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1. The notation 
~, (p, q) < h (:r y) 

between the image and the object in the symbolic calculus of two variables is used 

to represent the convergent double integral 

oO O0 

4,(p,q)=pqf fe-~-~h(x,y)dxdy. R(p)>0, R(q)>0, 
o o 

The object of the present paper is to derive a theorem in the symbolic calculUs 

of two variables, starting from a chain of relations in one variable, and to show some 

applications of the theorem., 

2. Theorem..If /(p)~x'-lh(x)and ~r then 

y'-~a (~ y~) > v "-~/(f  q), 
valid when p > 0, R (X) > - 1, R (~) > - 1. 

Then 

Proof. Let J~(x) represent Wright's generali~d Be~el  function [1] defined by 

0" ( - a : ) '  p > O ,  R ( 2 ) > - 1 .  J~(x)= �9 --'9 r! F (i + ~.+~ r)' 

( .  Ig.a+~ry'+" 
~ay, j~(~a~y)_ ,-o ~: rIFll+X+pr) 

1 ~ F ( , + r + l ) (  ~__~)" 
- 7 i  - 

~(,+1~-~. q 
= F (v + 1)- (1 + _,,q),+ ~ , / 7  R (v )>  - 1 .  (2.1) 
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Let 
l (p)(~-~h(x)  imply 

Then, by  Gupta [2], we have 

h (p) ~ g  (x). (2.2) 

0 

where 
9(s)=O(s-l+'), for small s, e > 0  

and 
1 

9(s)=O[s ~(a++)-~-~, exp ( - s  ~ + ' , ~  cos ~zx)], n =  
p + l  

(2.3) 

so that  

or g(t)dt 
l(p~ q)=  r ( , +  1 ) f q j  (~q--~,§ 

0 

The theorem follows on comparison of (2.5) and (2.6). 

(2.6) 

provided the integral on the right of (2.5) is convergent. For this we should have 

> p v.+ p + v + �89 which holds under the condition of validity stated in the theorem. 

Now Shastri [3] has shown that  

if /(p)~h(x), -~h(p)~g(x), then 
m 

~ g  

- m  2" ~ g(t)dt / ( v )  = r ( + ) p j ( ~ - ~ i y + ~ ,  R (~ )  > - 2. 
0 

So that  from (2.2), we have 
oo t 

., r g(t)d 1(p)= r ( ,+, ,p j R(,)> -1, 
0 

(2.5) 

right-hand side expression of (2.3). 

Thus 
OO 

x -~ a (x) = f g (s) J[ (sx ~) ds. 
0 

Writing (2.4) in the form 

~-'~a(xy-~)= s-'g(s)xa(ys)'J~(x"ys)ds, 
o 

and interpreting by (2.1), we ob t~n  

�9 ~ 1 ~ g ( s ) d s  
y -3  a (x y~) ~ F (v + 1) p~('+')-a q j (p, q~-~s),+l, 

0 

( 2 . 4 )  

c O  

for large s; ~t, Ez.>0, and fe-~=F(x)dx is absolutely convergent, F(x) being the 
0 
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If 

The following corollaries are interesting. 

(A) Put  ~=1 ,  / t = l  and 2 = k + l  and we have: 

[ (p)<h (x), ~-~ h < a (x), then y-ka (xy) ~ p-k / (p  q)--a result due to Delerue [4]. 

If 

(B) Put  ~=1 ,  # = 2 ,  2 = 2 m + 2  and we obtain: 

1 y-m -p~h(ll~a(x),\p_/ then a(x~y)~p-2m /(p2q), ](p)<h(x), R(~)> -~. 

If 

(1) 

and 

(C) Put  v = l ,  ~u=[, 2 = m + ~  and we obtain: 

[(p)~h(x), l h ( ~ ) < a ( x ) ,  then y-2ma(xya)~p-m/(ql /p) ,  R ( m ) > - ~ .  pm 

Application o/ the Theorem 

Let 
h(x)=e -�89 so x~-lh(x)=x'-ie-�89 

1 

1 h ( 1 )  1 2 p ~  ~_p =-~:'9 e <x  J ~ .  (�89 x~")~--a (x). 

Hence from the theorem, we obtain the operational representation 

t p2t~ q, 
(2.7) 

which can be written in the form 

9 m  
2 m  2 m rn k �9 ~* p n - -  1 ra 

xmyn+~-eJnm-i(~y'~xn-1)~[~(n+k-1)a'nn-le~ D t . . . .  1~ ~ F  - - ( n + k  -1)~*11 J 1. 

In particular, 

X �89 m Urn+k--1Jm (y V2x) > F ( 2 m + k )  
2�89 

q ptk ei~q' D_(2 m§ (q Vp) 

(2.8) 

(2.9) 

I~ (2m) elPq'D (qVp) x "~ m ym --1J ,n ( y V ~x  ) > --~--d- q -2., (2.91) 

x�89 Jx (Y 2V2x) ~ 2 - t  q e L ~ q" D-2 (q IFp) (2.92) 

x�89 (y 21/~X) ~ F ( 2 m +  1)qVpet,q,D_(2m+a)(qUp) 
2�89 

(2.93) 

Ju (Y V2x) ~ q I(p e t pq' D-1 (q Vp) (2.94) 

sin (y IMx) ~ ~ q e t ~q' D_2 (q l/2p) m (2.95) 
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and 

yk I sin ( y t ' 2 x ) ~  ~ /~F(k  + 1) �89 �88 /- . q p e D_(k+~) ( q ~ ) .  (2.96) 
Also 

3 V~ - ~ :q '~  
x~'~+~)Y~("+3k-~)J�89 ~m [3 l'~x2 y ~] >~ P(m-- k) qpke L~-(m+k) lpq)" (2.10) 

with the following special cases 
3 

-- ~2 = l )pqe  D (~+~)(pq) (2.101) 

3 ~ _ e�88 x�89 [ 3 1 ~ y  ~] ~ ~qVp _~(pq) (2.102) 

3 
(xy)�89 J_t ,  t [ 3 ] / ~ ]  >~ ~ p q e  t~ q D_~(pq). (2.103) 

(2) Application o/ Cot. A 

(a) From 
1 

1 + ~ ~ p (sin p C i (p) - cos p S i (p)}, 

and 

1 p . 

1 e p  1 

where Un is the Lommel function for unrestricted values of n (Watson [5], p. 537). 

Hence, we have the operational representation 

/fl~=-~ [sin p q + ~  pq+~ 

( b )  We have 
xn-P 

F (1 + n - ~u) p" e~ P W_n, _~+t (P) <(1 + x) n+~ ~ h (x), 

R ( l  + n - / z )  >__0, 

\ ) ] - ( :  + (x), 

and we obtain the operational representation 

x n - l Y - ~ M " n - t ( x y ) e - t * u )  -- -n, -t,+t(Pq) 

cos ~ - ~  S i (P -~-~) ] .  (2.11) 

(2.12) 
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and in particular, 
e -~  >~ pq e~q Ei (pq), (2.121) 

E~ having the definition given in [6], p. 352, and 

x ~-~e - ~  >~ F(v) qpS ~S(v, pq), 

known already, S(v, x) being SchlSmilch's function. 

(e) From Adamoff's integral ([6], p. 353) we obtain the following two operational 

representations : 

�9 , - -  ( -  1) m~/~ 1 ( P D 2  (2 .1 3 )  x m sm ~/2x~ 2m+�89 pme  m ~1 

and 

cos l/2xx~ ( 2m pm-�89 e xm--�89 

(m, positive integer in both cases). 

Also, 

and 

(2.14) 

3 
1 2 _ 4k+, (3 V~x) (2.15) - p~Sin < l / ~ x  6 J2~+~2 ' �89 

l 2 4 k + l  3 
- p~ cos <V~x  6 Jk,-�89 (31/x). (2.16) 

We then obtain the operational representations 

3 1 1(4k+1) ~(6m--2k--2) T ( - - 1 )  m 1 ( ~ q ~ )  
x, y- ~k,-�89 ( 3 ~ )  ~ 2~(6m+2~_l)pkq,,_ �89 e- 4vqD2m (2,17) 

and 
3 ~ ( - - 1 )  m 1 1 ( _ _ ~ )  

Xl(4~+l) y~(6m-2k+l)J�89189 (3 ~V~xy) 2�89 pkqme a'qD2m+l . (2.18) 

(d) From (2.13) and Mitra's [7] operational representation 

( _  1)n V ~ F ( 2 n + 2 )  pn+l 
F ( n + l )  (2p +1) "+a ~ e - ~ D 2 ~ + l  

(~) 

we :Obtain, f rom o u r  corollary, 

x n s i n  l / ~ y  
zeF(2n+2)  pqn+l 
- -  �9 ( 2 . 1 9 )  

F ( n +  1) (4pq+ 1) "+~ 
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Similarly, using (2.14) and 

(21/x~ | / - ~ P ( 2 n + l )  p ( 1 - p ) "  
x-�89 D.~,,. " 2~-I"(-n+1)- (:p+ 1) "+t '  

we get 

whence, 

(Mitra, [7]), 

x" cos x ~ x y > 2 ~ t - F ( 2 n + l )  pq.+l 
Vxy F ( n + l )  ( 4 p q +  1) ~+�89 

a result, due to Delerue [4]. 

(e) Let 
3v~t 

h ( x ) - c o s  ~ c o s x - s i n - -  

and 
lhl'l~_! 

So, from the theorem, 

y) ber, (21'~yy) 

Similarly, from 

cos 2 V ~  ~ pq  
V ~  ~ (1 + pq)~' 

sin x ~  p cos - ~  sin 4 ~ -~  -----/(p) 

whence 

and 

1 3vzt~ ~ x  t P + ~ j  " ber, (2 I/x) (Me Lachlan, [8]). 

p~-l( l+p2q~) pq cos ~ - - s i n  - -  . 

p~ sin + < x  t~ bei~ (2Vx), 

(;) [ �89 v q cos ~ - -  + p q sin bei~ (21/xy) ~ p,_1(1 +p~q~) 

l p~q ~ (y)�89 [ 3vzt ~_~] 
p~ 1 + p~ q~ < ber, (2 I/~y) cos - ~  + bei, (2 Vxy) sin 

(2.20) 

(2.21) 

p" 1 + p~q~ < bei, (21/~y) cos ~ ber, (2 l/~y) sin 3 zt (2.22) 

With v=O, familiar operational representations for ber (2x~y) and bei (21/~y) are 
obtained. 

(3) Applications o] Cot. B 
1 (;) 

(a) From the operational representations of e ~ and I o , it easily follows from 

the theorem that  

ber ~ (2Vx-Vy)+bei '  (2Vx~y) :> e ~ (2.23) 
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(b) Let 

SO 

1 h 1 1 Hence ~ : y ~  ( ~ )  = ~ 7  

Thus 

x~y m-:- [bei2, (2 ~xV2y) 

In particular 

and 

I(P) (-1)mV~ 1 (PD.z 
2m+~ pme  " m+l 

h (2:) = 2:m sin 1/2x. 

~ 2  2x" bei2,(2 x P 2 )  - -  cos [ ber2, (2 xLJ2) sin 

COS - -  3 v~ - ber2, (2 V ~ 2 y )  sin ~-~]  

( -  1)mV~ 1 
>~ - - ' e  , t p~vqm 

2 m -~+~ 

1 

4P~q D 2 m  ~ 1 

xem bei, m (2 ~/x~y)  > ~/2 ( - 1"~ p4m q~ e 4P~qD2m+l 

bei (21/xl/2y) > ~ e- '  ~''~ 

(2.24) 

(2.241) 

(2.242) 

Similarly, if we start with (2.14), we can obtain 

2:, ym-,,- ~ [ber~, (2 Vx~3)  

In particular 

and 

(e) Fror,- 

we have 

3 , =  cos ~ -  + bei~., (2VxV~) si. 

> ( -  1)m V~ 1 4~qD2,  ~ 
v e �9 

2 m -~- p2V qm-}~ 

x ~m y-~ ber4m (2 V ~ - y )  > rX~.p~-~ ~ : � 8 9  e 'p'q De,, 

1 1 

1/y ber (21/x~y)  > ]/~q e 4p, q. 

oo 

S(~,z): fe-Zt(l+t)-~dt, 
0 

1 
(1 +x) ">p 'S(~ '  p)" 

(2.25) 

(2.251) 

(2.252) 
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Since 

we have, 

2~F(v+�89 P +�89 R ( v ) > - l ,  
l./~ (1 + p ) 

t ,  

x" y-2 J,, (xl'y) > 
2T(v+�89 . - q - -  . S ( v +  �89 p 2 p2~- 2 q)" (2.26) 

Since e p S (1, p) = - E~ ( - p), we obtain, in particular, 

-pqcP 'qE i ( -p~ 'q )  ~ - - -  
sin x ~/!/ 

(2.261) 

Similarly, if we utilise 

we obtain, 

In particular, 

2,,+,F (v + ~_) p2 
. . . .  +l J~(x), R(v)>  - 1 ,  
(1 § p2( + ~ - /  

v 

x"*ly J ~ ( x } y ) >  
2~+IF(v+~) q S(v+~,p2q). 

cos (x lly) >~ - p2 q ep, q Ei ( - p2 q). 

(2.27) 

(2.271) 

(4) 

and 

Applications o/ Cot. C 

(a) From 

J m ( � 8 9  -�89 F ( m +  �89 pD-,n- �89189 R ( m ) > - � 8 9  

we obtain from the theorem, 

l- D Jm (y }~) Im (y ~'x) > ~ -  �89 F (m + �89 q t p _ m- i (q ~/P e�89 ~ ~) D - m -  �89 (q Vp e - i  "i). (2,28) 

(b) Again, if we proceed with 

and 

we derive 

( - 1) n V~sln+i (2 x2)> �89 F (n+ 1 ) p D - n - 1  (�89 p) D-n-1  ( - -  �89 p) 

I .  +�89 (~) <ber~+t  (2 ~ )  + bein'+�89 (2 V~x), 

( -  1)n 2]/~-,  
F(n + ~ [oern+~ (2yL'x) + bei~+i (2y] /x) ]~  q l / p D - , - i  (�89 q |~ )  D-n-x  (-�89 q~p). (2.29) 
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(c) We have the operational relations 

2 p K2~ ( / ~ ) K ~ m  ( ~ - ~ ) < x  -1 g~m ~ , 

deduced by a modification of McDonald's integral [5]; and 

deduced from Goldstein's relation [9] 

T 

q'K, (qr)< 1 - ~  W�89189189 
rt �89 ~ 4-t ' 

where q2=p and r is complex with l arg r I< �88 7~. 

So, on application of the theorem, we get 

1 ( 1 )  4p~+ �89 K.m(V2qVpe~.OK 2 (V2ql/pe_i~O x - k e - 2 x U ' W k ,  m ~y2  ~ "q" . m 

with the following special cases 

(i) 
e 2xy2Km 

yVx 

(2.30) 

(ii) 

>4  }/~pp'qK2m (V2qVpeim) K2m (~/2qVpe -t€ (2.301) 

(iii) 

1 1 
x" m +, y2., +, e ~u' > 4 pm +, q K2 m (1/2 q Vp e t m) K2 m ( 1 / 2 ~  e-t:"~) 

(iv) 

X 1 
- - e  x~*>>4pqKo (V2q~pet~O Ko (~2-qVpp e-t~O xy 

1 

e zy ,>  4ql/p K1 (V'2q q Vpet=i) K, ([/2q lip e - t~i)  

(2.302) 

(2.303) 

(2.304) 

(v) 

and 

1 1 
- - e  x~' > ~  2V~ppqe-2r (2.305) 

\ - - xy  I 

where D, is the parabolic Cylinder function. 

(2.306) 
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Since 

we have 

x of D_I (l/2x) = ( 1 -  elf Ix), erf x =  I~  e-U:du' 
0 

(d) By taking [ (p) = l/p E~ ( - ~ ) ,  so that  h (x) - 2 ~"~ x l 4xx and 

a(x) 1 E (  1 ) 4 ~ / x  . ~ x  in the theorem, we easily obtain the operational representation 

i/~yE, 6 4 x y  ~ > 4 re ]/p-q E, ( - ~/a]-~ ) (2.31) 

(e) We have the operational representations 

3 

3 ( ~ )  bei <~') ( ~ )  ber (2) (3~/x) ~ b e r  and (3]/x) ~be i  , 

where ber ('' and bei <') are defined by 

1 

l~n) (xi ~ )  = ber <n~ (x)+ i bei (n> (x), 0 . . . . .  0 i<n) 0 . . . . .  0 ~ x j  

being the Hyperbesselian function (Delerue [4]) and 

~,[ 1 ~ : 1  ~ hei (x>> ~ l/i:+p' 1 ;-P'I " 

and 

The theorem then gives the operational relations 

3 7 

V - - ~  q ~ P ~  [VI+ p: q~ + p q:]~ her <2) [3 �88 xt'y] >~ ~/~ (1 + p~ q4)+ 

be i  <e' [3 ~'�88 ~ ]/2(1 +p:q')�89 [Vl +p:q~-pq~]+. 

(2.32) 

(2.33) 

(~) Let 

] (p) = l"~ F (�89 - ~) (�89 p)l+. {H_. (p) - Y_. (p)} 
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so that  

Then 

1 1 p,-2~.+t 

1 
h (x)= 

(1 +x~) "+~ 

e -'•x x ~-i M._~, ~ (x) 
F (1 +2~t) ' 

) . > - � 8 9  =-a(x) say. 

We then obtain 

e-�89 xa-�89 y-2~-1 M~, ~., ~, (x y2) ~ ~/~ F (�89 -/~) F (2 2 + 1) q~+.. 
�9 2~+1 

�9 [H_,  (q l/p) - r . (q I/p)]. 
In particular, 

p~ (lq-F ~-4~,) . 

(2.34) 

x2m e - x y ,  ~/~ F ( - 2m) F (1 + 2m) pl (-~-2~). q~+2~. 

�9 [ H - 2 ~ - ~  ( q l / p ) -  Y - 2 ~ - t  (q ~/p)], - � 8 9  (2.341) 

(g) Again, if we take 

so that  

and 

/ ( p ) = F  (m + �89 pi('~-~+l)e~-P W-~(n+,,),-~(n-m) (P), 

X m -  
h (x) 

(1 + x) n+�89 

a (x) = V -2 (2 x)�89 ('-�89 2 D-u-�89 (l/2xx), 
- - 7 g  

1 R (m) > 

R (n) > = ~, 

in the theorem, we obtain 

xi (n- �89 ym- �89 e�89 x,2 D - n - i  (Y V2xx) 

l/~r [~ (m+�89189189 �9 W_~ (n+~),-~ (n-~)(q l"p)~- 
2�89189 (2.35) 

where R (n - m) > - 3. 

In particular, 

y-~ eZY2[1 - err (y]/x)] ~ xtptqeqVv[1 - e r f  ~/q Up]. (2.351) 

3. In the following, we shall obtain the sum of certain series and evaluate 

certain definite integrals by the help of the symbolic calculus of two variables. 
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(1) We have 

and 

L+(x)-  ~ ( + + ~ ) ( - + ) "  
,+o \ n - r /  r i  

L;�89 (x) = (~  1)" ~ _ 

(3.1) 

So, writing (3.1) in the form 

1 , 1 , + ,  1 
- - s  4pq n2n 

n[ 2 ~(4k+l) 2 ~(6n+2k-1) pkq.-�89 

, . + +  
+~0 rt - (2p)++~q"++- �89 e 

and interpreting both sides by (2.17) and Delerue's [4] operational representation 

3 1 
+ ' ' - "  ' ~ " - "  (3  xV-xy) J - -  x a y a J~ n ~ p ~ e  va 

we obtain, on reduction, 

l ( � 8 9 1 8 9  ~ ( - 1 ) '  a . ~-_~ r! - ( � 8 9 1 8 9 1 8 9  

This leads to the expansion 

":x,, ..,,+ _,+ (3 x)= '+ :+: (-:')--:~ ],+- +p~ ++. +,-+++. +,++._+ (3 +). 
n !  ' ++o r! \ n - r ]  

(3.2) 

Similarly, if we proceed with (3.1) and 

(--  1)" X- �89 e�89 Dan+l (~x),  L~ (x) ---- 2. + t n ! 

and interpret by the help of (2.18) and Delerue's result quoted above, we obtain 

. ( ._ !)r (n + �89 a 
2---(�89189 ~0 ~ (�89189 gk+r-�89189 (3V21-~y), 

n!  " r n - - r  

This gives the expansion 

n! J �89  �89 ( 3 x ) =  - -  x ' J k + r _ � 8 9  (3x). 
�9 ~o r! 

(3.3) 
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(2) We have 

1 oo r - ( - 1 1  ~ 1 
pmq~ e (~+~)~=~_~=0_~_. p pm+~q~+i e vq. 

Hence, on interpretation, by Delerue's operational representation and subsequent 

simplification, we obtain 

3 ( m+n oo r r 3 
J~ [ 3 ~ ( ~ + f l ) x y ] =  l+fl-~ ~ -  ~ ( - 1 ) ' /  f l~  (xy)~j,n+~.~+~(3V~xy). 

,n ~ ]  r=0 r! t~0r 

This can be written in the form 

3 f l ] ~ -  E ( -  1)~ x"J~+~,n+r(3x]/~). J ~ , ~ [ 3 x Y ~ ] =  1+ / r--o r! [V~2 / (3.4) 

Where, for convergence of the series on the right, we take f13< 0r 

(3) We have 

1 p,(~+l)-~, q p ~ ( f l + l ) - r ,  q ~gp(v+/~+2)-0,tr+l) . q .  
m 

pq ( l+p~q)  ~+l ( l+p ' q )~  +~ (l+p~'q)~+# +2 

So, on interpretation by the product theorem and the operational representation (2.1) 

we obtain 

x y 

f f (x - ~)~ (y - ~2)" ~r ~/~ j~ [(x - ~)" (y - 7)] J~ (~"~) d ~ d ~/ 
0 0 

F (fl + 1) P (v + 1) xa+r+l y,+#+l J~+r+l  ( xu Y). 
r(v+fl+2) 

In particular, 

(3.5) 

x ~ '§  r §  3 
f f (X --  ~)-3" ~ g �9 ~ (6f l - -2r+l)"  J~. 1 ). [3  l/�88 (x - ~)2 (y _ ~/)]. 
o o ~-~'~ 

3 

�9 J r  1 r[3l/�88 ~-~, ~. 

= l . p ( 3 §  ~+r+2 3 ( , + 1 )  --V- ~(6,+6~-2a-2r+5)_ . ~t+r+l{3Val--~yy}. 
2 ' 2 

Department o] Mathematics, Central Calcutta College, Calcutta. 

(3.51) 
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