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I. I t  was shown by Hardy and Litt]ewood ~ that an analogue of the ordinary 

mean-value theorem for Dirichlet series exists fo'r the Riemann zeta function on 

the critical line. Writing 
T 

z ( r )  f l~(�89 + it) l~dt 
0 

they showed that  
I(r) - r log r (i.i) 

as T ~ o o .  

.k substantial advance was made by Littlewood ~ who proved that 

I(T) = T l o g  T - -  r ( I  + log 2zr - -  2~') + o(rt+~) (I.2) 

by means of results connected with the approximate functional equation for ~(s). 

Using improved forms of this equation Ingham s and Titchmarsh 4 were able to 

reduce the power of T in the error term in (I.2) to �89 and 5/1~ respectively. 

The problem has more than superficial affinities with a well-known divisor 

problem 5, namely the behaviour of 

E d (.). (~. 3) 
n < x  

Here (I.2) is the analogue of Dirichlet's classical formula and its later refine- 

ments. My object in this paper is to establish what corresponds, in the case 

1 G. H. HARDY and J. E. LITTLEWOOD, Aeta math.  4I 0918), t19--I96.  
J. E, LITTLEWOOD, Proc. London Math. Soc. (2), 2o ([922), Records, X X I I - - X X V I I I .  

8 A. E. INGHAM, Proe. London Math. Soc. (2), 27 (I926), 273--3oo. 
4 E. C. TITCHMARSH, Quart. J. of Math. (Oxford), 5 (1934), I95--21~ 
s The connection is to some extent  apparent  in my paper, Quart. J. of Math, (Oxford), IO 

0939), 122--128. I hope to go in this question more deeply in a subsequent paper. 

45--48173. Aeta mathematica. 81. lmprim6 le 1 juillet 1949. 
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of the mean-value of the ~eta function, to Voronoi's summation formula I for 

(I.3). Actually two groups of new terms emerge, the number  of terms in each 

group depending on T, so that  the result falls into the category of approximate 

functional  equations. I prove t h e  following 

T h e o r e m :  For T >  r, A T < N < A' T, 

I_~ ~ I j TM d(n) [ s inh-  1 I ( T ) =  T l o g  T - -  T ( I  + log  2 ~ - -  2~) + V 2 / ,  (_nk.~_~ 
V~ t 

where 

and A, A' 

2T/ 

. , 1 / - = n  
�9 ( ~ +  4 ) - i s i n  {2 T s inh-  V ~ - ~ +  1/(2~rnT + ~r'n~, + 4 } - -  

- -  2 n~lv' v n ~ l~  ~ sin T log  2/t:n-- - -  T - -  4 + 0 ( log ~ T) , 

2 ~  2 2 ~ / '  

are any constants such that o < A < A'. 

I t  is worthy of remark that  the first set of oscillating terms on the right- 

hand side approximate, for low values of ~2, to the leading terms in Voronoi's 

summation formula, apart  from an oscillating sign. The second set of such terms 

would be obtained by integrat ing formally a suitable expansion of ~ ( s ) ~ ( i -  s). 

The argument  may be summarized as follows. In the formula, valid when 
~ > I ,  

T 

- -T  m = l  n = l  
m@n 

it is found expedient to classify the terms according to the value of m - - n .  

We are thus led to consider, instead of ~(u) or ~(u)~(v), the function 

f(u,  v)-= ~ ~ r-~(," + s) -~. (I. 3) 
r=14=l 

This double series is convergent when ~ { u + v }  > 2 ,  ~{v} > I ;  imposing the 

additional condition 9t{u} < b we ean apply Poisson's summation formula to 

z See, for instance, A. OPPENHEIM, Proe. London Math. Soc. (2), 26 (I927) , 295--35o , and 
references there given. 
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the r-sum over the range r----o, I , . . .  oo. We thus derive a single series ex- 

pansion for 

g (~, ~) = f ( ~ ,  v) r (u + ~ - ~) r (~ - ~) F(v) ~ ( u +  v - -  I) (I.4) 

valid when ~ { u } < o ,  ~ { v } >  I, and ~ { u + v } > o .  This series may be con- 

tinned inside the critical strip by means of Voronoi's summation formula, giving 

what is substantially the approximate functional equation for g(u, I - -u ) .  The 

resulting expression for 

~(�89 + i t )~I �89 

may then be integrated over � 8 9  �89 + i T  to produce (4.4). The proof is 

completed by approximating to the trigonometric integrals involved; this is ac- 

complished by the saddle-point method, on which I prove a general result, 

namely Lemma I of this paper. 

We use the symbol A throughout to denote a positive absolute constant, 

not necessarily the same one at each oecurrenee. Where desirable, in order to 

avoid confusion, other such constants will be denoted by A', A". 

2. We start from She identity, valid when ~ {u} > I, ~ {v} > I ,  

(u) ~ (v) = ~-a m-= n-V = ~ (u + v) + f (u ,  v) + f (v ,  u) 
~ !  n ~ l  

(2. I) 

where f (u ,  v) is defined by (4.3). We show first that  f (u ,  v ) i s  a meromorphic 

function of u and v when ~R{u+v} > o .  We have, taking ~{v} > I, denoting 

the integral part  of x by [x], and writing 
x 

(x)  = x - [ x ]  - �89 ~, (x) = f ~, (v) d v 
1 

the relations 

(~ + ~)-v=v f ( [ ~ ]  - ~ ) x - ~ - i  a .  
$ ~ i  r 

= r l - ~ ( v  - ~ ) - '  - � 8 9  - v ~ .  (x)  ~ - ~ - 1  ax 
r 

= r l -V(v  - I) - I -  t r - V - - v ( y  --I- 1)f~h(x)x-~-2dx 
T 

: r l - V ( Y  - I) - 1 -  t r  - v  -~ O { v ( v  3 I- I ) r  - v - l }  
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since tel (x) is bounded. Hence 

f ( u ,  v) = (v - - I / - 1  Z r l -u -v  __ 
r = ,  

It  follows that  

�89 , . - " -o+  o v(v+ ~ ) ~ , l , - - u - ~ ' - ' l  . 
r=l r=l 

f ( u ,  Y ) - - ( V - -  I)--I~(u + V--  I) + �89 + Y) 

is regular for ~{u  + v} > o. Thus (2. I) holds when both u and v lie in the 

critical strip, apart from the poles at v = I, u + v---- I, 2. 

3. We consider next the case ~{u} <o ' ,  9 t { u + v } > 2 .  We have then, 

by Poisson's formula, 

2 = 2 ~ ,.-U(r + s)-v= f x-~(x + 8)-Vdx + 2 f x-u(x § .,)-Vcos2,~mxdx 
r=0 0 m=l 0 

= 8  ' . ' - ~  y-u(x + y)-Vdy + 2 f y - u ( ~  + y ) - ~ c o s 2 ~ m s v d v  �9 

Summing with respecg to s, and using (I.4) and the result 

or 

fy - -U(I  "{- y) -V  d y  = .~ (u -{- y - -  I ) r ( I  - -  u)1I" (v)}-' 
o 

this gives 

~ ( u , v ) = ~  8,-u-,' fv-~(, +v)-~ (3.,) 
S = I  'ti'l = 1 0 

To investigate the convergence of this expression we note that  for ~ {u} < I, 

~{u  + v} > o ,  and ~--> I, 

2 f y-"( !  + V)-~cos2~nydy=n"-' f y-"(, + yln)-"(e ~'"v + e-~"")dy 
o O 

: n' i- i  f y - " ( ,  + y ln)-"  e2"<V dy -t- n "-1 f y-"(I + vl , , ) - .  ~-~-'<'. dy = O t , , _  is 
0 o 

uniformly for bounded u and v. I t  follows that  the double series (3. I) is ab- 

solutely convergent for ~ {u} < o, ~ {v} > I, ~ {u + v} > o, by comparison with 

and that  it represents an analytic function of both variables in this region. 

Hence (3. I) holds throughout this region and then 
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g ( u , v ) = 2  ,',-,,-,(")fv-"(~ +V)-~co~2~nvdv (3.2) 
~ t = l  0 

where .~(n) denotes the  sum of the a-th powers of ~he divisors of n.  

Combining this with the resul t  of w 2 we see tha t  when o < ~{u} < I,  

o<IR{v}<x, u + v # x ,  

C(u)C(v)=C(u + v)+ C(u + v -  i ) F (u  + v - -  ,){r~-u)tl, (v) ( I 
r ( ,  - . ) }  

+ y (~  + 

+ g (u, v) + g (v, u) (3.3) 
where g (u, v) is the analyt ic  cont inua t ion  of the  funct ion  given by (3-2). I t  is 

however  the except ional  case, u + v---- I, which we need. By w 2 t h e . fu n c t i o n  

g(u, v) is here  continuous,  and the cont r ibu t ion  of the remain ing  terms may by 

obta ined by considerat ions  of cont inui ty .  Wr i t e  u + v ---- I + r where ] ~ ] < �89 

The first two terms on the  r ight -hand side of (3.3) give us 

r ( i  - ~) r (~ - a)~ 
C(I+~)+C(~)r(~) r ( i _ ~ + ~ ) +  r(~) J 

= C ( i + ~ ) + C ( 1 - ~ ) ( 2 ~ ) ~ � 8 9 1 8 9  + o) + l"(u) J 

- ~ ,  (I + O l o g 2 , 0 � 8 9  ~ - ~ r ( ~ _ . )  + I - O r ( . ) / +  o(~) 

I r ' ( I - , , /  r'(,,/l 
= �89 ( r (~ - u)- + r (u) / + 2 z - log 2 ~ + 0 (~). 

Hence  we have, for  o < ~{u} < 1, 

C(u) C(I --u'=�89 c(i--u) r(u)J + 

+ 2 7 - - 1 o g 2 g + g ( u  , I - -u )+g(I - -U,U) .  (3-4) 

4. From now on we confine ourselves to the case u + v = I, with a view 

to the eventual  appl icat ion u - - - - � 8 9  v - ~ � 8 9  W e  have then,  if  ~ { u } < o ,  

o o  

g(u, I--u)=2 ~ d(n) fy-"(I +y)"-'cos2=nydy ,d.,J 
n = l  0 

W e  need an analyt ic  cont inua t ion  of g (u, I -  u) valid when 9t {u}-~ �89 The  

most  convenient  way of  obta in ing  this seems to be to use the summat ion  for- 

mula for  d(n). We have 1, if x is no t  an in teger  

t See for i n s t ance  OPPENHEIM, IOC. t i t ,  
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where 

d (n )=  D (x) + J (x), 

D(x)---- x( logx + 2 7 - -  I) + �88 
and 

~c]/2 ~-~ cos 4 g V n x x -  

= 0 (x'/' log x), 

32 2-V~x sin (4 g V~-~x- 4 ) } +  0 (x-'/') (4. I) 

(4.2) 

the series being boundedly convergent in any finite x-interval. 

Let now N be a positive integer, and let h (u, x) denote the expression 

o o  

2 f y-~(I + y)U-1 COS 27rxydy.  
o 

Then 

~_~d(n)h(u,n)=-- ~.j d(n) ~-~xh(U,x)dx= - ~_~ d(n) h(u ,x )dx  
n > N  n> N .N<n<x 

n N +  �89 

(4.3) 

= - -  {D (N + �89 + d (N + �89 h (u, N + �89 (D ( x ) +  d ,x~) h (u, x)dx 

o o  

f -------J(N+ �89189 D'(x)h(u,x)d 
2~'+�89 

o o  

x _ f  h(u x, dx 
~ + � 8 9  

Hence 

g (U, I - -  U) = Z d (.) h (u, n) --  d (N + �89 h (u, N + �89 + 
n ~ h  r 

f(log x + 2 7) h(u , x) dx--  
N+�89 

o o  

- f "  (x) o~ h(,,, ~ ) d ~ =  ~, ( u ) -  g~ (,,) + g. ( , , ) -  g. (,,), 
- ~ ' + t  

say. Here gl (u) and g2(u) are analytic functions in the region ~ {u} < I, since 
the expression (4.3) for h(u, x) is analytic in this region. 

O h(u,x). We have Take next g4 (u); we need an order result f O r ~ x  x 

t o o  - i o o  

0 0 
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so that  

~  x)= ~ '~ i f  y ~ - ~ r  +y)"-'e'~'--ey--2~if~'-~(, + ~,)~-~.-"'~'d~, 
0 0 

=2rrixU-= f y1-"(l + y/x)U-le2"aUdy-- o 

-,-,~i~.,,-' f v,-~(~ +v/~)~-'~-~'~av=o(z ~-~) 
o 

for 9t{u} ~ I and bounded u.  Hence ,  by (4.2), 

o h (.,  x) = 0 ( . . - , / .  log x) a,  0:) 

so that  the integral  defining g4(u) is an analyt ic  funct ion  of  u at any rate when 
{u} < j.  

I t  remains to consider g3 (u). 

aa tr162 

X 0 

For brevity we denote  h r +  �89 by X.  Then 

+ y)~-I e2,..v dy + f Y - u ( I  + y)u-le-2nlXYdy}. 
o 

But, if ~ I - /<  o, j r x + 2~)dxj'y-'r + y)u-,e~,x~dy 
X 0 

0 .X 0 
i r  

= - 2 ~i(log x + 2y l f  y-.- ,  (, + y)~-, e=,x~ e y -  
o 

oo i o o  

s .  r e x  fy-~--(~ + y)--,e-,~ey = 
2 ~rz j j 

X o 
co god 

f ' f y-l-u(X+y)Ue2,~tVdy" _ x (log X +  27) Y-U-t(I+Y)U-le2~Xvdy+ 2~iu 
2~i  

0 o 

The latter integral  may now be taken over o, co and the variable changed from 

y to y/X.  We treat the integral  over o, - - i c ~  similarly and combine the re- 

sults. Hence  
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oo 

gs(u) = - - l ~  ( y -u - l ( I  + y ) " - * s i n  2 z X y d y  + 
0 

oo 

I f -u-1(1 + y)"sin 2~tXydy. 
0 

These integrals are uniformly convergent for ~ {u} --< I - - ,  < I. We have there- 

fore obtained an expression for g(u, I -  u) which exists when ~ {u} = �89 

We now derive the corresponding expression for I(T). We have, by (3.4), 

�89 

2iI(r)= f c(.)c(,-.)d. 
�89 

= log r (�89 + i T) 
r (�89 --  i r )  

t + i T  

+ 2 i T ( 2 ~ l o g  2~r)+e f g(u, I --u)du. 
t - - iT  

Eence, using Stirling's formula, 

t + i T  

, f  I (T)= Tlog T- -  T(I + 1 o g 2 : ~ - - 2 7 ) +  ~- g(u, I --u)du + O(I) 
i--iT 

where 

so that  

= r log T - -  r (I -~- log 2 ~r -- 27) + I ,  --  I s + I s - - / 4  + 0 (I), (4- 4) 

�89 

I. - I ,  f ~.(u)a., 
t - i T  

(~, = I, 2, 3, 4) 

z l - - 4 ~ a ( , )  v au ,  
n ~  y t ( [  + y)~ log  I +____yy 

Y 

(4.5) 

oo 

J 
' s in  T l o g  ! + Yt cos 2 ~ Xy 

I , = 4 J ( X )  Y ! dy, 
yt(1 + y ) J l o g  I + y  

Y 
0 

(4.6) 
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Ia_~__2 ( log X + 2 _ ~ )  

and last ly 

O0 

x Y / d y +  
y'/' (i + y)']' log i + y 

Y 

oo � 8 9  

I f sin 2zXYdv f +---. 

o t - i T  

} f  '+'~~ h(., x)~., 
X t - - i T  

i + yl u du, 
- ~  -~ (4.7) 

where N is a positive integer  and X = ~T + | ,  W e  shall res t r ic t  N to a range 

of values of the form A T  < N <  A ' T .  
We may derive a more explicit  formula for  14 as follows. W e  have 

t + i  T oo 

fo of ~ x h  ( u, x) d u =  4 i ~ x  

j - - i T  o 

or 

i + Y t  sin T log - - ~ / c o s  2 z x y 
dy 

y�89 (I + y)~ log I +___yy 
Y 

f ~§ f 0 s i n ( T l ~ 1 7 6  
�9 d y - ~ 4 i  

= 4 z ~ y�89 (x + y)* log x +____yy 
Y 

o o 

c o s  2 ~vy 

y'l* (x + y)"i~ log x +_yy 
Y 

+ (~o~ ~ § ."1-3 /~ , .  
Y l !J 

Hence 

oo  oO 

y~(i  + y)B/, log i + y 
Y 

x o 

46--48173.  .4cr mathematica. 81. Imprim6 le 1 juillo~ 1949 

+ ,48, 
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5. We approximate to these integrals by the saddle-point method. All we 

need on this point is contained in the following 

Lemma 1. Let f(z), 9(z) be two functions of the complex variable z, and 

(a,b) a real interval, such that (i) for a~--x<--b, f (x)  is real a n d f " ( x ) > o ,  

(ii) for a certain positive differentiable function /~ (x), defined in (a, b), f (z)  and 

(z) are analytic for 

a ~ x < _ b ,  I~ - -~ l_< ,~ (x )  

(iii) there are positive functions F(x), ~(x)  defined in (a, b) such that  

(Z) = 0 { ~ (X)}, f (Z) = 0 { F (X) (/.~ (X))-l}, { f '  (Z)}-I = 0 {(~.s (X)) 2 (~(X))-I } 

for 
~ - < ~ - < b ,  I~-~1-<,(~), 

the constants implied in these order results being absolute. 

Let k be any real number, and i f f ' ( x ) + k  has a zero in (a,b) denote it 

by x o. Let the values of f(x),  ~(x), etc., at a, Xo, b be characterised by the 

suffixes a, o, and b respectively. Then 

b 
f ~ (x) exp 2 ~ i  {f(x) + kx} d x  = ~of0'-t e~'(/o§ § ~ '  + 
a 

( o o )  
+ O(q)o~oF:~')+ 0 I J ~ + k l + f 2  + 0 I /~+kl+ZP 

If  f (x) + k has no zero in (a, b) then the terms involving x o are to be omitted. 

We take the case in w h i c h f ' ( x ) + k  has a zero in (a,b). Denote by ~(x) 

the function a/~ix) where a is a positive absolute constant, less than �89 to be 
fixed later. 

We deform the path of integration into a contour joining the points a, 

a--~a(I +i), Xo--~to(I + i ) ,  XO+~O(I + i ) ,  b+Xb(I +i), b. Denoting the cor- 
r esponding  parts of the integrals by J~ . . . .  , Js, respectively, we take J~, J3, 

and J5 along straight lines, while, J2, J4 are to be taken along the loci of the 

points x +__ X(x)(I + i), as the case may be. 

We have then, for z = x + ( I  + i )  y, -- X (x) ~ y --< it (x), a~<x--<b,  

f(z) + kz-= f (x)  --t- kx  + (t + i ) y ( f '  (x) + k) + iy* f '  (x) + O(y), 
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say, where, by Taylor's theorem 1, 

IO(x) [ < A~(x)[vl~(~x))  -~ 

Hence by taking a sufficiently small we may make 

l0 (v) l < �89 v*f" (x). 
We have then 

{2 ~ i ( f  (z) + ~z)} < - 2 ~ y (.f' (x) + k) - ~ g~ f "  (x) . 

This gives 

Xa 

{( ' } { ~ } J~=O q)aexp(--2zy[f'a+k)l--zyf'a)dy = 0  [ f ' a + k [ + s a  #,1/2 

with a similar bound for J~. 

We have also, by the same argument,  

{! o } 
J , =  o ~(~)e~p(-2 ,~Z(x) ) l f ' (x )  + k l -  ~(Z(x~) ' f (~))(ex + Idz~)l)  �9 

Now if 

Ikl-< ~ If" (~) I 
then 

z (x)If'  (x) + k [ = 0 (z (x)f' (x)) = 0 (F(x)), 
and also 

k ~ (~) = o ( f "  (~) ~ (~)) = o ( F (x)), 
while if 

k ___ ~ If' (~)1 
then  

X(x) I f ' (x  ) -~ k I --> X(x)(lkl--If ' (x~l)>_ A Ikl~,(x ). 
Furthermore 

(z (x))~f" (x) > A F (~), 

and hence, in any event, 

- -  2 ,~Z ( x ) I f '  (x) + k[  - -  ,~(Z (x))*f" ' (x) < - -  A I ~ 1 "  (x) - A F ( ~ ) .  

This gives 

(5" I) 

with a corresPonding bound for J4. 

i See for instance 'Modern Analysis', (E. T. WHITTAKER and G. N. WATSON, 4th edition 
Cambridge, I927) , w 5.4. 
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I t  r emains  to e s t ima te  Js .  

2u(1+i} 

4= f 
--).o (1 +i) 

We wri te  

q~ (x ~ + y) e 2,~i (f(~o + y) + k (~o + v } d y 

- -v ( l+ i )  v ( l+ i )  

= s +  1 I + + ,  --ao{lq-t) V ,) '~(1 ,} 

say, where  v is a n u m b e r  less t h a n  ~o. W e  fake  in fac t  

~=Xo(I + F? )  -1 
W e  have  then,  by (5. I), 

_ 2 VP 

Hence  

and also 

Hence,  for  F o-> x, 

while for  F o-< 1 

and  so, in e i ther  case, 

.p pv 
---- 0" {~o (vfo)- '  e-'~v']~ �9 

~ ' f ;  = gfo ' ( ,  + F?)-~  > AFo(I  + P?) -~  

(Vfo) -1 = V(V~'A') - ' - -  0 ( H o F o I ( I  "-k F:/~)). 

4 ~  = o { a) o t, o F :  V' e -  ~ ~'? } , 

4 8  --- 0 { ~ 0 ~ 0 F o l } ,  

A simi lar  bound clearly holds for  Js t .  

I n  Js ,  we wri te  

e~'~{/(~o+Y)+k(~'o+Y))= exp 2 ~ i  I �9 (,) + O(y4Fol~4) 
~- ~ 0  

Since 

~o (1 + i) 

= 4 1  + 4. .  + 48 ,  

�9 $ P 3 " "  6 2 = exp { 2 z i ( f  o + kxo) + z z y  j~} {i + i y  Jo + O(y Fo.u7 6) + O(y'teol, o')}. 

v(lq-i) 

I 
-v (1+i) 

V 2~' e - r c y ' f O  d ~  = 0 (f 'o . . . .  ~) = 0 (/.~2,~d-1 F o , ~ - � 8 9  

the  con t r ibu t ion  of the  two error  t e rms  in (5.2) is 

0 (~o*to ~oo ./,). 

As regards  the  r e m a i n d e r  of (5.2) we have  

q~(Xo + v) ( i  + ~ysfo") = q~o + y~o  + ~ySq, ofo' + o ( y '  a)o~,72) + o(y4a)oFo~,: , )  

and hence,  since in tegra ls  invo lv ing  odd powers  of y vanish,  
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v(~+i) 

f 
- - v ~ l + i )  

v ( l + i )  
3 0t . PP 

q~ (xo + y) (I + i y fo  ) e~'Y2f~ dy  = qD o f e ~'~iy'j~' d y  + 
- v ( 1 + i )  

~(1 +i) 
- - o  f~ - -3 /2  . ~ t 

+ O(@otto'fo ) + o(a)oFo~,Z'f'o'-~ f ~ " ~ d y  + 
-~(1+i) 

~ (i§ ,,\ 
+ o q% f e"'y'~o) + O(a)ot, oFo'/')=q%f'o'-~" + 

vii+i) 

,F tp  __8,2  + O{q )o (V fo ) - ' e  - ' '~Vo } + O(Ool~oFo ' ) ,  

and the first error term on the right-hand side has already been shown to be 

of lower order than the second. Hence 

This completes the proof of Lemma I for the case in which j r ' ( x )+  k has 

a zero in (a, b). In  other cases we take the contour through the points a, 

a 4- 2a(I § i), b • 2b(I + i), b, the + or --  sign being Saken according a s f ' ( x ) ~ o  

or --< o in (a, b); there is then no term corresponding to J.~. 

6. Our firs~ application of Lemma I is to the type of integral occurring 

in /1, /~, I 8 and I~. We have 

Lemma 9.. Le t  a, fl, 7, a, b, k, T be real numbers such that  a, fl, 7 are posi- 

T 
tire and  bounded, a ~ I, o < a < �89 a < 3 , b >_ T, k >-- I, T >-- I. Then 

b 

f y-'~(I 
a 

( { } + y ) - ~  log e x p i  T l o g  + 2 ~ r k y  dy  
Y 

i u 

+ O(a~- . r  -~) + O(br-.-Pk -~) + R(T,  k) 

uni formly  for  Ira - -  I ] > e > o, where 

U =  V ( f ~ z T k  + 4) V---- 2 s i n h - 1 V  zrk 
' 2 T  

and 

24 

R(T,  k ) =  O(Tt(~-~ k-~(r-~176 (~ .<- k <_ T), 

= O(T-~-~k"-l),  (k > T). 
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A similar result holds for  the corresponding integral with - - k  in place of  k, except 

that here the explicit term on the right-hand side is to be omitted, 

We apply Lemma I with 

x + x~-~ T i + x 
~ ( x ) = x - ~ ( I  + x ) - ~  l o g ~ ]  , f ( x ) = 2 ~ l o g ~ ,  

T 
(~)(X) = X - a ( I  "4- X) ?-/~, ~b'(X)= I -1- X' ~(X) �89 

We dispose first of the terms involving a and b. 

and so, if a < max 

so tha t  

Again, if b >---T, 

so t h a t  

We have 

T 
f '  (x) = - -  2~x(I  + x) 

• 
f ( x )  + k <  A -r 

a 

{1)(a) _ O ( a  1 - a  r- l ) .  
]" (a) + k 

(1) (5)  ~--" O ( b T - a - ~ ) ,  f ( b )  = o ( r  -1) 

(v(b) 
f (b) + k 

- -  O ( b T - " - f l  k - l )  �9 

We consider the error-term integral  of Lemma I. This gives 

(! ) ) 0 x-~e-A~-A~dx + 0  f x T - ~ - ~ e - ~ - ~ / ~ d x .  
; 1 

The integral over (a, I) gives, for l a - - I  I > e > o, I ~ ~ T, 

�9 1 1 

f x-~ O(e-~ f x-~ O(e-~(a~-~ + I)), 
g g 

while for k ~--T we get  

1 T]k oo 

f ( f ) (  X--'~e-akx--aTdx = 0 e -AT  x - ~ d x  + 0 e - a T  e-A x X 

a a T/k 

: O{e-AT(a  1-a + 1U-ak~-I + T-'~k'~-a)}. 
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The integral over (!, b) gives 

T b 

O { e-AV~'/xT-V'-3- dx} + 0{(bT-a - f l  + TT-a-fl) fTTe-Akx dx } 

= 0 {e-AV~(T'+:  . . . .  ,~ + T)} + 0 {e-akTk--l(b ?-a-fl + T?-a-fl)}. 

All these error terms are of lower order than those given in Lemma 2. 

I t  remains to consider the terms involving x o. We have 

so that  

T 
Xo (Xo + I) = 2 ~ k 

x o =  U- - � 89  

in the notation of Lemma 2. Hence 

T ( 2 x  o + I)),, 4zrk~'U 
f :  = 2~t:Xo ~(x 0 + I T ' 

so that  

logXo + I - - l o g  U +  �89 2 s i n h _ l V  z k  
Xo ~ _  �89 ~-~ V, 

T V  
fo + k X o = - -  + k ( U -  �89 

2 ~  

Hence the main term is 

= ( v -  + v - , .  

" e x p i ( T V + 2 - k U ' . k §  

Lastly we deal w i th  the error term involving x o, Take first the case 

I--<k--< T. We have then 

A ~ _ A  

~o = o (Xo), A V-~ '  < Fo < A' V k 2'. 

The error term in question then gives us, for I --< k --< T, 

0 (T~ (~',~ ~), ~ k -  t (~-~-~), 5/.). 

Finally, for k -  T, 
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T A' T A ~ - < X o <  ~-, �9 o =  O(x:~), tt o - -O(xo) ,  F o : > A T ,  

so tha t  in this case the error term gives us 

0 ( r - t - ~ / ~ - ~ ) .  

This completes the proof of Lemma 2 for  k >-- I. For  k ~ - -  I the argu- 

ment  differs only in that '  the terms in x o do not  occur. 

7. .Estimation of  I x and I~. I f ,  in L e m m a 2 ,  o < a <  I, a + f l > 7 ,  w e m a y  

make a ~ o ,  b-~cx). Hence, if � 8 9  I < - - k < A T ,  

oo 

, 

y'~ (I + y)�89 log ' -'- y 
Y 

0 

v u , / 8 ( u _ � 8 9  + �89 * 

__1 1 8 

and since this result  holds uniformly in a we may put  a = �89 

in (4.5) we get 

, ( -  ,)"d(,)  •  

n'< N 

Hence, subst i tut ing 

{ V :} ::q: n . T  sin a T sinh -1 ~-~ + V ( 2 z n  + z ~n 2) + 
- - +  

+ O(r-I/'), 

taking A T < N < A' T .... Similarly, f rom (4.6), 

I~ = o {z(x)x-~} = O(T-'/' log r),  
since 

(x) = o (x '/8 l o g  x) ,  x = N + ! 2 "  

(7. i) 

(7.2) 

8. Estimation of I3. 

We write (4.7) in the form 

log X + 2 i 1 3 =  - - 2  7/.~, + 

and consider first I8,. We divide the range of in tegrat ion at  Y, where Y=(2  X ) - I .  

The integral  over (o, Y) gives 
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1.~, = 

Y /sio(Tlo  ) s,o2 x  
�9 " dy.  

y (i + y) Y log * + y 
Y 

Now of the expressions 

sin 2zXy  yJ(I +y)t 
Y log i +_____yy 

Y 

the first is monotonic 
Hence, by repeated-use of the second mean-value theorem, 

decreasing in (o, Y), the second monotonic increasing. 

V t (I  q- y ) i  

log 
Y 

,+y 
sin (T log - - - ~ )  

1~ = 2 ~ ; x  vC~ + v) 

o 

~---~ 2~rX~t(I  + ~ ) � 8 9  -1 
/sin( log ) 

v(, +v) dy  

(T l o g / ~ ) s i n  2~  X y  

y'/" ( x + y)'/' log I +____yy 
Y 

dy = o ( r  -t) 

18, = 0 (T-~). 

81. Imprim6 Is 1 juillet 1949. 47--48178. A a a  ma~hemati~a. 

so that 

error term and get 

oo 

f sin 

Y 

,j 
for some 7, ~ such that o - - ~ Y .  Hence 

1~ = o ( r - ~ ) .  

To the integral over (Y, oo) we apply Lemma 2, taking a-----Y, and making 
\ 

b ~  co. We treat the main term on the right-hand side of Lemma 2 as an 
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Take next 182. We divide the range of integration with respect to y at 

y---- I, and term 1~2, I~  the contributions of the intervals (o, I), (x, c~). Taking 

first I~2 we have, for o < y <-- I, 

�89 T --oo +i  T t - - i  T~ 

� 8 9  �89 - - ~  T 

But 

/ } ~ /  -~-= 0 T -~ d~  

�89 

._~ O(T-1 y-t), 

and similarly f o r  the integral over ( - - c ~ -  i T, � 8 9  i T). Hence 

But 

, 1 ) 
~,=.~if.,o.~x.,~, ( f ,  Y + 0 T -1 sin 2~  X y l y  -'/'dy �9 

o o 

1 

f sin 2 ~ X y dy = __z + 0 (X-l), 
y 2 

0 

~ence 

Next 

. ( . /  ) 
j Is in2~Xyly- ' / 'dy--=O X y - t dy  =O(X~), 
9 0 

1 1 

2 - 1  

I~2 = ~'  i + 0 (T - t ) .  

� 8 9  

f f ('+"1 "~" i~= sin 2 ~ X Y d y  
�9 Y \ Y / u 
1 t - i T  

� 8 9  

2~vXy u J1 
i - - i T  

� 89 

f c o s 2 ~ X y ,  f ( I  +yl'~du 
--j ~y~ ay ~ Y - - I  u 

1 �89 

-j 
1 

�89 

e o s 2 ~ X . u  f {1+y~-~du 
i--~T 

(8. ~) 
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Now for y ~  I, 

/ t+,~(~ + q"d, ,  . t+,~ 
~- -V- /  - ~  = o y 

t - - iT  t -  

= o (log T),  

and hence the first term in (8. I) is O(T -~ log T), and similarly the second 

term is 

r f dy~ O(T -1 log T).  0 T -1 log r y,~./ = 

The third term may be written 

oo 
f COS 2 f/: X ~ [ ( ~ ) u - 1  ( I ~ - y t - l l t + i T  = o ( 

r ~ ; ~ - -  log-v-/  t-,~ 1 V = o (T-') .  

Hence 

and so, altogether, 
1~'~ = o ( r - '  log r )  

I~- - - -g+ O(T - t l o g r ) .  (8.2) 

9. I t  remains to consider 14, as given by (4,8). We estimate first of all 

the inner integrals, for which purpose we use Lemma 2, making a-~ o, b-~ oo. 

We have then, in the notation of Lemma z, for k----x > A T ,  

COS 

0 

i §  T l o g  Y ] c ~  

y'/' (x + y),/2 log i +___yy 
Y 

d y =  

I T cos 

and similarly, for u = I, 2, 

fs o(  oo V)co   x  
. . . . . . . . .  ; dy = 

J y'/'(I + y ) 8 / ' ( l o g ~ - ~ )  

0 

V U '/' (U - -  �89 (U + �89 
+ 0 (T -1 x - t )  

= O{T! (U - �89 -1} + O ( T - l x - t ) =  O(x-J). 
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Hence 

oO  

= f " ~ : )  & a x "  
X 

Tcos {2r smn- V -~-T+ V(2zxr  + z 'x~)--zx + -  } 
�9 4 

V ~ { I / (  ~) }( :) V2xx sinh -1 I '  x x T '/' - - +  + + 
2 ~ X  2 27gX  

+ O(x-*) dx. 

The error  te rm here gives, by (4.2), 

(: ) o Iz(x)lx-'/ 'dx = OCX-'/' log X) = O(T-'/" log T). 

In  the  rest  of the integral  we use (4. I). The error  t e rm O(x -'/') gives here 

( : )  0 T x - ' / ' d x  = 0 ( T - ' / ' ) .  

Hence,  changing the variable from x to V~x, 

O0 

T ~d(n) f c ~  V(2gx'T+~'x~)--gx'~} 
/'4 ----" '~ n~"l=l n'/4 J X ~ I ' x.,..~.~-, ( / ~ ) { V ( ~  + :)+ ~}(& + ~)" 

V2 

3 

T | = -~ ~l  ~ Jn + O ( T-'/' log T). 

sin 

(9. x) 

say. 
We estimate this expression by means of the following 

Lomma 3. For A V T < a < A ' V T ,  a > o ,  

j ' e x p  i {4 zx]/~n--2 T sinh- l ( x ~ / ~ ) - - V ( 2  z x~ T + z' x4) + z XS} d x 

x ~ x ~ + + T + 
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__ 4= ~ _ T -' T 
~ n, (" 1)(log 2--~n ) (-~-~z--n) '/'-" 

+ 0{T-�89 (I  

373 

provided that  

. . . .  ~ i  + 
2 ~ n  4 

2 f g '  n 

i f  the last two restrictions on n are not satisfied, or if ]/nn is replaced by --  ] /n ,  

then the main term and the last error term on the right-hand side are to be 

omitted. 

We apply Lemma I with a, b as limits of integration, where b > T, and 

~(~, = x-o{s,o~, (~V~)} '{V ( &  ~ ;)+ ~}-' (,~+ :)-", 
V~ e~ ( V-)~ 

We have then 

V( ~:) ( 5 )  -'~', / (x)  = x - ~ '  + , f '  (x)  = i - ~ x '  + 

so that  we may take 

( . )  = �89 x ,  �9 ( . )  = ~ - ' ,  • ( x )  = r .  

We dispose first of the error terms in a and b. We have 

( (I V(~)L~)} ' Vnn[ - ~'-j~-1 0 T - J "  m i n  I ,  2V-~  + a -  a ' +  , a) (a)([fa + 2 - j a ] = 

and 

~)(b)(f'b + 2 Wnn)-l---- o{b-'(~n-i-O(Tb-1)) -1} 
which tends to o as b tends to oo. 

The error-term integral of Lemma I gives here 

0 fx-"e-A~V~-Ardx = O ( e - A 1 / - ~ - ' ~ r ) .  
g 

We are left to consider the terms in xo, where xo is given by 

f (Xo) + 2 V ~  = o,  ~0 = ~ - t  _ n . 
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a n d  

Hence i fVn<--I ,  orn> T n-1 (2 ~ )~ _ - - ,  or - - n  -<a ~, there will be no tennsin  
2 ~  

Xo, and the lemma is proved. In other cases we have 

~) I (T ~_1 ] / /  T I) I T(T )--1 
+ - - 2 = n  ~ - - n ]  , J/ ~2-~xo~ V 4 + - 2 - - ~  ~ - - n  , 

sinh-1 x o ~ l o g - - .  
2 J g n  

W e  have also 

I ~ T T I | f / 2 T  
2xoVn~ +fo--- 2 X o -  2~-- log 2 ~ n - - 2 x ~  ~ 

T T T 
- -  n - - -  l o g - - .  

2 ~  2 ~  27r, n 

+ xo ~) + 2 Xo V~ 

Hence the main term is 

9ofo-�89 exp { 2 z i  fo + 4zixoVn + 4z i}  = 

, 2n ~ exp i  T - - e ~ n - - T l o g  2z~nT +�88 

1' ~2z n) i l~ expi T - - 2 z n - - T l o g  T + I  2 / v n  4 7 ~  " 

We complete the proof of Lemma 3 by dealing with the error term in- 

volving x o. We have in fact 

Lemma 3 is thus proved. 

a)o Xo F:' / '  = 0 (X'o-" r '/9 

= n � 8 9  - -  n - 8 1 2  �9 

io. .Estimation of 14. 

By lemma 3, if I (  T n  ~ - - n ) S  
T 

> X ,  n < 2  , that is to say i f  
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2 ' 

then, in the notation of (9-x), 

375 

( I0 .  I)  

and similarly 

Hence 

say.  

+otr-, Z d(.)., ~=z,, 

Since A T < X < A'~T we have 

T 
Z = O ( T ) ,  - - - -  Z >  A T .  

2 ~  

+ I,, + / ,3  +/,~, 

�9 .=  o(~-,A/( . , . - , , .  ) 
= O ( T - ~  log T), 

144 = 0 (T - t  log T). 
Lastly we have 

We split this sum up at �89 z - - V z ,  Z +  l/Z, 2Z. We get, using partial 

summation and the asymptotic formula for ~,  d (n), 
n < X  

/~= '~  7, ~ - 7 5 - p o g ~  sin T l o g - - - - T - - :  + 0 

( ) ( - -  4) 
2~ V, T -~ T T--2zn + J ~ = - ~ n '  l o g ~  sin T l o g 2 z n  

2 -1  

§ o k ,  m~~ (I ~V;+ V> V (x+ 7)-" ')}+ 0k (~-")-' ~-"}" 
Denoting the expression (Io. I) by Z we have 
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Z 

Z d(n)n-'/'(V-Z, -- V~)-'  = 0 (Z-+ Z d(n)n -'u) 

= 0 ( T  - 1 / '  log T), 

Z ~(.).-',.(v~- v~)-' = o( y, ~(.).-.,.) 
n > 2 Z  n > 2 Z  t 

= O(T-'/" log r ) ,  

d(n)n- ' l ' (Vz - ]/~n)-' = O( Z-'/',z<.~z-V2~'J d(n)(Z --n) -~) 

:= 0 (T -v' log 8 T) 

and similarly for the sum over Z + VZ, 2 Z. Lastly 

~, d (,,),,-":' = o ( r - ' / '  log  T).  
z-V2<,<z+V2 

Hence 

I ,  = 2 Y, log  sin T log  - -  - -  T - -  + 0 (lo~' r ) ,  ( io .  2) 
l < n < Z  2 Yg. n 

and here the upper limit Z can be replaced by 

T+N B _ _ N I ' ~  

2~ 2 2 ~ ]  

which differs from Z by an amount O(I). 

Substituting (7. I), (7.2), (8.2), and (Io. 2), in (4.4) we complete the proof 

of the Theorem. 


