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I n  the  preceding paper [1] it was shown by  Finn and  Gilbarg tha t  if u satisfics 

the elliptic differential equat ion 

(a" u,,b = 0 (1) 

in an  n-dimensional  domain  D containing the exterior St, of a sphere of radius r 0 

and  if the coefficients a ~i and the solution u behave suitably a t  infinity, then 

A (r) = fa~Ju , iu jd  V (2) 
S r 

exists for r > r 0 and  

where ~ = min [ ( n -  2), 2 I / n -  1]. 

A (r) ~< A (ro) (3) 

I n  the case of Laplace 's  equation,  it is easily SCell 

tha t  (3) holds with ~ replaced by  n - 2 ,  which is greater than  2 for large n. Thus,  

(3) is no t  sharp. 

We shall replace (3) by  a sharp asympto t ic  est imate under  the assumption t h a t  

a ij approaches the uni t  mat r ix  at  infinity. As is pointed out  in [1], if a ij approaches 

any  positive definite matrix,  one can make  this l imit the uni t  matr ix  by  means of a 

coordinate t ransformation.  

We define the two funct ions 

a ij (x) ~, ~j 
a0( r )=  inf l,s ...... ~ ~: ~,~ (4) 

Ixl_>r 
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and 
1 

a 1 (r) = ~ sup ~atJxtx t, (5) 
r I x l = r  ~,t 

where Ix[ is the length of the vector x. 

We assume tha t  a tj approaches the unit matr ix  in the sense tha t  % and a 1 

approach 1 as r--> oo. 

Let  DR (r) be the Diriehlet integral of u over the annular region between spheres 

of radii r and R > r. Clearly DR (r) increases with R, and by  (4) 

D (r) = lim DR (r) <~ A (r) /a  o (r). (6) 

We now write 
R R 

8(1) r r 8(1) 

(7) 

where S(1) is the surface of the unit  sphere, d ~  its surface element, and grada u 

the projection of the gradient of u on the unit sphere. 

3 0 u 2  
, grada u,'=r3[, grad u, - (~r) ] �9 (8) 

By Schwarz's and Wirtinger's inequalities 

/ ' ~u  \3 

s(1) f d~ 

R 

r S(1) 8(1) 

>~(n-2)rn-2f[u(R)-u(r)]2d~+(n-1)f[fu~d~- 
s(1) r S(1) S(1) 

(9) 

where con is the area of S(1). Since both integrals on the right are non-negative, 

each is separately bounded by  Dn(r) and hence uniformly in R by  D(r). By consid- 

ering the first integral for r sufficiently large and R > r ,  we see tha t  u(r)considered 
as a function on the unit  sphere converges in the mean square sense as r-->oo. This 

implies tha t  the limit of f u(r)d~ exists. By adding a suitable constant to u, we 
8(1) 

may make this limit zero. We suppose this to have been done. 
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The second integral  on the r ight  of (9) mus t  converge, and  hence its in tegrand 

must  approach  zero. Thus  we find 

lim f u2(R)d~=O. (10) 
R - ~  S(1) 

Neglecting the second term in (9) and letting R-->c~ shows that 

D(r))(n_2)r._ 2 f u2(r)da= (n=2)r f u'dS, (11) 

S(1) S(r) 

where S(r) is the surface of the sphere of radius r. 

I t  is easily seen f rom Schwarz 's  inequali ty together  with (10) and  the  Dirichlet 

integrabil i ty of u t h a t  

lim (~ ua~JuivjdS=O. (12) 
R-~Oo J 

8( R) 

Hence, using Schwarz 's  inequali ty 

, , O A  (r) [A(r)]2=[ f ua"u.,v, dS] <~al(r) f a"u,uadS f u'dS= -al(r)--a--~- f u~dS. 
.~(r) S(r) Zcr) S(r) 

Using (11) and (6) gives 

[A (r)]~< -rax(r) OAA(r). (13) 
( n -  2) a0 (r) ~ r 

This means t h a t  for r > r o 
r 

j e a -h~)  ~0 �9 (14) 
ro 

Weakening this inequali ty,  we find 
.ao(Q)~ 

A (r) ~< A (ro) ~>,. t~,(~)~. 
& g 

If '  we assume tha t  ao(~)/ax(s as Q-+c~,  the exponent  in (15) is arbi trar i ly 

close to  n - 2  for sufficiently large r o. 

I n  general, (14) can also be wri t ten in the form 
r /r ~--2 

A(r)<A(ro) t :  ) exp{(n--2)f(1--ao/ax)de/e} 06) 
T$ 

which clearly displays the effect of the deviation of ao/a 1 from one. 
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