
NON-HOMOGENEOUS BINARY QUADRATIC FORMS. 1 

I I .  T h e  s e c o n d  m i n i m u m  o f  (x + xo)~--7 (y + yo)L 

By 

R. P. BAMBAH. 

ST. JOHI~'S COLLEGE, CAMBRIDG: 

I n t r o d u c t i o n .  

I. I n  a previous paper ~ we showed tha t  for all real xo, Yo, there exist in- 

tegers x, y for  which 

If(x + xo, y + Yo)] = ](x + xo) ~ -  7 (y + yo)*l -< 9_ i 
r4 

We  fu r the r  showed tha t  for (Xo, Yo) ~ ( ~ , +  ~ a ) '  we can make ]f(x-!-Xo, y +  Yo)I 

I 
less t han  �9 I n  this paper  we modify our  method with the help of a lemma, 

1.56 

due to Dr. J.  W.  S. Cassels, to prove tha t  the exact  value of  the second mini- 

I 
mum is - .  Our a rgumen t  is purely geometrical  and, as Dr. Cassels painted out  

2 

to the author,  this seems to be the first t ime a purely geometr ica l  a rgumen t  has 

been applied to the s tudy of the second min imum of a non-homogeneous  form. 

Our result can be stated as 

T h e o r e m :  Let f (x ,  y) = x ~ -  7 Y~. 

there exist numbers x, y such that 

(I) x ~ x o .(mod. I) 

and 

(2) 

Then, for any pair of real numbers Xo, Yo, 

y - y0 (rood. i) 

If(x, y) l ~< 9 .  
14 

1 This paper forms a part of author's thesis: Some Results in the Geometry of Numbers: 
approved for the degree of Ph.D. at the University of Cambridge. 

~Non-homogeneous Binary Quadratic Forms (I): Acta mathematica, this vol. p. 1. We shall 
refer to this paper as NHF. For references also see NHF. 
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The equality in (2) is needed i f  and only i f  

For all Xo, Yo, not satisfying (3) we can replace (2) by 

(4) ] f  (x, v) l -< ! ,  
2 

the equality in (4) being necessary i f  and only ~f 

(5) (xo, Yo)~--(~' ~1 (rood. I). \2 

Proof  of the Theorem. 

2. We first prove two lemmas about (Xo, Yo) satisfying relations (3) and (5). 

Lerama 1: Let (x o, Yo)~ (~, • 5 )  (mod. I). Then for all (x, y ) ~  (Xo, Yo) 

(rood. I}, ]X~--Ty-~] ~ 9 For some of these (x, y), for example (-~, +_ 5 )  
I4 _ 

the result holds with the equality sign. 

Proof: This is lemma I.I of NHF. 

Lemma 2: 

2 

Let (Xo, Yo)~(~,  i ) (mod ,  i). Then for all (x, y )~  (xo, Yo)(rood. I), 

For some of these (x, y), for example , , the result holds 

Proof: All ( x , y ) ~ ( x  o,yo) (rood. x ) a r e g i v e n b y x = a + ! , y = b + - I  
2 2 

a and b are integers. 

For these x, y we have 

(6) Ix~--7y'}  ~ la' + a--7b~---7 b - 3 I  
2,[ 2 

since a ' + a - -  7 b~-- 7 b is an integer. 

The sign of equality arises in (5), when, for example, a = I, b = o. 
This proves the Lemma. 

, where 

with the equality sign. 
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3. I n  the rest of  the proof  we suppose :Co, Yo is a pair of  real numbers such 

that for  all 

(7) (x, y) ~ (Xo, Yo) (mod. I), { x ~- - -  7 Y~ I -> _I. 
2 

As in :NHF we can easily prove tha t  there exist unique numbers  (x~, yj) 

an d  (x~, Y2) such tha t  

2 2 

(0) (Xi ,  Yi) - -  (X0, Y0) ( r o o d .  I ) ,  i = I ,  2,  

(io) ,~ I 2 
x ~ - - 7 y ~ < -  2 <_ (X 1 ~- I )~- -Ty~,  

I 
, )  - 7 < - <  (x2  - - z 

By (7), (9), (Io) and (I I), we also have 

( I 2 )  ~ ~ I 2 2 <  I x~ - -  7 yx --< - -  - ,  x: - -  7 y2 - -  - -  - �9 

2 2 

4. :Now let us represent  a pair  (x, y) of real numbers  by the point  P with 

co-ordinates (x, y) in the x - - y  plane. 

W e  denote by ~ the set of all points, which have no congruent  points in 

the region c~, defined by 

I 7y l <-' .  
2 

Clearly it will  be suf.ficie~t Jbr the proof o f  the theorem to show that f f [  con- 

sists of points congrue)~t to ' -z ' ' - + 4 only. 

We shall refer to a member  of ~ as an r In  par t icular  (x 0, Y0) is 

an r 

5. W e  first define congruence of regions and points, and the t ranslat ion 

r as in :NHF. Then, defining the point  (xl, yl), as in w 3, we shall complete 

the proof in three stages, out l ined below. 

Stage [." W i t h  the help of t ranslat ions r o we shall show that ,  if y~ ~ o, 

(xl, Yl) must  lie in one of two regions ~ ,  and ~ 2 ,  to be defined l~ter. 

Stage II." W e  shall apply t ranslat ions c~a,-2, ~s , -3  and ~5,-17 in succession 

to prove that  ~ cannot  contain  any c~(:-point. Then we shall use (71.-1 to show 
5 - 642128 Aeta mathem~/va. 86 
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that  a large part of ~ is free of r From this we shall deduce that  

all (Xo, yo)~(~, ~)lie in regions congruent to two 
$ 

small regions, Z1, Z~ (to be 

defined later), situated about the points (1,  I -~)and  ( - - I ,  ~4) respectively. 

Stage III: We shall then apply Lemma B, kindly shown to the author by 

Dr. J. W. S. Cassets, to complete the proof that ~ consists only of points con- 

For the sake of completeness we end this work with Cassels' proof of his 

Lemma. 

We may remark here that the proof follows the lines of I~HF up to the 

end of Stage I[. But in stage three there is complete divergence and the argu- 

ment now is purely geometrical. The method of this proof could also be applied 

to the theorems of NHF, but this would require much heavier details. 

Stage I. 

6. Let ~ ,  if3, C and .~) be the arcs of the hyperbolas x~--7y~ = • ~, a s  

shown in fig. I. Then ~" is the open region included between these arcs. 

I 
= -  meet these arcs in the points A , B , B  and M as shown Let the line y 2 

in the figure. Move the part of ~ ,  lying between AA and the x-axis, through 

a distance --  I parallel to the x-axis. Let it take up the position D C V with 

the points D, C, V on A A, e and the x-axis respectively. Clearly the equation 

of D C V i s ( x +  I) ~ - 7 y  ~=~. 
2 

Also move tile part of ~ between A A and the x-axis through a distance 

I parallel to the x-axis to take up the position D C l ?, as shown in the figure. 

The equation of D C ]~" is (x- -  I) ~ --  7 Y" = I .  
2 

Denote the closed curvilinear triangles B CD and B CD by r and r re- 

spectively. 

Suppose that  Yl, as defined in w 3, is non-negative, i.e. o ~ Yl ~ I_. 
2 

Then the relations (8), (9), (Io) and (~2) mean that  there exists a unique 

point P~ ~Po (xo, Yo) in ~ ,  while relations (8), (9), (I l) and (I2), mean that  

there is just one point P,  ~ P0 in ~ .  
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D K L S 

Fig. 3 

s" s" r , 

K ~  ~'<~ T -~ 
t 

Fig. 4 Fig. 5 Fig. 6 Fig. 7 

Figs. I--7. 

For convenience of reference, we tabulate the co-ordinates of the vertices 

of ~ and ~ .  ~ is obviously the image of r in the y-axis. 

7- We first observe t h a t - P l  cannot coincide with C. For, the point C 

+ ( 2 , - - I ) =  (2, ~ / ~ 4 - - I )  lies in ~,  since 

Consequently in the rest of this section we shall suppose C = 0 to be excluded 

from the regions we consider. 
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Table I.  

Point  Curves on which i t  lies Co-ordinates 

I I 
Y = 2 ' x ~ - -  7 YZ = --2 

I y ~ =  I 

Y = 2'  ( X +  

II8 . . . .  .5) 

x ~ ' - - T y  ' = - ~  ( x + I ) ~ - - T y  ~= I 
2'  2 

Image in the y-axis of 

B 

D 

C 

i (o, . 2 6 . . . ) .  

(-- I. I I8...,  "5) 

(- .5, .5) 

(o, 

Let the translation ~ ,  0 change ~ into ~ ' .  (See fig. 2). The vertex /~ 

and 0 i n t o  

C' (I, . 2 5 . . . )  on r i.e. the vertices of ~ '  are as shown in fig. 2. Now we 

assert that  ~-'~' consists of three parts. 

i) z, which lies in ~ ,  

ii) the closed curvilinear quadrilateral ~ 1 ,  which lies in ~ ,  and 

iii) the region ~, which lies outside cZ7 as well as ~7~. 

The above assertion will clearly follow if we can show that the intersec- 

tions of the boundary arcs of ~ '  and ~ are as shown in the figure. This, in 

turn, is a clear consequence of lemma A os NHF.  

~Tow ~ '  is congruent to ~ .  Therefore r contains a poin~ Q ~ P~ ~ P0. 

As Q cannot lie in c~, it must lie either in ~ i  or in 8. We include the com- 

mon boundary of r and 8 in ~ 1  only. 

N.ow let the translation ~_~1, 0 change 8 into 8 ' .  The arc joining D ' =  D to 

the lower vertex of r will change into a part of ~ ,  while B '  ( - - . i 1 8 . . . ,  .5) 

will change into .B" (.88I . . . ,  .5) as shown in the figure. Then, because of 
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Lemma A of NHF, we can assert that the position of 8 '  is as shown in the 

figure, i.e. ~ '  consists of two parts, i) the region ~.2 lying in ~,  and ii) the 

closed curvilinear triangle o~.o lying in o~. 

Now if the point Q lies in 8, a point Q ' ~  Q - P o  will lie in o~'. As Q' 

cannot lie in ~,  it will lie in ~ .  Hence a point ~ P0 lies in r 1 or ~ .  

As both ~ 1  and r lie in o~ and ~ contains just  one point /)1 ~ P0, /)1 

must lie in ~7~1 or ~'~. 

Let the vertices of ~ be D, /~, iF and G and let those of ~ 3 b e  H, K 

and B as shown in fig. 3. We give the co-ordinates of these points in Table II.  

Table I I .  

Point  Curves through Equat ions  of the curves co-ordinates of the  point  
it  

D 

E 

iF 

G 

H 

K 

.B 

D E ,  D G C  

D E ,  .E IF 

F G ,  E F  

F G ,  D G C  

H B ,  H K  

K B ,  H K  

K B ,  B H  

I I 
( x - - z )  3 - 7 y 3 = 2 ,  (x + I) ~ - 7 y ~  

I X  2 I (x- -2)  9 - 7 y ~  = -  - - 7 Y 3 = - - -  
2 2 

I I 
( x - -  I) 3 - 7 y ~  - ' x 3 - - 7 Y 3  = _ _  

2 2 

I 
( x - - I )  ~ - 7 y ~ = -  Iz ( x +  I) 3 - 7 y "  = 

I ~ ,  I 
~3__7y"=___ ,  (x - -z )  ~ - 7  = - - -  

2 2 

I ~3 I 
y = - , ( x - z )  3 - 7  - 

2 2 

I x 3  I 
y = - ,  - - 7 y  ~ = - - -  

2 2 

57 

?,  =(.5, .3---7...) 

, ~ = ( . 2 5 ,  . 3 8 9 . . . ,  

Let be poio (I, 

Then the equation of H L  is x = I. I t  is easily seen from the equations of 

H K  and H B  that  the curvilinear triangles H B L  and H K L  are symmetrical to 

each other with respect to the line H L :  x = I. 
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I 
Similarly the equation of the line D F  is x = - and the eurvilinear trian- 

2 

gles DEF, D G F  are symmetrical with respect to it. 

Stage II .  

8. Lemma 3: Every point in the closed curvilinear triangle H K L  has a 

congruent point in c~: Ix '  --  7 Y~ ] < _I 
2 

Proof: Suppose H K L  contains a point P1, which has no congruent point in ~.  

We shall obtain a contradiction in three stages (i), (ii) and (iii) below. 

(i) Let the translatioaa Js,-~ change H K L  into H'K'L' .  (See fig. 4). 

Then, the point L ' =  L + ( 3 , - - 2 )  = ( 4 , -  1.5) lies in ~ since 14'--7(t .5)~[ 

=,2S <.S; the point H ' = H + ( 3 , - - 2 ) = ( 4 ,  V ~ - - z  ) lies below the a r c ~ )  

I 
i.e. in that  part  of x ' - -7y*K-- -2 '  where y is negative, since 

the point K'=K+(3, - -2)=(5-- ] / i ,  

I3.5 = V 1 6 8 -  13.5 < - . 5 ;  

_ 3 ) l i e s  below .~), since 

2 

This shows that  the points H', K' and L' are situated as in the figure. 

Consequently K' L' and L' H' meet 2~) in single points M' and ]V', respec- 

tively. Also K'L' and L'H' do not intersect r 

Now K'H' arises from ~ by translation c~,0 + c~3.-~ = c~5,-2. Therefore 

its equation is 

7(v+ 2)'= 
2 

1 
The equation of .~ is x*--7 y* . . . .  

2 

Therefore the points of intersection, if any, of K'H' and 2~)satisfy the 

equation 

(I4) o= I12x"--(xox + 3) ~ + 56= I2x ' - -6ox  + 47 = f(x) (say). 
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Clearly f ( o ) >  o and f ( I ) <  o. Therefore one of the roots of (I4) lies be- 
tween o and I. As the x-co-ordinate of any point on K'H '  is greater than 3, 
K'H '  does not intersect .~ in two points. Therefore by Lemma A of NHF, 
K'H '  does not intersect .~) at all. 

This shows that  the position of H ' K ' L '  is as shown in the figure. 

Now P1 lies in H K L .  Therefore a point P ' = / ) 1  lies in H'K 'L ' .  As 19' 

cannot lie in ~ it must lie in the closed region K ' M ' N '  H'K' .  

The co-ordinates of M' and _AT' are 

P o i n t  C u r v e s  t h r o u g h  i t  C o - o r d i n a t e s  

M t 

N' 

_ _ _  I 
y =  3, x~- -7Y~--  

2 2 

X ~  
I 

4, x~--7Y~-------- 
2 

= (4, -- 1.53 . . . )  

(ii) Now apply the translation r to H'K'M'SV'H' .  Let it change into 

a region H" K" M" ~V" H". (See fig. 5.) 

Then 

H "  = H'  + (8, --  3) = 12, "~ --  5 lies in *'C,, since 

( V the point N" = N' + (8, --  3 ) =  I2, - - 3 - -  ~4 lies in ~,  since 

1( i2) ' - -7  (3 1 / 3 - 3 t  ' _ V 4 - ~ I  : 

J( II 8 +  7(- -4 .5) '  = V f 9 o 4 - 6 2 . 5  < - ;  
2 

the point K " : K ' +  ( 8 , - - 3 ) : ( I 3 - - V ! , - - 4 . 5 )  lies below .~, since 

1 

7 (4.5) ~ ~8.5 - V ~ 4 5  i .  
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This shows that the points H", K", M", N" are situated relative to ~ and 

~) as shown in the figure. 

As M " K "  is parallel to the x-axis, it intersects ~) in one point S" (say). 

Also it does not intersect r  at all. 

The line H".N" is parallel to the y-axis and meets neither ~ nor .~. 

Now M".N" arises from .~ by the translation r Therefore its equation is 

(x_ 7(u + _ I .  
2 

The equation of ~ is x e - - 7 y 2 ~ - - I .  
2 

Therefore the points of intersection~ if any, of M " N "  wi~h .~) satisfy the 

equation. 

o - ~ - - ( I - - 4 2 y ) "  + I792y ~ -  I28~-28y ~ + 8 4 y -  I29, 

which clearly possesses a positive root. 

As M " N "  arises front ~ by translation c~s,-3, the y-co-ordinate of every 

point on it must be less than - -3 .  Consequently M"_N" cannot intersect ~) in 

two points. So that, by Lemma A of NHF,  M"2V" does not intersect _~ at all. 

I Therefore, because of (I5) the points The equation of c~  is x ~ - - 7 y ~ : - 2 .  

of intersection, if any, of M" N" and c~' satisfy the equation 

(I6) o ~  - - ( 2 - - 4 2 y )  ~ + I792y ~ + 128 = 28y ~ + I68y + I 2 4 = f ( y )  (say). 

Now f ( o ) > o  and f ( - - 2 ) < o .  Therefore one of the roots of (16) lies be- 

tween o and - -2 .  So that M " N "  cannot intersect c ~  in two points. Therefore 

by Lemma A of N H F  M " N "  has no point common with c.~'. 

" " / / " K "  Also because of the position of H "  K"  relative to H "  2V" and 2~ 3/  , 

does not intersect ~ .  

By Lemma A of NHF,  H " K "  meets ~ in a single point T" (say). 

The above discussion shows that the region H" K" M"_N" H" is situated as 

in the figure. 

Now P '  lies in H'K'M'2v"H'  and H" K" M" 2V" H" is congruent to 

H'K'M'3T'H' .  Also no point congruent to P'~--P1 lies in ~.  Therefore, a 

poi~t P" ~ P' ~ P~ lies in K" S" T". 

The co-eordinates of S" are [ 565, . 
\ 4 
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We observe that  

y (T") > y (H") > --  5. 

Also y ( S") = -- 4.5. 
Therefore the y-co-ordinate of any point on the 

--4.5 and --  5. 
(iii) Now let the translation ~5,-17 change K ' S ' T "  

(See fig. 6). 
Then both 

and 

lie in cc,, since 

and 

K ' " = K "  + ( 4 5 , -  I7) = (58 --  V ~ ,  -- 21.5) 

arc S " T "  lies between 

21.5) S ' "=  S" + ( 4 5 ' - - I 7 ) = ( 4 5  + V 5654 

into K'" S"' T'". 

Again, the translation ~-~45,-17 does not change the positions of K " T "  and 

S" T" relative to each other, i.e. K"  T" is below S" T". Therefore, to prove that  

K "  S'" T'" lies entirely in q~, we have only to show that  (i) S'" T"' lies be- 

low c.~, and (ii) K'" T "  lies above .~. For this it will suffice to show that  

a) S'" T'" does not intersect c~, and b) K'" T'" has no points common with .~. 

These we prove below. 

(a) The equation of S"' T"'  is 

( x  - -  4 5 )  ~ - -  7 (y  + 17) = = - ~ , 
2 

and that of c~  is x 2 --  7 Y* = .I_. 
2 

Therefore, on eliminating x between these equations, we find that  the points 

of intersection, if any, of S "  _T'" and c ~  satisfy the relation 

o -~ -- (238 y --  3) ~ + 7 X 81oo y~ + 4050 

(I7) = 56y ~ + x428y + 4o4I = f ( y )  (say). 
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Now f(o) > o, 

f (--4)-~896--5712 + 4041 < o ,  

f ( - -  22) = 28 (--22) ( - -44  + 51) + 4o41 ----4o41 - - 4 3 1 2 < o ,  

f ( - -  oo) > o. 

Therefore (I7) has no root in the interval (--21.5, --22).  We have already 

seen that the y-co-ordinates of points of S" T" lie between --4.5 and -- 5. There- 

fore the y-co-ordinates of points of S'" T'" lie between --  2I. 5 and -- 22. So that 

S'" T'" does not  have any point common with ~ i.e. (a) is true. 

(b) The arc K'" T"' arises from K " T "  by r and therefore from 

K ' H '  by c~ss,-eo. Therefore, by (13), its equation is 

(18) ( X - -  58) z - -  7 ( Y  + 2 2 )  ~ = - -  I 
2 

The equation of .~)is 
I 

x~ --  7 Ys . . . .  2 

(i9) 

Therefore their points of intersection would satisfy 

o = 8 4 7 1 ~ - - ( 2 9  x+5)  ~+423 .  5 = 6 x  ~ - 3 4 s x + 3 8 7 . 5 = f ( x )  (say). 

f(o) > o, 

f ( +  2 ) < 0 ,  

f(56.88) = 6 (56.88)(56.88 --  58) + 387.5 = 387.5 --  382,2335 > o. 

Therefore both the roots of (I9) are less than 56.88. 

But the x-co-ordinate of any point of K'" T'" is greater than that  of 

K " = 5 8 - - V 5 ~ - 5 6 . 8 8 I . . .  Therefore K'"T'"  does not intersect .~)i.e. (b) is 

true. Consequently K'" S"' T"' lies entirely in c~. 

As K'" S'" T'" is congruent to K" S" T", a point P"' ~ P" =--- Pt lies in ~ .  

This gives the required contradiction and the lemma follows. 

Corollary: The closed eurvilinear triangle H K L  does not contain any 

r i.e. a point which has no congruent point in 5Y: [ x z --  7 Y~ I < I .  
2 

Lemma 4: There is no r in ~ 2 .  
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Proof:  We have seen that there is no fftr--point in HKL. Now consider 

HBL. We saw at the end of stage I that  HBL is the image of HKL in the 

line HL: x-----I. Therefore if H B L  contains an r (x, y), its image 

( 2 -  x, y), is an r in HKL, which is impossible. Consequently there is no 

c.~--point in , ~ .  

Lerama 5: Every point in the closed curvilinear triangle DEF, excluding 

the point D and a closed curvilinear triangle FIJ,  has a congruent point in ~ .  

Proof: Let the translation ~-~L-1 change D E F  into D'E'F'. (See fig. 7). 

Then, from table II ,  

since 

a l s o  

on ~ ,  

since 

. . . .  I lies in ~ ,  
I I 2  

} - -  I = - - - - 5  < - '  7 i f2  4 2 

and F ' =  F +  (!, --  I) = , - - I  lies below the arc 2~) i.e. in that part 

I 
of x2~7 y~<--2 '  where y is negative, since 

- ~  = V ~ - 5 . 5  .5. 

This proves that  the position of the points D', E '  and F '  is as shown 

in fig. 7. 

We  also observe that  D'E' and E ' F '  are arcs of hyperbolas with asymp- 

totes parallel to x + V7 ? / =  o. 

By Lemma A of NHF,  E ' F '  meets 2~) in a single point 1' (say). As F'D' 
is a line parallel to the ?/-axis, it intersects 2Z) in one point J ' ,  say. The arc 

D'E' arises from ~ by a translation c~8.-1 = ~ , o  + •1,o+ ~ , - i .  Therefore its 

equation is 

(20) ( x -  3)' - z (v + x)' - -  ~ .  
2 



44 R .P .  Bambah. 

The equation of :Z) is 
i 

x~ --  7 Y~ . . . .  2 

Therefore, eliminating y between (2o) and the above, we find that the points 

of intersection, if any, of .D'.E' and _~ satisfy the equation 

o = - - I 4 - - 2 8 x  2 + ( I - - 6 x )  ~ = 8 x  ~ - I 2 x - I  3. 

This has a negative root. Therefore, as all points on D'E'  have a positive 

abscissa, there is at most one point of intersection of D'E '  and _~). But, by 

Lemma A of NHF,  the points of intersection of D'.E' and .~ are two or none. 

Therefore D'E'  does not intersect .~. 

The equation of c~' is x"--  7 y~= I_. 
2 

From (20) and the equation of ~ it is easily seen that D'E'  and c~' touch 

each other at D'. 

The effect of all this is to show that the position of D ' E ' F '  is as shown 

in the figure. The translation g - l ,  1, i.e. the translation inverse to J+ l , -1 ,  change 

F ' l ' J '  into the F I J  of the lemma. 

D 

Fig. 8. 

9' Let J M ,  the image of J I  in D F ,  meet the arc F G  in M. As in 

Lemma 4, we see that  there is no r in the who]e of ,~1, excluding the 

point and the closed region .F IJM.  We shall denote the region F I J M  by El. 

As any point congruent to an 3"/=point, is an r the above combined 

with Lemma 4 shows : Let (Xo, Yo) be an r and Yo ~- Yl with o --< Yi < I 
2 

then (xo, Yo)is congruent either to ( I ,  I )  or t o n  point (xl, Yl)in E~. 
/ 

Now let Z., be the image of ~ in the origin, Then, by symmetry, if 
I 

- - -  < y~ < o, (x0, Y0) has a congruent point (x~, ye)--(xe, Yl)in E~. 2 

Regarding the point (~, ~) as a region E~ we 
/ 

conclude that all c~(:-point s 

lie in regions congruent to Et, Z.~ and X.~. 

We give below the equations of the boundaries of Y'l and the co-ordinates 

of its vertices. 
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_ _ _  I 
I .  F ] / ~ :  ( X - -  I) 2 7,~/~ = - - -  F I :  (x ~ - -  7 y,O) = 2 '  , 2 

I I 
IJ:  (x+ I ) ' - - 7 ( y - -  I) = =  2 ;  J ' / - ~ :  ( X - - 2 ) ' a - - Y ( Y - -  I)= = - - 2 "  

F:  -~, = ( . 5 , . 3 ~ 7 3 . . . ) ;  J :  , T-- ~-~ = ( . 5 , . 3 7 3  e...) 

I :  I , I I = (.58oI . . . .  ., .3456 .); 
2 2 

M: __ , _I __ I = (.4198 . . . ,  "3456 . . .). 
2 

/ ~ ,  [~, or~ and M- 2 are the images in the origin of F,  I,  J and 211-respectively. 

Stage IIl. 

io. We now in t roduce  some s tandard  nota t ion for  use in the rest  of the chapter .  

I f  ~ l  and ~ be two sets of points, ~ 1  U ~ 2  will denote  the i r  union i.e. 

the  set of points  which belong to ~ 1  or to o~ 2 or to both. 

~ i  or U {r o~, ,  . . . ,  ~m }  will denote  the union  of ~ 1 ,  r  �9 �9 �9 and ~ .  

~ N ~ will denote  the intersect ion of ~ and ~ ,  i.e. the set of points 

which belong to both  ~ and ~ .  
m 
N ~ i  or N {o~1, ~ ,  . . . ,  ~m}  will denote  the  in tersect ion of ~ 1 ,  ~ , ,  . . .  
i = l  

and o ~ .  

1/ will denote the lat t ice of points with in teger  co ordinates.  

I f  P be a point  with co-ordinates (a, b), ~ + P will denote  the region into 

which ~ is changed by the  t rans la t ion  cTa, ~. In  par t icu lar  if P be a point  of 

1/, ~ + P will be a region congruen t  to ~ .  

I f  T be any t r ans fo rma t ion  T ( P )  will denote  the point  into which T trans- 

forms P, while T ( ~ )  will s tand  for  the region into which ~ is changed by T. 

2' -1 will denote  the t rans format ion  inverse to T. 

I I. In  this nota t ion  we can express the conclusions of w 9 as follows: 

Every r must  belong to the set E, where 
3 

= u (:~ + P). 
i=I 

.PEA 
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Consider the t ransformat ion  T defined by 

T = - - 3 x +  8y]" 

Both T and T -1 are integral  and uni-modular. They leave x ~ -  7y  ~ un- 

changed. Consequently,  both T and T -1 change an r into an r 

i.e. if P is an  ~(:-point, so also are T (P) and T -1 (P). This implies tha t  if P 

is an if/C-point, there exist ~{:-points Q a n d  R such tha t  

T(R)  = T - l ( q )  : P. 

As P, Q and R are members of Z, P belongs to Z, T (Z) and T -1 (Z). Contin- 

u ing  like this we can show P belongs to T ~ (Z), T s (Z) . . . .  and T -2(Z), 

( Z ) ,  . . . .  

I n  other  words, every ~6-point  belongs to the set 

7 = n { . . . ,  T -~ (Z), r -~ (Z), Z, T (Z), T: (Z) . . . .  }. 

I2. We n o w  s t a t e  Cassels' Lemma. We shall give a proof at  the end of 

the paper. 

C a s s e l s '  L e m m a .  
Suppose 

i) S is the t ransformat ion  defined by 

where a, b, c, d, are integers such tha t  a d - - b c  = • I, and x ~ - - x  (a + d)+ ad 

- - b c  = o has two dist inct  real roots, 

ii) I F1 = (~;, ~,), F2 = (~,  72) . . . .  , Ft  -- (~t, ~h) are t points incongruent  rood. 

A,  such tha t  
S ( F , ) ~  F ,  (mod. A), i = I, 2 , . , . ,  t. 

iii) 0 ~  . . . . .  0 ~  are bounded regions containing F ~ , . . . ,  Ft respeetively, 

such tha t  

a) no two of the regions 

, ~ +  P, i =  x , . . . ,  t, P e A  (*) 
intersect,  and 

1 I t  is not  difficult to generalise the lemma to cover the case when the 8($'i)  are congruent 
to the F i in any permuted order. 
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b) for each j = I, 2, . . . ,  t, S (~ i ) in t e r sec t s  only one region of (*), namely 
 j+P. 

Then, if ~ denotes the union of all regions (*) i.e. 

t 
= u + P), 

i = 1  
P E A  

the only points common to ~ ,  S ( ~ ) ,  S ~ (r . . . .  , S -1 (~) ,  S -~ ( ~ ) ,  . . . .  are 

the points F~ + P (i = I, 2 , . . .  t, PEA) .  

13 . Now take 

S = I / ' i . e .  S = - - 3 x +  8y]"  

The condition i) is easily seen to be satisfied. 

L e t F , = ( ~ ,  ~4 ) ,F~  ( : ,  ~ 4 ) , a n d F , = ( ~ , ; ) .  These points are 

obviously incongruent rood. A. 

Also 

so that  ii) is satisfied. 

Let 

r(F,)  ( ,3 
2 

The regions Z~ + P, Z~ + P, ~.~ + P respectively contain the points 

_ 5 _ +  n + m , ~ +  n (re, n) integers. These  + ~ l ,  + n , + m ,  I 4  , 

regions lie in rows and columns as shown in fig. 9- 

The regions in the rows immediately above and immediately below the lines 

I 
y = a + - are congruent to Z2 and ~'1 respectively. 

2 

We can easily see that  ~ i  does not intersect ~ +  P, i~=j or ~ i +  P, 

~PE./1, P=~o, i,.]= 1,2,3 , i.e. no two of r + P, i =  1,2,3 , P E A ,  intersect. 

Now we verify iii)(b). 
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M 

Q 
c a  
? 

II 

t! 
g X 

F i g .  I 0 .  

x~ 7 y 2 < ~ I ,  
2 

( x - -  I) ~ -  7 Y~ <- ~ [ '  
2 

( x  + ~)~ - 7 ( y  - ~)~ <- - ~-, 
' 0  

( x -  z )  ~ - 7 (u - ~)~ <- - ~" 
2 

L e t  T(ZI)  be deno ted  by al, the  poin ts  T (F), T (/), T (J) and  T (M) being 

deno ted  by f ,  i, j and  m respect ively.  (See fig. xo). 

W e  easily see t h a t  T t r a n s f o r m s  (x - -  a) 2 - -  7 (Y - -  b) ~ in to  (x - -  a')" - -  7 (Y - -  b')' 

where  

b' = T  = �9 - -  3 a -t- 8 

The re fo re  the  equa t ions  of f i, i j ,  j m and  m f  are 

f i =  T (FI): x~ 7 y ~ =  i ,  
2 

6 -  642128 Acta rn~themat/ca. 86 
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f . ~  = r (F  M): (x - -  S ) ' - -  7 (V + 3)' = --  -~, 
2 

i j  = T ( I J ) :  ( x + 2 9 ) ' - - 7 ( y - - I I )  ' =  I_, 
2 

j m = ~" ( J  M):  (x + 5 ) ' - -  7 (v- -  2)' = --  ~- 
2 

Consequently a 1 can be defined by 

I 
x 2 - -  7 y  ~ < ~ - ,  

2 

( x - -  8 ) ' - - 7 ( y +  3) ~ - < - I  
2 

( x + 2 9 ) ' - - 7 ( y - - I I ) ' ~ - -  t ,  
2 

I 
( x +  5) ~ - 7 ( y -  2) ~ - ~ - -  

2 

The co-ordinates of f ,  i, j and m are 

f =  T ( F ) :  T :(-??++) 

i =  T ( I ) :  T = - - 2 . 5 1 . . .  , 

i = T ( J ) :  T 

m = I '  ( M ) :  

As all the arcs f i, i j ,  j m and m i are parts of hyperbolas with axes par- 

allel to the co-ordinate axes, i t  is easily seen tha t  a1 lies between the lines 

Yffi t . 5 o 5 . . . ,  y =  t . o 2 . . . ,  x = - - 3 . 8 9 9 2 . . . ,  x - - - - -2 .61  . . .  
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We know tha t  the regions Z i +  P, i =  I, 2, 3, P E A  are s i tuated in rows 

5__ + n  , + m , )  + n w h e r e m a n d  and columns about  the points  + m, +_ I4 
3 

n are integers.  In  order  to show tha t  aj intersects  no region of U (Z~+ P) 
2"=1 

P E A  

other  t han  ~'l + ( - - 4 ,  I), i t  will clearly suffice to show t h a t .  

1) al does no t  in tersect  the  columns about  the lines x = - - 4 . 5  and 

x = - - 2 . 5 ,  

2) a~ does no t  in tersec t  the rows about  the lines y = 23 and y = _2_9, and 
14 I4 

3) the  p~  ( - - - 7 ' ~ )  d~ n ~  l i e i n  a 1 " 2  

I) Consider the  column about  the line x = - -  4.5. The x-co-ordinates of any 

point  in a region Z , + P  i n t h i s  column is _ _ ] / 7  
I 
2 5 ~ - -  4.4198 �9 �9 - ,  

and the x-co-ordinate of any poin t  of al > - - -  3.89 . . . .  There fo re  al does not 

in tersect  this column. 

:Now consider the column about  the line x - - -  2.5. The x-co-ordinate of  

every point  in a region Z i + P  of this  column > _ 3  - - 3  = - - 2 . 5 8 ~  . . . ,  
2 

and the x-co-ordinate of any point  in a~ <- - - -2 .6I  . . . .  Therefore  a~ does not 

in tersect  this column and I) is proved. 

2) Consider the  row of Z~ + / )  about  the  line y = 23. Every  point  in this 
I4 

row has an ordinate  > i /  ~-~ + I = 1.626 . . . .  . As the y-co-ordinate of every 

po in t  in al _< I.So 5 . . . ,  a~ does not  intersect: this row. 

Similarly,  since the y-co-ordinate of any point  in the row about  y = 9 is 
I4 

~I--I/~8 < 1.02..., at does not intersect this row. This proves (2). 

3) Finally the point  , 7 ,  lies outside al ,  since 
2 

- - Z + 5  7 - - 2  = - >  . 
2 2 2 

Therefore  the only ~i + P which can have a po in t  common with al is the 

region El + ( - -4 ,  I). 

By symmetry  about  the origin, it  is easily seen tha t  the only region Z ~ + P ,  

which can intersect T(Z2) is Z,  + (4, - -  0. 
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This shows that  the condition iii) (b) of Cassels' Lemma is also satisfied. 

Consequently the set 

7 = n { . . . ,  T-2(Z), T-I(Z), S, T (E), r '  (Z) . . . .  } 

consists of points congruent to (~, : ) ,  (~, •  only. 

Combined with Lemmas I, 2 and w I I, this means that  the set of ~(:-points 

consists only of points congruent to , ~ , ~, + . This proves the theorem. 

I4. We now give Cassels' proof of his lemma. 

Cassels' Proof of  ]tis  Lemma. 

We build up the proof in a series of lemmas and corollaries. 

Lemma C 1 : Suppose that  t =~ + i is real and that  T is the transformation 

(x, y) -* (t x, + y / t ) .  

Let ~ be a bounded region of the x - - y  plane, containing the origin. Then 

the only point common to 

r . . .  

T -2 ( 8 r  
is the origin. 

Proof: Suppose, for example, I t l > I. 

Since , ~  is bounded, for n large enough the ordinate of any point of 
r 1 6 2  

T ~ ( ~ )  can be made arbitrarily small in absolute value. Therefore, O T '~ (,~) 
n = 0  

cannot contain any point with non-zero ordinate. Also the origin belongs to 

T n ( ~ )  for all n. Therefore, fl T"( ,~)  is a part of the x-axis containing the 

origin. 
oO 

Similarly A T '~ (,~) is a part of the y-axis containing the origin. 

Therefore, N T n (,~) consists of the origin alone. 

0oroU&ry: Let S be the transformation defined by 

(x, y) --* ( a x  + by,  c x  + dy) ,  
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where a, b, c, d are real numbers such that  a d - - b c  = ___ I and such that  

x ' - - x ( a + d ) + a d - - b c = o  has two distinct real roots 21, ~ .  Let ~ be asbe- 

fore. Then the set 

n 8,, (~)  = n { . . . ,  s-2 (~), s-~ (~), ~ ,  s (~), 8, (~), ...} 

consists of the origin alone. 

Proof: We can change the axes so that  in the new co-ordinates x 1, y~, S 

can be defined by 
(x', y') ~ (,t, x 1, ~., y'). 

Since 
)tl & = + I and :t~ 4= )t~, 12~ I 4= I, 

the corollary follows from Lemma C I. 

L e m m a  C2: Suppose S is a transformation as in the corollary, but that  

a, b, c, d are integers. Let / /  be the lattice of points with integer co-ordinates. 

Further, let ~ be a bounded region containing the origin, such that  the regions ~ ,  

S (~) ,  and so also S -1 ( ~ )  do not intersect any ~ + P, (P # o, /)fi -4). Write 

7 _,.~u(~ + ,e). 
Then the set 

Oo 

n s n (r) = n { . . . ,  8 -2  (r), 8 -1 (r), r,  8 (r), 8"- (r) . . . .  } 

consists of the points of _4 alone. 

Proof :  One can easily see1 that  the set n S" (7) consists of mutually disjoint 
- - o O  

sets congruent to n S n (~ )  and containing the points P of -4. Each of these 
- - c r  

sets consists of one point, namely the lattice point P. From this the lemma 

follows. 

F o r m a l l y :  Define a set of regions r ~ , ,  . . .  by the relations 

~ 1 = ~ ,  
~,., = ~ ,  n s ( ~ , )  = 3~  n s (~ ) ,  

~ , + ,  = ~ ,  n s ( ~ , )  = n { , ~ ,  s ( ~ )  . . . .  , s ,  ( ~ )  }. 

1 We shall give the formal proof also, 
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Similarly we define 

~ ,  = ~ ,  ~ r + l  = ~ ,  n s -~ ( ~ r )  = n { ~ ,  s -~ (~) ,  . . . ,  8-"  ( ~ )  }. 

Since r < ~ and S ( ~ )  does not intersect ~ + P, P #  o, PEA,  we have 

a) S (~r)  does not intersect r + P (P E ̀ 4, P =D o). 

Similarly, since ~3~ < ~ and S - 1 ( ~ )  does not intersect ~ + P, /)=t= o, 

P E .4, we have 

b) S -1 (r does not intersect ,73~ + P,  P =4= o, P E .4. 

Also as ~ + P  does not intersect ~ +  Q when P=4=Q,P, QE=4, we have 

c) ~ r  + P does not intersect ~ r  + Q when P # Q, P, QE.4. 

we show that s(r)5uJ   + P). 

Since ~ 1  = ~ ,  

r n  s(y)= u { ( ~ +  P) n (s(~,) + q)}. 
P, QEA 

By (a), {} vanishes except when P = Q. Therefore, 

~n s (~)~u[  { ~  + ~} n {s (~J  + ~}] 

= u [ { ~ ;  n 8 ( ~ )  } + ~] 
.PEA 

= u(~,~ + ~). 
..PEA 

By induction we can easily show that  

ngO Sa (~")%~UA(~'r+I -}- "~)' 
Similarly 

Therefore, 

Clearly 

r 

,n  os-- (~,) : + + 

=-- -P, Q E A  

Again, the [ ] vanishes except when P = Q, so that  

Now write 

TI,: --T' 
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Since 
e r  = N { S - r  ( ~ )  . . . . .  3 - 1  ( ~ ) ,  v_~, S ( r  . . . ,  S r ( ~ ) } ,  

we can apply the corollary of lemma C I to show that  the only point common 

to C1, Cs . . . .  is the origin. Therefore 

lim O {C~ + P} = l / .  
r --~ oo P ~ A  

This gives the lemma. 

Corollary: Suppose S is a transformation of the type 

(x, y) -+ (ax + by + l, cx  + dy  + m), 

where a, b, c, d, l, m are integers and a, b, c, d satisfy the conditions of the 

corollary of lemma C I. Then also the conclusion of lemma C 2 holds. 

Corollary 2: Suppose S is as in corollary I, and (~, 7) is a point such that  

S ( ~ ) ~ ( ~ )  (mod. A). Suppose further that  ~.~ i s n o w a  bounded region contain- 

ing (~, 7). Define y by 
~, = u ( ~  + e) .  

P E A  

Then the set ~ S ~ (y) consists of the points (~, 7 )+  P alone. 
n=--eo 

If we transfer the origin to the point (~, 7), the previous corollary Proof: 

applies. 
Cassels' Lemma. 

Let S be as in the last corollary. Let F 1 = (~1,71), F~ = (~, 72) , . . . ,  

Ft = (~t, 7t) be t points incongruent rood. .4.  Also suppose 

s ( ~ . )  -~ ~ (rood. 1t) @ = i,  2, . . . ,  0.  

Further,  suppose ~ j ,  ~ 2  . . . .  , o~t are t bounded regions containing the 

points F1, F2 . . . . .  Ft respectively and that  

i) No two of the regions 

ff~i+ P;  i =  ~ , 2 , . . . ,  t; P ~ / ,  (*) 
intersect; and 

ii) for each j, S (o~i) intersects one and only one region of (*), namely 

r + P, where P is a point of A. 

Denote by y the union of regions (*), i.e. 

t 
r = u { 3 ~ j +  v } .  
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Then the only points common to 7, S($), S ~(7), . . . ,  S-Z, (r), S-~ (~) . . . .  are 

the points F~ + t9; i = I , . . . ,  t, P E.4. 

Proof: For simplicity suppose t = 3. Write 

r ,  = U {,7~1 + P} ,  
P E A  

r ,  = u { ~ ,  + Q}, 
Q E A  

rs = U {27~s + 1r 
R E A  

o o  

We shall now prove that the set n Sn(~)consists of three distinct sets, 
n ~ - o o  

namely the sets ~ S "(7i), i =  r, 2,3.  We first have 

7 n s (r) 

= u [ { u ( ~ , + P , , ~ , +  Q,~+R)}n{u(s(:~,)+P',s~)+Q',s(~)+R')}] 
P, Q R  

e', r  '~" 'e A 

= ~,QR,U [ [ I~,+PInIS(~,)+FI lU[{o~,+PInIS(~.~)+Q'} lu]  

= {r~ n s ( r , ) /u  Iron s(7.~)l u I n  n s ( n ) } ,  

since { ~ i  + P} n {S(~ . )  + Q} = o, if i ~ j .  Continuing this process we can show 

n s~ (r) = u s ,  (r,)}. 

Now applying corollary 2 of Lemma C2 we have 

r 3 3 

n s,, (~)=  u / ~  s n (7~)} = u (F, + p). 
n = - - r  , = 1  n = - - ~  i = !  

.PEA. 

This completes the proof. 
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