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THE 

x. In troduc t ion .  

The extension of Levi-Civita's work on geodesic  deviat ion i has been carried 

out  by Berwald 2, Duschek  and Mayer s, Knebe lman 4, Davies ~ and others in the 

geometry of  Finsler-Cartan. Geodesics  in such a space are natural ly  the extremals 

of the  variation problem 

(i)  ~ f F ( x ' i . ~ , . . . ,  x".; .+', :e~ . . . .  , :,")at=o, 
d x i 

where F ( x  t, x ~, x , ;  ~1, j:~, 2 n) denotes  a func t ion  of x;, . ~ ;=  and is 
" ' "  " ' "  d t  

posit ively homogeneous  of degree one in 2'. On the other hand E. Cartan has 

obtained a geometry based on the  not ion of area. 6 In  an n-dimensional  manifold 

of coordinates  x i let  

(2) x ,  = x,  (,a, v~, . . . ,  , , ,-~) 

be the  parametric representat ion of a hypersurface and let  

t T. LEVI-CIVITA, Sur l 'dcart  gdoddsique, Math. Annalen, 07 (I926), 291--32~ 
L. BERWALD, Una forma normale invariante della seconda variazione, Atti  dei Lineei, Rend. 

(VI) 7 (I928), 3o i - -3o6 .  
s A. DUSCHEK and W. MAYER, Zur  geometrisehen Variationsreehnung, Monatsh. f. Math. u. 

Phys., 4o (1933), 294--3o8. 
4 M. S. KSEBELMAN, Collineations and motions in generalized space, American Journ. Math.,  

51 (I929), 527--564 �9 
E. T. DAVIES, Lie deriwttion in generalized metric spaces, Annal i  di Mat., (IV) I8 (1939), 

261--274. 
e E. CARTAN, Les espaees mdtriques fondds sur la notion d'aire. Aetualitds seientifiques et 

induslr ie l les  72. Paris, Hermann et Cie., I933. 47 pages. 
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(3) O V a l  d v I d v  ~ . . .  1 

(n-l) 

be an (n- -  I)-ple integral over a domain of the hypersurface, which is supposed 

to be invariant with regard to the parameter transformation, where ~p > o. As 

the curve-length of a curve in a space of Finsler is defined by the integral in 

the left-hand side of (~), E. Cartan has taken (3) as (n--I)-dimensional surface- 

area of the hypersurface piece. The geometry of Cartan is uniquely determined 

only in the case where a certain tensor H ij has the rank n. In this case we 

follow Berwald s in calling the manifold behaving the Cartan geometry a regular 

Caftan space. 

In the present paper we propose to solve the following question: 

How depends the deviation of an extremal hypersurface in a regular Cartan 

space upon the curvature and torsion of the space, when the extremal hypersurfaee 

is deformed to a nearby extremal hypersu~faee? 

In order to express the equation of extremal deviation in an invariantive 

form we have first to give preliminaries about the infinitesimal deformation of 

a general hypersurface (w 2). s The variation of the mean curvature H of a hyper. 

surface is calculated in w 3, which corresponds to the formula of Duschek and 

Mayer concerning the variation of Eulerian vectors in a Finsler space. We 

establish in w 4 the above formula in tensor form and in w 5 reach the extrem~l 
L 

deviation of a minimal hypersurface by setting H ~ - o .  Finally, a generalization 

is briefly stated. 

Throughout the present paper the notations and formulae in Berwald, Acta 

are utilized without explanation. 

2. P r e l i m i n a r i e s .  

Let (2) be the parametric representation of a hypersurface in the Cartan 

space, so that  the matrix 

t L a t i n  ind ices  are  in  t h e  r a n g e  I, 2, . . . ,  n a n d  Greek  I, 2 , . . . ,  n --  I. 

2 L. BERWALD, Ober  die n - d i m e n s i o n a l e n  C a r t a n s c h e n  R ~ u m e  u n d  e ine  N o r m a l f o r m  der  zwe i t en  

Var i a t i on  e ines  ( n - - I ) - f a c h e n  Ober f l i i chenin tegra l s ,  Ac t a  m a t h e m a t i c a ,  71 (I939), I 91 - -248 .  T h i s  
paper  will  be refer red  to as Berwald ,  Aeta .  

8 T he  i n f i n i t e s i ma l  d e f o r m a t i o n  of X m i m m e r s e d  in  ~ h a s  been  cons ide red  b y  m a n y  a u t h o r s .  

Cf. for  e x a m p l e ,  E. T. DAVIES, On t he  d e f o r m a t i o n  of a subspace ,  J o u r m  London  Math .  Soc., I t  

(I936), 295 - -3Ol .  
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! Ox 1 Ox" \ 

is of rank n -- I. By (-- X)k+lpk we mean, as in Berwald, Acta, the determinant 

formed by striking out the kth column of the matrix (4). I t  is known that  the 

(n--1)-dimensional surface-area of a domain of the oriented hypersurface (2) is 

given by the ( n -  x)-ple integral of the form 

(5) O ~ f_iL(x, p) dv' dv' "" dv"-', 

where the integration is calculated over the domain. 

Consider the infinitesimal deformation 

(6) ~' = x' + ~'(x) ~ t, 

which carries on the point (x) into the point (~) infinitely near (x), ~ t being an 

infinitesimal. In (6), ~i(x), i ~-- I, 2, . . . ,  n, denotes an analytic function of posi- 

tion. The hypersurface S given by (2) is now infinitesimally deformed into another 

hypersurface S of the equations 

(7)  ~' = ~' (v', ~' , . . . ,  ~,'-,), 

and consequently, the matrix (4) is transformed to 

Denoting the corresponding variables of pk by/0h (k = x, 2, . . . ,  n) and taking 

account of (8), we can easily show that 

t o ~ o ~ h ) 
(9) ~k~--pk+ ~XX h p k - ~ p h  (Jr ( k =  1, 2, . . . ,  n), 

where the summation convention for repeating indices is used and higher powers 

of (~ t than the first are neglected. 

In  virtue of (6) and (9) there is no difficulty in expressing the corresponding 

quantity ~ :  :: of any geometrical being A : : :  in terms of A : : : ,  ~l,p~ and their 

derivatives. Thus w e  obtain 
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(io) 

~OL~ OL lO~ ~ O~h \]6 
L = L ( 2 ,  p )=L(x ,p )  + [ ~  + ~pkpk~a~pk--~xkp.]j t, 

p = = + +  [ v'-b wll t, 

to within terms of higher  order in d t. 

On account of the homogenei ty  of L, g,: g and the definition of A z [Ber- 

wald, Acta, (5.4)] we can rewrite (Io) in the form 

(II) p~k : g~k § { ~  ~ -- 2 A ~ik ~xtO ~hl lhfd t, 

In a similar way we can determine 7,. at  the point  (5) of ~, either by the 

definition 5 : (V~p~)/L and (I I), or directly by the formula of expansion as well 

as the r d a t i o n  [Berwuld, Acta, (8.11)] 

(I 2) 0 loft 1/g 
~ n o h  �9 O x h r*'l~ --  Am F* 

The result  of computat ion is as follows: 

~i:)~hl (Am ' r .  ~h o~h ) } 
(~3) i,=l~--~aTx ~ ~ + - - l " ) ( , ,~o~  + 0%-ml,, l~ dt. 

I t  is convenient  to give here the corresponding formula  for the contra- 

var iant  components  l;: 

m ,* �9 .* oi (I4) i'-- 1i-[ - l"(F*oh-{- A lmoh)~h--(12i~ + Ih ) 

Ox k I 

This may also be obtained if use is made of (I3) and the relat ion 

"' { ' ,3~0~ h ) 
(I5) ~tiJ~---q '3 -~ ~h(2AiJmT~oh- -  l',:a' - r ;  ij) + 2 A ; ' ' a ~ l h t ~ t ,  

a relation deduced from known identit ies [Berwald, hera,  (5.5), (8.8)]. 

L-= L I+ Ox ~ § dx h Oxk~ 
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For  the subsequent use we also give the following formulue: 

(,6) F .  h ,*~ laX;::  . iI ~ O~" l.) 

t o r ~ :  o~J 

- r "~~ - z  )( ~. o~, ,~)~o~}~t, 
ik Ox---h 1 2 -  ( A'~ "~ F*o~ + O x  ~ 

the la t ter  being a consequence of ( '3) and (I6). 
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3. Variation of  the Mean Curvature. 

W e  are now in a position to consider the variat ion of the mean curv.ature 

H of a hypersurface S in the Cart  un space. 

Since the equations of S are given by (2), we have 

(,8) 

so tha t  

09) 

(20) 

Og ~ j 
2;ie = xie + ~ X e ~ t, 

and the second grund teusor  aer of the hypersurfaee 

Acta, (24. 5)] 

0 ~ x i 
(2I)  ~,o~ = a ~  v ~ Ov ~ = l~ a - - - -  + rgo~. 

- - *  * J 7  X i ^~k _ _ _  ~ tz 
r~ o~ = ~7oo + i,h e*o .o x~ ~ - -  G~  Ox h ,~ 

O ~  

~qow, the second differentiat ion of (6) gb'es 

0~ ~i 0 ~ x ~ 0. xa~-- 
X k 

Ore O v ~ - O v~ O v ~ + k 
+ 

(Ox3 0 x *  e 

S is 

O ~ i O~ xJ I 

O xJ O~ ~vq ~ t' 

given by [Berwald, 
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Hence the second grundtensor  aer of the deformed hypersurface ~ turns out 

as a necessary consequence of (I3), (19) and (2o), namely, 

(22) ~o = ~o  + {l~ ~, x ~~ r ; :  ~. l~ x~ x'~ r*:  tl o~ o ~ z 

�9 ~ r  (A"  I " ) (  "* ' O~h 1 i 
- o~ '"  - - ~I.o~ ~ + ~ "1 ~o 

0~ ~ h 0 ~ F* ~ o g ~  _.  ~ogq + l~x  ~ ~ " + + ~oo~X ~-~?dt .  
~ o O x ~ O x  ~ ~o~ OOx~ ~ o x ~  

On the other  hand ~he second equation (~ )  and the equation (~8) gives 

~ ~ , O g , ~ _  _ ,  O~ ~. , . 0 ~  ~ ~ . 0 ~ ' [  
g~~176 (~ xo" Ox~ 2 ~ o U ~ + g , ~ x ~ b - ~ + g , ~ x ~ u  ~J,~t, (23) 

so tha t  

(24) de~. (#~o) = L 2 (x ,p)  (i + g~" h~ t, ~ t), 

(25) ad . = adj.  (q o) + adj. t. 

Consequently, the reciprocal of geo subjects to the t ransformation 

In deriving these equations we have put  

�9 ~hOg~k 2Aa Of  k , .O i  k ~ 0 ~ '  
(27) h ~ = ~ .  o ~ ' -  ~,U~l~+.q'~'~X~xJ + g'~ o ~  

and utilized the relation [BerwMd, Acta, (23.6)] 

(28) def. (geo) = L ~ (x, p). 

Thus, upon subst i tut ing (z2) and (26) into the expression 

where R denotes the mean curvature of the t ransform ~, and sett ing 

(so) ~ ~ = ~ - ~$, 

(29) 

t. 
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we are led to the fol lowing equat ion:  

(3~) 

105 

d t = xe " e .  O x  h 

0 ~ 0 ~ ~a lh o .i. e i .*a l ,~O~l , .  + l h g e ~  k -~  
ge X q X  ~ ~k OX m e ~  

{ ( O~h ' Ol~  

~ l~ lk gh O.q~k O g h O g k] 

+ L - 2 a e ~  ge~ 9 x ,  I 

In  order  to c a r r y - o u t  the  computa t ion  of the  last  term in the r ight-hand 

side of  (3~), it shall be ment ioned  tha t  by the known result  of de te rminant  

theory t 

(3~) adj .  ]g~~ ~"] = def. (~o). (~~ ~ " - -  g~ ~,-,). 
I 

I az~ g~t' I 

Therefore we have 

(33) L -~ aeah~ ~ adj. I ge~' get' I 
I gao g'~+, 

: �89 (a~(, h~ ,  - -  az~ he~) (g~" gzt, __ g~Og~,+,) 

= a~ h i - -  a~ h :~ 

whence follows the equat ion:  

(34) ,~ a~ ~ t  - -  E - - a ~  G. 

In  (34) we have pu t  

C35) 0 F.*?' F* h 0~_ ~ E ~ Ih o "~ o ~t ~ _ ~ EJ - -  o~' ~ l~ 

0~ ~h . e o ~ t . ~ 7  *h 0~" 1 + g e ~  �9 ,~-Z_klh 
% ~~ H~Ox ~ " ~ ~ O x 3 0 x  

k . 0 ~  ~.  

t Cf. e.g.  SCOTT and MATHEWS, Theory of determinants, Cambridge (t9o4), p. 63. 
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and 

(36) 
0 l o g -  0 ~  l~ 0 ~  

G~-- - - " c ~ - - l ~ l ~ O g ~  + 2 ~ x h - - 2  l~ 
O x ~ ~ O x~ O x ~ 

+ (A.,~ lm) ( i -*  ~h Oxh ) ~. - -  m o b  + ~ l ~  - - h  z. 

The equation (34) for the variation of the mean eurvature of a general 

hypersurface in the Cartan space evidently furnishes an analogue of the formula 

in a Finsler space due to Dusehek and Mayer? 

4. Tensor  Form of E and G. 

Before we proceed further,  expressions he z and h~ should be calculated by 

using (27) , namely, 

t x  ~ h O g ~ k  ~ . x~ . ~ ' 0 ~  . .~ . 0 
(37) h~=ge~ ' x~ .  ~ O x  ~ - 2 A ~ h o x  l ~ + g ~  ~ x ~ g ~ x j + g ~ x , x ~ g r o ~  " 

In particular, taking account of the relations [Berwald, Acta, (23. 2I) ,  (26. ~6)] 

ae  '~ m h x.i  ~ -  g h j  l h A'~ o, .~ -- o - ~, - -  lJ, (38 ) 

we h a v e  

(39) 
0~ h 0 ~  0 log.q~h 1 ~ .Ogik~h. 

h~=2~--2~Jl~o~x~+ ~x"--"-  ~b~x~ 

Substitution of (37) and (39) into (35) and (36 ) respectively gives 

a r : 2  
(3 5 /  E = g oo x'  ~,~ l ~ - - ~  ~, - -  gQ~ ~ ~ z~ r*2  ii ~ o ~ li 

e 0 x~ e O x  m 

_ a (  '~  i . , i  ` 0 ~," . . 0 2  ~l, 

o .  b~x~ l~ + gO, ~ x~ x~ l~ O x~ O xk 

�9 Og k ~., i x k r  '~" 
+ 2 .qoo r~o ~ x.'~ ~ - -  a ,  x~ , ~ 0 x h 

-~. ,,,,h O ~k . . . 0 ~I' 
+ 2 % .:1). Ox  ~ ~k - -  2 gikx),  x~ a"e 0 ~ '  

(36)' G = (A~nF~oa - -  I '~oa)fh + O~h" ( A " - -  lm), ~ X . ~  th 

z DUSCHEK and MAYER, loc. cit., formula (30), p. 3oi. 
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provided that the formulae (8. ~ )  and (8. z3) in Berwald, A c t a  are used for 

simplification. 

We come now to rewrite E and G in an invariantive form. For this pur- 

pose the covariant derivatives of ~' shall be utilized. Noticing that ~ is a func- 

tion of position we have 

(40) s l; o g~ 

(41) ~ " l J k - - O x J O x , :  + (~r l e - - ~ G ; ) F r j  

o ~ + r;~ ' ll~ ~* 

+ r * " ~  b - ~  r~V ~"1~, 

so that  partial derivatives O ~ h / O x  ~ and O ~ h / O x ~ O x  k in E and G can be sub- 

stituted by the corresponding covariant derivatives. 

In the first place we shall give a reduction of E in tensor form. After  (4o) 

and (41) the expression m~y be written as 

(42) ~ = ~ .q,~ o .~,~ x~o ~ I;~ + c;  ~ I, + ~ ~ ~ x~ ~ ~ ~. ~, 

( . ,  o.q,~ r" ) 
O X r {' 

where [cf. Berwald, Acta (I2.7)] 

G, or;: or;~ 
- -  03C r O ~ -}- F :  h F ;  :~" - -  I ' ; 'h  F:.~Ja -'- " j kr" h ltm" F~t ~ r - -  I ' ;  h iim [ : ,  o k (43) 

and 

(44) C "~ = 2 a ~" A~ m l~, - -  2 ~#~, x i x m a', )~ - -  lh ge~ x i x ~ r ; k  I! l~. 

The expression in the parenthesis of (42) vanishes, because 

2 a ~'~ A~.eh = 2 a~'. " A h.,.~, = a ~" x(,. x ~. gik ii h, 

2 g,k :c~ x.~, a )'," F=~,. = (gim r k r  + gmk ~ i r  ) Xz xklt " 

and consequently the expression reduces to 

~ { k [ O g i k  I '*  - -  * m )  

--= - -  a~'t' xix xk~ gik  ]r = O. 
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I t  remains for  us to simplify the expression C~. In  vir tue of a formula  

[Berwald,  Aeta  (I6. 8)] we have 

(45) x ~ x ~ l h  F*h ! ~ =  - - x ' x k A "  [ o - - K ~ ( A m [ q - - A r A ~ g [ o )  A ~ . ,  Q ik  l r a ik  

k Am [o, (46) ooe ~ x ie xko la F*::. ]lm = . g eo x~ x~ i,: 

since / a l , = o ,  A ' k ~  and A ~ , g o ~ = A O o ' = o  [Berwald, a c t a  (8.6), (S.5) and 

(23.2I)]. F rom (44) it follows tha t  

(44)' C~ = 2 aO~(Aeo ~ l v - -  go.  x ~  x ; )  - -  ge~ x ip .% -~ A 'n,k Io lp. 

A reference to the  relat ion [Berwald, Aeta  (23. I6)] 

(47) ge'~ x~ x~ = g,k __ l' 1 ~: 

shows immediate ly  

0~'*~ x~ Ark Io = (r - -  V z~) A a  Io = A~-  Io - -  aoo~ Io = o. 

In  consequence,  

(48) C ;  = 2 (aeO A �9 1. - -  a ~ x.")x '~ 

Thus, not ic ing tha t  the covar iant  derivat ives of lh vanish identically we obta in  

(49) E-----ge~m~X~(lh~n) ljk + z(ae~A~ol,--a; x;)~'l~ + gO"~x~Njok,~ ~. 

The last te rm in E as g i v e n  by (49) may fur ther  reduce to a simpler form if 

we not ice that ,  us ing  Berwald,  Acta (I2. I2), 

and accordingly,  

(so) r ~ ,~ ~jo~, = ~ x~ x~ 1~o~, = 1%,. 

Hence  follows the result:  

(5 I) E = 9 q~ (la ~h) le a + 2 (a. A(,o lp e 

where we have used the abbreviat ion 

(s=) a : : :  I,oo= a : : :  I,~ x ~ 4  

for  a scalar or  tensor  A : : : .  

H a v i n g  thus  establ ished the tensor  form of E,  we have in the  next  place 

t o  consider G, for  which (36)' and (40) are sufficient. The result  runs as follows: 

(53) G = A~(l~ p ) b  - -  (t~p)Io. 
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In  case the deviation is in the normal  direction 

(54) ~i --  V 1 i 

the equation (34) takes the form 

(55) 
where 

(56) 

(57) 

f~ a~ 

d t = E ~  - -  G~a~ ,  

E.~ = g.O. V i e .  + 2 ae" A ~ .  VI~ + R~eo o V, 

GN ~-- A ~ V I ~ -  Vio. 
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5. Extremal  Deviation of  a Minimal Hypersurfaee .  

Suppose that  the original hypersurface S which we have to deform into a 

near one is minimal, namely, 

(58) a~ = o. 

In order that  the deformed hypersurfaee S be minimal also, it is necessary and 

sufficient that  E----o, namely, 

(59) W ( l h ~ ) , ~ .  ~ 2 ( a ~ A ~ . Z p - - a  ~ x ~ ) ~ l ~  + n e  ~, = o. ' ?~ e o r  

This we shall call the equation o f  ex tremal  deviation.  

Putt ing 

(60) ~ i - - Z "  x i + V1 ~ 
a 

we are led to 

(6~) W F t e o +  2 a ~ " A ; . 5 ~ + R ~ o  o v + ( R ~ o o - 2 a ; x ~ x ~ [ ~ ) x  ~ - 2 a  ~,z~l~=o.  

For the purpose of rewriting this equation in explicit form it is convenient 

to prove here the following formulae: 

(62) V ? '  = IrA ~' + ~" x '~ 

O V  . F* - - O V + a e ~ V I 1 " x . ~  
(63) OxjX~o + Vii m m o . - -  Ov a m. 

In fact, the function ~" being of position alone must obey the condition 

(64) it" ]l" x~ + Z" x~ I1" + r ]1" l' + V l' ]1" = o. 

By  composing this equation with l, and using the relations 
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we easily find (62). 

that  is, 

O V  . 
=Ox-~Xi,  + V! Im( I"L , ,  

which proves (63). 

The last equation implies 

l'II ~ = g,m _ 1 ~ (l,,~ + Am), 

On account of the equation A ~ = o it follows tha t  VII ~ = o ,  

V is homogeneous of degree zero in p;. For such a function we have 

O V O V . O V  Opm 
o v  a ~ x ~  + Op~  O x  ~ 

O Y  Hint 01" I,~ ~ log ~g)  - o x j X {  + v ~vv~ + L 

(65) V I ~ = o ~ V +  a e , A e  V +  ar 

As Vii is also homogeneous of degree zero in p~., 

= Or--- ~- + a~a x ~ - -  

and consequently 

FI _ 0  ~ i imx" x': ~ a -  Ov a x + a, aVl~ m e - -  V l P r ~  

_OVI~ Vii O~ xi 
0 v ~ 0 ve 0 v a 

~ - -  + ~ ,~  v i , p m  x "~ x~ - v ~ , , I ~ 2 .  

In  virtue of (65) and the fundamental  equations of the hypersurface [Ber- 

wald, Acta (25.6)] we obtain 

0 ~ V ~- A~' O V  0 (al, ~ AF') V 
VIo, a=~vO,  Ov a ' a~,,o Ova + Ov  ~ 

( ) - ( I "  + A'~' a.,a) 0 V 
e ~ Ovv* + aI'* Al' V 

- -  ae ,  Vlo + a , a  V l  i l[(n x i x "  m 

0 it" ~Oa,,~ "( 
+ ~'~av -~ + t o~  ~,,~(r~ + AVa, o)jit.,,. 
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Hence  under  the assumpt ion  (58 ) follows 

0 ~ V a ~ A ; -  F~ee-- A " ~ ' a ~ ) ~  V (66) ge ~ )q e. = ge ~ O-vO ' 0 v ~ + ( ~' 

].~O(a,,~A,') A,(r;Q + A"~'a~o)} V 
+ V b-Q o~,, 

oz,  g.oo~o...o_ . . . ( r ~  + ~"a,o)}4" 
+ a'~ + ( Ov a ~ 

+ a~, x ~ x~" VI~ !l ~. 

To compute  the  last  term we apply the opera tor  II "~ to the equat ion 

O V  
- -  _ _  l ~ r o i .  v z , -  o~' + vi!~ * 

Notic ing the in terchange law 

v . ~ _  v l l ~  

and (62) we shall first find 

L ~ . _ v L l ~  log ll" = V i i  ~ l o g  )! 

(67) V ] l ' ~ = ( V A ~  + Z"x'~)lm + VA~ll~ + 4"]]"x~ + 4 " x " l l  ~ 

- -  (l ~ - -  A ~) ( V A  ~ + 4" x~) 

and, as a consequence of the  formulae  [Berwald, 

(2 5. IO)], obtain  

(68) 

(69) 

so that 

(7 ~ ) 
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Aeta (8. I I), (8.13), (25.6), 

x ~ " V A O V  _ OA" OZ" 0xm t, ii ~ =  ~ +  vb~+ov~o, 

+ VA~(r;o + _a;,, ~,,~-- r~3 

+ 4~(F" o + A ~  a,, e - -F*~)  

+ l ' ;oex~Am}}  . V + x ~ x ~  F ~ o i l l ~ ( V A  r + 4"x2) 

+ r : o ,  (4, IJ' + z- - ,  x-Iq'). ; 'Gin Ct 

On the other  hand composi t ion of (64) with x~ gives immedia te ly  

x ~ " V I e I I " ' - - - - A  "0 V _ fOA" A"l' x,. o ~ + v [o~-  + A. (rg~ + , a,,. - z';:) 

+ r*oex~A'lI" + A'x' .~ x è  Fro,]['--* Fe* o ~, g ' " }  

0 4" 
+ Ov.O + )."(F" + A ' t ' a . , o - - F * , ~  + x  ~x"  ~1-* . I~  - -  a 0 a r �9 ~ a m X O r o ~  t l "  
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(71) 

(72) 

st) a s  t o  

Buchin Su. 

For convenience' sake let us introduce 

x,,,o = ~ x; x~- ~, f?~ II ~, 

Y'" = A ~ I1 ~ x~ x~, 

express in (68) each term with Latin indices.  The expression X,"" is 
r 

closely connected with the tensor Po~ [Berwald, Acta (7), P. 245] by the relation 

(73) ~ x~ x~ r*.~ LI ~ = x ~  ~ .  ~ 1, p m q ~  . ' 

which shows that  both the tensors X~ ~ and Peoo~ stand for the tangential and 

normal components of a certain covariant vector in space. 

As to the second expression (72 ) we can write the alternative one: 

L~gik 0 g~k 

[cf. Berwald, Acta (5.4), (5.14), (5.9), (23.20)]. 

A reference to the relation 

$ ~ $  ?/t "*P ~ "*'~ - 1 ~ o ~ ( 1  - -  A 'n) r ; o , l l ' =  x ., II z~ + I ~i 

suffices to rewrite two terms in (7o), namely, 

A ' x ~  g r*o,ll==A~x'~x~lpF~?ll" + A~F:~ + A , A ' r ; o e ,  

x: x~ x~ r*o, [l" = x: x,'~ x'~ lp ~ ?  li" + C'e + A" rgoe. 

Moreover, decomposing, as usual, F~*oe into components: 

~.lt, $ O* $ 1 ~oe =- F;oe x~ + Fooe l~ 

and m a k i n g  use of  the  formula 

we have 

(75) x' " = + + A~(l~e ~ + A;:a~,o) ~,. v~,[l" a "~ v- v~ ~ 
0 ve [0 ve 

+ a : A ' r ; o , ,  - -  rgo, , ,g. , .+ r z o ~ Y ' " +  A" x.," x ~ l . ~ g l } ' }  

OZ ~ 
+~ve+Z"{~e +a'~a" ,,,e + A ' ~ o e  + X" " e 
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The only two terms with Latin indices in the right-hand side of (75) can, 

however, be expressed in terms of X~' ,  A~ and g,~, as it may easily be shown 

on account of the relation [Berwald, Acta (I5.6)] 

1 F * r  lib r 

and A v  = A t, x '~'. 
e 

The result of carrying out the computation is as follows: 

A. x~ ~ t~ r: ,~ I1 ~ = - -  A .  X~- .  

x:  ~:~ x'  4 ~ II ~ = - g~- x ~ "  Q r.  Q �9 

Thus we have finally 

(7 6 ) V, ,? 'x  x.~----a ~-j~+ love " + A ~ ( ~ . +  

0 Z" 
+ ~ + X'~{F"~e + A'~a~,r + A ' F * o  e - - g , ~ t , X ~ ' } .  

Substitution of (76) into (66) and utilization of the equation 

0Z, 
x" x~ I~ + z" I~ - 

p a 0 V ~ 

give the required form of (6I): 

O ~ V 
(77) g e ~ o v  r  ~ - -  + ( 2 :'e ~ A e " + 2 a* A /' - -  F~ e - -  A ~  * " a" ") ~v~  + J V + A'~ ]r = 

where we have placed 

(78) ,:~ = (a~ A~')(e) + R~o o 

A"  A ~ " + a~ { (e) + (Be"  + 3 A'e~ a,, ,)  - -  A t, X ~ "  

- - A ~  + I ' ; o , ( A ,  AO + g ' ~  + IT'~ 

(79) .,4a =/~gog --  2a~t, ['a*~ + a~(e) + 2/~ae a~ 

Evidently, ~ is an invariant similar to Koschmieder's Uo* [cf. Berwald, Acta 

(33.2)], since they have several terms in common. But I have not been able to 

find the relation between these invariants. 
8 -  642127 Ae~a mathemat/ea. 85 
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6. A G e n e r a l i z a t i o n .  

As in the  case of  a space of K-spreads  ~, the  inf in i tes imal  de fo rma t ion  so 

f a r  we have  considered can  also be general ized to the  case where  each of the  

func t ions  ~ depends  upon the  posi t ion as well  as the  no rma l  d i rec t ion of  the  

hypersur face .  H e r e a f t e r  we shall  denote  the  co r respond ing  f o r m u l a  in th is  case 

by means  of an equa t ion  wi th  the  same m~mber preceded by prime.  Thus,  ins tead  

of (6) we have  to consider  the ex tended  inf ini tes imal  de fo rma t ion  

(6)' 

where  the  ~ is a func t ion  

zero in p,,,  so t h a t  

(so) 
Upon  se t t ing  

(s~) P~-/~ 

and  

:zi = x ~ + ~ (x, p) ~ t, 

of both  x ~ and p~,, and  is homogeneous  of degree  

--- co fac to r  of  0 x ~ Or-- ~ in  p~ 

g Op~ . 
L ~ Ov ~ P(~)~ ~- Q~mt 

we can a f t e r  an  easy ca lcu la t ion  show t h a t  

(9)' Pk-~pk + ~OxhPk---Ofxkph + ~k , .~p~]Ot ;  

(I I) t 

+ 
O x h O x k 

Q,~h ~ !1 '~ ~ t, 
1) 

o x r ~ O x k  l~, - Q~,a , ,  il "~ ' 

l o g  h ,  0 ~h \ 
+ (A '~ - -  l m) l'~oh ~h + b x  ~ lh) l~ 

~t;  

Cf. B. Sty, On the isomorphic transformations in a Douglas space, Science Record, Acad. 

Sinica, 2 (I947), x I - - I9 ;  t39--146. 
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(I7)' --F~'ok = 1,6k § ~lh ~I~j  ~J __ lh I'*n, k "--OX ~ lj 

r,~O~J ( ) - -  , k f f ~ x h l j - - ( A ~ - - l ~ )  F ~ o ~ + O ~ l  ~ F*,ok 

+ (~ r*[ I1" Qg~,: - r;\~ Q~.j + r:.o~ (z~ - A~) Q~j  ~ I!-)} g t. 

Proceeding as before and using (8), we have the following relations: 

[ ' "  

(22)' aeo . . . .  + t, OxJ, X~o ,:~ + " o~X"~v~  

_ _  _ _  0 ~ l , , ,  + b~l]m Olin og, + 1,~Nm - 
0 ve 0 v" 0 ve 0 v ~ 

o~m . o~,~ o'~'  } ] 
+ r?o ~ ~ + r~o~ ~ o ~,o o ~ Q' m~ ~ tl ~ ,~ t, 

( ~oz~ , o ~  , ) ll~t 
(23)' ~)eo . . . .  + g~  XoOv ~ + gft, x e ~  + 2Aeo Q~,,~ ~ 

In  the r ight -hand sides of these equations there are omit ted  all the terms in 

(22) and (23) respectively. 

Similarly, we obtain 

(26)' ~,~176 g~.ge~ I .  g~,, 

with the abbreviation 

(27)' ha~ . . . .  + gh~xko-~v~ g,:hx~ O--v~ + 2 A~F, Oj~h ~hl[~ 

and, in particular,  

(39)' 

) 
q o 2~ : d e t . ( g e o ) - - g  h~. ~ t l 

h i . . . .  + 2 az,~ gj~ x~ 

only the terms in addit ion being exhibited. 

I t  shall be noted  tha t  on account  of non-vanishing of ~hli~ in the present 

case appear the derivatives Ol,~ 0 ~Im of l~ in each coefficient, for  which we 
Ov ~ '  Ove Ov ~ 

have to utilize the formula  [Berwald, Acta  (25. II)] 

0 l~ F" ' = , 
(83) 0 v ~ ~o3 --  ao~ x~ - -  A" af,~ lj 
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Without  expressing the way of carrying out the computation precisely we 

conclude after a somewhat lengthy calculation that  the equation for the varia- 

tion of the mean curvature of a general hypersurface in the Cartan space also 

takes the form (34) with new coefficients: 

(84) E =, ge ~ (lh ~h) le ,~ + 2 (ae" A*r lp - -  a~t, x~) ~P [~ 

+ R ~ o r ~ r - - l h ~  h mra~a~ ~ x ~,,~ x a 

+ x~  (aQ, F ; ,  + a e, A; .  ~' aF,, 
e a e, 1 
Ov ~ / 

�9 , �9 ea~]  

2 

- - ( 1 ; e  + 2aeaA~ca + aeaA;a ) Q~mj ~[I=, 

(85) G = (A ~ - -  l ~) (lm ~m) Ix + (A  ~ Qr,.~ - -  A ~ lj I ~ o ~  + .lj I~oora) ~J IIra. 


