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For more than sixty years after the publication of the Pri~wipia, 
astronomers were puzzled to account for the motion of the lun'~r perigee, 
simply because they could not conceive that  terms of the second and 
higher orders, with respect to the disturbing force, produced more than 
half of it. For a similar reason, the great inequalities of Jupiter  and 
Saturn remained a long time unexplained. 

The rate of motion of the hmar  perigee is capable of being deter- 
mined from observation with about a thirteenth of the precision of the 
rate of mean motion in longitude. Hence, if we suppose that the mean 
motion of the moon. in the century and a quarter which has elapsed 
since BI~ADLEY began to observe, is known within 3", it follows that the 
motion of the perigee can be got to within about the 5o0,00o t~ of the 
whole. None of the vqlues hitherto computed from theory agrees as 
closely as this with the value derived from observation. The question 
then arises whether the discrepancy should be attributed to the fault of 
not having carried the approximation far enough, or is indicative of 
forces acting on the moon which have not yet been considered. 

geprinted: with sore additions~ from a paper published at Cambridge U. S. A., 1877. 
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This question cannot be decisively answered until some method of 
computing the quantity considered is employed, which enables us to say, 
with tolerable security, that the neglected terms do not exceed a certain 
limit. If other forces besides gravity have a part in determining the 
positions of the heavenly bodies, the moon is unquestionably that one 
which will earliest exhibit traces of these actions; and the motion of the 
perigee is one of the things most likely to give us advice of them. 
Hence I propose, in this memoir, to compute the value of this quantity, 
so far as it depends on the mean motions of the sun and moon, with a 
degree of accuracy that shall leave nothing further to be desired. 

I. 

Denoting the potential function by t2, the differential equations of 
motion of the moon, in rectangular eoSrdinates, are 

d %  dr2 d~.q d12 
( I )  d r " ; - -  d~e ' d t Z  = (l~j 

When terms, involving the solar eccentricity, are neglected, as is dm:e 
here, it is known that these equations admit an integral, ~ the Eulerian 
multipliers for which are, respectively, 

G d!] , 
- -  d t ,  n ' x ,  

n' be ing the mean angular motion of lhe sun. When the equations are' 
multiplied by these factors and the products added, it is seen !hat, not 
only is the resulting first member an exact derivative with respect to  t, 
but that the second is also the exact deriw~tive of ~. Hence the integral is 

xdy  - -  y , t ,  dx2 + dY~ n '  "- ~2 -n t- C .  
(2) 2dr "~ d t  

' As JACOB[ was the first to announce this integral ( C o m p t e s  r e n d u s  de l ' aca -  
d d m i e  des  s c i e n c e s  de P a r i s ,  Tome [[[~ p. 59)I we shall take thel iber ty  of calling 
it the Jacobian integral. 
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Let us now suppose ttmt the lunar inequalities independent of the 
eccentricity, that is, those having the argument of the variation, have 
already been obtained, and that it is desired to get those which are 
multipli~:d by the shnple power of this quantity. Denoting the latter by 
3~c and 3U, ,nd, for convenience, putting 

d.2 d'~ s ~ d %C2 
tlot, z - -  H ,  t l x : l~ j  J' de]" K, 

whleh will be all known functions of t, we shall have the linear diffe- 
rential equations 

d~3z d~3:l - -  K 3 y  + J 3 x .  
(3) :ht~ = I]dx, @ J d ~ ,  dt,~ 

The Jacobian integral also, being subjected to the operation 3, fur- 
nishes another equation. Here we notice that when the arbitrary constant 
C is developed in ascending powers of e, only even powers present them- 
selves, hence we have 3 6 ' - - o .  In the equation, moreover, the partial 
derivatives of ~d may be replaced by their equivalents, the second diffe- 
rential quotients of the coordinates. Then, it is evident, the resulting 
equation may be written 

(4) F dale G dd,.j d I, ~ .~ dO 
+ dt ~ o~ ~ ~j = o. 

This is plainly an ip_tegral of equations (3) with the special value o 
attributed to the arbitrary constant. For taking the derivative of it with 
respect to t, 

(5) /, ~t  T + a dt ~ 7tt~ 0.~ ~ o~ = o. 

Hence the Eulerian ,nultipliers, for obtainir~g (4) from (3), are, for 
the first equation, F,  and for tile second, G. Making the multiplication 
and comparing the result with (5), we get the conditions 

d~F d~G 
(6) - -  + j a ,  - + J r .  
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On comparing these with (3), we gather at once that the system of 
equations 

a x = r ,  #,j = G, 

is a particular solution of equations (3); ~,nd it also satisfies (4). This 
solution, being composed of terms having 1he same argument  as the 
variation, is foreign to the solution we seek, and, in consequence, the 
arbitrary constant, multiplying it in the complete integrals of (3), must, 
for our problem, be supposed to vanish. But advantage may be taken 
of it to depress the order of the final equation obtained by elimination. 
For this purpose we adopt new variables p and 6, such that 

Relations (6) being considered, (3) and (4) then become 

F d'~,o d F d/) 
+ 2 d--[ dt  + J G ( p - - c r )  = o ,  

d~a dG da 
G ~ + 2-)i) d-tt + J F ( (r - -  p ) = o ,  

F .  ~ d ~o ,., ~l a ~/ /+  G ' , T / =  o. 

Write the first equation 

d (F:d ,~  + J_FG(p  - -  a) =- o ,  
dt \ dt / 

and adopt a new variable a such that 

dp = /r d o  G D, 
dt dt " 

If  these wlues are substituted in the equation after dividing by J F G  

and differentiating it, we get 

(7) 
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Let us now assume a variable w such that  

5 

dt 

The second term of (7) is removed by this transformation, and the equa- 

tion takes the form of the reduced linear equation of the seeond order, 

d~-w 
(8)  lt" + Ow -= o ,  

in which, after some reductions, 

(9) O - -  J(F 'FG.  + G~) qt_ d ~" log(JFG)2dt '~ I_[dl~ _l 

It will  be perceived that interchanging F and G produces no change 
in (9: hence had we eliminated p instead of o', the equation obtained 

would have been the same; and this is true in general, - -  we "trrive 

always at the same value for (9, no matter what variables may have 
been used to express the original differential equations. From this we 

may conclude that O depends only o n  the relative position of the moon 

with reference to the sun, and that  it can be developed in a periodie 
series of the form 

(9o -t- (9, cos = r -]- (gu cos 4v -t- �9 �9 �9 , 

in which r denotes the mean angular  distance of the two bodies. 

I t  may be noted also that  8, as expressed above, does not involve 
the quantities H and K. It is obvious that, by means of the original 

differential equations, all second and higher derivatives may be eliminated 
from this expression, and that  the 3acobian integral suffices for eliminating 

the first derivative of one of the variables. But it is not possible to 
express 8 as :t function of the coSrdinatcs only without  their dcriw~tives. 
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I I .  

As the reduction of O, in the form just given, presents some diffi- 
culties, we will derive another from differential equations in terms of 
coordinates expressing tile relative position of 1he moon to the sun. 

Let the axes of rectangular coordinates have a constant velocity of 
rotation, so that the axis of x constantly passes through the centre of 
the sun, and adopt the imaginary variables 

II = X + f f l / - -  I ,  8 = Z - -  y~. . / - -  I ,  

and put e ~v--~ -- ~. In addition, let D denote the opera/ion - - g r ~ / - - i ,  

so that 
/ ) ( < " )  ___ 

and m denote the ratio of the synodic month to the sidereal year, or 

i 

m - -  

i t  - - -  "1~ 

and l~ being tile sum of the masses of tile earth and moon, 

Lastly, putting 

I* 

(~ o) z 3m -Jr- S)u, 

the differential equations of motion are 

(,i) 

i d J2 
ds 

- d . ( 2  
D~s - -  2roDS -k 2 ~ = o.  

Multiplying the first of these by D s ,  the second by Dst, adding tile 
products and integrating the resulting equation, we have the ,Jaeobian 
integral 

l h t D s  + 2 .(2 - -  ~ U. 
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(12) 

I D~3u 

P D~3s 
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three equations are sui)jected to the operation 3, the 

d L9 ~ d Lt2 , 
+ 2mD3u + 2 dTdsOU + 2-~s~ " OS =-- o ,  

2mD3s + 2 ~ 3 s  + 2-~u,~ou--= o,  

d ~? du d.q 
DuD3s + DsD3a + 2 ~ + 2 ~ 3s ---- o.  

If, in these equations, the symbol 3 is changed into D, they evidently 
still hold, since they then become the derivatives of the preceding equa- 
tions. Hence the system of equations 

3a ----- Du , 3s = Ds , 

forms a part icular solution of them. For a like purpose as before, let 
us adopt new variables v and w, such that 

& t  = D u  . v , 3 s  = D s  . w .  

In terms of these, equations (12) become 

(P/2 ~ q d~/2 
Du.D~v + 2 [ D h t + m D t t J D v +  D'~u + 2mDht + 2 - - 1 ) ~ t l v n  t- 2 D s . w : o ,  

. d u d s  l d s  ~ 

[ dLC2 ] d~12Dtt .v=o, Ds.D~-w -F 2 [ D % - - m D s ] D w +  D38 ~ 2mD's  + 2 ~ Ds w +  2 du-~ 

D u D s . D ( v  .~- w) + DsD~u + 2 ~-~u Du v + DuI)~s + 2 T, s Ds w = o .  

If the second and third derivatives of u and s are eliminated from 
these equations by means of equations (I I), we get 

(~3) 

D u . D : v  - -  2 2 Ts + mDu D v - -  

Ds .D~w - -  2 [ 2 d~ mZ)s] b w  

2 d~'d~e D s  . (v - - -  w) ---- o ,  

d'e.~ (w v) o, 
2 d ~ t .  ~ l ) ~ t .  ~ 
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If the first of these equations is multiplied by D s ,  the second by 
Du,  and the products added, the resulting equation will evidently be 
the derivative of the third; but if the products are subtracted, the second 
from the first, we get 

- - 2  

D a D s .  D2Cv - -  w) - -  2 D ~ . D ( v  - -  w) 

[ d'++q ++, ~ + c " [7"/.Tfda Os'-- ~ 7 ~  dO i )  m D a D s ]  D(v w) 2[&,) ,.m ~d+2 +. , I. ~+, + + - + v ~  ~ ( , - , , ~ = o .  
A "  " 

For brevity we will write 

d+q  D s  - -  - 
A = ~5 7 

'+'QD. du + m D a D s ,  

and put 

,0 ~= V -q- W, O ' - - V  ~;+ 

then the last two equations, which will be those employed for tile solution 
of the problem, become 

(I  4)  

DuDs.  D p -  2 A , a  =- o. 

I d~'!2  ~ d " ~ 2  _ ~-I 
D[D,,D+.Do-] ~zX.D,o :+ 1 ~  V,, + ~ V + .  _I o- - -  O .  

Eliminating Dp between these equa.tions, a single equation, involving 
only the unknown a, is obtained. 

(,5) [-d'+q ,-, d~ ,, 2A ~ 
D~v,,v.+.D~l 2 ta,~ v,,+ + ~ v+- + ,,~7+1 + - o. 

will 
In order to remove tile term involving Do-, a last 
be made; we put 

w 
O "  = ' - -  - -  

~,, D u D s  

transformation 

Then the differential equation, determining w. is 

DgW =- OW~ 
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in which 

d'.2 ~ 2q (DuDs) 0 -  2 [ d" .q~ ,  2 ~ ( 2 A  ~._] D ~ 
DuD~ [~u '~ l)U 2 r- ~ 1)8 ] n t- \ ~ D s /  2DuDs [ D(DuDs)]  2 

- -  DuDs [d-~u ~' L'U + ~ 1 S _~ + \ I)~tDs/ DuDs 
/)/2 ]: .  

DuDsJ 

But we have 

d~2 Da d.e2 
Dr2 - -  d ~  + TiT D s  ' 

D2~2 d~I2 ~ 2 d~'~2 d~t2 Ds2 d12 d$2 
= cl~d V u  + 2 ~ D u D s  + -d~s, ~ + 2 m A - -  2 m 2 D u D s  - -  4-f(u -d[s , 

in which, f rom the l~riter equation, have been eliminated the second 
derivatives of u and s, b y  means of their values obt'fined from equations 
(I I). From these is obtained 

d ~ / k  ~ 

D~J2 + Du.Ds ~ ~ Uu  + 2 ~ D u D s  + ~ Ds  .-} DttDs m : D u  D s ,  

on sttbstituti'on of which in the value of O, there results 

~ [-d~-.Q 2 dLQ d ~ X 2 # , : 7  ( A ) 2 
(t6) (9--  DuDs [ ~  Du  - -  2 ~ D u D s  + ~ ~)s J + 3 D~Ds + m:.  

The partial derivatives of t?, involved in this expression, have the values 

d.Q I z 3 
- - -  o s  + m ~ ( ~ , + ~ )  
du 2 r" 4 ' 

dg' I z 3m~(u + s), 
d ~  - 2 ~  ~ u  + ~  

dLq 3 x s~ 3 
du ~ -- 4~' + 4  m~' 

dLQ I y. 3 m ~ 

duds - -  4 r "~ -4- 4 ' 

d"f2 3 y. 3 m ~ 
d.~" 4 v:' 4 

Aeta mathematiea. 8. lmpr i ra6  le 8 F6w.ler lggr 
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where, for us ,  has been written r 2, the square of the moon's radius vector. 
After the substitution of these, it will be found that we can write 

[,uDs - -  sDu] ~ + m~(DT,~ - -  DsV  
x 3 #  " 31- A l 

(~ 7) 0 = 7; + g c -  .0 + ~. ] ] _(-7 .0 + m~' 

in which 

I 3 1 zx . . . .  ~ 7 + ; m= [ u l ) ~ -  ,z) ,q - -  m = ( u / ) , , -  ,D , )  + : m ( C - -  ~). 

This expression for 0, from which all derivatives of u and s, higher 
than the first, have been eliminated whenever they presented themselves, 
is suitable for development in infinite series, when the method of special 
values is employed. The  quadrant being divided into a certain number 
of equal parts with reference to v, we compute the values of the four 
variables u ,  s ,  D u ,  and D s  of which 0 is a function, for these special 
values of r, and by substitution ascertain the corresponding values of 0. 
From the last, by the wellknown process, are derived the several coef- 
ficients of the periodic terms of 0. A discussion of the lunar inequalities, 
which are independent of every thing but the parameter m, shows that 
the values of u and s have the form 

, = Z , a , r  ~'+~ Z :~ 8 ---- i a i  ~ z " - 2 i - I  ~ 

where i receives all integra ! values from - - o c  to + cx9, zero included, 
and the coefficients a~ are donstant, being equivalent each to the same 
constant multiplied by a flmction of m which is of the 2i ~h order with 
respect to this parameter. 

By taking the derivatives 

D~, 22,(~i + ,)a,r ~'+', Ds = - Z , ( ~ i  + ,)a,r -~'- ' .  

It will be seen from these equations thM, in the terms where i is large, 
we will be subjected to the inconvenience of having tlle errors, with which 
tile coefficients a~ qre necessarily affected, multiplied l)y l.~rge numbers. 
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This will be avoided by employing, in the computation of O, the for. 
l n u l a  

u D s  - -  s D a  = 2mr' -- 3 m , D _ l ( u ,  _ _  s=), 
2 

where D -~ denotes the inverse operation of D. This does not give the 
constant term of u D s - - s D u ,  but this can be obtained from the ex- 
pression 

- -  2 + 

which is not subject to the difficulty mentioned above. Wherever D u  

and D s  occur elsewhere in the formula for 8, they are multiplied by 
the small factor m ~, and, in consequence, the given formulae suffice. 

This mode of proceeding will give only a numerical result: if we 
wish to have m left indeterminate in the development of 8, it will be 
advantageous to give the lqtter another form. In this case there is no 
objection to the appearance of second and third derivatives of u and s 
in the expression of 8. 

From the value of D2.(2, previously given, it is easy to conclude that 

2 F d~$2 -~ 2 dL(2_ 2-1 
D D, + os  J 

dL  (2 / A ' '  D~'(DuDs) I [D(DuDs)] :  
-- 4 duds 2 [D--~s) + era' DuDs  q-  2 l_ ~7-~DTs J " 

If this is substituted in the expression first given for 8, and we note that 

d%(2 z 
4dtcds ~ + 3 m~, 

A = I z [ D u D 2 s  ~ D s I f u ]  - -  m D u D s ,  

the latter being obtained by substituting in the previously given value of A, 
the values of the partial derivatives of ~2 given by equations (i I); we get 

X D,28 2 

\ Du  Ds / I 
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For the development of the first term of this cx ression, we p can employ 

either of the following equations which result from equations (I i), 

3 2 
z m~ D'~u + 2mDu + ~-m s 5 m: 

3 
D:s ~ 2roDs + ~m~u 

5_m~ + 2  ' 

which, if one studies symmetry of expression, may be written 

_ [~s m ] : +  _D [gs - ~ m ] + ~  

and if half the sum of the second members is substituted for the first 
term in (I8) we shall have a singularly symmetrical expression for (-). 

If the values of u and s in terms of r are substituted in the first 

of these equations, we get 

3 2 
z 2 5 m = Z:'[ 4 i ( / +  i + re)a, + gm a-~-1] -.':* 

Let the last term of the second member of this equation be denoted by 
the series 

since r is a series of cosines, we must have, in consequence of the equa- 
tions of condition which the a~ satisfy, R , - - R ~ ,  and the equations, 
which determine these coefficients, can be obtqined from the formula 

3 2 Zja,_j/   = 4i(i + + re) a, + m 

when we attribute to i, in succession, all integral values from i = o to 
i = o,v, or which is prefe?able, from i == o to i - - - - r  The following 
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are all the equations and terms which need he retained when it is pro. 
posed to neglect  quantities of the same order of smallness as m~~ 

a0R0 + (a, + + + 2 

3 4ma_~ + ~ m~a0, 

3 ~a a_2R o + (a__; + a ~)Rl + aoR~ + a, R3 ~- 8(z ~m)a_~ + ? m  1, 

a _,2R 1 -4- a__lR~ -t- a0R~ = I 2 ( 2  - -  m)a__ 3 +.!m~a=,  

a_aRt + a : R ~  + a_l//3 -+- a0R 4 3 = I6(3 ~ re)a_4 + 2m2a~. 

For the purpose of i l lustrat ing the present method, we content 
ourselves with givivg the following approximate tbrmula: 

m ~ 

[3m~ 4ma ,](~'~-4-~ "-2) _ l .4_ 2 m +  25 m 2 2-3 m~a, + 4ma_~(al + a , )  + 5 - 

3 m e ( a , _  a_,) -4- 4ma~,J (~.4 + ~.-~) + [8 ( i  - - m ) a  ~ + 2 

where, for convenience in writing, it has been assumed that  a 0 -  !, and 
consequently that  a, denotes here the ratio to ao, which, as has been 
mentioned above, is a function of m. The absolute term arid the coef- 
ficient of ~.4+ (-4 are affected with errors of the eighth order, while 
the coefficient of ~'~ + ~'-~ is affected with one of the sixth o rde r .  

We attend now to the remaining terms of 0. If  we put 

o o i  

D~ N i (2 i  + l )a i~ ~ 

it is plain that we shall have 

9 ~ - - 9  i 
D~'s 22~(2i + I)'a;~ - 

= _ .  Z , U , i - - 2 , ,  
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and in consequence, 

I 

G. W. tlill. 

2 \Du Ds /  2 

From this it will be seen that the development of D,U will suffice 

for obtaining all the remaining terms of O. L e t  us put: 

h, = (2 i  + I )a , .  

The equations which determine the coefficients b~ are given by tile formula 

but, in order to exhibit some of their properties, I write a few, in extemo, 
thus: 

(~9) 

J! 
[i 
Ii 

�9 �9 ~ o ~ �9 ~ �9 , ~ * ~ ~ ~ ~ 

.-b h~U,~--b ho U_~-b h_~(Uo--  X)--k h, 2U~ .-b h aU.2 + .,. - -  - -  2h_~. 

+ h2 U~  + hi 

+ h~ U_._o. + k,~ 

u_1+1,o (go ~ ) + L , U ~ + h  ~U~+. . . - -  o 

U~+h~  ( U o - - r ) + h 0  ~+I~_~U~+ . . . .  2h, , 

U~l -Jf- tl 2 (Uo-- i)-3uhl Ul -Jf- ho C~ --~ . . . .  41L2 , 

When the subscripts of both the h and U in these equations are 
negatived, and the signs of the right-hand members reversed, the system 
of equations is the same as before, ttence, if we have found the value 
of U,, which is a function of the h, the value of U~ will be got from 
it by simply negativing the subscripts of all the h involved in it and 
reversing the sign of the whole expression. When this operation is ap- 
plied to the •articular unknown U 0 t, we get the condition 

~ o -  ~ = -  C v  o - -  i ) ;  
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whence we have, rigorously, 

UO ~ I o  " 

15 

This result  can also be established by the aid of a definite integral. 
D'~ tq  q, , 

The absolute term, in the development of m powers of ~', is given 

by the definite integral 

o.z /-~ d '~ + l u  

o t . /  
o dr ~ 

- -  t iT ,  

The indefinite integral of the expression under the sign of integra- 

tion is 

log d'~dr~ -=- l og l  -d~x_-f~ 'Jr d~;d~Y ' / - ] I  , 

and if, for the moment, we f'd<e p and f such that  

d'% _ d"y 
dr ~ - -  p c o s  V ' dr'~ - -  p s i n  f , ,  

this integral takes the shape 

logp + g ~/-- ,. 

The first term of this has the same value for r = o and r = 2:r, 

and consequently contributes nothing to the value of the definite integral. 

Thus we h a v e  

i [" D"+~q* dr  = I __~_ 
D",7- 

0 

When r-----o, let, g be assumed between o and 2z: it will be found 

3 that g has the value o or - or :r or -r:, according as v is of the form 
2 2 

41~ or 4/* + ~ or 4/* + 2 or 4/* + 3. Moreover, when raugments ,  g also 
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augments, and when r has passed over one circmrfference, ~ bus also 
augmented by a circumference. Hence 

2~ 

t iFD'~Udr 
0 

I t  follows, therefore, that  v denoting zero or a positive integer, the 
D'~+ Iq~ . 

absolute term of the development of - -  m integral  powers of ~ is r. 
D"u 

D'~+*s . 
And, in like manner,  the absolute term o f -  is i. 

D*s 

Equations (19) are readily solved by successive approximations, and 
when t e r m s  of the tenth order are neglected, we can write 

D'~ 
D,, - -  ~ + 2[ h,, h, ,h~ + h, h., h_~]C ~ 

- - 2 [  h ~-- h:, h_2-}- h,_lh_~h,, ]C -~ 

+ 212h2 ~ h~ h., ~2h_~h,~ + 41q h,_qh~ 2h, h, h, h_,]C ~ 
--212h_~-- h_,h_,--2hi  h_,., + 41t ,h, h,~ 2h_ih__,h ih, ]~-4 

- - -213h_~3h= , l , _~+  h_,h_,h , ] r  -~ 

-I--214h,, ~4h~ 1~..~ --I-41,, hi 1,~ --2h~ 1~.~ - - l q  h, 1~, h, ]z-.-~ 
--214h-4--4h_,h_a + 4h_1h,._,h_2--2h,_2h_2 h_lh_,ht_,It__,]C -s, 

where we have supposed agai:n that b 0 --= ~0 = I. 

With tim same degree of approximation we have used for ~.~-+ m 2, 

0 ean be writ,~en 

0 = i + 2 m - - -  I m" 3m~ -- __ + ai + s4a~ + (12 4m)a,a_, + (6- 4m)a ~ , 

_.  s . , ]  (:, + r  + [(6 + i2m)a~ + (6 + Sin)a_, 2 

+ [2oma~ + (16 + 2om)a ~ - -  (9 + 4om)a~ + 6a,a ~ 

+ (7 + 4m)a2-~- 3-m~(at- a 1)] (~" + ~-'). 
2 
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In the determination of the terms of the lunar coordinates which 
depend only on the parameter m, it has been found ~ thati with errors 
of the sixth order, 

3 6 +  zzra + 9  m-~ 
a~ --- t6  6 - - - 4 m  + m'* m , 

3 38 + 28m + 9  m~ 
~ - l  - -  z 6  6 - - 4 m  + nV m , 

and, with errors of the eighth order, 

29-- 35m -[ 2 7 2 + 4m + 3m ~ 2 3 8 + 4ore -Jr- 9 m ~  3 2 6--4m + m2J m4, 
a2 ~--- 256 [6--4m + m~][3o---4m+ m ~] 

- [ 27 2 + 4 m + 3 r n  ~ ~ 2 8 - -  7 m +  2 4 6 _ 4 r f l + m ,  m 4. 
a_~ ----- 64 [6__4 m + m2][3o__4 m + m. ] 

No use will be made of these tbrmulm in the sequel of this memoir: 
they are given only that ave may at need easily deduce an approximate 
literal expansion for the important function (4. 

I l L  

In the preceding discussion it has been established that the deter- 
minatlon of the lunar inequaiities, which have the shnple power of the 
eccentricity as factor, depends on tile integration of the linear differential 
equation 

D~w = 8w; 

to the treatment of which we accordingly proceed. We assume that: the 
development of O, in a series of the forin 

b~s been obtained. Here we b'~ve the condition 0=~ ~--- 0~. If 0~, 0.2, etc., 

i The~' e:~pvessio~s ar'c es~ublis~e4 in- another memoir. 
o f  M a t h e m a t i c s ~  Vol. I ,  p. I38, 

Aeta m~theraat iea.  8. I m p r i m 6  le 16 F6vr ie r  188~ 

See A ~ e r i c a n  J o u r n a l  

3 
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are, to a considerable degree, smaller thnn O0, an approxi/nate~tatemcnt 
of the equation is 

D~w =-= OoW; 

the complete integral of which is 

w = K ~  ~  ~, 

K and K'  being the arbi t rary constants and c being writlen for v~--O0" 
When the additional terms of 6) are considered, rthe effect is to modify 
this value o f  c, and also to add to w new terms of the general form 
A~'-+r +=~ . .It is plain, therefore, that  we may suppose 

w = Kf(: ,  c) + K '  f ( : , -  c), 

and ma T take, as a particular integral 

w = ~ i  bi~ "c+'/, 

b,: being a constant coefficient. If this  equivalent of w is substituted in 
the differential equation, we get the equation 

(20)  [r + 2j] 'bj  - -  E , o ; _ , b ,  = o, 

which holds for all integral values for d', positive and negative�9 These 
conditions determine the ratios of all the coefficients b~ to one of them, 
as b0, which may then be regarded as the arbi t rary constant. They also 
determine c, which is the ratio of the synodic to the anomalistic month. 
For the purpose of exhibiting more clearly the properties of the equa- 
tions represented generally by (2o), I write a few of them in exlenso: 
for convenience let 

[i] = (c + 2i) " ~ -  0o; 
then 

i �9 . . . .  �9 o 

. � 9  @ [ - -  2 ] b  ~ -  O l b _  , ~ O , b  o - -  Oab  I ~ O, be - - . . .  ----- o ,  

�9 - -  ~)1 b - - 2  "-~ [ - -  I ] b__ 1 - -  /9 lb0  - -  02 b ,  - -  Oa b~ - -  = o ,  

(2,) 0..b:2 - -  O~b_, + [ o ] b o - -  O, bt -- O, b2 -- = o, 

0~b.~  ~ 0 ~ b ~  - -  0~b0 - -  0~b~ + [2]b~  ~ = o ,  
�9 , �9 �9 * �9 , �9 �9 �9 o �9 * . 
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If, from this group of equations, infinite in number, and the number  
of terms in each equation also infinite, we eliminate all the b except 
one, we get a symmetrical detertninant involving e. which, equated to 
zero, determines this quant i ty  This equation we will denote t h u s : -  

(22) i 9 ( c ) -  o 

If, in (20), ~:~e put - - e  for e;  j for j ,  and suppose that bj~is 
now denoted by b_j, the equation is the same as a t  first; hence the 
determinant just mentioned remains unchanged, when for e in it we sub- 
stitute e, and 

or, in other words, ~D(c) is a function of c ~. Again, in the same equa- 
tion, let e + 2,) be substituted for c. u being any positive or negative 
integer, and write y - - u  for j ,  and suL)pose that. b; is now denoted by 
bj+~. The equation is again : the  same as at first, and hence the deter- 
minant suffers no~ehange ~vhen :e:;:~2,~ is written in it for e. That is, 

D"(e + 9(e).  

It follows from all this that if (22) is satisfied by a root e = o0, 
it will also have, as roots, all the quantities contained in the expression 

+ c  o + 2i, 

where i denotes any positive or negative integer or zero. And these are 
all the roots the equation admits; for each of the expressions denoted by 
[ i ]  is of two dimensions in c. and may be regarded as introducing into 
the equation the two roots 2i + o 0 and 2i c o. Consequently the roots 
are either all real or all imaginary, and it is impossible that the equa- 
tion should have any equal roots unless all the roots are integral. But 
in the last case the inequalities we treat would evidently coalesce with 
those having the argument of the variation, and could not be separated 
from them; hence this case may be set aside as practically not occurring. 

It is evident from the foregoing remarks that. in an analytical point 
of view, it is indifferent which of the roots of (22) is taken as the value 
of o; in every case we get the same value for w. For denoting the 
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mean anomaly of tile' moon by ~, we have the infinite series of argu- 

ments 
. . . .  ~ 4 r ,  ~ 2 r ,  ~, ~ +  2r, * +  4r,  . . .  

each of which can be made to play the same rdle as ~, and analysis 
knows no distinction between them. Hence the equation, which determines 
the motion of ~, must, of necessity, also give the motions of all the ar- 
guments of the series above, ag well as of their negative~. ~ One has, 
however, been in the habit, of taking for e the root which approximates 

to ~/0o. 
It may be well to notice here the modifications which the addition 

to the investigation of terms of higher orders produces in equation (22). 
This may be written 

H (x + oo + 2 i ) = o ,  

where x is the unknown quant i ty  and 1 - I i s  a symbol denoting the 
product of the infinite number  of faetorg obtainc~t ~by :attributing to i 
all integral values positive and negative, '. ;zero:. in'etuded, and taking in 
succession the ambiguous sign in both significationsl Had the terms. 
involving higher powers of e, been included in the investigation, the equa- 

tion would have been 
1-1(x + JOe + 2i) = o, 

where j receives all integral values positive and negative. If, furthernlore, 
we had included all terms involving the argument  r and its odd mul- 
tiples, the equation would have been 

H (x + Jr0 + ~i) = o. 

If to these we had added all terms depending o n  the solar eccentricity, 
the equation would have been 

H (x + je  0 + i + kin) = o, 

where k is also to receive all integra ! values positive and negative. 

i A similar eondition of things occurs in many less complex problems; for instane% 
in the determination of the principal axes af rotation of a rigid body. Although there 
is hut one set of such axes~ yet the final equatlon~ so|ring the question, is of the third 
degree~ al| because aualysis kuows uo distinction between the axes of' x~ y and z. 



()n a part of the motion of the lunar perigee. 2l 

A similar thing is true in the general planetary problem. Professor 
NEWCOMB says, 1 ))The quantities b)), where b is of similar signification 
with o 0 above, ))ought, perhaps, to appear as the roots of an equation of 
the 3 nth degree)). But it is plain, fi-om the foregoing remarks, that not 
only does this equation contain the 3 u roots b~, b2, . . . ,  b3,, but also 
every root given by the general integral linear function of the h 

ilbl + i ob~ + . . .  + i~,,b~,,, 

for which, in the analysis, the corresponding argument  

can play the same role as any one of the individual arguments 2. Hence 
this equation, in all cases bug the problem of two bodies, must  be re- 
gamed as transcendental or of infinite degree. 

The e q u a t i o n ) w h i c h  de t e rmine : the  coefficients b~ and the  quanti ty 
o, having the : fo rm ~(if normM ~equati0ns in the method o f  least:squares.  
can .be solved,  by~.~he.:2rocess .usually adopted for the latter~ l ~ t  two 
of these equations be written 

[ l i b ;  - -  Z , 0 j  ,b, 

where, in the ,first, the :summation; does not: :include: the value i ----- j ,  or 
in the second the value i = v. The result of the elimination of b~ from 
these is 

where, in the summation, i does not receive the values  ] and v. This 
equation may be writ ten 

[ ] ] (~)b j  ~ Z ,  Of) ,b,  : o.  

1 0 a  the ge~teral .integrals of planetary motion, Smithsonian Contributions 
t~ Khowledge~ N~. 28|~ p. 3 t, 
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In like manner we may eliminate fl-om tile system of equation s a 
second unknown b ; .  Ar id  the general form of equation obtained may 
be written 

[y]","~bj Z~o~'~,~.'~b = o, 

where, in the summation, i receives neither of the values j ,  ~ and ~'. 
This process may be continued until all the b, having sensible values 
but b0, are eliminated; and the single equation remaining, after division 
by b0, may be written 

This determines e; when we pursue the method of numerical sub. 
stitutions, it will be the most advantageous course to perform the pre- 
ceding elimination twice, using two values for c, slightly different, but 
each quite approximate. The last equation will then, in neither case, 
be exactly satisfied, but, by a comparison of the errors,: one will discover 
the value  of c which makes the ~left member sensibly zero. By a si- 
milar~interpolation between,, the va:lues of: the :b, given se~erally by the 
first  and second eliminations, we get the sensibly exact  values of these, 
quantities. 

When it is proposed to neglect terms of the same order as m ~, the 
equation for c may be written 

[ -  ~][o][,]-o~[[-i]  + [~]] " o ;  

or, when we substitute for  :the symbols their significations, 

[(c ~ + 4 -  oo) ~ -  ~6c~][c ~ -  0 o 3 -  20~[c ~ + 4 -  0o3 = o .  

But, as r ~ 0 o is a quantity of the  third order, we may neglect 
the cube of it in the frs t  term, and the product of it by O~ in the second. 
Thus reduced, the equation becomes 

[o ~ -  Oo] ~ + -~[Oo ~][c ~ -  Oo] + o~ o; 

whose solution gives 

o = V/~ + v'(Oo ~ ~)~ - -  0~. 

This is a remarkably simple expression for obtaining an approxi- 
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mate va lue  of the motion of the lunar perigee. The actual numerical 
values of the two elements entering into this formula are 

00 = I . I588439,  O1 = ~ o . o 5 7 o 4 4 o .  

~c~ 1 iS therefore more than one third of 00 ~ i, which explains why such 
an. erroneous value is obtained for the motion of the lunar perigee, when 
we neglect it and take c = ~/O0" The numbers being substituted in the 
formula, we get o---- I .o715632 ; and as the ratio of the motion of the 
perigee to the sidereal mean motion of the moon is given by the equation 

we get 

I d ~ o  o 
- -  I 

n d t  I + m  

! d~o 
n d t  - -  0"00859 I. 

i 
This is about ~ in excess of the value o.o08452 given by obser- 

�9 vat, ion. The difference is caused, in the main, by our neglect of the in- 
clination of the lunar orbit. The solar force is less effective in producing 
motion in the perigee than it would be if the moon moved in the plane 
of the ecliptic. 

It will oeeur immediately to every one that the pl-operties we have 
stqted of the roots of ~ ( e )  --= o are precisely those of the transcendental 
equation 

cos( x) - -  a = o; 

of which, if z 0 is one of the roots, the whole series of roots is repre- 
sented by 

+ x  0 + 2i. 

Hence we must necessarily have, identically, 

i ) ( c )  - -  A[eos( c) eos( c0)], 

A being some constant independent of o. As is the general custom, we 
assume that the positive sign is given to the element of the determinant 
formed by the product of the diagonal line of constituents containing c. 
When, therefore, the determinant~ 2 ( e )  is developed in powers of e, 
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using only a finite number of constituents in it, the coefficient of the 
highest power of e in it is always positive unity: hence we may assume 
that this is the value of the coefficient when the number of constituents 
is increased without limit. But from the well-known equation 

_ +)(, _ ,  +)(, 4 o , )  
I 9 z5  ' 

we gather that the coefficient of the highest power of e, in the develop- 
ment of cos(zre) in powers of e, may be regarded as represented by the 
infinite product 

4 4 4 
t 9 25 

If then the row of constituents of ~ (c ) ,  containing [o], is multiplied 

by - - 4 ,  the rows containing [ - - ~ ]  and [~] by 424 _ ~ ,  the rows con- 

taining [ .~] nnd [2] by 8~ 4 _ ~ ,  and, in general, the row containing [i] 

4 we shall have the constituents of a second determinant., which by (4i) ~ x' 
may be designated as V(c), And the equation 

v ( ~ )  = o, 

having the same roots as D ( e ) =  o, will ~rve  our purposes us well as 
the latter. We evidently now have 

v ( e )  - ~os  (~c )  - -  c o s  (~c0) .  

As this is an identical equation, it holds when any special value is 
attributed to c, aud we are thus fur~Jished with tm elegant method of 
obtaining the value of the absolute term of the equation cos(zc0). For 

i 
examl)le , substituting for c, in succession, the values o, ~, I, v,'O0, we 

have our choice between the values 

o o s ( ~ 0 ) - ~  , V ; o )  

- - -  ~ - -  v ( i )  

- ~ ( ~ ) - -  v ( ~ / ~ ) .  
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As the determinant V(o) appears the simplest, we retain the first 
expression. ~l'hen, dropping the now useless subscript (0), the equation 
which determines o may be written 

C0S(7 / '0 )  = I - -  V ( O ) .  

This is certainly a remarkable equation: it virtually amounts to a 
general solution of the equation 2 (o )  = o. It also affords us immediately 
the criterion for the reality of the roots of the latter. Using the phrase 
of CAUCHY, if the modulus of the quantity I V(o) does not exceed 
unity, the roo~s are all real; in the contrary case, they are all imaginary. 
The criterion for deciding whether the variable w is always contained 
between definite limits, or is capable of increasing or diminish!ng beyond 
every limit, is the same. In the first case, it is developable in a series 
of circular cosines; in the second, in a series of potential cosines. 

As, in the particular case, where O~, 0~, &c.. all vanish, the proper 
value of o is ~Oo, it follows that the element of the determinant V(o), 
formed by the product of the diagonal line of constituent~ involving 0,, is 

I e O S ( 5 ~ / ~ - o )  - =  2 s i n  2 ~ ' ( 4  0 . 

If therefore each row of constituents of the determinant V(o) is divided 
by tile constituent Of it which lies in the just-mentioned diagonal line, 
we shall have a set. of constituents forming a third determinant ~(o),  
such lhat 

In consequence the equation, determining o, can be put in the form 

sin" (~ ~ 00) 
= 

For the sake of exhibiting more clearly the significance of this 
Aeta mathematiea. 8. Imprim6 le 18 Fdvrier 1886, 4 
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equation, I write a few of the central constituents of the determinant 
D(o), from which the rest can be easily inferred. 

 j(o) = 

O, 0., 0 O, 
. . .  + I ~ 4  ~ -  0o - -4  ~-" 0 o ~ 4  ~ -  0o- -4  ~ -  0o ' ' "  

2 . ~  Oo "-1- I - - 2 ~  - 0 o - - 2 ~  - 0 0 - - 2 ~  ~ 0 o .  �9 �9 

""--o"  oo--o  -o2 + - -  o ~ -  O .  o ~ -  0 o 

"" " - - 2  ~ 6~ ~ Oo 2 ~ O~ + I . . .  - -  ~ - -  - -  2 " - - -  6 t  0 

O, O, O~ O, 

4 "~-  ('Jo 4"---  O~ 4"--- 0,~ 4 " - -  Oo 
+ i 

The question of the convergence, so to speak, of a determinant, 
consisting of an infinite number of constituents, has nowhere, so far as 
I am aw~lrc, been discussed. All such determinants must be regarded 
as having a central constituent; when, in computing in succession the 
determinants formed from the 3 ~, 5:, 7 ~ &c., constituents symmetrically 
situated with respect to the central constituent, we approach, without 
limit, a determinate magnitude, the determinant may be called convergent, 
and the determinate magnitude is its value. 

In the present case, there can scarcely be a doubt that, as long as 

the series ~ 0 ~  "~ is a legitimate expansion of 0, the determinant V(o) 
must be regarded as convergent. 

We will give another equation for determining c. We have 

The diagonal line of constituents in V(<~)  is represented in general by 
the formula 

~6i(i + ~0o) .  
(4i)"'-- I ' 
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and when the factor corresponding to i = o is omitted, the product 

1 ]  J i=+~ 16i( i  + V Oo) = ~r sin(~rv'O o) 
i=-~ (4i) ' ~ - I  8 ~,/0--~ 

Consequently if we put 

. . .2  g 0, 0.: 0~ 0, 
I . . . . . . . . . . . . . . . . . . . .  , ~  

8(2--~Oo) 8(2--xo o) 8 ( 2 _ x o  o) 8(2--(0~ 

o, o, 0, 0,, 
4(i__~v/0__~) -i t- I __ __ ... 4 ( I -  ~/0~ 4(I--~/0o) 4(I--V'O o) 

�9 -.+ o. + G + o + G + G ... 

r 0~ 0, 0, 

4('  +~/G) 

, ~ 1 7 6  

1. 
- - +  i 

�9 ~ ~ ~ . ~ ~ ~ ~ ~ , 

a determinant, which, having o for its central constituent, presents some 
facilities in its computation, we shall have, for determining c, the equation 

In the lunar theory  Oi is a quanti ty of the 2i tb order, and I - - ~ / ~ ,  
a quant i ty  of the first order; hence it is clear that, if we are willing to 

.admit an error of the seventh order in c, the determinant 

- - - - - - ~  

2 0 o - - I  

If, neglecting then quant i t ies  of the seventh order, we put 

= tg  0, 
8 ~/oo(Oo - , )  
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0 will be ~ small angle, and o will result from the equation 

sin (2~/0--~-- 8 ) 

sin ({ o ) =  eosO 

This formula, although it invoices the same coefficients 0 o and 0, 
as the approximate formula previously given, is two orders more exact. 
A greater degree of approximation can be arrived at only by including 
the additional coefficient 02. Employing the numericaI values already 
attributed t o  00 and 0~, we find 

0 ~--- 2 5 ' 4 I . " 3 9 5 ,  o =  I.o715815, n d t  = ~ 1 7 6 1 7 6  

It is better, however, to employ the equations 

4~OK(O o I) -- tgO, eos(zrO) eos(zr~Oo--- O) 
--- cos (~ ' 

which give 

- -  5 I '  22" .6 t85,  o =  I . o 7 1 5 8 3 7 8 6 5 ,  
I dw 
~ dt  - -  ~176176 lo2o. 

The determinants ~ (o) and l~ (~,,'~) can be replaced by infinite series 
proceeding according to ascending powers and products of the coefficients 
0,, 02, ac. 

Let us take the first, as being in more respects the simpler. It is 
plain that the element of the determinant formed by the product of the 
diagonal line of constituents is the only term of the zero order in it. 
Then one exchange always produces terms of the 4 t~ or higher orders, 
two exchanges terms of the 8 th or higher orders, three exchanges terms 
of the i2 th or higher orders, and so on. Now let i ,  i ' ,  i " ,  . . .  be po- 
sitive or negative integers, of which no two are identical, written in the 
order of their algebraieal magnitude, and let {i} stand for (2i) ~ -  00. 
Then all the terms of D(o), which are obtained by o, i, 2, and 3 ex- 
changes, are contained in the following expression, which is, consequently 
affected with an error of the 1 6 th order, 



~(o )  = , -  
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Z . o 

. . ,  % ' t j i '  ~ 

_0" " + Z ;'-iO;"'-c 
,,,,,,,,,,,,, { / l{ ; l{ ; '}{ i" ]  

- - 2  2.., 0~,_, 0~,,_~, 0~,,_~ 
i , i ' , i"  J~'l J.;'lJ gel 

I~J l  " t l "  J 

E ,, . ,~ O i v i n "  0~'_~ 07'"_~,, "2 
i, i' i" (% i~v ~v I , ; l l . ; ' l l g ' ~ l J g ' ~ q l , ; ~ v H g v l  

. . . .  I ' J / "  Jl ~ Jl" Jl" Jl ~ J 

+ 2 + O~'--~O~:"-~"O,,,'-cO,,,'_c'l 
i, i', i", i'", ,i w J , ; I  | , ; '  I J,Y" I j ,2"~ IJd~v I 

I " I t  ~' J l "  J l  ~ Jl  ~ J 

29 

Y 
+ 8,,,_~8~,,_~,8c,_i,0c,_~ . 

- -  2 ----. 
', ~','",'"' {i}F'l{i"}{i"} 

Par t icular iz ing the summat ions  in this expression, and reta,ining only 
terms which are of lower orders than the I 6  th, w e  get 

[ ]  (o)  = ~ - -  o . ,#,.,: + ,} - o ~ i~ , '+  2 ] - -  o~ ' o ' ~ i *  s} 
I ' } t "  * I ' f l  i i ' : J |  - -  

i I t "  l t J i ' t U  ~ + 1] 

Z ,,* {qF + 'l{;}V' + ~} 

9 Z I 20iO.. ' {@: + qF + ~} 

I ~ J l  ~ }~ 

- -  0 ~, ~,," ,,, !~itli~l + ill~"~,;' + W I t  ~ flt;"~;" + 1 ~  i1~ l} 

+ 
' " " "' I I i '  2] �9 ,., 1 i l l i+  xl{,}{, + ~{. + 

t 

/q{ i + '}{'/+ ~}F + s} $ 
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The functions of Oo, which are represented by the summations, can 
all be replaeed by finite expressions. For brevity, let us put 8 o = 402, 
then resolving the expression into partial  fl'actions, i being taken as the  
variable, we have, for instance, 

I I Z I 
~ , i ~ ! i  + k} - -  ~6 , (o  + i)(o -i)(o + i + I~)(o-- i - -  1~) 

! lq 

= , 6  , U ~ - ~  + ~7--- i + o + r + l~ + o - -  i - -  I~ ' 

where A, B, C and D are determined by the equations 

- ~/~,o(2o + z : ) c =  ~, ~ . k o ( ~ . o - - / ~ ) D  = i .  

But, as is well known, 

Z ' Z I E I Z I 
~ O + i - - ~  ~O-:-i-~- ~ O + i + k - ~ -  i O - - i - - k  = ~ c ~  

Consequently 

I 
Z;{~ l l i  + k I --  16 (A + B + C' + D)re cot.gr, O 

r, cotg ~0 
80(40 ~ -- t~ ~) 

4 ~10o ( 0 o - -  k ~) 

In like manner will be found 

E I 
,{q{i + kl{i + k' I 

t 3 8o (k  '-''~- Irk' + k'*) 

E ' I 
,/q{~ + ,,,{, * h,,i + I~ + i] 

" II . 

( ) ' 5 e)o - -  (/~'-' + t) re cotg ~ ~/go " 
3-~ Cgo(Oo--,)(~o- k")-[~o- (k + , ? ] io0-  ( k -  t)'3 
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By at t r ibut ing,  in these equations,  special in tegral  values to k ,  wi l l  

be obtained the values of all  the single smnmat ions  appear ing  in the 

preeeding expression for D (o). Wi th  regard  to the double  smnmations ,  

we m a y  proceed as follows: subst i tute  i - t - k  for i', then resolve the ex- 
pression under  consideration into par t ia l  fractions with respect to i as 

variable ,  and sum between the l i m i t s -  eo a n d - q - c ~ ;  the fractions 

occurr ing  in the resul t  thus  obtained are next  resolved into part ial  frac- 

tions wi th  reference to k, and the summations ,  wi th  reference to this 

integer,  are taken be tween the l imits 2 and -I- ~c;  or which i s t h e  same 

thing,  between t h e  l imits  o and -I- c-~, and the terms corresponding to 
k-----o and k = i subtracted from the y result .  

tion m a y  be t reated in an analogous mariner.  

!2  i 
~,,, {i}{i + ,}{q{i' + ,1 

/7: / - - \  

- -  32~ /00 (  I - -  190) ~ t_ ~.'Oo ('t o "j- - -  190 

The single triple summa- 

Thus we get 

9 1 . . . .  "or- 2 (4 - -  Oo) ' 

Z I 

" " '  [ i ~ ! i  4 I}li'}{~' "t- 21 +'+ I II 

, 

16.~, 0--~(I 00)(4 Oo i I_ %'00 Oo -It- I - -  0 o 
2 5 ]  

- - - -  + 4-7-0; + 9 ~ - 0 ~ ,  

�9 ,., 1i}1i + t lli'}{i' + ,}1i' + 2} 

3~ eotg 2~,' o [rr eot~(r, VJOo) , 2 

64~  0--~(, - -  00)"(4---  0o)/_ ~ Oo -Jr- , 0--~ 

2 20 ] 
-ta 4 - -  0-----~ nt- 3 (9~----- 00~ ' 

:':!!~ + I}VIV + '}VW'  + '} 
i ,  "'. ""  I J !  

,~sr - -  <)~ + F - -  : -  

2 5 I 2 4 9 9 4 
~ 8 0~- -t- O-~ q I - -  O. nt" (l - -  Oo)* ~ 8(4 --- 0o) nt- (4 --  0o)" 9 Oo 3 O0 " 
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From which it follows that  

~ ( o ) =  I + 

+ 

+ 

(~4) 

2 [ o~ o~ 
4vTZ 7----~7 + 7 -  0---7 

o~ _] 
q- 9 - -  0.~. 

(~ ' - - )  "zcotg(a v'Oo) I 2 cot,g ~VOo [ .~ ,--  

3~vo-7<,- oo)'/_ 7 ~  Oo + , -  Oo 
9 -l'  

q 2 (4- -  /905 O, 

3r. eotg (7 , .0o)  

+ sv'o-7(~ -- 03(4 oo) rr 

) 
, 7 ~  z g):li-g +,-Oo 

9 l"~~ + 
2(4 - -  0o} ] %,i0-'- ~ 

2 5 i 2 4 
~ o  + ~ + I ~ o  + (, - Oo)' 

9 
8 ( 4 -  O o) 

9 4 a~ I 
-I- (4 _ 00),~ 9_(40 300 07 

3Z ~i0---7(, __ 0o)'~(4 _ 0o)I_ V"-O-~ ~ + - - -  

2 ..o ] 
q- 4 ~ 7  q- 3 (~----- 0o)_ o1,9., 

+ 
I6%,"0-~(,--- (90)(4 0,~] I_ i]~-o (4o 

2 10 -[ 
+ T-~-- o-7 + 9 -  Oo oY~4 

[ - - -  ~ 0  

+ - -  8t8,,0,~ 
4~/0o( I - -  0o)(4 --- 0 o ) ( 9 -  0o) 

+ - -  O~G. 
I6VOo(l:-- 00)(4--- 0o)(9-- 0o) 
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This is the  same result  as would be obtained if, sett ing out  with 

the equation ~ ( o ) =  o, and assuming that  o = V/Oo is an approximate  

value, we should expand  the funct ion sin: (2 o)  in ascending powers and 

products  of the coefficients 0~, 02, &c. 

1V. 

In order to obtain a numer ica l  resul t  f rom the preceding investiga- 
t ion, we assume 

n - - -  1 7 3 2 5 5 9 4 " . o 6 o 8 5 ,  n ' =  1295977"L41516 

whence 

have 

F rom an 

m = o . o 8 o 8 4 8 9 3 3 8  0 8 3 1 1 . 6 .  

investigation 1 of the corresponding values of the 

2h I = + o .oo9o9  42448 77375.5 

4 h ~ =  + o . o o o l i  75731 31569. i 

6h a = + o . o o o o o  I2613  28523.8 

8h 4 

I O]l~ 

I 2h~, 
14h 7 

- -  2h 1 

- -  4 h _ ~  

M 6 h _ ~  

- -  8h_4 

- -  I o h  ~ 

- - =  I 2 h _ 6  

= + 0 . 0 0 0 0 0 0 0 1 2 6  19314. 9 

== + 0 . 0 0 0 0 0  0000 I  21722. 9 

- -  + 0 . 0 0 0 0 0  00000 01147.9  

= + O.OOCO0 0 0 0 0 0  0 0 0 1 0 . 6  

= - - o . o I 7 3 9  14939 23079.4  

= + o . o o o o o  19654 85829.2 

= + o . o o o o o  00738 I I 7 8 0 . 8  

= + o . o o o o o  00006 87885.  7 

= + o . o o o o o  o o o o o  o5777 . I  

= + o . o o o o o  o o o o o  ooo47.  5 

I 4 h _ 7 =  + o , o o o o o  o o o o o  00000 .4  

3 i ~ we  

See A m e r i c a n  J o u r n a l  of  M a t h e m a t i c s ~  Vol. I~ p. 247. 
Acta mathematica. 8. Imprim6 le 19 F6vrier 1886. 
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The values of the U~ derived from these are 

U~ - -  + 0 .00909 40932 
~ = + 0 . 0 0 0 0 7  6 2 1 9 2  

U~ -- + o . o o o o o  06474  

G - + o . o o o o o o o o 5 5  
U 5 ~ + o . o o o o o  o o o o o  

G - + o . o o o o o  o o o o o  

K = + o . o o o o o  o o o o o  

76038.2 U 1 - ~ - - o . o I 7 3 9  2186o 78260.6 

o 2 I o 4 . 5  U_ 2 - -  +O.OOOI 5 32094 08075.6  
24628.8 U_ 3 o . o o o o o  12670 56302.6 

23086.8 U 4 --  + o . o o o o o  o o l I  5 67648.  9 

47209.0  U ~  --  o . o o o o o  o o o o o  95049.5 

00403.  9 U__~ = + o . o o o o o  o o o o o  0o867.  3 

00003 .4  U 7 o . o o o o o  o o o o o  00007.2 

In combinat ion with the vahles of the Ri, which has been given 

elsewhere, '  these afford the fo l lowing periodic series for O: 

_ I - I5884  39395 96583 
o . I I4O8  80374 93807 cos 2v 

+ 0 . 0 0 0 7 6  64759 9 5 I o 9  c o s 4 r  

o . oooo l  83465 77790 cos 6v 
+ o . o o o o o  o1o88  950o9 cos 8v 

- -  o .ooooo  00020  9867~ cos iov  

+ O.OOOOO OOOOO I 2 I O  3 cos  I 2 V  

O.OOOOO OOOOO O O 2 I I  cos  I4V 

The values .of  the coefficients 80, 0,, 02 , &c., are the halves of 
these coefficients, except 00 which is equal  to the first coefficient. 

On subst i tut ing the numerical  values of these quanti t ies in (24) , 

and separat ing the sum of the terms into groups according to their order 

for the sake of exhibi t ing the degree of convergence, we get 

Term of the zero order. 
Term of the 4 th order, 

Sum of the terms of the 8 t~ order. 
Sum of the te rms  of the I2 th order,  

I.O0000 

+ 0.00180 

+ o .ooooo  

+ O.OOOOO 

0 0 0 0 0  0 0 0 0 0  0 

4 6 I I o  93422 7 
01808 6 3 t o  9 9 

o o o o o  64478 6 

~ ( 0 )  - -  I . O O I 8 0  47920 2 I O I  I 2 

As far as we can judge  from induction,  the value of E3(o) would  

be affected, only in the I4  th decimal,  by the neglected remainder  of the 

' See A m e r i c a n  J o u r n a l  oF M a t h c m a t i c s ~  Vol. I ,  p. 249. 
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series, which  is of  the  16 th order.  An  e r ror  in D ( o )  is mu l t i p l i ed  by 

2.8 near ly  in o. 

The  value ,  which  is der ived thence  for  o, is 

o =  I . O 7 1 5 8 3 2 7 7 4  16016.  

In order  t ha t  no th ing  m a y  be w a n t i n g  in the exac t  de te r in ina t ion  

of this quan t i ty ,  we wil l  e m p l o y  the  va lue  jus t  ob ta ined  as an approxi-  

ma te  va lue  in the  e l imina t ion  be tween  equa t ions  (21). The  coefficients 

[ i ] ,  a s  m a n y  of t h e m  as we have need for, have  the fo l lowing  values :  

[ ~ 4 ] - -  46.8, 

[ ~ 3 ]  == 23 .13045,  

[ ~ 2 ] =  7 .41678 o 5 6 1 5  I, 

[ ~ I ] = ~ o .  2 9 6 8 8 6 3 2 8 8  23oo  , 

[ I ]  = 8 .27577  98905  1, 

[2] = 24 .56211 3, 

[3]----- 48.85.  

I f  the quant i t ies  h, are e l imina ted  f rom equat ions  (2x) in the order  b ~, 

bl, b_2. b~, b_a, ba and b 4, it wi l l  be found  tha t  the  coefficient of  b0, 

in the  pr incipal  equat ion ,  undergoes  the fo l lowing successive depressions, 

[o] 
[0] (-1) 

[0](  I, 1) 

[0](--2,-~, ~) 

[0]<-2.-~, ~. 2) 

[ o ] (  3, 2, ~,,,,,3) 

---= 0 . 0 1 0 5 5  3 2 1 9 1  58933,  

-= + 0 . 0 0 0 4 0  72723 1 1 6 5 0  , 

- -  + o . o o o o i  50888  08423 ,  

- -  + o . o o o o o  0 0 2 5 3  21700  , 

- -  + o . o o o o o  o o o o 9  2 o 4 2 o  , 

- -  + o . o o o o o  o o o o o  03941 , 

- -  + o . o o o o o  o o o o o  oo~55  , 

[0]( 4, a.-2.- 1,1, 2, s) __ .+. 0 . 0 0 0 0 0  0 0 0 0 0  00008 .  

The  last n u m b e r  is not  sensibly changed  by the e l imina t ion  of -my 

of  the b,, beyond  b 4 on the one side, or h a on the other.  This  res idual  

is so smal l  t h a t  it  will  not  be necessary to repeat  the compu ta t i on  with 

ano the r  va lue  of e: it wil l  suffice to sub t rac t  ha l f  of it  fl 'om the assulned 

va lue  of c. T h u s  we have  as the final resu l t  

o - -  I .O7158 32774  [6012; 
and, consequent ly ,  

I d(o 
- -  0 .00857  25730  04864 .  n dt 
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Let us compare this value with that obtained from DELAUNAY'S literal 
expression 

= _ 225 4i@8I I &o 3m~ + ma + m4 + 2654_93 
n dt 4 32 2048 m5 + - -  

12822635 

24576 
~1, 6 

+ 1273925965 7I~ s 321458827~ 
589824 m 7 + ~ m + 679477248 m 9, 

where m denotes the ratio of the mean motions of the sun and moon. 
On the substitution of the numerical values we have employed for these 
quantities, this series gives, term by term, 

t &o 
n dt - -  ~1 76176  6429 q- ~ 1 7 6 1 7 6  2798 q- 0"00099 5700 + 0"00030 3 5 7 7  

q- 0.o0009 T 395 q- 0.000o2 83o0 -}- o.ooooo 9836 

+ o .ooooo 3468 = o.oo857 I5o 3. 

F r o m  the comparison, it appears that the sum of tile remainder of 
DELAUNAY'S series is o .ooooo io7o , somewhat less than would be inferred 
by induction from the terms of the series itsels And, al though DELAUNAY 
has been at the great pains of computing 8 terms of this series, they do 
not suffice to give correctly the first 4 significant figures of the quantity 
sought. On the other hand, the terms of the highest order, computed 
in the expression for U_](o), were of the 12 t~ order only; and yet, as we 
have seen, they have sufficed for giving o exact nearly to the I5 t~ de- 
cim'~l. As well as can be judged from induction, it would be necessary 
to prolong the series, in powers of m, as far as m ~7, in order to obtain 
an equally precise result. Allowing that the two last figures of the 

foregoing value of I &o ~7~ g/ may be vitiated by the accumulation of error 

arising from the very numerous operations, we may, I think, assert that 
13 decimals correctly correspond to the assumed value of m It u i ay  
be stated that all the computations have been made twice, and no in- 
considerable portion of them three times. 

' Comptes  r e n d u s  de l"acad6mie des s c i e n c e s  de Paris~ Tome LXXIV~ 

p. t 9. 


