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I n  the  p~per  >>Ahnost Per iodic i ty  and  Genera l  T r igonomet r i c  Ser ies>)by  

A. S. Besicovitch ~nd H.  Bohr  ~, devoted  to the  s tudy of w r i o u s  types  of a lmost  

periodicity,  the  type  of B-ulmost  per iodic i ty  was considered which included ull 

the  o ther  types  there  studied. 

W e  shall  quote  the definit ion of this  type.  But  first we give some auxi l ia ry  

definitions. 

We call a set E of real numbers a relatively dense (r. d.) set i f  there exists 

a number 1 > o such that any interval of length 1 includes at least one number of 

the set. Such a number 1 is called an inclusion interval of  the set. 

PVe say that a set E is satisfactorily uniform i f  there exists a number b > o 

such that the maximum value v(b) of the number of numbers of E included in an 

interval of length b is less than twice the minimum value #(b) of the same number, 

i . e . , i f  

< 2F,(b). 

Obviously  we may  a lways  assume b an  integer .  

Definition of B a.p. functions. We say that a fienction f ( t )  O'eal or complex) 

of a real variable t is B-almost periodic (B a.p.) i f  corresponding to any positive 

number e, exists" a satisfactorily uniform set of numbers 

�9 �9 �9 T - - 2  ~ 2 ; - - 1 ~ T  0 ~ T  l ~ T 2  . . . 

1 Aeta m~them~tiea Vol. 57. 
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such that 

(~) 

and 

(3) 

x + ( , '  

a ;  

< e  for all e > o  

M.~,{If(x + *~) - f ( x ) l }  < ~ for all i 

k 

(Mi, Mi, M~, M~ denote respectively the mean value or the upper mean value 

with respect to all integral values of i, or all real values of x.) 

Denote by A the class of all exponential polynomials s(x)~-2ae ~ ,  where 

all a are arbitrary real or complex nmnbers, and all g arbitrary real numbers. 

We say that  a function f(x) is a B-limit function of the class A, if given any 

> o there exists a function s(x) such that  

M~ { I f ( x )  - -  s(x) I ) < ~ .  

The class of all B-limit functions of the class A is called the B-closure of the 

class A and is denoted CB(A). The main result of the quoted paper, concerning 

B a.pl functions is that  the class of B a.p. functions is identical with C~(A). 
I t  was considered there whether the conditions (2)could be replaced by the 

following simpler one: 

(4) M..,: M~ ( I f ( x  + ~:i) -- ,f(x) I ) < ~ .  

But it was proved that  the new type of almost periodic functions defined in 

this way (Ba.p. functions) is different from the type of B a.p. functions. In 

fact the class of all B a.p. functions includes the class of B a.p. functions and 

is wider than the latter. 

We shall now introduce a new definition: 

Definition of B* a.p. functions. We say that an inteyrable (L)function f(t) 
(real or complex) of a real variable t is B*-almost periodic (B* a.p.) i f  corresponding 
to any positive a there exists a satisfactorily uniform set of numbers 

such that 

(s) 

�9 �9 . ~ - - 2  ~ ~ - - i  ~ % - - 0  <C ~z ~ ~ . . .  

:c+1 

M~Mi f l f(t  + ~) - - f ( t ) l d t  < ~. 
93 
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Thus the condition (2) is replaced by its pgrticular case when c = I, and 

the condition (3) is dropped. Nevertheless it will be shown that  the type of 

B*-ahnost periodicity is identicul with that  of B-almost periodicity. Thus the de- 

finition of B*-almost periodicity does not introduce ~ new type of ~lmost peri- 

odicity, but gives a new and simplified definition of B a.p. functions. 

In connection with the quoted result on the type of B a.p. functions, in 

whose definition ~)the smoothing integration>> of (2) is completely eliminated, it 

may be said that the new definition of B a.p. functions reuches the extreme 

bound of �9 possible simplification. 

Obviously any B a.p. function is a B* a.p. function. In  order to prove the 

converse we shall prove that any B* a.p. function belongs to CB(A). 

We shall first prove ~ number of lemmas. 

Lemma 1. /~br any satisfactorily uniform set 

�9 . . ~ - - 2  < ~--1 < ~ : o - - - 0  < ~1 < ~ o . . .  

and for any non negative function @(x) we have 

(6) 

where 

b 

. . . . .  I f (I)(X 
4 

0 

we have 

Proof. Denoting 

+ ~ ) d x  < 4 ~ . ( O ( x ) }  

~(b) < z , (b) .  

-~ ~ ~(~ + ~,)d~ A (J0) -- ? ) j +  =-:,o 
0 

(7) A(jo) 

~jo + c 

(2jo + I)e . 2  

~--Je 

where ~(x) denotes the nmnber of intervals (~, ~i.+c) (--J0 ~ i ~ +J0) including 

�9 the point x. We have 
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o < Z(x) < v(c) in tl/e intervals (z-A, ~ o  + c) and (%, % + c) 

tt (c) < Z (x) < v(c) in the interval  (r + c, %) 

so tha t  we conclude from (7) 

(8) 

.% % +c 

f f , (c)  q) (x)dx  < A( jo  ) < v(c) O(x) d x .  
(2jo + I)e  = = (2jo + I)O 

v--do +c ~-Jo 

We shall consider (8) for large values of Jo. Denote  

(9) 
min (-- ~-v'o- c, % ) =  /'1, 

max (*3'0 + c ,  - -  Z-Jo) = 1'2 .  

We conclude from 

large values of Jo 

the satisfactory uni formi ty  of the set of ~ tha t  for 

I ~ - -T- -Jo  < 2 

2 ~Yo 

whence by the definition of numbers T1, /'2 we have also for  large values of Jo, 

(IO) .I  < T 1 < 2. 
2 I '  2 

Observe now tha t  

(I I) h m  - - ; ;  @ ( x ) d x  = ii-m I --- 
do~| 2 I1 J o ~  2 T~ " 

By (8), (9) 

(12) 
T~ T~ 

f t ( c ) 2 T  1 I f (rl)(X)d x ~ A( jo  ) < v(~)2T,  2 I f ( l ) (x )dx .  
e(2jo + I) 2 T 1 = = e(2j0 -+- I) : ~  

- T 1  - -  T .  z 

Denot ing by [a] the largest  integer ~ a we write 

(~3) 

By (9) 

(I4)  

tt(o)____2 I'_A > I Tlv(e)2 I '  2 ~ I T , v ( e ) [ 2 T 2 ] "  
e 2 T2 c --  2 T2 t e l  

2 1'~ > % -- z=j o + e 
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whence 

I TI ,,[T'jo--Z--j."~-C] (15) ~(-C)-2 T~IC > 2 ~  v[C) C " 

From the definition of ~(C)we conclude that r(c)[%--z--4,, + I is greater 
i_ c J 

than or equal to the number of z~ in any interval of length % -  Z_jo and conse- 
quently in the interval (V_jo, %), i.e. 

(16) 

whence by (I5) 

(iz) 

Similarly we write 

v(C)[ % - - z - j ' ' + c ] c  ~ 2J~ I 

[ T 1  t �9 ~(c)2Tlc > 2 ~  (2'~0 + I). 

(~8) 

By (9) 

whence 

V(c) 2T~ < 2/A(C) 2 ~  1 T~. 
e e :/'1 

2T 1 __--< % - -  Z-Jo-- c 

+)  2 T~ 2~,(,)(,jo- *-Jo- c) T~ < 
(3 (3 ~ '1  

[z;,,- , _ q  T~ 
< 2 , ( c )  t ...... J-=-] 2'~" 

Observing, as in (I6), 

we conclude 

(i9) 

By (I2), (I7) , (I9) 

#(c) p J ~  z~''~ ~ 2 j 0 +  I 

~(o)2T~e < 2(2j~  i ) ~ .  

T~ 

I T 1 X' f O(x)dx 
2 r~ 2 T1 

- -  T t 

% 

< d(jo ) < 2 T~2T~ 
--  T~ 

whence by (xo) we have for large values of Jo 
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(2o) 
+ T~ + T,, 

I I ( ~ ( x ) d x  < fil (jO)< 4 ~ f ~ / . ) ~ .  
4 2 l '  1 

--TI --Tu 

Taking  the upper  l imit of all terms of this inequali ty,  as J 0 - '  m 

on account  of (I I) 
c 

4 
0 

, we conclude 

which proves the lemma. 

l~emark. Obviously the  lemma holds also when % is different  f rom zero. 

L e m m a  2. I f  f (t) is a B* a.2o. function then for any ~ > o the set of all 
the values of ~ satisfying the inequality 

(21) 

is relatively dense. 

Proof The 

form set 

such tha t  

(=) 

Mt { I f ( t  + *) - -  f(t) l } < 

func t ion  f(t) being B*  a.p.  there  exists a sat isfactori ly uni- 

�9 �9 .~7--2 ~ ~--1 ( % ~ 0  ( qq (~72.. �9 

a'+l 

f 7]~ 3//l I f ( t +  . i )--  f ( t ) ld t  <-5-84, 
92 

f rom which we immediate ly  conclude tha t  

x + c  

- - i f  (23) X ~ M ~ -  [f(t + ~ ) - f ( t ) l d t  < - -  
e 584 

x 

for  any in teger  e > o. 

On account  of the sat isfactory un i formi ty  of the set of , / s  we can choose 

an in teger  c such tha t  

(24) v(c) < 2#(c). 
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F rom (23) i t  follows t h a t  the  inequal i ty  

9"0 "4- (! 

-,,," f i/(,r ~, T,;) - - , f ( t ) i d t  <- 584 ~--- 
,T o 

is satisfied for  some real  values of x o. Assume tha t  x o = o  (for we can a lways 

come to this case by the change  of var iable  t =  x 0 + t') so t h a t  

(25) 
c 

~,L. i~ f l s ( ,  + . ,)- f( t)  I clt < 584 ~" 
i i  

W e  shall now prove ano t he r  inequal i ty  which t oge the r  wi th  the above inequal i ty  

will lead to the  proof  of the  lemma.  

W e  have by L e m m a  I 

7:j + c12 x ~- c 

,; ,< ( ,  
J 

r j  - -  ei'2 a: 

d x  

(26) 
;c- t -  C 

< 4 _/IS.-ilL'- I: f If(t + ~,)--f(t) I dt < .4~.:584 
;c 

Hence  by Fa tou ' s  t heorem 

(27) 
" r j + e / 2  x 4 - c  

[ I f  [f(t J6-~u ) j" l- i- 
~ j  - -  c!'>. x 

+ ~,:) --,f(t) l dt i 4 ~ dx < 
584 

Observing now 

(28) 
vj4-('i2 . r - . c  ~j  i 3c12 x..,(t) 

f I f  I.r(, _L ~,)-.r(,)I <"I <" ' : f I f  i,(, 
, [ / - - e i2  :l' U - - e l 2  a'~(t) 

+ ~,) -f(t)I,tx i <it 

~j + e 

u 
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we obtain 

~,i+c 

M/-M~ I f ( t  + 3,) --J'(t) l d t <  8~_ 
584 

~j 

o r  

e~ 

(29) M j J l ,  I f ( t  + ~j + 3~) - - f ( t  + ~)1 at  < 584 
0 

From (25) and (29) we conclude that  there exists an integer / 'o>O such 

that  for all I > I  0 

8. 

- ~ I f ( t  4. z ~ ) - - f ( t ) l d t  < --- (30) 2 i + i ~ '  c 584 
- l s ' k ~  4 - I  

(3I) 2Ar:~-I~ r ~ .  )Tr~-~-e I f ( t  + 3k + 3 , ) - - f ( t  + *k) l d t  < . . . . . .  584 
- -  G ' G + I  

0 

I t  follows from (3 ~ ) that  the number of values of k in the interval 
( - -1 ,  + I) satisfying the inequality 

c 

(32) c' f lf(t 
0 

2 I +  i 
is less than - 

36 

+ z k ) - - f ( t ) l d t  > 36e 
584 

Similarly the number of values of k in the same interval satisfying the 

inequality 
c 

(33) Mi ~ J ; I f ( t  + ~k + z i ) - - f ( t  q-~k)l d t >  -36-Z-e 
584 

0 

is less than -8-(-21/-2 I( / and consequently the number  of values of k for which 
36 

one of the inequalities (32), (33) is satisfied is less than ! - ( 2 / +  I). 
4 
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Thus the number  n of values of k for which the inequalities 

lj 
(34) c [ f ( t  ~, ~.) - - f ( t )  ld t  <- 3--6~ 

- 584 

o 

5 f I f ( t  + ~ + ~i)-- f ( t  + ~) I dt =< -3--6ASs4 
0 

are satisfied simultaneously, is greater  than  3 - ( 2 [ +  I), i .e .  
4 

n > 3--(21+ I). 
4 

For any such value of k we have on account of (25) 

(37) :~i'ii I ] ' l . f ( t  + Tk -. r, , .)--f(t  + ~,.)ldt .~ 73~ 
c .- ~ i84 

0 

and thus  by Lemma I 

M; ( I.f(t + ~.) - - f ( t ) [  1 < ? 9 2  ~ = -~- 
584 2 

Let  k', k"  be two values of k s~tisfyin~ (34), (35). Wr i t ing  the above 

inequali ty for each of them we deduce 

(3s) M, ( I f ( t  + ,k .... ~,,") - f ( t )  l) < ~ .  

The lemma will be proved if w e  prove tha t  the set of all numbers s k ' - - ~ . "  

is relatively dense. We shall indeed prove tha t  every interval 

(36) 

(r - -  c / 2 ,  r + c /2)  contains 

contrary. Let  

be those integers of ( - - L  

at  least one of the numbers T~:,--,ft.,,. 

#j  < k  2 < ' "  < / e . .  

+ I) which satisfy (34), (35). 

of length c 

Assume the 

I f  there are intervals of length greater than  1 between consecutive nmn- 

bers of the set 

(39) ~'~',, ~I.'. . . . . . .  ~',, 
2 9 - - 3 1 3 5 6 .  Aeta mathematlca.  58. I r a p r i m 6  le 11 fgvr ie r  1932. 
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then we divide it (the set) by these intervals into groups of consecutive terms 

dis tant  from one another  not  more t han  1. I f  there is no interval  of length 

greater t han  l, then  we consider the  whole set (39) as one group. 

To each group 

corresponds the interval (zkp 

*k sat isfying (34), (35)- 

~ k p ,  q ; k p  + 1 ~ �9 �9 �9 ~ ' ~ k q  

§ r - - c / z ,  zkq + r +  c/z) which does not  contain any 

Tim number  o f  all the *i in this interval is greater  than  or equal to 

and in the interval (z%, ~lr is less than  or equal to 

and thus tile first number  is greater  than  the half  of the second one. 

The intervals (vk~ + r -- c/2, ~kq + r + c/z) corresponding to all the groups 

of the numbers of (39) do not  overlap and thus the number  of r belonging to 

I 
all these intervals is greater than  --n. None of them being subst i tuted for ~k 

2 

in the inequalities (34), (35) satisfies either o f  them. They all belong to the 

interval (z-r + r - - c / 2 ,  v+r + r +  c/2). The number  of those of them which do 

a n d  thus  o f  

th~ which d~ bel~ is greater  t han  I 2 n - -  v ( c ) [ ] ~ -  3c] .  

of all ,~ belonging to the interval  (~:-1, *+I) is greater  than  

so t ha t  we can write 

i l" ] 
2 C 

2 I +  I >  3-n--v(c) l ! r l  + c 

Thus the number  

and by (36) 
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2]@ I )9(2/'J-,)- +) 1!" [+-'-:] 
227 

for  all I>=  I0, which obviously cannot  be true.  Thus  the  l e m m a  is proved.  

then 

Lemma 3. I f  a function f (x)  is B* a.p. and i f  

x+tl '  

if fo'(x) = 6 f ( t ) d t  

x 

2 ~ ,  ( I f ( x )  - f0.(x) I ~ -~  o ,  as 6 -~. o .  

Proofi Given any e > o there  exists a sa t i s fac tor i ly  un i fo rm set of num- 

bers *i such t ha t  
x + l  

M~ M: ( I f ( t  + ~-,) -- .f(t) l a t  < ~ .  ,.! 2 0  

x 

Denot ing ,  as before, by c a posit ive in teger  sa t i s fy ing the  

~(c) < 2tt(c) we shall  have  

x + 2 c  

(4o) I f ( t  + 
; 2 0  

;g 

inequal i ty  

whence there  exists an a such t ha t  

a + 2 c  

i - -  f ( t  + ~i) - -  f(t) l d t < - - .  
C I O  

a 

(42) 

Choose a posi t ive 6 < c such t ha t  

a §  

a 

We wri te  
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(43) 

and thus by (4 I) 
a + c  

g 

a-~c. 

f lf~(t + ~) --f~(t) ldt <= 

+ . , ) - f ( t  + * i ) l d t  

a + c + d '  

j 'p'(t 
a 

a + 2 c  

f If(t 
ct 

+ *i) - -  f ( t )  I ~tt 

+ z,) - -  f ( t )  I d t  

a + c  a - c  

.... i f  i f  <= M~. Ife(t + ~,)--fe(t)ldt + M~ 
a a 

If(t + *- , ) - - f ( t ) ld t  + 

a + c  

+ f~,(t) - f ( t )  l e t  
e 

a 

a + 2 c  a + c  

< TM~ If(t + ~a)- f( t) ldt  + M~ If(t + ~)--  f ( t ) ld t  + e 
. 2 0  

a a 

a + 2 c  

< 2Mi ~ f l f ( t  + . , )--f(t) lat + -<<2o 4 ~ 
a 

Hence by Lemma I 

M ~ ( [ f , ( x )  - -  f ( x ) [ }  < * 

which proves the lemma. 

We now use .all these preliminary lemmas to prove the main result. 

Theorem. I f  a function f (x )  is B* a. p. then given any ~ > o we can find an 

exponential polynomial s (x) such that 

M. { I f (x )  - s(x)I}  < ~ .  

Proof For proving this theorem it is sufficient to prove that there exists 

a uniformly Mmost periodic function 9~(x) satisfying the inequality 

(44) Mx { I f ( x )  - ~(x) I } < 
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since uniformly a.p. functions can be approximated uniformly by exponential 

polynomials. 

By Lemma 3 there exists a ~ > o such that 

(45) 5/~ {If(x) -- f~(x)l } < e/2. 

The function f (x )  being B *  a.p .  there exists a satisfactorily uniform set of num- 

bers ~,. such that 
x + l  

( 4 6 )  M, xM, f If(t + ~) --f(t)]dt < -~2 
a~ 

Define a function go(x) by the equation 

(47) 

~+~' 

- I go(x) = M,~= f f(t + ~)dt. 

We shall have 
x+~' 

If ]]~(x) -- go(x)] <= M~ ~ ]f( t  

x 

Hence by (46) 

+ ,,) - - f ( t )  ld t  

I --- f <= 3'- M~ ]f(t  + **) - - f ( t ) l d t .  

x + l  

(4s) M.~{ I.fe(~) - -  go(x) I ~ ~ ~- M f 
x 

and by (45), 

(49) M;x ,~lf(*)- go(x) l } < ~. 

To complete the proof we shall prove that go(x) is uniformly a.p .  

x + ~ i + d  

...... i f  ]99(x + .) -- go(x)] < M~-~ ]f( t  + *) - - f ( t ) l d t  

a:-r-~ i 

x+~i+c 

0---- f < -d- M~ If  It + ,) - - f ( t ) [ d t  
x+~: i 

6 
+ z~) - -  f ( t ) [  d t < 

2 

We write 
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and by Lemm~ I 

(50) I~(x + ~ ) -  ~(x) l < ~e )/~( lax + ~ ) - f ( x ) I }  

Thus any �9 sat isfying the inequali ty 

(5 I) ~i~ { [f(x + ~ ) -  f(x) l} < Vd, 
4e 

where ~ is an arbi t rary positive number,  is a t ransla t ion number  of ~(x) be- 

longing to 7. But  by Lemm~ 2 the set of all the values of �9 s~tisfying (5I) is 

relatively dense and, thus corresponding to any V > o the set of uniform transla- 

t ion numbers of 99(x) belonging to r~ is relatively dense, i .e.,  9~(x) is uni formly 

a.p. ,  which proves the theorem. 


