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1. Suppose given in the complex w-plane a simply connected domain 9 ,  which is not 

the whole plane, and let w =](z) be a function mapping the open unit disc D in the z-plane 

one-to-one and conformally onto 9 .  As is well known, for almost every 0 (0~<0 <2g) , / (z)  

has a finite angular l imi t / (e  ~~ at  e ~~ tha t  is, for any  open triangle A contained in D and 

having one ver tex at  e ~~ ~~ as z-->e ~a, z E A. An arc at e ~a is a curve A ~ D such tha t  

A U {e l~ is a Jordan  are. As a preliminary form of our main result (Theorem 2), we state 

THEOREM 1. For almost every 0 either 

/ ( z ) - / ( e  ~~ and/ ' ( z )  have the same/ini te ,  nonzero angular limit at e i~ 
Z -- e ~~ 

(1.1) 

or arg (/(z)-/(et~ de/ined and continuous in D, is unbounded above and below 

on each arc at e ~~ (1.2) 

Note tha t  if (1.1) holds, the mapping is isogonal at  e l~ in the sense tha t  

arg ( ] ( z ) - / (e i~  (z-e~~ 

where both argument  functions are defined and continuous in D, has a finite angular limit 

a t  e ~~ 

I f  ](z) has a finite angular limit a t  e ~~ then the image under / (z)  of the radius a t  e ~~ 

determines an (ideal) accessible boundary point a0 of 9 whose complex coordinate W(ao) = 

](e f~ is finite. The set of all such a0 is denoted by 9~. On 9 U 9~ we use the relative metric, 

the relative distance between two points of 9 0 9~ being defined as the infimum of the 

Euclidean diameters of the open Jordan  arcs tha t  lie in 9 and join these two points. Any 

limits involving accessible boundary points are taken  in this relative metric. 

(1) The author gratefully acknowledges the support of the Alfred P. Sloan Foundation and the 
National Science Foundation (N.S.F. grant GP-6538). 
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We shall see (Lemma 1) t h a t  (1.2) is equivalent  to  

l i m i n f a r g ( w - w ( a ) ) =  - o o  and l i m s u p a r g ( w - w ( a ) ) =  q-r (1.3) 
ltr-->Q w--~a 

where a = ct0 and  arg (w-w(a ) )  is defined and  continuous in ~ .  The condition (1.3) says, 

roughly  speaking, t h a t  ~9 and  consequent ly  also its bounda ry  ~ )  twist  a round  w(a) infinitely 

of ten in bo th  directions, arbi trar i ly near  a. 

2. We proceed to  s tate  Theorem 2. We say t h a t  the (unique) inner tangent to  ~ exists 

a t  an  accessible bounda ry  point  a e ~  provided there exists one and  only one number  

~0 (0~<~0<2~) with the  p roper ty  tha t  for each positive number  e(e<~z/2) there  exists a 

positive number  ~ such t h a t  the  sector 

,4 = {w(a)+ee'~: 0<e<~, l~-~o[ <~/2-~} 

is contained in ~0, and  is such t h a t  w-+ a (relative metric) as w-+ w(a), w E A (our terminology 

is slightly different f rom t h a t  of Lavrent ieff  [5]). For  convenience we call these sectors the  

angles at  a. Set 

9~ 1 = {a: aE~ ,  the  inner  t angen t  to ~ )  exists a t  a}; 

~ =  {a: aeg~, (1.3) holds}. 

We say t h a t  a subset 92 of ~ is a ~-con[ormal null-set provided {0: Ct o E~} is a set of measure 

zero. Note  t h a t  this definition is independent  of ]. 

Le t  z=g(w) be a funct ion mapping  ~ one-to-one and  eonformally onto D. Then  for 

each aEg~ the  limit 

lim g(w) = g(a) 
w--+{l 

exists. We say t h a t  g(w) has a nonzero angular derivative at  a point  aEg~ x provided there 

exists a finite, nonzero complex number  g'(a) such t h a t  for each angle A a t  a, 

g(w) -g(a) 
lira w "--:ZT~''~''=g'(a)-w~u) and limg'(w)=g'(Ct). (2.1) 
W--->(I W----> (1 
WE.A WEA 

THEOREM 2. (i) ~=~IU 9.1~U 92, where 92 is a ~)-con/ormal null-set. 

(ii) g(w) has a nonzero angular derivative at each point o] 9~1, with the possible exception 

o~ those points in a 7D.con/ormal null-set. 

(iii) A subset o/9~ 1 is a ~-con]ormal null-set i] and only i / the set o] complex coordinates 

o] its points has linear measure zero. (1) 

(x) A subset of the plane is said to have linear measure zero provided for each s > 0 it can be 
covered by a countable collection of open discs the sum of whose diameters is less than e. 
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We are indebted to M. A. Lavrentieff  for an earlier theorem [5, Theorem 1], which is 

contained in Theorem 2. 

3. We return now to the notation of Section 1. I t  is convenient to use the special 

notation Arg (w-/ (e l~ for the continuous branch of arg (w-/(e~~ which is defined i n / )  

and satisfies 

0 < Arg (1(0) -t(e~~ <2~.  

(a) I / t he re  exists an arc at e t~ on which Arg  (/(z)- /(et~ is bounded above, LEMMA 1. 

then 
lim sup Arg (w -/(e~~ < co. 

w - ~  0 

(b) / / there  exists an arc at e to on which Arg  (](z) -/(et• is bounded below, then 

lim inf Arg (w - ](et~ > - co. 
w-+a 0 

Remark.  The reader who is only interested in the proof of Theorem 2 can skip to Sec- 

tion 4. For the proof of Theorem 2 we only need to know tha t  for almost every 0, either 

(1.1) or (1.3) holds. 

P r o o / e l  Lemma 1. We give the proof of (a); the proof of (b) is analogous. Suppose 

there exists an are A z a t  e *~ on which Arg (/(z) -/(e~~ is bounded above. Let  z o be the 

init ialpoint of A z (that is, the endpoint of A z in D), and let 0n (n =0,  1, ...) be numbers such 

tha t  

o<en<oo< II(z0)-l(e'~ (n=l, 2, ...) (3.1) 

and such tha t  Qn-~O. Set 

C.={[w-/(e'~ (n=0,1 . . . .  ) .  

By standard theorems, for each n each component of the preimage/-1(C~) is a crosscut of 

D neither endpoint of which is e ~~ Let  V~ (n=O, 1, ...) be the component  of D-/-I(Cn) 
such tha t  ret~ V z for all r sufficiently near 1 ( r < l ) ,  and set ~/~=DA aV z. Note tha t  for 

each n = 0 ,  1, ..., A~N VZ~O, for otherwise some component  o f / - l (Cn)  would have e ~~ 

as an endpoint. Thus A Z N T z ~ : o  (n=0,  1 . . . .  ), because z0~V ~ by  (3.1) (the bar  denotes 

closure). Also by  (3.1), DN ~z c Vg ( n = l ,  2, ...) and in particular F z c  Vg ( n = l ,  2 . . . .  ). Set 

r z = V~ n/- l (Cn)  (n=  1, 2, ...). 

Then 7~ c F z, and consequently, since A ~ N yz 4=O, A ~ n 1 "z # 0 .  Thus for each n = 1, 2, ..., 

A z contains a Jordan  are tha t  joins 7~ to Fz~. We note tha t  only finitely many  components 

of / - l (Cn)  intersect this Jordan  arc. I t  follows readily tha t  there exist open Jordan  arcs 
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a ~ c A  ~ ( n = l ,  2, ...) such tha t  a~ joins ?~ to F~ and does not intersect y~U r~.  Since one 

endpoint of a~ is in V~, ~z~  V~. 

Let  A, V0, ?0, and a .  (n = 1, 2 .... ) denote the images under ](z) of A z, V~, ?~, and a~, 

respectively. Clearly 70c  C 0. Also, an lies in the open annulus U, whose boundary is CoU Cn, 

and an joins a point wafi?o to a point of Cn. For  each n let 

9n(w) = arg (w-/ (d~ 

be defined and continuous on O n -  ~n- Let  9~ (w) and 9n + (w) (w E ~ )  be the boundary values 

of 9~ from the two sides of ~., defined so tha t  9~ and 9 + are continuous functions on ~ .  

Then each of the functions 9~ and 9 + differs from Arg (w-/(e*~ (wEYcn) by  a constant,  

and 9 + (w~) = 9~ (wn) _+ 2~t. Thus 

9n (w) - 9 ;  (wn) ~< 2re + sup (Arg (w - ](e'~ - Arg (w. - Jt(e~~ (3.2) 
~ E ~ n  

because it is readily seen tha t  all boundary values of the function on the left are less t han  

or equal to the number  on the right. 

We now note tha t  Arg (w-](et~ is bounded on 7o. To see this let w' and w W be a n y  

two points of 7o, and let J be an open Jordan  are lying in V 0 and joining w' and w n. Con- 

sider the bounded component  of the complement of C o U J tha t  does not contain ](em). 

We define arg (w-/(e~~ as a continuous function on the closure of this component so 

tha t  it agrees with Arg (w-/(et~ on J ,  and we see tha t  

]Arg (w" - ](e~~ ) - A r g  (w' - ](em) ) ] <~ 2re. 

Thus Arg (w-/(e~~ is bounded on Y0. 

Hence by  (3.2) the functions 9" (w)-9 ; (wn)  are uniformly bounded above, becauso 

Arg ( w - / ( d ~  is bounded above on A and wnfiy o. 

Now consider any  point w* E V o - A, and let fl be an open Jordan  are lying in V o and  

joining w* to a point of Y0. Choose n sufficiently large so tha t  fl U {w*}c Un. Then w* is in a 

component of V o N U, whose boundary contains a component of Yo- We readily see tha t  this 

component of V 0 f3 Un contains an open Jordan  arc tha t  joins w* to a point w' ETo (w' :#wn) 

and does not intersect a,.  Thus 

Arg (w* - /(e~~ ) - Arg (w' -/(ei~ ) = 9n(w*) -9n (w ' )  <-gn(w*) - 9 ~  (w,) +2:ft. 

Since the functions 9n(w)-9n  (w.) are uniformly bounded above, and since Arg (w-/(e '~  

is bounded on 70, we see tha t  Arg (w -/(et~ is bounded above on V 0 - A ,  and thus also on 

V 0. The proof of Lemma 1 is complete. 
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4. P r o o / o /  Theorem 1. Par t  I .  The proof of Theorem 1 will be g iven in the  nex t  five 

sections. 

Le t  a rg / ' ( z )  be defined and  cont inuous in D, and  set  

log l '(z) = log [/'(z) [ + i  a rg / ' (z ) .  

A rout ine  a rgumen t  shows t h a t  i f / ' ( z )  has  a finite, nonzero angular  l imit  a t  e g~ then  the  

difference quot ient  in (1.1) has  the  same angula r  l imit  a t  e t~ Thus  (1.1) holds if 

log/ ' (z)  has  a finite angula r  l imit  a t  e ~~ (4.1) 

B y  L e m m a  1 it is sufficient, in order to  prove  Theorem 1, to prove  t h a t  for  a lmost  every  

0 ei ther  (4.1) holds or bo th  of the  following hold: 

l im sup Arg (w - l(e~~ = + ~ ;  (4.2) 
w-~a 0 

lim inf Arg (w -/(e~a)) = - c~. (4.3) 
w - ~ a  0 

We prove  t h a t  for a lmost  every  0 ei ther  (4.1) or (4.2) holds. A comple te ly  analogous argu- 

m e n t  (which we omit)  shows t h a t  for a lmost  every  0 e i ther  (4.1) or (4.3) holds; and  these 

two facts  combined yield the  desired result. 

Suppose con t ra ry  to the  assert ion t h a t  there  exists a subset  E(~ ) of ~D of posit ive outer  

measure  ( that  is, (0: e ~a E E(z 1)} has posit ive outer  measure)  such t h a t  ne i ther  (4.1) nor  (4.2) 

holds if et~ E(~ 1). We suppose wi thout  loss of genera l i ty  t h a t / ( z )  has a finite angular  l imit  

a t  each point  of E(~ 1). For  each e to E E(, 1), let A 0 be the  open equilateral  t r iangle of side length 

1 t h a t  is contained in D, has one ve r t ex  a t  efa, and  is symmet r i c  with respect  to the  radius  

a t  e ~~ 

Suppose for the  m o m e n t  t h a t  for a lmos t  eve ry  e~OE E(~ 1) ( that  is, for  a lmos t  every  

0 in (0: e t~ E E(zl)}), a rg / ' ( z )  is bounded  above  in A a. Then  b y  Plessner 's  extension of Fa tou ' s  

theorem [12], log f ( z )  has  an  angular  l imit  a t  a lmost  every  point  of E(z 1). B y  assumpt ion,  

log/ ' (z)  does not  have  a finite angular  limit a t  a n y  point  of E(z 1), and  consequent ly  it has 

the  angular  l imit  ~ a t  a lmost  every  point  of --zP(1). I t  is easy  to  see t h a t  the  set  of points  

e go a t  which a cont inuous funct ion in D has the  angular  l imit  c~ is an  Fo6-set (for the  type  

of a rgumen t  involved,  see [4, p. 308]), and  is therefore  measurable .  Hence  log/ ' (z)  has  the  

angular  l imit  co a t  each point  of a set  of posit ive measure,  and  b y  a theorem of Lusin and  

Pr iwalow [8], we have  a contradiction.  We conclude t h a t  ~.(i) contains  a set  E(~ 2) of ~ Z  

posit ive outer  measure  such t h a t  for each eteEE(z~) , arg / ' ( z )  is unbounded  above  in A e. 

Consider a f ixed e t~ E E~  ), and  let  C be a ra t ional  circle ( tha t  is, C is a circumference 
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whose radius is rational and whose center has rational real and imaginary parts) which 

satisfies the following conditions: 

/(e t~ Eint C, (4.4) 

where int C denotes the disc of interior points of C; 

/(z~ j)) ~int C ( j= 1, 2), (4.5) 

where z(o 1) and z~ ~) are the vertices of A 0 in D; and finally, if ~Oc = ~)c(e r~ denotes the compo. 

nent  of ~) N int C such that  

/(z) E ~0c if z E ~ 0 -  ( eta} and z is sufficiently near e r~ (4.6) 

(the bar denotes closure), then 

Arg (w-/(el~ is bounded above in ~)c. (4.7) 

The existence of C satisfying (4.7) is assured, because (4.2) fails to hold at  e re. 

Note that  O N ~Oc is a relatively open subset of C, each component of which is a free 

boundary axe of ~)c. We prove (as in the proof of Lemma 1) tha t  all values of Arg (w -/(era)) 

on ]0 N ~ ) c  lie in an interval of length 2g. To this end let w' and w n be any two points of 

O N aOc, and let J be an open Jordan arc lying in ~Oc and joining w" and w ~. Consider the 

bounded component of the complement of C U J tha t  does not contain/(ere), We define 

axg (w-/(er~ on the closure of this component so that  it  agrees with Arg (w-/(era)) on J ,  

and we see that  

I Arg (w" -/(ei~ - Arg (w' -/(eta)) I ~< 2~. (4.S) 

Thus all values of Arg (w-[(er~ on ~)N 0~Oc lie in an interval of length 2~. 

Hence (4.7) is equivalent to the existence of a positive integer M such that  

Arg (w- / (e r~  (Wo-/(et~ <~M if W60c and w06OO ~)c .  (4.9) 

Here M is independent of w and w 0. 

Define C(e r~ to be the collection of all triples (C, ~)c, M) satisfying the above condi- 

tions, tha t  is, satisfying (4.4), (4.5) and (4.9), where C is a rational circle, Or is the compo- 

nent  of O N int C satisfying (4.6), and M is a positive integer. Since for each C there are 
tO rO (2) at most countably many components of O N int C, the union (J C(e ), taken over all e E Ez , 

is a countable set. Thus there exists in this union a particular triple (C, Oc, M), which is 

/ixed throughout the rest o/ the proo/ o/ Theorem 1, such tha t  the set 

E(~ s) = {er~ e'~ E E? ), (C, 7Dc, M) E C(er~ 

has positive outer measure. 
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Fig. 1. 

Before proceeding to prove some lemmas, we summarize the pert inent  facts that:will 

yield the desired contradiction. 

(a) E(~ 3) has positive outer measure. 

(b) (4.5) and (4.6) hold for each eieEE(~ 8). 
(c) arg/ ' (z)  is unbounded above in A0 for each et~ 3). 
(d) The upper bound (4.9) holds uniformly for ete E E(~ 3). 

Our method of proof will be to use (b), (e), and (d) to prove tha t  E(~ 8) is a set of measure 

zero, and thereby contradict (a). 

An example for which (b), (e), and (d) can hold is suggested by  Fig. 1. In  this figure 

Oc is represented by  the shaded area, except tha t  the portion of ~ c  inside the smaller dotted 

squares is not shown. In  each of these smaller squares ~0c twists around some point in the 

positive direction a certain number  of times and then twists back, as it does in the largest 

dotted square; and this number  of times tends to ~ as the diameter of the square tends to 

zero. The Cantor set on the vertical segment represents {/(e~~ e~~ The heavily 

drawn arcs on C represent ~ N O~0c. In  this example there is at  least some doubt whether 

E(z s) is a set of measure zero or not. 

4 -  692907 Acta  mathematica. 123. Imprim6 Io I0 Soptembre 1969. 
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5. The main result of this section is Lemma 3, the proof of which uses the following 

lemma. 

LEMMA 2. ]'(z) and log/ '(z) are normal holomorphic /unctions. 

Proo/. Clearly 

II'(z) l k 

! (z)i  -izl 

(/r is independent of z), the second inequality being well known [3, p. 395], and i t  follows 

that f (z) is a normal holomorphic function (see [6] or [11]). Similarly, if we set h(z) =log/ '(z ), 
then 

Ih'(z)l ih,(z)l_lr(z)l_< k 
l+l~(z)l ~< -Ii'(z)l  -Izl , 

and we see tha t  log/ '(z) is a normal holomorphie function. The proof of Lemma 2 is com- 

plete. 

LEMMA 3. There exists a countable subset N o/~D such that/or each ete CN the/ollowing 

ho/ds: I / a r g / ' ( z )  is unbounded above in A0, then there exists a sequence {An} such that 

each A n is an arc at some point o / N ,  and A ,  intersects the closure Ao o / A  o in 

exactly one point z,, which is the initial point o/An (that is, the endpoint o/An in D), 

arg/'(zn) -~ + 0% 
and 

(5.1) 

(5.2) 

/(An) is contained in some closed hall-plane whose boundary contains/(zn). (5.3) 

Proo/. Set h(z) =log/ ' (z) .  Let  {~v} be a sequence of real numbers tha t  is dense on the 

real line, and is such tha t  if we let L~ denote the horizontal line through i2~, then h(z) ~L~ 

if h'(z) =0  (v = 1, 2 ... .  ). Then for each v each component of the set 

{z: arg/ ' (z)  =,~} = {z: h(z) ELy} 

is a simple level curve (that is, a level curve without multiple points) of arg ]'(z), and there 

are at  most countably many  such components. Note tha t  h(z) maps each such component 

one-to-one onto an open connected subset of L~. We shall need the following two facts 

concerning these level curves: 

for each v each component of {z: arg/ ' (z)  = A~} tends a t  each end to a point of 0D; (5.4) 

if {A~n} is a subsequence of {~[~} such tha t  ~t,n-~ + oo (or - co), and if for each n, 

An is a component  of {z: arg ]'(z) =~v.}, then diam An-~0, where diam A n 

denotes the Euclidean diameter  of An. (5.5) 
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Since by  Lemma 2, h(z) is a normal holomorphic function, (5.4) and (5.5) follow from a 

theorem of Bagemihl and Seidel [2], which says, roughly speaking, tha t  a nonconstant 

normal meromorphie function in D cannot tend to a limit along a sequence of Jordan ares 

tha t  tend to an are of ~D. We define a countable subset N of ~D as follows: e~~ if and 

only if there exists a ~ such that  e t~ is an endpoint of a component of {z: arg f(z)=2~}. 

Consider a fixed e t~ such that  et~ and arg/ '(z) is unbounded above in A0. Let  {2~} 

be a subsequence of {2p} such that  2~n-~ + c~ and such that  for each n some component 

An of {z: arg/'(z)=2v~ } intersects A s. By (5.5), diam An-+0, and consequently we can 

suppose without loss of generality tha t  

<�89 2 . . . .  ). (5.6) 

For each n, since ei~ e ~~ is not an endpoint of An. Thus since h(z) is one-to-one on A,, 

there exists Anc  A,  satisfying (5.1) and 

h(A . )  c {h(zn) + t: t < 0}.  (5.7) 

We note tha t  since the side length of A 0 is �89 (5.6) implies that  An is contained in a closed 

half-plane Hn whose boundary contains e t~ and zn. 

Let  An be parametrized by a continuously differentiable function zn(t), 0~<t<l ,  with 

zn(0) = zn. By (5.7), log [/'(zn(t)) [ is a decreasing function of t (0 ~< t < 1). Thus arg/'(zn(t)) is 

constant and I/'(Zn(t))[ is decreasing for 0 < t < l .  I t  is now intuitively obvious that  (5.3) 

follows from the inclusion Anc  Ha. We prove this fact as follows. 

Fix n. Let  ~ = az + b([ a] = 1) be a linear transformation taking H n to the upper half- 

plane and zn to 0. Set 

F(~) = / ( ~ - ~ ) ,  ~(t)=cr(t)+i~(t)=azn(t)+b. 

Then arg F'(~(t)) has a constant value 2' and [F'(~(t))[ is decreasing for 0 ~<t < 1. Clearly 

F(~(t)) - F(O) =e'a" ( ;  ,F' (~(t))l dtr(t) + i ; [F' (~(t))] d~(t)) . 

Since v(t)>~0, and since ]F'($(t))] is a decreasing function, integration by parts yields 

f: d (t) = f: r'( It/)I >/ 0. 

Thus (5.3) holds. 

The proof of Lemma 3 is complete. 
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6. In  this section we prove a lemma which is s ta ted in terms of the triple (C, ~)v, M), 

defined in Section 4. Let  N be the countable subset of OD whose existence is asserted by  

Lemma  3, and set 

L~M~A 4. Let z o and z* be point~ of D satisfying 

arg f'(z*) - arg f(Zo) > M + 23~, (6.1) 

and set z(t) =z0(1-t)  + z*t (04t~<l)  and w(t)--f(z(t)). Suppose 

w(O)eOnaDo, w(t)eDc (o<t<l). 

Let A * be an arc at some point o / N  such that z* is the initial point of A* and z(t) (~ A * (0 ~< t < 1 ); 

and suppose tha$ /(A*) is contained in some closed bali-plane whose boundary contains ](z*). 

Then 
distp(f(A*), ~(4)) >~ diam ](A*), 

where diam/(A*) and distv(/(A*), ~(4)) denote, respectively, the Euclidean diameter of/(A*) 

and the relative distance between/(A*) and ~(a). 

Proof. Set wa=f(zo), w* =f(z*), and 

a = {w(0: 0 < t < l } .  

We first obtain a lower bound in terms of arg f ' ( z* ) - a rg  ]'(z0) for the twisting of a around 

~z*. I t  is possible to do this because a does not twist around w 0. 

On the set T = {(T, t): 0 < t  ~< 1, 0 ~<T <t} the function w(t) -w(v)  is continuous and no- 

where zero. Thus by  applying the monodromy theorem in the w-plane, we can define 

log (w(t)-w(v)) as a continuous function of (r, t)E T. The imaginary par t  of this function 

is denoted by  

~(T, t) = arg (w(t)-w(v)). 

Since w(0) E C and w(t) E P c  (0 < ~ ~< 1), all values of w(t) - w(O) lie on the same side of a certain 

straight line through the origin, and consequently we can require tha t  

-7~<~(0 ,  t) ~<3= (0<t~<l).  (6.2) 

Since w'(t) is continuous and w'( t ) r  ( 0 ~ t ~ l ) ,  we easily see tha t  for each t o (0~<to~<l) 

the limit 

~0(to) = lira ~(v, t) (6.3) 
(T, t ) - . l , . ( t  o. to )  
(T,t)e T 
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exists. I t  follows tha t  ~(t) (O~<t~<l) is continuous. Thus since ~(t) is the angle (rood 2~) 

from the positive horizontal direction to the direction of the forward pointing tangent  to  

a a t  w(t), ~ ( t ) -a rg / ' (z ( t ) )  is constant; and in particular 

~(1) -~ (0 )  = arg ]'(z*) - a r g  l'(z0). (6.4) 

By (6.2), - ~ < ~ ( 0 ,  1)<3~;  and by  (6.2) and (6.3), -~<~(O)<3~.  Thus by  (6.4) 

~(1) --~0(0, 1) >~arg l'(z*) --arg l'(Zo) --4~. (6.5) 

Note tha t  by  (6.3), ~(1) =lira ~(v, 1); and consequently ~(1) -~ (0 ,  1) is the change in ~0(v, 1) 

as z increases from 0 to 1. 

Suppose now tha t  the conclusion of Lemma 4 is false. Set a* =/(A*). Then there exists 

an open Jordan arc 7 c  O such tha t  7 joins a point of a* to a point aaE~ (4) and diam 7 < 

diam ~*. Since A* is an arc at  a point of N, A* and the preimage/-1(7 ) have different end- 

points on 9D, and consequently 7 contains an open subarc tha t  joins a point of a* to ao 

and does not intersect ~*. By replacing 7 by  this subare, we can suppose without loss of 

generality tha t  7 N a* = O. The endpoint of 7 on a* is denoted by  w v. Since diam 7 < diam a*,. 

there exists an open half-plane H satisfying a* N H = O and ~* N ~H =~O such tha t  ~ f)/~ = O. 

By hypothesis there exists an open haft-line L* such tha t  w* is the finite endpoint of L* 

and L* N ~*= O. Let  L ~1) be an open haft-line such tha t  L (1) c H - L *  and the finite endpoint  

of L (1) is a point w (1) E ~* N 9H. We note tha t  w (1) ~:w v (~ N R = 0)  and tha t  

(a* tJ 7) N L (1) = O. (6.6) 

Concerning Figure 2, we note tha t  ~* may  or may  not tend at  one end to a point of 9~. 

We wish to establish the existence of a point Wg E O N 0Oc and a point w~ E Oc such t h a t  

Arg (Wl- l (e i~  (w0-l(et~ > M, 

and thereby contradict (4.9). 

We must  now make a trivial observation, namely, tha t  a* c ~0c. Suppose contrary to this 

assertion tha t  ~* ~: Oc. Then since w* E ~)c, ~z* N C ~ 0 ,  and a* contains a Jordan  arc ~' t ha t  

joins w* to a point of C and intersects C only at  this one point. We can define arg (w* - w )  

as a continuous function in (int C) - a ' ;  and since a '  N L* = 0 ,  all values of this function lie 

in some interval of length 4n. Thus since aN g ' = O ,  all values of ~(v, 1) ( 0 < 7 < 1 )  lie in 

some interval of length 4~, contrary to (6.1) and (6.5). Thus a*~  ~0c- 

We do not prove tha t  7 ~  Oc, although this is true. 

Since a* N L* = 0 ,  it  is ra ther  obvious tha t  a twists around w (1) almost as much as i t  

twists around w*. We now make this s ta tement  precise. Since a f)a* = 0 ,  we can easily 

define 
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t ( i )  

Fig. 2. 

~o(w, w') = arg (w' - w )  

as a continuous function of two variables for wE~ and w'E~*. Then y(w(T), w*) differs 

from ~(~, 1) (0 ~<z < l) by a constant, and we can suppose without loss of generality tha t  

this constant is zero: 
v?(w(T), w*) =~(T, 1) (0~<T<I). (6.7) 

Consider a particular ~ satisfying w(v)q.L*OL (1) ( 0 < T < I ) .  The union a*OL*OL(1)OC 

contains a unique Jordan curve whose interior domain does not contain w(v). By considering 

this Jordan curve we readily see that  

]~(w(~), w*)-~(w(~), w<l)) [ <4+. (6.s) 

Thus by continuity (6.8) holds for each ~ (0~<v<l). Upon setting 3 = 0  in (6.8) and using 

(6.7), we obtain 

[~(0, 1)-~p(wo, W'I))] <4~. (6.9) 
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Again using (6.7) and (6.8), we obtain by taking the limit as z-~l  of the left-hand side of 

(6.8), 
I~(1) - lim ~(w(z), w(i)) [ ~ 4~. (6.10) 

T--~I-- 

Combining (6.5), (6.9) and (6.10), we obtain 

lim ~(w(T), w (1)) - ~o(w 0, w (1)) ~> arg/'(z*) - arg f ( Z o )  - 12~. (6.11) 
T-->I- 

Define ~(w) =arg  (w (1) --w) as a continuous function on the simply connected domain 

] D * = O - ~ * .  By (6.11) 

lim ~F(w(z)) - 1F(w0)/> arg/'(z*) - arg/'(Zo) - 12~. (6.12) 
T--~I- 

Since g* N L (1) : O, we readily see that  

I lim ~ ( w ( v ) )  - l iE ~(w)[ ~< 4~. (6.13) 
T->I-- W--->w~ 

Combining (6.12) and (6.13), we obtain 

lim ~F(w) - 1F(w0) ~> arg/'(z*) - arg/'(Zo) - 16~. (6.14) 

The curve q will be of no further use. Note that  ~ is a crosscut of O*, which divides O* into 

two domains. One of these domains intersects C and consequently contains an open Jordan 

are fl such that  fl N C = 0 ,  fl joins a point woe ~ N C to w~, and such that  fl and ~ determine 

the same accessible boundary point of ~* having the complex coordinate w 7. This last 

property of fl implies tha t  

lim ~F(w) = lira XF(w). (6.15) 

w~r  w~fl 

Since wvE Oc, t i c  Oc and w0EON ~Oc- Since also w0EON ~Oc, we can join wg to w 0 by an 

open Jordan are lying in the domain O c - a * ,  and consequently we see as we saw (4.8) tha t  

I~(wg)-~(w0)[ < 2=. (6.16) 

The restriction of ~F(w) to fl has a continuous extension, which we denote by ~Fp(w), to the 

closure fl of ft. With this notation we obtain using (6.14), (6.15) and (6.16), 

~Fp(wv) -LFp(w0) ~> arg/'(z*) - a r g / ' ( Z o ) -  18g. (6.17) 

Note that  (6.1) and (6.17) imply in particular tha t  fl N L (~) 4 0 .  Let  w~ be the point of fl N L (~ 

such that  the open subare of fl joining w r and w~ does not intersect L (1). Then 

[~r~(w~) -~r~(w;) I < 2=, 
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and by combining this inequality and (6.17), we obtain 

~p(w~) --~/p(wo) I> arg/'(z*) --arg f(Zo) --20~. (6.18) 

Let/~' be the open subarc of fl joining wo and w~, and let F(I~ be the union of F and the 

Jordan arc on ~* joining w~ and w ~x~. Since/~' N ~(1~ = 0 ,  we can define 

~(w', w) = arg (w-w' )  

as a continuous function of two variables for w' E/~' and w E~ ~1~. By (6.18). 

(I>(wl,' w ~1~) - ~(Wo," w ~1~) ~ arg f(z*) - a r g  f(Zo) - 2 0 , .  (6.19) 

We have 7 cl~ n L ~1~ = 0  by (6.6), and consequently 

[ (I)(w~, w cl~) -~P(w~,/(e'~ ] ~< 2 , .  (6.20) 

Since ~(1~ is contained in a half-plane whose boundary contains w0, 

I ~(Wo, W ̀1') --~(Wo,/(e'~ I <--. (6.21) 

Combining (6.19), (6.20) and (6.21), we obtain 

P t0 ~(wl,/(e )) -(I>(wo,/(e'~ ~arg  f(z*) - a r g  f(zo) --23,.  (6.22) 

Thus by (6.1) and (6.22), we have 

Arg (w'~ -[(e~~ - A r g  (Wo -/(e'~ > M. (6.23) 

Since w0E ~)N ~ ) c  and Wl E ~)c, (6.23) contradicts (4.9). T.he proof of Lemma 4 is complete. 

7. This section depends only on the notation of Section 1. Its main result is Lemma 6, 

which is of independent interest. The proof of Lemma 6 is based on extremal length, and 

uses the following simple lemma. 

Lv.MMA 5. Let R be a subset o/the open interval (0, ~) (~>0), and let m*(R) denote the 

outer measure o[ R. For any r > O, set 

7 ,  = y > 0 ,  =r} (z=x+iy) ,  

and set F = {7~: r E R }. Then the extremal length ~(F) o/the/amily F satis/ies 

1 , 
~(I') <~ ~ l  ' where u= ~ m (R). 

log 1 - 

Proo/. Let ~(z) be any measurable function defined in the whole plane such tha t  ~(z)/>0 

and the integral 



BOUNDARY BEHAVIOR OF A CONFORMAL MAPPING 5 7  

A(e) = ff ff e~ d~dy, 

taken over the whole plane, is finite and nonzero. Set 

where the integral is taken to be infinite if ~ is not measurable on F and may be infinite in 

any  ease. Then by definition [1] 

~(r) 7_s~v ~'. 
For almost every r E R both of the following integrals are finite, and by Sehwarz's inequality 

L(Q)'< eld~l <~rf e~ld~l. j~'r 

Hence the inequality L(Q)~=r <~ fr~ e~ [dz[ 
holds for each r in a measurable subset R o of (0, 8) that  contains R, and we have 

L(e)2 f . =  - .~<f.. (f..e~[dz]) dr<A(e)" 
We readily see that  

f dr>~f~ dr>~; d_~=log, 
, r JcS-m(Ro) r -m*(R) r 1 - - u '  

where m(Ro) denotes the measure of R 0. Thus 

L(O) 2 < --Y---~,  
1 

A(Q) log 1 - x 

and the proof of Lemma 5 is complete. 

LV.MMA 6. Let Ez be a subset o /~D (which is not assumed to be measurable) at each point 

of which ](z) has a finite angular limit, and set 

= (ao: e '~ E,}. 

Suppose that for each e'~ e Ez there exists a sequence {An} with the following properties: 

for each n, A n is an arc at some point of a D whose endpoint in D is denoted by z~; (7.1) 
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z , ~ e  +~ and some open triangle contained in D contains all z,; 

diamccn <c~ ,  where ~n=/(A~), 
and sup, distv (~ ,  ~) 

(7.2) 

(7.3) 

and where diam a,  and distD (an, ~) denote, respectively, the Euclidean diameter o/an and the 

relative distance between an and ~. Then E z is a set o/measure zero. 

Proo/. Consider any fixed e*~ and let (An} be a sequence satisfying (7.1), (7.2) 

and (7.3). Set wn=/(z,), and note tha t  by (7.2), wn-->a0. Thus distD(an, ~)-->0, and (7.3) 

implies tha t  
diam an ~ 0. (7.4) 

For any curve t i c  9 ,  we define a family F(fl) as follows: yEF(fl) if and only if y is an 

open Jordan arc lying in 9 ,  each compact subarc of which is rectifiable, and y joins a point 

of fl to a point of ~. We define another notion of distance from fl to ~ as follows: 

(~(fl, ~) = sup  {~: ~>0,  ydg{w: dist (w, fl) <~} ff yEF(fl)}, 

where dist (w, fl) denotes the Euchdean distance from w to ft. If  no such ~ exists, set ~(13, @) =0.  

We construct a sequence of open Jordan arcs /~ ,c  9 such that  fin joins w~ to a point 

of 9/, diam tin-+0, and 
inf 2(F(fln)) > 0. (7.5) 

n 

Actually, we construct the sequence {fin} so that  

diam fin 
sup~ (~(fl,, ~) < oo, (7.6) 

and then prove that  (7.6) imphes (7.5). 

By (7.3) there exists an h ( 0 < h < l )  independent of n such that  

distv (~n, ~) > 4On, where ~n=h diam an. (7.7) 

Let  an be parametrized by w,(t), 0 ~<t < 1, with wn(0)= wn. Set 

tn = s u p  (~: O~<~<l, w G 9  if 0<t~<~ and [w-wn(t)] <<.~}. (7.8) 

If  no such ~ exists, set tn =0.  Clearly tn < 1, because otherwise ar n would be relatively com- 

pact in 9 .  Let  sn be an open rectilinear segment whose length is at most (~, such that  sn 

lies in 9 and joins wn(tn) to a point of 9/. We readily see that  w,(t) Cs, if 0 ~< t ~< tn. Thus the 

s e t  
~n = {Wn(t): O < t < t n }  U 8 . 
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is an open Jordan  are tha t  lies in D and joins w~ to a point of 9/. Note tha t  since h<l,  

diam fl~ ~< 2 diam ~n. (7.9) 

Concerning Fig. 3, we note tha t  gn may  or may  not tend at  one end to an accessible boundary 

point of O. 

We now establish (7.6). To this end we prove tha t  O(fln, ~)>~On for each n. Suppose 

to the contrary tha t  for some n, 0(fin, ~) <0~. Then there exists a ~ EF(fl~) such tha t  

y U {w(a)}c (w: dist (w, fin) <0~}, (7.10) 

where a is the endpoint of ~ in ~. Set 

V, = (w: dist (w, s,) <0,}, 

and note tha t  diam Vn~-<30n. By (7.8) and (7.10), w(a)E Vn. I f  7 c  Vn, then  by  considering 

the two cases ~ fl sn=O and ~, f/sn@O separately, we readily see tha t  y U s n contains an 

open Jordan  are tha t  joins ct to some wn(t) (O<~t<~tn) and lies in Vn, contrary to (7.7). 

On the other hand, if ~ dg Vn, then an open subarc y '  of ~ lies in Vn and joins a to a point 

w~ E ~ Vn (w~ Ey). By  (7.10), ]Wn -- w~(t)[ < 0n for some t (O ~< t ~< tn); and (7.8) implies tha t  the 

closed rectilinear segment joining this w~(t) and Wn lies in ]0. Since the union of ~'  and this 

rectilinear segment is in diameter at  most 40,, and since this union contains an open Jordan  

are joining this wn(t) to a, we again have a contradiction of (7.7). We conclude that.0(fln, ~) >t 
On for each n. Combining this inequality, (7.7) and (7.9) we obtain 

d i a m f l n < 2 d i a m g  n 2 ( n = 1 , 2  ' ..). 
5. h �9 
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This proves (7.6). 

We now prove that  (7.6) implies (7.5). By (7.6) there exists a positive integer k inde- 

pendent  of n such tha t  

1 diam fin (n = 1, 2 . . . .  ). (7.11) o(~n, ~) > 

Consider on the square 

Qn=(w: ]Re w - R e  wn] ~<2 diam~n, ]Ira w - I r a  wn[ ~<2 diam fin) 

a mesh of horizontal and vertical line segments tha t  subdivides Qn into (16 k) 2 nonoverlap- 

ping closed squares Qnm, each of side length (1/4k) diam Bin. Let  K n be the union of all Qnm 

tha t  intersect the closure of Bin, and let Gn be the interior of the union of all Qnm that  inter- 

sect Kn. Then K n c  Gn. For each n define a family Yn as follows: ~El~n if and only if y is an 

open Jordan arc, each compact subarc of which is rectifiable, tha t  lies in Gn-Kn and joins 

a point of Kn to a point of ~Gn. We note tha t  

Gn c (w: dist (w, fin) ~< 2 diam Qnm < (l/k) diam ~n). 

Thus (7.11) implies tha t  ~ ~= Gn if ~ e F(fln). I t  follows that  each ~ e F(fln) contains some 

~'eFn,  and we conclude tha t  2(F(fln))~>~(Fn) (see [1]). We observe tha t  for each n there 

are only finitely many possible values of 2(Fn), and each of these values is positive. More- 

over, since ]c is independent of n and the extremal length is invariant under translation 

and change of scale, the set of possible values of 2(Fn) is independent of n. This proves (7.5). 

Let  z = T(~) be a linear transformation taking the open upper half-plane H onto D 

and oo to 1. We continue to consider the same e l~ although we suppose et"+ 1. Define 

and E~ by requiring 
T(~)=e '~ T(E~)=E~-{1} .  

Set F(~)=/(T($)) (~eH), and define fl~ (n= 1, 2, ...) by requiring F(fl~)=fin- By (7.4) and 

(7.9), diam fln-~0; and consequently, since ~ 4oo,  it follows readily from Koebe's lemma 

tha t  diam f l ~ 0 .  Also using Koebe's lemma, we see that  each fl~ has an endpoint ~n e~H, 

and since diam flr we can suppose without loss of generality tha t  ~n 4oo (n= 1, 2 .... ). 

Also, ~n-~.  By (7.6), ~n ~ E~ (~(fln, ~) =0  if ~n e E~), and in particular ~, 4~. Infinitely many 

~. lie on the same side of ~, and by replacing (~,) by a certain subsequence, we can suppose 

without loss of generality tha t  all ~n lie on the same side of ~. We consider the case where 

~n>~ (n= 1, 2 .. . .  ); the other case is completely analogous. 

Define ~ne t~- (0 <~n <g)  by T(~ne ~q~.) =Zn. By (7.2) there exists a number ~ independent 

of n such that  0 <7 <~/4 and ~ <r < g  -~7 (n = 1, 2 .. . .  ). Set 

r . = ( ~ . - ~ ) s i n ~  ( n = 1 , 2  ... .  ), 
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and let F~ be the family of all semicircles H rl {15-$~[ = r}, where 0 < r < r~ and $ . -  r E E~ 

(see Fig. 4). We readily see tha t  each y 'EF~  contains some curve y '  in the family 

= 

Thus 2(F~)/> 2(F~). (7.12) 

Since extremal length is a eonformal invariant  [1], (7.5) implies 

By  Lemma 5 

inf 2(F~) > 0. (7.13) 

Y~ 

log 

where gn = 1 m*(Er N (~, - r~, tn)). 

Thus by  (7.12) and (7.13), supn u~< 1; and since the ratio r=/($=-$) = sin~/is independent 

of n, we see that  

sup m*(E~ N (~, ~))  < 1. 
~ - ~  

This implies tha t  no point of E~ is a point of outer density for E; ,  and we conclude tha t  

E ;  is a set of measure zero [14, p. 129]. Thus Ez is a set of measure zero, and the proof of 

Lemma 6 is complete. 

Remark. An immediate consequence of Lemma 6 is the following result: Let  ~ be a 

subset of ~, and suppose tha t  for each a E ~ there exists a sequence {cn} of crosscuts of 9 ,  

each of which separates a from a fixed point w 0 E 9 ,  such tha t  diam cn~0 and 

diam c~ 
supn dist~(c~, ~) < oo. 

Then ~ i s  a 9-eonformal null-set. (The condition tha t  c n have endpoints in 9.I can be relaxed 

to require tha t  Cn tend at  each end to a prime end of 9 . )  This result is applied in [9] to prove 
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the following theorem: I f  for each a Eg~ and each sufficiently small r > 0, L(a, r) denotes the 

length of the component  of ~)N ( I w - w ( a ) [  =r}  nearest a tha t  separates a from w 0, and if 

r )  = r) dr 

(which exists as a Lebesgue integral), then 

lira sup ~ > / -  which implies lim sup L(o, r) >~ 

with the possible exception of those a in a ~)-eonformal null-set. 

8. Proof o/ Theorem 1. Conclusion. The sets E<~ ) and @(4~ are defined in Section 6. 

Consider a fixed v-te ~ ~(4). We recall from Section 4 tha t  since eta E E(, a), arg ]'(z) is unbounded 

above in A e. Thus since ete ~N, Lemma 3 states the existence of a sequence {An} satisfying 

(5.1), (5.2) and (5.3). Since for each n the initial point z n of A .  is on OA0, and since zn~e t~ 

by (5.2), one side of A e contains a subsequence of {zn}, which of course converges to eta. 

By  using (4.5) and (4.6), we see tha t  this side of Ae contains an open rectilinear segment S 

joining a point z 0 to e ~~ such that/(Zo) E ~0 N ~]0c and / (S )  ~ ~0c- By replacing the sequence 

{A,} by  a certain subsequence, we can suppose without loss of generality tha t  S contains 

all z,; and since arg / (z,) + oo by  (5.2), we can also suppose without loss of generality 

tha t  

a rg / ' ( zn ) -a rg / ' ( z0 )  >M-/-23~z (n = 1, 2, ...), 

where M is the number  defined in Section 4. We now fix n and apply Lemma 4 with 

z*=z= and A*=An.  Note tha t  by  (5.1), A=N S={zn}. Thus using (5.3), we see tha t  all 

hypotheses of Lemma 4 are fulfilled, and we conclude tha t  

dist~ (](A.), ~(4)) ~> d iam/ (A n). 

Since such a sequence (A~} exists for each ei~ 4), Lemma 6 implies tha t  E~ ) is a set of 

measure zero. Thus since N is countable, E~ ) is a set of measure zero, and this is the desired 

contradiction. The proof of Theorem 1 is complete. 

9. In  this section we prove Theorem 2. The proof uses the following simple lemma. 

Lr.MMA 7. I] /(Z) is isogonal at e t~ then aoEg~. 

Proo]. Suppose to the contrary tha t  for some e is, /(z) is isogonal at  e ta and a 0 ~ r  

r h e n  there exists a Jordan  domain Uw (that is, ~U~ is a single Jordan  curve) contained in 

and having the following three properties: 
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(a) l(~'~)e O~,~ Ou {1(~'~ 
(b) for any  open triangle A contained in D and having one vertex a t  e i~ fi Uw 

if z E A and z is sufficiently near e~~ and 

(c) for some ~ satisfying 0 < ~ < 1, the  function (w - [(et~ ~, which is defined and con- 

tinuous in D, maps Uw onto a Jordan  domain whose boundary has a tangent  a t  the  origin. 

By  (a) and (b) the preimage U~ =/ - I (U~)  under [(z) is a Jordan  domain satisfying 

r176 8,= D u (~'~ 
and 8U~ is tangent  to 8D at  e t~ :By (c) the function (/(z)-/(et~ ~ maps U~ onto a Jordan  

domain whose boundary has a tangent  at  the origin. Thus a well-known theorem of LindelSf 

implies tha t  (/(z) -/(et~ ~ is isogonal a t  e t~ contrary to the assumption tha t / (z )  is isogonal 

a t  e ~~ The proof of Lemma 7 is complete. 

Proo] o] Theorem 2. Par t  (i) is an immediate consequence of Theorem 1 and Lemma 7. 

I t  follows from a routine argument  tha t  g(w) has a nonzero angular derivative at  a 

point a E~I if there exists a finite, norizero complex number  g'(a) such tha t  for each angle 

M at  a, 
lim g'(w) =g'(a)  ; (9.1) 
w-~t l  
W E A  

tha t  is, the first equality of (2.1) is a consequence of the second. I f  we let w =/(z) denote the 

inverse function of z =9(w), then we see tha t  if/ ' (z) has a finite, nonzero angular l imit / ' (e  t~ 

at  e ~~ then (9.1), where a = a e  and g'(a)=l// '(e~~ holds for each angle A at  a0. Thus (ii) 

is an immediate consequence of Theorem 1. 

We now prove (iii). Let  ~ be a subset of 9~1, and take w =/(z) to be the inverse function 

of z=g(w). Set 

Then E w is the set of complex coordinates of the points of @. 

We first suppose tha t  E~ has measure zero and tha t  E w does not have linear measure 

zero, and we derive a contradiction. We shall define subsets E(z j) (?" = 1, 2, 3) of E~, and for 

each ~ it shall be understood tha t  

Eg ) = {/(e~0): e'~ 

Associate with each aa fi@ rational numbers ~(0) and ~(0) (0 <a(0)<~/2)  such tha t  for 

some angle ~4 at  ao, all points of the set 

A(0) = {/(e '~ +ee'~: e > 0, I ~ - ~ ( 0 )  1 <~(0)} 

tha t  are sufficiently near / (e  ~~ are in M. There exist ~0, a0 and a subset E(~ 1) of E~ such tha t  

E (1) does not have linear measure zero, and such tha t  q(0)=q0 and a(0)=~o for each 
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e ~~ E E~ ). Associate with each e~~ E(z 1) a straight line L(O)in the w-plane with the following 

properties: 

L(O) intersects the halLline {/(e t~ +~e~' :  ~ >0} at  right angles; (9.2) 

the Euclidean distance from the origin to L(0) is a rational number; (9.3) 

A ' (0)c  ~), where A'(0) is the bounded component  of A(0)-L(O). (9.4) 

By (9.2) and (9.3), the family {L(0): et~ is a t  most countable. Thus there exist L 0 

and a subset E~ 2) of E(z 1) such tha t  E(2) does not have linear measure zero, and such tha t  ~ W  

L(O)=L o for each e~~ ). There are a t  most  countably m a n y  components of LJA'(0), 

where the union is taken over all e ~~ E E~ ). Thus one of these components, which we denote 

by  G, is of the form 

G= 0 .A'(O), 
eiO~E~ 3) 

where ~z~(a)c ~(~) and --wE(8) does not have linear measure zero. Note tha t  G c  ~) by  (9.4). 

I t  is readily seen tha t  8G is a rectifiable Jordan  curve and tha t  E(~ ) has positive outer 

measure with respect to length on 8G. Thus under one-to-one conformal mapping w = w(() 

of {1~] < 1~ onto G, E(~ ) corresponds to a set E~ 3) on {1(I = 1~ of positive outer measure 

[13, p. 127]. Set F(()  =g(w(()), and let E* be a G~-set on (Izl  = 1 )  of measure zero such tha t  

E(f)~ E~*. Since the angular-limit function Y(e ~~ is a function of the first Baire class defined 

on an Fr [4, p. 311], the set 

E~ = {~,o: F(~,0)eEz*} 

is a Borel set [4, p. 303]. Since E~S)c E~, E~ has positive measure, and we have a contradic- 

tion of an extension of LSwner's lemma [11, p. 34]. We conclude tha t  Ew has linear measure 

zero if Ez has measure zero. 

We now suppose tha t  Ew has linear measure zero and tha t  E~ has positive outer 

measure, and we again derive a contradiction. We define G as above, except tha t  for 

each ?" = 1, 2, 3, we replace the requirement "E(Jw) does not have linear measure zero" by  

the requirement "E~ ) has positive outer measure".  By  par t  (ii) of Theorem 2 we can sup- 

pose without loss of generality tha t  g(w) has a nonzero angular derivative at  each point of 

~. Thus g(w) is "isogonal" at  each point of ~, and consequently we can associate with each 

e i~ e E(z a) rational numbers ~p(0) and fl(O) (0 <fl(0) <~/2) such tha t  all points of the set 

{~,0+~,~: ~>0. I~-~(0)1 <~(0)} 

tha t  are sufficiently near e ~~ are in g(A'(O)). For each efO E E~ ) let ~o denote the accessible 

boundary point of g(G) tha t  is determined by  the segment 
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(d  ~ +ae~(o): 0 < a  <ao}, 

where go is sufficiently small to  make  this segment  lie in g(G). Let  z=z(~) be a funct ion 

mapping  {]~l <1}  one-to-one and  conformally onto g(G), and  let E~ 3) be the subset of 

{]~1 = 1 } t ha t  corresponds under  this mapping  to {be: e '~ e E(z3)}. Since E(z 3) has positive 

outer measure, it does no t  have linear measure zero; and  we see, by  using the a rgument  in 

the first par t  of this proof of pa r t  (iii), t h a t  E~ 3) has positive outer  measure. On the other  

hand,  /(z(~)) maps {15]<  1} onto G with E~ 3) corresponding to E(2); and  it follows easily 

f rom the special na ture  of ~G t h a t  E(~ ) has measure zero with respect to length on ~G. This 

is the desired contradiction. We conclude t h a t  E~ has measure zero if E~ has linear measure 

zero. 

The proof of Theorem 2 is complete. 

Remark. Let  aEg~, and  suppose there exists a curve A ~  D such t h a t  AwU {a} is a 

Jo rdan  arc in the  metric space ~ U ~,  and such t h a t  g'(w) has a finite, nonzero limit g'(a) 

on A w at  a. Then  aEg~ 1 and  g(w) has a nonzero angular  derivative at  a. We see this as 

follows. Take w =/(z) to be the inverse funct ion of z =g(w), and  let 0 be such tha t  a =  a0. 

Then  the curve A z =g(A~) is an  arc at  e ~~ a n d / ' ( z )  has the limit 1/g'(a) on A z at  e i~ By  

Lemma 2, / ' (z )  is a normal  holomorphic function,  and  consequently the theorem of Lehto  

and Vir tanen [6] implies t h a t / ( z )  has the  angular  limit 1/g'(a) at  e i~ Thus by  L e m m a  7, 

t iE , l ;  and  as we saw in the proof of par t  (ii) of Theorem 2, g(w) has a nonzero  angular  

derivative a t  a 0 (whose value is g'(ff)). 

10. I n  this section we give two counterexamples.  

EXAMPLE 1. There exists a J o r d a n  domain ~ such tha t  9X = ~  U ~ for some ~-con-  

formal null-set ~ .  B y  Theorem 2, parts  (i) and  (iii), O will have this p roper ty  provided 

~1 has linear measure zero (for a Jo rdan  domain we make  no distinction between a and  

w(tl)). We easily construct  a D with this property,  as follows. 

B y  the middle third  of a closed rectilinear segment S we mean  the closed segment  on 

S whose length is one third  tha t  of S and  which is equidistant  f rom the endpoints  of S. 

Let  A~ be a closed equilateral triangle of side length 1. Le t  A~.~ (k = 1, 2, 3) be closed equi- 

lateral triangles of side length �89 such t h a t  A 1 N At. ~ (k = 1, 2, 3) are the  middle thirds of the  

sides of A r Set 
A~ = A1 U ( U Al.k). 

Le t  As, k (k = 1, ..., 12) be closed equilateral triangles of side length (�89 such t h a t  A s n As. ~ 

(k = 1, ..., 12) are the  middle thirds of the rectilinear segments (whose endpoints  are corners 

of ~A2) on ~A~. Set 
As = A~ U ( U A~.~). 
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Continuing in this way, we define A, (n = 1, 2 .... ). Let ~ be the interior of [JA n. Then ~ 

is a Jordan curve, since it could have been defined by means of Knopp's  triangle construc- 

tion [4, p. 233]. I t  is easy to see that  ~1 is contained in a countable union of "middle- 

third" Cantor sets, and consequently that  ~1 has linear measure zero. 

I t  was previously known that  there exists a Jordan domain ~ such that  for almost 

every 0,/(e ~~ is not an endpoint of an open rectilinear segment lying in ~ (see Lavrentieff 

[5] and Lohwater and Piranian [7]). 

Remark. Theorem 2 has the following geometrical consequence: If  22 is at most count- 

able, then the set of complex coordinates of points of ~I 1 does not have linear measure zero 

{this set is a Borel set, and is therefore linearly measurable; but we do not prove this). 

Also the local analogue in terms of intervals of prime ends is true. 

E XXMPLV. 2. The set of points e ~~ at which neither (1.1) nor {1.2) holds can be a com- 

pact set of positive logarithmic capacity. 

Let (vn} be a sequence of distinct real numbers, and let (un} be a sequence of positive 

numbers having the limit zero such that  if we set 

Rew>0)- 
nff i l  

then the inner tangent to ~0  does not exist at  any point of the imaginary axis. Let w =/(z) 

be a function mapping D one-to-one and conformally onto 9 ,  and let/(z) also denote the 

continuous extension of this function t o / ) .  Define E~ to be the set of all e t~ satisfying one 

of the following conditions: /(e ~~ = ~ ,  Re/(e t~ =0, or / (e  t~ =u~ +iv~ for some n. Clearly 

(1.2) does not hold for any e~~ and since a0E21 if (1.1) holds at e ~~ we see that  (1.1) holds 

if and only if e~~ E z. Also, E~ is a compact, totally disconnected set, and each component 

of (~D) -  E~ is mapped by/ (z)  onto a horizontal segment. By reflection the real part of 

/(z) is extended to a single-valued (nonconstant) positive harmonic function in the comple- 

ment of Ez, and consequently E~ has positive logarithmic capacity [10, p. 140]. 
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