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i n  L u c k n o w  

1. The integral equation 

(1.1) h (p) = p f e -p~ g(x) dx 
o 

is symbolically denoted as 
~h ( p ) :  g(x), 

and h(p) is known as the Laplace transform of 9 (x). 

The inverse of (1.1) is given by  
C + t r  

1 f evxh(P)dp (1.2) g ( x ) = ~  p . 
C-- ieO 

Meijer [1] introduced the generalized Laplace transform 

oo 

(1.3) F (~) = j" ~ -~"  (st) - k - t  W,A'~),,, 1(0 dt 
o 

and its inverse 
/~+~ 

(1.4) / ( t )=  lim 1 P ( l - k + m )  f e�89189 
~_.~r 2~ti F ( l + 2 m )  

where ~ (z) and w (z) ,'~k,m "k,m are the two Whit taker  functions. (1.3) and (1.4) are symbol- 

ically denoted as [2] 

l (t) k+  - - ~  ~(s), 

where q~(s)=-s F(s). 
For k = - m  (1.3) and (1.4) reduce to (1.1) and (1.2), due to the identities 

~-~s~_(8 0 m-t WmT~),,~ 
and 

e t S t ~ ( s t ) - m - � 8 9  1 .  ( s t )  IV1 _ m -  �89 m . 
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In this paper, in Section I, we have determined /(t) given ~(s);  also in some 

cases obtained ~0 (s) given f(t). In Section II, we have established a few rules of 

Meijer transform and have illustrated them by examples. In Section III ,  we have 

derived some properties of this transform by utilising the generalization of Goldstein's 

Theorem ([2], p. 386; [7], p. 106). In Section IV, we have given some more pro- 

perties of this transform involving self-reciprocal functions in the Hankel transform. 

We have imposed on our results, in general, stringent conditions. These condi- 

tions may be relaxed. For instance, in w 2.1 (i) the condition lal < ls l  can be waived 

by making a suitable cut in the s-plane. 

Sect ion I 

2. In this section we have obtained [(t), the original when of(s), the image, is 

given. We have determined those which we have used later on. In some cases we 

have also obtained rf(s), given /(t). We have also obtained two recurrence relations 

of hypergeometric functions just to indicate that  such relations can easily be obtained 

by the help of these and other Meijer transforms. 

2.1. (i). Let  

s" ~ v ( v + l ) . . . ( r + r - 1 )  ( - ) ra t  
of(s) ( s + a ) '  r=% r!  s . . . .  " 

lal<lsI 
Now, interpreting the right hand side, with the help of ([2], p. 387) 1 

(2.1) F ( n - 2 k + l )  t" k__+~ s_=, 
F, ( n -  k + l +_m) m 

we obtain 

8 t~ 

(s + a) ~ 

(2.2) 

R ( n - k + l  m ) > 0  and R ( s ) > 0 ,  

k + ~  ~ v ( v + l ) . . . ( v + r - 1 ) F ( v - I t + r - 2 k + l ) ( - a ) r t  v-t'+r 
m r=o F .  (v- I t  + r - k +  1 +_m) 

=t,,_~, F ( v - i t - 2 k +  1) [ v , v - I t - 2 k + l  ] 
F.  ( v - I t - k  + 1 •  ~Fz [ v - I t - k  + 1 + m ;  - a t  

= I ( t ) ,  

R ( v - I t - k + l •  R ( s ) > 0  and l a l < l s l .  

mFn 

x The symbol I~.(a+fl) denotes ]?(aq-fl) F(a--fl)and mFn ~_fl' 

[ a+b, a--b, c-~d, c--d .. . .  ] 
a + f l ,  a - f l ,  y + &  y - 6  . . . .  ; z �9 

c ~ d ,  . . .  ] 
y .+ & z denotes 
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(ii). If 
8t t 

Cf (8) (82 + a2)V 

then 

F ( 2 v _ ~ _ 2 k + l )  t~-, , ~, 
F ( 2 v - k t -  k +  1 +m) 

(2.3) 

(iii). If 

then 

t 4~-~F(4 v - p , -  2 k +  1) 
F ,  ( 4 v - / t - k +  1 +m) 

4 v . / ~ - 2 k +  1 
v, 4 

• 4 v - # - k + l + m  

4 
(2.4) 

v(v+ 1) ... (v+ r -  1) ( - ) r a 2 r  
82r+2vL~t 

r = 0  

(iv). If 

then 

(2.5) 

(v). If 

then 

(2.6) 

provided that 

lal<lsI, 

2 

/c+ 1 s" 

m (s ~ + a~) ~' 

R ( 2 v - # - k + l + _ m ) > O ,  R ( s ) > 0  and lal<lsl.  

~(s) (s~+a4), 

4 v - / z - 2 k + 2  4 v - u - 2 k + 3  4 v - # - 2 k + 4  
4 4 4 

4 v - # - k + 2 + m  4 v - # - k + 3 •  4 v - , a - k + 4 + m ;  
4 4 4 

k+ ~ s ~' 
m (s 4 + a4) ''' 

R ( 4 v - # - k + l + _ m ) > O ,  R ( s ) > 0  and lal<ls]. 

ff(8)=8;te -a/s= ~ (--)rar, 
r=O r !--8 r-~ 

F ( 1 - 2  2 k) t -x 
P , ( 1 - 2 - k + _ m )  [1 - ~ - 2 k  , - a t ]  k +  l s ~'e-a/~, 

aF~ 1 - 2 - k + _ m "  -S-~ 

R ( 1 - 2 - k _ + m ) > 0  and R ( s ) > 0 .  

(8)=8 -2vFq bl . . . . .  bq 

P(~t -  2 k +  1) t a 
P , ( ~ - k +  l+_m) 

m 

v+lFq+2 [ al'bl ' 
"'" av' ~ t - 2 k +  1 ] 

bq,]~-k+l  +_m; t .  

�9 ..~ tip 1 ]  
.... b~' 

123 

.,t_'] 
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then 

(2.7) 

(a). 

(b). 

(vi). 

If 

If 

If 

(vii). If 

M A H E N D R A  K U M A R  JAI I~  

q>_p, then R ( ~ - k + l •  and R(s)>0,  

q = p - 1 ,  then R ( Z - k + l + _ m ) > O ,  R(s)>0 and Is] > 1. 

~(~)=g'J. = (~'a)'._o ~ f ' ( u ; J J - i ~ . i  ~r+'-"' 

a ' F ( u - i  a - 2k+ 1) t "-j' • 
2 " F , ( u - p - k +  1 +_m) F(u+ l) 

• I v +  1, 

u - / ~ -  2/c+ 1 u - p - 2 k + 2  
2 ' 2 

u - p - k + l + _ m  U - l a - k + 2 + m '  
2 ' 2 

+ '-2 g Jr (~/~). 

R ( u - p - k + l + _ m ) > O  and R(s)>0. 

(8) = e -  ~1, 8,, j ,  ( a / s )  

= ~; ( - )~b ' s~rS , (a / s ) .  
k 

a'__t ~ ] 

NOW, 

(2.8) 

then 

interpreting by the help of (2.7), we obtain 

a't "-u ~ ( - ) ' b ' F ( u - p + r - 2 1 c + l ) t "  

(viii). If  

~ - p + r - 2 k + l  

• ~F 5 2 ' 
u + l ,  v - / ~ + r - k + l •  

2 

u - i ~ + r - 2 k +  2 
2 

u - ~ + r - k + 2 + m '  
2 

k+ i e -n/" ~ J, (a/s), 

R ( u - l a - k + l + m ) > O  and R(s)>0.  

a" ( - )' ( l  a f "  , 

~(8)=,,J. (a/~)= ~ .-0~ r ( ,+;u 1-5;i ~+"~" 

~ 
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(2.9) 

, a'F(v/2-1~-2k+ 1 ) t  " ~  [ v /2 - t t -2k+l  ~t] 
2 F~(v~/2-----~--fc~m-)r(v+l) 1Fa v+l ,  v/2-lt-k+l+_m; 

~+~ ~' J, (./V~), 
m 

R ( v / 2 - t t - k + l •  and R(s )>0 .  

From (2.9), we can easily obtain, as in (2.8), 

(2 .1o)  

a v tv,,z- 2.F(v+l) ~ (-)nb"F(v/2-l~+n-2k+l)tn 

• [ v / 2 - k t - 2 k + n + l  
v + l ,  v / 2 - t t - k + n +  l •  

( ix) .  I f  

o (a) 
Cf (8) = e 4s~ 82. Dn 

e -~ sU Jr (a/V;),  
m 

R ( v / 2 - H - k + l + m ) > O  and R(s )>0 .  

7] 

or 1 1 2 r F ( 1 )  2 ' ~ n  [F/I~ X;" F ( - - ~ n + r ) ( ~ a  ) . 1  ~ 1 1 x ~ r+~ = ,) ~ F ( ~ - ~ n + r )  Q a )  ] 
r ( _ l  /1~1 ] ,21 ~2, p , l  ,~ ,~/ -  2r 2. - r g . r ( - 2  r-O l l ( ~  ~ 2 r  2.+1 J '  n) F(~  ~n)  L ~=o - ~ - ; - : s  

then 

l 
, 

F(~) 2�89 t 2. F ( - l n )  F ( 1 -  ~t. 2 k) 
F( T - - - - i ~  -~n) F(~-~n) F , (1 -2-k+_m)  3F5 

~ 1 - ~ t -  2 k 2 - ~ t -  2k 
- ~ n , - - - - 2 - - - , - ~ 2 - - -  a2t2] 

1-).-k___m 2 - ) . - k + _ m ;  8 / + 
1 

J 
(2 .11)  

(x). Let 

a t F ( _ ~ ) F  1 1 (~-~n)  F ( 2 - 2 -  2k) 

1./2 1 ~ (~) 1~, (2 -- ). -- k _-4- m) 

We know ([3], p. 211) that  
s* 

e4/3 (s) 
~ / - 2 n  

[~-~ ' 2 ' 2 2 
3 F 5  ]3 2 - ) , - k + _ m  3 - ~ t - k •  8 

L ~, ~ , 

o (a) 
e ~-" s2. On , 

m 

R ( 1 - k - 2 - 4 - m ) > O  and R(s )>0 .  

8~ 

e u D ~s) (s) = -2 n- 

or 

1 f X 2n e - �89  

2--~ r (n+~).~ ( x ~  ax  



126 M A H E N D R A  K U M A R  J A I N  

Interpreting the right hand side, by (2.3), with i I=0 ,  and v = n ,  we obtain 

k+~ 1 
(s) m 2" - tF (n+-~)  • { [  n-2k+l 

•189 F(2n_2k+l ) t2  ~ n, 2 , n - k + l  
) F.  ( 2 n - k  + 1 + m) aF* -- 2 n - k + l + _ m  2n -k+2+_m 
o 2 ' 2 

t ~n ~ F ( n + r ) F ( 2 n - 2 k + l + 2 r ) (  ~ ) r f  

o 

t2n F ( 2 n  - 2k + 1) 

F, (2n-  k + l +_m) 

- - ~ - -  , n - k + l  

4 F 4 [ 2 n - k ; l •  2 n - k + 2 _ + m ' 2  ' 

provided the change of order of integration and summation is justified. Hence 

(2 .12)  
t ~ n F ( 2 n - 2 k  + 1) 

F . ( 2 n - k  § l +_m) 

n , n + [ ,  2 n - 2 k + l  2 n - 2 k + 2  
2 ' 2 k +  1 ~' 

; - - - ~  e ~ D (~2n, 
4F4 2 n - k § 1 7 7  2 n - k + 2 §  m 

2 ' 2 

R ( n + ~ ) > 0 ,  R ( 2 n - k + l •  and R ( s ) > 0 .  

Regarding the change of order of integration and summation, we note tha t  

(i) the series aF4 is uniformly and absolutely convergent; 

(ii) the integral is uniformly and absolutely convergent, if 

R (n + ~) > 0, and 

(iii) the integrated series is uniformly convergent�9 

Hence the change of order of integration and summation is justified. 

(xi). If 

( --aa)raU~Vs -(ar+u+~-~) 
r=, F (/~ + r +  1)F ( v + r +  1)r!  

then 
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F ( # + v - ~ - 2 k + l ) a ' ~ t  #~ ~ 
F , ( #  + v -  A -  k +  1 +, m ) F ( #  + 1)F(v  + 1) 

x 3F8 [ / t  

(2.13) 

X 

then 

(2.14) 

~ t + v - 2 - 2 k + l  # + v - 2 - 2 k + 2  t t + r - ] t - 2 k + 3  -] 
3 ' 3 ' 3 . a 3 t 3 / 

+ l' v+ l' # + v -  ~ -  k ~- l , ~t + v - ~ -  k + 2 +" , /~ + v -  ~ t - k +  3 3a*] 

(xii). If  

R ( ~ + v - , ; t - k + l + _ m ) > O  and R ( s ) > O .  

(s) = s ~ H~ = s~" ~-~ ~o  ~ F (r + 3/2)  F (v + r + 3/2)  

F ( v -  2 -  2 k +  2) a ~+I t ~-~'+1 
F ,  (v - 2 - k + 2 +, m) F (3/2) F (v + 3/2)  • 

X 3 F 6  

3j2 

l ' V - ~ - 2 k + 2 2  , v - 2 - 2 k + 3 2  . a2t ~4] 

v+3/2 ,  v - ~ - k + 2 + - m  v - 2 - k + 3 + - m '  
2 ' 2 

k +  ~ a /2ak ,  

R ( v - 2 - k + 2 + m ) > O  and R ( s ) > 0 .  
(xiii). Let  

oo 

q~(8)=8afxl le - �89  (x) [ Rl,~ . . . .  ~p. 
k+~.~ , r ,  fl~,fl2, f i , '  

0 

x2] 
- j  dx. 

We know tha t  ([4], p. 83), 

co 

�9 k+�89 vFq Lfl,, fie . . . .  f t , '  a2 
(2.15) 0 

F ( / - k + ~ )  v+4Fq+2 . . . . .  P ' s ' ' ~ - ~  .... 2 ~ - 4 - ~ " ~ "  . . . .  f l q ,~ l -  ~k-t-~, ~ l -~ .k+~ 
provided that  

(i) R( l+~+m)>O,  

(ii) (~) for all values of a when p + 2 _ < q ,  

(fl) for [a] <~ when p +  1 =q ,  and 

(y) for p=q,  only when v+4Fv+2 is a terminat ing series. 

-- 4 a 2] , 
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1 
Putting a = - ,  

8 
and interpreting with the help of (2.1), we get 

F , ( /+ l_+m)  F ( - ) , - 2 k ' +  1) 
F ( 1 -  k+  1) F , ( - ~ t -  k'-" 1_+ m) t ~x 

x p + f F q + 6  

(2.16) 

2 - 2 k ' + l  (~1,~2 . . . . .  O~p, l l + l ~- I m ,  1~ + 3~ ~_ ~ 2 ' 

2 - k ' + l + _ m  ~ , ~  . . . . .  ~ , , ~ l _  ~k  + l~ ~ I _  ~ ~ 3 
4'2~ 2"~-- 4~ 2 

2 - 2 k ' + 2  
2 

) , - k ' + 2 + m '  
2 

provided that  

k' + ~ s~ f e-~ w (x) [ . m '  x l -- 1 x ~1 ~ " �9 " ~ ~P 
- - - ~  " '  k + ~ . m  v f  q Lfi t  . . . .  flq' 

0 
- -  d x ~  

(i) R(1-2 -k '+_m)>O,  R(l+~+__m)>O, and R(s )>0 ,  

(ii) (~r for all values of I sl when p<q, and 

(~) for p=q, only when v+4Fq+.~ is a terminating series. 

t2] 

then 

(2.17) 

(xiv). If  

r162 F(g  + v + 2 r +  1) (--)rX2r4"4v , 
= r=~0 F ( # + r +  1)F(v+ r+  1 ) F ( # + v + r +  l ) r ! s  2r+€ 

F(~t + v_  ~_ 2k + l)x~,+~ t,+~ 
F ,  (/~ + v -  ~ -  k +  1 •  P ( # +  1) P ( v  + 1) 

• 4F7 [#  

/ ~ + v + l  # + v  ~2 # + v - - ~ - 2 k + l  / ~ + v - ~ - 2 k + 2  [ 

2 ' 2 ' 2 ' 2 ; _ x2 t2 ] +1,  v + l ,  / ~ + v + l ,  # + v - ~ - k + l - + m  / ~ + v - ) . - k + 2 + m  
2 ' 2 

R ( # + v - 2 - k + l + _ m ) > O  and R(s )>0 .  

2.2. We will now obtain two recurrence relations by the help of the Meijer 

transforms that  we have obtained. A number of such relations can be obtained. 

(i). We have 
8 [ ,  1] 

( ~ - ~ )  ~ s a s ~ - a  " 
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The original of r.h.s, is 

1~ t P ( 2 - 2 k ) [ 2 2 - 2 k ,  1 ; ] t P , 2 - 2 k ) [ 2 2 - 2 k ,  1. at]} 
2[P,(2-k+_m) 2F= k+m at +p,(2_k+_m) 2F2 k+m'  ' 

and with /~= 1, v= 1 and replacing a by ia in (2.3), the original of the 1.h.s. is 

P ( 2 - 2 k )  t 
F , ( 2 - k •  

Hence it follows that 

3F4 [ 1, 2 ' 2 . 
2-k+_m 3-k+_m' 

2 ' 2 

(2.18) 

2 .aF 4 

(ii). We have 

[ 1,1 ~,~=~ a~] 
2 - k + m  3 - k •  

[22~2k, 1, ] [ ~ - 2 k ,  l ,  ] 
=2F2 k+m" at +2F2 " - a t  - k + m  

R(2-k+_+_m)>O. 

4 s a 1 1 28 
_ _ o  

- ~ + 82 a s 8 4 - - a  a 8 - - a  s§ + 

As in w 2.2 (i), writing the originals Of both the sides with the help of (2.2), (23) 
and (2.4), we obtain 

(2.19) 

4 �9 5.F8 

2 - 2 k  3 - 2 k  4 - 4 k  5 - 4 k  c~!4 ] 
I ' - T - ' - 4 - ' - - 4 - - ' - 2 7 -  

2 - k + m  3 - k + m  4 - k + m  5 - k + m ;  4 ' ~-- , ~-- -, ~--- 44 ] ! 

[2-  2k' 1" -a t]  + 2Fz [~ - 2k' l" ] 
=~F~ 2-k+_m' - k + m ' a t  +2.sF 4 

2.3. (i). If /(t)=t"J~(2a~t), then 

1, i-b, ~-k a~] 
2 - k + m  3 - k + m '  

2 - '  ~- 
R(2-k •  

~(s) =s f e - ~  (st) -~-~- W c~t, k+~.m t" J~ (2~V))dt.  
0 

9 - -  543809.  Acta Mathematica. 93. I m p r i m 6  le 10 m a i  1955. 
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Expand ing  J,,(z) and changing the  order of in tegra t ion and summat ion ,  which can 

easily be justified as in w 2.1 (x), we have  

~o P ( v + r + l ) r !  s e-t~t(st) ",''''~r ~ ~l,,~.~..,n �9 
0 

On eva lua t ing  the integral  ([7], p. 114), we get  

(2.20) ~ ( s ) =  ['(,u-~ v /2 -2k - : . -1 )F(v+l )  2F~ l y + l , # + v / 2 - 2 k + l ;  s ' 

R ( , a + v / 2 + l - k + m ) > O  and R ( s ) > 0 .  
I f  we note  t ha t  

then  f rom (2.20), with ~/= ~ and v = -  .~, we obta in  

(2.21) F .  (1 - k + m )  ~F~ [1 - k __+_m 
F ( 1 - 2 k )  I_b 1 - 2 ~ ;  

. . . . .  cos  ( 2 u  Vt), 
m 

R ( 1 - k + m ) > O  and R ( s ) > 0 .  

Similarly,  f rom (2.20), with ~t = ~ and  v = ~  and  not ing t h a t  

sin (2uV t )=(2 ) i (2u ) �89  t J�89 (2u Vt), 

we get 

2 u I ~ . ( ~ - k •  F2 ['~-k+_+m. u 2] k+�89 
(2.22) I/s F ( ~ -  2 k) c~.,/s ~z _ ~ l. ' . ~  --~m sin (2uV'-t), 

(ii). I f  

then  ([8], p. 353) 

(2.23) 

R ( ~ - k + m ) > O  and R ( s ) > 0 .  

](t) =e - t t  D.  (~/-t), 

~f(s)= f e -*st (st) -~-~ W. ~,t) 
I) 

~ o  o ~  

= A s f e- ~ st (s t) k- t W, ~'r cos 
0 0 

0 0 

where A = ( - ),,~2 2n~ 2 (2 u ) -  ~ for n even posi t ive integer,  R (1 - k + m) > 0 and R (s) > 0. 
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Now, evaluating the t-integral by  (2.21), we get 

oo 

= V ~ F ( 1 - 2 k )  u"e-2U'2F~ 1, 1 ~2k' - -  du. 
0 

Again expanding 2F2 and changing the order of integration and summation, which 

can be justified as in w 2.1 (x), we have 

( - - )  1~.(1 - k+r_m)s  (e_2U~un+.2rdu 

0 

(2.24) 

= F ( 1 ) F ( I _ 2 k  ) aF~ 1, 1 - 2 k  ; 2 ' 

R(1-k•  R ( s ) > 0  and 181>~. 

Regarding the change of order of integration in (2.23), we note that  the u-integral 

is absolutely convergent, the t-integral is absolutely convergent, if R (1 - k • m) > 0 

and R (s) > 0, and the repeated integral is absolutely convergent under the same condi- 

tions. Hence the change of order of integration is justified. 

If n is an odd positive integer, then ([8], p. 353) 

where 

e -~It D .  (l/t) = A f u" e -2~ sin (2u Vt) du, 
0 

A = ( - ) � 8 9  ~ 1) 2~2(2~)  �89 

Now, following the method of w 2.3 (ii), we obtain 

(2.25) 

(iii). 

c f ( 8 ) = ( - ) ~ (  n ~)2~(~,-~) 

If 

/(t)=fx z l e -  

0 

F(~)P(~-2k)s�89 3F2 ~,3 -~-2]c ; 2-s ' 

R ( ~ - k •  R ( s ) > 0  and 181 >1 

x,,r (x) pFq[~l  . . . . .  ~ P ' - x  2t 2 ]d  X, 
J 

then from (2.15), we obtain 
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oo 

=s ~ e-�89 (st)-~'-) w,, ~.+t.m.A('t) v q~(s) 
, J  

0 

t I 1 m l 3 m r . q + � 8 9  ~1 . . . . .  ~ ,  ~ 1 + } +  ~ ,  ~ + ~ + ~ -  
x . [ ~ ( l ~ k k ~  ) ,,4Fq+2 1 k 1 l k 3 ; 

fl' . . . . .  f l q ' - , 2 q  4 ' 2  2 + 4  

(2.26) = P , ( / + ~ •  •  x 
F q - k + ~ ) F ( 1 - 2 k ' )  

~ ' " " ~ "  ~ + i - ~ '  ~ + i -  ~ ' 2 ' - 
Xp+sFq+4 l k 1 l k 3 1 - 2 k '  ; 

provided that  

16] 
8 2 ' 

(i) R(1-k '•  R(l+�89 +_m)>O, R(s)>0 ,  

(ii) for all values of Is ], if p + 4 <_ q and 

(iii) for I s ]>4  if p + 5 = q .  

then 

(2.27) 

(iv). If 

[(t) = t~J~ (2at) J ,  (2 at) 

= F ( / x + l ) p ( v + l ) ~ ) ' a  2 ' 2 ; - 4 a 2 t  2 , 
1 + ~ ,  l + v ,  1 + /~+v  

F,  (# + , , +  ~ t - k +  1 +m) a "+~ 
~(s) = p(/ ,  + 1) F (v+  1)F(/z + v+ ~ -  2k + 1)s ~*v+a• 

l + # + v  2 + # + v  # + v + 2 - k + l + _ m  ~ + v 4 2 - k + 2 •  
• 6 F  5 2 ' 2 ' 2 ' 2 . 

l+ /x ,  l + v ,  l+#+v ,  # + v + X - 2 k + l  / ~ + v + ) , - 2 k +  2 ' 
2 ' 2 

R ( ~ + ~ + v - k + l + m ) > O ,  R ( s ) > 0  and Isl>41al. 
a l 

- 1 6 ~  , 

S e c t i o n  H 

3. In this section we have established a few rules of Meijer transform. We have 

also illustrated these rules by examples. 
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3.1. (i). 

I f  

then  

(3.1) 

Rule 1. 

provided 

vergent .  

We have ([7], p. 110, with k = - ~ )  

[(t) 1 ~(8), 

I '  (t) o 8~(~), 

e-  �89 st 171f(st) ,, o ,m/ ( t )  is zero for t = O  and ~ ,  and the integrals involved are con- 

then  

(3.3) 

provided 

convergent.  

We have 

In tegra t ing  by  parts,  and using (3.2), we get 

under  the given conditions. 

(ii). Rule 2. 

I f  

l' (t) o sg~(s ) 
m 

I (t) o m 92 (s)' 

t 

f l(x)dz 1 qJ(s__~), 
~, 8 

0 
t 

e-�89 1.17" (s t ) ,, o, m f [ ( x ) d x  is zero for t = 0 and oo, and the integrals involved are 
0 

o o  

(s) _ f e_~  t w . t )  s r , o . m / ( t )  d t .  

0 

Integrat ing by  par ts  and using (3.2), we have 

t 

f]( x) d x  1 cp(s) 
m s 

0 
under  the given conditions. 

dr. C/)(8)8 -- f e - ] s t  ( 8 t ) - 1  W l ( ' S ~ / ( $ )  

o 

(3.2) ( s t ) -1  ~-�89 w<,o. 1, m _1 --~d. _�89 w(st)~ 
dt~e ,, o, mj.  8 

Also 
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(iii). Rule 3. 

If 

then 

(3.4) 

t' l(t) k , , )  

m 

(s) 8 c (s) t (s) "t 
( f . .o ,  rn = t~On ~ l . l .m + ~n.o.  mJ, 

provided the Meijer transforms involved exist. 

We have 

t" /(t) ~0 ( , )  
m q)n,O,m" 

Applying (R.2) ([2], p. 386), we get 
0 

8 t (s) (3.5) n t " / ( t ) + t " + l / ' ( t ) -  - ~. ,o,m. 
m 

Again applying (3.1) on 

we get 

t "+l[( t )  1 ,s) 
m 

0 
8 - -  ( s )  (3.6) ( n + l ) t n / ( t ) + t ~ l J ' ( t )  m ~ .+Ll ,  m. 

Now, from (3.5) and (3.6) follows 

then 

(3.7) 

(iv). Rule 4. 

If 

(s) f (s) m ~, t (s) "( 
( pn .O ,  m = S  t 9 9 n + l , l ,  q)n,O, m j .  

t" / (t) -k , ~  , , ,  m ".Fr, k , m ,  

oo 

(s) f _ (z) d x ,  ~ ) n _ l , O , m = 8  x - l t l ~ n , l . m  
$ 

provided the Meijer transforms exist and the integrals converge. 

If t n [(t) 1 (s) ~ q).,1, m, then applying (R.3) ([2], p. 386) we have 

t ~ 

fxn-l/(x) dx 1 f - 1  (x) X q)n,l, m d x .  
m 

o s 
Further, if 

then, by Rule 2, we have 

0 (s) 
t"-~ l ( t )  m q)n--l,O,m~ 

t 

f (s) _ x ~ - l / ( x )  d x  1 q~n-Lo .... . 
m 8 

o 
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Hence 

3.2. Applications :- 

(i). If  

oo 

(s) f ~ (x) ~4 x ~ n - l , O , m = 8  X l ~ n , l ,  mW . 
$ 

/( t)  = t"e -at ,  then 

<, F . ( v + ~ + m )  
{pv, 1, m 8v i1 (V) 

Applying (3.1), we get 

_ a t V  e - a t _ ~ _ V t v  1e - -a t  

Hence 

, + ~ + m .  
a ( v + l ~ m ) 2 F I  v + 2  ' 

R(v+~_+m)>0,  R ( s ) > 0  and I.,1<181. 

0 F , ( v + ~ •  a]  
m 8 , - 1  F (y) 2F1  ~' ' " 

, ,  r,,,+~--,,, 
y + l  ' 2 1 [  V 

R(s)>0 an<J. lal<lsI .  

(ii). We know the following recurrence relations of Jr(z) .  

( 3 . 8 )  2J :  (z) = J , - i  (z) - J,+l (z), 

(3.9) J :  (z) = J,-1 (z) - v j~ (z), 
g 

(3.10) 

Also ([2], p. 389) 

J , ( t )  

d~' (z) = zV j~ (z) - J , + l  (z). 

1 (~_)" F.  (v + ~.+m) 
m 8"I ~(v) p ( v + l )  

Applying Rule 1, we get 

0 (~)~r.(v+l_+m) 
J: ( t )  

m g - l F ( v ) F ( v + l )  

iv+~+_m v+~+_m i I F  a 2 ' 2 . 1 
v v + l  ' 82 " 

v + l ,  2' 2 

I v+--2 +-m' v+-~+-m 1 ]  

4F3  82 ' v v + l  ' 
2' 2 

V -{- l~ 

R ( v + ~ •  R(8)>0  and 181>1. 

Now, with the help of (3.8), we obtain 

135 
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(3.11) 

[v+~++_m v+~+m 1 4F 3 2 ' 2 . 1 
v + l ,  v v + l  ' s 2 

2 '  2 

Ll[V-k~• v+]• ] _ F | ~  ' 2 1 
- - 4  3 , - - - -  v _  + 1  r + 2  s 2 

2 ' 2 

Simi lar ly ,  f rom (3.9), we get  

(v+ 3+m) (v+~ +_m) 
4s2v(v+ 1)2(v + 2) i~+~+m ~,+~_+m ] 4F 3 2 ' 2 1 v+2, v+3 v + 4  ' s 2 ' 

2 ' 2 

R(v+~+m)>O, R ( s ) > 0  and  Isl>l. 

(3.12) 

?, + �89 v+~• 
2 ' 2 

4 F 3  

v §  2 , v + l  
2 

= F | - 2 - - '  - - -2-  . 
4 3 l v + l  v+2 ' 

11 8 2 

i --2- - '  - - - T -  
- 4 F 3 1  v + l  v +  " [ 1+~, ? , 2 ' 

1] 
8 2 ' 

R(v+~+_m)>O, R ( s ) > 0  and  Is]>l. 

We m a y  ob ta in  ano ther  s imi lar  re la t ion  from (3.10). 

(iii). I f  

/(t)=e-it{Dn(l/-t) F(1!2~"  I ,  r ( l -~ ) l  

n being posi t ive  even integer,  t hen  from (2.24) 

( _ 2 ) T F , ( 3 + m )  F n 3 ,-~_+m 1 

,~ <s) _ 3 F  2 . _ - -  + ~n,l,~ sF(~) L 2, 2 ' 2s 
n - 4  

R ( ~ _ + m ) > 0 ,  R ( s ) > 0  a n d  I s l >  1. 

Now app ly ing  Rule  1, we ob ta in  
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(3.13) 

But 

(3.14) 

e-�88189 { ~F(1)2�89 [ 
2t �89 ~e -�88 D.(t!) F ( ~ - ~ n ) /  

0 ( - 2 ) - V F * ( ~ + m ) F  n .  3 ~ + m , n + 3  
- 2 1 

m P 0 ~F~ ~ ; - --J  + ~, 2 28 
n - - 4  

-~ P (-~- ~ n) 2F1 ; 4s ' 

R(~_+m)>0, R ( s ) > 0  and Is]>~. 

~e-�88 ) F~)2�89 
r(~--~n)~ 

o 1  ( -2)~r*(~+m)r  (n-2 -11 
m 4 r(1) 

[~ +m, n +  1 ] 
- -  2 1 

~F~ ~, 2 ; 28 - 
tl  

r(~)2~ r ,  (~• [~• 1] 
- 4 F ( - ~ - l n )  2F1[ 2 ' 4-s ' 

R ( ~ i m ) > 0 ,  R ( s ) > 0  and [s]> 1. 
Hence, from (3.13) and (3.14), we get 

- ] o n + l  
- 2 1 

t-�89189 m F(~) aF2 1, 2 ; 2-8 - 

2 s  ' 

R(~• R ( s ) > 0  and ]s l>  ~. 

- 2 ( n +  1) 3F, 

(iv). We know 
n 

(3.15) _1 z D~ (z) + ~ Dn (z) = ~ Dn_, (z). 

Using (2.24), we get 

(3.16) 

-~+m, n + 3  
2 

~ , 2  ' 

ne-�88 �89 t�89 =e-�88189189189 

2 . ,1  ] 
0 (-)-~2 2 F , ( ~ + m ) r  - -  ~ + m , - T  1 

m r (1) ~F2 1, 2 ' s  

[~+m, n+33 
- 2 

- 2 ( n +  1) aF1 8 2 
,]} + 
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§ 
(-)~2" r , ( ~ + , . ) r  - -  ~ + _ m , - - ~  1 

F (~) aFz ~, 2 ' 2 s 

( - ) ~  2:z F*(-~+m) F ~z+m' ~ 1 

r (.9 ~F~ ~, 2 ' 

[~ +~, n+ 3 _  ~ 2---2 2-~1 ]} -(n+l)aF2 ~, ; - , 

R(Z~+m)>O, R ( s ) > 0  and tsl>~. 
In the same manner we can obtain a result for n positive odd integer. 

(v). We have ([2], p. 389) 

t, j,.(t) k + ~ .S,,+(:)'F.(n+v-k + l • 
m F ( n +  v - 2 k +  1) F (v+  l) 

(3.17) • 4Fa [ n + v - k + l _ m  n + v - k + 2 ~ m  ] 
. . . .  ~ - - - - ' - - T - - - .  

n+v-2k+l n + v - 2 k + 2 '  s 2 
v + l ,  ~ , 

R(n+v-k+l+m)>O, R ( s ) > 0  and 

Now applying Rule 3, we get 

18t>1. 

(3.18) 

[ n + v + ~ + _ m  n+v+~+_m 1 
d 1 / - - ~ - - '  - - -  2 - - -  1 

Sdss s ~ 4 F a l  n + v + 2  n + v + 3  ; s 2 
[ ~ + 1 ,  ~ , 

[n+v+~• n+v+~• ] 
1 [ - - i - - - '  - - - ~ - - - .  1 

- -  8n+ v 4Fa + ' - ] . n v + 2  n + ~ + 3  s 2 

[ . ~ + l ,  ~ ' :2 

( n + v  + 1) 
8n rl' 

2 ' 2 1 
4F3 ; - v+l,n+v+l____ n + v - - 2  s z ' 

2 ' 2 

R(n+v+~+_m)>O, R( s ) > 0  and [ s l > l .  
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Sect ion  III 

4. Jaiswal ([2], p. 386) has proved the following: 

If h (t) k + - - -  ~1 (s), 
m 

then 

(4.1) 

h (t) k + ~  r 
m 

dt dt 
h (t) ~ (t) 7 = h (t) q~ (t) T" 

0 0 

If in (4.1), we take k=  - m ,  then we get the result of Goldstein ([7], p. 106): 

then 

(4.2) 

If /1 (x) ::~1 (p), 

1,, (x)--~2 (P), 

x ~ (x )  ~fl (x )  x 
0 0 

In this section we shall make use of this result and obtain certain properties 

of Meijer and Laplace Transforms, which enables us to find new Meijer and Laplace 

transforms and evaluate integrals. 

4.1. (i). Result 1. If in (4.1), we take [(t) and ~(s) for [i(t) and ~q(s), and 

the right hand side of (2.5) as /2(t) and 1.h.s. as ~2(s), then 

(4.3) 

oo or 

ft~-le-a~t t, d. F ( 1 - ; t - 2 k ) f t - a - 1  [ 1 - 2 - 2 k  , at] (t) dt, 
[(1 r=P ,~-~-~- )c~- -m)  'F2 [ 1 - ] ~ - k •  - q~ 

0 0 

provided R (1 - 2 - k +m) > 0, and the integrals converge. 

Example  1. I f  
[ (t) = e -t, then 

7,(8)= 
F(1 - k__m) 

F(1 - 2 k )  

R ( 1 - k _ m ) > 0  and R ( s + l ) > 0 .  

Substituting in (4.3) and taking ~ = -  v, we get 
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l + v - 2 k  
; t'-lxF2 [1 +v-k-t-m; 
0 

oo 

P . ( 1 - k + v + m )  P ( 1 - 2 k )  f ~' 
=Ni-~:V:2-k}-P-Td=K_+~ t ~-~ e- ' -~dt .  

0 

Now, using the integral ([9], p. 183) 

(A) K,(z)=  ~(~z)" e-X-i~ dx 
x v + P  

0 

we obtain 

f t,_l F2[ l + v - 2 k  [l+v-k+m; 
0 

R (z 2) > 0, 

~t] =F1 [1-k+m 

2 "+IP, (1 +v--  k +m) 1 ~(1 - 2k) Kv(z) ' 
z'P(l +v- 2k) P,(1-k+m) 

R ( 1 - 2 k ) > 0 ,  R(v+l-k+m)>O, R(1-k++_m)>O and R(zz)>0 

and 

(4.4) 

(ii). Result 2. If  (4.1), if we take the two transforms to be 

l (t) k +  l - ~  q~(s), 

(2.2), then 

ft'-~'-l.Fz[V' v-1~-2k+i - -a t ]  dt P,(v-,u-k+l+m)f #,-1 
[ v - # - k + l + m ;  ~o(t) = ~-~ZfiTff-k+- ~ j ~ a ~ , l ( t I d t ,  

0 0 

provided R (v - # - k + 1 + m) > 0 and the integrals converge. 

Example 1. Let l (t)= 1 and a = 1, then 

and (4.4) reduces to 

oo 

Iv, v-u-2k+l,  
f t "-~-1 ~Fg. [v- ,u "-- k + 1 +m" 
0 

(s) = 
r .  (1 - k + m )  

r ( 1 - 2 k )  

R ( l ' k + _ m ) > 0  and R(s )>0 ,  

_ t ] _  P , ( v - p - k + l + _ m ) P ( 1 - 2 k )  [" t u-I _ 

i; >7/- k; ]W, ii J 
0 

P,  (v -  # -  k +  1 __m) F(1 - 2k) F (u) F ( v - / , ) ,  
F ( v - / x -  2k + l) F ,  (1 - k + m )  P (v) 

R(1-2k)>O,R(~)>R(tu)>O and R ( 1 - k + m ) > 0 .  
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Example 2. If / (t) = J~ (bt), then 

baF, (~t- k+  l+m):  | 2 ' 2 . b 2 

eP(S)=(2s)~F(X-2k+l)F(] t+l )4Fal  . ~ t - 2 k + l  2 - 2 k + 2 '  
[ 4 +  ~, ~ , 2 

R ( 2 - k + l + m ) > O  and R ( s ) > 0 .  

Substituting in (4.4), and evaluating the integral ([9], p. 436), we get 

i=a-k+~+m ~-k+2+m 
2 2 F 2 [ v - # - k + l + m "  - a t  4_~'3 �9 

o 4+  1, J t - ~ + l ,  ~ - ~  + 2 '  

r , ( ~ - ~ - k +  l+m) r (a -2~  + 1)r(~+ 1) ~ t/~1 

0 

a a U - ' P , ( v - / s - k +  1 +m)  F ( ~ - 2 k +  1 ) F ( 4 +  I) 
r , ( ]~ -k  + l + m ) F ( v - # - 2 k  + l )F (v) sin (/~+ ~ - v +  l)yt 

(~ a b) a P (# + 4) 
x P ( 2 +  1) F ( / ~ + 2 - v +  1) 

~F a 2 ' 2 ~ _  
+1  / t + ~ - v + l  k t + X - v + 2 ;  

2 ' 2 

~r (~ab)m'F(v+m') sin 1!/~ + ~ t - ~ - m ' + l ) ~ - - ,  t 
(~ v + ~ ) , -  ~/~ + ~ m  + 1) 1P (I v -  ~ ~t- ~/t + ~ m )) 

b > 0 ,  ]arg a] <Te, R ( ] t ) > O , R ( t . - 2 k + l ) > O ,  R ( v - / t - k +  1 •  R(v) >R(#+~I )  > 

> 0  and R ( v - # + ~ ) > 0 .  

1 .  
(iii). Result 3. If we take a = -  m (4.4) and interpret with (2.1) after replacing 

P 
k and m by k' and m' respectively, we obtain 

p~_, f tv_,, ~ 2F 2 Iv. v - / ~  - 2 k +  1. [ u ' ~ - k + l + m '  ~ ] ~ ( t ) d t  
0 

k '+~  x ' - l I ~ . ( v - / t - k - t - e  _+m, f t~_ ,_  1 ~ I ' ( v + r ) P ( v - 2 k ' + r , ( t )  r 
(4.5) "m'  F ( u ) P ( v = k t - 2 k + l  } [(t),~o r!P,(u-k'+r+m')_ - dt 

0 
o o  

= r(v---~-2-~-f)E~~ l(O,Y, Lu_k,+m,,-}]dr, 
0 

provided R (v - /~  - k + 1 • m) > 0, R (v - k' ___ m') > 0, R (p) > 0 and the integrals converge. 
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Putting k ' = -  m' in (4.5), we get 

(4 .6)  

oo 

[ v, v - ~ t - 2 k  
, ' - ' f t ' - " - ' , F ,  l v _ g _ k + l + m ;  t]q~(t)dt 

0 

oo 

�9 x ' - x P . ( ~ - / t - k + l h - m )  ~" -zlt . . . . .  l .  =. F(~ r--~_ [t Z ~ -~ ~ - ~ j e r l ( t ) d t, 
0 

provided R (v) > 0, R (v - p q- 1 - k___ m) > 0, R (~) > 0 and the integrals converge. 

Example 1. If we take f(t)=e-t: then 

I', (1-k+m)r [1-k+m 1] 

Substituting these values in (4.5) and using (A), we get 

ao p,. f,.-. ~ - p - 2  k+ 1 f l  -k+m 
Lv-p-k+l+_m; t] �9 -~]d t  - t~"1 [ 1 - 2 k  ' 

0 

o o  

a g - ' I ' . ( v - p - k + l + _ m ) r ( l - 2 k )  f z 
-:"-I" 0') I ' .  ( l - k + m )  I ~ ( ~ - p - 2 k +  1) e-t--tC'-'-ldt 

0 

2 r . o , - ~ t - k + l + m ) r ( 1 - 2 k )  e_~_,.., t~,/-~ 
:-- - -  z A , , _  t, ~z  V ~ , I  , 

I ' ,  (1 - - k + m )  [ 'O' - -  l t - -  2k  + 1) 

R(1-2k)>O,  R(p)> R(v)>O, R(1,-p+ l - k + m ) > O  and R ( p ) > 0 .  

(iv) Result 4. If we take one of the Meijer transforms in (4.1) to be (2.3), then 

(4.7) 

[ v , ~ ( 2 v - k t - 2 k + l ) , l ( 2 v - p - 2 k + 2 )  . a~]  
t~'-"-I sF4 [~ (2v - p  - k +  1 +m),  ~ (21,- p - k+ 2 +m)' ql (t) dt 

0 

oo 

P.  ( 2 ~ - / ~ - k +  1 +m)  ~ t "-1 
( - -~-  ~ --'2--k A--i) J (t' + aZ)"" (t) d t ,  

0 

provided R ( 2 v - / ~ - k +  1 + m ) > 0  and the integrals converge. 

If  in (4.7), we put  a s=  1 and interpret, then 
P 
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(4:.8) 

[ v , i ( 2 v - / x - 2 k + l ) , ~ ( 2 v - # - 2 k + 2 )  f ]  
pl.-v t2r-H-13~'v4 [~.(2v-/~-k+l+_m), ~ ( 2 v - / x - k + 2 + m ) ;  ~ q~(t)dt 

0 
cr 

k'+~ x ~ - i F . ( 2 v - l x - k + l + m ) P ( v - 2 k ' ) f  ~ ~, 1 . [ v , v - 2 k '  

0 

~] dr, 

R (2 v - /x  - k  + 1 _+m) > 0, R (v - k' +m')  > 0, R (p) > 0 and the integrals converge�9 

Now, putting k ' = - m ' ,  we get 

(4.9) 

p~-~ t2"-~-~cp~(t)aF4[~(2v_/l_k+l+_m),~(2v_/u_k+2+m); ~-p dt 
0 

�9 x ' q I ' , ( 2 v - g  - k + l + m )  ~ ~a' 
.= ~-2;-2-_~Z-~k+~-p-~- ~ j e -  t"-2"-l/,(t) dt, 

0 

provided R (2 v - tt - k + 1 +__m) > 0, R (v) > 0, R (p) > 0 and the integrals converge. 

Example 1. Let /~ (t)= 1, then 

ql (s )= 
p ,  (1 - k +m)  

P ( 1 - 2 ~ )  

Substituting in,(4.7) with a = l ,  we get 

R(1-k+m)>O,  R (s) > 0. 

f'-+'-~3F~ [ ~ ( 2 v - p - k + l + m ) ,  ~ ( 2 v - l x - k + 2 •  dt 
0 

~ P . ( 2 v - p - k + l + _ m ) F ( 1 - 2 k )  f t "12-1 

0 

= F.  (2 v - / z  - k + 1 +m)  P (1 - 2 k) P (g /2)  P ( v -  g / 2 ) ,  
2 F ( 2 v - / x - 2 k +  1) P . ( 1 - k + m ) P ( v )  

R ( 1 - 2 k ) > 0 ,  R(2v)>R(p)>O and R(1-k+_m)>O. 

Example 2. 

Ja(bt) - - ~  
m 

We know 

baP.(~t-k+l+m) --2---  2 ' ' b ~ 
(2s)aP(]~-2k+l)F(2+l)  'Fa 1 , 2 - 2 k + l , ~ t - ? + 2 ;  ~ ' 

R (,;l- k +  l + m )  >0 ,  R ( , )>0 .  
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Substituting in (4.7) and evaluating one of the integrals ([9], p. 434), we obtain 

t~'-~-~-lsF4 2 v - / ~ - k  + l + _ m , 2 v - ~ t - k + 2  +_m' x 
\ / ~ 

2 2 

X-k+l___m 2 - k + 2 _ m  ] 

x ,F s 2 ' 2 b ~ 
+ l , X - 2 k + l  ~ - 2 k + 2 ;  -~ d t  

X 2 ' 2 

= F. ( 2 v - # - k +  1 •  F ( A - 2 k +  1) F (~+ 1)• 
F ( 2 v - l a - 2 k +  1 ) F . ( 2 - k +  l + m )  

. b " a " + a - 2 " P ( ~ / a + ~ 1 ) [ ' ( v - ~ / a - ~ t )  F ' . + 

t ' 
2"--+~g(,-~F (~---~ 1-~ g +  i~-2v+ 2 X+ 1 

2 

+ 2~, . + ~ F ( v + ~ 2 _ ~  + 1) 1F2 ~ " 
- v + l _ A + ~ '  4 ' 

' 2 

R ( A - k + l + _ m ) > O ,  R(;t)>O, R ( 2 v ) > R ( A + p ) > O ,  and R ( A - 2 k + l ) > 0 ;  
b is a real positive number. 

(v) Result 5. Using (2.7) in (4.1), we get 

(4.1o) 

[ 2F5 

v-~ t -2k+12  , v - / z - 2 k + 2 2  . a4_t2] 

v - ~ - k + l + _ m  v - ~ t - k + 2 •  % ( t ) d t  
+1, 2 ' 2 

F. ( v - p - k +  1 +m) F (v+ 1 ) f  
= P (v - ~t - 2 k - 1) t ~, 1 Jv (a/t) [1 (t) d t, 

0 

(4.11) 

dt  

F. ( v -  p - k +  l_+m)F(v~ 1 ) ;  
�9 .=~r. F ( v + r + l ) t  erd t  

0 

provided R (v -/~ - k + 1 + m) > 0, R (s) > 0 and the integrals converge. 

Again, putting a=2l /x  in (4.10), we have 

f 2 ' 2 . __ x t  2 
x" tv-" l~F5 v - ~ t - k + l + _ m  v - / x - k + 2 . + _ m '  ell(t) 

o v+ 1, 2 ' 2 
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k'+~ F , O , - # - k + l •  I~,(v-k'+l+_m')x 
m' F O , - i - 2 k + l ) F ( ~ - 2 k ' + l ) p "  

oo 

f [ , , - k ,+  1___,,,, x t"-'-l/l(t)2F2L~_2k!+l,v+l; ~ dr, 
D �9 

provided ll (t) is continuous for t > 0, R (v - i - k + 1 _+ m) > 0, R (~ - k' + 1 ___ m) > 0, 

R (p)> 0 and the integrals converge absolutely. 

Taking k '=-m '  in {4.11), we get 

(4.12) 

X T' ! ~ I  (t) 2F5 
"/o U v + 

v - i f - 2 k + 1 2  ' v - f f - 2 k + 2 2  . ] 

1, v - # - k + l + _ m , r - / a - k + 2 + _ m '  - x f  dt 
2 2 

o0 

�9 p , ( v _ f f _ k + l •  ~ _ I 

0 

provided /1 (t) is continuous for t > 0, R (v - i - k + 1 __ m) > 0, R (v + 1) > 0, R (p) > 0 
and the integrals converge absolutely. 

Example 1. Let /1 (t)= J~ (b t), then 

b a F ,  (2 - k + 1 _ m) 2 2 . b ~ 
~ 0 1 ( 8 ) =  ( 2 s ) a F ( ~ t - 2 k + l ) F ( ~ t + l ) 4 F 3  1, 2 - 2 k + l , 2 " 2 k + 2 _ '  ~ ' 

2 2 

R ( ~ t + l - k •  n ( s ) > 0  and ] s l> ]b  ]. 

Substituting in (4.10) and evaluating the integrals on the r.h.s. ([9], p. 437), we get 

!.l-]t-k+l-l-m 2 - k + 2 + m .  1 
a'b~ l['~ " - I ~ - ' ~ - 1  ]~ I 2 2 b 2 
2 " + ' J  4 " a [ ~ . + l , ) . - 2 _ k + 1 , ) . - 2 k + 2 '  t i x 

x ~F 5 Iv 

= F.  ( v - i - k +  1---m)F (v+ 1) F ( ; t -  2k  + 1) F (~+ l) 

v - f - 2 k + I 2  , v - i f - 2 k + 2 2  . a4t2] 

+ 1, v - i f - k +  1 + m ,  v - / z - k + 2 + _ m '  dt 
2 2 

F ( v - / u  = 2 k +  1) F .  ( ~ , k +  l _ m )  

1 0 - - 5 4 3 8 0 9 .  A c t a  M a t h e m a t i c a .  93. I m p r i m ~  le 11 m a i  1955, 
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I b'-"a'F!~-2~g--~v) [ v-~-Ft+2 ,+~t-~+2. a~b 2] 
•  v + l ,  2 ' 2 ' 1-6J 

b ~ a a + " I ' ( l v - ~ i t - l u )  F [ 2 - v + p + 2  X + f t + v + 2 .  aZbZ]l 
. . . . . . .  2 2 2 ~ a + . + I F ( ~ + I ) F  ~ + p  v + 2  0 a 4 + 1 ,  , , , 

provided a and b are positive, R (v - /x  - k + 1 +m) > 0, - R (4 - �89 < R (p) < R (v + 3/2), 

R ( X - k + l + _ m ) > O  and R ( 2 - 2 k + l ) > 0 .  

(vi) Result 6. Using (2.9) in (4.1), we get 

(4.13) 

oo 
{a~ ~ fU2_u_ 1 [ v / 2 - / t - 2  k + l  . 7 ]  dt 
\2] .1 cfl(t) lF3 v+ l, v / 2 - # - k  + l +m'  

0 
oo 

= P ( v / 2 - p - 2 k + l )  t"-lJ" f l(t)dt '  
0 

provided R (v/2 , # - k + 1 +_ m) > O, and the integrals converge. 

Putting, a =  217x and interpreting, we get 

xV U2-~-1%(t) lFa v + l , v / 2 - # - - k + l + _ m '  - x t ]  dt 

k '+~  F . ( v / 2 - # - k + l + m )  F . ( v - k ' + l - t - m ' ) P - "  
(4.14) m '~ F ( v / 2 - p - 2 k +  1) F ( v - 2 k ' +  1) x 

oo 

• f t"-'/2-1 ]1 (t) ~F 2/v + 1, v -  2 k' + 1 ; 
0 

p r o v i d e d  /1 (t) is continuous for t>  0, 

R ( v - k '  + l +_m)>O, R ( p ) > 0 ,  R ( v / 2 - # - k  + l +m)>O, 

and the integrals converge absolutely. 

Taking k ' = - m '  in (4.14), we get 

(4.15) 
v + l , v / 2 - p - k + l + m '  - x t  dt  

0 

_. f t "- P ( v / 2 - p - 2 k + l ) p "  e- 
0 
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provided /1 (t) is continuous for t > 0, R (v + 1) > O, R (p) > O, R (v/2 - t* - k + 1 +. m) > 0 

and the integrals converge absolutely. 

Example 1. Let 11 (t)= e -t, then 

F . (1 -k+_m)  r, [1-k+_m 1] 
qgl<S)=" F ( ] - - - - ~  S'l  t 1 - 2 k  ; s ] '  

R ( 1 - k + m ) > O  and R(s)>0.  

Substituting in (4.15), we get 

o o  

f [ ,j2.2k+l ] [  x" W~-v-11Fa v + l , v / 2 _ l a _ k + l + m ,  - x t  zF 1 1 - k + m .  
1 - 2 k  ' 

0 

F.(v/2-tt-k+l+m)F(v+l)F(1-2k) f t 1 dt 
11 ('/2/2 --  ~ -- 2 k -'~-- 1 ) F ,  ( 1 --  } ~ m)  pl, e -  - ~ tv/2_.u+l 

o 

2F.  ( v / 2 - , u - k +  1 +m) P(v+ 1 ) F ( 1 - 2 k ) ~  
- F ( v / 2 _ l a _ 2 k + l ) F "  (1-k+m)pt(a~+2~')l~'/~-~'(~) ' 

R ( 1 - 2 k ) > 0 ,  R(1-k+_m)>O,  R ( v / 2 - g - k + l + _ m ) > O ,  R ( v + l ) > 0  and R(p)>0 .  

(vii) Result 7. If in (4.10) we replace a by 2 and interpret, then 
P 

v - g - 2 k + l  v - / u - 2 k + 2  
OO 

P-" f t'-~'-I qJ1 (t) 2F5 2 2 . 
o v + l ,  v - l a - k + l + - m  v - t t - k + 2 + - - m '  

2 ' 2 

4~ ~ dt 

(4.16) 
k'+~ F . ( v - , u ' k + l + _ m ) F ( v - 2 k ' + l ) x "  

X + 

m' P ( v - l t - 2 k + l ) P , ( v - k ' + l + _ m ' )  

f I o v + l ,  

v - 2 k ' + l  v - 2 k ' + 2  
2 2 

v , k ' + l + _ m '  v , k ' + 2 + _ m ' ;  - - -  
2 2 

provided R ( v - l t - k + l _ _ m ) > O ,  R ( v - k ' + l _ m ' ) > O ,  

converge. 

Taking k' = - m', 

R(p)>0  and the integrals 
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(4.17) 

p-, ~ff-~-X 2F 5 [ 
1, 

v - p - 2 k + l  v - ~ t - 2  k+2 
2 2 

v - I ~ - k + l •  v - p - k + 2 •  
2 2 

; - 4p2 qx(t) dt 

+ " [ i" x ~] r,(v-u-k+l=m_)_x_" ['a-,-x~ v+l  v/2+1. /~(t)dt 
- r ( ~ - ~ - 2 k + ] ) r ( ~ + a ) J ~  ~.~ ~ + 1 , - ~ ,  ' - U J  

0 
oo 

2 - ' F . ( v - p - k + l •  { r 
P ( v - p - 2 k + l ) i "  tu-xX b, 2 f~(t)dt, 

0 

provided R (v + 1) > 0, R (v - ~t - k + 1 • m) > 0, R (p) > 0 and the integrals converge. 
2 

Again, putting a=:-~ in (4.10) and interpreting, we get 
vp 

(4.18) 

~r~-v/2 f t s , -p -X  ]~  
/" J "  24"5 Y--~ 

, 

v - p - 2 k + l  v - p - 2 k + 2  
2 2 

v - p - k + l + m  v - g - k + 2 •  
2 2 

4p qh(t)dt 

k'+~ r ,  ( v - / x - k + l  • F (v / /2 -2k '+ l )x  "~2 § 
m' r ( v - p - 2 k + l )  F(v/2-k '+l-4-m')  

oo 

f [  j2_ k,+l x] x t~-'-lfx(t) xFa v + l , v / 2 - k ' + l + m " - ~  dt, 
0 

provided R ( v - p - k +  l +m)>O, R ( v / 2 - k '  + l4-m'>O, R(p)>0 
converge. 

Taking k ' = - m '  in (4.18), we get 

and the integrals 

(4,19) 

o0 [ v - / x - 2 k + l ,  v - p - 2 k + 2  .1 

f p-,/2 l~-~-1 ~1 (t) 2Fa 2 2 tu d t  
o v + l , V - l u - k + l + m , v - P - k + 2 + - m ;  -4--p 

2 2 

= r O , - , p - 2 k + l ) P ( v / 2 + l )  ~-'-~oF~ v+l ,  ~,/2+1, - x fl(t)d t 
0 

GO 

= -- J,.,t2 {3 (/O) } Ix (t) dr, r ( ~ - p - 2 k +  1) ~u-1 X 1/8 

0 

provided R(v+2)>0, R ( v - p - k + l - t - m ) > O  and the integrals converge. 
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(viii) Results 8. Using (2.11) in (4,1), we get 

149 

r (I) r ( - In )  r ( 1 - ~ - 2  k) 
F,  ( 1 - 2 - k •  

X 

oo [- 1 1 - 2 - 2 k  2 - 2 - 2 k  

x a t-a-13F~[1 1-2-k+m, 2 - 2 - k + m ;  

o L ~'  ~ 2 

a F ( - I )  F 1 1 (~-~n) F ( 2 - 2 - 2  k) -~ • 
(4.20) 2 �89 F ,  (2 - ~ -  k _ m )  

o ' 2 2 

oo 
r ,  1n, r,11 ,f 1o = 2�89 ta-l~;D. /~(t)dt, 

0 

provided R (1 - k - 2 _+m) > 0 and the integrals converge. 

Putt ing a 2= I in (4.20) and interpreting, we have 
P 

p�89 n+l  F (1) F ( - -  1 n )  F (1 - -  ), - -  2 k)  

F, (1 - / t -  k_+m) 
X 

X 

~o [ ~n' l-2t-2k'2-2~-2k 1 
I, 1-22k+-m'2-2t-k+-m; 8-PP Pl(t)dt+ 

o 2 

v ~'+~ r (_1) r ( I -  I n ) r  (3 - ~ - 2 k )  
+ 2 i F ,  ( 2 - 2 - k _ _ _ m )  x 

(4.31) 
f ~ -- 2 ~, t2 

x t-aaFs[~, 2-~-k+_m,3-~-k[4-m;gP2 2 q~(t)d 
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k'+~ [ r ( - t n ) r ( - ~ . - 2 k ' )  _j._~ • 

f , 1 ] [ - ~ n , - ~ n - 2 k .  x 
x ta-a~Fs[x2 ' _ln_k,+_m,,~-- ~ /~(t)dt 

0 

_ r ( ~ - ~ )  r ( ~ - ~ n - 2 k ' )  V ~ - ~ " - ~  
I05 I 1 ]r ( i - ~ n -  + m  t) 

t~.-2 2F" 12 2 "~' 2 2 . . . . . .  I s  1 1 - -  L '  . A - - - '  ' / l ( t )  d r '  X 

0 

provided R (1 - k - ~t + m )  > 0, R (p) > 0, R (~ n - / c '  + m ' )  > 0 and the integrals converge. 

Taking k ' = -  m', we get 

p~"+ar(-~n) F ( 1 - 2 - 2 k )  
r ,  (1 - ~ . -  k +m) 

X 

' 1 $ - a - l a F S | l  1 - ] t - k + m  2 - ] t - k + m '  8p 
• q) l (t) d t -  

o L , , 

p |  n+3/2 [/2 F 1 1 (~--~n) F ( 2 - ; t -  2 k) 
p ,  (2 - a - k + m) 

(4.22) 
r / 2 2 '~' 

X J gl)'3F 5 [ ~ , 2 - , ~ - k + m , 3 - ~ - k + m ' S p  %(Odt 
2 2 

oo oo 
:~ X-�89 n-1 f ,)'-1 0~1 (1 �9 ~2)  / f [ 3 . ~ ]  ~, ~( t )d t -~z - t" - t  t~-2oF~ ~, h(t)dt 

0 0 

o o  

=~-'"-~ft~-lh(t)~~ h ( t ) d t \ t . ~  
0 0 

oo 
r 

= x  -~'~-; J t  ~-~ e - - U / x  (t) dr ,  
0 

provided R (1 - k - 2 •  > 0, R (n) < 0 and the  integrals converge. 
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(ix) Result  9. Using (2.24) in (4.1), we get  

(4.23) 

oo 

f t - l aF2  i ,  1 - 2 / 0  ' - [l(t)dt= 
0 

oo 

i ~ (1) i ~ (1 - 2 /0 )  f r 
= t -1 e-  i D~ (V~ q~l (t) d t, 

( - 2)"z2 F, (l -/0 +m) r (n~21) ; 

for n posit ive even integer,  R ( 1 - / 0  + m ) > 0  and the  integrals converge. 

Example  1. Le t  

t "-,~ F (v + i -  2/0) 
/, (t)= r . ( v + l _ / 0 +  m) ~F~ +l_ /0+m,  m ( b + s )  ~ ~o l(s) ,  

R(v- /0+~•  b+s40  and R ( s ) > 0 .  

Subst i tu t ing in (4.23), we get  

oc f [l +mn+l ] j t~_aleaF 2 - 2 . 1 [ v + l - 2 k ,  v.  - b t  dt 
i ,  1 - 2 / 0  ' 2-t 2F2[_v+l-/0+m' 

0 
00 

= r (~)r(1-2/0)r,(~+~-/0+,n) fe-~ Dn (V-t)t -~- 
( -2 ) '~ r*  (1- k + m ) r  ( ~ 1  r(~+~-2/0) o (b+t)" dr. 

Evalua t ing  the r ight  hand  side ([5], p. 13, with a 2=  b and  n even posit ive integer), 

we get 

oo 

tv-3/23F2 i, 1 - 2 k  ; 2 - t  2F2 + i _ k _ m ; - b t  dt 

0 

1 ~ (1) 1TM (1 --  2 It) I~ .  (V + 1 _ ]C _ m )  ( - -  )~ n (~ / /2)1 /2  

( -  2Fz2 F, (1 - k +m) F ( ~ ) F  (v + ~- 2 k) 2"-2 r (v) 

"~'e~bb-(Y-~-)r(v+r-1)P(n+v-r+l)D (~b 
X r~l 2 r - 1 F  (r) F (V -- r + 1) -(n+,-r+l), 

R ( b ) > 0 ,  R ( 1 - 2 k ) > 0 ,  R ( v - / 0 + i •  and R ( 1 - / 0 _ m ) > 0 .  
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In particular when v = 1 
oo 

t-lI2aF2 1; 1 - 2 k  

0 

1 ]zF~ [~ -2k '  1 " - b t ] d t  
2t  L~-k+__m' 

(4.24) 

r ( ~ ) F ( 1 - 2 k ) r . ( ~ - k _ _ _ m ) r ( n +  1) 7t t e  b/4r~(bt) 
. t ] _ ( n  + 1 ) �9 

2i(~+') F. (1- k + m) r (n2~l) r(~-  2 k) b ~ 

(x) Result 10. Using (2.25) in (4.1), we get 

oo 

s s_ 2); /l(t) dt 
~, ~ 2k 2t 

0 

r(~)r s j (r, -- 2 k) t-1 e- i t  Dn (P) ~I (t) dr ,  

provided n is a positive odd integer, R (~- k _m)>  0 and the integrals converge. 

8 
Example 1. Let ~91 ( 8 ) =  (s+b)~, then 

t ' - l F ( v - 2 k )  F [ v , v - 2 k ,  -bt] 
[l(t)=P,(v-k• ~[v -k •  

R ( v - k •  and R(s)>0. 
Substituting in (4.24), we get 

f t'-s/eaF" L[~--k~,m'--l(n+2); - 2 k  ~ l ] ~ F g L v - k •  ; [ v , , - 2 k  -bt]dt  
0 

r(~)r s f (~.- 2k) F ,  ( v -  k +_m) e-t14 Dn (t j) . 

0 

Evaluating the right hand side ([5], p. 13), we get 

0 
b 

I' (~) r (~ - 2 k) P ,  (v - k + m )  (e /2 )  �89 e i 

r ,  (~- k +m) r (n/2+ 1) r 0 ,-  2 k) 0,-  1)! 0,-2)! 2 ~§ 

( v + r - 3 )  

r~.v b 2 (v+r -4 ) !  F(n+v-r+2) D . (hi) 
r=2 2 ~-~ ( r -  2)! (v - r)! -c~+,-r+2). 
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In  part icular  when v = 1 

a 3 _  ; 2F2 " - b t  dt 
o ~' ~ 2 k  2-t [ 1 - k - 4 - m '  

= F~(~)F(~-2k)F , (1  - k + _ m ) F ( n +  1)elb D (bl) 
-(.+1); b > o .  

(xi) 

(4.25) 

Result 11. Using (2.14) in (4.1), gives 

f [ l ' � 8 9  a4t! ] aV+l tv-~aF6 3 3 ; cfl (t) dt ~, v+~, ~(v-~-k+2+m),_ l ( v - ] t - k + a + _ m )  
0 

= P ( v - 2 - 2 k + 2 )  t~-~H" / l( t)dt '  
0 

provided R (v - 2 + 2 - k +_ m) > 0 and the integra!s converge. 

Pu t t ing  a 2 = x ,  expanding H, (z), and interpreting, we get  

2,+1 f 1, v - 2 - 2 k +  2 v - 2 - 2 k + 3  

x ~ Jt~-~aF ~ 2 2 . t 
v - ] t - k + 2 + _ m  v - ~ - k + 3 + _ m '  Cpl(t) dt  

o 'v+a~' 2 ' 2 

k' + 1 I~, ( v -  ]~- k + 2 -t-m) F,  (v + ~ - k' +_m') 
m' F ( v - X - 2 k + 2 ) F ( v + ~ - 2 k ' ) f + i  

f • t~-'-2 3F3 3___ ' 8 a' /1 (t) dr, Lv+2 2 k ,  ~, v+~ 
0 

(4.26) 

provided R (v - 2 - k + 2 + m) > 0, R (v + ~ - k' + m') > 0, R (p) > 0, the integrals converge 

and /1 (t) is continuous funct ion of t for t > 0. 

Taking k ' = - m ' ,  (4.26) reduces to 

r f t aF6 2 2 ; q~t (t) dt  
v - ] t - k + 2 + m  v - 2 - k + 3 + m  

o ~ , v + ~ ,  2 ' 2 

F (v+ ~) P,  ( v - 2 - k  + 2 +m) 
F ( v - ~ t - 2 k + 2 )  p,+i 

[ 1 ]  
' t ~ - ' - 2 1 F  1 1,~a; @ /l(t) dt' 

provided R (v + ~) > 0, R (v - 2 + 2 - k • m) > 0, R (p) > 0 and the integrals converge. 
II  -543309.  A c t a  Math~mat i ea .  93. Imprim~ le l0 mai  1955. 
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(4.27) 

provided 

verge. 

Taking k ' = -  m', we get 

v - 2 - 2 k + 2  v - 2 - 2 k + 3  
1 ,  

2 2 

Again, putting a 2 =  lip and interpreting, we get 

v + 2 - 2 - 2 k  v - ) . - 2 k + 3  
1, 2 ' 2 

t~ -~. aF ~ �9 _ _ _  3 s v - 2 - k + 2 + m  v - 2 - k + 3 + m '  
o ~, v ~ - ~ ,  2 ' 2 

oo 
+ k '+~  F , ( v - 2 - k + 2  m) F ( 1 - 2 k )  / ' ,  a z• 

m ,  . . . .  
0 

• 3 +3 1 - k ' + m ' ;  - ~  [~(t)dt, 
~, Y 2, 

R ( v - 2 - k + 2 •  R(1-k ' •  R ( p ) > 0  

t 2 

4p cf~ (t) d t 

and the integrals con- 

. t 2 

tv ~aF6 u - 2 - k + 2 + m  v - 2 - k + 3 _ m '  4 q~l(t)dt 
3, ~ , ~ _ 3  

l_ ~ 2 2 

P ( v - ; t - 2 k + 2 )  t ~ ' 2 o ~ '  2 ~ , v + ~ ; - ~  /~(t)dt 
0 

= F ( ~ ) F ( v + ~ ) P , ( v - 2 - k + 2 _ _ m ) , . + x  ta ~ 3j�89189 3 ~ ]  ]]l(t)dt, 
F ( v - ) . - 2 k + 2 ) x  q- o 

provided R (v - 2 - k + 2 ___ m) > 0, R (p) > 0 and the integrals converge. 

(xii) Result 12. We have ([2'], p. 132) 

t~.H~(2at) kq-~ a~+lF,(v+2+2-k• 
~m~ sV+~+XF(~)F(v+~)F(v+2+2-2k)X 

[ ~ ( ~ + 2 + ~ - k + ~ ) , i ( ~ + 3 + ~ - k + m ) , l .  4a  ~] 
• ~ 2 ~ ( v + 2 + 2 - 2 k ) , � 8 9  ~ J '  

R(v+) .+2-k•  and R ( s ) > 0 .  
Using this in (4.1), we get 

r r - b 2 + 2 - - k + m  v+3+) t - k+m ] 
"~ [ . . . .  2 - - - - '  - - -  - - 2 - - - - ~  ' 1 4a 2 

"~ '  j t " ~ "-~F*l.~ ,.~ v + 2 + 2 - 2 k  v + 2 + 3 - 2 k ;  t ~ ]/ l( t)dt  
(~.2s) o [~' ~ ~ ~' ~ ' 2 

oo 

= F(~)F(v  ~)F(v+)'+2-2k)lta-aH,(2- at)cfl(t)dt, 
F,  ( v + 2 +  2 - k  •  r  

0 

I)rovided R (v § ). + '2 - k ___ m) > 0 and the integrals converge. 
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Putting a =  l ip  and interpreting, we get 

[1 v + 2 + ~ - k + _ m , v + 3 + ~ - k + m  ] 
( / ' - - -  . . . . . .  4 

t " x 25Fal  3 3 v + ~ t + 2 - 2 k  v + ~ t + 3 - 2 k '  p'2;-t2 1 .1 
o [2, V -F ~, 2 ' 2 

11 (t) d t 

(4.29) 
k'+l 

m t 
P(v+ 2 + 2 - 2 k )  F ( 1 - 2 k )  

P, ( v + ~ t + 2 - k + _ m ) F ,  ( 1 - k ' _ m ' )  
X 

f _ T _ , l _ r ,  1 x l, 2 
• ta+"aFe 1 - k ' + m '  2 - k ' + m ' ;  

o L '~' v+23' 2 2 

q)l (t)  d r ,  

provided R(v+2+2-k+_m)>O,  R(1-k'+_m')>O, R ( p ) > 0  

verge. 
Taking k ' = -  ' m, we get 

Iv + 2_ +~F_k_ +___ m, v_+ 3_ + ~ - k + m ,  
f - ~ - - - -  1 

t ~ a 25F413 v ~ v + ~ + 2 - 2 k , v + ~ + 3 - 2 k ;  
o L I~, +~, ~ 2 

and the integrals con- 

41 p2 t 2 ]1 (t) d t 

oo 

f [ x2, 1 �9 F ( v + ~ + 2 - 2 k )  a +a,a.  4 ] cpl(t)dt' 
F . ( r + 2 + 2 - k - 4 - m )  t~+'oF a ~,v - - 

0 

provided R (v + ), + 2 - k _ m) > 0, R (p) > 0 and the integrals converge�9 

(xiii) Result 13. Using (2�9 in (4.1), we get 

at*+v j~  ttz+v ,~-- 1 • 

0 

I # + v - ~ t - 2  k + l  # + v - X - 2 k + 2 , k t + ~ , - ~ - 2 k + 3  

• aF s 3 3 3 
kt+l ,  v+ l ,  #+v-] t - k+  l •  + v - ~ - k + 2 i m , / ~ + v - X - k + 3 i m  

3 3 3 

(4.30) 

�9 P a3] 

, 3 a ] 

~o 

F ( # T v - ~ L 2 k + - l )  t~-' J,,,v ~- /1 (t)dr, 
0 

ql (t) d t 

provided R (# + v - ), - k + 1 _ m) > 0 and the integrals converge�9 
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x aF8 [/~ 

(4.31) 

MAHENDRA KUM~R JAIN 

Putt ing a a= 1 and interpreting, we get 
P 

p-�89 f~+~,-a-~ X 
0 

p + u - 2 - 2 b + l  / z + ~ , - ~ - 2 k + 2  / z + ~ , - ~ - 2 k + 3  -] 
, , t3 

3 2 3 . - 3  3 P 
+1, u + l , ' U + ~ ' - ] t - k + l + m ,  # + v - ~ - k + 2 + _ m , / z + ~ - ~ t - k + 3 + m '  ~0~ (t) 

3 3 3 

F.  (p + l , -  ~ -  k + l +_m) F (~v + ~ -  2k') x t('-~) 

v ~  

• t a - f ' - " - x x F 4  p + 1, ~ , +  1,  + ~ , + ~ - x  1 b ' + m "  
0 

- ~  h (t)dt, 

d 

provided R (Iv + ~ - b' _+m') > 0, 

converge. 

Taking k ' =  ' - m ,  we get 

R (/~ + v - ~t - k + 1 • m) > 0, R (p) > 0 and the integrals 

p-�89 I@~+.-;1-1 X 
L 
0 

I p + v - ) t - 2 k + l  p + u - ~ t - 2 k + 2  F t + ~ - ~ - 2 k + 3  3 ~ [  
• a F  s 3 ' 2 ' 3 . t a 

/ ~ + l , v + l , ~ t + ~ - ~ t - k + l + _ m  p+~,-~.-k+2+_m;/a+~,-)~-k+3+m" - ~x(t)dt 

3 ' 3 3 

F.  (p + v - 2 - k.+ 1 +m)  x t( '- ') 
r (p + ~ - ~ t -  2 k+ 1)r  ( | v+ | )  

• 

x f . .  , 
0 

provided R (v + 1) > 0, R (/~ + v - ~ - k + 1 _ m) > 0 and the integrals converge. 

Now, putt ing p = [ v, we get 
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x 3F s [}v 
+ 

p-t(,~l) ft~ "-*-1 x 
0 

~v-~ t -2k+ l  ~v - ) t - 2k+2  ~ v - ~ - 2 k + 3  
3 3 3 

v+ l + v / 2 - ~ - k + m ,  ~ v- ,~-k  + 2+_m, ~v-] t -k  + 3+m' 
1, v+l ,  

3 3 3 

. F , ( ? - A - k + l •  �89 

(xiv) Result 14. Using (2.4) in (4.1), we get 

(4.32) 

x 5 F s  

f t 4~'-p-1 X 

o 

,3] 
3~- p q~,(t)dt 

2 i x  t 

0 

4 v - / ~ - 2 k + l  4v-/~-*2k+2 4 v - / z - 2 k + 3  4 v - ~ - 2 k + 4  ] 
v' 4 ' 4 ' 4 ' 4 . a 4 t a 

4 v - ~ - k +  l 4 v - p - k  + 2 4 v - ~ - k  + 4v-Ft-k+4+m'4 i i j q ~ ( t ) d t  

oo F,(4v-ff-k+l• t"-' 
= r ( 4 ~ - # - 2 k + l )  J(ta~aa) "/l(t)dt'  

0 

provided R (4 v - /z  - k + 1 +m) > 0 and the integrals converge. 

Example 1. Let /1 (t)= J~(bt), then 

(b), F, ( ~ - k + l  • 

qJ~(s)= s~F ( ~ _ 2 k +  1) i~ (~+ 1) [ 2 - k + l •  2 - k + 2 i m  1 
2 ' 2 b 2 

4F3  ) ~ - 2 k + 1  ) . - 2 k + 2 ;  ~ ' 
4+1,  2 ' 2 

R(2+l-k-t-m)>0, R(s)>0 and I~l>lal. 

Substituting in (4.32), and evaluating the r.h.s. [(9], p. 434), we get 

0 

4 v - f f - 2 k + l  4 v - j u - 2 k + 2  4 v - p - 2 k + 3  4 v - # - 2 k + 4  
v' 4 ' 4 ' 4 ' 4 . 

xsFs 4 v - # - k + l + m , 4 ~ - F t - k + 2 + m , 4 ~ - / ~ - k + 3 + m , 4 v - f t - k + 4 + m '  - - -  
4 4 4 4 

 :41 44 j x  
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(4.33) 

M ~ H E N D R A  K U M ~ R  J A I N  

[ ~ t - k + l  •  ]~-k+2• 1 
x ~Fa 2 ' 2 b ~ 

X+l,]t_2k+l,~._2k+2; -~ dt 
2 2 

r,(4v-p-k+l• f t "-~ 
- r ( 4 , -  ~ -  2 k + l) r ,  (~-~-+ iTm-) (t4+a') "J~(bt)dt 

0 

_ r.(4v-p-k+l+m)P(]t-2k+l)F(~.+I)~ta "-~" 
r(4v-p-2k+l)F.(2-k+l+_m) sin ( ~ # + ~ - 2 v + 2 ) ~ t F ( v ) '  

• (~ 2 )  cos ~- - v + l + ~  ~ +  
~=~ 2~+2~ r ! r  ($ + r +1) F + ~ - v + l +  

)riab~"--'~+'" ] 
" ( - \ - 2 1  F (v  + r )  

+,~or!~ F ( 2 v - ~ # + ~ t + 2 r + l ) F ( 2 v - ~ # - ~ + 2 r + l )  , 

R(X-2k+ l)>O, 4R(v-1)+~>R(g)>-R(]t), R(]t+l-k+m)>O and R(4v-#-k+ 
+ l + m ) > 0 .  

P a r t i c u l a r  c a s e s  

(i) If p = ~ + 2, v = 3. + ~, then (4.33) reduces to 

b ~ to ~._1 

0 

3 2 - 2 k + 1  3 ~ - 2 k + 2  3 ~ - 2 k + 3  3 ~ - 2 k + 4  
~+~' 4 ' 4 ' 4 ' 4 

3 ~ - k + l + m  3 ; t - k + 2 + m  3 1 - k + 3 + m  3 ; t - k + 4 + m '  
4 4 4 4 

l]t-k+l-t-m ]t-k+2+_m ] 
• 4F  3 2 ' 2 b ~ 

~ + l , ~ t - 2 k + l ,  2 - 2 k + 2 ;  ~ dt 
2 2 

= r,(3~:k+l+-m)r(]t-2k+l)r(2+l)(~b) ~1/~ 
r (3 ~t-2 k+ 1) F ,  (~t- k+ 1 +m) (a I/2)2~" r (3. + ~) 

ab 

R ( ~ t - 2 k + l ) > 0 ,  R(]t-k+l• R(~)>-~, b>O and [arg a[<Te/4. 
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(ii) If be = 2 + 4, v = ~t + ~, then (4.33) reduces to 

J'~176 [[3 2+1,32-1-2k,__4____,3)'-2k 3 2 - 2 k + 1 , 3 2 - 2 k + 2  
b~ ~ ; 4 4 4 

t2a-3  F 
(~ 5 s 2 - 1 - k + m  3 2 - k + m . 3 2 - k + l + m  3 2 - k + 2 + m ; - - - -  

I 

I o  , , , 4 4 4 4 

a'__t' 1 
4 4 ] X 

) . - k +  l_+m 2 - k + 2 + m  t 
• 4F a 2 ' 2 b ~ 

2 + l , 2 - 2 k + l , 2 - 2 k + 2 ;  ~ dt 
2 2 

F, ( 3 2 - k - l + m )  I ~ ( 2 - 2 k + l ) F  (2+ 1) (~b) a V'~ 
r (3 2 -2  k -  1) F, (2-k+ 1 +m)F (~t + ~)2 (a 1/2) ~(~-') 

R ().-2 k+ 1)>0, R ( ~ - k + l  +m)>O, R(~)>~, b>O and [arg "1 <~/4. 

S e c t i o n  I V  

5. In this section we have obtained some properties of Meijer Transform in- 
volving self-reciprocal functions in the Hankel transform. 

5.1. Theorem 1. I l l ( t )  k + �89 (~) --m~ q~l (s) and t-"-3/2/ is 

Hankel Trans/orm o/ order v, then 

sel/-reciprocal in the 

f t ,  I,,_l F5 [ ~(v -# -2k+l ) , � 89  . a~t~ 1 
v+l,  �89 (v- ,u-k  + l +_m), ~(v-be-k + 2+m) ' - -~-]  cf (t)dt 

o 

(5.1) 2~F.(v- / - t -k+l+--m)F(t '+l)  . ( ! )  
= F ( v - b e - 2 k +  1) a-' ..... x] , 

provided R (v - be - k + 1 +_ m) > 0 and the integrals converge. 

Proof. We know, (2.7) 

(2)'r (v-g-2~+ 1) t  ~-~' 

P. ( v - b e - k +  1 +_m) F (v+ 1) 
X 

v - b e - 2 k  +1 v - # - 2 k + 2  ] 
2 ' 2 a S t ~ k + ~ s" J ,  ( a / s ) ,  x ~F 5 . . . .  

v + l , V - b e - k + l + _ m , v - / ~ - k + 2 + m '  43 J m 
[ 2 2 

R ( v - ~ - k + l - •  and R(s)>O, 
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a~o 

l(t) k + |  ~ ~(s). 

Now, applying these in (4.1), we get 

:r [ v - / ~ - 2 k + l ,  v - p - 2 k + 2  

f t,_~_ ~ 2F5 2 2 . 
o v + l , V - / a - k + l - l - m ,  v - p - k + 2 " l - m '  

2 2 

o o  

a ' r ( v - l t - 2 k + l )  
0 

a 2 t21 

- 2 " r * ( v - P - k +  l +-m)F(v+ l) ; ~ a u  J,(au) u u-a/2/(1) d u 
a "+t r ( v - , -  2 k+ 1) 

0 

R (v - /~ - k + 1 + m) > 0 and the integrals converge. 

5.2. Theorem 2. I/  /(t) k +  --m~ q) (s), then 

(5.2) 

o o  

x,_,. f e_~,,/(t)dt:: F(n+i)r ( 2 n - 2 k + l ) p  
r ,  (n - k + !2 + m) 

0 

r . 2 n - 2 k + l  n - 2 k + 2  

f I 
0 [ 2 ' - -  - -  2 

provided R ( 2 n - k +  1 •  R ( p ) > 0  and the integrals converge. Also, if t-n-if(t)  is 

self-reciprocal in the Hankel Transform of order n, then 

(5.3) 

2 n F ( 2 n - 2 k +  1) F (n+~)p 
�9 - ' l ( x )  =: 7t ~- r .  ( 2 n - k  + l +_m) 

f t ~n-1 I n + ~ , - - - - 5 - - - , n - k + l  
•  q ~ ( t ) 3 F ' 1 2 n - k + l + m ,  2 n - k + 2 + m ;  - dr, 

0 [ - - -  2 - -  

provided R (2 n - k + 1 +m) > 0, R (2 n + 1) > O, R (p) > 0 and the integrals converge. 
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Proof.  We  know, (4.7), 

l(t) F ( 2 n - 2 k + l )  
(t~+a~) ~+Idt = F ,  ( 2 n - k +  1 +_m) • 

F 1 2 n - - 2 k + l  . -] 
n - - k +  l 

• f t '-'aF,/2n-k+l +m 2n-k+2+m; a~ 2 1 o t_" - ' - 
2 

(t) at,  

provided R (2 n - k + 1 + m) > 0 and  the  integrals converge. 
X n 

I f  we pu t  a2=p and interpret ,  assuming t h a t  p - "  " F (n + 1) '  we get  

oo  o o  

xn-ife-~t'/(t)dt--F(2n-2k+l)F(n+~)PfF,(2n-k+l+_m) te'~-l~o(t)• 

0 0 

x 3 F 4  [ 2 , n - k + l  

2 n - k + l - t - m  2 n - k + 2 + _ m '  dr, 
2 2 

provided R (2 n - k + 1 _ m) > 0, R (p) > 0, R (2 n + 1) > 0 and the  integrals  converge�9 

Again, if we pu t  a = p  and  interpret ,  we get  

p F ( n + [ ) F ( 2 n - 2 k + l ) 2 "  f 
F ( 2 n - k +  1 +m) :t �89 t2n-1 

(5.4) 

F 1 2 n - 2 k + 1  P--~4t2 ] I n + ~ , - - ~ - - - , n - k + l  

cf(t) aE412 n - k  + l +m, 2 n - k  + 2 +m; - 
L ~ -  

='.:x n-�89 f ~/xtt J~ (xt) t -n-t  /(t) dt 
0 

= x - '  / (x), 

provided R (2 n + 1) > 0, R (2 n - k + 1 + m )  > 0, R (p) > 0 and  the  integrals  converge. 

Exemple.  Le t  x -n-�89 ] (x) = x  "+�89 e -ix', t hen  

/ (x) = x  ~"+I e -�89 

- -  F (2 n + 2) p e�89 ~' D-(2,+2> (P) 

R ( 2 n + l ) > 0  and R ( p ) > 0 .  
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Putting k= - m  in (5.4) and substituting the values of /(t) and ~0 (s), we get 

oo 

~ t2n e t t: r~ (') ~ 1 ; -- dt JLI- (2 n +2) l~t' 2 n ~ _ l  n.~_ 

0 

= : : x 2 n  e-.  �89 x , ,  

k+:i 
5.3. Theorem 3. I/  ](t) --m~ ~o(s) then 

R(n+ ~ )> 0  and R(p)>0.  

(5.5) 

l- 2 n - 2 k + l  ] 
i n ,__  _~  . . . .  , n - k + l , n +  1 f 

$ 2 n - 1 4 F 4 1 2 n _ ] g 2 1 _ ~ m  2 n _ ] c _ ~ 2 d _ m  ; 72 ~ ( t ) d t  
o - - 2 

F,(2n-k+l+_m f t~D_~) /( t )dt  
= 2 ,  F ( 2 n _ 2 k + l )  et ~-- , 

o 

provided R (2 n - k § 1 +_ m) > 0 and the integrals converge. 

Proof. We know, (2.12), 

t 2 ~ F ( 2 n - 2 k + l )  F I n ' - - - ~ - -  , n - k + ' l , n + l .  _ --~+1 e~8~D-(~)~, 
F . ( 2 n - / c + l q - m )  4 412n-k+l+_m ' 2 n - k + 2 + m '  m 

I_ 2 2 

R(n+ [ )> 0 ,  R ( 2 n - k + l •  and R(s)>0,  

also [(t) k+�89 --m-- ~ (8). 

Applying these in (4.1), we get 

[ 2 i -  2 n - 2 k + l  ] ~r i n , - - ~ ,  n - k + l , n + ~  t2 
I �9 t ' ~ n - 1 4 F 4 | 2 n - k + l q - m  2 n - k + 2 + _ m '  ~ q)(t)dt 

2 

F . ( 2 n - k +  l +m) ; e t t ~ D  (t2 /_~dt, 
2 n F ( 2 n _ 2 k + l )  

0 

provided R (n + ~) > 0, R (2 n - k + 1 +m) > 0 and the integrals converge. 
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Example. If / (t) = t ~+~ J= (tx), then 

x = F ,  (2 n - k + 2 _ + m )  
(p(s)= 2"s  2=+1F ( 2 n - 2 k + 2 )  F ( n + l )  

[2n-k+2+m, 2n-k+3+m x ~] 
F I 

4 3 1 2 n - 2 k + 3  ' ' 
n+l ,n -k+l ,  

R(2n-k+2+__m)>O and R( s ) > 0 .  

Substituting in (5.5) and knowing that  t ~- �89 e!t~ D - 2  n (t) is self-reciprocal in the Hankel 

transform of order n, ([6], p. 12), we get 

f i n , _ _ _ _ 2 _ - - - , n - k + l , n +  1 
t - 2 " F ' [ 2 n - k i  l-t-m ' 2 n - k  + • 

x 4Fa 

-2n-k+2+_m, 2 n - k + 3 + m  ~]  
2 2 - dt 

n + l , n - k + l , 2 n - 2 k + 3  ' 
2 

oO 

2~ F . ( 2 n -  k+ l_+m) F (2n-2k+2) F(n+l ) f  ~-FF ~n-~ff~+ ~ ~** ~-~_k~+_~f ~/~xJn(tx) tn-�89 ett'D-(~)~ dt 
0 

= 2nF ,  (2n-k  + 1 + m )  1 ~ ( 2 n + 2 - 2 k ) F ( n  _ + 1)x_�94 etX'-D(_~), 
F ( 2 n - 2 k +  l)F,(2n+ 2-k+_m) 

R(2n+l-k+m)>O,  and R ( n + l ) > 0 .  

5.4. Theorem 4. I /  / (t) k + --m~ q~ (s) and t-tOl+P/2-r+914) / ( t - - I )  i8 sell-reciprocal in 

the Hankel trans/orm o/ order p, then 
r 1 6 2  

3 F ( ~ + v - 2 - 2 k +  l) 2i(a+~-v+a/2)x, r 
. . . . . .  | t~ +v-a-1 ~(t) x 

P (/t+ 1)P (v+ 1) P ,  ( / z + v - ) , - k +  1 + m ) , ]  

• aFs [ #  

(5.7) 

g + v - 2 - 2 k + l  t t+v-2-2k+2 b t + v - 2 - 2 k + 3  
3 ' 3 ' 3 . xt a 

+1, v+ l"U+v-2-k+ l 3 '~+v-2-k+3+m'3 3-~] dt 

::_ p�89 (~+2,-4,+3)/(pl/a/2~/a), 

provided R (/t + v - 2 - k + 1 +m) > 0, R (/x + 1) > O, R (p) > 0 and the integrals converge. 
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ProoL We have, (2.13), 

F (,u + v - ~. - 2 k+  1) t~+'-a a "+" 
F (p + 1 )F(v+  l) F.  ( p + v - k - k +  1 +_m) 

• sFs L/~ + 

~ t + v - ~ ( - 2 k + l  p+v-X-2k+2 # + v - ~ - 2 k + 3  -I 
3 ' 3 ' 3 . ~r ! 

l'v+l'P+v-~-k+l+m3 , /~+l , -~l-k+2+m3 , ~+v-~-k+3+m'3 33} 

also [(t) k +  - - ~  ~(8). 

Using these in (4.1), we get 

R(p+v-2-k+l  +_m)>O and R(s)>O, 

r ( ~ s + v - i t - 2  k +  l )a"+" 
r ( g +  l ) r  (v+ 1) F.  ( g + v - ~ t - k +  1 +m)  t"+'-a ' q (t)x 

0 

p+v-~-2k+l I t + ~ , - X - 2 k + 2  / t + v - X - 2 k + 3  ] 
, , ] 

• s F  s 3 3 3 . a s t s 
p + l , v + l , p + v - ~ - k + l + m  ~ t + v - ~ - k + 2 + m  # + v - ~ t - k + 3 + m '  -~. d t  

3 ' 3 ' 3 

oo 

j 3a t 

0 

provided R (~t + v - ~ - k + 1 + m) > 0 and the integrals converge. 

x" " p-" n!, get Putting a a= x and interpreting, assuming that  _ we 

oo 

r (p+v-~-2k+ 1)x" f F(ff+l)F(v+l)r,(p+v-~-k+l+m) t~+'-a-' q (t)x 
fl 

p+v-~-2k+l p + v - ~ - 2 k + 2  p+v-~-2k+3 ] 
�9 3 ~ ~ 

3 3 3 �9 -~|dt 
• aFs [ # + 1 ,  v+ l ,  p+v-~-k+l+m;3 ~+v-~-k+2+m,3 p+v-~-k+3+m'3 l 

oo 

- p-" f t~-"-: -' l (t) J.  {2 (p t 3)- t} (p ts).,2 d t 
0 
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=~-~pg/2-~+�88189 v-2/3{~+tq2-'+~ 
O 

(,') 
provided R (# + v - ~ -  k + 1 +m) > 0, R (/x + 1) > 0, R (p) > 0 and the integrals converge. 

5.5. Theorem 5. 

trans/orm, then 

P(2-2k) ..f 
p .  ( 2 - k _ + m ) t  ~ 3F4 2 

(5.8) 

I/  / ( x ) - -  q~(p) and V 2  axq)(x) e- is sel/-reciprocal in the Sine- 
X 

l - k ,  3-2k--- 1 4 2] 
2 ' . t~(x+_a) 

l(x) dx  
- k + m  3 -k+_m'  

} 

2 2 

--_k+~ ]//~e_O~q~(s) 
m 8 

~rovided R (a) > 0, R (s) > 0, R (2 - k •  > 0 and the integrals converge. 

Proof. We know ([10], p. 19) 

e - a n  s i n  b x - -  pb ( p + a )  2+b2,  R ( a + p ) > 0  and R(p)  >0,  

and 
/ (x) - -  ~ (p). 

Now, applying (4.2), we get 

e- a ~ sin b x (p x(X) d x -- f (x + a) ~ + b 3 [ (x) d x. 
0 0 

provided R (a)> 0 and the integrals converge. 

Putting b=s and interpreting (using (2.3) with # =  1, v =  1), we get 

P,{--~-k_T-m} [ 2 - k - I - m ,  3 - k - t - m ;  - i {x+a)~ f{x}dx 
o L 2- 2- 

k+~m e-="x-Xq~(x) sin s x d x =  t 2  s 
0 

provided R (a) > 0, R (s) > 0, R (2 - k • m) > 0 and the integrals converge. 
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/Tg - a x  5.6. Theorem 6. I! / (x) : : :~(p)  and [ ~ e  - -  

trans/orm, then 

F(3 -2k ) t  2 ~ [ 1'3--~-2 2 k ' 2 - k  

r,O-]~+_-~ oJ (z+ a)~F4 ] 3 - k + m ,  4 - k + m ;  

(5.9) 

q~ (x) is sell-reciprocal in  the Cosine. 
X, 

- ~ ( x + a )  2 ! ( x )  d x  

m- V~ e ~ ' 

provided R (a) > O, R (s) > O, R (3 - k • m) > 0 and the integrals converge. 

Proof. We know ([10], p. 19) 

e -ax cos b x - -  p ( p + a )  R ( p + a ) > O ,  
(p + a) ~ + b ~ ' 

and 

Applying (4.2), we get 

e-a x 

0 

/ (x) :: ~ (p). 

cosbxqg(X) dx= f x + a  x (x +-a~ ~- b ~ I (x) d x. 
0 

Putting b = s  and interpreting (using (2.3) with p = 0  and v=l ) ,  we get 

I',(3-k_+m) (x+a)3F4 ~(3-k+m),~(4-k+m)' - 2  (x+a)~ l (x )dx  
0 

0 

provided R (a) > 0, R (s) > 0, R (3 - k __ m) > 0 and the integrals converge. 

5.7. Theorem 7. I /  / (x) =- ~o (p) and x "-312 ~o (x) is sell-reciprocal traws/orm o/order 

v, then 

P ( / x + v + l ) p ( v - 2 k + l ) t  ~ ~" _._._, 
2, r (v+ 1 ) r ,  ( , _ ~ ; ~ _ ~ m J  x • 

0 

(5.10) • /a+v+2 v + 2 k + l  v - 2 k + 2  ] ' 2 ' ~ '  2 . t 2 ( ! )  

v+l ,  v - k + l + m ,  v - k + 2 + m  , - ~  [ ( x ) d x  s-"+2~ , 
2 2 

provided R (v - k + 1 ++_ m) > O, R (s) > 0 and the integrals converge. 
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Proof. We know ([10], p. 28) 

a'~x"J, (ax) -" F (#+v  + 1) at,+~p_~,_~F1 
2 ~' F (v + 1) [ ~U+ V+ 1 ~ t+V+2 a~] 

2 2 ; _ , 
v + l  

R ( F t + v + l ) > 0 ,  R ( p ) > 0  and Iv l>la[ ,  
and 

Applying (4.2), we get 

/ (x) - ~ (p). 

f :~' 1j~(ax) 
0 

co 

a" ~ -,, v-1 ~-~ F ( ~ + v + 2 r + l ) ( - )  ~ aer 
~ ( x ) ~ =  ~ j ~  ,~o V . ' ~ ] ) 2 2 ' x "  

0 

/ (x) dx  

1 
Putting a = -  and interpreting, we get 

8 

P( ~ t+ v§  l) F ( v - 2 k +  l ) t  ~ 
2" F (~+ 1) F .  ( v - k +  l___m) 

X 

oo 

• f x  " v ' /(x) 4F5 
0 

# + v + l ,  # + v + 2 ,  v - 2 k +  1, v - 2  k + 2  
2 2 2 2 
v + l ,  v - k +  l •  v - k +  2+_m 

2 2 

OO _ _  

-- ,  J~ x ~'- 31~" cf (x)  d x 
m 

0 

t ,  1 ' 4X2 '  
/ (x) d x 

provided R (v - k + 1 +_ m) > 0, R (s) > 0 and the integrals converge. 

Putting k = _+ m, we get 

=r [ # + v +  1, ~ t + v + 2  

F ( # + v + l ) t ~  J ( / 2 -  2 
2t, F ( v + l ) F ( v + l  ) x t~. 12Fa 1 v + l ,  v + 2  

o [ ~ +  , 2- -~ 
t2 L 4~  2 /(x) dx 

R (v + 1) > 0, R (s) > 0 and the integrals converge. 

In the end I wish to thank Dr. S. K. Bose for having suggested this problem 

to me and for his guidence. 
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