity of
the limit multiorbit O:

every G-orbit in O is open in O. (26.12)

Finally, the composition

C(O) eval. at S\R

gives the desired measure ;. O
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27. Equidistribution of limit states
27.1. Overview and statement of result

We aim now to apply Ratner’s classification of invariant measures on a homogeneous
space to obtain strong control over the limit states constructed in the prior section.
Recall, thus, that we are considering a real reductive group G, an S-arithmetic group

G’, a cocompact lattice T <G x G’, the corresponding compact quotient
[G]:=T\(GxG"),

and a unitary (G xG’)-subrepresentation 7@7’ of L?([G]); this data arose from the au-
tomorphic representation II of the reductive group G over the number field F'.
We have constructed, in the prior section, some G-equivariant “limit state” assign-

ments

[]:S(g") — C>([G])

and

indiN {measures on [G]},

o

capturing the limiting behavior of the functions on [G] obtained from high-frequency

vectors in 7. Due to the disintegration (26.8), which we abbreviate here to
o] diiey = | __al)lee] (),
£eo

the assignments [-] are determined completely by the probability measures [d¢] on [G].
Each measure [0¢] is invariant by the centralizer G¢ <G of €.

We employ now crucially our assumption that 7@’ is fized, independent of the
scaling parameter h—0. The limit coadjoint orbit O for 7 is then contained in the regular
nilpotent set Mg Cg”, so the centralizers G¢ contain unipotent elements. We might thus
hope to apply Ratner’s theorem to deduce that [¢] is simply the Haar probability measure
on [G], and hence for any symbol a€S(g") that the limit state [a]: [G]—C is simply the
constant function satisfying the normalization condition f[G] la]= [, adw. Unwinding the
definition of the limit states, this may be understood informally as a form of quantum
unique ergodicity for high-frequency vectors in the fixed representation .

The actual picture is mildly more complicated due to “multiple component” issues
arising from the presence of the auxiliary group G’; the G-action on [G]/J, for the
compact open J <G’ under which our measures have known invariance, is not in general
transitive, and so we cannot hope to control the behavior of limit states across all of [G].
However, it turns out that the control obtained is enough to understand integrals of limit

states over [H], in the following sense sufficient for our purposes.
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THEOREM 27.1. For any a€S(g"),

1 1
i /[H][“]:T(G) /[G][a]. (27.1)

The proof occupies the remainder of this section.

Remark 27.2. The proof makes use of our assumption (§25.7) that G is quasi-split.
On the other hand, without this assumption, we have O=& by §11.4.2, and hence [a]=0

by Theorem 26.5, so the conclusion (27.1) is uninteresting.

27.2. Reduction to G:o-invariance

Set Foo :=F®R, and let G, denote the (topological) connected component of the group
G(Fs) of archimedean points of G. Recall that we have extended the rule a— [a] from

S(g") to measures on O in §26.5. We have the following reduction.

LEMMA 27.3. Assume that, for each £€O.eq, the measure [0¢] is Gl -invariant.
Then, the conclusion of Theorem 27.1 holds.

Before we give the proof, we give some algebraic preliminaries. Let G denote the
simply connected covering group of the derived group [G,G|CG. Because G(Fy) is
quasi-split, each F-simple factor of G has non-compact Fy-points. By strong approxi-
mation [PR, Theorem 7.12], it follows that the group G(F) has dense image in [G].
The image G(A)* of G(A)—G(A) is readily seen to contain the commutator subgroup
of G(A), and thereby G(A)* is a normal subgroup with abelian quotient.

Let U be an open compact subgroup of G(A) under which [a] is invariant. By the
noted density of G(Fs) in [G], we see that

G(F)GLUDG(A)". (27.2)

LEMMA 27.4. Each Gl -orbit on [G]/U has the same measure.

Proof. Each such orbit is of the form G(F)\G(F)G/! gU, for some ge G(A). We
claim that the various open sets G(F)G_gU are thus right translates of one another, and
their quotients by G(F') have the same measure. To see this, we note that G(F)GZ gU
is the right translate by g of G(F)G{, (gUg™ ). This latter set contains G(A)*, and we
deduce that

G(F)G(gUg ") =G(F)G(A) G (gUg™)

which is independent of g because the quotient G(A)/G(A)" is abelian. O

We may now give the postponed proof of Lemma 27.3.
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Proof. The results in §26.5 imply that, if a€S(g”"), then [a] is G}_-invariant.

The quotient [G]/U is a finite union of G/_-orbits, so it is enough to verify (27.1)
when the smooth function [a] is replaced by the characteristic function of one of these
G/, orbits. To that end, it suffices to check that the intersection of [H] with each one
of these G, orbits has equal measure; once that is shown, both sides of the equality are
equal to 1/N, with N the number of G¥_-orbits.

The quotient G(A)/G(A)* is an abelian group. Thus, the further quotient

e:= G(F)GLU\G(A),

which indexes the G/ -orbits on [G]/U, has the structure of finite abelian group. The
induced map H(A)—¢ is a group homomorphism. The subset of [H] meeting a specified
component of [G]/U corresponds to a fiber of the map H(F)\H(A)—e. To see that
each such fiber has the same measure, it is enough to show that this map H(A)—e is
surjective.

This surjectivity follows if we can verify the surjectivity of
G(F)H(A) = G(A)/G(A)*.

Now, defining G(F,)* analogously to its adelic counterpart, split into cases as follows:
e G=S0,: in this case, the spinor norm injects G(F,)/G(F,)* into F)* modulo
squares, and our assertion follows from the surjectivity of the spinor norm on SO,,_ (for
n—1>2).
e G=U,: in this case the determinant injects G(F,)/G(F,)" into the norm-1 ele-
ments of (E®F, ), where F is the quadratic extension defining the unitary group. Again

this determinant is surjective on U,,_1, whence the conclusion. O

27.3. Application of Ratner’s theorem

We now invoke the full force of our assumptions (see §25.7). Recall, thus, that
(i) G is a reductive group over a number field F' with adele ring A,
(ii) G is anisotropic, so that the quotient [G]:=G(F)\G(A) is compact, and
(iii) g is an archimedean place for which the local component G4:=GxrFy is a

quasi-split reductive group over the archimedean local field F;. We write

as usual.
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To simplify terminology in what follows, we regard G as a real reductive group; thus,
if Fy is complex rather than real, we regard G' as the real points of the real algebraic
group Resp, /r(G xgR).

Let £€OCMee Cg”. As noted above, our goal reduces to showing (for each such &)
that the measure [6¢] on [G] is G/ -invariant. The element § is regular nilpotent: its
G-orbit is an open subset of the nilcone. Such elements may be characterized (with
respect to any G-equivariant isomorphism g=g”) by the following result of Kostant
[Kosl, Theorem 5.3].

LEMMA 27.5. Let x€g be nilpotent. Let b=t®n be a Borel subalgebra whose unipo-
tent radical n contains x. Then x is reqular nilpotent if and only if its component with

respect to each simple root is non-zero.

For instance, if G is a general linear group, then the regular nilpotent elements are
the conjugates of the nilpotent Jordan blocks.

Set

(iv) u:= centralizer in g:=Lie(G) of the regular nilpotent element &,

(v) UG the connected Lie subgroup generated by exp(u), and

(vi) Z:= center of G.

Ezample 27.6. Suppose G=GL3(R). Then, we may take £ to correspond under the

trace pairing to an upper-triangular Jordan block, in which case
a b
a

U= (a,b,c) eERYXRXR 3. (27.3)

QL 0O

Under the bijection [G]=[G]/K following from strong approximation and our as-
sumptions on the set of places R, we may identify [d¢] with p, where

(vii) p is a (Z(A)-U)-invariant probability measure on [G].

In what follows, we write G* and G, for the topologically connected components

of G and G,. Our task reduces to establishing the following.

THEOREM 27.7. Let notation and assumptions be as in (1)—(vii). Then p is Gl -

variant.

The proof occupies the remainder of this section.

Using the map [G]/Z(A)—[G/Z], we may replace G by G/Z to reduce to the case
that G is semisimple.

It suffices to establish the G/_-invariance of p after push-forward to the quotient
of [G] by an open compact subgroup of G(Af). Any such quotient is a finite union of
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spaces of the form I'\ G, where

e (G is the Lie group given by

Goo =[] Gy =GxGr, (27.4)

ploo

where p runs over the archimedean places of F' and T denotes the set of archimedean
places other than q. In other words, Goo=G'(R)=G(Fy ), with G":=Resp/g G. Note
that we may regard U as a subgroup of G.

o I'< G is an arithmetic lattice. (The notation I' has been used differently in other
sections, but this notational overload should introduce no confusion.)

It will thus suffice to show that any U-invariant probability measure v on I'\ G is
in fact G!_-invariant. In verifying this, we may apply ergodic decomposition (see [EW,
§8.7]) to reduce to the case that v is ergodic. Ratner has proven [Rat] that any ergodic
U-invariant v is the S-invariant measure on a closed S-orbit .5, for a closed connected
subgroup S<Go, with SDU. We will show eventually that S=G/_.

The basic idea of the proof is as follows: the compactness assumption on [G] will
be seen to imply that S contains no non-trivial normal unipotent subgroups, but any
connected subgroup S with this property that contains U must also contain G*. It may
be instructive to consider the example (27.3).

Translating v by 2!, and replacing U by Uz ™!, we may suppose that z=e. Then,
I'g:=S5NT is a lattice inside S. Define the Q-algebraic group

S := Zariski-closure of I'g inside G'.

Recall our convention (§1.14) that “reductive” is short for “connected reductive alge-

braic”.
LEMMA 27.8. S is reductive, and S(R)=U.

Proof. We show first that S(R) contains S. To see this, recall that the ergodicity
of the U-action on I'g\ S, with respect to v, implies that almost every orbit is equidis-
tributed, and in particular dense. We may thus find s€S such that I'gsU is dense in S.
Then,

Is(sUs™!) is dense in S. (27.5)

On the other hand, Borel’s density theorem [Mo, Proposition 4.7.1] implies that S(R)
contains all unipotent elements of S; in particular, S(R)DsUs~!. By (27.5), we deduce
that S(R) contains a dense set of elements of S and hence S itself, as required.

Since S contains the topologically connected set S as a Zariski-dense subset, it follows
in particular that S is connected.
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The unipotent radical of S is trivial. Otherwise S(Q) would contain non-trivial
unipotent elements, as would G'(Q)=G(F), contradicting the standard compactness

criterion for the compact quotient [G]. O
LemMmA 27.9. S(R)>G.

Proof. The splitting (27.4) comes from a splitting of real algebraic groups
G'xqR =G xGr, (27.6)

where Gj=Resp, /r(Gg); in particular, G is quasi-split. Let S, denote the kernel of
S— G7; it defines a reductive subgroup of Gj. It will suffice to verify that Sq=Gj. We

prove this below, in Lemma 27.12, in its natural generality. O
LEMMA 27.10. S>GT.

Proof. Let s<Lie(G ) denote the Lie algebra of the Lie group S<Go. We may
regard g as a subalgebra of Lie(G,). We must show that s contains g.

Observe first that s is invariant under the adjoint action of .S, hence that of I'g. Since
S is the Zariski closure of I'g, it follows that s is invariant under S(R). By Lemma 27.9,
we deduce that s is invariant by G§(R)=G.

Since s is G-invariant and contains u, we deduce that h:=sNg is a normal Lie subal-
gebra of of g, containing u. Splitting the semisimple real Lie algebra g as a sum @, ; g
of quasi-split simple real Lie algebras g;, we must have by normality h=€D jescr 955 but
the projection of u to each factor g; is non-trivial, so in order that h contains 1, we must

have J=1, i.e., h=g. This implies s<g as desired. O
LEMMA 27.11. Any orbit of G on any connected component of T'\G is dense.

Proof. We apply strong approximation. Recall that we have reduced to the case
that G is semisimple. Since G* is normal in G, we reduce further to verifying that the
G orbit of the identity coset in I'\ G is dense in its connected component.

Let G®*¢ be the simply connected covering group of G. By definition, G*¢ is an
F-algebraic group. Every F-simple factor of G* must have non-compact Fj-points,
because G(Fy) is quasi-split. By strong approximation [PR, Theorem 7.12], the orbits
of G*(Fy) on [G™] are dense; in particular, the closure of each G*(Fy)-orbit is actually
stable under G*(F). By a theorem of Cartan, the groups G*(Fy) and G*(F,) are
topologically connected. Their images in G(A) are thus the connected components G*

and G, and the desired conclusion readily follows. O

By Lemmas 27.10 and 27.11, we see that the closed orbit I's\S coincides with a
component of I'\ G, and hence that S=G/_. This completes the proof of Theorem 27.7
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modulo the following lemma, postponed above, which we have found convenient to for-

mulate using notation independent from that in the rest of this section.

LEMMA 27.12. Let G be a quasi-split real reductive group, and let SCG be a real
reductive algebraic subgroup. (By our usual conventions, G and S are connected.) Let
g=Lie(G(F)) and s:=Lie(S(F)) denote the corresponding Lie algebras. Let & be a regular
nilpotent element of g*, with centralizer ge<g. Suppose that s>g¢. Then S=G.

Proof. We may without loss replace G, S, g and s by their complexifications. Since
S is connected, it is enough to show that s=g.

We may identify the coadjoint action on g* with the adjoint action on g, via the
trace pairing with respect to a faithful linear representation. Thus £ €g. Our hypothesis
implies also that £ €s, so it makes sense to speak of the regularity of £ both with respect
to S and G.

The regularity of £ is equivalent (by Springer, Kurtzke, see [Kur]) to its Lie algebra
centralizer being abelian. Since ¢ is regular for G, it follows that it is likewise regular
for S. Thus,

rank(S) =dim(ge) =rank(G),

that is to say, S is an equal-rank subgroup of G.
Since £ €5 is nilpotent, we may find
e a maximal torus T<S, with Lie algebra tCs, and
e a Borel subalgebra t@&n of s
such that £€n. Since S and G have equal rank, T is likewise a maximal torus for G.

Let @ denote the set of roots for T acting on g, so that

g:t@@ Yas

acd

with each g, 1-dimensional. Since s is a t-stable subspace of g that contains t, we have

5=t@@ga

acd’

for some ®' C®. We must show that &' =.

We may find a positive system ®*C® for which nC) 4+ 8o (e.g., by considering
a generic 1-parameter subgroup of T having positive eigenvalues on n).

In particular, {=3 4+ o, With {a€gq. Let AC®™ denote the corresponding
simple system. Since ¢ is regular nilpotent for g, we have by Lemma 27.5 that £, #0 for
all «€A. Since £€s, we deduce that &’ contains A. Since S is reductive, we conclude
that ®'=®. O
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28. Recap and overview of the proof

We pause to recall (from §25) some aspects of the basic setup, as well as what we have
shown thus far. We will then discuss how the remainder of the proof proceeds from this

point.

28.1. Recap

We are considering an inclusion of compact quotients
[H=Tg\(HxH)“— [G]=T\(GXxG)

arising from a Gross—Prasad pair; H<G and H' <G’ are inclusions of real reductive and
S-arithmetic groups, respectively. From the fixed automorphic representation IT of G
we obtained a G x G'-subrepresentation @7’ < L?([G]). From a fixed positive-definite
tensor T em’ @7’ of trace 1, we constructed in §26 an assignment from Schwartz functions
a€S(g") to “limit states” [a]€C°°([G]), describing the limiting behavior of L?-masses of
certain families of vectors in m@7’.

Each limit state [a], for (say) real-valued a, is (informally) a limiting weighted aver-
age of L?-masses of vectors v®@v' €r®@n’ for which v is microlocalized within the support
of alp. Thus, f[H] [a] is an average of integrals f[H] |[v®v’|2, each of which may be decom-
posed spectrally as a sum of contributions Ps(v®wv’) from automorphic representations

> as above; more generally and precisely, we denote by
Ps: U™ —C (28.1)
the (uniformly in ¥) continuous maps obtained by the following composition:
Jimy

P T—TRT’ Coo([G]Q) restrict Coo([H}Q) project (ER®E§)OO C. (282)

We retain the convention from §26.3 of dropping 7" from the notation; when we wish
to indicate it explicitly, we write Ps(T®T"). For example, if T=v®7 and T'=w®w, so
that w:=v@wer®n’— C*([G]), then

Ps(T) = ||projection to X of the restriction uljx %

We will verify below that, for any Te W~

=% Ps(T), 28.3
/[H][] S Po(r) (28.3)
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where we sum over ¥ as in §25.3. In particular, exchanging the limit [a]=limy_o[a]n

taken in C'*°([G]) with integration over the compact set [H] gives

/[H = lim h? Z Ps(Opy(a (28.4)
The period formula (28.5) says that, under assumptions on II and ¥ to be recalled below,
Py (T) = L(IL, S)Ho (T)Ho (T'), (28.5)

where the maps H,: U~ —C and Hy: 7' @7/ —C are as in §18. To summarize, then

limh? Y LOLZ)He(Opy(a)Ho (T)+ > / (28.6)

h—0
3:(28.5) holds remaining 3

Moreover, we showed already in §27—using Ratner’s theorem—that the limit state
construction a+[a] is essentially trivial in the examples of interest: modulo “connected-
ness issues”, it produces constant functions on [G], and the integral f[ H @ is proportional
to the trace of T®T’. Because of this, (28.6) gives an asymptotic of the desired nature,

but it still requires some cleanup.

28.2. Cleanup

We now outline what is required to massage (28.6) into the required shape (cf. §1.6,
§1.10). The most important issue is, of course, to choose T' and T” so that o+—H,(T)
and T"+—H,(T") approximate desired test functions on the unitary duals of H and H'.
This problem has already been solved, at least enough for our purposes, in Part IV of this
paper addressing inverse branching. We focus on the other issues that arise (although
we will recall a part of this analysis below):

The second summand of (28.6) arises from situations where £(II, ¥) is undefined, in
particular:

(i) either o or ¢’ is non-tempered;

(ii) Hs=0 (even though (7, o) is distinguished).

The first of these represents an actual possibility that does occur in practice (e.g.,
when ¥ is the trivial representation!); the second is not expected to occur, but has not
yet been ruled out in the literature. Since we aim in this paper to prove an unconditional
theorem, we must show that these bad cases yield negligible contributions to (28.4).

The machinery to handle (i) was already set up in the course of our analysis of
inverse branching. Informally speaking, we may construct T and T’ with the property
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that Pg(T®T") majorizes Px(T®T’) on the non-tempered spectrum, but such that
the trace of T®T' is small. In the archimedean case, for example, this was proved in
Theorem 22.2 by cutting off the symbol a to a small neighborhood of the locus of irregular
infinitesimal characters. In any case, once T and T’ have been constructed, we just apply
(28.4) to control the total contribution of the non-tempered spectrum.

Part (ii) is dealt with by means of symbol calculus: such (7, o) cannot be orbit-
distinguished (in the sense of §22.2). Now orbit-distinction is the semiclassical analogue
of distinction, and if (7, o) fails to be orbit-distinguished, then microlocal analysis shows
that any H-invariant functional on 7 must at least be negligibly small (in a suitable
sense). To formalize this intuition with symbol calculus, we construct a suitable symbol
on h” with the property that it misses entirely the orbit for o, but on the other hand is
identically 1 on the support of a (or rather its projection under g" —§"); see Theorem 29.1
for further details.

There remain other contributions to clean up, e.g., from when

(iii) hA, is very large, or

(iv) the pair (Ar, A, ) is not H-stable (cf. §14), in which case the asymptotic formulas
in §19 for H, do not apply.

We do not discuss these in detail here, but just observe that much of the difficulty
of (iv) is avoided by fiat: we consider only those test functions on the unitary dual of H
which are supported above the stable locus.

As should be clear from this outline, all of this analysis makes heavy use of the

microlocal calculus from Parts I and II.

29. Spectral expansion and truncation of the H-period

29.1. Spectral decomposition

Here we verify the Parseval-type identity (28.3). More generally, let f be a smooth
function on [H]x [H]|. Then,

f=> feevy

31,32

where fs, sy belongs to the (J x J)-fixed subspace of the smooth completion of X; @y,
and the sum converges in the C°°([H| x [H])-topology, hence commutes with integration
over the diagonal copy of [H] inside [H| X [H]:

/[H] /= Zz: /[H] foiomy (28-1)
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Taking for f the restriction of T®T" to [H]x [H], one obtains f| ) =[T]|z] and

fegsv =Ps(T),
[H]

so0 (29.1) specializes to (28.3).

29.2. Weyl law upper bound

The map Py is identically zero unless o’ is T”-distinguished in the sense that there is a
non-zero equivariant map #@7’' —o®o’ and it does not vanish on 7”. By our assumption
that Gy is compact for all archimedean p#q, the latter condition forces o’ to belong to
some compact subset of the unitary dual of H’ depending only upon T”. A weak form
of the Weyl law then reads: for x>1,

#{2:Ps#0 and |\, | <z} <z?W. (29.2)

This follows from the usual Weyl law on [H], using §9.8.

29.3. Truncated spectral decomposition

The main result of this section is the following. As explained above, it allows us to
discard all terms in the spectral expansion (28.4) with large eigenvalue, and also those
microlocally separated from the symbol a.

Let U be an open subset of [h”] and W Ch” be an open subset of the preimage of U.
We say that o is bad (relative to the scaling parameter h and the choice of U and W) if
either

o hA,¢U, or

e ¢ is tempered and hO,NW=g.

We say otherwise that o is good.

THEOREM 29.1. Let a€C*(g") be supported in the preimage of W. Then,

= lim h? a)). .
| =t X Pomia) (20.3

More generally, for aq,...,ax satisfying the same assumptions as a,

h—0

/[H] (o1 ar]=limh? 3" Po(Opy(as) . Opy(ax)). (29.4)

¥ : 0 is good
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Proof. Note that Ps factors as an (H x H)-equivariant composition of h-uniformly
continuous maps

U™®° =P~®(1) — U~%(g) L5 C. (29.5)
We may choose €>0, depending only upon the support of a, such that
gesupp(a) and hA, ¢U = dist([¢]p],hNs) >e.
By (10.9), it follows that, for each fixed N€Zs,
h\, ¢U = Px(Opy(a)) <h (h),)~ V. (29.6)

From this and (29.2), we see that the contribution to (28.4) from those ¥ with h,¢U
is negligible.

It remains to estimate the contribution from when o is tempered and hA, €U but
hO,NW=g. By (29.2), the number of such ¥ is h=°M | so it will suffice to show for
each such ¥ that Px(Op,(a))=0(h>).

The image in h” of the support of a is a compact subset of W. By the smooth
version of Urysohn’s lemma, we may thus choose a real-valued b€ C° (W) such that b=1

on the image of the support of a. By the composition formula (8.36), we then have
Opy,(a) =Opy(b: m)Opy,(a) mod h> ¥,
By the continuity of (29.5), it follows that
Ps:(0py(a)) =Ps(Opy, (b: m)Opy (a))+O ().
By the equivariance of (29.5), we have
Ps(Opy (b: m)Opy (a)) = tr(T1T2),

where T1:=0p,, (b:0) and To € U~°°(0) denotes the image of Opy,(a). By Cauchy—Schwarz

for the Hilbert—Schmidt inner product, we have
tr(TyT2)|* < tr (T T )tr (T Ty).

Using the composition formula, the Kirillov formula for ¢ and the assumption on the
support of b, we see that tr(777;)<h>. On the other hand, we obtain using Theorem 5.8
and (12.6) and the continuity of (29.5) that tr(737T5)<h™ W,

This completes the proof of (29.3).
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For (29.4), note first by (26.5) and (28.4) that

h—0

/ (a1 ... ax] =lim h* > " Ps(Opy(a1) ... Opy (ax)).
[H] 5

We fix N >0 large enough and apply the composition formula (5.5) to write

Opy(a1) ... Opy(ax) = Y 1 Opy(b;) mod hV ¥V,
0<j<J
where J is large but fixed and the b; satisfy the same assumptions as the a;. We ap-
ply (10.9) as before to the contribution from the Opy,(b;). We clean up the remainder
contribution using (10.7). O

30. The smoothly weighted asymptotic formula
30.1. Overview

We retain the notation and setup of §25. This section contains the main automorphic
result in this paper: an asymptotic formula for the averaged GGP branching coefficient
L(I1, %), with the automorphic representation II of G fixed and the automorphic repre-
sentation ¥ of H traversing a smoothly-weighted family. (We will refine this in minor
ways in §31, by extending to unweighted families and then dividing through by their
cardinalities.) The proof involves three main inputs developed hitherto:

e The “inverse branching” results of Part IV (especially §22.3 and §24.2), which
allow us to pick off any reasonable family of representations 3, say defined by weights

w(X), using a suitable family of vectors vell:
/ lv|? ~ Z L(IT, X)w(X) on average over v. (30.1)
[H] )

e The “truncated spectral formula” in §29, which allows us to discard some of the
contributions of undesirable automorphic forms ¥ implicit in (30.1).
e The “equidistribution” result, proved in §27 using Ratner’s theorem, by which we

deduce that (on average)

1 2 1 v 9
vol( 1) /[H] Wi~ Seran /[G] 0T

leading to the required asymptotic formula for

> LILD)w(S).
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30.2. Function spaces

We now define the precise sets of weights w(X) to be summed against.

30.2.1. Spaces of representations of H
We may apply the notation of §20 to each place p of F', thus the sets

~

HP 2 (Hp)temp 2 (HP)‘Zrepmp

are respectively the unitary dual of H p» the tempered dual and its m,-distinguished subset.

We omit the index when p=gq, and use a superscripted prime to denote a product over
all pe R\{q}.

30.2.2. The distinguished archimedean place

Recall (§9.2) that the geometric quotient [h”] of h” =ih* is isomorphic to an affine space.
We denote as in §22 by Oga, COCg” the subset of H-stable elements of the limit coad-
joint orbit O of 7, and set

K 1= €2 ([ Nimage(Owa))-

In view of the stability characterization given in §14.2; an element of K is just a smooth

compactly-supported function k& on the space
{u € [h"] :no eigenvalue of 1 equals zero}.

(We used the fact that O is contained in the nilcone.)
As in §22.3, we assign to each fixed k€ and all sufficiently small h>0 a function

kn: H—C,
as follows:

e if o is tempered and O ,#@ (i.e., o is “orbit-distinguished” by m; see §22.2),

then we evaluate on the rescaled infinitesimal character:
kn(o):=k(hAy);

e otherwise, we set ky(0):=0.
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30.2.3. The auxiliary archimedean places

Let p be an archimedean place other than g. Since the groups (Gy, Hy) are assumed
compact, the set (ﬁ p):e"mp is finite. We denote by K, the set of complex-valued functions
ky: (I;fp)Trp —C. (Compare with §21.)

temp
30.2.4. The auxiliary p-adic places

We now let p be a finite place in B. We denote by K, the space of allowable functions
ky: (f[ o) temp — C (see §24.2 for the definition of “allowable”, and recall that Theorem 24.5,

temp

stated in §24.3, provides a large supply of allowable functions).

30.2.5. The auxiliary places, grouped together

We denote by K’ the space of functions

K (H)E, — C

temp
spanned by the pure tensors
K (z):= H kp ()
peR\{q}

for k,€K,. We extend each such k" by zero to a function on the unitary dual H' of H'.

30.3. Main result

We denote by d€Zx half the real dimension of O, as usual (see §31.4 for numerics). We
fix ke, k' eK’, and set

0:=h? > L1, 2)ky (o) (o).
o and o’ tempered
O o #9

Here and henceforth we sum over automorphic representation > of H, as in §25, whose
components o and ¢’ satisfy the displayed conditions, so that £(II,X) is defined.

We write [k and [k for integrals taken with respect to the normalized affine
measure on [h”] and the Plancherel measure on H temp, respectively. We write A~B for
A=B+on0(1).

THEOREM 30.1.
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The proof occupies the remainder of this section. We may and shall assume that k
and k' are non-negative.

It will be convenient to introduce the following otherwise unusual notation.

Definition 30.2. Let p: X =Y be a continuous map between topological spaces. Let

UCX and VCY be subsets. We write U<V if p(U)CV?, and similarly V <U if V C
p(U)°. (Here V and V° denote closure and interior.)

The precise choice of p (typically a “projection”) to which one should apply this
notation should be clear by context in what follows. We caution that < is not in any

sense “transitive”.

LEMMA 30.3. There are precompact open subsets UC[h], WCh” and V Cg” such
that, for small enough h>0,

(i) V consists of H-stable elements,

(i) supp(k)<V <W <U<Ogap, and

(iii) of G'Eﬁtemp satisfies Or o=@, then hO,NW=0.

Informally, this says that

e V is large enough to support symbols a suitable for approximating k via

b~ [ a
O(n)

but not much larger;
e W is large enough to majorize the image of the support of any such symbol a, but
small enough to avoid any multiorbit O, for which O, ,=a;

e U is large enough to majorize all of the above, but not too large.

Proof. We start by choosing U as indicated with supp(k) <U <Ogtap. We then find
a compact subset K of Ogap, so that supp(k)Cimage(K)CU. Fix £€ K. We may find
&neh O, tending to €. Since £ is H-stable, its h-stabilizer is trivial. It follows readily
that the map G—G-£—bh" has surjective differential g—7¢(G-§)—h”". The same holds
true for all & in a small neighborhood of &; in particular, for h small enough, it holds
for &,. We may thus find a small precompact open neighborhood Wf Cg” of ¢ whose
image WeCh”" satisfies We <h O for all small h. In particular, WeNh O, =@ whenever
Or,-=9@. We may assume, moreover, having chosen Wg small enough, that W, <U.

Choose a small precompact open neighborhood Vg of &, with ‘_/g consisting of H-
stable elements, such that Ve <W;. Since K is compact, we may find &, ...,&, €K such
that KCV:=Ve, U...UVg, . We then take W:=Wg U...UWE, . O

We henceforth fix such U, W and V. We note that U and V satisfy the conditions
enunciated in §22.3.
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LeEMMA 30.4. Let ay,...,ap€C®(g"). Let T'en' @7’ be positive definite, but not

necessarily of trace 1. Then,

h? ;Pg(Oph(al) ... Opy(ag)@T") ~ :Eg; . (/(9 aj ...ag dw) tr(T"). (30.2)

If the a; are supported in the preimage of W, then the same holds after restricting to %
for which o is good in the sense of §29.3.

Proof. We may normalize T’ to have trace 1. We then construct “limit states”
[a1 ... a] as in §26. (This involves passing to subsequences of {h}, which we may do after
having assumed for the sake of contradiction that the estimate fails for some infinite
sequence of h tending to zero.) The left-hand side tends to f[H] [aj ... ak], by (26.5) and
(28.3). We then use the equidistribution statement (27.1), together with (26.6), to get
to the right-hand side.

For the last statement we use Theorem 29.1. O

LEMMA 30.5. For each €>0 and N €Zx there exist non-negative
a,ay,az, an € C2° (V)

and (smooth, finite-rank) positive-definite tensors T', T}, Tsen' @7’ such that

o e[

2 (/O a’ dw)tr(T]’-) <s, (30.4)
=1

( /O a2, dw) (T <e, (30.5)

<e, (30.3)

J

and, for o tempered with hA, €U,

2
|kn(0)k' (0") = Ho (Opy (a)*)Hor (T)| < ) Ha(Opy(a;)?) Mo (T7) (30.6)
j=1
and, for o non-tempered with hA, €U,
Ps:(0py,(a)’>@T") = Ps(Opp (an)*@T") +O(LY). (30.7)

Proof. We combine together the analogous approximation results obtained in §21,
§22.3 and §24.2. We record details below.
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In what follows, we write (e.g.) C(x,y,z) for some constant >1 depending only
upon the quantities z, y and z. We allow the precise definitions of such constants to vary

from one invocation to the next. For instance, we have

/kgC(k), /k’gC(k') and /kpgcucp).

We fix n€(0, 1); at the end of the proof, n will be chosen small enough in terms of € and
the intervening constants.

We may assume that &’ is a pure tensor
[1 %
p#q

with each factor k£, non-negative; here and henceforth p is restricted to the set R of
relevant places. By §21 and §24.2 (see (24.3) and (24.5)), we may find for each auxiliary
place p€ R\{q} some positive-definite tensors Ty, Tél) and Tp(2), with

r(TE) < Clhy),  hy(Sp) < Hs, (1Y)

and
tr(T?) < ko (Zp)—Hs, (T <H 72
r( p )<, |kp(Zp) Ep( p)|\ Zp( p )-

By (24.7), we may assume also that

’/kp—tr(T;)

and hence, in particular, that tr(7;)<C(ky). We set

T':=Q)T;.

p#q

<,

By Theorem 22.2, we may find a, a1, as and ayt of the required form for which
o [,ai<C(k,V),

o [nd3, [,a% and |[k— [, a?| are bounded by 5 (thus [, a?<C(k)),

e if o is tempered and O™ is non-empty, then

[k ()] < [Ho (Opy(a1)?)],
[ (@) —Ho (Opy (a)*)] < [Ho (Opy (a2)?)],

e if o is non-tempered, then (30.7) holds (note that the Hermitian form Ps(—QT")
satisfies the hypotheses indicated around (22.8)).
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For tempered o with h\, €U, the left-hand side of (30.6) is bounded by

:
S Ho(Opn(a;)?) [ He, (177, (30.8)

J=(Jjp)per p#q

where the sum is taken over all tuples j as indicated, for which
e joc{1,2} for all pe R, and
o j,=2 for at least one pcR.
For r=1, 2, define
i

= Y QT

J=(Jp)periia=r P#4q

Then, (30.8) equals the right-hand side of (30.6), so that (30.6) holds.

It remains to verify the estimates (30.3)—(30.5). Combining together the estimates
noted above, we obtain the inequalities
<n2#FC(k) [ [ Clhy),

Jef e feas)um|cnranl

( /O a? dw) tr(T)) <n2# 71Ok, V) [ C k),

P (30.9)
</ a3 dw) tr(Ty) < n2# 81 H C(ky),
© p#4q
</ a? dw)tr (T") <nHC (kp)-
o

p#q

We conclude by choosing 1 small enough that the right-hand side of each of the above
inequalities is bounded by e. O

We turn now to the proof of the theorem. We retain the definition of “good” (relative
to h, U and W) from §29.3; recall that this excises all ¢ for which hA,¢U, as well as
those which are not orbit-distinguished. Note also that every ¢ in the support of ky is
good. Let £>0 be small; we eventually let it tend to zero sufficiently slowly with respect
to h.

LEMMA 30.6. We have
[l—(M—My)| <€, (30.10)
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where £ is as defined in §30.3 and
M:=h? 3" Py(Op,(a)’®T),
¥ :0 is good

My :=h > Ps(Opy,(a)?@T"),
¥ :0 is good
and non-tempered

2
g:=h" > 3 Ps(Op,(a,)’RT)).
¥:0 is good j=1
Proof. By the definitions and the period formula (28.5), we have
(—(M=-My)=h* > LOLZ)(kn(0)k (6")—Hq(Opy(a)?)Ho (T7)).

Y : 0 is good
and tempered

By (30.6), the above is bounded in magnitude by

2
dont YT L(TL N[ He (Opy(a;)?) [ Hor (T)) < E.
j=1 ¥ :0 is good 5 ,

and tempered =Ps (Oph(@j) ®Tj)

Note that the absolute values surrounding H, on the right-hand side of (30.6), which are
expected to be extraneous (see the remark following Theorem 22.2), have disappeared,

due to the manifest positivity of Ps. O
By Lemma 30.4 and (30.3), we have (with ~ as defined in §30.3)

M~ :Eg% (/@ a? dw)tr(T’): /k/k#oﬁou). (30.11)

The estimate

T(H)
7(G)
Mt = 0c_0(1). (30.12)

follows from Lemma 30.4, using the weak Weyl law (29.2) to discard error terms:

My @00 3T (P(Opy(aw)?@T)+OMY))
¥ : o0 is good
and non-tempered

(b)
<h") " Ps(Opy(an)*@T)+0(RN W)
b

(o) T(H)
7(G)

</o i dw) tr(T") +0n_0(1)+0O LN ~0W)

<e, by (30.5)

= 08—}0(1)5
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where (a) is due to (30.7), (b) to (29.2) and (c) to Lemma 30.4. We note that in the
second step, we used the positivity of Ps; to drop the condition “o non-tempered”, and
that in the final step, the implied constant O(1) in the exponent is independent of N,
and so by taking N large enough we may arrange that the difference N —O(1) is positive.

The estimate
E=0-0(1) (30.13)

follows similarly from Lemma 30.4 and (30.4):

7(H)

£=7@)

([ )t e

J

<e

By combining these last estimates (30.11)—(30.13) with (30.10), we conclude the
proof of Theorem 30.1.

31. The normalized asymptotic formula

The hard work having been completed, we explain here how Theorem 30.1 may be
applied to sharply-truncated sums over families. By dividing out the cardinalities of

those families, we then obtain the normalized asymptotic formulas promised in §1.

31.1. Approximating nice sets by continuous functions
Let (X, 1) be a normal topological space equipped with a Borel measure.

Definition 31.1. We say that a subset UCX is nice if it is open, precompact, and

has measure-zero boundary.

Definition 31.2. Given a class C of integrable functions on X, we say that an inte-
grable function w on X is approzimable by C if

(i) there exists koe€C such that |w|<kg, and

(ii) for each €>0, there exist k, k. €C such that

lw—k|<k; and /k+<s.

By an exercise in applying Urysohn’s lemma, we have the following result.

LEMMA 31.3. The characteristic function of any nice subset UCX is approximable
by the class C.(X) of continuous compactly-supported functions.
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The notion of approximability is well behaved with respect to products. Indeed,
suppose given spaces X1, ..., X, as above, each equipped with a Borel measure. For
j=1,...,n, let w; be an integrable function on X; that is approximable by some class
C; of integrable functions. Assume also that ki +ks€C;, whenever ki, ks €C;. Then, the
function X; X...x X, dx+—wy (1) ... wn(zy) is approximable by the class C consisting of
all sums of functions of the form x>k (x1) ... kn(z,,), with k; €C;.

31.2. Summing against approximable weights

~

The spaces [h"|Nimage(Oyap) and (H')

femp Ccome with natural topologies, given in the

former case by identifying [h”\] with an affine space, in the latter by the discussion in §21
and §24.1. They also come with natural measures: normalized affine measure and the
restriction of Plancherel measure, respectively. The terminology of §31.1 thus applies,

and we readily derive from Theorem 30.1 the following.

COROLLARY 31.4. Let k:[H"]—=C and k’:(ﬁ’)", —C be any functions approz-

temp

imable by the function spaces K and K' defined in §30.2. Then, with notation as in
§30.3,
d N T(H)/ / ’
h > L(TL, X)ky(0)k (07) ~ =re) k| K.

o and o’ tempered
Or o #9

31.3. Summing over unweighted families

Definition 31.5. We say that a subset U C[h"|Nimage(Ogtap ) is admissible if it is nice
(cf. §31.1), and that a subset U’ C (ﬁ’)felmp is admissible if is nice and if its projection onto

(ﬁp)fe"mp, for a finite place p€ R, is contained in the union of the allowable components
(see §24).

(The smooth version of) Lemma 31.3 implies the following result.

LEMMA 31.6. If U (resp. U') as above is admissible, then its characteristic function
is approzimable by K (resp. K').

We henceforth fix some non-empty admissible sets U and U’ above, and define the

family Fy, as follows.

Definition 31.7. We let Fy, be the set of ¥ such that
e o and o’ are tempered,

e o is orbit-distinguished, i.e. O™ #g,

e h)\,cU and o'€U’.
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Corollary 31.4 specializes as follows.

COROLLARY 31.8. We have

nt Y LI, D)~ T(H)vol(U)vol(U'). (31.1)
Yo7, (G)

31.4. Family size

To interpret the left-hand side of (31.1) as a normalized average of L(II,X), we need to

know the approximate cardinality of the family Fy,.

LEMMA 31.9. One has
he | Fu| = 7(H)vol(U)vol(U")+o0n_0(1), (31.2)

Proof. This can be deduced from the methods of Duistermaat, Kolk, Varadarajan
[DKV] and Sauvageot [Sau], but it is simpler for us to give a more direct argument.
We apply the trace formula for the compact quotient [H] in a standard way, using the
approximation arguments given by

e Lemma 22.4, and

e Theorem 24.5, via the consequences (24.4) and (24.6).

For small h, the support condition 1+o0,_0(1) on the test function at q implies that
the only non-zero contribution on the geometric side comes from the identity element.
We readily obtain the smoothly-weighted variant of (31.2) from which (31.2) itself then
follows as in the proof of (31.1). O

31.5. Analytic conductors
Let ©€F,. We denote by C(II, X) the analytic conductor of L(s, —, IIxX") at s=1.
LEMMA 31.10. C(IL, X)<|Fu|*.

Proof. Our assumptions imply that the contribution to the analytic conductor from
places other than q is bounded.
By the discussion in §15 (especially (15.3)), we have
C(IL,Y) <xh™emume

)

with notation as in Table 1. On the other hand, we have seen that |Fy,|=<h™ dim By By

inspection, 4dim(By)=engny in all cases. The required estimate follows. O
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label G H dim(Bg) | mg | myg | €
1

@) | GLowt | GL, ”<”2+ )l nt1 | n |2
1

(i) | Unp U, ”(”; Jlnt1 | n |2

(111) SOQn+2 SOQn+1 n(n+ 1) 2n+2 2n 1

(IV) SOQnJ,_l SOQn Tl2 2n 2n 1

Table 1. Numerology: m is the dimension of the standard representation of @, similarly for H.

31.6. Main result
Dividing (31.1) by (31.2), we conclude the following.

THEOREM 31.11. Let notation and assumptions be as above. In particular, we as-
sume the following:

e (G,H) is a GGP pair over a number field F. We have fixed a large enough finite
set of places R.

o We have fized an automorphic representation 11 on G, unramified outside of R,
and satisfying the conditions enunciated in §25.7.

o We have fized an archimedean place g€ R, and set

H=H(F,) and H'= [[ H(F).
peRrR\{q}

For an automorphic representation ¥ on H, unramified outside of R, we have denoted
by o and o’ the associated representations of H and H'.

Let U and U’ be admissible subsets of the tempered distinguished spectra of H and
H', as above, and let Fy, denote the family of representations on H associated with these
subsets, as in Definition 31.7.

Let L(I1,X) denote the branching coefficient as defined in §25.4. Then

ﬁ 3 [:(H,E)Z%G)-H)hﬁo(l)- (31.3)
YEFn

If we assume the conjectures of Ichino-Ikeda and N. Harris (§25.5), or restrict to cases
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in which those conjectures are known (e.g., [Z1]), then

1 > 7(G)r(H)  (r) LB (5, —,1Ix2V)

‘]:h| 26 G L(R)(l,Ad,HXEV) :T(H)+Oh~>0(]—)« (31.4)

YEFn

We may “simplify” the final formulas by recalling (§25.7) that 7(G)=7(H)=2.
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