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I n t r o d u c t i o n  

1. Let  ~ denote the region formed by the boundary and interior of the star- 

shaped octagon whose sides are segments of the lines x =  • 1 7 7  y =  _ / ( x _ l ) ,  

where l > 1. Let  A, B, C, D denote the vertices 

( 1 , 0 ) ,  l - l '  l - 1  ' l - l '  1 - 1  

respeetively, and let A',  B', C', D' denote their images in the origin O. Let  the angle 

A B C  be 20, and so 1 is equal to tan (45~ Then for 30~ ~ Mordell [3] 

has in effect shown that  the determinant of a critical lattice of ~ is 

13 (12 -}- 41 -{- 5) 
( 1 3 + 2 / -  1) 2 

He has also shown that  there are two critical lattices, which can be regarded as 

being defined by  squares whose vertices and the mid-points of whose sides lie on the 

boundary of ~ ;  for 30~ 0 < 45 ~ these are the only critical lattices, for 0 = 30 ~ there 

are two further critical lattices. 

By similar methods I shall prove that  the determinant of a critical lattice of ~ is 

1 + ~  ff 22�89176 ~ 

2 l  3 ( l + 1 ) ( 3 l + 1 )  
if 0o~<0~<22�89 ~ (3l 3 -  1) 3 

and 13 (12 + 41 + 5) 
if 15 ~ 

(12 + 2 l - 1)3 
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Diagram 1. 

where 00 is given by 
316§ =0. (~) 

The critical lattices will be described later. 

The region ~,  which consists of two intersecting parallelograms, depends on a 

parameter 1. I shall thus find the determinant of a critical lattice of ~ for a range 

of values of the parameter. The only other result of this nature is, I believe, that  

due to Mahler [1], who considered the region formed by the two intersecting ellipses 

2 1 x2+y2=-l, ~x + ] y 2 = l ,  

where ), > 1. By applying his general theory of lattice points in two-dimensional star 

domains he found the determinant of a critical lattice of this region for the range 

of values of the parameter 2 given by 

2<~+1~<25. 

In section 11 I shall give a brief account of the ideas which suggested the above 

conclusions. 
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Final ly  I shall prove  t ha t  if, and  only if, l takes  one of the values 

( l + ] / n ~ ) / n  ( n = l , 2  . . . .  ) or V(n+l ) / / ( n~ -~ )  (n=2,3 . . . .  ) 

then  the  de te rminan t  of a critical lat t ice of ~ is equal  to t h a t  of one of the  two 

intersecting paral lelograms of which ~ is composed (see d iagram 8). 

The  subs t i tu t ion  t = l + l  -a reduces (1) to the  form 

3ts -{- 4t  2 -  1 6 t - - 3 2 = 0 ,  

which has precisely one real root  t 0. Since 2 < t o < 3 it follows tha t  (1) has two dist inct  

positive roots 10, 161 (where 10> 1). I t  is easily verified t h a t  

2.00 < 10 < 2.01, 

and  so 0.3333 < t an  0 o = (l o -  1)//(l 0 + 1) < 0.3356, 

whence 18025 ' < 0 o < 18034 '. 

The following table  will be useful:  

0 

30 ~ 

22 �89 

15 ~ 

2 +  

1+ V,~ 

1 ~  ~ P r o o f  o f  Resul t  for 2 2 ~  

2. Introduction (see d iagram 2). 

T H E 0 R E M I. I [  22 �89 ~< 0 ~< 30 ~ i.e. i/ 1 + V2 <~ l <~ 2 + V3, then the determinant o/ 

a critical lattice o/ ~ is 
A = 1 + 1//2 l. 

Moreover the lattice A1 generated by A(1 ,0 ) ,  L(�89 A) and its image A~ in the line 

x = y are critical. For 22 �89 ~ 0 < 30 ~ A 1, A~ are the only critical lattices;/or 0 = 30 ~ there 

are two /urther critical lattices, viz. Ao generated by the points (�88 ( ~ 3 - 1 ) ,  �88 ] / 3 - 1 ) ) ,  

(�88 1/3 - 1), - � 8 8  (1/3 - 1)), and its image Ao in the y-axis. 

A0, A~ can be regarded as being defined b y  squares whose vertices and  the  

mid-points  of whose sides lie on the boundary  of ~ ;  see Mordell [3]. I shall show 

a t  the end of section 4 t h a t  these latt ices are admissible for ~ .  
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Diagram 2. 

L E~MA 1. A 1 is admissible /or ~. 

Proof. Since 2 A > 1/(1- 1), the lattice line y = 2  A contains no point of ~.  Further  

the lattice line y = A  meets the sides BC, CD in the points L(�89 A), M ( - � 8 9  A)re-  

spectively, and L, M are points of A r  Finally the point L + A, i.e. (~, A), lies on or 

to the right of A B ;  for the equation of A B  is I x - y - l = 0 ,  and ~ l - A - l > 1 0  ac- 

cording as l>~ 1 + l/2. This completes the proof of the lemma. 

Let  now A be" any lattice of determinant A. I shall prove either that  A is one 

of the critical lattices mentioned in the enunciation of theorem I, or tha t  A contains 

a point (other than 0) in the interior of 3 .  

Consider the rectangle of area 4 A defined by 

Ixl< , lyl< . 

Every point of this rectangle is either 

(i) an interior point of 3 ;  or 

(ii) a point of ~1, where ~x is the region formed by the interior and boundary 

of the triangle C LM;  or 

(iii) a point of ~ ,  where ~ is the image of ~1 in 0. 
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B y  Minkowski 's  theorem this rectangle contains a primitive(1) point  P ( x  1, Yl) of A.  

If  P is an  interior point  of ~ there is no more to prove. I f  no t  it can be assumed 

t h a t  P lies in ~1 and, wi thout  loss of generality,  t ha t  x 1>/0. I shall prove either 

t ha t  A is one of the above-ment ioned critical lattices, or t ha t  the  lattice line 

2: x y l - x l y = A  

(which is parallel to  O P and at  a perpendicular distance A / O P  f rom it) contains a 

point  of A in the  interior of ~ .  

The general idea of the  p roo f  of this last s ta tement  is as follows. Le t  2 meet  

the lines CB,  B A ,  AD ' ,  D'C'  in the points W, X, Y, Z respectively;  for future  re- 

ference the coordinates of W, X,  Y, Z (insofar as they  are well-defined points of 

intersection) are given in the table below:  

W 

X 

Y 

Z 

I Yl - xl I Yl - Xl / 

-ZXl' ~ =lXl] 

+lXl'  Yl + lX l !  

I yl---~ x-l '  l Yl + xl ] 

C B  

B A  

A D '  

D' C' 

I t  will be shown in Lemma 3 that ,  unless P is one of a t  most  three points, its 

co-ordinates satisfy either the inequal i ty  (3) or the inequal i ty  (4). I f  (3) is satisfied 

then  W, X, Y, Z lie on the sides (2) C B, B A, A D', D' C' respectively and  X Y < 0 P 

while (by Lemma 2) W Z > 2 O P .  I f  (4) is satisfied then  Y, Z lie on the  sides AD ' ,  

D' C' respectively and Y Z > O P. Since 2 contains points of A equally spaced at  a 

distance O P apar t  there is, in either case, a point  of A in the interior of ~ .  The 

exceptional points ment ioned above m a y  lead to  the critical lattices. 

I shall prove Lemmas  2 and 3 in section 3 and the theorem itself in section 4. 

(1) A point P of a lattice is primitive if (i) it is distinct from O, and (ii) the lattice line OP 
contains no lattice point lying between O and P. 

(8) I make a distinction between the infinite straight line C B and the segment (or s/de) C B. 
The latter consists of those points of the line C B which lie between, or coincide with one of, the  

points C, B. 
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3. L~MMA 2. Let P(xl ,  yl) be any point o/ ~1, then 

l A + �88 t ~ > l ~ (Yl - �89 _ x~. (2) 

(This result shows that  W Z > 2 O P . )  

Proo]. The equation 

1A + �88 ( l y -  � 8 9  ( l y -  �89 + x) (2') 

is that  of a hyperbola with asymptotes l y • 1 8 9  i.e. lines parallel to CD, C B  and 

intersecting in (0, �89 The lowest point of the upper branch of this hyperbola is given by 

x=0, y=�89 

Since �89 + VA/I  + �88 > A, 

~x lies in the open region bounded by the upper branch of the hyperbola (2') and 

its asymptotes, and so (2) holds for every point P(xl ,  Yx) of ~x. 

L~.MMA 3. Let P(xl ,  yl) be any point o/ ~1 /or which xl>~O. Then, provided P 

is not one o/ the points (0, 1), (�89 A) or (i/ 0 = 3 0  ~ (�88 1), ~(31/3-1)) ,  either 

2l A < y~ - 12x~ + 2 ly  1 (3) 

or 12 - (13 - 1) A > (ly 1 + x 1 - 1) (Yl + Ix1 - l). (4) 

(The inequalities (3), (4) show that  X Y < 0 P, YZ > 0 P respectively.) 

Proo/. The equation 

~t 1 : 2 1 A  + l 2 = (y  + l) 2 - 12x 2 = ( y  + l - I x )  (y  + 1 + l x )  (3') 

is that  of a hyperbola (~/i) with asymptotes A B ,  A 'D.  ~tl intersects B C  in the 

points C (0, 1), R { 2 l ( l + l ) / ( l ' - l ) ,  ( l ' + 2 1 + l ) / ( l ' - l ) } ,  s intersects L M  in the 

points S(A/ I ,  A), T ( -  Al l ,  A). S lies to the left of or coincides with L according 

as A / l <  or =�89 i.e. according as l >  or = 1 + 1 / 2 ;  R lies to the Jeft of or coincides 

with L according as 21(1+ 1)//(l a -  1)< or =�89 i.e. according as l >  or = 1 +  1/2. For 

every point P lying inside the upper branch of ~/~ the inequality (3) is satisfied. 

N~ow consider the equation 

~/~ : l ~ -  (l 2 -  I) A = (ly + x -  l) (y + I x - l ) .  (4') 

Since 1 2 - ( / z - 1 ) A <  or = 0  according as l >  or = l + V 2  it follows that  (4 ') is ,  for 

I > 1 +  1~, the equation of a hyperbola with asymptotes CD, A D '  and, f o r / = 1 +  I/2, 

that  of the two straight lines CD, AD' .  This "hyperbola" (~/~)intersects L M  in the 
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Diagram 3. 

The hyperbola ~1 
The hyperbola ~ j  . . . . . . . . .  

points  L(�89 A), T(-A/1 ,  A), and  BC in the  points  L, 

U {l s - 21 - 1)/2 (12 + 1), (2 l s + I s - 1)/21 (l z + 1)}. 

U lies to the  r ight  of or coincides wi th  C according as (1 s -  2 1 - 1 ) / 2 ( / 2 +  1 )>  or = 0 ,  

i.e. according as l > or = 1 + ]/2; also U lies to the left of or coincides with R ac- 

cording as (1 s - 2 l - 1)/2 (l ~ + 1) < or = 21 (1 + 1)/(14 - 1), i.e. according as 1 < or = 2 + ~/3. 

For  every  point  P lying inside the  " u p p e r  b ranch"  of ~/2 the  inequal i ty  (4) is satisfied. 

For  l =  2 + I/3 the  points  R, U bo th  become 

(�88 ( I / 3 - 1 ) ,  t (3 V~ - 1)). 

Now let K be the mid-poin t  of LM (and so K lies inside the upper  branch  of 

~1). Then,  for 22 �89 0 < 30 ~ it  follows f rom wha t  has a l ready been proved  t h a t  

(i) every  point  of the quadr i la tera l  CRSK, except  for the  vertices C, R, S, 

lies inside the  upper  b ranch  of ~/1; and  

(ii) every  point  of the  t r iangle LRS, except  for the  ver tex  L,  lies inside the  

upper  branch  of ~/~ (since R, S lie inside the  upper  branch of ~z).  

Therefore  every  point  of the  t r iangle GLK, except  for the  vert ices C, L, lies inside 

ei ther  the  upper  branch  of ~/1 or the  upper  b ranch  of ~2. 

This,  wi th  slight modif icat ions in the  wording of the  last  pa ragraph  when 

0 = 2 2 � 8 9  ~ or when 0 = 3 0  ~ completes  the  proof  of the  lemma.  

4. Proo/ o/ Theorem I. 

Le t  P(xl, yl) be a n y  point  of ~1 for which x1>_-O. Then  lyl-xl>--l>O (since P 

does not  lie below CB) and yl+lxl>O, lyl+xl>O (since xl>~O, y l > O ) ;  further,  if 
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the inequality (3) is satisfied, 
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Yl - lxl  > 2_/ (A-  Yl) t> 0 
Yl + l x 1 

(since y; < A). I t  follows (see section 2) tha t  W, Y, Z and, if (3) is satisfied, X are 

well-defined points of intersection. 

Suppose firstly that the inequality (3) is satisfied. Then 

12 x~ < ~ + 2 l y l -  21A, 

and so l x i - l y l +  A ( 1 -  1) < V ~ + 2 l y l - 2 l A - l y l +  A (1- 1). (5) 

Now { l y l - A ( 1 - 1 ) } 2 - ( ~ + 2 1 y ~ - 2 l A ) = ( y 1 - A ) { ( 1 2 - 1 ) y , - A ( 1 - 1 ) ~ - 2 l } .  (6) 

Since A (l - 1)/(1 + 1) + 2 I/(l ~ - 1) > A 1> Yv each factor on the right of ~6) is ~< 0; therefore 

{~y,- A ( l -  1)}'~> ~ +  21yl- ~lA. 
Also, since y l ~  1, 

l y  x - A (1- 1)/> l -  A (1-  1 )=  ( l+ 1) /2l  > 0 

and so l y x - A ( l - 1 ) > ~ + 2 1 y x - 2 1 A ,  

whence, by  (5), lx  1 - ly  1 + A ( l -  1) < 0. (7) 

I now show tha t  W, X, Y, Z lie on the sides CB, B A ,  AD' ,  D'C'  respectively. 

For from the inequalities a t  the beginning of this paragraph, together with (7) and 

0 < x 1 ~ �89 1 ~< Yl < A, it  follows tha t  

_ _  1 0 < l { A - X l ) ~ < / ( A + x l )  < 
1Yx + xx I Yl - Xl 1 - 1 

and 1 -< A + lx  1 .< A - 1 x 1 l 

(the last par t  of each of these inequalities following from (7)). The first inequality 

proves the assertion for W and Z, the second for X and Y. 

Also W Z > 2 0 P and X Y < O P.  To prove the first of these it suffices to show tha t  

A+ly l .~  A + l y l >  
l yl - x 1 l yl + x-------1 2 YI ; 

this is so since l (A+lyx )>12y~-x~  

by  (2). To prove the second of these it suffices to show tha t  

l (A - y~) + l (A - y~) 
y l _ l x  1 y l + l X  1 <Yl;  
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this is so since 21 (A - Yl) < Y~ - [2 Xl s 

by (3). 

I have now shown that,  if (3) is satisfied, there is a point (other than O)of  A 

in the interior of ~.  

Suppose secondly that the inequality (4) is saris/led. Since 

l x ~ + l y  1 - ( 1 - 1 )  A~>l -  ( l -  1) A > 0 ,  

A + / x  I 1 
it follows that  1 ~ < - -  < 

yl +lXl  l -  1 

and o < l ( A - x l )  ~ l  l . 
l yl + x I - 1  

Therefore Y, Z lie on the sides A D', D 'C '  respectively. 

Further Y Z > O P. To prove this it suffices to show that  

A + / Y l >  l (h  - Yl) ~ Yl ; 
Yl + 1 x 1 1 Yl + xl 

this is so since, by (4), 

A (1-1~) + l (yl + l Xl) + l ( l yl + x~) > (yl + l X~) ( l yl + xl). 

I have now shown that,  if (4) is satisfied, there is a point (other than O) of A 

in the interior of ~R. 

Suppose lastly that P is one o/ the two (or, if 0 = 30 ~ three) exceptional points 

mentioned in the enunciation o/ Lemma 3. Then either A is one of the critical lattices 

mentioned in the enunciation of Theorem I, or there is a point (other than O) of A 

in the interior of ~R. 

Thus if 0 = 3 0  ~ and P is the point ( ~ ( g 3 - 1 ) ,  ~ ( 3 ~ - 1 ) )  then, as before, 

W, X, Y, Z lie on the sides CB, B A ,  A D ' ,  D 'C '  respectively but  now X Y =  Y Z = O P  

(since the inequalities (3) and (4) become equalities). By substituting the known 

numerical values of l, A, xl, Yl it is easily verified that  W X < O P ,  and that  the 

lattice line x y l - x l y = 2 A  has no point in common with ~R. I t  follows that  (i) the 

lattice A 0 generated by P {�88 (~/3 - 1), ~ (3 P~ - 1)}, Y (�88 (3 I / 3 -  1), - �88 (]/3 - 1)} is ad- 

missible for ~ ;  (ii) either there is a point (other than O) of A in the interior of 

~R, or A is the critical lattice A0. 

Similarly, if P is the point (0, 1) then W(A, I+ I -~A) ,  X(A,  �89 y ( A , - � 8 9  

Z(A, - 1 - / - S A )  lie on the sides CB, B A ,  AD' ,  D'C'  respectively and X Y =  1 = O P .  

I t  is easily verified that  now � 8 9  YZ<~I  with equality only if 0=22�89 ~ There- 

2 - 665064 Acta mathematiea. 99. Impr im 6  le 25 mars  1958 
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fore either there is a point (other than O) of A in the interior of ~,  or A is the 
P critical lattice A1. 

Finally if P is the point (�89 A) then Y is the point (1, 0) and Z is the point 

l (A- �89 h (1 +l) 1 
lA+�89 =(�89 

Y, Z lie on A D', D' C' respectively and Y Z = 0 P. In this case either there is a point 

(other than O) of A in the interior of ~,  or A is the critical lattice A v 

This completes the proof of Theorem I. 

Pr oof  of  Result  for 00 ~< 0 < 22 �89176 

5. Introduction (see diagram 4). 

THEOREM I I .  I /  00~<0~<22�89 ~ i.e. i/ 10~<l<l+] /2 ,  then the determinant o/ a 

critical lattice o/ ~ is 
2lS( l+ 1) (3l+ 1). 

(3 l 2 - 1)2 A 

Moreover the lattice A~ generated by 

S ( ~ _ ~ _ I  l (31+l )}  T {  l ( l + l )  
3 1  s -  1 ' 3 1  s -  3 l 2 - ' 

and its image A~ in the line x = y  are critical. For 00< 0 ~22  ~~ As, A~ are the only 

critical lattices; /or 0 = 0 o there are two [urther critical lattices As, A~. 

A a can be regarded as being defined by a square whose vertices and the mid- 

points of whose sides lie on the boundary of ~ ;  see the enunciation of Theorem I I I  

for the co-ordinates of a pair of points generating it. A~ is the image of A a in the 

y-axis. 

The lattice A s can be regarded as being defined by the line parallel to the x-axis 

which has equal intercepts made on it by the sides A B ,  BC, CD, D A ' ;  in fact, since 

l < l ( 3 l + l ) <  l 
3 / 2 - 1  1 - 1 '  

the line y = l ( 3 l + l ) / ( 3 1 s - 1 )  meets the sides A B ,  BC,  CD, D A '  in the points 

R [ 3 ~ - -  1 '  3l s _  , - 312 1 ,  3 l  2 - -  

respectively and R S  = S T = T U = 21 (l + 1)/(3/s _ 1). 
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D B 

T S 

U A A R 

B D' 

D i a g r a m  4. 

LEMMA 4. As is admissible /or ~. 

Proo/. Firstly the lattice line y=21(31+ 1)/(3/2-1)  contains no point of ~ ;  for 

2 / ( 3 / + 1 )  1 
3 / ~ - 1  > / - 1  

if / > ( 2 §  ~/7)/3, which is the case here since l>~lo>2. 

Secondly the point (21(1§ O) lies outside ~ for 00<.0<22�89 ~ and 

lies on the boundary of ~ (coinciding with A) for 0=22�89 ~ 

This completes the proof of the lemma. 

Let now A be any lattice of determinant A. I shall prove either that  A is one 

of the critical lattices mentioned in the enunciation of Theorem II, or that  there is 

a point (other then O) of A in the interior of ~.  

Consider the rectangle of area 4 A defined by 

ix ]~<2/(/+ 1) / ( 3 / +  1) lyl< 

By Minkowski's theorem this rectangle contains a primitive point P(x 1, Yl) of A. If 
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P is an interior point of ~ there is no more to prove. Otherwise it can, without 

loss of generality, be assumed that  P belongs either 

(i) to the region ~1 formed by the interior of the triangle C S T  together with 

the two sides C S, CT but excluding the end-points S, T ;  or 

(ii) to the region ~2 formed by the interior and boundary of the triangle (which 

reduces to a point when 0 = 22 �89176 whose sides are the lines A B, A D' and 

x = 2 / ( l +  1)/(3 / ~ -  1). 

Let  ~ ,  ~2 denote the images of ~i,  ~2 respectively in the line x = y. Since 

2 / ( / +  1 ) < / ( 3 / +  1) 
3 / ~ - 1  3 / ~ - 1  

it follows that  ~ lies in ~ .  Therefore P lies either in ~1 or in ~ and so, without 

essential loss of generality, it can be assumed to lie in ~ r  

As before I consider the lattice line 

2 : x y l - x a y  =A.  

Its intersections W, X, Y, Z(1) with the lines CB, BA,  AD' ,  D'C' respectively are 

well-defined. For if P ( x l  Yl) is any point of ~1, then lyl+_Xl>/l>O; further 

/ ( 3 / +  1) /2(/+ 1) 
Yl-- lx  1> 3 l  2 - 1  3 1 2 - ~ '  

since the right-hand side is the value of y - l x  at  the point S (where y - l x  obviously 

takes a lower value than at any point of ~1), and so 

- 1 ( 1 2 - 2 l  - 1 ) > 0 .  
Yl - l xl > 3 /2 _ 1  

similarly Yl + 1 x 1 > 0. 

Moreover W, X, Y, Z are interior points of the sides CB, BA,  AD' ,  D'C' re- 

spectively. For, if P(x  1, Yl) is any point of. ~1, it follows that  

/ ( 3 l +  1) / ( / +  1) 
Yl - Xl > 312 - 1 3 1 2  - 1 ' 

since the right-hand side is the value of y - x  at the point S (where y - x  obviously 

takes a lower value than at  any point of ~1), and so 

2l  ~ A ( 3 / 2 -  1) 1 - 1  
y l - x l > 3 l Z  1 - ( l + l ) ( 3 l + l ) > ~ - T -  A; 

(x) The  co-ordinates  of W, X, Y, Z were g iven  in Sec t ion  2. 
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l - -1  
similarly Yl + xl > T A. 

l ( l +  1) < / ( 3 / +  1) 
Since also Ix11 < ~ < A, l Yl [ 3 l ~ -  1 ~ A, 

! ( A  -~- Xl) ' 1 (A  --  x l )  < 
it follows that  0 

/ Yl - xl .l Yl + xl / - 1 

(and so W, Z are interior points of the sides C B, D'C,'), and 

A - l x l  A +Ix1< l l 
1 < Y l ~ '  Yl + I x 1 1 

(and so X, Y are interior points of the sides BA, AD'). 
The general idea of the proof of Theorem I I  is now as follows. (1) I shall prove 

in Lemmas 5 and 6 that,  except for the point E(O, 21(l+1)/(312-1)}, the region 

~2 lies 

(i) between the upper branch of the hyperbola 

~1: t lA - t -~ lZ=( ly -x - �89  l) 

and its asymptotes;  

(ii) inside the upper branch of the hyperbola 

~ :  l (A-y)=y~- l~x  ~. 

These results imply that  if P lies in ~ and does not coincide with E then W Z > 3 0 P 

and X Y < 2 O P .  If P coincides with E then W X = X Y = Y Z = O P .  This proves 

Theorem I I  when P lies in ~ .  

I next  consider the case when P lies in ~1 but  not in ~ .  There is no loss of 

generality in assuming x 1/> 0. The hyperbola 

~ s :  l~ -  A ( /2 -  1 ) = ( l y + x - l ) ( y + l x - 1 )  

passes through E and has the lines CD, AD' as asymptotes. The upper branch of 

~a cuts the side C B in points I,  J which lie respectively below and above the line 

y=21(l+l)/(3l 2" 1) (see diagram 5). The co-ordinates of I ,  J are given by 

l~-A(12- 1)=(ly+ x- l ) (y+lx-1) ,  x = l ( y -  1). 

If Y0 denotes the ordinate of J ,  then Y0 is the greater root of 

2(l~+ 1)y~-2(21S +l + 1)y+ 2l~ +l + A(l-l-1)=O. 

(1) To avoid special cases I shall, for the remainder of this section, assume that 00 < 0 < 22 �89 
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/(3l+ 1) 
Y = 3 l 2 - 1 ~ T  

Y = Yo 
!K 

E 

21 (l+ I ) ' ~ C  
Y= 3/2_1 

Diagram 5. The hyperbola ~s 

t 
I 
I 
I s J  

~}~ : ly  + x - I _ > 0 ,  l y - x - l > _  O, y < - - "  

~)~: ly+x-l>_O, l y - x - l ~ O ,  y < - - "  

l ( 3 z + l )  

3 1 1 -  1 

3 l s - 1  

~}~a: lY+X- l>O,  l y -x - l>_O,  Y<Yo. 

In particular, if P lies in ~a (that part of ~1 lying below the line Y=Y0) but  not 

in ~a then P lies inside the upper branch of ~/a. I shall show that  if P lies inside 

the upper branch of ~/a then YZ > 0 P, and so Theorem I I  iS proved in this case also. 

Finally if P lies in that  part of ~1 not already covered, i.e. if P lies neither in 

~ nor inside the upper branch of ://a, then {still assuming x 1 i> 0) I shall show that  

P lies inside the upper branch of the hyperbola 

~4: l(yo- A)=(x + ly-1)  (x-yo)" 

This result implies that  the side D'  C' and the line x =Y0 now make an intercept on 

~t of length greater than O P. I t  follows that  there is a point (other than O) of A 

either in the interior of ~ or in the image of ~a in the line x = y .  The proof of 

Theorem I I  is then completed by appealing to the proofs covering the first two cases. 

6. LEMMA 5. Let P(xl, Yl) be any point o/ ~2; then 

t l A  +~l~>~( ly i -x , - t l )  (lyl +x l -~ l ) ,  (8) 

with equality i/ and only i/ P and E coincide. 

(This result shows that  WZ>3OP.) 

Proo/. The equation 

(8') 

is that  of a hyperbola (~41) with asymptotes ly+_-x-~l=O, i.e. lines parallel to CD, 

GB intersecting in the point (0, �89 The lowest point of the upper branch of ~1 is 
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E, and E lies on the upper boundary of ~2. The lemma follows since (8) (with in- 

equality) is satisfied at all points lying between the upper branch of ~1 and its 

asymptotes. 

LEM~A 6. Let P(xl, Yl) be any point o/ ~2; then 

1 (A - Yl) < Y~ - 12 ~ .  (9) 

(This result shows that  XY<2OP.)  

Proo]. The equation 

~t2: lA+�88189 �89 (9') 

is  that  of a hyperbola (~/3) with asymptotes y+_lx+�89 The lowest point of the 

upper branch of ~/3 is given by 

x=o, y=-�89 

The inequality (9) is satisfied at  all points lying inside the upper branch of ~//3. To 

show that  all points of ~3 lie inside the upper branch of ~/3 it suffices to show that  

(i) C lies inside it;  and 

(ii) the upper branch of :H3 intersects the line BC in a point lying above the 

line y=2l( l+ 1)/(3/2-  1). 

To show (i) I have to show that  

-�89 
i.e. that  /A < l +  1; this is the case since 

/+  1 - 1 A  = ( l+  1) ( 3 / * -  2 / 3 -  6 /2+  1 ) / ( 3 / 3 -  l) * 

= (/+ 1) {/a ( /_ 2) + 2/2 (l~ _ 4) + 213 + 1}//(313 _ 1)3 

and /~> l 0 > 2. To show (ii) I have to show that  the greater root of 

(1 ~ - 1) y~ - (214 + l) y + l A + / 4  = 0 (10) 

is greater than 2 / ( / +  1)/(3/2-  1). Since the lowest point of the upper branch of ~3 

lies below the line BC while, for numerically large x, ~3 lies above this line, it follows 

that  the quadratic (10) has real roots. Since the arithmetic mean of the roots of (10) 

is (2P+1)/2(14-1) it therefore suffices to show that  

214+1 2 / ( / +  1) 

2 ( / 4 -  1) > 3 / 2 _ ~  ' 

i.e. that  215-414-213+313+41+3>0. 
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This is so since 

215-414-  2lS + 31~ + 4l + 3= 2l~ (1- 2) - (2l + 1) (12- 2l - 1 ) + 2  

and 1+  ~2~>/~ /o>2 .  

L~.MMA 7. Let P(xl,  Yl) be any point o/ ~1 which does not lie in ~2 and for 

which x 1 >10. Let Yo be the greater root o/ 

2 (12 + l ) y ~ -  2(212 + l + l) y + 21" + l + A ( l - l - ' ) = O .  (11) 

Then /or O0 ~ 0 < 22 �89 

either 

o r  

l ~ - A ( l  ~ - 1)  > ( l y l  + x l  - l) (y~ + lx~ - l) ( 1 2 )  

l (Y0 - A )  > (x~ + l y ,  - 1) (x~ - Yo) ( 1 3 )  

except when 0=0o  and P = ( l y o - l ,  go)=J in which case (12 )and  (13)both become 

equalities; further the inequality (12) /w/d* when 0=22 �89  ~ 

(The inequality (12) shows that  Y Z > O P ;  (13) shows that  the side D'C' and the 

line x = y  o make an intercept on 2 of length greater than OP.) 

Proo/. Consider the equation 

~a: 12- A( l~- 1)=(ly+x-1) (y+lx-l). (12') 

Now l ~ - A (l z - 1) = l ~ (l ~ - 2 l -  1) (3 l ~ - 2 l - 3)/(312 - 1) ~ 

and so is < o r = 0  according as l <  o r = l + i / 2 ( 3 1  z - 2 l - 3 > 0  since l l>l  o > 2 >  

(1+l/1-6)/3). Therefore (12') is, for 0o~0<22�89 ~ the equation of a hyperbola with 

asymptotes CD, AD '  and, for 0=22 �89  ~ that  of the two straight lines CD, AD' .  This 

"hyperbola" (:Ha) passes through g and meets the y-axis in the further point 

{0, ( l~-1) (3 l+1) / (31"-1)} ,  

which lies above S T  since 
(/2- 1) ( 3 l +  1) l ( 3 l +  1) 

> - -  

3l  2 -  1 3 /~ -  1 

Further :Ha meets the line B C in the points I ,  J given by  

2(l~+ l ) v~ -2 (212+l+  l ) y +  2 l~+l+ A ( l - l -1)=O,  

i.e. by (11). The roots of (11) are real since the substitution y = 2 1 ( l + l ) / ( 3 1 ~ - l ) i n  

the left-hand side gives l ( l ~ - 2 l - 1 ) ( 2 1 a - l ~ - 4 1 - 3 ) / ( 3 l ~ - l )  2, and this is a 0  since 

2 1 a - 1 2 - 4 1 - 3  -= ( / - 2 )  (212+ 3 / +  2) + 1 > 0  
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1 ~ for l>/l  0 > 2 ;  this shows further that,  for 0 o~< 0 < 2 2 ~  , I,  J lie one on each side of 

the line y = 2 l (l + 1)/(312 - 1). 

If 0 = 22 �89176 743 reduces to a pair of straight lines and the region ~2 consists of 

the single point C (for E coincides with C when 0 = 22�89176 The points of intersection 

of 743 and the line BC are now, as is easily verified, C and S. Since (12)is satisfied 

at all points lying inside the "upper branch" of 743 it  follows that  the lemma is 
1 o proved when 0 = 22 ~ . 

Suppose now that  00~<0<22�89 ~ The lines AD', BC meet in the point 

l(1-1), tr  1 
1 J 

/ ( / +  1) / ( 3 / +  1) 
and so Yo < ~  < 3l 2 - ~  < A "  

The equation 744 : l (Yo - A) = (x + l y -  l) (x - Y0) (13') 

is therefore that  of a hyperbola (744) with asymptotes CD, x=y  o, and the inequality 

(13) is satisfied at all points lying inside the upper branch of 744. In particular (13) 

is satisfied if P is the point K{0, l(3l+1)/(312-1)} (i.e. the mid-point of ST) or 

the point S, for in either case it is equivalent to yo>21(l+l)/(312- 1), which is true 

since J (the upper of the two points I,  J )  lies above the line y=21(l+l)/(312-1); 

it follows that  K and S lie inside the upper branch of 744 (it is clear that  they do 

not lie inside the lower branch). 

The upper branch of 744 meets the line B C in points given by  

21y2- 2(21+yo) y+ (2l + yo + A)=O. (14) 

The reality of the roots of (14) is implied by (15). The point J(lyo-1, Yo) will lie 

between these two points or coincide with one of them provided that  

2 ( l -  1 )y~-  ( 4 / -  1)y0+ (2 /+  A)~<0, (15) 
i.e. provided that  

12+3l+A(12+21- 1)/1 
Yo / 2 + 4 / +  1 

(since Y0 satisfies (11)). Since 

( 2 / 2 + / +  1)+ ] / (2 /2+/+  1)~-2( /2+  1) { 2 / 2 + / + A ( / - / - 1 ) }  
Y0 = 2 (/2 + 1) 

= ( 2 / 2 + / +  1)+ ]/(l+ 1 ) (2 /2 -  l +  1 ) - 2 ( P -  1 )A/ l ,  

2 (1 ~ + 1) 

it follows that  (15) is satisfied provided that  
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g(l+ 1) (2/2- l+ 1) -  2 (14- 1) All 
- - 1 5 1 7 - - 5 l e + 6 3 1 5 + 5 3 l t +  l l l a - 7 1 2 - 3 l -  1 

>i (3/z _ 1)2 ( / 3 +  4 /+  1) 

This inequality will be satisfied if 

2 7 1 1 1  + 721TM + 691TM - -  1041 ll - 345 l 1~ - 736 l 9 - -  887 l 3 

-848l~-559le-248l  5 - 1714 + 5612 + 4512 + 16/+3>~0. 

(16) 

(17) 

Since the left-hand side of (17) is the product of 

316 + 4 1 ~ -  7 1 t -  2 4 1 3 -  71~ + 4 l §  3 

and 9 / s + 1 2 / 7 + 2 8 / e + 2 8 / 5 + 3 0 l  4+20I  3 + 1 2 / 2 + 4 1 +  1 

it follows that  

nlshes). Since 

and 

(17) is true, with equality only if 0=00 (when the first factor va- 

- 1 5 l ~ - 5 l e + 6 3 1 5 + 5 3 1 4 +  1 1 / s -  7 1 ~ - 3 l  - 1 

= - 5 ( / - 1 ) ( 3 1 6 + 4 1 5 - 7 1 4 - 2 4 1 3 - 7 1 2 + 4 1 + 3 )  

+ 8 ( / 5 - 4 / 4 +  1 2 1 3 + 6 1 ~ ' - 1 - 2 )  

15-4/4+ 1 2 / 3 §  

= (1 - 2) {/3 (1 - 2) + 812 + 221 + 43} + 84 

is positive when /=/o,  it  follows that  the right-hand side of (16) is positive when 

l =  l o and so there is equality in (15) if and only if 0 = 0 o. 

Now if 00< 0 < 22 ~~ it follows from what has already been proved that  

(i) every point of the triangle S K J  lies inside the upper branch of ~/a (since 

S, K and J lie inside it); 

(ii) every point of the triangles J K E ,  E J I ,  except for the vertices E, I ,  J ,  

lies inside the upper branch of ://3 (since E, I,  J lie on and K lies inside 

the upper branch of ~/a). 

Therefore the region defined by 

O<~x<~l (y -1 ) ,  2 / ( / + 1 )  J / ( 3 / + 1 )  
3 /2_1  < Y <  3 - ~ _ ~  

(i.e. that  part  of 971 which does not lie in ~z and for which x~> 0) lies either inside 

the upper branch of ~/3 or inside the upper branch of ~/4- This still holds if 0 = 0o 

except that  the point J now lies on both ~/3 and ~/4. 
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7. Proo/ o/ Theorem II .  

Suppose /irstly that P lies in ~2. I f  P is distinct from E then WZ > 3 0 P  and 

X Y <  2 0 P .  To prove the first of these it suffices to show tha t  

A +Iy~_ t A + l Y l > 3 y l ;  
l y l - x l  lyl + xl 

this is so since 
21 (A + l Yl) > 3 (1Yl - Xl) (lyl + xl) 

by (8). The proof that  X Y < 2 0 P  follows ill the same way from (9). Thus there is 

a point (other than O) of A in the interior of ~t. If  P coincides with E then W, X, 

Y, Z are the images of R, S, T, U respectively in the line x = y  and 

W X = X Y =  Y Z = O P .  

I t  follows either that  there is a point (other than O) of A in the interior of ~It or 
i 

tha t  A is the critical lattice A2. 

Assume hence/orth that P is any point o/ ~1 which does not lie in ~2 and /or 

which x 1 >10. 

Suppose secondly that (12) is satis/ied. I t  follows tha t  Y Z > O P  and so there is 
1 o a point (other than O) of A in the interior of ~ .  This completes the proof if 0 = 22 ~ . 

I t  also completes the proof if Yl < Yo (i.e. if P lies in ~s) or if x 1 = 0 ;  for it follows 

from the last paragraph of section 6 tha t  (12) is satisfied at  every point (other than 

the vertices E, I ,  J )  of the quadrilateral K E I J .  

Suppose thirdly that (13) is satis/ied and that x l > 0 .  Then the point Z §  P lies 

either in the interior of ~ or in the image of ~s  in the line x =y. For the abscissa 

of Z + P  is 
l (A  - -  Xl) 

l Yl + x~ + xl '  

which is <Y0 by (13), and the ordinate of Z + P  is < - l + l ( 3 1 + l ) / ( 3 1 Z - l ) < l  

(this inequality is necessary to ensure tha t  the point Z + P  does not lie above ~).  

I t  follows that  there is a point (other than O) of A either in the interior of ~ or 

in the image of ~s  in the line x = y .  If  the second alternative holds, the proof of 

the theorem is completed by  appealing to the proofs covering the first two cases. 

Suppose lastly that 0=00 and P coincides with J. In  this case Y Z = O P  and 

either there is a point (other than O) of A in the interior of ~ or A is the critical 

lattice A~ defined in Theorem I I I .  To verify this second statement  it  is sufficient to 

show tha t  the angle P O Y  is now a right-angle and so P and Y are now the mid- 
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points of two sides of a square (one of whose vertices is Z) whose vertices and the 

mid-points of whose sides lie on the boundary of ~ .  Tha t  the angle P O Y is now 

right-angle follows f~om the fact tha t  (12) and (13) are now equalities; the geomet- 

rical significance of these equalities is tha t  Y lies on the line x =Y0 as well as on 

the side AD'  and so has co-ordinates (Yo, - l yo+l ) .  This gives the desired result 

since now P = J  (lyo-1, Yo). 

Proof of  Result  for 15 ~ < 0 ~< 0 0 

8. Introduction (see Diagram 6). 

Theorem I I I .  I /  15 ~ < 0 ~< 0 0, i.e. i/ f3  <~ l <~ lo, then the determinant o/ a critical 

lattice o~ ~ is 
A = 12 (12 + 4l  + 5) 

(1 s + 2 l -  1)2 
Moreover the lattice A 3 generated by 

{ l ( l + 2 )  l } t l ( l + l )  2 l( l~-3) t, 
E l S + 2 l _ l ,  1 2 + 2 l _ 1 ,  F~12-~- i~ l ,  1 + 2 l - 1 )  

and its image A~ in the line x~-y are critical. For 15~ 0 <  0 0 A 3, A~ are the only 

critical lattices; /or 0 =0 o there are two /urther critical lattices A2, A2. 

See the enunciation of Theorem I I  for the co-ordinates of a pair of points 

generating As; A~ is the image of As in the line x = y. 

The lattices Aa, A~ can be regarded as being defined by  squares whose vertices 

and the mid-points of whose sides lie on the boundary of ~ ,  and whose centres are 

a t  O. There are two, and only two, such squares, viz. F H F ' H '  and L N L ' N ' ,  the 

nomenclature of the vertices being fixed by  taking E as the mid-point of F H' and 

L, N" as the images of F,  H respectively in the line x = y. Let  E, G, E', G' denote 

the mid-points of H' F, F H, H F' F' H' respectively and let K, M, K', M' denote the 

mid-points of N' L, LN,  NL ' ,  L 'N '  respectively. 

L E~MA 8. Aa is admissible /or ~. 

Proo/. As consists of the points a E + f G where ~r fl are integers. The required 

result follows after proving tha t  

(i) if max (l~l, 1fll)>~3 then the point o~E+flG does not lie in ~ ;  and 

(ii) ff max  (1~1, I f l J )=2 then the point a E + f l G  lies either outside ~ or on the 

boundary of ~ .  

The points for which max (loci, I f l l ) = l  all lie on the boundary of ~ .  
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To show (i) it suffices to show tha t  B lies to the left of the lattice line con- 

taining those lattice points for which ~ = 3. This line has equat ion 

l(12+41+5) 
(l+2)x+y=3 / ~ + 2 / - 1  ' 

and so it suffices to show t h a t  

the left-hand side of 

3 l(1~+41+5) ( l + 2 )  l l 
/ ~ + 2 / -  1 l - 1  / - 1  > 0 ;  

this inequali ty is equal to 21 (l 3 + 21 ~ - l - 6 ) / ( / -  1) (l 9 + 21 - 1) 

and 18+21~-l-6=l(1 ~- 1) + 2 ( l ~ - 3 )  

is positive for 1 >7 1/3. 

To show (ii) it suffices, by  symmetry ,  to  show tha t  the points 

~E+flG (zr  f l = - 1 , 0 , 1 , 2 )  

lie either outside 2 or on the boundary  of 2 .  The points E and E + G (i.e. F)  lie 

on the boundary  o f  2 and so the points  2 E  and 2 E + 2 G  lie ouside 2 .  The ab- 
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scissa of the point 2 E - G  or 3 E - F  is I(21+5)/(12+21-1), which is greater than 

/ / / ( l - I ) ;  therefore 2 E - G  lies to the right of BD' and so outside ~. There remains 

the point 2 E + G  or E + F  
{ 1(2l+3) l(l+4) t 
1 2 + 2 l _ 1  ' 1 2 ~ 1 ]  " 

This lies on or to the right of the side A B according as l =  or > l/3. 

This completes the proof of the lemma. 

Let  now .4 be any lattice of determinant A. I shall prove either that  A is one 

of the critical lattices mentioned in the enunciation of Theorem HI ,  or that  A con- 

tains a point (other than 0) in the interior of ~.  Consider the parallelogram of area 

4A defined by 

ly+l ]<l, I(Z+2)y+xl< ((12+ 4z+5) 

the boundary of this parallelogram consists of the lines AD', A 'D  and LN,  L'N'.  

By Minkowski's theorem this parallelogram contains a primitive point Q1 of A. If 

Q1 is an interior point of ~ there is no more to prove. Otherwise it can, without 

loss of generality, be taken as lying inside or on the boundary of the triangle C MN.  

In a similar way it is possible to show that,  if A is admissible for ~,  there exist 

primitive points Q~, Qa, Q4 of A inside or on the boundaries of the triangles CFG, 

A KL,  A H 'E  respectively. 

LEMMA 9. I f  A is admissible /or ~ and is distinct from A3, A~, then the points 

Q1, Q~, Q3, Q4 are not all distinct. 

Proof. Suppose the points Q1, Q2, Qa, Q4 are all distinct. I show first that  O, 

Q1, Q~ are not collinear. For if they are, the co-ordinates (x', y') of the lattice point 

Q1-  Q~ satisfy the inequalities 

/ ( l + 1 )  (i.e. the abscissa of F) [ x ' l < l ~ + 2 l _  l 

_< l(z+3) 
and [Y'['~i~+--2/~- 1 1 (i.e. the ordinate of F -  C). 

Therefore ix'f< 1, l Y'J< 1 

and so the point Q1-Q~ is a point (other than O) of A in the interior of ~ ;  this 

contradicts the hypothesis on A. Similarly O, Qa, Q4 are not collinear. 

I next prove that  QI cannot lie in the region ~1 formed by the interior and 

bom~dary of the quadrilateral G C M J ,  where J is the point of intersection of LN,  
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FH.  For if it did, the triangle OFG of area �89 would contain two points Q1, Qz 

of A where O, Q1, Q2 are not collinear; this is only possible if QI = G, Q2 = P and so 

A = A 3. (1) 

Similarly Q2 cannot lie in ~1, and Qa, Qa cannot lie in the image ~ of ~1 in 

the line x = y. 

Let  Q~, Q~ denote the images of Q1, Q2 in 0. Then I show that  Qs, Q4 lie strictly 

between the lattice lines Q1Q2 and Q~Q~. For QI lies on or below J N  and to the 

left of the y-axis (because QI lies inside or on the triangle C M N  but not in ~1) 

while Q2 lies above the line J M  and to the right of the y-axis (because Q2 lies inside 

or on the triangle CFG but not in ~ l ) ;  therefore the lattice line Q1Q2 passes above 

L. Similarly the lattice line Q~ Q~ passes below H'. 

Now the area of the triangle OQ1 Qz is �89 A; for on the one hand its area does 

not exceed that  of the triangle O F N ,  which is 

12(l~+41+ 3) <A  ; 
(12 + 2 l - 1) 3 

on the other hand its area is a positive integral multiple of �89 A. Therefore Q1, Q2 

generate the lattice A and all points of A lying strictly between the lattice lines 

Qx Q2 and Q~ Q~ lie on the line through 0 parallel to Q1 Q2, i.e. O, Q3, Q4 are collinear. 

This contradiction completes the proof of the lemma. 

Since Q1, Q2, Q3, Q4 are not all distinct it can, without loss of generality, be as- 

sumed that  Q1 = Q2=P(xD Yl), say, and so there is a point P(xl, Yl) of A in ~1. As 

before I consider the lattice line 
,~: x y l - x l y = A .  

Its intersections W, X, Y, Z(2) with the lines CB, BA ,  AD',  D'C' respectively are 

well-defined. For if P(Xl, Yl) is any point of ~}~1 then 

(i) lyl +_Xl>~l>O; 

(ii) Yl + lxa >11 (l + 2) - 12 
- / 2 + 2 / _  1 ' 

since the right-hand side is the value of, say, y= l x at the point 

1 l (z+2)  t 
M / 2 + 2 / _ 1 ,  12+21 - i t '  

and so  Yl ~ I x I > 0. 

(1) I use  here  t h e  Lemma. Le t  O A B be a t r iangle  h a v i n g  one  of i ts  ver t ices  a t  t he  origin a n d  
1 a rea  ~ A. T h e n  if two po i n t s  P ,  Q of a la t t ice  A of d e t e r m i n a n t  A lie ins ide  or on  t he  b o u n d a r y  of 

th i s  t r iangle  a n d  if O, P ,  Q are  no t  col l inear  it  follows t h a t  e i ther  P = A ,  Q = B  or P = B ,  Q = A .  
F u r t h e r  P ,  Q gene ra t e  A.  

(3) T he  co-ord ina tes  of  W, X, Y, Z were g iven  in  Sect ion 2. 



2 4  L . E .  CLARKE 

Moreover, W, X, Y, Z are interior points of the sides C B, B A, A D', D' C' re- 

spectively. For, if P is any point of ~1, Yl +--Xx 7> l (l+ 1)/(/~ + 2 l -  1), since the right- 

hand side is the value of, say, y - x  at the point M;  it follows that  Yl +-xi >A ( l -1) / l .  

Also [x~[ <~1/(12+21 - 1) (i.e. the abscissa of M) and [Yl[ <l( 12+41+ 5)/( /+ 2) (l~+ 2 1 -  1) 

(i.e. the ordinate of J) and so Ix1 ] < A, [yl [ < A. Therefore 

0<l(A+Xl___ ), / (A-x1)  < l 
1 Yl - Xl l Yl + Xs 1 - 1 

(and so W, Z are interior points of the sides CB, D'C'), 

A - l x  1 A + / X l <  l 
and 1 < - - ,  

y l - l X  1 Yl+ lx  1 1 - 1  

(and so X, Y are interior points of the sides BA,  AD'). 

The general idea of the proof of Theorem II I  is now as follows. I can, without 

loss of generality, assume that  x I >/0. I t  will then be shown in Lemma 11 that, un- 

less P is one of at  most two points, its co-ordinates satisfy either the inequality (19) 

or the inequality (20). If (19) is satisfied then Y Z > O P .  If (20) is satisfied then 

W Z > 3 0 P  while, by Lemma 10, X Y < 2 O P .  In either case it follows that  there is 

a point (other than O) of A in the interior or ~. The exceptional points mentioned 

above may lead to critical lattices. 

9. Lv.M•A 10. Let P(x'l, Yl) be any point o/ ~1; then 

X Y < 2 O P .  

Proo/. I show first that  X does not lie to the right of 

L I  / ( /+3)  / ( /+1)  t 
( l~ 7 2l --1'  l* + 2 l - 1  

i.e. tha t  

This inequality is equivalent to 

( l + 3 ) y  1 -  (l+ 1)x 1~> 

which holds for all points P of ~1 since 

A - l x 1 <  ~ l(l+ 
y l - l x l  ~ .+2l~1  " 

l(12+4l+5) 
12+21 - 1 

(i) the lines ( l+3)y - ( l+ l ) x=cons tan t  have gradient (l + l)/(l+ 3) and 

(l+ 1)/(/+ 3)/> 1/l (i.e. the gradient of C B) 

for 1/> 1/3 ; and 

(18) 
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(ii) the r ight-hand side of (18) is the  value of 

( l + 3 ) y - ( l + l ) x  at  the point  M. 

Similarly Y does not  he to the right of H ' .  

I t  follows tha t  X Y ~< L H '  = 21 (l + 1)/(l  ~ + 21 - 1) < 2 ~< 2 0  P.  

LEMMA 11. Let P ( x  1, YO be any point o] ~1 /or which xl>~O. Then 

either 12 - A (/2 _ 1) > ( ly 1 + x 1 - l) (Yl + Ix1 - l) (19) 

or 21 (A + lyx) > 3 (l YI - xl) (l Yl + Xl), (20) 

except when (i) P is the point 

z .z(l+ 2) t M 

in which case (19) becomes an equality and (20) is talse; or (ii) 0 = 00 and P is the point 

o, 2 l ( t+  1) I 
3 / ~ - 1  J '  

in which case (19) and (20) both become equalities. 

(The inequalities (19), (20) show tha t  Y Z > 0 P,  W Z > 3 0 P respectively.) 

Proo/. Consider the equat ion 

:HI : 12 - A (l ~ - 1) = (ly + x - l) (y+ lx  - l). (19') 

Now l z -  A (l ~ -  l) = - - 2 1 ~ ( l ~ - 3 ) / ( 1 2 + 2 1 -  l)  ~ 

and so is < or = 0  according as l >  or =] /2 .  Therefore (19') is, for 15~ the 

equat ion of a hyperpola  with asymptotes  CD,  A D '  and, for 0 = 1 5  ~ tha t  of the two 

straight  lines CD,  A D ' .  This "hyperbo la"  (741) ~ passes through M and intersects C M  

in a fur ther  point  U given by  
1 4 + 3 1 a - l - 1  

Y=  (l~+ 1) (l~ + 2 l -  1)" 

U lies s tr ict ly between C and M unless O= 15 ~ when it coincides with C. Fu r the r  

~1 intersects the positive y-axis in points R, S (R being the  lower) given by  

y2_  ( l+  1 ) y + l ( l ~ -  1) ( I ~ + 4 l + 5 )  
( / 2 + 2 / -  1) 2 = 0 ,  (21) 

and R, S lie one on each side of J ;  for when 

l (1~+41+5)  
(i.e. the ordinate  of J )  

Y -  ( l + 2 )  ( l ~ + 2 l - 1 )  

3 - 665064  Acta  mathemat ica .  99. Impr im~  le 25 m a r s  1 9 5 8  
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the left-hand side of (21) is the equal to -21(12+4l+5)/(I+2)~(1a+2l-1)2<0 (this 

verifies incidentally that  the roots of (2!) a r e ,  in fact, real and so positive). The in. 

equality (19) is satisfied at  all points P lying inside the "upper branch" of ~/r 

Now consider the equation 

~t2: ~lA +~lZ=(ly-x-~l ) ( ly+x-~l ) .  (20') 

This is the equation of a hyperbola (://3) with asymptotes ly+_x=�89 The inequality 

(20) is satisfied at all points lying between the upper branch of ~/2 and its asymptotes. 

~/2 meets the positive y-ax;s in a point T given b y  the positive root of 

2 2A 
y2 _ 3 y _ -~ -  = 0. (22) 

T lies between R and S if the positive root of (22) lies between the two roots of 

(21).(which are both positive). This is so if(1) 

3 / e + 4 / 5 - 7 / 4 -  2 4 / 3 - 7 / 2 + 4 / + 3 < 0 ,  

which holds when 15~ 0<  0 o. If 0 = 00 T coincides with one of the two points R, S ;  

it  is implicit in what immediately follows that  it must eoincide with the lower of 

these two points, namely R. 

~2 intersects the line B C in the point V given by  y = A/21 § 3/4. 

14+313-1-1 A 3 /( /+2) 
Now (12+ 1) ( / 2 + 2 / - 1 )  < 2 - / + 4 < ~ + 2 1 -  1; 

the first inequality follows since it is equivalent to 

0 > / ~ + 6 l  a+31 a - 2 8 / s - 2 9 / ~ - 2 / +  1 

= ( l+ 1) (/2+4/+, 1) (/3 + l~-_ 7 / +  1), 

and this is true since lS+ 12- 7 / +  1 increases for l~> ~ ( , -1  + V~)  (which is the case 

if ID ~/3) and 
/~ + l~ - 710 + 1 < (2.01)a+. (2.01)3 _ 7 (2) + 1 < 0 ; 

the second inequality follows since it is equivalent to 

0~14§ 213- 2 i~ -6 l -  3=(l~-- 3) (12-4: 2l +1). 

In  other words V lies between U and M or coincides with M according as 1 > or = V3. 

(1) If each of the two quadratic equations 

ay2+by+c=O, a'y~+b'y+c'=O 
has distinct real roots, then the roots "interlace" provided that 

(ac" -a 'c)  z - (ab;-a'b) (by'- b' c) <r0: 
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Diagram. 7. 

The hyperbola  ~ l 
The hyperbola : ~  . . . . . . . . .  
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Now suppose that  15"< 0< 00 and consider a point moving along the uppor 

branch of :H2; for numerically large values of the abscissa it does not lie inside the 

upper branch of :H 1 but  at the points T, V it does. The upper branches of ~H1, ~H2 

intersect in at most two points; for from the position of the asymptotes it follows 

that  the lower branches of :H1, :H2 intersect in at least one point, and further that  ~H1, 

:H2 intersect "at infinity". Therefore the upper branches of ~1, ~/~ intersect in pre- 

cisely two points; further one of these points lies to the left of T and the other to 

the right of V. I t  follows that  all points on the arc T V  of ~/~ lie inside the upper 

branch of :Hi. Therefore every point lying inside or on the boundary of the triangle 

C M J ,  with the exception of M, lies either inside the upper branch of :H1 or between 

the upper branch of ~/2 and its asymptotes. The argument in this paragraph com- 

pletes the proof of the lemma if 1 5 ~  00. Slight modifications are required if 

0 = 1 5  ~ or if 0=00 ;  further, if 0=00, T and R coincide in the point 

{0, 2 l ( l +  1) / (31"-  1)} 

mentioned in the enunciation of the lemma (this can be verified by using (1)). 

10. Proo[ o/ Theorem I I I .  

I f  ( 1 9 ) i s  satisfied then, as before, Y Z > O P ,  and if (20) is satisfied then 

W Z > 3 O P .  Since, by Lemma 10, X Y < 2 O P i t  follows that,  unless P is o n eo f  t'he 

exceptional points mentioned in  the enunci, ation of Lemma 11, there is a point ~ (other 

than O ) o f  A in the interier of ~.  If P coincides w~ith M then Y Z = O P and either 

there is a point (other than O) of A in the interior of ~ or A is the critical lattice 
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A~. Finally, if 0=00 and P is the point (0, 2 1 ( I + 1 ) / ( 3 1 2 - 1 ) }  then W X = X Y =  

Y Z =  O P and either there is a point (other than O) of A in the interior of ~ or 

A'~is the critical lattice A~. 

Retrospect 

11. In this section I give a brief account of the ideas which suggested the above 

conclusions. 

Mordell [3] had shown that  for 30~ 0 < 4 5  ~ there were two critical lattices 

(A 0, Ao) which could be regarded as being defined by squares whose vertices and the 

mid-points of whose sides lay on the boundary of ~ (compare Diagram 6). For 

30~ 0<  45 ~ these were the only critical lattices, but  at  0 = 30 ~ two further critical 

lattices (A D A1) appeared. A1 could be regarded as being defined by A and the line 

parallel to the x-axis which had an intercept equal O A made on it by the sides 

C B ,  C D  (see Diagram 2). I t  seemed reasonable to assume that  the lattice A1, so 

defined would be critical for 0 sufficiently near to and less than 30 ~ A~ was, in 

fact, admissible for 0~>22�89 ~ (see Lemma 1), and so the result of Theorem I was 

suggested. 

At 0=22 �89  ~ the points L + A ,  M - A  of A~ (see Diagram 2) came on to the 

boundary of ~ and A 1 could then be regarded as being defined by the line parallel 

to the x-axis which had equal intercepts made on it by the sides A B, B C ,  C D ,  D A ' .  

This suggested a definition of a critical lattice (As) for 0 sufficiently near to and 

less than 22 �89 (see Diagram 4). 

Now the lattices defined by squares whose vertices and the mid-points of whose 

sides lay on the boundary of ~ had determinant 

1~(1~ + 4 1 + 5 ) .  

(1 ~ + 21 - 1)3 , 

therefore these lattices could only be admissible for ~ if 

l~ (1~ + 41+ 5) _ l ~ 

(-VT :-fi  V:_ I ' 

since the right-hand side of this inequality was the determinant of a critical lattice 

of one of the two intersecting parallelograms of which ~ was composed (see Section 

12). This inequality was equivalent to l >~ 1/3. These lattices (Aa, A~) defined by squares 

were admissible for 0 sufficiently near to and greater than 15 ~ and critical for 0 = 15 ~ 

This suggested that  Aa, A~ were, in fact, critical for 0 sufficiently near to and greater 

than 15 ~ , 



THE CRITICAL LATTICES OF A STAR-SHAPED OCTAGON 29 

Final ly A a had determinant  

and A s had determinant 

1 e (/2 § 41 + 5) 

(12 + 2 1 -- l) 2 ' 

21~(l§ 1) ( 3 / +  1) 
( 3 / 2 -  1) 3 

and 

according as 

12(1~§247 2/2 ( /+ 1) ( 3 / +  1) 
o r  (/2+ 2 l -  l) ~ (3 /2 -  1) 3 

316+415-7 l~ -2413-71~+41+3< or >0 .  

This suggested the definition of l 0. 

The ideas outlined in the previous three paragraphs suggested the results of 

Theorems ] I  and I I I .  

In  an a t tempt  to find the results for values of 1 less than V3 I found those 

values of 1 for which the determinant of a critical lattice of ~ was equal to tha t  of 

one of the two intersecting parallelegrams of which ~ was composed (see Section 12), 

and found a critical lattice for each of these values of l; it was then possible to 

make a reasonable conjecture as to a critical lattice for neighbouring values of each 

of these values of 1. However, I could get no general proof of these conjectures. 

A Further Result 

12. Let  L, M denote the points of intersection of D'A,  DC and of BC, B ' A '  

respectively, and let L', M' denote their images in O (see Diagram 8). Then L is the 

point { / / ( /+  1)~ I /( l+ 1)} and the star-shaped octagon is composed of the two inter- 

secting parallelograms D L D ' L ' ,  B M B ' M ' ;  each of these parallelograms has area 

4 l~/(l ~ - 1). 

Suppose a lattice A of determinant A=l~//(12- 1) is admissible for the star. 

shaped octagon. I t  follows tha t  it is admissible, and therefore critical, for each of 

its component parallelograms and critical for the star-shaped octagon. Since A is a 

critical lattice of each of the component parallelograms, the mid-points of at  least 

one pair of opposite sides of each parallelogram must  be lattice points; see Min- 

kowski [2]. 

Suppose the mid-point P (1ill 2 -  1), 12/(l ~ , 1)} of B M  is a lattice point and either 

(i) the mid-point Q { - 1 / ( l ~ - l ) ,  1~/(t2-1)} of L D  is a lattice point;  or 

(ii) the mid-point R {12/(12-1), - 1 / ( l ~ - l ) }  of LD'  is a lattice point. 
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(i) and (ii) cannot both occur; for if they did L would b e  a lattice point :and A 

would not be admissible for the star-shaped octagon. 

Suppose firstly that  (i) occurs; then, since O, P, Q are not eollinear, the area 

of the triangle O P Q  is �89 where n is a positive integer.  Therefore  l satisfies t h e  

equation 
2l  

n~ 
1 ~ -  1 

and so takes one of the values 

1 { l + V n  z + l }  ( n = l ,  2 . . . .  ), (23) 
n 

Since P Q = 2  l/(1 ~ -  1) it follows that  P Q - n .  

uonversely, it t tares  one of the values (23), the lattice generated by A and P 

contains Q (since Q P = n 0 A) and has determinant l*/(12 - 1). This lattice is admissible 

for the parallelogram B M B ' M '  since it contains the mid-point of B M  and a point 

(A) on B M ' ;  similarly it is admissible for the parallelogram D L D ' L ' .  Therefore the 

lattice is admissible and critical for the star-shaped octagon. I t  should be noted that  

this lattice and its image in the line x - y  are not necessarily the only critical lat- 

tices; thus, if n = 4 ,  giving / = [ ( 1 + 1 / ~ ) i  the lattice generated by (2,0) and 

{0, t (1 + 1/~-)} is also admissible and critical. 

Suppose secondly that  (ii) occurs; then, since O, P, R are not collinear, the area 

of the triangle O P R  is �89 wher~e~n is a~ p()sitive integer; in fact n > l ,  since the 

triangle O P R  has area 
. . . .  / 2 ( / ~ + 1  ) > l~  . . 

I t  follow~ that  1 satisfie~ the equatio n 

12+ 1 

12- 1 

a n d s o  l takes one of the values 

V(n+t)/(n-U (n=2;3;..:). 

P R  intersects A B ,  C ' D '  in the  points 

s tz(z -z+2) l(t  2U1) t  tz(2z"-z'+x) t'(t'+2z- 

(24) 

and P S = R T ' =  1 P R .  ' 
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D B 

B' D 

Diagram 8. 

3 !  

Conversely, if l takes one of the values (24), the lattice gene ra t ed ,by  S and  P 

contains R and T. I t  is therefore 'admissible for the parallelograms B M  B ' M ' ,  D L D" L '  

and so admissible and critical for the s tar-shaped octagon.  

The above results can be summed up in the following theorem. 

T H  v. o R v. ~ I V. A necessary and su//icient condition that the determinant o/ a 

critical lattice o/ the star-shaped octagon is equal to the determinant o/ a critical lattice 

o/ one o[ its component parallelograms is that l takes one o/ the values 

l (1 + i / ~ +  1 ) ( n = l ,  2 . . . .  ) (23) 
n 

or V ( ~  1)/(n - 1) (n = 2, 3 . . . .  ). (24) 

C o R O L r~ ~it  Y. Let A denote the determinant o/ a critical lattice o/ the star-shaped 

octagon. Then /or n = 2, 3 . . . .  

1 ( l + V n 2  2 n + 2 ) > ~ l > ~ / ( n + l ) / ( n _ l )  
n - 1  

implies �89 (1 + Vn 2 - 2 n + 2) ~< A ~< �89 (n 4- 1), 



32 

and 

implies 

Proo/. 

L. E. CLARKE 

g(n + 1)/(n - l)/> l/> 1 (1 + ~ / n ~  1) 

�89 ( n +  1)~< A~< �89 (1 + g ~ +  1). 

I f  l 1 >l~ the star-shaped octagon corresponding to l = l 1 is entirely con- 

tained in tha t  corresponding to l = l  2. I t  foHows tha t  A is non-decreasing with de- 

creasing I. 

Further l Z / ( 1 2 - 1 ) = � 8 9  or � 8 9  according a s l  =~  ( 1 + ~ + 1 )  or 
n 

V(~+ 1)/(n- 1). 

The above work formed part  of my  dissertation submit ted for the degree of 

Doctor of Philosophy in the University of Cambridge. I should like to take this 

opportunity of thanking Professor L. J .  Mordell and Mr. R. F. Churehouse for their 

many  helpful and detailed comments, and Dr. C. S, Davis for reading an earlier 

draft  version of sections 8-10. 
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