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This paper is in the nature of a sequel to that  published by the author in 

the Acta mathematiea for August I932, Vol. 59, page 423. In that  paper the 

center of gravity was taken on one of the principal axes of the momental 

ellipsoid of the body corresponding to the fixed point. The kinetic energy and 

the angular momentum were assumed to be quadratic functions of w~, the projec- 

tion of the angular velocity vector on the principal axis on which the center 

of gravity lies. This assumption led to the two cases given in that  paper. The 

purpose of the paper is to find all similar cases 1 in which the kinetic energy 

and the angular momentum squared are expressible as polynomials in w.~. I t  

upholds the best traditions of workers on the top problem by giving one new 

case, but to the authors mind the most interesting part of the paper is its limit- 

ing character. I t  will be shown that  there are no more cases of this parti- 

cular type. 

The equations of motion for the top with its center of gravity on the z- 

axis are: 

(I) L~ol + (I~--L~)~o~o~: Whsin  Ocos q) 

(2) ~ io~ + (I1 - 4 )  ~,  ~,~ = - W h  s in  0 s in  

(3) 4 ,o3 + ( h  - -  L )  ~ ~'~ = o .  

I N. Kowalevski:  Math. Annalen 65, p. 528, I9O8 , tried to find all possible cases for which 

w~ and w] can be expressed as po lynomina ls  of the  th i rd  degree in w~. He found one new case, 

reference to which  is made far ther  on in th is  paper.  
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The angular  velocities (~o~, to~, ~os) are connected with Euler 's  angles (O, @, T) by : 

= to 1 cos @ - -  to 2 sin �9 

= - -  to, sin @ cot O -- co~ cos q) cot O + % 

= co, sin �9 csc 0 + ~% cos q) csc 0 

co, -= 0 cos �9 + W sin O sin @ 

~o~-= - -  Osin  �9 + T s i n O e o s O  

% = ~ + ~ cos O 

and the angular  velocities (co~, w~, to=) are connected with Euler 's  angles by: 

(I o) to~ -= O cos T + �9 sin O sin W 

(I I) ~o:/= 6 sin W --  ~ sin O cos W 

#+6cosO 

The origin, O, is t aken  at  the fixed point  and the fol lowing nota t ion  is 

used: (x, 71, z) denote  the fixed system of axes; @1, Yl, zl) the moving system which 

is t aken  coincident with the principal  axes of the  momenta l  ellipsoid at  O; 

(w,, w~, ws) are the components  of the ins tantaneous  angular  velocity vector, ~o, 

along the moving axes; (oJx,~o,j,w..) are its components  along the fixed axes; 

(/1, Is, Is) are the  principal  moments  of iner t ia  at  0;  W is the weight  of t h e  

body; and, h is the distance of the center  of gravi ty  f rom the origin. 

The classical integrals  are: 

(I3) 2 lVh cos @ - -  E - -  11 ~o~ --  I s my - -  I s co~ 

E 
which states t ha t  the to ta l  energy is a constant ,  2;  

(I4) /1 col sin 0 s i n  @ + I s w~sin 0 c o s  q) + I s wseos 0 = k 

which states t ha t  the project ion of the angular  momentum on the vert ical  is a 

constant ,  k; and, the t r igonometr ic  ident i ty  

(I~) (sin Osin  O)' + (sin �9 O) ~ + cos ~ O = I .  

In  order  to simplify our  problem we shall reduce it  to the solution of two 

I 
symmetr ic  differential  equations of the second order. Subs t i tu t ing  for  d t  i t s  

value f rom equat ion (3) in equations (I) and (2) we get:  
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(I6) I i ( I  , - - I ~ ) % ~ % d ~  + I s ( I  s - - [ ~ ) % w s d e % =  W h I 3 d o J s s i n O c o s O  

(I7) I 2 ( 1 1 - -  h ) %  ~%do~ + I~(I~ - -  Is)~o~r - -  W h ~ d w s s i n  O s i n  O.  

N o w  let  us i n t roduce  two  new var iab les  u a n d  v: 

(is) + 

(I9) v = I , ( I  1 - -  I2) co~ + I s ( I  s - - I , ) w [ .  

These  va r i ab l e s  a re  closely r e l a t ed  to  the  va r i ab l e s  used  by Hess -Sch i f f  ~ 

in  t h e  so ca l led  Hess -Seh i f f  r e d u c e d  d i f fe ren t i a l  e q u a t i o n s  s ince 12 u + 11 v = 

= (/1 --'12)(/~1 ~o~ + I~ oJ~ + I ]  oil) , t h a t  is, equa ls  a c o n s t a n t  t imes  a n g u l a r  mo-  

m e n t u m  s q u a r e d  and  u + v = (11 - -  12)(11 ~Ol ~ + I~ o i  + /3 ~o]), t h a t  is, equa l  a con- 

s t a n t  t imes  k ine t i c  ene rgy .  

I n  t e r m s  of t he  new va r i ab le s  equa t ions  (I6), (i7), a n d  (I3) b e c o m e :  

(2o) 

(2i) 

(22) 

% d v = 2 W h I s d o.~ sin 0 cos �9 

% d u  ~- - -  2 W h  I s d % sin 0 sin q) 

2 W h  cos O = E (I ,  - -  I~) - -  (u + v) 
1 1 - - 1 2  = ? "  

W h e r e  V is a n e w  va r i ab le  def ined by e q u a t i o n  (22). I f  we n o w  s u b s t i t u t e  

fo r  sin O s i n  (/), sin O e o s  O,  a n d  cos q) in e q u a t i o n s  (I4) a n d  (I5) t h e i r  va lues  in 

t e r m s  of  u ,  v, a n d  V we ge t :  

- -  I1 (I1 - -  I2) . ,~  d u + I2 ( L - -  _r2) o, ~ d v + I~ ( I  1 - -  _r2) , 1 o, s do,  s = 
(23) 

= 2 W h k h ( L - -  I 2 ) d %  

- - 2  2 2 
I l I 2 ( I ,  - -  I~)W~l dU * I l  I2 ( I t  - -  I2)w~-~v 2 + I , I ~ ( I 1  - -  I 2 ) I i v  d o ,  s = 

(24) 

Of course  i t  wou ld  be poss ib le  to  e l imina t e  COl ~, w~, and  ~ f r o m  equa t ions  

(23) a n d  (24) l e av ing  tWO d i f fe ren t i a l  equa t ions  in t h r e e  u n k n o w n s .  H o w e v e r ,  

f o r  ou r  f u t u r e  w o r k  th is  will  n o t  be  neces sa ry  and  t h e  p r e s e n t  f o r m  is eas ie r  

a n d  s imp le r  to wri te .  T h r o u g h o u t  the  p a p e r  t he  p rac t i ce  is fo l lowed  of  w r i t i n g  

P. A. Schiff: Mosk~u Math. SammL 24, p. I69, I9o 3. 
2 2 T = L ~o~ + ~ o)~ + I~ ~o.~, U = I~ ~ + I~ ~o~ + I~ ~o~ 

:2 2 

where ( f ,  g, h) are the eoordinates of the center of gravity. 

The Hess-Schiff variables are: 

S ~ f l l  oil + g l ~  oJ2 + hI~ ~ 
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all equations in the simplest possible form, but of discussing said equations as 

though all replacements had been made. Equations (23) and (24) are necessary 

and sufficient conditions, that is, they are equivalent to the Euler equations as 

long as u, v, and o~.~ are all variable. I t  is obvious that  they are necessary. 

The sufficiency part has been discussed at great length by both St~ickel and 

Lazzarino. * Sti~ckel and Lazzarino discussed the Hess-Schiff variables, however, 

the u and v of this paper are merely linear combinations of the Hess-Schiff 

variables. 

Equations (23) and (24) are, as has been pointed out, necessary and suffi- 

cient, but on the other hand they are very complicated and not symmetric. Two 

symmetric 'equations which are much easier to work with will now be obtained. 

These new equations have the disadvantage that  they are only neccessary conditions. 

To obtain them we differentiate equations (23) and (24) with respect to w 3. 

d~*l d ~  dv  
After substituting for ~ ,  d~wa, and d ~o a their values as obtained by differentiat- 

ing equations (I8), (I9) , and (22) with respect to ~o a and collecting terms we get: 

- - 1 1 ( I ,  - -  ~ )  ~ d~ u _ ,  ~ d ~ v du  
CO, da~ + I~( I~- -  l~)~O~-d~i + I3 ( I~- -  . ~Oa d - -  

(25) 
+ _r~(Ia-  2 I ) o ,  d,~ 

1 3do.) 3 
+ ~i ( r ,  - I , )v  = o 

(26)  + 

L g ( x , -  I~),~ du d'u io~..,~ d,, d*v 
d wa d eo ~ + I i  I~ ( I 1 -  _ _ + : , w ,  d t% d to~ 

I du  dv  ( du  d r )  + 
\ d % l  + 

o,l v  d,'i 
+ * r l " q ( I ~ - I 1 )  ~id~,,d - I , I , ~ v  -d~ + d ~ f  

I t  

~ O .  

is easily seen that equations (25) and (26) are linear combinations of 

the following: 

(27) 

Ix (I1 - x,) ~ d' u I d u  d v  d v  
2 d oJ3 d wa + I l  I~ ~% d~-  s 

+ 

d u  
+ ~ ( I ~ - / ~ ) o , ~ G ~  I l I ~ = o  

1 p. Stitckel: Math .  Ann .  65, p. 538 , I9o8. Math .  Ann.  67, p. 399, I9O9. - -  O. Lazzar ino :  
Rend.  d. Soc. reale di Napol i  (3 ~ ) I7, p. 6 8 - - I 9 I I .  R. Accademia  dei Lincei  a t t i  28~, p. 266; 

p. 325; p. 34 I, I919. R. Accademia  dei Lincei  a t t i  28~., p. 9; P. 259; P. 329, I9X9- 
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I o ( i i _ i . o ) ~  I d u  d v  d u  
" 2 d %  dca a dw~ 

(2s) 
dv  

+ I~(I  3 - -  1 1 ) o 9 ~ -  - -  I e I ~ v  - -  o. 
d w a 

In  actual  e0mputat ion it seems advisable to use both pair of equations,  

i. e., (23, 24) and (27, 28) ~lthough the sufficiency conditions might  be determined 

by subst i tut ing directly buck in Euler 's  equations and in the classical integrals. 

Certain obvious simplifications appear  upon writing down the conditions tha t  the 

values assumed for u and v shall satisfy both sets of equations. 

Let  us now assume that  u and v may be expressed in the form: 

(29) (lU __. Z e l (h i  -~ I)013 hi, i. e., ,, = B 0 @ Bio) bi+l 
d o) 3 i = l  /=1 

(30) 
n n 

d v _ Z Ai (ar + I) OJ~ ai, i.e., v = Ao + Z Ai 0)~ ~i+1 �9 
dw3 i=1 i=1 

For  convenience we write down: 

(3I) ~ d % l  = ~-~ B,  Bj(b, + I)(bj-}- I)ojabi+bi 
i,i=l 

~ d V ~ 2 n 
(32/ ~dcoa! = ~, A~Aj(a, + I)(aj q- I)r 

i,j=l 

(33) ( dd2~) ( d~v~;)= ~ AiBj(ai + I)(bj + I) r 
i,j=l 

d 2 u ~ B i  bi (bi 2l- I) fob z-'-I 
(34) dww - -  i --1 

d2v --  Z A!ai(ai + I)wa**'-l" (3s) d 

F r o m  e q u a t i o n s  ( i 8 )  a n d  ( I 9 ) w e  h a v e  

(36) /1 ([1 --  I~) ~o~ = Ao + Ia (12 - -  Ia) foe + ~A xaz • . . . .  ~a 'a /+l  
i= l  

3 9 - -  33617. Acta mathematica. 62. Imprim6 10 18 avril 1934. 
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(37) • l~.~,~bi+l 

i= l  

(38) 

From equation (22) we get for 

- -  - -  ~ Tt. t.~bi+ l ~ (l:l--Is)v=E(L--Is) (Ao + Bo) (a,~o~ ,+~ + ~,~.~ ,. 
i= 1 

Upon substituting these vulues in equations (23) , (24). (27). and (28)we 
obtain the following: 

(39) 

A,B~ ( a , -  ~) o,0.,,+~+' + ~ [~3 A, (  (~3 --  2~)~,-- 11 :o,:, +-~ + 
i , j : l  i : l  

+ I~ B,  ((~3 --  rs) ~, --  Is } o,~,+~ + Bo A, (~, + ~) ~o~, --  Ao B,  (~, + ~) ~,] + 

i,j, t~=1 

+ xl [E(r,--I~) --  (Ao + Bo)] ~,~ = 2 W h k ~ , ( Z ,  --  ~rs). 

[I~A, AjB~(a,  + I)(aj + I) o.,~ e+' + I s A ,  B iB~(b j+ x)(b~ + ~)w~+~J+~ +~] + 

~Z 

+ ~ [I~I3(I3--I~)A, Aj(a, + I)(aj + I) a-+o.+2 e%~ 3 + 
i , j~l 

+ I T s I 3 ( L , -  I 3 ) B i B j ( b i  + i ) (b j  + I)ojbi+bJ +2 + I ~ B o A ~ A j ( a ,  + I ) ( a j  + I) co;"'+*"3 + 

(40) 

I, 
+ L.AoB, Bj(b,+ II(bj+ ~)oJ~+b~+ i _ (A,~o~,+~ + ~ , ~  , +Bjco~+~)] - 

2 L I s ~  [E(J,  - I ~ ) -  (Ao + Z0)] ~, (A;o~,+' + Bi ~ ,+ ' )  + 
i=1 

+ / 1 / 0  I ~  [E (I1 - -  Is) - -  (Ao + Bo)] 2 ----- 4 W s h~/1 121~ (I1 - - / 2 )  
I~ - -  I~ 

n n 

(2b j+a ,+  I)A, Bj~o~, ~+ I3(Is--Is)(bi+i)~+ I _ L 2 l _ . ~  + 
i, 1 

(4I) 111~ ~ A ai+l I)o~b~ - I ]  + ZlI3(a, + ,) + Z ~ l . . i o ~ ,  + a o B ,  b,(b, + 

I, I~ [E(I,  - -  ~ ) -  (Ao + Bo)] ---- o. 
1 , - - I 2  
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n 

~2 (ai + II(2ai+ bj+ a.+b~ + Z I  i3(I3_~/'l)(ai+ I)2 + s 1-I2I~-I2JIA'(~0ai+l@* "~ 
ij=l \ 2 ] i=l t  

{ Z2I~ } (.0 bi+l (ai-~ l) (.Og i--1 ] (4 2 ) + --Z~13(b, + I) + ~ 1 ~ ;  Bi + eoAiai 

Is I~ [ E  (/1 - -  It)  - -  (A0 + B0)] = o .  
I , -  I~ 

I n  order  t ha t  the values assumed for  u and  v as given by equat ions (29) 

and (3 ~ ) shall  be solut ions of equat ions  (23) and  (24) it  is necessary t ha t  we 

shall  be able to de termine  values for  the  a rb i t r a ry  cons tants  such t h a t  the  ex- 

p r e s s i o n s  given in equat ions (39), (40), (4I), and (42) become identi t ies  in r 

Values of the  cons tants  which reduce equat ions  (39) and (40) to ident i t ies  

in ~% lead to solutions of the Euler  equat ions since equat ions (23) and (24) are 

necessary and sufficient condit ions.  Equa t ions  (41) and (42) are used in so fa r  

as possible to compute  the cons tants  since they  are so much  easier  to work  with. 

There  are several  genera l  conclusions which may  be drawn:  

I .  To show tha t  a~ and b,~ cannot  be t aken  as f ract ions:  

The coefficients of coa,,+b~ in equat ions (41) and  (42) vanish only if A~ or 

B~ = o or if  

2bn + an + I ~ - 0  

2 an q- bn + I ~ o 

I I 
t h a t  is if  a,~-~ bn . . . .  Bu t  if  we take  an = bn = - - - ,  then  in order  to 

3 3 
make  the coefficients of w% -1 and  r@* -1 vanish  we mus t  take  A o = B o ~ o. 

Fur the rmore ,  if  A 0 = Bo = o then e i ther  I 1 = I s or the  energy  constant ,  E,  

equals zero. 

W h e n  al ~- bl = o we have:  

A 1 BI 11 I~ [ E ( I  1 - -  i t  ) __ (A ~ + B0)] = o 
2 L - I ~  

A, B1 I2 I~  [ E ( I I _ I e ) _ ( A  ~ + Bo)] = o .  
2 L - - I ~  

Subt rac t ing  shows E = o. I f  I 1 = I t  we have the L a g r a n g e  case. 

Fo r  the  top the  energy  constant ,  E ,  is an essential ly posi t ive quant i ty  not  

zero. There fore  there  is no point  in s tudying  the possibili t ies if  E = o. 
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I I .  To prove tha t  m must  be taken equal to 2. 

Let  us now assume tha t  

a i =  I T -  I i =  1 , 2 , . . . , ~  

h i - -  i - -  I i =  1 , 2 ,  . . . ,  ~ll. 

For  this par t  of the discussion we assmne 

~ > m > I .  

(Assuming n = m = I leads to a case in which r = a constant  and our 

equations do not  apply.) I n  order to successfully equate coefficients in 

equations (4I) and (42) we must  have the exponents of the two highest  

degree terms equal, tha t  is, the exponents of oJ~: - 1 + ' - 1  and r * must  be 

equal which means tha t  m = 2. 

I I I .  To show tha t  we cannot  hope to find a solution by taking n >--7. I f  we 

assume n = 7  and ~ = 2 then equations (41) and (42) are of the 7th degree 

in w~. Consequently upon equat ing coefficients of all powers of w 3 to zero 

we obtain 16 equations to satisfy which we have at our disposal 

3 B 's  + 8 A's + one condit ion on E + 2 relations 

among the l ' s - -  14 arbi t rary quantities at  most. 

Unless it should happen tha t  the coefficients are not  independent,  then the 

equations cannot  be satisfied. The relations which may be taken among 

the r s  are somewhat  limited since they are positive quantit ies and also 

since they must  be chosen so as to form the sides of a triangle. For  

n > 7 the si tuation is still worse. A similar a rgument  could be given to 

show tha t  n cannot  be taken equal 6. The case of n =  6 will be t reated 

by computa t ion also. 

I f  we assume m = 2 and , = - 6  and equate to the coefficients of all 

powers of w~ in equations (41)  a n d  (42) we obtain the following set of 

conditions to be satisfied: 

(43) 2 A o B~ + I A1 B~ I~ I ~  r r. ~- I.,) - -  (.40 + Bo)] o 

(44) 2 A ~ B  o + ~ A ~ B ,  ~ I ~  . , 2 / 1 - -  L_ [E (I, - - /~)  - -  (.40 + Bo) ] --  o 

�9 - ~  �9 B1)  o (45) 3 A~ B~ + A_o B~ + / 1 / 3  A, + I 3 (I.o - -  5 )  BI . (A1 + = 
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(46) 3AeB1 q- 6A sB o + A ~ B e - I ~ I  sB 1 + I  s ( / 3 - I ~ ) A l + -  (A1 + B~) = o 

(47) 4A2B'~+4Is(Ie--/3) Be +_3A~B 1+ 2 / 1 I ~ A ~ + - -  
2 

(Ae + Be) = o 

(48) 

15 4AeB~ + 4Ia(Is--  I~)A~ + ~ AsB~ + I2 A4Bo-- 2I~lsBe + 

11~___1~( § A~ + Be)= o 

Ii I ~  . 
(49) 5A~B~ + 2A4B 1 -t- 3I l I3As + ,_ __-~ A~--=o 

1 1 1 2  

(50) 9A~B~ + 9Is(Is--I~)Aa + I4A,  B~ + 2oA~--Bo + i~ ~A~=~ 

i l i~  A 4 =  o (51 ) 6A4B~ + AsB1 + 4IlI3A4 + i~__ie 

(52) ~6A4B2 + I6/-3(/a --I t)A4 + 4--52A~B1 + 3oA6Bo + - -  

I l I~  A s =  O (53) 7 A~B~ + 3A~BI + 51, I~A5 + 1-~1~ 

(54) 25 AsB~ + 25 1~ (Is -- I1)A5 + 33 A6 B1 + ~ A5 = o 

_r~ I g 
11 - Ie A4 - ~ 

(55) 8AsBo.+ 6TIIsAG + ~ - 7 - A ~ : o  
I I - - . L  2 

I e ~  A6=o. (56) 36 A, B~ + 36 Is (Is--I1) A6 + i1 ~ 

Equating the constant terms of equations (39) 
two equations which must also be satisfied: 

and (40) gives the following 

(57) A1 Bo - -  Ao B1 = 2 W h  k ([ ,  - -  Jr~) 

(58) I~BoA~-4- I~AoB~ + - - - -  /1 19 I g  [ E  ( I  1 - -  I~) - -  (A o + Bo)] e = 

= 4 W"heIl r . g  (Zl--_r~). 
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IV. To show tha t  A 6 and A~ must be taken equal zero i. e., n must  be taken -- 4. 

To satisfy equations (55) and (56) respectively B 2 must  be chosen: 

Bs  = I.~ (6 L Xs - -  6 1 ~  - - / , / . 0  
8 ( / ,  - - / s )  

B 2 =  I3 (36 I I  - -  3 6 / i  Is - -  36 1 , 5  + 35 Is/3) 
36 (/1 --  Is) 

But  if we eleminate A6B1 between equations (53) and (54) we find tha t  Bs 

must also satisfy: 

B~-- 13(I41' I8 --  2 4 I s / a - -  8oi1 + 801112) 
" 5 2 (I1 - zs)  

For these three values of B~ to be consistents the I 's must satisfy: 

63I ,  I 3 - - 7 o l s I ~ - -  I26I~  + I 2 6 1 1 I ~ - o  

4 1 I l l a - - 4 8 I s I  a -  82I~  + 8 2 / , I ~ - o  

whieh is not  possible. 

Therefore we must  take A+ or A5 equal zero. Again if A+-= o, B.~ must  

be chosen so as to satisfy equations (53) and (54), tha t  is, 

B., = I.~ (5 I , / s  - -  5 11 - - / 1 / . . ,  
7 ( I1  - -  / '2) 

B.2 = / ' ~  (25 11 -- 25/1 Is -- 25 111.~ + 2 4 1  ' I2) 
25 (I1 --  Is) 

And also Bs must be chosen so as to satisfy the equation obtained by eliminat- 

ing As B j between equations (5I) and (52): 

B ~ = I 3 ( 7 I ~ I 3 - - I 5  I~I.~--52I~ + 52/~ Is) 
38 (z1 - 5) 

For  these three values of B~ to be consistent the l ' s  must  satisfy: 

5 o I ~ - -  5 o l l I ~ - - 2 5 I l I ~ +  2 8 / s I 3 = o  

17411 -- I7411L2 -- 87 Il I~ + IO5 [ s [ ~ o  

which is not  possible. 

Final ly if A 5 = o and A~ = o we see at  once from equations (53) and (54) 

tha~ B x - - o .  To satisfy equations (55) and (56) B~ must  be ehosen: 

B2 = I.~ (6/~ Is --  6 I~ - - / 1  I.~) 
8 (L - I~) 
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/2 (36 IF - 3611/2 - 36 rl /2 + 3 5 /2 I.~) 
3 6  (I1 - -  I2) 

And  also B~ mus t  be chosen so as to sat, isfy the  equat ion (51): 

/2 (4 Ix I - , - -  4 IF - - I  x Is). 
3 2  = 6 ( /1 - -  /2)  

For  these values of B2 to be consis tent  the I ' s  mus t  sat isfy:  

63Ills -7o/213-- I 2 6 I F  + I 2 6 / 1 / 2 = o  

11/2 --  e l F +  2 1 1 / 2 = o  

which is not  possible. 

There fore  n cannot  be t aken  g rea te r  t h a n  4. 

Taking" n - - I  and n = 2 leads to the  two eases given in my previous paper.  

The ease of P. Field publ ished in the  Aeta,  vol. 56, is a special  case of n = 2. 

Tak ing  n = 3  corresponds to the  ease of N. Kowalevski .  ~ 

N e w  Case .  

I f  we take  n ~ 4, t ha t  is if  we assume 

u =  Bo + B1 os  + B2 w 
4 

v Ao+~_ j  A i ~ 0 )  3 

we come to a new case. 

The  constants  have  the fol lowing values:  

I ,  Is  (64 I~ - -  6 4 / i  Is  + ~ 5 I~) E 
A o =  

2 (L~-- 2 / 1 ) ( 9 I  ~ - -  5611/2 + 64I~ )  

As = / 2  (4 I~ - -  3 Is)(64IF --  6 4 / l  Is + 15 1~) 
2 (I611 - -  9/2)( /2 - -  211) 

& =  Zs(411 - 3 I ~ ) ( ~ 5 I F  - i6 I,  /2 + 3 I~)(9 x~ - 5511~rs + 64IF) 
16(16/1 - -  9 Is) (I  8 - -  2 I ~ ) I 1 E  

= _  4 I ,  /2 G - : I1) E 
B~ (9 I~ - -  56 11/2 + 64 IF) 

B2 = Is (4 I~ - -  3 /2 )  
2 

and B j = A  l = A s = A 4 = o .  

1 N. Kowalevski: Math. Annalen 65, p. 528, 19o8. 
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To find T and  the  t ime 

troduced.  Knowi ng  T the  space 

pletely described. The  equa t ion  

x~ y~ z~ and is: the  ~o's f rom co~ ~-co~ ~ 

The  l ' s  mus t  sat isfy the  re la t ion:  

I~ (16 I ,  - -  8 I.J Is---- 
I6  I~ - -  913  

and E mus t  be taken:  

~ E =  4 W h ( I . ~  - -  2 I , ) (9  I~ - -  5 6 / ,  h + 64 /~ )  
( 4 / 1 - -  3 / s ) ( 6 4 I ~  - -  64111s + x5 I~) 

The projec t ion  of the angu la r  m o m e n t u m  on the  ver t ical  equal  zero, t h a t  is 

k - ~ o .  

I t  is easy to show by numer ica l  computa t ion  t h a t  the  condit ions canno t  be 

satisfied by any  o ther  choiee of constants .  

The value of t an  a) is ob ta ined  f rom equat ions (20) and  (2I) and  is: 

du  
e~ deo3 

tan a) ~- 
d v  

o~.. d ~o s 

in t e rms  of o 2 elliptic funct ions  mus t  be in- 

cone could be found and the  mot ion  corn- 

of the body cone is ob ta ined  by e l iminat ing  

Ia (9/a  - -  16/~)a (8 I 1 - -  6Ia)SZ*l - -  256 I{ (8 I x - -  3 I.~) (8 I1 - -  5 Is)Yt - -  

- -  I6I• (la - -  2 I1) ( 9 I  3 - -  16Ii)Sx~ z~ - 256I{  (/a - 2 I a ) ( 9 I  3 - -  I611)x~ y I - 

- -  3 2 I i  (27 I~ - I 4 4 I ~ I  1 + 32o laF1  - -  256 I~)  (9 Is  - -  I 6 / , ) y l  zi ~ - o .  

The l i tera ture  on the top problem is extensive but  it  is ent i re ly  a l i te ra ture  

of special eases. Kle in  and  8ommer fe ld  in the i r  huge  work:  , ,Theorie des 

Kreisels>> I9XO, p. 39 I, have  sugges ted  the  possibil i ty of in te rpo la t ing  be tween 

the  two movements .  Thus  if we can find enough speeial eases we may  yet  hope  

to know someth ing  of the  mot ion  of the unsymmet r i e  top. 


