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(1) 

Then 

(2) 

Let  A and B be two numbers  satisfying 

4 A 3 - 27 B 2 ~: 0. 

y2= xa - A x -  B 

is a curve of genus l, and its coordinates can be represented by  

(3) [ x = ~ (u; 4 A, 4 B); 

[ y =  �89 Ip' (u; 4 A ,  4B) .  

If  w, w '  is a primitive pair  of periods of the ~-function, the number  u is determined 

mod w, ~o' by  the point  (x, y), which will be called the point u. If  v is a rat ional  

integer, and if 

vu~:O ( m o d w ,  w'), 

the coordinates of the point  v u will generally be denoted by  (xv, Yv). Three points 

u 1, u 2, u a lie on a s traight  line, if 

u l + u 2 + u a = O  ( m o d w ,  co'), 

and conversely. If  the number  u is commensurable with a period, and if q is the 

smallest na tura l  number  tha t  makes q u a period, then u is called an exceptional point 

o/ order q (see Nagell [7]). Since there are two independent  periods, there exist q2 

exceptional  points, whose orders divide q. The point  of order 1 is the infinite point  

of inflexion, and the points of order 2 are given by y = 0 .  

I f  A and B belong to a field ~ ,  a point  on (2) is said to  be a point in ~ ,  

if its coordinates belong to  this field. I f  u I and u 2 are exceptional  points  in ~ ,  the 
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same is t rue  of u 1 + u 2, and in this way  the except ional  points  in ~ form an abelian 

group, the exceptional group in ~ on the curve (2) (see Chs [5]). I f  s is an 

algebraic field, the following result  is known (see Casscls [4] and  Be rgman  [1]): 

Theorem 1. Let ~ be an algebraic field, let A and B be integers in ~ which 

satis[y (1), and let u be an exceptional point o/order q> 1 in ~ on the curve (2). Then 

the coordinates (x, y) o/ this point are integers in ~ ,  i] q is not a power o I an odd 

prime, and i/ q is a power o/ the odd prime p, then p x is an integer in ~'~. 

I t  follows f rom a theorem due to Wel l [9]  tha t  the except ional  group in an 

algebraic field is finite, bu t  Well 's  proof does not  make  it possible to f ind the  points  

of the group, if ~ ,  A and B are given. In  the case g ~ = K ( 1 )  this p rob lem has been 

solved by  Nagell  ([7], p. 8-15), who has p roved  the  following theorem: 

Theorem 2. Let A and B be integers in K(1) ,  which satis/y (1), and let (x, y) 

be an exceptional point in K ( 1 )  on the curve (2), whose order is >2.  Then x and y 

are integers, and y" divides 4 A a -  27 B 2. 

By  a similar theorem the except ional  points  can be found, if ~ is an imaginary  

quadra t ic  fichl (see Billing [3], p. 120, Nagell  [8], p. 12, Cassels [4], and Bergman  [l]). 

Ch'~telet has tr ied to  solve the general problem (see [5], [6]), bu t  he has not  publ ished 

his results. 

In  this paper  we shall find a limit of the  order  of an except ional  point  in 

on a given curve (2), if s is a given algebraic field, and a t  the same t ime we shall 

give an indeI)endent proof of this special case of Well 's  theorem.  If  the order of 

an cxcept ional  point  cannot  exceed an assigned limit  M,  there cannot  be more than  

M e except ional  points  in ~ ,  and  hence t hey  can be de te rmined  (see Nagell  [8], p. 

9-11). A limit  of the order of a point  is given by  theorem 6 and  theorem 12. 

2. If  v is a ra t ional  integer,  we define 

(~ u) 
~ (u) - [a (u)] ~ (~o (u) = 0); 

then  y ) _ , ( u ) = - ~ v v  (u), and it is known t h a t  

(4) x . - x a =  ~ ( ~ u )  - ~ (;t u)  = - y ' .+a (u) ~ . - a  (u) ~ (u) ~I (u) ' 

if u and 2 are ra t ional  integers * 0. I f  u, ~t a n d / z  are ra t ional  integers 4 0 ,  we have  

[~ (~u)  - ~o (~t u)] + [~o (~u)  - ~ (/~ u)] + [~  (/~u) - ~ (~u) ]  = 0, 
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and consequently 

(5) 9-+~ (u) 9--a  (u) 9~ (u) + 9~.+,. (u) 9a - .  (u) 9~ (u) + 9 .+-  (u) 9 . - .  (u) 9] (u) = 0; 

here g, 2, # may be supposed to be any rational integers. 

/ ~ = v + l ;  / ~ = v + l ;  

~ . = v - 1 ;  or , ) ,=v ;  

If we choose 

we find (the letter u is omitted): 

(6) 

We may also take 

in (4) and find 

(7) 

= - 9v-z V.+a]; �9 / 92.92 9. [9.+2 9.'-1 

92 ~+, = 9~+2 9~ - 9 . - '  9 ~ + , .  

[ ~ = v - - 1 ;  [ ~ = v ;  
o r  

1 92v 92 = 9~-'  95~ (x~-, - x,, ~,); 

[ 92 ~+i = 9~ 9 5 1  (x~ - x~ ~.,). 

Now it is known that  

91=1;  9 2 = - 2 Y ;  

93 = 3 x  4 -  6 A x  2 -  1 2 B x - A S ;  

94= - 2 Y (  2 x 6 -  l O A x 4 - 4 O B x 3 -  I O A 2 x 2 - 8 A B x +  2 A a -  16 B2), 

1 
and it follows from the formulas (6) that  92~+ 1 and - 9 2 v  are polynomials in x, A 

92 
and B with rational integral coefficients. I t  is also known (see for instance Berg- 

man [2], p. 493-494) that  

(S) y ~ = ~ ' ( v u )  = -  92v . 
Yl ~ ' (u)  929~ 

A line 
y = S x + e  

cuts the curve (2) in three points ul, u2, ua, and it is seen that  

62 = ~ (ul)  + ~ (u2) + io (u3). 
8* -- 533807.  
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If ~ is a na tu ra l  n u m b e r  >_-2, and  if nei ther  ( r _ + l ) u  nor  v u  is a period, the three 

finite points  u, ( r - 1 ) u ,  - v u  lie on a s t ra ight  line, and  we have 

x, 4 x 1, - 5 = y" + Yl 
x~-  x 1 

and  consequent ly  

(9) (Y~ + Y~l ~= x~ + x~-l + X~. 
\x ,  - Xll 

If  v = 2 ,  and  if 2 u  is no t  a period, we also have 

(10) 

and  hence 

(II) 

By (I0) we may write 

~= 3 x ~ - A  
2 y~ 

( 3x12- A~ 2" ~ . 
~ )  = z x , . x ~ .  

/ A = 3 x  2 - 2 ~ y l ;  

B = x 3 - A x, - y~ = - 2 x• + 2 ~ z, y, - y2, 

and  it follows tha t  

(!2) 4 A 3 - 27 B e = y,~ [36 x~ (x 2 - x,) + 108 ~ x, Yl - 32 ~3 Yl - 27 y el, 

iI y, 4 0  and  if ~ is defined by  (10). 

If p is a prime ideal in an algebraic field g~, and  if :r is a n u m b e r  4 0  in s 

i t  will be convenien t  to write 

(13) 

f 

where a and  w 

~'//~, 

pv(1 

are integral  ideals in g~ and  pf~lb. Here v may  be a ny  ra t iona l  

integer,  bu t  if v->_0, ~ is said to be an integer mod p. 

If p is a divisor of 2, and  if A and  B are integers mod p, it  follows from 

theorem 1 tha t  the coordinates of a finite except ional  point  in ~ on the curve (2) 

are integers mod p. 

3. Let ~ be an algebraic field, let p be a prime ideal in g~, let A and  B be 

integers rood p in ~ which satisfy (1), and  let u be a f inite po in t  in ~ on (2), 
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whose coordinates are integers mod p. Then the numbers  V,~ (u) (v=  0, + 1, +2 ,  . . .)  

are integers mod p, and we suppose 

(14) ~ ~3 ~ + 0, p3'/lv,~, ps ' /h:.  ~ / / ~ ,  

where r is a rational integer ~0 .  Then it follows from the formulas (6) t ha t  

(15) p("'-~)~/~f,, if v # O ,  

and we shall examine the condit ions for 

~<~:-~) ~+i/~. 

The result  will be found in theorem 3, bu t  the following lemmas ~re needed: 

Lemma 1. I]  v and t are natural numbers, and i/ y~t*O, then 

O(v'--1)t2r / ~ t  . 
/ ~pt 

Proof. By  (6) 

1 2 

and then it follows from (15) tha t  

natural  number  and choose 

[ u = T t + l ;  

) . = T t -  1; 

I t  t =  1 

in (5). We find 

the lemma is true for v = 2 .  Now let 7 bc a 

. = ( z + l ) t ;  

or ~. = 7 t; 

# = 1  

Here we take 7 =  1, 2, 3 , . . . ,  and the lemma follows by  induction.  

Lemma 2. I /  

p(s~-l)r+l/~s and p( t2-1)r+l /v) t  , 

where O < s < t, we have t - s > = 3 .  

V~2,t 1 V'~t [W~t+2 ~ 2 
~t W2 ~t 
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ProoL First  suppose t = s +  1. Then we choose 

in (5) and find 

I t  follows tha t  

! = 8 - 1 ;  

=2 ;  

= 1  

~,~+i y~,-3 + ~3 ~v~-i - y3~ yJ,-2 ~ = O. 

0(,2-- ~ 

bu t  then s 

~ 1 5 ~ + i / ~ 4 .  

Next  suppose t = s + 2. 

may  be replaced by  s - 1  and so on, 

Then  we take 

I ~ =s ;  

2 =2 ;  

/ t = l  

in (5) and find 

I t  follows tha t  

and this is 

~ ,+2  y,s-2 + ~3 ~v~ - ~ , + l  V',-I ~v.~ = O. 

p(,2• ,) ~ ~ 1/~,_+ l, 

impossible, since 

bu t  this is iml)<)ssible, according to the first par t  of the proof. 

Consequently t - s ~  3, and the lemma is proved.  

Lemma 3. Suppose  

p(v~--l)rll~13v) SP= 1, 2, 3, . . . ,  s - 1 ;  pC,:-l)r+l/y,,,  

where s is a natural  number  >=5. Then  

p(t2-1) r + 1///)t, 

i /  and only i /  t is divisible by s. 

Proof. If y~s=0, we have ~)vs=0 (v= 1, 2, 3, . . . ) ,  and if ~ps#:0, ~_~2 is divisible 

by p~2-1),2r by  lemma 1. This proves the first par t  of the lemma. 

To prove the second pa r t  we suppose 

p(t2-1)r+l//~t, where v8 < t = v s  + 7 < (v + 1) 8. 
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B y  l e m m a  2 y=>3,  a n d  we m a y  suppose  

p q : - D r / / 9 h  , h = v s +  l ,  v s +  2 . . . .  , v s + ~ -  l .  

I f  ~ is e v e n  ( 7 = 2 f l ) ,  we t a k e  

in (5) a n d  f ind  

/ ~ = v s + f l - 1 ;  

~t = / ~ +  1; 

#=fl- 1 

2 2 2 
9t 9~ , -  2 9~ - 1 + 9y 92 9~, + ~-  1 -- 9t - 2 9v ,  9~ + 1 = 0, 

b u t  th i s  is impossible, ,  s ince 0 < y < s a n d  r s  < us  + f l -  1 < t. 

I f  }, is odd  ( 7 = 2 f l + 1 ) ,  we t a k e  

1 
~ = r s + f l ;  

, ~ = f l + l :  

:~ -- fi 
in (5) a n d  f ind  

9t 9v , -  1 9~ + 9v 9:~+~ - 9 t -  1 9~ ~ 9} ~ l - O, 

a n d  this  is imposs ib le ,  s ince 0 < y < s  a n d  v s < v s + f l < t .  

C o n s e q u e n t l y  t m u s t  be  d iv i s ib le  b y  s, a n d  t h e  l e m m a  is p rove , l .  

L e m m a  4. There exists a number  s ~ 5 satis[ying 

p ( : - l ) r / / 9 , ,  v =  l ,  2 , . . . , s - I ;  ~)( : -1)r§  

and i[ N is  the norm o/ p, we have 

s = < 2 N + l .  

P r o o L  L e t  t be  a n u m b e r  >_-5, a n d  suppose  

p ( v ' - l ) r / / g ,  , ~ =  1,  2 ,  . . . ,  t - -  1.  

T h e n  i t  fo l lows  f r o m  (4) t h a t  

p2,//x~ - x~, 

if 0 < ~ < ~  a n d  z + ) . < t .  H e n c e  the  n u m b e r s  

O, x 2 - x  I, x a - x  1, . . . ,  x ~ ( t - 1 ) - x ~  ( t o d d )  

o r  

0, x 2 - x  1, x 3 - x  1, . . . ,  x ~ t - x l  ( t e v e n )  

119 
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are divisible by  per but  incongruent  mod p2r+l, and consequent ly  

t<=2N+ 1. 

If  t is taken as large as possible, we have 

~}(/z-l) r + l / ~ot ' 

and the lemma is proved. 

If  the lemmas 3 and 4 are combined,  we get the following theorem: 

Theorem 3. Let $2 be an algebraic field, let p be a prime ideal in $2 with the 

norm N,  let A and B be integers rood p in $2 which satis/y (1), and let u be a finite 

Toint in $2 on (2), whose coordinates are integers rood p. Finally  let r be a rational 

integer and suppose 

~f2 Y)3 ~f4 4: 0; p3r//~f2; pSr//V,)a; plsr//~f4. 

Then 
p(v ' - l ) r /~ ,  if ~4:0,  

and there exists a number s >= 5 satis/ying 

p(~2-1)r//~,, i/ v is not divisible by s; 

O(~'-l)r+l/y.~, i/ v is divisible by s; 

s ~ 2 N + l .  

4. In  the following sections p is supposed to be a divisor of 2, and a natura l  

number  m is defined by  

(16) 

Since the curves (2) and 

~'"112. 

y2 = x s _ A c r  4 x - B ~e 

are equivalent,  if cr is a number  ~: 0 in ~ ,  we shall also suppose t h a t  A and B are 

integers mod p and tha t  A a and B 2 are not  both  divisible by  p 12 . 

The following theorem will of ten be used: 

T h e o r e m  4. Let u be an exceptional point in $2 o/ order q > 4, and suppose 

PC//yl, PC//Y2, 

where c is a rational integer ~_ O. De/ine a number n by 

n - ~ m  +c,  
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where m is defined by (16). Then O"/'/Y~2 and psn//yJ4, and we have one o/the/ollowing cases: 

1. psn//y~. Then theorem 3 may be applied. 

2. psn/y~. Then 4/q, and i/ the numbers lc and d are defined by 

~kli~3; 8 n  = 3 l~+ d, 
We have 

3. p sn+ l /~ .  

(17) 

we have 

(18) 

Proog. 

l 
p~(~*-l)k//V,, i/ v -  • (mod 4); 

pi[(~*-l)k+a]//y~, i/ r-----2 (rood 4); 

~.~[(~*-l)k+5d]/yj~, i/  v~O  (mod 4). 

Then 3/q, and i~ the numbers k and d are defined by 

~)k//~va; 31c= 8 n + d, 

{ Pt<'*-l)"//W. i/  3 ~ , ;  

Since ~ 2 = - 2 Y l ,  we have pn//W2 , and if we take v = 2  in (8), it follows 

that  psn/l~o 4. The formulas (17) and (18) may be proved by induction, if (6) is used. 

In the second case it  follows from (17) that  q is divisible by 4, and in the third 

case it follows from (18) that  q is divisible by 3. 

5. In this section we shall suppose 

(19) p /A ,  if pm//B, 

where m is defined by (16). In this case a limit of the order of all exceptional point 

in ~ is found in thc following way: 

Theorem 5. Let A and B satis/y (19), let u be an exceptional point in ~ o/ order 

q > 2, and define a rational integer c >= 0 by 

Then e depends on ~ ,  p, A and B only. The number c also satisfies the inequality 

2 e g m + 3 ,  

except i/ O2//A and pm+a//B, but in this case the only possible value o/ q is 4. 

Proof. We have the following cases: 

1. O-~A; pb//B, b<m.  Since the coordinates of an exceptional point are integers 

rood p, ( l l )  gives p m / 3 x ~ - A ,  but then pm/xS~-Ax~ and p b / / x ~ - A x ~ - B .  Hence 

2 c = b ,  and b depends on ~ ,  p and B only. 
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2. pTtA; pm+i/B. As in case 1, lr~n/3x~-A, but  then P/Y1, and now (11) shows 

tha t  ~2n+~/3x~-A. I t  follows tha t  t~/~Xl and pm//x~-A,  and hence t~"~/ /x~-Ax~-B 

and 2 c = m. 

3. ~.~//A. Since pro/3 x ~ -  A, we have p /x  1. But  then p//3 x ~ -  A, and since 2 x 1 § x 2 

is an integer mod p, (11) shows tha t  c = 0 .  

4. pe//A; p/LB. As in case 3, pm/3x'~--A and p/x~. Consequently p / L x ~ - A X l - B  

and  c = 0. 

5. pe//A; p /B.  Since p/x1, we have c > 0 .  If  q ~ 4 ,  we replace u b y 2 u i n  (11) 

and  find O/x2. But  2 x ~ §  2 is a square, and consequent ly  p e / 2 x ~ + x  2 and p2/x 2. 

Then p2/ /3x~-A ,  and since PLY2, we have m = l  and p / ~ 2 x 2 + x  4. But  this is im- 

possible, since if q4-8, we may  replace u by  4 u  in (11) and find O/xa: and if q = 8 ,  

we have 

x~ - A xa - B = O 

and consequently O/x4. I t  follows tha t  q =  4 and 

(20) x~ - A x 2 - B = 0. 

Consequently p/x2, and since 2 x  1 + x  2 is a square, we have p2//x 2. Then it follows 

from (11) t ha t  p Z / a x ~ - A ,  and hence p//X 1, NOW (20) shows tha t  p~/B, antl if B 4 : 0 ,  

we define b by ~J'//B. Then p~'-2//x z by (20). 

5.1. b < m + 3 .  Then p~'-'z//2Xl+X2, and (9) gives ( v = 2 )  

(21) 

Consequently 2 c = b. 

5.2. b = m §  

( ~ Y1__12-- 2 Xl § X2" 
x 2 - xl] 

Define d by p ' t / / 4 A a - 2 7 B  2. If 2 c < 2 m + 3 ,  (12) shows tha t  

4 c ~ d ,  and if 2 c > 2 m + 3 ,  (12) gives 2 c + 2 m + 3 = d .  Hence 4 c = d ,  if d < 4 m + 6 ,  

and 2 c = d - 2 m - 3 ,  if d > 4 m + 6  ( d = 4 m + 6  is impossible). 

5.3. b > m + 3 .  Then pm+l//2x1+x,2, and (21) gives 2 c = m + 3 .  

5.4. B=O. Since p2/x2, we cannot  have 

x.~ - A = 0 ;  

consequently x 2 = 0 ,  and (21) gives 2 c = m + 3 .  

6. pa/A; p]tB. Since p/Xl, we have c = 0 .  

7. pa/A; pb//B, where l g b g 4 .  As in case 5, p /x  2. But  since p /x  1 and p/B ,  

we have c > 0 ,  and then ( l l )  shows tha t  p2/x 1. Consequently p b / / x ~ - A x l - B  and 

2c=b .  
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8. t,3//A; pS/B.  As in case 7, p / x  2 and ~12/X 1. But  thel l  t,2/yl, and  since 

p3//3 x~ - A,  we f ind p / 2  x 1 + x 2, and  this  is impossit)le. 

9. t~4/A; p~//B. As in case 7, t)2/x~, b u t  then  pS//y'~, and this  is impossible .  

I t  follows from theorem 5 t h a t  if A and  B sa t is fy  (19), and  if u is" an excep t iona l  

po in t  of order  q > 4 ,  one of the  three  cases of theorem 4 can be app l i ed  to the  po in t  

u. We shall  prove three  l emmas  which cor respond to these cases: 

L e m m a  5. Let A and B satis]y (19), let N be the norm o/ p, let u be an ex- 

ceptional point in ~'t o/ order q > 4, and suppose that the /irst case o/ theorem 4 applies 

to the point u. Then  

q = 2 ~ t := (2 N + 1) V2-(;n+- 1), 

where t is an odd number g 2 N + l and 

2~'_~ m a x  ( 2 N ,  ~ /2(m+ 1)). 

Proof.  We m a y  use theorem 3. Since ~t'q = 0, the  number  s def ined in this  theorem 

is a d iv i sor  of q, and  we have  

5 ~ s ~ 2 N - ~  1. 

Now suppose  s <  q and define c b y  P~//Yl. Then s is an  odd number ,  since other-  

wise pc+l/y~s by  (8), and  this  is imposs ib le  according  to  theorem 5. 

Suppose  p(~-I)r+,l//y~., where d > 0 .  I f  y ~ * 0 ,  it  follows from theorem 5 tha~ 

p~//y., and  hence, hy (S), p(4s~-i)~aa//y:,~.. If  Y2. ,:0, we have  p~//y.,., and  (8) gives 

p(16''-l)~+l(~d//F4s. If  y,,,'. # 0  ( v ' : 0 ) ,  i t  is shown I)y induct ion  t h a t  

p(4~+ I , ;_  1 ) ,+4"+ ~ ,t//~.,,+l, 

b u t  according  to theorem 3 we have  

and  hence 

(22) P2(r-t~+ J d)/'/X2v+ l s - -  x I "  

Now x2,.+1 - x  I is an  in teger  mod  p, and  since q > 4 ,  we have  

2 c _ ~ m + 3  

b y  theorem 5 and  consequen t ly  

2 r _ ~ m + l .  
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But  then  (22) shows t h a t  

(23) 4 ~+2 =< 2 (m + 1). 

I t  follows f rom (23) t h a t  -q cannot  contain  an odd p r ime  factor ,  and we m a y  write 
8 

q =  2~s. 

I f  2=>2, we m a y  take  v = 2 - 2  in (23) and find 

2 ~ _~ V2(m + 1), 

and the ]emma is proved. 

L e m m a  6. Let A and B satis/y (19), let u be an exceptional point in g~ o/ order 

q > 4, and suppose that the second case o/ theorem 4 applies to the point u. Then 

q - 2~ <= 4 V3 (m + 1-). 

Proof. The  formulas  (17) m a y  be used, and if 4/u,  we define 

S~= ~ [(r e -  1) k +  5d]; (24) 

then  
S , . . . , , - 4 S ~ - ~ ( 3 k ~  d ) = - 2 d ,  

and we have  P'~'~ We define c by  p~//yp If  Ya :u 0, it follows f rom theorem 5 t h a t  

P~//Y4, and then (8) shows t h a t  p'~"~'2d//y~ s. If  ys~=O, we have  P~//'Ys and pS"+lOd//~l 6. 

I f  y..,#=O, it is shown by  induct ion t h a t  

ps.zv+l + t (4 v-I -,)d//y~,~ +1, 

bu t  then it follows f rom (17) t h a t  

'2 (3 kTd--4 v+l d),~ 
p l/X,~v+x - x,, 

and since x 2 v ~ l - x l  is an integer mo(l p, we mus t  have  

But 

and consequent ly  

(25) 

4 ~ ~1 d ~ Z 3 k + d .  

3 k + d =  8 n =  8 m +  8 c g  8 m + 4  ( m + 3 )  = 12 ( m +  1), 

4"_~3 ( m +  1). 
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we may  take r = 2 - 2  in (25) 

Lemma 7. Let A and B satis/y (19), let u be an exceptional point in ~ o/order 

q > 4, and suppose that the third case o/ theorem 4 applies to the point u. Then 

q = 3.2 ~ ~ 3 V6 (m + 1). 

Proof. The formulas (18) may  be used, and if 3/~,, we define 

T , =  i [ ( r  ~ -  1) n + d]; (26) 

then 
T 2 v - 4 T v - n =  - d ,  

and we have Pr*//~3. Define c by  pC//y 1. I f  y3~:0, it follows from theorem 5 tha t  

pc//y3, and then (8) shows tha t  pT'+d//y~ e. If  Y64= 0, we have pC//y e and hence pT~+Sd//yJl~. 

If  Ya.U" ~: 0 (V ~0) ,  it is shown by induction tha t  

0 T 3 . 2 , + 1 +  ] (4 ~+1 -- 1)d 
1/~l)3.2v+ 1, 

but  then it  follows from (18) tha t  

p|(n-4v+ld)//x , - t - I - -Xl ,  
1 3.2 

and since x3.u,+l-x 1 is an integer mod p, we must  have 

4 TM d~_n. 

But  
2 n = 2 m +  2 e < 3 ( m +  l), 

and consequently 

(27) 4 v+2 _~ 6 (m + 1). 

According to theorem 4, q is divisible by  3, but  it follows from (27) that  ~ q 

is a power of 2, and if q=3 .2  ~, where 2 ~ 2 ,  we may  takc v = ) , - 2  in (27) and find 

2 ~ < V6 (m + 1). 

If  the lemmas 5, 6 and 7 are combined, we get the following result: 

Theorem 6. Let ~ be an algebraic field, and let p be a prime ideal in ~ ,  which 

divides 2. Let A and B be integers mod p in ~ which satis/y (1), and suppose 

8 ~ -  533807. 



126 GOSTA -BERGMAN 

~1/2; 
i /  p* /A ,  then pe-~B; 

i/  pm//B, then p / A .  

Final ly  let  N be the norm o/ O, and suppose that there is an exceptional point o /order  

q in ~ on the curve (2). Put  

q = 2 a t, 

where ,~ > 0 and t is an odd number >1 .  Then 

t _ ~ 2 N + l ;  

28< max (2N,  4 ] / 3 ( m +  1)); 

q <  max ( 2 N + l ,  3 ]/6 (m +1)),  i[ t = 3 ;  

q <  ( 2 N + I ) V 2 ( m + I ) ,  i/ t > 5 .  

The ]imit of q given by  this theorem depends on ~ only. I f  ~ = K ( 1 ) ,  we have 

q = 2 8 < 8 ,  or q=3.2~'-<6, or q = 5 . 2 i < 1 0 .  

6. In  the following sections we shall suppose 

(28) p CA; pro!lB. 

Theorem 5 cannot be extended to this case, but  ill the sections 6-8  (except in lemma 8) 

we shall suppose 

(29) pC//y2, if c is defined by pe//y 1, 

and then theorem 4 can be applied. Ill the first case a limit of q is found in the 

following way: 

Lemma 8. Let A and B satis/y (28), and let u be an exceptional point in ~'~ of 

order q > 4. Then 

p /y .  and O/x., i! y , ,O.  

I !  y ,  ~: 0 and x, 4 = xl, the numbers 

Y, +_Y~ 
x~ - x l 

are integers rood p, and at least one o[ them is not divisible by p. 

ProoI. I f  y,:V0, we replace u by  uu  in ( l l ) ,  and since 2 x , + x ~ ,  is an integer 

mod p, it is seen that  l )m /3x=, -A .  But  then p?Lx,, p m / x ~ - A x ,  and l)m/y~. 
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Now we put  r = 2  in (9), and since p~-x2, the number 

Y2 + Yl 
X 2 - -  X 1 

is an integer mod 0, which is not divisible by  0. Since 0/Y2 and 0/YI,  it follows 

tha t  p / x 2 - x  1. 

But  (9) may be writ ten in the following way: 

(30) (g~ + y,)2 = 2 x, + (xv-1 - x,) + x~, 
\ X  v - -  X l /  

and if y v ~ 0  and p / X ~ - l - X l ,  the right member  is not divisible by 0, and hence 

p / x v - x l .  Here we may  take v = 2 , 3 ,  . . . , q - 2 ,  if q is odd, and v = 2 , 3 ,  . . . ,  � 8 9  

if q is even. 

I f  q is odd, it follows from (30) tha t  

(31) Y~ + Yl 
Xv - -  X 1 

is not divisible by  0 for v = 2 , 3  . . . .  , q - 2 .  I f  q is even, the number  (31) is not di- 

visible by 0 for v - -2 ,  3, . . . ,  �89 q - 1 ,  and since 

xq_~ = x, and yq_~ = - yv, 

the number  

(32) Y~ - Yt 
x~ - x I 

is not divisible by  0 for v = � 8 9  � 8 9  . . . .  , q - 2 .  I t  follows that  at  least one of 

the numbers (31) and (32) is not divisible by 0, if y , * 0  and xv:4:Xl, and the lemma 

is proved. 

Theorem 7. Let A and B satis/y (28), let N be the norm o/ P, let u be an ex- 

ceptional point in ~ o/ order q >4,  let y~ satis/y (29), and suppose that the /irst case 

o/ theorem 4 applies to the point u. Then 

c~_2m,  and ~ = 2 a t ~ _ 2 m ( 2 N +  l), 

where ]t ~_O and t is an odd number ~_2 N + l. 

Proof. Theorem 3 may  be used, and since v2q= O, the number  s defined in this 

theorem is a divisor of q. 

Now suppose s <  q. I f  ~2 , ,*  0, we define a natural  number  d, by 

(33) p (4" #t- - l )  r+dg/v2t,  s .  

9 - 5 3 3 8 0 7  Acta Mathematica. 91. I m p r i m 6  le l 0  j u i n  1954. 
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we have p2r / /x2-Xl ,  and then it follows from lemma 8 tha t  

(34) c ~< 2 r, 

and hence c < 2 m  and r=<m. 

If  2"+~s is not divisible by q, we have y 2 ~ 4 0 ,  and (8) gives 

(35) pe+d~+ 1-4 d,//y2v ," 

If  d , + l < 4 d , ,  it follows from (35) that  

p~+d,+ 1- 4 d,/ lY2, , +_ Yl, 

and hence, by  lemma 8, 

(36) pc+dv+l-4dv//X,2~ - - ~  1. 

But according to (33) and theorem 3 we also have 

(37) 02 ( ' - d ' ) l l x 2 ,  . - -  X 1, 

and from (34), (36) and (37) it is seen tha t  

d , , + l = 2 d , + 2 r - c ~ _ 2 d , .  

Now d0~_I, and consequently d ,~ l>2"+l .  I f  v is replaced by v + l  in (37), we find 

(38) 2 "+1 g d,§ g r _~ m. 

I t  follows tha t  -q is a power of 2, and if 
8 

q =  2~s, 

where ~t~_2, we may  put  v = ~ t - 2  in (~8) and find 

2a~_2m. 

7. If  (29) is satisfied, and if the second case of theorem 4 applies to the point 

u, a limit of q is found in the following way: 

Theorem 8. Let A and B satis/y (28), let u be an exceptional point in ~ of order 

q > 4, let Y2 satis/y (29), and suppose that the second case o/ theorem 4 applies to the 

point u. Then 

q = 2 a < 8 m .  
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Proof .  Suppose pC//y2v (v=O, 1 . . . .  , u; u_>-l). The formulas (17) may  be used, 

S~ is defined by  (24), and ps'//V~ 4. I f  u ~ 2 ,  (8) gives ~'~sT2d//~)8; i f  u ~ 3 ,  we must  

have pS~'+l~ and so on. Generally we find 

1/~+1 (v<~+ 1), 

and hence 

(39) pV2[3k-(r 1 ( v S u +  1). 

Now pC/y~,,-t-yl, and since y ~ 4 0 ,  it follows from (39) and lemma 8 tha t  

12c<=3 k - ( 4 " -  l ) d = 8 n - 4 " d = 8 m  + 8 c - 4 "  d, 

and hence 

(40) C _~ 2 m -- 4 ~-1 d. 

But  x2~+l-X 1 is an integer rood p, and consequently, by (39), 

4 ~+1 d~_3 k + d = 8 n ~ _ 8  ( 3 m - 4  ~-1 d) 
o r  

(41) 4 '~-1 _~ m.  

Since (41) gives a limiL of u, we may  suppose pc+l/yz,,+l or ~e~y2u+l. 

First suppose pe+h//y2,,+l, where h > 0. Then pe//y2,,+l +Yl, and since y~+x r 0, (39) 

and lemma 8 give 

o r  

(42) 

Now (8) gives 

and then, by  (42), 

I f  Y2~+2" 0, we find 

and 

1 2 c = 3 k - ( 4  ~+1-- 1) d = S n - 4  ~+1 d 

c = 2 m - 4 " d .  

82x+2+ | (4u-1)d+h 
P //~2~+2, 

p c-4~ d-2h/ /X2x+ 2 -- Xl.  

pc-~d-Z h//y2~+Z ' pSz~+S+t (5"4~-2)~+2~//VZ~+ 8 

p c  - 3 .4"  d - 4 h / / x 2 , ,  + 3 - x l  . 
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If y~+,~:0  (V_>--I), it is shown by induction that  

~jS2~+~_bl_ }_ [22u+~ --1_~ (4u_{_2)] d+2v-- lh  ' 

and 

(43) p~-4-(2,-1) ~-~" h l l x  , , + , + l  _ x~. 

Since x2~+~+l- x 1 is an integer mod ~), it follows from (43) and (42) that  

2 " ( h + 4 ~ d ) ~ c  + 4 ~ d = 2 m ,  
and hence 

(44) 2" (1 + 4 ~) < 2 m. 

(44) gives a limit of u + r ,  and since u>= 1, it is seen that  

2 x+l 4 
(45) 2 ~+" < 4~ m < ~ m. 

- 1 +  - 

Consequently q is a power of 2, and if q = 2  a (2~3) ,  we may take ~ = 2 - x - 2  in 

(45) and find 
16 

q=2~_~ ~ - m .  

Next suppose pc-a//y~,,+l, where h > 0. Then p~-h/,/y~,,~ t +---Yl, and since y2~+1 * 0, 

lemma 8 gives (compare (39)) 

o r  

(46) 

and (40) shows that  

(47) 

Now (8) gives 

and then, by (46), 

12 ( c - h ) = 3  k -  (4 x + L -  1 ) d =  8 n - 4  ~+1 d 

c - 3 h = 2 m - 4 " d ,  

hg_4x- ld .  

(4x - I )d -h  ~%+2+ ! //i&~+2, 

c-4x d+~//x2~+2 - -  x 1. 

Now h < 4 " d  by (47), and if y2x+2~0 , it follows that  

~c-4UdThll h,S" x~_3-1- ~ (5 .4x -2 )d -3h / / l a  
//Y2~+2, r- 2 ::,r2x4_ 3 
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and 

pc-3 .4  ~ d+5 d//X2x+ 3 _ Xl" 

I f  y2x+v:#O, i t  is shown by  induction tha t  

S2uTv+l-{" [2 2 u T v - l - t  (4u+2)]d--(2 ~-1)  h , 
P 11~2"+"+1 

and 

pc--4 ~r (2"--1) d+(2"+1--3)  h//x2x_}.,~_l - -  Xl" 

Hence 

or, if (47) is used, 

2 v+l (22~-1 d -  h) ~ _ c - 3 h + 4 ~ d = 2  m, 

2 2 ~ + ~ - 1  ~ 2 m .  

Consequently q is a power of 2, and since u ~ 1, it is seen tha t  

(48) 2 ~+v < 2 m. 

I f  q = 2  a (2~3) ,  we may  take v = 2 - x - 2  in (48) and find 

q = 2 ~ 8 m .  

Finally suppose y~+l=O. Then q = 2  ~+2, and (41) gives 

q = 2 ~+2 < 8 I / ~ .  

8. I f  (29) is satisfied, and if the third case of theorem 4 applies to the point u, 

a limit of q is found in the following way: 

Lemma 9. Let A and B satis/y (28), let u be an exceptional point in ~ o! order 

q> 6, let Yz satis/y (29), and suppose that the third case of theorem 4 applies to the 

point u. I /  
O"+i/ys, 

we have 
m ~ 3  and q =  3 . 2 ~ 4 m .  

Proof. I t  follows from theorem 4 tha t  q is divisible by 3, and a natural  number  

h may  be defined by  pc+h//ys. NOW pC//ys4-yl, and since (18) gives 

pt ( . - d ) / / ~  _ x, ,  

i t  follows from lemma 8 tha t  

3 c = 2  ( n - d )  
o r  
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(49) c = 2 (m - d). 

I f  Tv is defined by  (26), we have pT'//v/3 and pT'+d+a//v/s. But  then pc-2(a+h)//x6-x~, 

and if y e # 0 ,  it follows tha t  pc-2(d+h)//y6, pT'*+ad+eh//yJlZ and pc-2(3d+2h)//x12--x 1. I f  

Y3.2,~ 0, it may  be shown by  induction that  

T. vml-t- (2v+l--1)d+2Uh,. 
p ~ + / /~3.~+1 

and 

p~-2 (~,+1-1)d-2~+1 h//x3.2,+ 1 _ x~. 

Hence 
2 ~+1 ( 2 d + h ) ~ _ c +  2d, 

or, by (49), 

(50) 3.2 v+1 ~_ 2 m. 

I t  follows that  ~q is a power of 2, and if q=3.2 ~ (~t~2), we may  take v = 2 - 2  in 

(50) and find 
q = 3 . 2 ~ _ 4 m .  

Lemma 10. Let A and B satis/y (28), let N be the norm of p, let u be an ex- 

ceptional point in ~'~ o/ order q > 6, let Yz satisfy (29), and suppose that the third case 

of theorem 4 applies to the point u. I /  

pC ~ ya, 

we have 
q = 2 ~ . 3 t g 6 m ( 2 N  + 1), 

where t is an odd number g 2 N + l. 

I f  c ~_ 2 m, we have 
q = 3 . 2 ~ 6 m .  

ProoL By theorem 4, q is divisible by 3. A natural  number h is defined by 

pc-h//ya, and the numbers T, are defined by (26). Now Oc-h//y a+yt ,  and hence, by  

(18) and lemma 8: 

c-h=](a-d),  
o r  

(51) c - 3 h = 2 (m - d). 

Since pC/y2+_yl, (18) and lemma 8 also give 

e <  ~ (2 n +  d), 

or  

c~_2m+d,  
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and hence, by (51), 
(52) h<d.  

Now (8) gives pT'+d-h//~f6, and then pc-2a+h//xe--x 1. Here the exponent is < c  

by (52), and if Ye ~ 0, it follows that  pc-2 d+h//y6, ~)7'l,+3(d-h)//y)l 2 and pc-0d+5 h//xl 2 _ Xl" 

If  y3.ev40 (v_>--0), it is shown by induction tha t  

pTa.2v+l+ (2v+l-1) (d -h ) / /~3 .2vA_ l  

and 
~)c -2 (2v§247  v §  --  X 1. 

3.2 

If h < d, it follows tha t  

2~+292v+2(d-h)<c + 2 d -  3 h = 2 m ,  

and it is seen that  q = 3 . 2  x (~>2) ,  where 

(53) 2 ~ < 2 m. 

If  h=d,  (51) gives c = 2 m + d ,  and if ya.2~=V0 (r~>0), we have p2m//ya.2~. I f  q >  12, 

it follows that  one of the three cases of theorem 4 can be applied to the point 3u,  

since we have ~.,2'n//y a and p2m//y e. Now pe'n/x 3 - x~  and p"'n/xe-x~ and consequently 

pe'n/x6-x3, but  if u is replaced by 3 u  in (4), it is seen tha t  

V~3 (3 u) 
(54) xe - x3 = ~ (3 u ) '  

and since ~ v 2 ( 3 u ) = - 2 y  3, it follows that  ps"/~va(3u ). Thus the second case of 

theorem 4 does not apply to the point 3u. 

If the first case applies, theorem 7 gives 

q = 2 ~ . 3 t ~ 6 m ( 2 N  + 1), 

where t is an odd number  < 2 N +  1. 

If  the third case applies, (54) shows that  p2m4-1/xa--x3, but (4) also gives 

~v9 
x e - x a =  ~ 3 '  

and hence pTg+l/y) 9. Consequently p2mtxg-x l ,  and if q # 1 8 ,  it follows from lemma 8 

that  O~m{Yg. Hence we may  replace u by  3u  in the proof of lemma 10, and there 

will be two numbers h' and d', which correspond to h and d. But  since p2m+l~y a, 

it is seen that  h'<d' ,  and then q = 9 . 2  ~, where, by  (53), 

2 a _ 2 m .  
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L e m m a  11. Let A and B satis/y (28), let u be an exceptional point in ~ o/order 

q > 6 ,  let Y2 satis/y (29), and suppose that the third case o[ theorem 4 applies to the 

point u. I /  

VI!y~, 
we have 

m > 2  and q = 3 . 2 ~ g 6 m .  

Proof. Suppose P~//Y'~.2, (v = 0, 1, . . . ,  u; ~ > 0). Then (8) gives oT,4 d/l~f6, pT,~+5,Z//~f~2 

and  finally 

pT3.2~+l-}- �89 (4 n§ --1) d//~f3.2u§ " 

Hence  p~ (n-4~d)//x.j.2~--xl 

l e m m a  8 gives 

and  hence 

( r = 0 ,  1, . . . , x + l ) .  Bu t  pC/y3.2,,+_yl, 

c ~ ( n - 4 * d )  

(55) c ~ 2 (m - 4 ~ d). 

and  since Y3.2~--4:- 0, 

Now x3.2~ + 1 - x l  is an integer  mo<l p, and consequent ly  (by (55)) 

4 ~ ~ ~ d : ~ n ~  3 m -  2 . 4  ~ d  

o r  

(56) o an(1 4 ~ '  I m~=, : ; 2 m .  

Since (56) gives a l imit  r ~, we m a y  suppose p~ll/y:~.z,,~l or P~/'Y:~.,,~i 1. 

First  SUpl)ose p~ 11,//y3.., ~ i l, where h > 0. Then [ff//y3.2,~ ! 1 ~ Yl, and since y3..,~+l # 0, 

l c m m a  8 gives 

OF 

(57) 

Now (8) gives 

and  then, by  (57), 

c= ~ ( u - 4 ' , ~ l  d) 

c = 2 ( m - 4 , , ~ l d ) .  

pTa.2~2 ~ ~ (4~ 2_1) ~+h//~3.2~+2, 

p c-2.4x§ d-2h/ /x3.2x+ 2 -- Xl.  

I f  y3.2~+.o#0, it follows t h a t  

1r~c-2"4~§ 1 d--2h//Y3.2x+ 2 , 
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and 

~)T3.2~ t 3 + ] (10"4u+l--l) d+ 2h//~3.2~+ 3 

~+-6.4~+'  a-~h/  /x3.2.+ ~ _ x .  

If  y z . 2 ~ + ~ + 0  ( v ~ l ) ,  it is shown by  induct ion tha t  

~)T3.2~+v +l + [ 22~+ '+2-  ] ( 22u+3+1)] dr2V--I h//~3.2u+r+ 1 

and 

Hence 

)c-22~+3 (2v--l)d--2Uh//x3.2~t i-v+1 -- Xl" 

2" (2 z ' + 3  d + h) ~ c 2 2"+3 + d = 2 m ,  

and since h and d are natura l  numbers,  it follows tha t  

2"(22~+3+ 1) ~ 2 m .  

Consequently 
2 "+1 2 

(58)  0~ +-~ < m < 
- = 22~+a+ 1 : :  (j m, 

and ~q mus t  be a power of '2. 

and find 

If  q = 3 . 2  ~ (2~2 ) ,  we may  take v = ) , - ~ - 2  ill (58) 

8 
2a~ i~ m. 

~)c-hi '~. h > Next  suppose + I/Y~.2" + 1, where 0. Then ~')~-~//Y'~.2" !1 +_ Yl, and since Y3.2~ + 1 =# 0, 

lemma 8 gives 

c - h = ]  ( n - 4 ' , +  l d) 
o r  

(59) 

and (55) shows tha t  

(6O) 

Now (8) gives 

and then, by  (59), 

c - 3 h =  2 ( m - 4 , , ~  l d), 

h g 2 .4  ~ d. 

~T3.2u 724 ~ (4u+2-i )  d-h//~3.2~+2, 

p c-2.4~§ d+h//x,3.2:~_~2 -- Xl .  

But  h < 2 . 4 ~ + l d  by  (60), and if Y3.2~+2#0, it follows tha t  
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c-2.4~+1 d+h//y3.2~+2 ' 

~T3.2~+3+~(10.4~+l-1)d-3h,, 

and 

~,~-6.4~+~ d+sh//x3.2~+ 3_ xi. 

If y3.2~+~:t=0 ( v ~ l ) ,  it is shown by induction that 

pT3.2u+r+l+ [22x+v§ ] (22u+3A 1)] d-(2v--1)h//~)3.2~+v+l 

and 
1)c_22x+3(2v l)d+(2v+l_3)h//x3.2~+v+ I _ x l "  

Hence 

or, if (60) is used, 

2~+1 ( 4 ~ + l d - h ) < c + 2 2 ~ + a d - 3 h = 2 m  ' 

22~+v+2 ~ 2 m. 

I t  follows that  

(61) 2~ v:: ~ m, 

and ~q must be a power of 2. If q=3 .2  ~ (),:~2), we may take v= :~ t -Y . -2  ill (61) 

and find 
2 a ~ 2 m .  

Finally suppose ya.2~!l=0. Then q = 3 . 2  ~42, and (56) gives 

2~ ~ 2~: 2 V�89 ~ 2m ' 

since m ~ 2. 

If the lemmas 9, 10 and 11 are combined, we get the following result: 

Theorem 9. Let A and B satis/y (28), let N be the norm o t p, let u be an ex- 

ceptional point in s o/ order q > 4, let Y2 satis/y (29), and suppose that the third case 

o/ theorem 4 applies to the point u. Then 

q = 2 ~ . 3 t < 6 m ( 2 N  + l), 

where t is an odd number < 2 N + l. 

9. Now we combine the theorems 7, 8 and 9 in the following way: 

Theorem 10. Let A and B satis/y (28), let N be the norm o/ p, let u be an ex- 

ceptional point in ~ o/ order q > 4, and let yg. satis/y (29). Then 
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q=2~t~_ 6 m ( 2 N  + 1), 

where t is an odd number _~3(2N+1).  

10. In this section (29) will be replaced by the following condition: 

(62) pC//yl; p#+l/y2; y , * 0 ;  ~)C/y 4. 

Then we may prove the following lemma: 

Lemma 12. Let A and B satis[y (28), let u be an exceptional point in s o] order 

q >4, let Y2 and yr satis[y (62), and de/ine the numbers h and U~ by 

(63) pc+h//y2; 

(64) U ~ = � 8 9  (r__> 1). 

Then c = h  + 2 m, and we have 

~u~//~, 
/or v = l ,  2, 3, 4. 

Proof. Since pC//y~+y, and y2*0,  lemma 8 gives pC//x~-x~. But p~'n//~f2, and 

hence, by (4), p3c+2~'//yJ a. By (8) and the definition of h, we have ph+5(c4'n)//yJ4, and 

consequently pa+2m//x 3 - x I. 

Now pC/y4+_y 1 and y4~0,  and hence pC/x4-x  ~. But then we must have (by (4)) 

p~a+s(c+~")/~5, and (4) gives p2h+2r~/x 2 -  x 3. Hence c = h + 2m, since x 2 - x 3 = (x 2 - xl) - 

- ( x a - x l ) ,  and the lemma is proved. 

I t  is easy to verify that  the numbers U~ defined by (64) satisfy the following 

relations: 

/ U,-1 + U , + l -  2 U , = h +  2m; 

U2, + U~=2 (U,- l  + U~+I) + ( v -  1)h+ 2m; 
(65) 

I U2~+1=2 ( U , + U ~ + l ) + v h + 2 m ;  

U e ~ - 4 U ~ - U 2 = ( r -  1)h, 

and now a sort of induction is poss~le: 

Lemma 13. Let A and B satis/y (28), let u be an exceptional point in ~ o] order 

q >4, let Y2 and Y4 satis]y (62), let h and Uv be de]ined by (63) and (64), and suppose 

(66) pC/y~, i/ (v, q)= 1; 

( 6 7 )  ~v//~, (~ = 1, 2 ,  . . . ,  t -  1); ~,Utl~, 
where 4 g_ t ~_ q. 
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Then pt~+sm/4A 3 -  27 B 2, if t is odd, and p(t-1)h+Sm/4A a -  27 B ~, i/ t is even. 

I /  pUt+l/~ot, we have (t, q)> 1 and 

q = 2 a < 2 m ,  
(t, q) 

and i/ pvt//~t but pUt+l~t+l ,  we have (t, q ) > l  and 

q = 2 ~ t ~ < 2 m ( 2 N + l ) ,  it, q) 

where t~ is an odd number < 2 N + l. 

ProoF. If t is odd, it follows from ( 4 ) a n d  ( 6 5 a ) t h a t  oh+2m/X�89 and 

ph+~m/xr - x l ,  and hence ph+2rn/xt-1 - x ~  a-l). But  (8) and (65 d) give pi (t-1)h+2rn/yi a-l), 

and then (12) shows that  p 'h+sm/4Aa-27  B 2, if the point u is replaced by �89 ( t - 1 ) u .  

If t is even, we replace t by t - 1 .  This proves the first part  of the lemma. 

To prove the second part  we first suppose (t, q)= 1. Then ph+~m/yt and yt:~ O, 

and hence, by lemma 8, ph+2m/xt--Xl. If we take v = t  in (65a), it follows that  

pVt+l/v2t+l. But we know that  ph+2m/xt-2-xl  (by (4), (65 a) and (67)), and hence 

ph+2m/Xt--xt_ 2. Now we take v = t -  1 in (7 a) and (65 b) and find ptz2t-2-(t-a)h/y,.zt_2, 

and then (8) gives p2a+2'n/yt_l. Thus pa+~m//yt_l+yl and ph ~2m+lTLXt_l_Xl ' and con- 

sequently purl/tpt. 

Next suppose (t, q ) > l .  If t < q  but pvt+l/y~t, we define a natural number d by 

pvHd//yJt. Then Oh~2m~d/xt_l--xi, but  pa+2m//x 2 - x l ,  and hence phT2m//xt_ l -x2 ,  and 

(4) gives putel-h//~pt~ v Consequently p2'n-2d//X,--Xl, and if y t # 0 ,  it follows that  

p'z'n-~4//yt. But p s m / 4 A 3 - 2 7 B  2, and if u is replaced by tu  in (12), it is seen that  

p2m-4d//x,2t--Xt, and hence p2'n-4d//x2t--x~. If y2t#0,  it follows that  p2m-4d//y2t, but 

then we replace u by 2 t u  in (12)and find p2m-Sd//x4t--X2t, and hence p2"-sg / / x4 t -x  ,. 

If y2~t#0, it is shown by induction that  

(68) p2"-2"+'~ d/!%+1,- x,. 

I t  follows that  the order of the point t u is a power of 2, and if it is equal to 2 ~, 

where ~t>2, we may take v = ~ t - 2  in (68) and find 

2 a ~ 2 m .  

Obviously the order of the point t u is q (t, q)" 
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X3 t - -  Xt  

xa~-x~ is not divisible by p~.m. 

10 gives 

I f  pVtllY~t but pvt+l~t+l, we define a natural  number  e by ~ ) U t + l - - e / / ~ 2 t +  1. Then 

ph+2m-e//xt-xl, and since ph+u'n/x2-xl, it follows tha t  ph+2m-e//Xt--X2. But  then 

(4) gives pvt+2-h-e//~t+2, and consequently pem+e//xt+l-xl. But  since ( t+ 1, q )=  1, we 

have y t+140 and pC/yt+l, and then lemma 8 shows that  e_>-h. 

Now suppose e>h. Since ph+2m//Xt_l-Xl, we have ~.~h+2m//xt+l-xt_l, and then 

(7 a) gives 

~ t - ( t - ~ ) h - 2 ~ / / ~ 2  t . 

Consequently yt:~0 and p2h+2m-2e//yt, and this is impossible by lemma 8, since we 

know tha t  pa+2r~-e/xt- x 1. 

Consequently e = h and p2'n//x t -x~. I f  yt :# 0, it follows tha t  p2m//yt and pv2t-ta//~2t. 

Since ~J2m//xe+i-x~, (7 b) gives pvut-l-(t-1)a//~2t_l and pv2t+~-(t+2)h//v2~t+~ , and con- 

sequently pu'n//x~-x~. I f  y2t~: 0, it follows tha t  p~m//y~t, and theorem 4 can be applied 

to the point tu. Now pa'n/fif~(tu), and since pUm/x2t-xt, we have psm/v2a(tu), and 

consequently the second case of theorem 4 is impossible. If  the first case applies, 

theorem 7 gives 

q =2~t~_2m(2N+l ) ,  (t, q) 

where t~ is an odd number  g 2 N +  1. If  the third case applies, we have ps~+~/~ a (tu), 
and since p~5 m//y)a (t u) and 

~ (tu) ~,~ (tu) 
, if ~a(tu)40,  

If  yat#O, it follows that  p2m~y3t, and then lemma 

q = 3.2a_~ 6m.  
(t, q) 

I t  follows from lemma 13 that  if ( t , q ) = l ,  t may  be replaced by t + l  in (67). 

Now we take t in (67) as large as possible (t_~q). Then it follows from lemma I3 

tha t  ( t , q ) > l  and 

q - 2 ~ t l ~ 2 m ( 2 N + l ) ,  
(t, q) 

where t 1 is an odd number ~ _ 2 N + l .  Since ~)e,//~p~ for ~g_4, ya:t:0 and pC~y4, the 

proof of lemma 13 shows tha t  P~*/~Pa, and hence t=>5. But  then lemma 13 gives 

ps+sm/4 A a - 27 B 2, 

and we have the following result: 
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Theorem 11. Let A and B satis/y (28), let u be an exceptional point in ~ o/order 

q >4,  let Y2 and Y4 satis/y (62), suppose 

and de/ine R by 

(69) 

Then R ~ 6 m + 5 ,  and 

pc/y,, i/ (v, q)= 1, 

pure+R~~4 A a - 27 B2. ! 

q = 2 ~ t 2 < 2 m  ( 2 N +  1) ( R - 6 m +  1), 

where t 2 is an odd number = < ( 2 N + I ) ( R - 6 m ) .  

i t .  Now a limit of the order of an exceptional point in ~ may  be found in 

the following way, if A and B satisfy (28). We suppose tha t  there is an exceptional 

point in ~ of order q > 4 ,  and we choose u in such a way tha t  (66) is satisfied, if 

c is defined by pc//y 1. 

Suppose q #  8. I f  P~//Y2, or if P~+~/Y2 and PC~Y4, a limit of q is given by theorem 10 

or theorem 11. Otherwise ~c ~ Y2 or pc-/~ Y4, and then it follows from (66) tha t  q is even. 

Consequently the order of the point 2 u  is �89 and the order of the point 4 u  is 

�88 or �89 according as q is divisible by 4 or not. In any case there is a point of 

order �89 q or �88 whose ordinate is not divisible by pc, and we can choose among 

the points 2 r u ,  where (v, � 8 9  or among the points 4 v u ,  where (v, �88 a 

point u', whose order q' and ordinate y'  satisfy 

q ' = � 8 9  or =�88 p~"//y', where e ' < c ;  p~'/y;, if ( v , q ' ) = l .  

Here yl, denotes the ordinate of the point v u'. 

If  q ' > 4  and =t:8, and if neither theorem 10 nor theorem I I can be applied to 

the point u', q' must  be even, and we can choose a point u",  whose order is 

q"=�89  or = t q ' ,  

and whose ordinate y" satisfies 

~,, ,, q,,)= ir , c"<c';  p. /y , ,  if (v, 1. 

Since the ordinate of an exceptional point is an integer rood p, this process will 

finally come to an end. Thus we find a point u (r), whose order is 

q(r}= 1 ~ q ,  where r ~ _ ~ _ 2 r .  
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I f  y(r) is the ordinate of u (r), we also have 

~c(r)//y (r), where c (r) <= c - r, 

and if q(r)>4 and :~8, one of the theorems 10 and 11 can be applied to the 

point u (r). 

Now 2c (r)_->m by lemma 8, and consequently 2 r < = 2 c - m .  We define R by  (69) 

and then have the following cases: 

1. R < 2 m .  Then c < m  by (12) and hence 2 r < m ,  and since theorem 11 cannot 

be applied to the point u (r), we have by  theorem 10: 

q(r)=2at~_6m ( 2 N +  1), 

where t is an odd number _ ~ 3 ( 2 N + 1 ) .  

Then 2c<=R by (12) and hence 2 r ~ _ R - m ,  and theorem 2. 2 m ~ _ R ~ _ 6 m + 4 .  

10 gives 
q(') = 2 a t _~ 6 m (2 N + 1), 

where t is an odd number g 3 ( 2 N + l ) .  

3. R ~ 6 m + 5 .  We have 2 c g R  by (12) and hence 2 r ~ _ R - m ,  and the theorems 

l0 and 11 give 
q(r)= 2 ~t ~_ 2 m (2N + 1) ( R -  6 m  + 1), 

where t is an odd number g ( 2 N + l ) ( R - 6 m ) .  

Thus we get the following result: 

Theorem 12. Let ~ be an alqebraic /ield, and let p be a prime ideal in ~ ,  which 

divides 2. Let A and B be integers mod p in ~ which satis/y (1), and suppose 

 ml12, 

p~A;  pm//B; p 2 m + ' / / 4 A a - 2 7  B 2. 

Final ly  let N be the norm o/ p, and suppose that there is an exceptional point o/ order 

q in s on the curve (2). Then we have the ]ollowing cases: 

1. R < 2 m .  Then 

q = 2 a t _~ 6.4[~ (m-1)l m (2 N + 1), 

where ~ ~_ 0 and t is an odd number ~ 3 ( 2 N + 1 ) .  
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2. 2 m g R - - < - 6 m + 4 .  Then 

q = 2 ~ t ~ 6.4 [~ (~-~")] m (2 N + 1 ), 

where ~>=0 and t is an odd number g 3 ( 2 N + 1 ) .  

3. R _ > _ 6 m + 5 .  Then 

q = 2 ~ t ~ 2 .4  [r (~-~n): m (2 N + 1) (R  - 6 m + 1), 

where ~>-_0 and t is an odd number g ( 2 N + l ) ( R - 6 m ) .  
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