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Introduction. 

i. Let f ( x ,  y) be an indefinite binary quadratic form a x  ~ + b x y  + cy ~, with 

positive discriminant d = b ~ - - 4 a c .  A well-known theorem of Minkowski states 

that, for any real numbers Xo, Yo, there exist integers x, y such that 

If.(  + Xo, y + yo) l -< 

being necessary if and only if f ( x ,  y) is equivalent to a the sign of equality 

multiple of xy .  

Heinhold [I], Davenport [I], u [,] and Barnes [I] have found better 

estimates for the minimum for non-critical f .  

Recently Davenport[2,  3, 4] studied the special forms x ~+ x y - - y  ~ and 

5 x ~ - -  I I x y - -  5 y2 and obtained interesting results about their minima. Varna- 

r ides [2, 3, 4] applied Davenport 's method to the forms x ~ -  2y~', x2--7y~,  and 

x 2 -  II y~. In this note we give straight-forward geometrical proofs of Varna- 

rides' results about the forms x ~ - - 7 y ~  and x ~ - - i i  y2. 

The results we prove can be stated as 

Theorem 1: Let f ( x ,  y ) =  x 2 - - 7 y ~ .  Then given any two real numbers Xo, Yo 

we can f ind x, y such that 

(I.I) x - ~ x o  (rood. I), Y ~ Y o  (rood. i) 

and 

(I.2) [ f ( x  ' y)[ .< 9 .  
I4 

i This  note forms a pa r t  of a u tho r ' s  thesis :  Some Resul ts  in the  Geometry  of blumbers:  
approved for t he  degree of Ph,D. at  the  Univers i ty  of Cambridge. 
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The equality sign in (1.2) is necessary i f  and only i f  

1 (rood. 1), ~ + 5 (rood. 1). (1.3) Xo -- ~ Vo 14 

I f  Xo, Yo do not satisfy (1.3) we can replace (1.2) by 

I 
(1"4) t If(  x, Y)] < 

1.56" 

Theorem 2: Giren x o, Yo, any two real numbers, we can find (x, y) such that 

x=--Xo (rood. 1), y~yo(mod .  1) (2 .1 )  

and 

(2.2) 

(2.3) 

(2.4Y 

Ix ~- 11 y2 1 <- 1-29. 
22 

The sign of equality in (2.2) is necessary i f  and o~dy ~f 

l(mod, i), = +  7_(rood. l). Xo ~ 2 Yo - 22 

For all Xo, Yo, not satisfying (2.3), we can replace (2.2) by 

]x _11y, i < 1 
1 . I 6  

Proo f  of  Theorem I. 

2. We first prove 

Lemma 1.1: Let(Xo, Yo)-~ (I ,  +_ 5 ) ( r o o d . I ) .  Thenforall(x,y)--~(Xo, Yo)(mod.1), 

IxS--7YSI > 9.i4 For some of these (x, y), for example ( I ,  -+ 5 ) '  the result 

holds with the equality sign. 

1 5 Proof: All (x,y)--~(x o,yo) (rood. 1) are given b y x = a + - ,  y = b + - -  where 
2 - -  I 4 '  

a and b are integers. 
For these x, y we have 

(x.5) I x ~ - - 7 y 2 ] = l ( a + I ) ~ - - 7 ( b + _ - ~ ) ~ i = l a ~ + a - - 7 b ~ - T s b - - 9 ] > - - 9 ,  

t These  resul ts  are s l igh t ly  s t ronger  t h a n  those  of Varnavides  in t h a t  we  do n o t  have  t h e  
s ign of equa l i ty  in  (I.4) and  (2.4). 
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since a ~ +  a - - 7 b ~  5 b is an even integer  for all the a and b. The sign of 

equali ty in (I.5) arises when, for  example, a = b = o. This completes the proof  

of the lemma. 

3- Suppose now Xo, Yo is a pair of real numbers  such tha t  

(,.6) For  all (x, y) --  (Xo, Yo) (rood. I), Ix '  - -  7Y'I >- ,-~S6" 

After Lemma I. I, it will suffice for the proof of the theorem to show that Xo, Yo 
must satisfy the relation (1.3). 

The rest  of the  proof  will, therefore,  be concerned with the  proof  of the  

above. 

Le t  Yl be the unique number  for which 

I < Y l - - 2 '  YI~Yo (rood. I). 
2 

Consider the  values of x sat isfying the relation 

I 
z -Ty < -<(x + 7y . 

The above is equivalent  to 

I 2 b ~ 
x'  < 1.5-6 4- 7Yl = (say) ~ (x + I)', 

i.e. 

- - b < x < b ,  I and . (,) 

either x +  l ~ b, or x +  i <----b 

Since it  is impossible for  x to be s imultaneously less than - - b - - I  and 

greater  than - - b ,  we must  have x > - -b - - I .  

Now b -  I > -  b, since b > I_ Therefore  (*) is satisfied if and only i f  
2 

b-- i <--x<b, 

i.e. the  values of x form a half-open interval  of length I. This interval  con- 

tains a unique number  x I ~ x0 (rood. I). Therefore there  exists one and only one 

pair  x,, Yl, such tha t  
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(xl ,  y,) ~ (xo, y0) (rood. ~), - -  ~ < y~ --< ~ ,  a n d  

x l - - Z y l ~ -  i-.5 6 - - (X l  ' I) - - 7 Y l .  

Similarly there exist unique numbers x~, y~ such that  

y,-(Xo, Yo)(mod aud 

[ X  ~ ~ I ~ 2 ~ --  7 Y~ < I-2TS -- (x~ --  I )~ 7 Y~. 

Clearly Yl = Y~. We suppose 

(~.9) o -< y~ = y~ -< ~. 
2 

The procedure for negative y~ is similar. 

By (I.6), (I.7) and (~.8) we must have 

(I. I o) x~ -- 7 Y[ -< I 2 2 I 
- - I . 5 ~ '  x~--7y2 < - - - - - .  1.56 

4. We now introduce a few definitions. 

Definition 1: A point P(x ,  y) in the x - - y  plane will be said to be "con- 

gruent" to the point Q(x', y') if we have 

(x, y) = (x', (rood. 

We will then write P ~ Q. 

Definition 2: We shall call two regions R and S in the x - - y  plane "con- 

gruent" regions, if a translation through integer distances parallel to the axes 

changes / /  into S and vice versa. We, then, write B ~ S. 

Obviously if B ~  S, every point in R has a congruent point in S and vice 

versa. 

Definition 3: A translation r n will mean the translation through a distance 

m parallel to x-axis and n parallel to the axis of y. 

5. Now, let us represent a pair x, y of real numbers by the point P i n  the 

x, y plane with co-ordinates (x, y). Then we have only to prove: 

"Let  Po(Xo, Yo) be a point such that no point congruent to i t  lies in the region 

�9 ": defined by the inequality 
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Fig. 1 

t~2 
c c ] B 

,.~, Fig. 2 

�9 ~ 2  E 5 ~ ,Y~2 

Fig. 3 

Fig, 5 Fig. 6 Fig. 4 

F igs .  1 - -6 .  

6. Let c~', c~, C and 50 be the arcs of the hyperbolas x ~ -  7 y  ~ -- + ~ .  
-- 1.56 

Then c~ is the open region included between these ares. (See fig. I). 

I 
Let  the line .y = - meet these ares in the points A,  B ,  B and .4 as shown 

2 

in the figure. ~Iove the part of ~ ,  lying between A A and the x-axis, through 
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a distance - - I  parallel to the x-axis. Let it take up the position CD V, with 

the points C, D and V on A A, e and the x-axis respectively. Clearly the equa- 

l 
tion of CD V is (x + I ) ' - -  7y ~ = 1.56" 

Also move the part of ~ ,  between A i  and the x;axis, through distance I 

parallel to the x-axis to take up the position CD V, as shown in figure I. The 

I 
equation of C D V  is ( x - - I ) 2 - - 7 y  s= 1.56' 

Denote the closed curvilinear triangles .B CD and B CD by r and r 

Then the relations (i.7) , (i.9) and (i.1o) mean that there exists a unique 

point PI-~ Po in r while relations (I.8), (I.9) and (I.IO) mean that  there is 

just one point Pz congruent to Po and lying in ~ .  

Clearly it will suffice for our theorem to show that  "P ,  must coincide with 

~' I4! 
For convenience of reference, we tabulate below the co-ordinates of the ver- 

tices of ~ and ~ .  r is obviously the image of ~ in the g-axis. 

Table L 

Point  Curves on which  it  lies Co-ordinates 

B 

C 

D 

B 
0 

b 

I I 

Y = 2' x~--  7Y' 1.56 

I ( x + , ) ~ - 7 y ' =  i 
Y = 2'  1.56 

V ' 5 6  . . . . .  

]/ I -~  " = ( ~  o.5). 

x~__7y,_ I (x+ *)''Ty '= ~ II 

Image  in y-axis of 

B 

C 

D 

(--  I.o53 . . . .  o.5). 

( , -  0.546 �9 �9 0.5). 

(--;8 ") 
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7. Let the translation ~_~, 0 change ~ into r Then we assert that ~ '  

consists of three parts (see fig. 2) 

i) ~r, which lies in ~,  

ii) the closed curvilinear quadrilateral ~ 1 ,  which lies in ~ ,  and 

iii) the region 8, which lies outside ~ as well as ~ .  The above assertion 

will clearly follow if we can show that 

I. the upper vertices of ~ '  lie to the left of C, 

2. the lower vertex of r lies inside ~,  and 

3. the hyperbolic arcs in the boundaries of ~ and ~ '  meet each other 

in single points. 

We first observe 

Lemma A: Let e be an infinite arc of a hyperbola. Let  A B  be a finite 

arc of a hyperbole .~), whose asymptotes are parallel to those of e.  Then, if 

A and B lie on opposite sides of C, A B  intersects e in a single point; but, if 

A and B lie on the same side of e,  A B meets e in two points or none. 

Proof: Obvious, since e and ~) cannot intersect in more than two finite 

points. 

After Lemma A, 3 is a direct consequence of I and 2. 

The condition 2 is obviously satisfied since the lower vertex of ~ ' ,  i.e. the 

new position of D, lies on the line D D :  y = y', at a distance less than I to the 

right of D, and since the arc D C is at distance I from ~ .  

The condition ~, too, is easily verified, since the co-ordinates of the upper 

vertices of ~ ' ,  obtained by adding (I, o) to those of B and C, are (--.o53 �9 �9 -5) 

and (.453 . . . .  -5) while those of C are ( . 546 . . . ,  .5). 

Consequently our assertion about ~ '  is true and fig. 2 is correct. 

Now ~ '  is congruent to ~ .  Therefore o~' contains a point Q ~ P~------P0. 

As Q cannot lie in ~ ,  it must lie either in ~ 1  or in 8 ;  we include the common 

boundary in ~ only. 

Now, let the "translation ~ ,  o change 8 into 8 ' .  We assert that  eft' will 

consist of two parts i) z2 lying in r  and ii) the closed curvilinear triangle ~ 2  

lying in ~ .  The assertion will clearly be justified if we can show 

I. The upper vertices of ~ '  are situated relative to B a n d  C as shown in 

fig. 2, and 

2. The points of intersection between the boundaries of ~ and S '  are as 

shown in fig. ~. 
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After Lemma A, 2 is a direct consequence of I, which in its turn follows 

from tile fact that the co-ordinates of the upper vertices are (.946 . . . . .  5) and 

( I .453 . . . ,  .5) while those of C and B are ( .546 . . . , .5 )  and (I .O53. . . ,  .5) re- 
spectively. 

Therefore the figure is verified. 

Now if the point Q lies in 8, a point Q ' ~ Q ~ P o  will lie in 8 ' .  As Q' 
cannot lie in ~,  it will lie in ~ .  So that  we conclude that a point ~-i~ lies 
in ~ 1 ,  or ~-'~.~. 

As both ~ l  and ~7~, lie in J-~ and r contains just one point /)i--/)o, P1 
must obviously lie in J-~ or ~ .  

Similarly, we can prove that P2, the point in ~ congruent to Po, must lie 

in ~1~ ~ 2 ,  respective images in y-axis of ~ and ~2 .  

By considering the equations of boundary arcs of ~ l ,  ~ ,  ~ 2  and ~ or 

by simple symmetry considerations, it is easily seen that J--~ ~ ~ and r ~ ~ .  

Let the vertices of ~-~ be E, ~', G, and H, those of ~ be E, F, G, and 

H, of ~ be K, L and B while those of ~ be K, L and B, as shown in fig. 3. 

Join E G  and EG. Draw the lines K_~I, K M  parallel to y-axis to meet 

B/~ in M and _~. These lines divide ~ ,  ~ ,  ~ ,  ~.~ in two parts each. These 

parts have various congruence and symmetry relations e.g. 

~. E F G  is congruent to E H G  and symmetric with respect to y-axis to 
E F G .  

2. K B M  is congruent to KL~/I and symmetric with respect to y-axis to 
K B M .  

In view of these relations it will suffice for the proof of Theorem I to prove 

statement A viz. "Every point, except ( I ,  ~4)' of K L M  and E G H  has a co~- 

gruent point inside ~".  For, if so, because of congruence, every point, except 

( I2, I54) in K B M  and E F G  will have acOngruent pOint i n ~ ' a n d ' t h e n b y  

symmetry, every point, except ( i  ~44)' of K B M  and E F G  will have a con- 

gruent point in ~.  Combined with the statement A this will mean that  every 

point except (~ ~ 4 ) i n  ~ 1  or ~ has a congruent point inside ~,, so that/)1 

which lies in ~ t  or ~ and has no congruent point in ~,  will have to coin- 

cide with the point ( I ,  ~ 4 ) a n d  the Theorem will follow. 
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We now prove s ta tement  A in the  Lemmas 1.2--I .4  below. For  convenience 

for reference we tabulate  the co-ordinates of some points. 

8. L e m m a  1.2: Every point  in K L M  has a congruent  point  in r 

Proof:  Le t  the t ranslat ion c~8, ~ change K L M  into K' L' M'. (See fig. 4)- 

Then 

since 

also, 

since 

K ' = K + ( 3 ,  I ) = ( 4 ,  1 .484 . . . )  lies in 

i 
14'-- 7( I ' 484""  ")2Ix < "58 " ' "  < 1.56 = "64I "" "; 

L '  = L + (3, I) = (3.946 . - - ,  I-5) lies in ~, 

I 
1(3.946.. .)~ --  7 (I.5)*} < 7 (I.5) ~ --  (3.9) 3 = .54 < 1.5---6" 

As the t r iangle K ' L ' M '  lies entirely within the rectangle formed by the lines 

th rough  K' and L '  parallel to the  axes, the above implies tha t  K ' L ' M '  lies in- 

side ci~ and the  lemma follows. 

L e m m a  1.3: Every point in E H G  excluding a closed curvilinear tr iangle 

E N Q  has a congruent  point in ~ .  

Proof:  Le t  the t ransla t ion r  change E H G  into E ' H '  G'. (See fig. 5). 

Then, 
H' = H +  (I, - -  I) = (I.679 . . . ,  - - .6o3 . . . )  lies inside r 

since 

since 

1(i.679 . . . ) 2  7(-6o3 . . .)*l < 2 .89 - - z .5z  = .37 < ~ - ~ ;  

G' = G + (I, - -  I) = (I.5, - - .52o5 . . . )  lies inside ~ ,  

I . 

1(i.5) 3 - 7 ( . 5 2 0 5  . . . )31 < 2 . 2 5 - 1 . 7 s  = .5 < ~ ,  

59 i.e. in 
' _ 1092 

I 
t ha t  part  of x ~ - - 7 y ~ < -  1.5--~, where y is negative, since 

( V ) '  I39 I < - - . 6 4 6  . ~. .64I . . .  
(I.5) 2 --  7 Io92 "" 1.56 

This proves tha t  the position of the points E ' ,  G' and H '  is as shown in fig. 5. 

l/zzY 1 1.484 . . .  == I + ~ .  
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We also observe that  E ' H '  and H '  G' are arcs of hyperbolas with asymp- 

totes parallel to x __+ V7 y = o. 

By Lemma A, E ' H '  meets 50 in a single point, N'  (say). As E'G" is a line 

parallel to the y-axis, it intersects 50 Jn one point, Q' (say). The arc G' H' arises 

from ~ by a translation ~ , - i  = c~rl, 0 + c.~, o + c~1,-a. Therefore its equation is 

( I , I 1 )  

The equation of 50 is 

I 
( x -  3) '  - 7 (u + i ) '  = 1.5---6" 

I 
x~ -- 7 Y~ 1.56 

Therefore, eliminating y between ( I . i i )  and the above, we find that the 

points of intersection, if any, of G'H'  and 50 satisfy the equation 

175 ( '4~ '  x~ 84x  x__75 X 3 9 - - x 9 6  o =  7 x ~ +  3 x  --  = 2 -- 
39 ~ I  39 39 ~ 

This has a negative root. Therefore, as all the points on G' H '  have a posi- 

tive abscissa, there is at most one point of intersectiox~ of G ' H '  and 50. But 

by lemms A, the points of intersection of G'H" and 50 are two or none. There- 

fore G'H" does not intersect 50. 

The equation of r ~  is 
I 

x~-- 7Y2 = 1.56" 

Eliminating y between (x.II) and above, we see that the points of inter- 

section, if any, of G' H '  and r  satisfy the equation 

~  3x)~--ex~ + 7 ( I--.~) i .~.6=2X~ 6 X +  ] + 7 . 

As this equation has no real roo~, G ' H '  does not intersect ~ .  Hence the 

position of E '  G'H'  is as shown in fig. 5. The translation CT-l, 1, i.e. the trans- 

lation inverse to c~l,-x, changes .E'N' Q' into E N Q  of the lemma. 

9. Now we give an easy lemma which we shail apply later. 

Lemma B: Let  a >  o, r >  I, ao~a,  be any three real numbers. Then, if N--<a 

be a positive number, we can find an integer n >-- I, such that 

a o < N r  n ~ ar. 
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Proof: Obvious, since we can find n--> I such that  

a < N r  ~ <-- a r. 

/ r  
Lemma 1.4: Every point, except (~, ~ ,  in the closed tr iangleENQ, haa 

x -  

a congruent point in ~.  

Proof: The equations of the boundary arcs of E N Q  are 

E N :  

NQ: 

EQ: 

x2 --  7 Y~ I 
1.56 

(X + 1) 2 - 7 ( y -  I) '  I 
1.5 6 

I 
x = 2' (by definition). 

Therefore the co-ordinates of Q are 

x = -'2 y = I --  + ~ I 3  , .35734 . . .  " 

/ .  \ 
As the co-ordinates of E are ~2' "35577 " " ~ '  R, the point with co-ordinates 

(i (, ) 
2' = 2' .35714. . .  lies between E and Q on the line EQ.  

Let R S T ,  the line y = ~  through B, meet NQ and E N i n  S and T re- 
14 

spectively. 

Then the co-ordinates of S are (1/2459\~1o92 1, ~4) = ( " 5 ~ 1 7 6  ~4}' and 

( V  375 ~ ) = { . 5 o I 8 . ,  :4}.  Therefore the posi t ionis  as those of T are I~ , .. 

shown in fig. 6. 

Consequently every point of JE N Q has co-ordinates ( I + a, ~ + fl) where 

o ~< c~ < .ooi9, 

Therefore the points of PSNQ, excluding (~, 

Z consisting of points + a, ~4 + , where 

(1.I2) o - - < a <  .oot9,  I 1<.ooo4, o). 

- -  , o o o 4 " <  # < . o o o 2  i .  

~ form a subset of the set 
14/ 
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I t  will consequently suffice to show that  every point of Z has a congruent 
point  in ~ .  

Suppose it is not so. Thenlet(x',y')=(~+a~, 5 
such that  all points congruent to it lie outside r 

Then, we have 

(1.13) 

+ fl~) be a point  of Y~ 

o < ,~1 + lh',l V~ < .oo~9 + (.ooo4)(2.7) < .003, 

and, for all rational integers x, y, 

~4)'~ + i l l +  > _ - - .  
i .56 

First suppose ~j ~ o. 

The relation (I.I4) implies that, for all rational integers x, y, we have 

]( ), (, ), i x - -3  +cq  - - 7  __ 9 +fl~ - - > - - -  i.e. 
2 14 1.56' 

for all integers ~ = x + y V 7  

[~-(~ ~4~) 
"L 

+ ( ~ 1 -  ~, V7), ( >- i 
) 1.56 

Write ~ for the fundamental  unit  8 + 3V7 = I5.93 . . .  of (k V7). 
Take ~ defined by the relation 

~ - ( ~ + 9 V 7 ) = - ( ~ - + ~ 9 ] / 7 )  ~ ' 2 ~ ' ' 4  n an in t ege r .  

Obviously 

'4  2V7 

is an integer since ~ n _  ~,, ~ o (mod. 2 V7). 

Dividing ( I . , 5 ) b y  [ { ~ _ ( 3 +  ~ 9 ] / 7 1 } ( ~ ' - ( ~ - - 9 V 7 ) } [ I 4  I4 

I(~+ ~ )  (~- ~4~) I = ~, 

and their conjugates ~'= x--y]/7 in the field 



14 R. P. Bambah. 

we have 

(I.I6) I I 

for  all n. 

Wr i t ing  

(I.I6')  

for  aU n. 

1 14 I 4  

1.56 9 I4.O4 

and.  Q 
3 + 9 V ~  3 9 V7 
2 I4 2 I4 

e', (1.16) becomes 

I4.o4 

Now, as z >  I, f rom (I.I2), we have, for all n --> I, 

( I . I 7 )  [ I  ~-'2n[ ~ I + 
at + ~, V7 1 .0o 3 1 

( 9 V ~ _ ~ )  . ~ < I + 2 5 o ( . i 7 )  < I I 4 , 0 0 0  
m (say). 

W e  show now that in Lemma B, we can take 

I4 and N = Q. 
r = ~ s  ' a = I a o =  I I 4 . o 4 m  

For, r >  I, and o < N ~  a follows from 

o < N r -  

Also a o < a,  since 

a r  I 

fit . r  ( .oo3) (256)<  I = a t .  
+ 61 

s+R  
2 14 

14.o4(14OOl) 
a~ I 14 I4.O4 (I4ooI)  - -  14(I4ooo) > - - 5 7 5  

I4.o4 m 

196,ooo 
> 300 > z ~. 

Therefore,  all the condit ions of t h e  lemma are satisfied so tha t  we can find 

an n--> I such that  

14 
I < ~ 2 n  < I .  

I4.0 4 m 
Therefore  

(i.18) i4 
14.o 4 m 
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Mul t ip lying by (I . :7)  , we have 

I_____44 14 

I '  - e ~ ' " l  I, - e ' * ' ~ " l  < m ' 4 .04 m = :4.o-4' 

which contradicts  (I. t 6'). 

Therefore,  fl~ < o. 

Let  # l = - - / ~ ,  so tha t  # ~ > o  and " l + ~ ] / 7 > o -  

The relation (LI4)  implies that ,  for  all ra t ional  in tegers  x, y, 

' 5 _ ~  _ > :_2_  (:.'9) x ~ I  + a~ - - 7  + 1.56' 

(I.19') i.e. I{~-~-(I~VT--I)q - ((~I--~VT,} 

15 

1.56 
for  all integers ~ of k(VT).  

Taking ~' 7 + 5 V7 7 + 5 V7 we obtain a contradict ion as before. 
z4 I4 

Thus  there is no point  (x', y') in Y, which does not  have a congruent  point  in r 

This proves the lemma. 

Combining Lemmas 1.2, 1.3 and 1.4 we get  s ta tement  A and hence the 

theorem. 

P r o o f  of Theorem I I .  

io. As in the proof  of Theorem I we f i r s t  prove 

L e m m a  2.1. Let  (Xo, yo)----/~, + 7 ) ( r o o d .  ,). Then for all (x, y)---(Xo, yo) 
k ~  

,) '-9 so e o ,  § 
2 2  ~2. - -  2 2 ]  ' 

resul t  holds with the sign of equality. 

Proof :  All (x, y) ~ (xo, Yo) (rood. ,) are given by x = a + -:, y --- b __ 7 ,  where 
2 2 2  

a and b are integers. 

For  these x, y, we have 

(2.5) Ix'-x:v'l= a +  - - 1 I  b___~-~ = a ' + a - - I I b ' - T - 7  22 22'  

since a ~ +  a - - I I  b ~  7b is an even integer. 

The sign of equal i ty  in (2.5) is necessary when, for  example, a = b = o. 
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II. Let c~7 be the open region bounded by the ares of the hyperbolas 

I 
x ~ - -  I ~ y2 = +_ T. I-----6" L e t  Po (xo, Yo) be a p o i n t  such tha t  no 13oint congruen t  to i t  

l ies  in  c-g-. Then, as in Theorem I, we have only to show that 19 0 must be con- 

gruent to one of the two points ( ~ , - - + 5 ) "  

C a. I Af~ 

Fig. 7 

o~ ' g - '  

J 
L M B 

e Fig. 9 

Fig, 10 Fig. 11 Fig. 12 

~ 

'F 'I T 
E 

trig. 13 Fig, 14 

Figs, 7--14. 
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I 
I2. Let ~ and r be the arcs of the hyperbola x~--IIy~= i-~_~ and e 

I 
and ~) those of x 2 -  II y2 so that  ~ i s  the open region enclosed by 

1 . 1 6  ~ 

~ ,  ~3, e and ~). (See fig. 7). 

I 
Let the line y ~ - meet these arcs in the points A, B, /~ and _~ as shown 

2 

in the figure, l~ow move the part of r  lying between A ~i and the x-axis through 

a distance - - I  parallel to the x-axis. Let it take up the position CD V, with 

the points C, D and V on A .~, e and the x-axis respectively. The equation of 

CDVis  ( x + I )  ~ - I I y ~ -  I 
I . I 6  " 

Similarly move the part of ff3 between A A and the x-axis through a dis- 

tance I parallel to the x-axis, to take up the position CDV as shown in the 

I 
figure. The equation of CDV is (x--1)~--7y 2= i.i6" 

Denote the closed curvilinear triangles B CD, B CD by ~ and ~ re- 

spectively. 

Now suppose that  the unique Yl~  Yo in the interval -- ~ ~ y~ ~ I is non- 
2 2 

negative. 

Then, as in Theorem I, it is easily seen that  both ~ and ~ contain unique 

points P1 and P~ congruent to Po. 

Then it will suffice to proveP =(  I, 7 ) .  For, i fy~werenega t ive ,  similar 

argument w o u l d g i v e P l ~ (  I ,  72); sothatallPo(xo, Yo), incongruenttopoints 

of c~-, are congruent to (~, •  T h i s i s  clearly equivalent to the theorem. 

For convenience of reference, we tabulate now the co-ordinates of the vertices 

of , ~  and ~ .  , ~  is obviously the image of ~ in the y-axis. 

13. Let the translation ~-~,0 change ~ into ~ ' .  Then we assert that  ~ '  

consists of three parts (see fig. 8), 

i) z, which lies in ~ ,  

ii) the closed curviiinear quadrilateral r which lies in ~ ,  and 

iii) the region 8, which lies outside r163 as well as ~ .  

4 -  642128 Aeta m a t b e m a ~ .  86 
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Table I I I .  

Point  I Curves on which i t  lies Co-ordinates 

B 

O 

D 

0 

D 

I 

2 

I 

2 

X ~ - - I I  y~ 

: I .~6 I16 '  = ( I . 3 7 4 . . . ,  -5) 

' (X+ I ) * - - I I y ~ = ~  / \ [ I I 0  2/ 

I y~ I ( 2 1  , , 
I . :6 '  (x + I) ~ It  ~-~, Y / unimpor- -- = (the value of y 

I .I6 \~ ! rant) 

Image in y-axis of 

B 

C 

D 

( - - I .374 . . ,  .5) 

( -  . 9o . . . ,  .s) 

To prove the assertion we have only to show 

I. the upper vertices of ~ '  lie to the left of C, 

2. the lower vertex of ~ '  lies in ~7, and 

3. the hyperbolic arcs in the boundaries of ~ ,  and J-~' meet each other in  

single points. 

The condition 3 is, by Lemma A, an immediate consequence of : and 2. 

The condition 2 is obviously satisfied since the lower vertex of ~-'~', i.e. the 

new position of D, lies on ~he line .DD: y = y', at a distance less than : to the 

right of D and since arc D C  is at distance I from ~ .  

The condition :, too, is easily verified, since the co-ordinates of the upper 

vertices of ~ ' ,  obtained by adding (I, o) to those o f /~  and C, are (-- . 374 . . . ,  .5) 

and ( . o 9 . . . ,  -5) while those of C are ( . 9 o . . . ,  -5). 

Consequently our assertion about ~ '  is true and the position is as shown 

in fig. 8. 

Now ~ '  is congruent to ,~.  Therefore ~V~' contains a point Q ~ P , -~  Po- 

As Q cannot lie in ~7, it must lie either in ,~ :  or in 8 ;  we include the common 

boundary of ,~ l  and 8 in ~ 1  only. 
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Now, let 3 , o  change 8 into 8 ' .  We assert that  r is situated as shown 

in fig. 8. Because of Lemma A, we have only to verify that  the positions of 

the vertices of 8 '  are as shown. Now the lower vertices of 8 lay on CD. 

Therefore the lower vertices of 8 '  must lie on ~ .  Also the co-ordinates of the 

upper vertices obtained by adding (I, o) to those of upper vertices of 8 ,  are 

( .625 . . . ,  -5) and ( I .O9 . . . ,  .5), while those of C and D are ( . 9 o . . . ,  .5) and 

( I . 3 7 4 . . . ,  .5). Therefore the positions of the upper vertices, too, are easily seen 

to be correctly shown. 

Consequently 8 '  consists of 

i) zr' lying in r 

ii) the closed curvilinear pentagon Sl ,  and 

iii) z~ 2 lying neither in ~ nor in ~ ;  the boundary arcs of 81 common with 

~' or z~ are included in 81 alone. 

Now if the point Q lies in 8,  a point Q ' ~ Q - ~ P ~  will lie in 8 ' .  As Q' 

cannot lie in c~-, it will lie either in Sl or in %. 

The translation c~,o changes the lower vertex and one of the upper vertices 

of zr 2 to points on c~, while the other upper vertex becomes (I.625 . . . ,  .5) as 

shown. Thus the translation c71,o changes za into ~ lying entirely in c~7. 

Now zr~--zr 2. Therefore if (~' lay in ~r~, a point Q " ~ - Q ' ~ P o  would lie 

in eft, which is impossible. Therefore (2' cannot lie in zr~. 

Consequently a point congruent to Po is seen to lie in '~1 or 81. As both 

~ l  and S 1 lie in ~ ,  and ~ contains only one point, namely /~,  ~ P 0 ,  we 

conclude that -Pl must lie either in , ~  or in 81. 

Let ~ s  be the closed curvilinear triangle containing ~r~, 81 and the region 

~s, shown in fig. 8. Then we can sa.q that P1 lies i.n "~t or r 

Let the vertices of ~ and ~.~ be E, F, G, H, K, B, and L as shown in 

fig. 9. Join E G and draw K M  parallel to y-axis to meet. A A at M. 

Then, as in Theorem I, it will suffice to show that  

inside ~ "  

This we shall~prove in the rest of the paper. 

For convenience of reference we tabulate the co-ordinates of some points 

together with the equations of the curves on which they lie. 
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I4. Lemma 2.2: Every point in K L M  has  a congruent point in ~.  

Proof: If  not, suppose there is a point P in KLM,  such that  no point con- 

gruent to it lies in ~ .  

Then we shall obtain a contradiction in three stages (i), (ii) and (iii) below. 

i) Let the translation ~ , - 1  change K L M  into K'L'M'.  (See fig. io). 

Then, 

K'  = K + (I, --  I) -- (2, --�9 . . . )  lies in r 
since 

M'= M+ (I, 

since 

I . 

{2 ~ -  i1 (.588 . . . )~] < 4 -  I i  (.58) ~ = .2996 < i - ~ '  

L '  = L + ( I ,  - -  I )  = ( I . 6 2  s . . . ,  .5) lles i n  ~Y, 

1 . 

[ ( i . 6 2 5  . . . ) ~ -  11 ( .5) '{  < 2 .75  - 2 . 5 6  < ~ - 7 ~ '  

--  I) = (2, -- .5)  lies above ~ i.e. in that  part of 

where x is positive, since 

I 

I 
2 ~ -  I I ( . 5 )  ~ = 1.25 > 

1.16 

Therefore  the position of the points K', L' and M' is as shown in fig. IO. 

The lines K' M' and M' L', being parallel to the axes, meet ~ in single 

points S' and T' say. 

Now K'L'  arises from KL: (x - -2)  -~- 1I y~ I by translation r 
I � 9  

Therefore, its equation is 

I 
(2.6) ( X - - 3 ) ' - -  I I (y + I)  ~ = - -  I - - ~ "  

The equation of, 22) is 
I 

x 2 - -  I I  Y~ -- - -  I . I 6 '  

Therefore, on eliminating y between (2.6) and the above, we find that  the 

points of intersection, if any, of K'L'  and ~ satisfy the relation 

('z.7) o = 1i x ~ - ( 3 x  + i) ~ + 275 = 2 x ~ _ 6 x  + 2 4 6  
29 29 
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This equat ion has no real roots. Therefore  K'L '  does not  intersect  .~. 

The equat ion of c ~  is x ~ -  I i  y2 = ~ :  
' I . : 6  

Therefore,  by (2.6) and the above, the points  of intersection, if  any, of K'L '  

and ~ satisfy 

(2.8) o =  ::~c ~ -  3 x +  
29 

Obviously (2.8) has a negat ive  root. 

- - - - X - -  -4- . 
2 9  29  ~ ' 

As the x-co-ordinates of all points  of 

K '  L'  are positive, K '  L '  and ~ cannot  in tersect  in two points. Therefore,  by 

Lemma A, K'L'  has no point  common with c~'. 

Consequent ly  we see tha t  the s i tuat ion is as shown in fig. :o, i.e. K'L'M.' 

consist of two parts,  i) the  curvil inear region K'L '  S' T' lying in ~ ,  and ii) the 

closed curvil inear  t r iangle S 'T 'M'  lying outside ~ .  

Since K ' L ' M ' ~  K L M ,  i t  contains a point  P ' ~  P. As ] ='' cannot  lie in r P' 

l i e s  in the curvil inear t r iangle S'T'M' .  The co-ordinates of S' and T' are 

 VII6' " "  " '  

9I 

ii) Le t  now the translat ion 3 , - 1  change S'M' T' into S"M" T". (See fig. I ,). 

Then 

since 

since 

M "  = M '  + (3, - - I )  = (5, - - : - 5 )  lies in 

I . 

1 ( 5 Y -  :: ( -  ,.5)"1 = .25 < i - S t '  

T "  = T ' +  (3, - -  i )  = ( 4 . 9 0 . .  , ,  - -  1.5) lies in ~ ,  

since 

1 ( 4 . 9 o . . . ) '  - -  I i  ( i .5)~1 < .74  < _ _ ~ i .  
I . I 6 '  

S" = S' + (3, - -  I) = (5, - -  1.534 . . . )  lies below .,~, 

I 
( 5 ) ' - -  I I  ( "  1 . 5 3 4 . . . ) z <  - - . 8 8  < - -  I .  I-----6" 

This shows tha t  the points S",  M "  and T"  are s i tuated as shown. As S" M" 

and M" T" are parallel  to the axes, M" T" intersects  nei ther  ~ nor  ~), S" M" 
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intersects 59 at a single point, U", say. The hyperbolic arc S " T "  does not  

intersect c~  because of the situation of these arcs relative to the lines S"M",  

M" T". Again, by Lemma A, S': T" intersects 59 at one point V". In short, 

the position of S" M" T'" is as shown in the figure. 

Now S ' M ' T "  is congruent to S ' M ' T '  and, therefore, contains a point 

P" -~ P' =-- P. As P" cannot lie in c-f, it lies in the eurvilinear triangle S" U" V". 

The point U" has co-ordinates /5, --  1 / 7 5 ~  = (5, - - 1 . 5 3 3 . . . ) -  Also we 

$ 

\ F 319/ 
note that  the abscissa of V" is greater than that of T", which is greater than 4. 

Therefore, the abscissa of any point on S" V" or U" V" lies between 4 and 5. 

iii) Now let c~20,-6 change S" U" V'" into S"" U"' V'". (See fig. 12). 

Then 

S'"= S " + ( 2 o ,  - - 6 ) =  25, - - 7 - -  - ~  lies in ~'~, 

since 

since 

I(z5) ~ - 1I (7 

= 1625-539---- 
1 / 3 1 9 /  

9I 29 V 9 I X ' 5 4 X I 4 1 2 9  

I 
= 6 2 5 - - 5 3 9 - - 3 . 1 3 . . . - - 8 2 . 2 - . . < . 6 7 < - -  1.16 

lies in c~, 

(25) ~-1~ 6+ =[625--396--25.86. -2o2.39.. I<.75<--" 
~ - -  3191 " " " I. 16 

The translation c~20,-1 does not change the relative position of S" V" and 

U" V" i.e. S'" V"'  lies below U'" V"'. Therefore, in order to show that 

S'" U'" V"' lies inside ~', it will suffice to show that (a) U'" V'" does not inter- 

sect ~ ,  and (b) S'" V'" does not intersect 59. 

(a) The arc U'" g ' "  arises from U" V": x ~ -  I I y~ - 1 1.16 by ~ o , - 6 .  

Therefore 

I. the x-co-ordinate of any point on U'" V"' lies between 24 and 25. 
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(2.9) 

2. the equation of U'" V"' is 

(x--2o)  $ - 1 1 ( y + 6 ) ' =  - - - -  
1.I6 

The eqqation of r.~ is x ' - -  11 y~ 1 = 1-776" Therefore, on eliminating y between 

(5.9) and the equation of ~ ,  we find that  the points of intersection, if any, of 

U'" g'" and c~  satisfy the equation 

o 396 x~ ( 83/5 
I.I6 396 + - - 2 o x + 2 9 9 /  

(2�9 = 4 x$ 332~ + [183~ 99~176 
29 [~-~91 + - ~ l  = f(x) (say). 

Now f ( o ) > o ,  f ( 4 ) < o ,  f ( 2 5 ) < o ,  and f(oo)>o. Therefore, there is no root of 

(2. m) in the interval (24, 55). Consequently, U"' V'" does not intersect c/W., i.e 

(a) is verified�9 
1 by (b) The arc S"' V'" arises from S" V " :  (X --- 3) $ - -  1I (~1 -l-" I) s -- I . I 6  

~20, --6 �9 

I. 

2. 

(2.1 :) 

Therefore, 

The x-co-ordinate of any point on S"' V'" lies between 24 and 25. 

The equation of S'" V'" is 

I 

(x - 53)'- + 7)' = 1.16' 

The equation of J~) is x '  --  I I y~ 1 Therefore, eliminating y, we find 
:.16 �9 

that  the common points, if any, of S'" V'" and :D satisfy 

(2.I2) o = 5 3 9 x ' - - ( 5 3  x + 
I7O/~ + (539) 55 

\ 29 ] 29 

7820 361875 
= I O X ' - - - - x  + - -  =f(x) (say)�9 

29 84I 

Now f ( o ) > o ,  f ( 2 ) < : o ,  . f ( 5 5 ) < o  a n d  f(oo)>o. Therefore, (2 �9  h a s  n o  r o o t  

between 24 and 25. And so U'" Y'" and .~) have no common points, i.e. (b) 

is true. 

Consequently U'" S"' V'" lies entirely in r Now U'" S"' V"' is congruent 

to U" S"17". Therefore a point f " ~  P " ~  P lies in U'" S'" V'" and hence 

in ~:'. This gives the required contradiction and the lemma is established, i.e. 

every point in K L  M has a congruent point in r 
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L e m m a  2.3: Every point  in .EHG, excluding a closed curvil inear tr iangle 

E N Q ,  defined in the proof, has a congruent  poin t  in *'~. 

Proof :  Let  the t ranslat ion ~-76,-2 change E H G  into .E'H' G'. (See fig. I3). 

The point  H ' =  H +  (5, - - 2 ) =  ( 5 . 5 7 . - . ,  - - 1 . 6 7 I . . . )  lies in ~7. since 

since 

I . 

1(5.57.. .)3__ i1 (I.67I .. .)2[ < (5.58)2-- 11(i.67)~ < .5 < 1.i---6' 

G' = G + (5, - - 2 )  = (5-5, - -  1 .644 . . . )  lies in ci5 

I . 

1(5.5) 2 - -  l I (1.644. . . )~l  < 30.25 - -  I1 (t.64) ~ < .67 < ~-~6' 

E ' = E + ( 5 ,  - - 2 ) =  5.5, i276 2 lies below .~) 

since 

(5.5) 2 - -  11 i276 

2 

- - - - 2  = 30.25 - - 4 4 - -  I . I I 2 . . .  

I 
+ 1 3 . 9 9 0 . . . < - - . 8 7 < - - - - .  I . I6  

This shows tha t  the posit ion of the  points E', G' and H' is as shown in 

the figure�9 

As .E' G' is a line parallel to the ?/-axis, it intersects  .~) in one point, Q' 

say. Again, by L e m m a  A, E ' t I '  meets  .~) in one point,  N'  say. 

The arc G' H' arises f rom ~ by a t ransla t ion c~.o.0 + ~-~5, -2 ~- c~7,-~. There- 

fore, its equation is 

(2. I3) ( x - - 7 )  2 - 1 1 ( y +  2) 3 = I 
1.16 

The equation of  50 is x 2 -  II  y2 = _ I . 
1.I6 

Therefore,  e l iminat ing y between (2.I3) and the above, we find that  points  

of intersection,  if any, of G' H '  and .~  satisfy the equat ion 

( 9 5 1 ' - - I 7 6 ( 2 5 )  
o 176x 3+ I 4 X - - - ~ /  29 

2 ~ 1 7 6  I4 L {  } = - - x - -  176(725)--953 �9 
29 

This has a negat ive  root. Therefore,  as all the  points on G' H '  have a positive 

abscissa, there  is at  most  one point  of intersect ion of G' H' and .~). But  by  
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Lemma A, the points common to G' H '  and ~) are two or none. Therefore G' H '  

does not intersect ~). 

The equation of ~ is x ~ -  Ii  y2 = I 
1 . I 6  ' 

Eliminating y between (2.13) and the above, we see that  the points of inter- 

section, if any, of G' H '  and r satisfy the equation 

o = I 7 6 x  ~ + (~4x- -  5) ~ + I76(25) 2ox ~ -  I4ox + 176.72 . . .  
29 

As f(o) > o, f(2) < O and f(5.5) > o, the roots of this equation lie in the 

open intervals (o, 2) and (2, 5.5). But the x-co-ordinate of every point on H '  G' 

is greater than 5.5, the x-co-ordinate of G'. Therefore H '  G' does not intersect 

r  either. Consequently the position of E '  G' H '  is as shown in the figure. 

The translation r i.e. the translation inverse to c75,-5, changes E ' N "  Q' 

into F, N Q  of the lemma. 

I5. Lemma 2.4: Every point, except (~,  ~2) '  in the closed triangle E N Q  

has a congruent point in ~'. 

Proof: The equations of the boundary arcs of E N Q  are 

I 
E N :  x ~ - -  I I y~ 

I.I6 

N Q :  
I 

( z  + 5) ~ - 11 ( y -  2) 3 , i .  i 6  

I 
~ ' q :  x = - .  

2 

Therefore, the co-ordinates of Q are 

' 1 / 3 6 o 9  
X = - ,  y = 2 - -  = (.5, .31822 .). 

2 Y I 2 7 6  " " 

Also the co-ordinates of E are , V 1 2 7 6 ]  = (.5, .31795 . . .). 

Therefore, R, the point with co-ordinates (~, ~ ) = ( . 5 ,  .31818. . . ) l i es  be- 

tween E and Q on the line EQ.  

Let R S T ,  the line y =  7 through R meet NQ and • h  t i n  8 and T r e -  
22 

spectively. 
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Then the co-ordinates of S are \ ~  I2-~  5, = . 5 o o i . . . ,  and 

(V those of the T are 1275, = . 5o15 . . . ,  �9 

Thus the position is as shown in fig. 14 . 

Consequently every point of ENQ has co-ordinates + a, + # , where 

o --< ce < .ooI6, --  .00024 < / ~ <  .oooo 5. 

Therefore the points of ENQ, excluding ~, form a subset of the set 

Z: consisting of points ( ~ + a ,  7 + ~ ) ,  where 

(2 .I4)  0 --< a < . o o i 6 ,  I#1 < .00024, (=, #) ~ (o, o). 

I t  will consequently suffice to show that  every point of .~, has a congruent 

point in ~ .  

it is not so. Then let (x',y')= (I+a 1,7+#1) be a point of ~ 
# 

Suppose 

such that  all points congruent to it lie outside ~ .  

Then, we have 

(2.xs) o < ~, + I#, I VV~ < .oo~6 + (.00024)]/H < .0024, 

aud, for all rational integers x, y, 

l( )' (2.I6) X+  I - + a l  - - I I  
2 

Let #t ~ o. 

The relation (2.I6) implies that  

Y+  +# l  > - -  1.16" 

+ (.,  + #, V ~ ) }  

for all iutegers ~ = x + y V H  

k ( ~ ) .  

and their conjugates ~ '=  x - - y V H  in the field 

Wri te  �9 for the fundamental  unit Io + 3VI-II of k ( ] / H )  and 

eonjugA,te of ~. 

r for t h e  
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Then, as in Theorem I, Lemma 1.4, we get a contradiction by taking ~ de- 

fined by the relation: 

] 22  ] " 

I f  fll = --fi*, ~* >O, we first deduce from (z.16) that  

2 z  I ~ .16  

for all integers ~ of k (t/I-I). 

Then we get a contradiction by taking ~ defined by 

22- I  22 ] 

This shows that  there is no point (x', y') in ]E which does not have a congruent 

point in ~'. This establishes the lemma. 

Combining Lemmas 2.I, 2.2, 2.3 and 2.4 we obtain theorem II.  

In the end I would like to express my deep sense of gratitude to Prof. 

L. J. Mordell, F.R.S., for help in preparing this note. I am also grateful to the 

Royal Commission of I85I Exhibition for the award of an Overseas Science 

Research Scholarship which enabled me to carry out this work at the University 

of Cambridge. 
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