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1. Let  Q (x, y, z) be an indefinite t e rnary  quadrat ic  form with real coefficients 

and determinant  D ~ 0. For  any  real numbers  Xo, Yo, zo we write 

M ( Q ; x o , y  o, zo)= g.l.b. IQ(x ,  y , z ) l ,  (1.1) 

where the lower bound is taken over all sets 

x , y , z = x o , y o , Z o  (mod 1). 

Then M ( Q )  = 1.u.b. M ( Q ;  xo, Yo, zo), (1.2) 

over all sets xo, Yo, z0, is called the inhomogeneous m i n i m u m  of Q. 

In  a recent paper  [1] I showed tha t  

M ( Q )  < (4)ID[)~ (1.3) 

unless Q is equivalent  to a multiple of one of 

Q1 = x2 - y~ - z2 + x y  - 7 y z + z x  (1.4) 

or Q2 = 2 x 2 - y2 + 15 z~; (1.5) 

while M ( Q I ) = ( ~ o [ D [ ) ~  , M ( Q ~ ) = ( ~ [ D [ ) ~ ,  (1.6) 

the upper  bound (1.2) being a t ta ined only when x0, Yo, z0-=�89 �89 �89 (mod 1). 

These results were an extension of those given by  Davenpor t  [5], who showed 

tha t  there existed a constant  (~ > 0 such tha t  

M(Q)_< (1 - 6 ) ( 1 ~  [ D[) * 

5 -  563892. Acta mathematica. 96. Impr im6 le 20 octobre  1956. 
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unless Q is equivalent to a multiple of Qj, while M(Q~)=(~oIDI)  ~ (and is an 

attained upper bound). 

At the end of [1] I mentioned the possibility of extending the method and 

finding more complete results. Such an extension has in fact proved possible and 

leads to: 

THEOREM 1. (i) 

/orms Q~, Q~ o/ (1.4), (1.5), then 

I /  Q (x, y, z) is not equivalent to a multiple o/ either o/ the 

(1.7) M(Q)<_r188 

(ii) For the special /orms Q1, Q2, we ha~:e 

M(Q,;  x 0, Y0, z0)-< (�88 t 

unless Xo, Yo, zo = �89 �89 �89 (mod 1); /urther 

M(Q1; �89 �89 �89 

M(Q2; �89 �89 �89 

( i=1,2)  (1.8) 

(1.9) 

(1.10) 

save that  the constant This theorem has the same statement as [1] Theorem 1, 

~ there has been replaced by �88 in (1.7), (1.8). The constant �88 was found veryr 

simply by Davenport  [5] to correspond to the precise upper bound of M ( Q }  fo 

zero forms Q and which, by analogy with corresponding results for binary quadratic 

forms and the product of three real linear forms, might be regarded as the "natural"  

constant for this problem. Davenport 's  example ([5], Theorem 2) of the form 

Qa = x2 - Y~ + 4z~ (1.11) 

for which M(Qa; �89 �89 � 8 9 1 8 8  (1.12) 

shows explicitly that  Theorem 1 becomes false if �88 is replaced by any smaller 

constant. 

Using Davenport 's  result for zero forms, and the proof of (1.9), (1.10) given in 

[1], w 2, we can reduce the proof of Theorem 1 to that  of 

THEOREM 2. I~ Q is not a zero /orm and 

M (Q; Xo, yo, zo) > (�88 ~, (1.i3) 

the~ Q is equivalent to a multiple o/ either Q1 or Q~ with xo, Y0, z0~�89 �89 �89 (mod 1). 
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I t  would  be ve ry  in teres t ing  to know whe the r  or no t  the  sequence of "succesive 

m i n i m a "  cont inues below (~IDI)  t. This p rob lem appea r s  to be of a much  grea te r  

order  of d i f f icul ty  and  would  a lmos t  ce r t a in ly  need a d i f fe ren t  t echn ique  f rom t h a t  

used in th is  paper  [which would b reak  down a t  the  proof  of L e m m a  2.5]. 

2. F o r  the  proof  of Theorem 2, we m a y  assume t h a t  D < 0  (considering - Q  

in place  of Q, if necessary) .  Le t  a be a n y  value  p rope r ly  r ep resen ted  b y  Q and  

sa t is fying 

0<a_<(~lDI)~; (2.1) 

t h a t  such a va lue  exists  follows from Barnes  [2], Theorem 1. Then  -1 Q(x, y, z) is 
a 

equ iva len t  to a form 

/(x, y, z ) = ( x + h y + g z ) 2 - 9 5 ( y ,  z), (2.2) 

where 95 (y, z) is indefini te ,  of d i sc r iminan t  

A 2 -  41D] > 3 .  (2.3) 
a 3  - -  

F o r  a n y  such form / we define 

so tha t ,  b y  (2.3), 

d=d( / )  = (~ A~) ~, (2.4) 

d >  (~)~ > 1 .  144. 

Now (1.13) of Theorem 2 is equ iva len t  to  the  asser t ion  t h a t *  

Defining /z > 0, v > 0 b y  

M (/; x0, Yo, z0) > (1~ A2) t = �89 d. 

(2.5) 

(2.6) 

/z A = �89 d -  �88 (2.7) 

1 ~_ v A = ~ d  , ~[d] 2, (2.8) 

we see as in [1] L e m m a  4 t h a t  (2.6) ce r t a in ly  canno t  hold  if the re  exis ts  a solu- 

t ion  of 

- / zA<~5(y ,  z ) < v A ,  y, z-~yo, z o (mod 1). (2.9) 

We m a y  therefore  suppose  henceforward  t h a t  (2.9) cannot  be sat isf ied.  

* The sets x0, Y0, z0 in (1.13) and (2.6.) are of course not necessarily the same; we adopt the 
convention, as in [1], that when we pass to (a multiple of) an equivalent form, any particular set 
x0, Y0, zo is subjected to the same transfoiTnation as the variables x, y, z. 
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1 
The form ~ b ( y ,  z), of discriminant 1 /#  3, with y, z~--yo, z o 

over the values of ~1 corresponding to an inhomogeneous lattice s 

(mod 1), runs 

~=r162247 flz ] 
}, Y, z----Yo, Zo (mod 1) 

~ = T y + ~ z  J 

in the ~, ~-plane, of determinant  A ( s  1/#.  For any m_> 1 we denote by  ~m the 

region 

- l _ < ~ _ < m .  

In  the usual terminology, we say tha t  a lattice s is admissible for ~m if s has no 

point in the interior of ~ ; and we define D~,  the (inhomogeneous) critical deter- 

minant  of ~m, to be the lower bound of A (s over all lattices s admissible for ~m. 

1 
Since (2.9) has no solution, the lattice s corresponding to ~ ~ (y, z) can have no 

point in ~ ,  where 

2 d + [d] 2 
m =  - = (2.1o) 

t ~ 2 d - 1  

This implies tha t  certainly 

We use (2.11) to deduce: 

1 
- _> D i n .  ( 2 . 1 1 )  
tt 

LEMMA 2.1. I f  (2.6) holds /or any xo, Yo, %, then 

1 �9 1 4 4  < d < 9 .  ( 2 . 1 2 )  

PROOF. I f  d>_ 9, (2.10) gives 

m ~  
2 d + ( d - 1 )  2 d ~ + l  82 

- -  > 3 ,  
2 d - 1  2 d - l -  17 

so that* D m ~ / ( m §  (m-> 3), (2.13) 

then it follows from (2.10), (2.11), (2.13) tha t  

1 _> V(~ + s )  (~ + 9 ~ i ,  

or ([d] 2 + 4d - 1) ([d] 2 + 20d - 9) _< 16 A s = 32d s. (2.14) 

* See, for e x a m p l e ,  BARNES and  S~,VINNERTON-DYER [4], T h e o r e m  3. 
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I f  now 9 < d < 1 0 ,  [ d ] = 9  and  (2.14) gives 

(d + 20)(5d  +13)<_2d 3, 

which is easily seen to be false for d >_ 9. 

I f  d > 1 0 ,  (2.14), wi th  [ d ] > d - 1 ,  gives 

(d ~ + 2 d) (d 2 + 18 d - 8) < 32 d ~, 

d 3 -  12d2+ 28d  - 16_<0; 

and  it is easily verif ied t ha t  this is false for d _> 10. 

Thus  (2.11) cannot  hold if d > 9 ;  this, wi th  (2.5), proves  the  l emma.  

I n  order to find fu r the r  restr ict ions on the  possible values of d, we shall need 

more  precise informat ion  t han  (2.13) on the  value of Din. For  this, and  for the  

la ter  s tages of the  proof,  we use the  technique of Barnes  and  Swinner ton-Dyer  [4], 

which is out l ined in [1], w 4. The  main  resul ts  are s ta ted  here for convenience. 

We denote  general ly  by  [bl, b2, b 3 . . . .  ] the  cont inued fract ion 

1 1 
bl 

b~ - ~ - 

where bn is integral  and  bn > 2 ;  all cont inued fract ions we consider are infinite and  

sat isfy the  conditions bn >-4 for infinitely m a n y  n. The value of any  such cont inued 

fract ion is increased if any  par t ia l  quot ient  bn is increased; this gives, in par t icular ,  

[bl, b2 . . . . .  bn-1, b n -  1] < [bl, b2 . . . . .  b . . . . .  ] < [bl, b2 . . . . .  bn]. (2.15) 

Le t  {an} ( -  co < n < ~ )  be any  chain of posi t ive even integers such t h a t  an >-4 

for infinitely m a n y  n of each sign. For  each n we define 

O ' ~ = [ a n ' a n - l ' a n - 2  . . . .  ] I .  
(2.16) 

~bn=[an+l,  an+2, an+a, - ' 

then,  using (2.15), On > 1, ~bn > 1. For  any  real ~,,/~ with ~t/~ > 0, the  inhomogeneous 

lat t ice s defined, for any  n, b y  

= ~ {on ( u -  �89 + ( v -  �89 

= ~  { ( u -  �89 + ~n (v-  �89 

where u, v run  th rough  all integral  values, is called a symmetr ica l  lat t ice correspond- 

ing to the  chain {an}. I f  12 has  de t e rminan t  A > 0 ,  we have  A = ~ t ~ t ( 0 n 6 n - 1 ) ,  so 

tha t ,  for points  of E, 
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A 
~ ] -  On6n__l(Ony+Z)(y+6nZ), y , z ~ � 8 9  �89 (mod 1) (2.17) 

A symmetrical lattice 1: of determinant A is admissible for ~,, (m> 1) if and 

only if the inequalities 

hold for all n. 

m (On + 1)(4n + 1) I 
4 (0n Cn - 1) | 

A >- (0 , , -  1)(r - 1) = 52 J 
(2.18) 

For any m >  1, all critical lattices of ~,, (i.e. admissible lattices of determinant 

Din) are symmetrical. Moreover the inequality 

A ( s  l < m _ < 3  (2.19) 

holds for any ~-admiss ib le  s which is not symmetrical. 

Finally, if 

0 <  G < 2 ( k +  1) 

and, for any n, 

then the inequality 

(2.20) 

G 
A;  < G, A + < (2.21) 

- -  n - -  E , 

2 ( k - l )  I <  l / G 2 - 1 6 k  (2.22) 

holds if cr 0n or if a = r  

We now specialize some of these results to the problem in hand. 

LEMMA 2.2. Suppose that, /or the /orm /(x, y, z) o/ (2.2), r  z), with y, z~-- 

Y0, z0 (mod 1), corresponds to a symmetrical lattice C with chain {an}. Then, /or each 

n, /(x, y, z) is equivalent to 

/n (x, y, z) = (x § hn y + hn_l z) 2 - gn (Y, z), (2.23) 

A 
where gn (y, z) - On ~n - 1 (On y § z) (y § ~n z), (2.24) 

h~+l=an+lhn-hn-i  /or all n, (2.25) 

and xo, Yo, zo~xo, �89 �89 (mod 1) (2.26) 

in each /orm /n (x, y, z). 
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PROOF. B y  (2.1), r  is equivalent  to gn(y,z)  for each n, with Y0, z0~�89 �89 

(mod 1). Hence,  under  a t r ans fo rma t ion  on y, z which leaves x, and therefore x0, 

fixed, / is equivalent  to a form 

/n (x, y, z) = (x + hn y + kn z) ~ - gn (Y, z), 

say, for each n. F r o m  the relat ions 

0~+1= Jan+l, an ,  an-1 . . . .  ] = a n + l -  - -  
1 

0 '  n 

we deduce easily t h a t  

1 

Cn = [an+,, an+2 . . . .  ] = an+l C n + l '  

gn+l (y, z ) ~ g n  (a,~+l y + z, -- y). 

Hence if we make  the  t r ans fo rmat ion  

we obta in  

y ~ a n + l Y '  +Z', z =  - -y '  

, v 2 t 

/n (X, y, z )=  {x § (an+lhn -gn )y '~ -  hnz } -iTn+l(Y , z'); 

this is /n+l(X, y',  z') if we take  

hn+l=an+lhn-gn, 9 n + l = h n .  

The l e m m a  now follows immedia te ly .  

LEMMA 2.3. Suppose that / (x ,  y, z), x o, Yo, Zo satis/y (2.6) and the hypotheses 

of Lemma 2.2. Then, /or all n, 

A ; =  4 ( 0 . r  l) 1 4 •  
i0~ -- 1)(q~n 1) < ' (2.27) - tt 2 d - 1  

4 ( 0 . r  1 4 A  
At  = (0n + 1)(r + 1) < . . . .  ~ 2 d + [d] ' (2.28) 

PROOF. Since (2.6) holds, the  inequal i ty  (2.9') cannot  be satisfied. B y  L e m m a  

2.2, r  z), y, z=----yo, z o (rood 1), is equivalent  to gn(y, z), y, z ~ � 8 9  �89 (mod 1), for 

all n. Now 

A A 
- g "  (�89 - � 8 9  o . ' . ~ -  1 (�89 ~ - �89 (�89162 - �89 - h ~  > o ;  

A A 
1 1 ~>0. 

gn(�89 �89 0 . ~  = - l ( � 8 9 1 8 9  
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The insolubil i ty of (2.9) therefore  gives 

A 
A ;  gn(�89 - ~ ) > ~ A ,  

A 
A+ - g n  (�89 ~.)>~, A, 

for all n; these inequalit ies are jus t  (2.27) and (2.28). 

LEMMA 2.4. The inequalities 

1 
A~ ~ - (2.27') 

1 
A~ + <_ - (2.28') 

Y 

cannot be satis[ied by any chain (an} i/ 5 < d <  9. 

P ~ o o v .  (i) I f  [d]=8, 8 < d < 9  and (2.27'), (2.28') give 

4 (2 d3) ~ 
A;_< - -  < 9 ,  

2 d - 1  

+ An _< 4(2da) �89 17 
2 d + 6 4  

for all n. Thus  (2.20), 

with ~r = 0n, 

(2.21) hold with G = 9 ,  k = 8 2 / 1 7 > 4 . 8 2 ,  and so, by  (2.22) 

on .64  VS.hs 1.97 - -  < - < - - ,  

2.64 2.64 2.64 

2.14 < 0n < 3.65. 

Using (2.15), we see t h a t  these inequalit ies imply  t h a t  an = 4  for all n; bu t  then 

On= [4, 4, 4 . . . .  ] = 2 +  ]/3->3.7, 

which is false. 

(ii) I f  [ d ] = 7 ,  7 _ < d < 8  and (2.27'), (2.28') give 

4(2d3) �89 128 
A ~ _ < - -  < - -  

2 d - 1  15 

A + < 4 ( 2 d ~ ) t <  1 2 8 _ _  3 (~58)  
n - 2 d + 4 9  65 13 
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for all n. Thus (2.20), (2.21) hold with G =  128/15, k =  13/3, and so (2.22) gives 

I 25 7 o.-y 

2 .25<0 ,~<4  

for all n. Hence a ,  = 4  for all n. But  then, for all n, 

" = > 9 \ 8 2 /  

which is false. 

(iii) I f  [d] = 6 ,  6_<d<7 ,  and (2.27') (2.28') give 

A;_< 4 (2da)~ 28V14 - - < - - < 8 . 0 5 9 ,  
2 d - I  13 

A+ _< _ _ 4  (2 d3) t < _ _ 2 8  1/14 
2 d + 36 50 

< 2.096 

for all n. Thus (2.20), (2.21) hold with G = 2 8  I / i4 /13<8.059 ,  k = 5 0 / 1 3 > 3 . 8 4 6 ,  and 

so (2.22) gives 

I 5.692 1.847 
On i ~  < 1.633'  

2.35 < 0n < 4.62 

for all n. Hence a~ = 4  for all n, and, as above, 

4 
A~ + = ~= = 2.3094 . . .  > 2.096, 

V3 

which is false. 

(iv) I f  [ d ] = 5 , 5 _ < d < 6 ,  and ~) ' (2.27), (2.28') give 

4(243)~ 48V3 
A ~ < - - < - -  <7.56, 

2 d - 1  I I  

+ <  4 (2 d3) -* 48V3 
A~ _ 2 d + 2 ~  < 3 7 ~  <2.25 

for all n. Thus (2.20), (2.21) hold with G = 4 8  l / 3 / l l  <7.56, k = 3 7 / 1 1  >3.36, and so 

(2.22) gives 
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4.721 1.82  

~  < 1.1-~' 

2.5 < 0~ < 5.64 

for all n. Hence 4 _  < a n - < 6  for all n. 

I f  some a,~=6, 0~_>[6, 4, 4, 4 . . . .  ] = 4 + V 3 > 5 . 7 ,  a contradict ion.  Hence a ~ - - 4  

for all n. But  then,  as above 

4 
- - -  = 2  3094 ... >2.25,  

~ + _  V3 " 

which is false. 

LEMMA 2.5. I[ (2.6) holds, then 

1 . 1 4 4 < d < 5 ,  

and the hypotheses o/ Lemma 2.2 are satis/ied. 

PI~OOF. We known, by  L e m m a  2.1, t ha t  1 . 1 4 4 < d < 9 .  

(i) I f  5 _  < d <  9, L e m m a  2.4 shows that ,  for any  symmetr ica l  lattices, at  least 

one of the inequalities 

1 i 
A~ > - A + n 2> - -  

/~' v 

(2.18), we see tha t  any  ~m-admissible symmetr ical  lattice holds for some n. Using 

1: (with m=v//~) has 
1 

A ( s  > - �9 

# 

Since m > l, all critical lattices of ~m are symmetr ica l  hence 

1 
D,~> - ,  

# 

which is inconsistent with (2.11). 

(ii) Suppose next  t ha t  1 A 4 4 < d < 5 .  We have to  show tha t  the }~-admissible  

lattice ~:, of de terminant  1//~, associated with the form 1 ~(y,  z), y, z~-y o, z o, is 

necessarily symmetrical .  

Suppose to the cont ra ry  tha t  I~ is not  symmetrical .  Then (2.19) gives 

1 > _ 2 ( m + 1 ) = 2 ( ~  + 1) if m_<3. (2.29) 
~t �9 
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This reduces to 

[ d ] 2 §  1 <_ 2 A =2(2d3)  ~, 

which is easily found to be false for [d] = l ,  2, 3 or 4. Also 

2 d + [d] ~ 
m _~ 3 

2 d - 1  

77 

if [d] - 1, 2 or 3 or if 4 . 7 5 ~ d < 5 .  We therefore certainly have a contradict ion from 

(2.29) unless 

4 _< d < 4.75. (2.30) 

If  however  (2.30) is satisfied, then m >  3 and the analysis of L e m m a  2.1 holds (using 

only the fact  tha t  s is admissible). Thus (2.14), with [ d ] = 4 ,  gives 

(4 d + 15) (20 d + 5) _< 32 d :~, 

and this is false for d < 4 . 7 5 .  

3. The results of w 2 show tha t  the b inary  form r  z) m (2.2) mus t  cor- 

respond to a symmetr ical  lattice s satisfying (2.27), (2.28) for all n, with some d 

with 1 .144< d < 5. 

The next  step in the proof of Theorem 2 is the investigation of such lattices. 

In  each of the intervals 4 ~ < d < 5 ,  3 < d < 4  we find (Lemmas 3.1, 3.2) t ha t  there 

exists a unique chain {an} satisfying (2.27), (2.28), so tha t  r  z ) i s  determinate  

within an a rb i t ra ry  (positive) multiple. I n  each of the intervals 2 <_ d < 3, 1.144 < d < 2 

there are uncountab ly  m a n y  distinct chains {an} satisfying (2.27), (2.28) (Lemmas 

3.3, 3.4); we are able, however,  to specify the general s t ructure  of these chains 

sufficiently well for our purposes. 

LEMMA 3,1. I /  4 < ~ d < 5 ,  the only chain satis/ying (2.27), ( 2 . 2 8 ) / o r  all n is 

{4}. Thus, [or all n, 

A 
z - - !  ,1,. (rood 1). (3.1) g n ( y , z ) = ~ ( y  +4yz+z2 ) ,  YO, 0--2, 

PROOF. The inequalities (2.27), (2.28) give 

_4(2 20 VI() < 7.028, (3.2) 
2 d - 1  9 

4(2d )  20 Vi0 A~ + <: . . . . .  < __~___ < 2.433. (3.3) 
2 d +  16 26 
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Thus (2.20), (2.21) hold with G = 20 [/]O/9 < 7.028, k = 26/9 > 2.888, and so (2.22) gives 

3.776] 1.778 
0n - b.74--~ < o.-54~' 

1.998 
0 n > - - > 2  

0.748 

for all n. Hence an->4 for all n .  

If now a,~>6 for some n, we should have 

• • 

On > [6, 4] = 4 + V3, r  _> [4] : 2 + V3, 

A~_> 4 ( 1 0 + 6  VS) 4 ( 9 + 7 ] / 3 )  
- > 2 . 5 ,  

(5 + l/3) (3 + ]/3) 33 

contradicting (3.3). I t  follows that an = 4  for all n, as asserted. 
• 

The rest of the Lemma follows immediately, since for the chain {4} we have 

• 

0n = C n = [ 4 ]  = 2 + ] / 5  

for all n. 

LEMMA 3.2 I/ 3_<d<4,  the only chain {an} satis/ying (2.27), (2.28) [or all n 
• • 

is {4, 6}. Thus we have (taking a2n=6, a2n+1=4) 

i 2 g~n(y, z)=g2,+a(z, y )=  ._~_~(3y + 1 2 y z + 2 z  2) 
V120 

(3.4) 

with Yo, ZOO�89 �89 (mod 1). 

PROOF. (2.27), (2.28) give 

4 (2d3) �89 32 V2 (3.5) 
A ; < - - < - -  <6.465, 

2 d - 1  7 

32 1/2 (3.6) 4 (2d3)�89 < <2.663. 
A.+< 2d+---~ ~ V -  

Thus (2.20), (2.21) hold with G =  32 1/22/7 < 6.465, k =  17,/7 > 2.428, and so give 

10n 2.8561 1.715 - -  - - - -  < - - 9  

.391 .391 
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O n ~ - -  

so t h a t  an-~ 4 for all n. 

I f  now an->8 for some n, we find 

1.141 
> 2 ,  

.391 

• 

o n > _ [ 8 , 4 ] = 6 + U 3 > 7 . 7 ,  C n > _ [ 4 ] = 2 + V 3 > 3 . 7 ,  

4 (27.49) 
A + > - -  > 2.68, 

(4.7) (8.7) 

con t ra ry  to (3.6). Hence  an-< 6 for all n. 

I f  a n = a n + l = 4 ,  then  
x 

On -< [4, 6] = 1 + 1/8, 
• 

Cn -< [4, 6] = 1 + Vs, 

A : >  4 (2+  V8) = 4 §  V8> 6.8, 
V~ 

cont ra ry  to (3.5); and if an = a n + l = 6 ,  then  

on>_[6, 4 ] = 4 +  V3, r 4 ] = 4 +  ~5, 

A~ + _> 4 (3 ,~ l/3) 4 (3 + V3) > 2.8, 
5 + V 3  11 

con t ra ry  to (3.6). 
• • 

The only remaining possibi l i ty is t h a t  {an} is the  periodic chain {4, 6}, which 

proves  the  first  pa r t  of the  l emma.  The  second p a r t  of the  ] emma follows a t  once, 

since (choosing the enumera t ion  so t h a t  a2n=6 ,  a2n+l=4)  

x x x • 

r  = 0 2 n  = [6 ,  4 ]  6 + V 3 0  r  = 0 2 n + l  : [4 ,  6 ]  = 6 + V ~  
2 ' 3 

LEMMA 3.3. 

then either 
• 

(i) {an} is {6}, when 

A , 
gn(y, z ) =  ~ ( y " - F 6 y z  +z ~) Yo, 

or (ii) {an} satis/ies 

ae~=4 ,  10_< aen+l _<14 

I /  2 _ < d < 3  and the chain {an} satis/ies (2.27), (2.28) /or all n, 

z0 ~ 1 ,  �89 (mod 1); (3.7) 

for all n. (3.8) 
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P R o o f .  (2.27) and  (2.28) give 

4(2 d~) ~ 12 V6 
5 ;  < - -  < - - -  < 5.8788, (3.9) 

2 d - 1  5 

4 (2 d:~) ~ 12 V'6 
A + < -  < - -  <3 .9394 .  (3.10) 

2 d  ~4 l0  

T h u s  (2.20), (2.21) hold wi th  G = 1 2  V6/5 < 5.8788, k=2, and so (2.22) g ives  

2 3 1.6 
0~-.12~-  < .121~' 

.4 
0, > - - > 3 .  

.1212 

Hence  a~ > 4 for all n. 

Case I: Suppose  t h a t  a ~ - 4  for some n, s ay  a., ,~=4 (by su i tab le  choice of the  

enumera t ion) ;  t hen  a2,_~ > _ 10, a2~ ~ > 10. Fo r  otherwise  we m a y  suppose,  b y  sym- 

me t ry ,  t h a t  a2,~1 < 8; then  0,,~ < 4, q~.~ < 8 and so 

4 •  124 
A2,  > - -  > 5.9, 

3 •  21 

con t rad ic t ing  (3.9). 

F u r t h e r ,  if a2n~l.>_10 for some n, then  a e . = a 2 n + 2 = 4 .  F o r  otherwise  we m a y  

suppose,  b y  s y m m e t r y ,  t h a t  a2~_>6, when 

02~ > [6, 4] : 4 § [/3, r >- [10, 4] = 8 + V,~, 

4 (34 + 12 1/3) 4 (282 + 25 ~/3) 
A ~  ~ = > 3, 

(5 i- ]/3)(9 .L ~/~) 429 

con t r ad i c t i ng  (3.10). 

F r o m  these  resul ts  it  follows a t  once tha t ,  if a ~ , = 4  for some n, then,  for all 

n, a 2 ~ = 4 ,  aen+l=~10. F ina l ly ,  if a2~+1_ ~ 16 for some n, we ob ta in  

02,,>[4]=2§ ~b2~ > [16, 4] = 14 § l / 3 >  15.7, 

A~n>  4(57.09) >2 .96 ,  
(4.7) (16.7) 

con t rad ic t ing  (3.10). Hence  a . on . , _  < 14 for all  n. This  gives (ii) of the  lemma.  
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Case I I :  Suppose tha t  an->6 for all n. I f  then an>-8 for some n, we obtain 

• • 

0n_>_ [8, 6] = 5 § 2 ~/2, Cn _>_ [6] = 3 § 2 1/2, 

s + 9  V'2 
A +n - > - - - -  > 2.96, 

7 

cont ra ry  to (3.10). Hence a n = 6  for ~ll n. 
• 

Finally,  for the chain {6} we have, for all n, 

0 . : r  ~2, 

g. (y, z) = ~ (y2 + 6 y z + z~), - - 1  Yo, z0=~,  �89 (rood 1). 

This gives (i) of the lemma. 

LEMMA 3.4. I[ 1 . 1 4 4 < d <  2 and the chain {an} satis/ies (2.27), (2 .28) /or  all n, 

then every pair (an, an+i) and (an+l, a,) o/ consesutive elements o/ {an} is one of 

(6, 10), (6, 12), (6, 14), (6, 16), (8, 8) or (8, 10). 

PROOF. (2.27) and (2.28) give 

4(2da) t 16 
A ; <  2 d - 1  < 3 = 5 ' 3 3 3 3 " ' "  (3.11) 

4 ( 2 d 3 )  ~ 16 
A + <  2 d + l  < - - = 3 . 2 . 5  (3.12) 

Now* 

4 ( 0 ~ r  = 4  1 +  + > 4  I §  1 
A ; =  (On-- 1)(r 1) , ~ 

so tha t  (3.11) gives, for all n, 

1 § - - -  
1 4 

< - 0 n > 4 .  
0 n -  1 3 '  

Hence an ~> 6 for all n. The lemma will now follow from the following results: 

* The inequality (2.22) cannot be used, since with G = 16/3, k=5/3 we have G=2 (k+ 1). 
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(i) I f  a,~=6, then  10_< an+1<__16; 

(ii) if a~ = 8, then  8 < a~+1 < 10; 

(iii) if an = 10, then  6_< a~+1-< 8; 

(iv) if a,~>_12, then  a n + l = 6 ;  

and the  corresponding results  (which follow by  s y m m e t r y )  wi th  an+l replaced by  

an-1. For  the  proof  of these it is convenient  to write (3.11), ( 3 . 1 2 ) i n  the  alter- 

na t ive  forms: 

4 0 n - 7  
q~ > O n - ~ '  (3.13) 

4 0 n + 9  
r  < 0 n - 4  (3.14) 

I f  a ~ = 6 ,  then,  since a~_>6 for all n, 

• 

3 + l / 8 =  [6]<_ 0, < 6. 

(3.13) gives r  > 1 7 / 2 = 8 . 5 ,  whence a ,+l  ~ 10. (3.14) gives 

qb= < ~ (25 V8 + 53) < 17.7; 

• 

since Cn >- [an +1, 6] = an ~1 - (3 - l/8) > a ,  +1 - 0.172, it follows t h a t  an +1 -< 16. This pro- 

ves (i). 
I f  a n = 8 ,  then  

• 

5 + ~/8= [8, 6]_< On<8. 

(3.13) gives r > 25//4 > 6, whence a~ +1 -> 8. (3.14) gives 

~bn < ~ (25 V8 + 3) < 10.54, 

whence, as above,  a~+1 ~< 10. This proves  (ii). 

I f  a~ = 10, then  
• 

7 +  ~/8-= [10, 6 ] <  On < lO. 

(3.13) gives r  1 1 / 2 = 5 . 5 ,  whence an+l>~6. (3.14) gives 

r < 7 9 -  25 V8 < 8.29, 

whence a,+1-<8. This proves  (iii). 
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• 

Finally, if a,_>12, then 0~>_[12, 6 ] = 9 + ] / 8 ;  (3.14) gives 

r  1 ( 1 9 3 -  25 V8) < 7.2, 

whence a,+l < 6  and so a,~l = 6. This proves (iv). 

4. The final stage in the proof of Theorem 2 is the direct examination of 

/(x,  y, z) by means of the chain /~ (x, y, z) of equivalent forms given by Lemma 2.2, 

together with the results on the chain g, (y, z) found in w 3. 

LEMMA 4.1. I t  is impossible that 4<_d<5.  

PROOF. By Lemma 3.1, 

- - 1  g~(Y ,z )=k(y2+4YZ+Z2) ,  Y0,Z0=o:, �89 (mod 1) (4.1) 

12/c 2 = A 2 = 2 d 3. (4.2) where 

Now (2.27), (2.28) become 

4 1/3 < . . . . .  

4 

V3 

of which the former gives 

Since 4.8 < d < 5, (4.2) gives 

Now, for all n, 

4A 

2 d - l '  

4A 
2 d + 1 6 '  

3 ( 2 d -  1)2< A 2 = 2 d  '~, 

2 ( d +  8)5<~A 2= 3d :~, 

d>4.8 .  (4.3) 

4.294 < k < 4.565. (4.4) 

In(X, --�89 � 8 9  ~-l hn_l)2-~-l-k, 

l . ( x ,  1 ~, �89 �89 +�89 

We can choose x ~ x  o (rood 1) to satisfy either of 

h._, l<_ 1 

~ <  n =  X 1 I 

Since, by (2.6), [/.(x,  y, z)[> �89  whenever x, y, z-~xo, �89 �89 (mod 1), it follows that  

cr + �89 k > �89 d, (4.5) 

6 -  563802.  Acta mathematica. 96.  I m p r i m 6  le 20 o c t o b r e  1956 .  



84 

(since clearly 

(4.5) gives, with d < 5 ,  
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fl~ - ~ k  >-2~- ~(4.294) = - 0 . 1 9 1  > - � 8 9  

a~ > l d - � 8 9  k = � 8 9  \ 24 ]  

> _~ _ (1~5_) �89 > .217, 

an > .4658. 

(4.6) gives, wi th  d > 4.8, k > 4.294, 

fl~ > � 8 9  

fin > 2.9735. 

(4.6) 

These results,  together  with the  definitions of con, fin, show t h a t  for all n 

.4658 < x o -  �89 hn + l h n _ l  < .5342 (mod 1), (4.7) 

- .0265 < x 0 + i hn + �89 hn-1 < .0265 (mod 1). (4.8) 

Subtract ing,  we have  

- .5607 < hn < - .4393 (mod 1), 

so t h a t  I h n -  �89  .0607 (mod 1). (4.9) 

B y  making  a paral lel  t r ans fo rma t ion  on x in /1 (x, y, z) (and the corresponding 

t r ans fo rma t ion  on x0) we m a y  suppose wi thout  loss of general i ty  t ha t  

0_<ho< 1, O_<hl< 1. 

Then  (4.9) gives 

I h o -  �89 < .0607, ]hi - �89 I < .0607, (4.10) 

and (4.8), wi th  n =  1, then  gives 

[x0 - - � 89  (mod 1). (4.11) 

Since an = 4  for all n, the  recurrence relat ion (2.25) gives 

h 2 = 4 h i - h o ,  

whence, by  (4.10) 

I h ~ -  ~1 = 14 ( h i -  �89 - ( h 0 -  �89 l < .3035. 
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(4.9) now shows tha t  

I - < . 0 6 0 7 .  

But now (4.8), with n =  2, gives 

Ix 0[<.0872 (mod 1), 

which is incompatible with (4.11). This proves the lemma. 

LEMMA 4.2. I /  3_<d<4,  then/(x,  y, z) is equivalent to Q2(x, y, z )=2x2--yeq  15z e 

with Xo, Yo, Zo~�89 �89 �89 (mod 1). 

PROOF. By Lemm~ 3.2, we have 

/ 2 ~ ( x , y , z ) = ( x + h 2 ~ y + h 2 ~ _ l z ) e - k ( 3 y 2 + 1 2 y z + 2 z  2) I 
(4.12) 

! /2~+1 (x, y, z) = (x + h2~+lyq h2nz)2- k(2 y2 + 12 yz  + 3z 2) 

for all n, where k>O,  Yo, %=�89 �89 (rood 1) and 

Now (2.27), (2.28) become 

8 V ~  4& 
- - - = A ~ <  

7 2 d - l '  

8 V3() 4 A  = 1 ~ < - -  
17 2 d + 9 '  

120k 2 -  A ~= 2d a. (4.13) 

60(2d - l) 2 < 49 A2= 49da, 

289 A2= 289d3, 60 ( 2 d +  9) ~ < ~ -  

of which the second gives d>3 .87 ;  hence 

3 . 8 7 < d < 4 .  

Now (4.13) gives 

(4.14) 

We can ensure, by suitable t ransformation on x in /o(x, y, z), tha t  

]h0]_~ 1, [h_i[_~ 1. (4.16) 

After these preliminaries, our first step is to show that  h~ = 0  for all n. We 

first obtain bounds for hn (mod 1) by the method used in Lemma 4.1. 

For M1 n, 

gn(}, �89 g,(�89 _ 1 ) =  - } k .  

.933 < k < 1.033. (4.15) 
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We can choose x ~ x  o (rood 1) to satisfy either of 

Since, 

1 

~<_~.:lx§189247189 

by (2.6), l / n ( x ,  y ,  z)[ >~-d2 whenever x ,  y ,  z=~x  o, �89189 (mod 1), it follows that  

r162 +47k> �89 (4.17) 

~7 k -  fl~ > �89 (4.18) 

Subtracting, we find 

(4.18) gives, with d < 4, 

~ 17 
fl~< / k - � 8 9  

[~,~ < 1.5461. 

These results, together with the definitions of ~n, fin, show tha t  for all n 

. 4 3 8 4 < X o - 1 h n + � 8 9  (mod I) 

.4539 < x o § �89 h,~ + i hn_l  < .5461 (rood 1). 

[h,[< .1077 (mod 1). (4.21) 

Since a2n =6,  a 2 n + l - 4  for all n, the recurrence relation (2.5) gives 

h2n+l = 4 h2n -- h 2 n - t  ~ . (4.22) 

h2~+2 = 6h2~+1 --h2~ = 23h2n - 6h2n-1 J 

Consider now a Euclidean plane with rectangular coordinates 8, ~, and let 

be the region defined by 

1~l<.1077, 1~l<.1077. 
Denote by P ~ ( - ~  < n <  ~ )  the point (h2n , h2n-1). By (4.21), P~ is congruent to 

a point of R for all n; and, by (4.16), PoE R. 

(4.19) 

(4.20) 

> - l d ) .  

2 0r > �89 d - } k > 2 - ~ (1.033) = .  19225, 

~, > .4384. 

(since clearly 

17 k - ~ > 7 ( . 9 3 3  ) - 4 =  - 0 . 0 3  ... 
4 

(4.17) gives, with d < 4 ,  
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Let T be the unimodular matrix 

T=(234 

then by (4.22) P~+I = T (P~). 
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Let now P = ( ~ , 9 )  be any point of R, and let 

Q = (~', 9') = T (P). 

Then ] ~2' [ = [4 ~ - ~2[< .5385, 

~ '=  2 3 ~ -  6~ =6~2 ' -  ~. 

If now Q is congruent (mod 1) to a point of R, we clearly require t~'1<.1077; 

then, since 

[ ~ ' [=  [ 6 ~ ' -  ~[<6(.1077) + (.1077)=.7539< 1 - .1077, 

we require also l~'[ <.1077' 

Thus Q is congruent to a point of R only if Q ER. 

Since P0 E R and P~ = T" (P0) is congruent to a point of ~ for all n, it follows* 

that  P0 is the (unique) point F of R satisfying. 

T (F) = F, 

i.e. that  Po=(0,  0). Thus h0=0, h_ l=0 ,  and so h n = 0  for all n, as asserted. 

This result, with (4.20), shows also that  

I x o -  �89 .0461 (mod 1). (4.23) 

The final step of the argument is to show that  x0-- �89 (rood 1), k = l .  

Since / ( x ,  y, z) is equivalent to /o(x, y, z), we may take 

](x, y ,  z ) = f 0 ( x , y , z ) = x ~ - k ( 3 y 2 + 1 2 y z + 2 z  ~) 

with x, y, z=--x o, 1, �89 (rood 1). 

Let 
a = / ( 2 ,  1, 0)=4-3k.  

Then, by (4.15), .901 < a <  1.201. (4.24) 

If we make the equivalence transformation 

* We are appeal ing here to the general L e m m a  3 of [1]. As remarked  there,  this  l emma is due 

to CASSELS, and a proof is given in BARNES and SWINNERTON-Dr]~R [3], Theorem D. 
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we find tha t  

say, where 
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X =  2 X ' - L  ' X '  + ' y ,  y= y ,  

/(x, y, z )=ax  ' 2 - ( 6 k -  4)x' y ' -  12kx 'y '  + ... 

=a/ '  (x', y', z'), 

3 ~ - 2  , 6 k , i ~ -  
/ ' ( x ' , y ' , z ' ) =  x y - ~ z ]  - r  (4.25) 

x', y', z ' --xo-�89 - x  o, ~ (mod 1). (4.26) 

Writing d ' = d ( / ' ) ,  it is easy to see tha t  d'=d/a,  so that,  by (4.14) and (4.24), 

3.22 < d' < 4.44. 

I t  follows from Lemma 4.1 tha t  in fact 

3.22 < d ' < 4 .  

Also, since [' is equivalent to a positive multiple of ], 

M(/'; Xo- �89 - x  0, �89189 

By what  we have already proved, we see tha t  there exists an equivalence 

transformation of the type 

x ' = X + 2  Y+/~Z,  y'=:r Y + f l Z ,  z'= 7 Y + ~ Z  

such tha t  /' (x', y', z')= X 2 -  k' (3 y2 + 12 Y Z + Z 2) 

is of the same form as ](x, y, z) (with possibly a different value k' of k) with 

Xo, Yo, Zo~ Xo, 1 ~, �89 (mod 1). (4.27) 

Since 4,/~, r162 #, ~ and ~ are integers, a comparison of (4.26), (4.27) shows at  

once that  x0--:0 or �89 (mod 1), and then (4.23) gives x0-~ �89 (rood 1), as required. 

Finally, it follows by the same argument from (4.25) that  ( 3 k - 2 ) / a  and 6k/a 

must  be integral; hence 4/a= 6 k / a -  2 ( 3 k -  2)/a is integral and, by (4.24), 

4 4 4 
5 < a < 3 ,  3 < - < 5 . a  

Thus a = l ,  and so k = ~ ( 4 - a ) = l ,  as required. 

We have therefore shown tha t  /(x, y, z) is equivalent to x 2 - ( 3 y 2 +  12yz+2z2), 

with Xo, Yo, z0~-1, �89 1 (rood 1); since 
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x 2 - 3 y  2 -  1 2 y z -  2 z 2= 2 ( x , 3 y - z )  2 -  ( x -  6 y -  2z) 2+ 15y 2, 

/ is therefore equivalent to Q2, with x 0, Yo, ZOO�89 1, I (mod 1). 

LEMMA 4.3. I1 2_<d<3,  then Lemma 3.3 (ii) cannot hold. 

PROOF. The proof follows the same lines as tha t  of Lemma 4.1, with some 

numerical complication arising from the fact tha t  we have no explicit expression for 

g~ (y, z). 
Suppose, contrary to the assertion of the lemma, that  {an} satisfies a2n=4, 

10_<a~+ l~14  for all n. Then 

r o2n<_[~,• 1!]=~(14+ [/i~2),] 
02n+l , q~2n__< [14, 4]=21(14+ [/1821, [ 

I • • I 
(4.28) 

so that,  for all n, 

S V182 4 (0n r  l) 24 [ / ~  
'< A~ = < - - - -  

19 (On- 1 ) ( r  1) 13 

s ~ i o <  An + 4 (0~ q~-- 1) 8[/182 
9 (0n+ 1)(~, + 1) 37 

(4.29) 

Now (2.27), (2.28) give 

8[/182 4 (2d3) ~ 
19 2 d - 1  ' 

sVi~ 
9 

4 (2 da) �89 
2 d + 4  

the latter of which yields the inequality 

d >  2.85. 

Also (4.29) shows that ,  for all n, 

37A 9A 
<gn(�89 I)< ~ ,  

8[/182 8 / 1 0  
(4.30) 

19A 
o < - g .  (�89 - ~ ) <  8 ~:=v~s2 (4.31) 
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Choosing x -:x 0 (rood l) to satisfy either of 

O ~ n : ] x - -  l h n + l h n _ l ]  < 1 

2 - -  _ 1 __ 

we require ~ -g,~ (~, - ~) > �89 

I /~-g.  (�89 �89189 d. 

From (4.32) and (4.31), with d < 3 ,  we obtain 

19 A 19 1'~54 
2 ' - -  8 V182 8 Vls~ 

a~ > 0.4549. 

F rom (4.33) and (4.30), with d >  2.85, we obtain  

37 A 37 V'46.298 
f l~>�89 _ _ > 1 . 4 2 5 +  

8 V182 8 1/182 

I t  follows that ,  for all n~ 

/3, > 1.938. 

_ _  > 0.207, 

> 3.757, 

O.4549<Xo-�89 (rood 1), 

- 0.062 < x o + �89 hn + �89 hn_l < 0.062 (mod 1); 

subtract ing,  we obtain 

0 .3929<h~  <0 .607 I  (rood t).  

Supposing, as we m a y  wi thou t  loss of generali ty,  t h a t  

O_<ho< 1, O_<h~<l ,  

we have, by  (4.36), 

Iho- �89 Ih,- ~ 1<0.1071; 

then (4.34) with n =  I gives 

Ix0-�89 ( m o d  1).  

Since a2~ = 4 ,  the recurrence relat ion (2.25) gives 

h 2 = 4 h 1 - ho,  

whence, by  (4.37), 

I h~- ~[= 14 (h i -  ~) -  (h0- ~)i < 0.5355 

(4.32) 

(4.33) 

( 4 . 3 4 )  

(4.35) 

(4.36) 

(4.37) 

(4.38) 
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By (4.36), this implies t ha t  

But  now (4.34), wi th  n =  2, gives 

[h~-~- I <O.lO71. 

]Xo]<0.1522 (mod 1), 

which is incompat ib le  wi th  (4.38). 

LEMMA 4.4. Suppose that 2 ~ d < 3. Then /(x, y, z) is equivalent to QI (x, y, z) 
Z = I  l with x0,Y0, o- -2 ,  ~ , I  (mod 1). 

P R o o f  ". By  L e m m a  4.3, the conclusion (i) of L e m m a  3.3 mus t  hold whenever  

2 _ < d < 3 .  Thus  

where 

(2.27), (2.28) become 

4 A  
4 ~/2 = A ;  < 2 - d - ~ '  

the la t ter  of which yields 

gn(y, z )=k(y2+6yz+z2) ,  Yo, z0 =:1, ~- (rood 1), 

k > 0 ,  3 2 k ~ : = A 2 = 2 d  3. 

4 4 5  

V2 2 d + 4 

( d t  2) 2 < I A2 = d~, d > 2.875. 

Thus  2.875 < d < 3, 

and so, by  (4.39), 1 . 2 1 8 < k < 1 . 3 0 0 .  

Choosing x - - x  o (mod 1) to sa t is fy  e i ther  of 

0<_:r = l x -  �89 + �89 1, 

~_<~ = l / + i hn  + �89 2, 
we then  require 

u ~ + k > I d ,  

I~i-2kl>~d.  

Using (4.40), (4.41), we deduce t h a t  

~ > 8 -  1.3=0.2, 

so tha t ,  for all n, 

:On > 0.447, 

fl~ > 1.437 ~ 2.436 = 3.873, fin > 1.967, 

(4.39) 

(4.40) 

(4.41) 
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O.447<Xo-�89189 (rood 1), 

O.033<Xo+�89189 (rood 1); 

subtraction yields 

I h~- �89 o.os6 (rood 1). 

We may suppose without loss of generality tha t  

0 _ h o <  1, 0_<h~<l .  

Let  R be the region of the ~, zt-plane defined by 

I~ - �89 ] < 0.086, 17 - �89 ] < 0.086; 

P~ the point (h~, h~_~); and T the unimodular matrix 

The recurrence relation (2.25), with a~+l= 6, gives 

(4.42) 

(4.43) 

(4.44) 

(4.45) 

h~+l =6h~ - h ~ - i ,  

Pn+l = (hn+l, hn) = T (Pn). 

Pn+l =Tn(P1) is congruent (mod l) to a point of ~ for all n; and 

(4.47) 

Thus we may take 

/ (x, y,  z) = / 1  (x, y, z) = (x § �89 y + �89 z) 2 - k (y~ + 6 y z + z ~) 

with xo, Yo, zo--xo, �89 �89 (rood 1); and, by (4.43) with n =  1, 

Ixo - ,} i<o .033  (mod 1). 

T (F) - (2, 0) = F; 

i.e. Pt  = F = (�89 �89 h~ = �89 h 0 = �89 

(4.46) 

so that  

By (4.44), 

by (4.45), P1 E ~. Further,  if P = ($, 7) is any point of ~ and Q = T (P) = (~', ~/'), then 

I~ '  - ~l ~ 16 ( ~ -  �89 - (7 - ~ ) l  < 0.602, 

I~'--II = l ~ -  ~1<0.086, 

hence Q can be congruent to a point of ~ only if Q - ( 2 ,  0) belongs to ~. 

From these results, and [1] Lemma 3, it follows that  Px is the unique point 

F o f  ~ satisfying 
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Now let a = / ( 1 ,  1, 0 ) = ~ - k ,  

so that, by (4.41), 0 .95<a<1 .032 .  

Making the equivalence transformation 

x = x' + y', y = x', 

we find tha t  

say, where therefore 

r 
Z = Z  , 

/ (x ,  y, z )=ax '2  + 3 x ' y ' - ( 6 k -  ~)x'y'-~ ... 

= a l '  (x', y',  z'), 
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(4.4S) 

(4.49) 

Also, by (4.49), 

so that  we must have 

Using Lemma 4.2, (4.14), we see that  in fact 

2 . 7 8 < d ' < 3 .  

Also, since l' is equivalent to a multiple of l, 

M(I ' ;  �89 Xo-�89 �89 ld ' .  

By Lemma 4.3 and what we have already proved in this lemma, ~b'(y', z') is 

equivalent to a positive multiple of 

y ,2+6y,  z , §  '2,yo, ZOO�89 �89 (mod 1), 

and each of the coefficients 3 / 2 a  and (12k- -3 ) /4a  must be congruent to 0 or �89 

(mod l) [arguing precisely as in Lemma 4.2]. 

(4.50) and (4.47) show at once that  

xo~ �89 (mod 1). 

3 
1.45 < _ga < 1.58,  

3 3 

2 ~ = :." a = l ;  

, ( 3 , 1 2 k - 3  ) _ r  , 
/ ' ( x ' , y , z ' ) =  x ' §  4 a  z' ( y , z ' )  

r p ! 

with Xo, Y0, z0-~�89 x0-�89 �89 (mod 1). (4.50) 

Writing d '=d( / ' ) ,  we have d' =d /a ,  so that ,  by (4.40) and (4.49), 

2.78 <d '  < 3.16. 
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and now (4.48) gives 

Thus  

/ (x ,  y, z ) = ( x +  �89 �89 + 6 y z + z  2) 

= Q1 (x, y, z), 

with Xo, Y0, ZOO�89 �89 �89 (mod 1), as required.  

LEMMA 4.5. Suppose that 1 . 1 4 4 - < d < 2 .  Then /(x, y, z) is equivalent to a posi- 

tive multiple o/ a /orm /' (x, y, z), satis/ying the same conditions (2.2), (2.6), /or which 

d ' = d ( / ' ) >  3.4. 

PROOF. B y  L e m m a  3.4, every  pa i r  (an, a n + l ) a n d  (an+l,  a n ) o f  consecutive 

elements  of the chain (an} is one of (6, 10), (6, 12), (6, 14), (6, 16), (8, 8) or (8, 10). 

I f  some an is 6, say  a 1 = 6 ,  we have  

>: • • 
01<[6,  1 6 ] -  1 2 §  l / i ~  x (4.51) 4 r  6 ] =  12§ 

whence 

• • 
01-> [ 10] 15 + l/2]-0 x 15 + 1/210 (4.52) 

' 5 ' r --> [10, 6] 3 ' 

( 0 1 - 1 )  ( r  < 37 
0 1 r  1 - 4 V13-8 <0.7875,  (4.53) 

1 .2557< 5 _  9 < (01§  ( r  < 19__ <1 .3112 .  (4.54) 
4 ~/138 0 1 r  1 - ]/210 

I f  however  no an is 6, then  a n = 8  or l0  for all n, and a n = 8  for some n. 

Tak ing  a 1 = 8 wi thout  loss of general i ty,  we therefore  have  

• 
01 < [8, 10] 20 + ]/380 20 § V380 (4.55) 

- -  5 ' r  ~ [ 1 0 ,  8 ]  4 ' 

whence 

• 

0 1 _ > [ 8 ] = 4 +  l ~ ,  

(01  - -  1 )  ( r  - -  l )  ~ 31 
01 r - I 2 V 3 ~  < 0.7952, 

• 

r -> [s] = 4 + V]~, (4.56) 

(4.57) 

49 < (01§  ( r 2 4 7  < 5 

2 ~380 01 r  1 -- ]/15 
1.2568 < - -  < 1.2910. (4.58) 
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Thus  in e i ther  case the  basic inequa l i t i es  (2.27), (2.28) y ie ld  

4 A 4 (01 r -- 1) 8 V380 
- - - - >  > . . . .  , 

2 d - 1  ( 0 1 - 1 )  ( r  31 

4 A  4 ( 0 , r  1) > 4 V210 

2 d + l  ( 0 1 + 1 )  ( r  19 ' 

f rom the  second of these  we o b t a i n  b y  a s t r a i gh t fo rw a rd  ca lcu la t ion  

3 6 1 d ~ >  1 0 5 ( 2 d +  l )  2, 

d >  1.85. 

To p rove  the  l emma,  i t  now suffices to  show t h a t  /(x, y, z)assumes p r i m i t i v e l y  

a va lue  a sa t i s fy ing 

0 < a < 0.5437. (4.59) 

F o r  then  (1/a)/(x,  y, z) represen ts  l and  is equ iva l en t  to  a form /'(x, y, z) of the  

t y p e  (2.2) wi th  

d 1.85 
d'  = d (]') = > > 3.4, 

a 0.5437 

as required.  

B y  app ly ing  a pa ra l l e l  t r a n s f o r m a t i o n  on x in /l(x, y, z), and  changing the  

signs of y and  z, if necessary ,  we m a y  t ake  w i thou t  loss of gene ra l i ty  

0 _< h o < �89 (4.60) 

We shall  now show t h a t  

a = / 1 ( 1 ,  o, - 1 ) = ( l  - h o )  ~ 
r A 

01 r - 1 
(4.61) 

satisfies (4.56) (where a 1 = 6 or 8 is chosen as above) .  

W e  first  p rove  t h a t  

r A < 0.6901. 
01 r 1 

0.4563 < - -  

Fo r  if a 1 = 6  , (4.51) and (4.52) give 

5.7965 <~ V210_< 01 

while if a 1 = 8, (4.53) and  (4.54) give 

1 
- r  -< + ViSs < 5.s73v, 

(4.62) 

1 
7.7459 < 2 V ~  _< 01 - ; -  -< ~ V380 < 7.7975, 
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thus  in ei ther case we have  
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1 
5.7965 < 01 - ~ < 7.7975. 

Also, since A 2 = 2 d  ~, 1 . 8 5 < d < 2 ,  we have  

3.5580 < A < 4. 

Division of these two inequa l i t i es  gives (4.59). 

N e x t  we show t h a t  

0_< ho< 0.1186. 

Choosing x ~ x  o (rood 1) to  sa t i s fy  ei ther  of 

0_<~=]x+-~hl-~hol_�89 

 Z=lx§189189 

w e  require, since Ill(X, 1 + l ) ] > ~ d  

~ 2 - g 1 (  �89 �89189 lf l2-ffl( �89 � 89189  

Now by  (4.53) or (4.57) 

0 <  - 4 9 1 (  �89 - � 8 9  ( 0 1 - 1 ) ( r  
01 r - 1 

and by  (4.54) or (4.58) 

4g~(�89 �89 (01+ 1) (r + 1) A >(1.2557)  A. 
01 r - 1 

Hence,  using 1 . 8 5 < d < 2 ,  3 . 5 5 8 0 < A < 4 ,  we ob ta in  

4 ~2 > 2 d § 4g 1 (�89 - �89 > 4 - 4 (0.7952) = 0.8192, 

> ]/0.2048 > 0.4525; 

4fl ~> 2 d +  4g  1(�89 �89 > 3.7 + (1.2557)(3.5580) >8.1677,  

fi > ]/2.0419 > 1.4289. 

I t  follows tha t  

0 . 4 5 2 5 < x o + � 8 9 1 8 9  (mod 1), 

0 . 4 2 8 9 < x o + � 8 9 1 8 9  (mod 1), 

and so, by  subt rac t ion  

(4.63) 

(4.64) 



T H E  I :NI tOMOGENEOUS M I N I M U M  OF A T E R N A R Y  Q U A D R A T I C  ~'ORM (I I )  9 7  

- 0 . 1 1 8 6 < h o < 0 . 1 1 8 6  (mod 1). 

This inequality,  with (4.60), gives (4.64) at  once. 

Inser t ing (4.64) and (4.62) in (4.61), we find 

a > (0.8814) 2 - 0.6901 > 0, 

a < 1 - 0.4563 = 0.5437, 

so t h a t  (4.59) is satisfied. This completes the proof of the lemma. 

The proof of Theorem 2 follows immedia te ly  from the lemmas of this section, 

together  with the fact  (Lemma 2.5) t ha t  1 . 1 4 4 < d < 5 .  For  Lemmas  4 .1-4 .4  give 

the required result if 2 _ < d < 5 ;  while Lemma 4.5 shows that ,  if 1 . 1 4 4 < d < 2 ,  an 

appropr ia te  multiple of /(x, y, z) satisfies 3.4 < d <  5. [ I t  is easily verified a posteriori 
• 

t ha t  if 1 . 1 4 4 < d < 2 ,  then {an} must  be {8} and then / ( x ,  y, z) is equivalent  to a 

mult iple of Q~ (x, y, z); this  corresponds to the form x 2 -  �89 (y2 + 8 y z  + z 2) found ex- 

plicitly in [1] Lemma 12.] 

The calculations of this paper  were carried ou t  on a Brunsviga,  supplied to me 

by  the Univers i ty  of Sydney.  

The University o] Sydney, Australia 
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