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1. Indication of results

We define a technically simple concept of a generalized quadrilateral that yields
purely geometrical information concerning distortion under conformal and quasicon-
formal mappings.

A generalized quadrilateral Q on a simply connected plane domain D is a family of
“curves” lying in .D that separate or join certain boundary arcs and interior points. The
conjugate family Q* of “curves” lying in D and ‘“‘crossing” every member of Q is also a
generalized quadrilateral, and (Q*)*= Q. The length—-width ratio of Q is

_ Q)

uaQry
where I(Q) denotes the infimum of the euclidean lengths of the rectifiable members of Q.
A K-quasiconformal mapping f (the conformal mappings are the 1-quasiconformal map-

o(Q)

pings) of D onto another plane domain D’ takes Q onto a generalized quadrilateral Q’
on D', and
1

37 08 (@) <e(@) <™, (1.1)

where M is a positive constant depending only on K (M is independent of D, Q, f, and every-
thing else, except K). In particular, the relations o(Q)—>cc and (since e(Qe(@"=1)
o(Q)—~0 (as Q varies on a fixed D) are invariant under f.

In each of the examples suggested by Figures 1.1,1.2, and 1.3, the families Q, and Q5 of
curves suggested by the solid and dotted curves, respectively, are the families of simple
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curves belonging to a generalized quadrilateral Q and its conjugate Q*. It will follow
readily from (1.1) that in each case the ratio

4Q.)
uas)

satisfies the analogue of (1.1), and that the relations g(Q;) > o© and g(Q;)—>0 are invariant
under f.

Q(Qs) =

In the case of Figure 1.1 the interior point is fixed and the three boundary points
vary. The ratio o(Q,) measures the position of the “middle” boundary point between the
two others, relative to the interior point. This leads to a characterization of the boundary
functions of K-quasiconformal mappings betwen simply connected domains, which extends
the Beurling-Ahlfors characterization [3] for K-quasiconformal mappings between half-
planes. A less precise result is obtained as a corollary: a sense-preserving homeomorphism
between the boundaries is the boundary function of a quasiconformal mapping between
the interiors if and only if it preserves the relation o(Q,)— >°. The relationship between this
result and Rickman’s characterization [11] is discussed.

In the case of Figure 1.2 we obtain an estimate for the harmonic measure w(z)
(with respect to D) of one of the two fixed boundary arcs. We find in particular that as the
distinguished interior point z tends to one of the two fixed boundary points, w(z) remains
bounded away from 0 and 1 (that is, z remains in a “conformal angle” at that boundary
point) if and only if g(Q,) remains bounded away from 0 and o°. We note that a related
result in one direction was given by Pommerenke [10, p. 144].

In the case of Figure 1.3 we obtain an estimate for the hyperbolic distance A(z,, z,) with
respect to .D. We find in particular that as the two distinguished interior points z, and 2,
vary, h(z;, z,)—>0 if and only if g(Q,) > c©. We note that Hersch [4] considered the extremal
lengths of the families of Figures 1.2 and 1.3, and also gave some geometrical esti-
mates in one direction.

In Figure 1.4 there is one fixed interior point, and there are two variable ones (near
the boundary). The family of curves indicated in the figure is the family of simple curves of
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a generalized quadrilateral; and ‘in this case (1.1) and its analogue with “length” re-
placed by “diameter” essentially become forms of a result of Lavrentieff [5] concerning
a distance between the two variable points.

We also give a sufficient condition that a totally disconnected compact plane set be
removable for conformal (and quasiconformal) mappings. Here we use the fact that also
the ordinary annulus satisfies (1.1).

2. The generalized quadrilateral: A topological definition

Under a sense-preserving, prime-end preserving homeomorphism between simply
connected plane domains D and D', generalized quadrilaterals on D correspond to gener-
alized quadrilaterals on D’. 1t will be sufficient therefore (and clearly so) to define gen-
eralized quadrilaterals on the unit disc.

Let D be the open unit disc, 8D be its boundary, and 8 be a finite subset of its closure
D. The “curves” that are members of generalized quadrilaterals on D relative to S are the
members of the family C=C(D, 8), defined to be the family of all connected, relatively
closed subsets C' of D whose closures O (in D) have the following properties:

(a) C is a union of finitely many Jordan arcs whose interiors (that is, the open Jordan
arcs) are pairwise disjoint, and each of whose endpoints in D is an endpoint of at least
two of the arcs;

(b) CnS=; and

(¢) CnoD consists of at most finitely many points, called the endpoints of C.

Consider a particular C € C. We describe the separating and joining done by C in terms
of the family [C] of components of the relative complement D —C:

[C]1={U: U is a component of D—C}.

Note that the relative boundary 9, U of each U €[C]is in C. Since we are interested only in
the separating and joining of subsets of S U 8D, it is desirable to sometimes ignore the part of
a U €[C] that does not come in contact with §U 8.D. Hence we associate with each U €[C]
a subset BU of SU&D as follows:

BU =(SNU)UT,

where I' = U N 8D except in the case where U N 8D <dD and 9, U has exactly one endpoint.

In this exceptional case I' is @D minus the endpoint of 8, U. [In any case I is connected,

T'=UnaéD,
8%+ — 712904 Acta mathematica 126
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and BU determines the endpoints of &, U. The separating and joining properties of C are
completely determined by the family

B[C]1={BU: U€g[C]}.
We say that C separates two points of SU 0D provided no BU € B[C] is such that both of

these points are in BU. We express the requirement that C have an endpoint on a given
open connected subset « of 8D (which will satisfy & —a<S) by saying that no BU € B[C]
contains «.

Now consider a family Q< C, and set
[Qi= clEJa [Cl. BlQ1={BU:U€[Q)}.

With this notation, every C€ Q separates two given points of SU&D if and only if no
BU € B[Q] is such that both of these points are in BU; and every C€Q has an endpoint
on a (given above) if and only if no BU € B[Q] contains a. For a C € the notation

B[C] < B[Q]

means that every member of B[(] is contained in a member of B[Q]. We observe that if
Q is the family of all members of C satisfying every requirement in any collection of separat-

ing and joining requirements of the above type, then for any C€_,

(Q1) CeqQ if B[C1<B[Q).

(We check this assertion for a single separating requirement and for a single joining require-
ment, and note that the collection of all families Q satisfying (Q,) is closed under the taking
of arbitrary intersections.) It turns out that the property (Q,) is by itself a sufficient descrip-
tion of the statement that “Q is the family of all C € C satisfying certain separating. and joining
requirements’’; and we avoid a more specific description by using (Q,). The above discussion
was given mainly to explain the property (Q,) and is not complete: another type of separat-
ing property covered by (Q,) will also be useful in the applications.

An S-homeomorphism is a sense-preserving homeomorphism of D onto itself that
keeps every point of S fixed.

A generalized quadrilateral on D relative to S is a nonempty family Q< C with
the following properties:
(Q) CeQq if CeC and B[C]1<B[Q];
(Qg) Q is invariant under every S-homeomorphism; and
(Qs) mno point of 8 is such that each of its neighorhoods contains a member of Q.

Even without the assumption (Q,), Q would be invariant under every homeomorphism
of D onto itself keeping every point of SU@D fixed, because under such a homeo-
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morphism each B[(] (C€Q) is invariant. The assumption (Q,) essentially says that any

open connected subset a of 8D, that is required to contain an endpoint of every member

of Q, has the property that & —a< 8. The assumption (Q;) says that Q is nondegenerate.
A conjugate family Q* corresponds to each generalized quadrilateral Q:

Q*={C*:C*€C, C*n C+Q for every CE€Q}.

We note that not only does a C€(Q intersect a given C*€Q*, but so do all of its im-
ages under S-homeomorphisms, that is, C “crosses” C*.

ProrosiTioN 1. A generalized quadrilateral Q is symmetrical, in the sense that Q*
s a generalized quadrilateral and (Q*)*=Q.

Proof. We first prove that Q* is nonempty. It is readily seen that C has a member
C* with the property that for each U*€[(*] there exists a point of D every neighborhood
of which contains the image of U* under an S-homeomorphism. It follows from (Q,) and
(Qs) that C*€ Q* (assume not).

Let C be any member of C such that B[C]<B[Q*]. We prove that C€Q*. Assume
contrary to this assertion that some U €[] contains a C,€ Q. To avoid difficulty in the
case where 9,U is not a simple curve, we choose a U’'€[(C] such that 2,U’ is a
simple curve, C,< U’, and BU'=BU. Since B[C]<B[Q*], there exists a U*€[Q*] such
that BU< BU*. Then also BU'< BU*, and a simple argument (using the fact that o, U’
is a simple curve) shows that U’ is taken onto a subdomain of U* by some S-homeomor-
phism. This S-homeomorphism takes C; onto a member of Q contained in U*, contrary
to the assumption U*€[Q*]. Thus C€Q".

It is obvious that Q* is invariant under S-homeomorphisms.

We now prove that no point of § is such that each of its neighborhoods contains a
member of *. Assume to the contrary that every neighborhood of some point of S contains
a member of Q*. Then this point of 8 must be an endpoint of every member of Q, contrary
to the fact that no member of C has an endpoint in 8.

Thus Q* is a generalized quadrilateral.

Finally we prove that (Q*)*=Q. Clearly Q< (Q*)*. To prove the other inclusion, let
c*€(Q*)*. We prove that B[C**]<B[Q], and thereby obtain the desired conclusion
C**€ Q. Assume to the contrary that for some U**€[C**], BU** is not contained in any
member of B[Q]. It follows that U** is not contained in any member of [Q], or equivalently,
that every C € Q intersects U**. From this we derive the contradictory conclusion that U**

contains a member of @*. To do this we choose a U,€[(] such that Uy U 9,Uy< U™ and
BU,=BU**.
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We prove that every C€ Q intersects U,. Assume the contrary. Then Uyis contained
in a member of [Q] and BU, is contained in a member of B[Q]. Thus BU** is contained
in a member of B[Q]. We shall prove that U**€[Q] (which is contrary to the fact that
every C€(Q intersects U**). By (Q,) there exists a C€Q whose intersection with C** is
nonempty and finite. Clearly C'U C**€ C. We prove that C'€Q, where

O = (CUC*™)—-U*,
and thereby conclude that U**€[Q]. Clearly C"€ C. Every member of [C'] except U**
is contained in a member of [C]. Thus B[C"]<B[Q], and ¢'€ Q. Thus U**€[Q], and with
this contradiction we conclude that every C'€(Q intersects U,
For the same reason that Q* is nonempty, there exists a C*€ C such that
v pU,cC*cUyU0,U,,

and such that every C€(Q that intersects U, also intersects C*. Thus since every C€Q
intersects U,, C*€Q*. Since C*< U**, we have the desired contradiction, and the proof
of Proposition 1 is complete.

Remark 2.1. To further explain the condition (Q,) we note one possibility that it
rules out. Let o, oy, and o; be open ares on 8D having disjoint closures, and let S consist
of the endpoints of these arcs. Define Q to be the family of all C' € C having an endpoint on
oty and having an endpoint on either «, or «,. Any simple curve ' having an endpoint on
o; and separating o, and o has the property that each member of [C] is contained in a
member of [Q]. Thus B[C]<B[Q], and we see that (Q,) fails to hold. (We can define a
generalized quadrilateral to be the family of all C€C having an endpoint on each o;.)

3. The distortion theorem

Let D be a simply connected domain in the finite plane, which is not the whole plane,
and let D denote the prime-end compactification of D. (The reader who assumes the
boundary of D to be a Jordan curve in the extended plane, so that D becomes the closure
“of D, will loose very little.) All notation and terminology of Section 2 carry over to D,
by taking a sense preserving homeomorphism of D onto the closed unit disc, and they are
independent of the homeomorphism. These definitions can of course be given directly,
in terms of D. A generalized quadrilateral on D is symmetrical, by Proposition 1.

The length I(Q) of a generalized quadrilateral Q is the infimum of the (euclidean)
lengths I(C) of its rectifiable members. By (Q,) it is finite (see the proof of Lemma 2),
and by (Qj) it is positive. The length-width ratio of Q is

_hQ)
o(Q) T3}

Clearly o(Q)o(Q*)=1, by symmetry.
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We note that a generalized quadrilateral is completely determined by its minimal
members, a minimal member being one that properly contains no other member. This
holds because, as is readily seen, every member contains a minimal member, and because
every member of C containing a member of Q is a member of Q, by (Q,). Moreover, /(Q)
is the infimum of the lengths of the rectifiable minimal members of Q.

A K-quasiconformal homeomorphism f of D onto another plane domain D’ can be
extended to a homeomorphism between the prime-end compactifications D and D’ (by
Mori’s theorem on the unit disc [1, p. 47]). Such a mapping f takes a generalized quadri-
lateral Q on D relative to S onto a generalized quadrilateral Q' on D’ relative to f(S):

Q' ={{(C): Ceq}.

The central result concerning generalized quadrilaterals is the following distortion theorem.

THEOREM 1. There exists M >0 depending only on K such that

1

rlege@< 0(Q') <@,

The constant M is independent of D, Q, f, and everything else, except K.

If we replace “length” by “diameter”, we get another form of Theorem 1. The dia-
meter d(Q) of a generalized quadrilateral Q is the infimum of the (euclidean) diameters
d(C) of its members. It is finite and positive. We set

d
p4Q)= d((Ta*))

The modified version reads:

THEOREM 1'. There exists M >0 depending only on K such that

1 .
37 108 04(Q))} <eu@) <@ (g(Q)>1).

LeMMa 1. Let J be a Jordan curve in the finite plane containing no point of 8. (For a
point PESN 2D, the assumption is that the accessible point of P, if it has one, is not on J.)
There are two assertions:

(i) If the closure of meither component of the complement of J contuins a member of Q,
then J contains a member of Q*.

(ii) If the closure of one component A of the complement of J contains a member of Q,
then for any C € Q whose intersection with J is finite (and possibly empty), J U (CN A) contains
a member of Q. _

9 — 712004 Acta mathematica 126, Imprimé lo 8 Janvier 1971
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Proof. To prove (i) we assume that J contains no member of Q*. By (@,) there exists
a C € whose intersection with J is finite. Let C, be any component of J N D such that C
intersects both components of D —C,. If there is no such component, there is nothing to
prove. Clearly C, € C. Since O, ¢ Q*, one component D, of D— (| contains a mémber of Q.
Clearly C'€C, where
¢’ =C U (CNn Dy).

Every component of D, —(" is contained in a component of D —C, and since D, contains
a member of Q, the other compdnént of ‘D—O’l is contained in a member of [Ql. Thus
every member of [C'] is contained in a member of [Q], anfl it follows that B[C"]<B[Q].
This proves that ¢’ € Q. For this member of Q there are fewer of the components C;, and
iteration of this process yields a member of Q contained in the closure of one component
of the complement of J. This proves (i).

To prove (ii) assume that the closure of one component A of the complement of J
contains a member of Q, and let C be a member of Q whose intersection with J is finite.
If CN A=@, then some component C; of J N D is such that the closure of each component
of D—C, contains a member of Q. (To see this consider the appearance of the components
of D—J after mapping D topologically onto the closed unit dise.) Thus if CNA=0,
B[C,1<B[Q], and C, € Q. We assume now that C'nN A +@. The obvious modification of the
proof of (i) shows that J U (CNA) contains a member of Q. This proves (ii).

Let 2 be any function defined on C that satisfies

d(C) <h(C)<0) (3.1)
for each C€C, and set

hQ)
mary

mQ) =inf {K(C): C€Q}, 0n(Q)=

LeMmma 2. There exists an absolute constant k such thot
UQ) <kd(Q) max {1, 0,(Q)}-

Remark. In the case of ordinary quadrilaterals, this lemma is essentially also given
by Rickman [12; p.*390].

Proof. It follows readily from (Q,) that every member of Q can be “approximated”’
by polygonal members of Q, a polygonal member being one that is a finite union of (finite)
rectilinear segments; and for the same reason I(Q) is the infimum of the lengths of the poly-
gonal members of Q. We let C be a polygonal member of Q such that C)<UQ)+e,
where ¢ is a small positive number depending on d(Q) and I(Q*). It follows easily from
Lemma 1 (ii) that d(C)<k,d(Q) (provided £<d(Q)), where k; is an absolute .constant



DISTORTION UNDER CONFORMAL AND QUASICONFORMAL MAPPINGS 129

(k; =10 will do). Let H be a closed square of side-length 2k, d(Q) whose interior contains
the closure of C. Subdivide H into m* nonoverlapping congruent closed squares H, where
m is the least positive integer greater than l(0H)[l(Q*). Then

l l(oH
o) = "2 < i@y m—1<%.

We shall prove that 1(C)<4 2 l(0H,), and thereby obtain the desired conclusion:

UQ) <UC) <43 UoH,) = 4m@H) < 4(1 + ;—ﬁ%)) 1(oH)

Q) ) 81, d(Q) < 4(1 + 8k, 0x(Q)) 8k, 4(Q)

Q)
<kd(Q) max {1, 0,(Q)}

= 4_(1 + 8k,

Suppose contrary to the assertion that I(C)>4 2 l(0H,). As is easily seen, H can be
chosen so that €N U&H, is finite. Thus [(C)=Zl(CN H,), and there exists a § (fixed for-
evermore) such that [(C'nN H,)>41(2H,). Let L be a closed rectilinear segment lying in the
interior of H, except for its endpoints which are on ¢H,, such that L N C is finite, and such
that if X, (¢=1, 2) denote the closures of the components of H;—L, then

Cn X,)>2UeH,) (i=1,2).

Since (0 X,) < H{oH,)<l(Q*), 2 X, contains no member of Q*. We can require that neither
oH, nor L contains a point of § (in the sense explained by Lemma 1). Thus by Lemma 1
(i), CU8X, contains a Cy€Q that is contained in the closure of one component of the

complement of 0X,;. For this member of Q we have
KCy) <UC)+ U0 X,)—2UoH,)y<U(C)—1(0H ),
contrary to the choice of C (provided &<I(2H,)). The proof of Lemma 2 is complete.

LemMA 3. For any two functions b and b' defined on C and satisfying the same inequality

3.1),
or(Q) <k max {1, 0,(Q)*},

where k 18 an absolute constant.

Proof. Using the symmetry of Q, and applying Lemma 2 twice, we obtain inde-
pendently the following two inequalities:

(Q) < k:h(Q) max {1, 0,(Q)};
Q) < kyH(Q*) max {1, 04(Q")}.



130 J. E. MCMILLAN

Combining these, we obtain
0r(Q) < kyky0,(Q) max {1, 04(Q)} max {1, 04(Q")} =k max {1, g,(Q)},
where k=Fk k, This proves Lemma 3.

Proof of Theorem 1. We only need to prove the first inequality. We first prove the

existence of positive absolute constants k, and k, such that
1 , .
55 log o(Q) <4Ko(Q')+2nK +k, if o(Q)>k,. (3.2)

Let % be the absolute constant of Lemma 3 {k>1) so that
o(Q) <k max {1, 0/(Q)*},

and set k,=100k. If o(Q) >k, then g,(Q)>10, and there exists an annulus
A ={z: B, <|z—2z| <Ry}

with the following properties: some member of Q is contained in {|z—z,| <R,}; every
member of Q intersects both components of 84; and R,/R;>g,(Q)/3.

The extremal length A(Q*) of Q* is well defined, since every member of Q* is a union
of finitely many (pairwise disjoint) curves. Any circle {|z—z,| =R}(R;<R<R,), with
at most finitely many exceptions, must by Lemma 1 contain a member of Q*. Thus we
readily see by comparison that

2n

AQn<

log }?j
Since A(Q™*) < KAQ*)[1],
2n
log g’d;—q) (3.3)

11—{/1(0’*) <

For any given £>0 we choose a C'€Q’ such that
e <y Q')+e.
We prove that the area of the set
V = {w: dist(w, C") <UQ'*)}
(euclidean distance) is at most
2UQ*HUC) +AU Q™)
If C’ is a simple curve, this is readily seen by approximating C’ with polygonal Jordan

arcs (not necessarily in D) and arguing by induction on the number of vertices of the
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approximating arcs: the term zl(Q'*)? accounts for the area of the two half-discs at the
ends of the “bent rectangle”. Since C’ is a finite union of pairwise disjoint simple curves,
and since ("’ is connected, we can now argue by induction on the number of these simple
curves. At each stage of this induction, we adjoin a “bent rectangle” and two half-discs.
There is enough overlap of area to account for the area of these half-dises, and consequently
the term #l(Q*)* does not need to be added after the first stage. This establishes the
upper bound for the area of V.

For each C'*€ Q'* the (total) length of C"*N V is at least I(Q'*), because ¢'*NC' =+
@. Thus

% ™ ) I l((ll*)2
MM =za{C*nV:0*eQ })>area, 7
Since this holds for each £> 0,
I %\2
AQ= LG4 S (3.4)

2Q*UQ) +AUQ™*)? 20Q) +7

Combining (3.3), (3.4), and the inequality (o(Q)/k)! <gs(Q), we readily obtain (3.2).
By (3.2) there exists a ky>1 depending only on K such that

1 ’
Ztlog o(Q) < 5Kpo(Q")

if o(Q) > k. Using the symmetry of Q and applying this inequality to the inverse mapping,
we see that for o(Q) =1, o(Q’) is bounded away from zero by a positive constant depending
only on K. Thus there exists a positive constant M depending only on K such that
log 0(Q) <Mp(Q') for 1<p(Q)<ky; and if we require also that M >10zK, we have the
inequality log o(Q)<Mp(Q') in any case. The proof of Theorem 1 is complete.

Theorem 1’ follows from Theorem 1, Lemma 3, and essentially the argument in the
preceeding paragraph.

Remark 3.1. For ordinary quadrilaterals and a conformal f we can have
- log (@) = o(
3, 080Q)=e(@)
for any value of o(Q'). We see this by mapping a radially slit circular annulus onto a rec-
tangle.

4. Multiply connected domains

We note first that the ordinary annulus, a doubly connected domain D with non-
degenerate boundary components, deserves to be called a ‘“‘generalized quadrilateral”.



132 J. B. MCMILLAN

This is because every simple curve lying in D and joining different components of 8D is
in one of the two conjugate families. These families consist of the simple curves separat-
ing and joining, respectively, the components of 8D, and either family can be Q. If we
instead define C as before (with S=@) and consider the larger subfamilies of C sep-
arating and joining, respectively, the components of 9D, then the effect is the same, be-
cause the minimal members of these larger families are just the simple curves. It is read-
ily seen that all results of Section 3 hold for the ordinary annulus.

On general finitely connected domains we consider certain famsilies Q, establish the main
inequality (3.2), and thereby obtain the invariance of the relation p(Q)—>oc. Let D be a
finitely connected domain with only nondegenerate boundary components, and let S be
a finite subset of the prime-end compactification D of D. We define the family C=C(D, )
exactly as before. A V-side of a simple member (that is, a member that is a simple curve)
C,€C is a subdomain ¥ of D such that for some simple C; € C homotopic to O, in D (and
having the same endpoints as C, if C, has endpoints), the boundary of V in D is the
closure of C,UC; in D. Let Q be a subfamily of C satisfying the analogues of (Q,) and
(Q;) (S-homeomorphisms are now required to keep every component of 8D fixed), and satis-
fying the following condition: for each simple C; € C, either every member of Q intersects
C,, or for each C'€Q there exists a V-side V(C) of C, such that for any V-side V of C,
contained in V(C), (C—V)Ud,V contains a member of Q. This condition will not in
general be satisfied by Q* even if we define Q* as before, so we choose the following
more flexible definition of Q*: let Q* be any subfamily of C such that every simple member
of C intersecting every member of Q is in Q*, and such that every member of Q* intersects
every member of Q. It is easy to prove Lemma 1 with a slight modification: the con-
clusion of part (ii) should be that JU A contains a member of  whose length is at most
{CNA)+I(J). Lemma 2 and its proof hold without change. It is readily seen that the part
of Lemma 3 used to prove the main inequality (3.2) follows directly from Lemma 2
without symmetry. Thus (3.2) holds and we have the invariance of the relation g(Q)— <.
For example, we could let S consist of two points of D, let Q be the family of all C€C
having an endpoint on 8D and separating the points of S, and let Q* be the family of all
Jordan curves lying in D and separating both points of § from aD.

5. The boundary function of a K-quasiconformal mapping

Let D be a simply connected domain in the finite plane, which is not the whole plane,
and let D be the prime-end compactification of D. Fix z,€ D, and let P, (j=1, 2, 3) be
distinet variable points of the boundary dD. Let § be the family of all simple curves in
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D —{z,} having two endpoints on 9D, neither of which is a P,, and let « and § be the
components of (9.0) —{P,, P,, P,} such that P, and P, are the endpoints of « and P, and P,
are the endpoints of 5. Let Q, be the family of all members of § having an endpoint on
o and separating z, and 8; and let Q* be the family of all members of § having an endpoint
on j and separating z, and «. The members of Q, and Q} are suggested by the solid
and dotted curves, respectively, in Figure 1.1. Set

1Q,
o(Py, Py, Py, z°)=l:g§‘))’

where /(Q,) denotes the infimum of the lengths of the rectifiable members of Q,. This
ratio measures the position of P, between P, and P,, relative to z,. We take special note of

the case where D is the unit disc and z, is the origin. Also, we note that
(P, Py, Py, z9) = 1/p(Py, Py, Py, 2,).

TaroREM. Let ¢ be the boundary function of a K-quasiconformal homeomorphism f
of D onto another plane domain D’ with f(z,) =2o. Then for some M >0 depending only on K,

Q(P],J Pé; P};’ z(,)) Sexp (MQ(PI’ P2: Ps, zo))

for every pair of triples corresponding under ¢ (P; =g(P,)).
Conversely, there exists an absolute constant A such that the following holds: if ¢ is a sense-
preserving homeomorphism of 8D onto 8D, and if for some M >0

o(Py, Py, Py, 20) < A implies o(Pi, Ps, Py, 20) <M

for every pair of triples corresponding under @, then @ s the boundary function of some K-
quasiconformal homeomorphism f of D onto D', with f(z,) =2, and K depends only on M.

Proof of the first assertion. Set §={P;, P,, P,, z,}, and note that § is the family of all
simple open curves in C(D, 8). We define a generalized quadrilateral Q to be the family of
all C€C(D, S) having an endpoint on « and separating z, and # (that is, separating z,
and each point of ).

We first give the simple argument which shows that the minimal members of Q are
those suggested by Figure 5.1. Let C€Q. We find a simple ;€ C that is contained in C
and separates z, and f, as follows. Consider the U €[C] containing z, and consider the
interior domain of every Jordan curve lying in U except for one point on C. The union of U
and all these interior domains has the property that each component of its relative
boundary is a simple curve, and one of these components, which we denote by C,,
separates z, and 8. If C; has an endpoint on «, then C,€Q. Otherwise there exists
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Fig. 5.1

a simple open curve L< C that joins a to C, and does not intersect C,. If O, is a closed
curve, then LU C,€Q; and otherwise LU C, contains a simple member of Q. Thus the
minimal members of Q are those suggested by Figure 5.1.

We show that Q* is the family of all C € C having an endpoint on § and separating
2y and «, and thus that Q is “geometrically symmetrical”. Clearly every member of Q*
has an endpoint on § and separates z, and « (suppose not). To prove the other inclusion,
we note that every member of C having an endpoint on § and separating z, and « inter-
sects every minimal member of Q and is therefore in Q* (every member of Q contains a
minimal member).

The families Q, and Qf used to define o(Py, P,, Py, 2,) are the families of simple
members of Q and Q* respectively, and the minimal members of Q and Q* determine
0(Q). Thus since every rectifiable minimal member C€(Q can be “approximated” by a
C;€Q, so that [(C)<(C,) <2l(C), and since the analogous statement holds for Q*, the
first assertion of the theorem now follows from Theorem 1.

Proof of the second assertion. Let M, be the absolute constant obtained from the
first assertion with K =1. If the second assertion holds, as stated, in the special case where
D and D’ are the unit disc and z, and z, the origin, then in the general case we have
the desired conclusion with the absolute constant ¢4 (instead of 4), provided

I ’ 7 1
o(Py, Py, Py, 2y) <e™#  implies o(Py, P3, Pg, 29) < 73 log M.
1

It is therefore sufficient to prove the second assertion for the special case.

Let Z,, Z,, and Z; be any three points on the real axis { — 0 <Z < + oo} such that Z,
is between Z, and Z;, and set Z, = oo. Map the upper half-plane {Im Z >0} onto the unit
disc D by a linear transformation, and let P, be the point corresponding to Z,. Let [P,
P"] be the component of (9.D)—{P,, P,, P;, P,} whose endpoints are P’ and P"; and let
o(Py, Py, Py, P,) be the (euclidean) diameter of the shorter of the ares [Py, P3] and [Py, P;],
divided by the diameter of the shorter of the arcs [P, P,] and [P,, P,]. Clearly o(P;, Py,
P,, P,) is the length~width ratio of an ordinary quadrilateral. The length-width ratio of
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the corresponding ordinary quadrilateral on the upper half-plane is denoted by [o(Z,, Z,,
Zs, Z,). We note that the Beurling—Ahlfors condition [3] is stated in terms of this ratio.
By Theorem 1 there exists an absolute constant M, >0 such that

1

572 log o(Z,, Zy, Zy, Z,) < o(Py, Py, Py, P,) < exp (M0(Z,, Zy, Zy, Zy)). (5.1)
1

Using (5.1) we shall be able to make the transition from the Beurling—Ahlfors condition

because, as is readily seen,

0(Py, Py, Py, P,) —max {min {o(Py, Py, Py, 0), o(P;, Py, P, 0)},
min {g(Py, Py, Py, 0), o(P5, Py, Py, 0)}}-

(Each minimum takes the shorter of [P,, P,] and [P,, P;], and the maximum takes
the shorter of [P;, P,] and [P,, P,].)

We now assume that Z, is equidistant between Z, and Z,. Then o(Z,, Z,, Z,, Z,) =1,
and by (5.1), o(P,, Py, Pg, P,) <™. We set 4 = Tt follows readily from the assumption
concerning M that o(P;, Py, Py, P;) <M, where P, =¢(P,). Now map the unit disc D’
onto the upper half-plane {Im Z’>0} by a linear transformation taking P; to oo, and
let Z; be the point corresponding to P;. By the first inequality of (5.1) applied to this

mapping,
Q(ZZ{’ Zés Z:;> Z;) < exp (MIQ(PL Pé’ P?'ﬂ P';)) < exp (MI-M)'

Thus the correspondence between the real axes satisfies the Beurling—Ahlfors condition,
and there exists a K-quasiconformal mapping between the half-planes, with K depend-
ing only on M, whose boundary function is this correspondence. This mapping yields a
K-quasiconformal mapping f of D onto D’ whose boundary funetion is ¢.

We modify f so that f(0) =0. We can clearly do this if there exists a K,-quasiconformal
mapping f, of D’ onto itself, with K, depending only on M, that keeps every point of 8D’
fixed and takes f(0) to 0. To prove the existence of f, it is sufficient to prove that 1 —|f(0)]
is bounded below by a positive constant depending only on M. To this end, assume f(0) +0
and let « be an open arc on 8D of length 7/2 such that the radius of D’ through f(0) termi-
nates at a point of the image arc o’ =f(«). Define a ratio (0, &) to be the infimum of the
lengths of the crosscuts of D separating « from 0, divided by the same for the crosscuts
separating the complementary arc from 0. It follows from Theorem 1 (as we see in

Section 6.1) that
6(f(0), oc') < eM'd(O. u)’

where M’ depends only on K, and thus only on M. In view of this inequality, the proof

will be complete once we prove that the length of «’ is bounded below by a positive
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constant depending only on M. If the length of &' is less than =z, there exists an open
arc B on @D such that &N § consists of a single point, and such that the lengths of both
and its image B’ =f(B) are at least . Let P; and P, be the endpoints of «, and let P, and
P; be the endpoints of . We readily see that ;

1/8(0, &) = o(Py, Ps, P3, 0) and 1/8(0, «') =o(P1, Ps, P3, 0),
where P; = f(P,). Thus by assumption 1/6(0, ') <M provided we require 4 to be larger than
the absolute constant 1/6(0, «). This completes the proof.

Remark 5.1. The (uniform) invariance of the relation g(Py, Py, Ps, 2y)—>0 character-
izes the boundary function of a quasiconformal mapping. It is clear from the proof and
Lemma 3 that the invariance of the relation g (P, P, Py, 2,)—>0 (defined with “length”
replaced by ‘“diameter”) also characterizes the boundary function.

Remark 5.2. If 2, is replaced by a fixed point P, on 8D, and if we consider the ordinary
quadrilaterals Q on D determined by the points Py, P,, Py, and P, (where it is assumed that
P, is not in the closure of U B), then it is clear from the proof that the invariance of the
relation o(Q)—>0 characterizes the boundary function of a quasiconformal mapping. This
fact alone follows easily from a lemma in Lehto-Virtanen’s book [6, p. 25] and Rickman’s
lemma [12, p. 390] (or a special case of Lemma 3) to prove the necessity, and the necessity
and the Beurling-Ahlfors example [3] to prove the sufficiency. This characterization with
the ordinary quadrilaterals is very closely related to Rickman’s characterization [11],

which is however not in this convenient form.

6. Estimates for the harmonic measure and hyperbolic distance

6.1, The harmonic measure. Let z be a variable point of the fixed simply connected
domain D, and let P, and P, be distinct, fixed points of the boundary 8D. Let « and g
be the components of (0.D) —{P;, P,}, and let w(z) be the harmonic measure of « (or of f)
with respect to D. Let Q, be the family of all simple curves lying in D, having two endpoints
on «, and separating z and 8; and let Q; be the family of all simple curves lying in D,

having two endpoints on §, and separating z and o« (see Figure 1.2). Set

_uQ) 1
—l(Q:)’ r(z)—max{g(z), g(z)}'

THEOREM. As z2—P;, w(z) remains bounded away from 0 and 1 if and only if ©(2)

o(?)

remains bounded. More precisely,
1
M log () < cse(nw(z)) < e™@,

where M 1is a positive absolute constant.
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o

Fig. 6.1 Fig. 6.2

Proof. Define a generalized quadrilateral Q on D relative to S = {Py, Py, 2} to be the
family of all C€C having an endpoint on « and separating z and 8 (that is, separating z
and each point of 8). It is readily seen that the minimal members of Q are those sugges-
ted by Figure 6.1. Every member of Q* has an endpoint on § and separates z and
o (suppose not); and every member of C with these properties intersects every minimal
member of Q and is therefore in Q* Thus Q* is the family of all C € having an end-
point on § and separating z and a: Q is “geometrically symmetrical”’. We note that Q,
and Q; are the families of simple members of Q and Q* respectively. Thus since we can
“approximate” every rectifiable minimal CE€Q by a C,€Q, so that I(C)<IO,)<
2l(C), and since the analogous statement holds for Q*, the theorem readily follows from
Theorem 1, by mapping D conformally onto the upper half-plane so that P, and P,
correspond to 0 and oo, respectively.

6.2. The hyperbolic distance. Let z, and z, be distinct variable interior points of the
simply connected domain D, and let A(z,, z,) denote the hyperbolic distance with respect;
to D. Let Q, be the family of all simple curves lying in D, having two endpoints on the
boundary 9D, and separating z, and z,; and let Q¥ be the family of all Jordan curves ly-
ing in D and separating both z, and z, from 9D. Set

1,
0l 72) = ,ﬁ‘g—s%.

THEOREM. h(zy, 2,)—0 of and only if p(z,, 2,)—>oo. More precisely,

1
. = Mo(zy, 29)
7 log o(2), 25) < 2henz) <emT T,

where M is a positive absolute constant.

Proof. Define a generalized quadrilateral Q on D relative to S={z;,2,} to be the
family of all C € C having an endpoint on 8D and separating z, and z,. The minimal members
of Q are suggested by the solid curves in Figure 6.2. Clearly every member of Q* separates
both 2, and z, from 8D. On the other hand, every member of C separating both 2, and z,
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from 8D intersects every minimal member of Q and is therefore in Q*. Thus Q* is the
family of all C€ C separating both 2, and 2z, from 0. The minimal members of Q* are
suggested by the dotted curves in Figure 6.2. The families Q, and Qs are the families
of simple members of Q and Q* respectively. Thus since every rectifiable minimal
C€Q can be “approximated” by a C,€Q, so that I(C) <I(C;) <2I(C), and since the anal-
ogous statement holds for Q*, the theorem readily follows from Theorem 1, by mapping
D conformally onto the unit disc so that z; corresponds to 0.

7. The boundary metric

We consider a fixed interior point 2z, of the simply connected domain D, and
two distinct variable points P, and P, in D—{z,}. Set S§={P;, P,, 2}, and define a
generalized quadrilateral Q to be the family of all C € C such that no BU € B[C] contains
a P, and z,, and such that no BU € B[(] contains a P, and all of dD. Members of the
family Q, of simple curves belonging to (Q are suggested in the various cases by Figures
7.1, 7.2, and 7.3 (every member of Q, is equivalent under an S-homeomorphism to
one of the shown curves). By simple considerations we can determine the minimal
members of Q; and by “approximating” these minimal members by members of Q,, we
see that d(Q)=d(Q,). We readily see that the function

d(P1> P2’ Zo) = d(a)

is a metric on D —{z,}. Here we use d(Q) instead of {(Q) only for the sake of simplicity.
Essentially this metric was introduced by Lavrentieff [5] and Mazurkiewicz [8]. By
Theorem 1’ applied to Q*,
’ YA ’ d(a*) )_%
P < Nlog 57—} ,
d( I’PZ’ z0) <Md(a ) (Ogd(Pl,Pz, zo)

where P}, z5, and Q' correspond to P;, z,, and Q under a K-quasiconformal mapping of
D onto D’, and where M depends only on K. We readily see that if d(P,, Py, z,) <r, where
3r is the euclidean distance from z, to 8D, and if at most one P, is in {|z—z,| <2r}, then
d(Q*)=r. Thus if in addition D’ has the finite euclidean diameter R, then

-¥
7 ’ I r
d(P1, Ps,20) < MR (logd———(P Pz )) .
1» 3 <0

This is a form of Lavrentieff’s inequality [5] (extension to quasiconformal mappings is
discussed by Lelong-Ferrand [7]). We get essentially the same inequality with “d” re-
placed by “I” (and with the 1), but not so directly.
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SUDIPNTY

Fig. 7.1 Fig. 1.2 Fig. 7.3 Fig. 7.4

We note the particularly simple form of this result suggested by Figure 7.4. Here Q
is defined as in Section 6.1, but the interior point is fixed and the boundary arc is
variable. As in Section 6.1 we see that the length and diameter ratios satisfy the in-
equalities of Theorem 1 and Theorem 1’, respectively. When the length ratio is less than
1, the length of the family of solid curves is the length of the family of curves suggested
by Figure 7.1, and the analogous statement holds for the diameters.

8. Removable singularities

For any curvilinear annulus 4 in the finite plane, let o(4) denote the euclidean distance
between the contours divided by the euclidean diameter of the inner contour. Then g(4)
is the diameter ratio of a “generalized quadrilateral”, and the relation ¢(4)—0 is invariant
under K-quasiconformal mapping (see Section 4).

We define a class H of totally disconnected compact sets in the finite plane as follows:
E€N if and only if for each 2€ & there exists a §>0 such that every neighborhood of z
contains a curvilinear annulus 4 separating z and oo such that AN E=0 and g(4)>4.

To say that K€} is to say that E is not too dense near any of its points.

THEOREM. Let E€ Y and let D be a plane domain containing E. Then every K-quasicon-
formal homeomorphism f of D - E onto a plane domain is the restriction of a K-quasiconformal
homeomorphism of D.

Proof. It suffices to consider the case where oo € D — E and f(oo) = co. Let 2,€ E, and
let {4,} be a sequence of curvilinear annuli contained in D — E such that A, separates z,
and oo and each 4,,, separates z, fron) A,, such that 4,2z, in the sense that every
neighborhood of z; contains all except finitely many A,, and such that lim inf o(4,)>0.
Since f(o0) = co, the image annuli 4, =f(4,) have the property that each 4, is contained
in the bounded component A, of the complement of 4,. Since liminfg(Aﬁ.)>0, nAa,
cannot contain more than one point. Thus NA,={w,} for some w,, and we see that
f(z)—~>w,y as z—2z,, z€ D — K. It follows that f is the restriction of a homeomorphism of D,
which we also denote by f.
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Fig. 8.1

Since the relation g(4)—0 is invariant under the restricted f, f(E)€ N. Since sets
of positive area have points of metric density, every member of ¥ has zero area. Thus under
one-to-one conformal mapping the complement of an E € ] always corresponds to a domain
whose complement has zero area; and by a theorem of Ahlfors and Beurling [2, p. 112],
E€Ng, that is, E is removable for functions with a bounded Dirichlet integral. (This
implies that E is removable for one-to-one conformal mappings.) The statement of the
theorem now follows from a result of Strebel [13] (or we could appeal less directly to [2]).

Remark 8.1. Although the sets in ] have zero area, they can be large in the sense of
linear measure. Figure 8.1 suggests the construction of a set & € } with the property that E
is contained in a square S and the projection of ¥ on every straight line is the projection
of § on the straight line. The limiting set E is in 7 because the second set shown is obtained

from the first set by replacing each of its five squares by a set similar to the first set.

Remark 8.2. Let E€ N, and let J be any Jordan curve in the plane such that E<J.
Then under one-to-one conformal (or quasiconformal) mapping of a component of the com-
plement of J onto the unit disc, & corresponds to a set of measure zero on the unit circle.

This follows immediately from a result in [9, p. 57].

Remark 8.3. Let E be a set in N containing at least three points. We consider the
unit disc A as the universal covering surface of the complement of E by choosing a
particular projection mapping f. This defines the group @ of cover transformations on A,
and we consider any convex fundamental polygon P of G. Then E’ €}, where E' =P N aA.
We indicate briefly why this is true. Let z,€ E’, and let w, be the radial limit of f at z,.
Let A be an “arbitrarily small” (open) curvinear annulus surrounding w, such that
ANE=@. Only finitely many components of fleaP)N 4 join the two contours of 4.
These components divide 4 into (ordinary) quadrilaterals each of which lifts by the mono-
dromy theorem onto a (schlicht) quadrilateral in A, and one of these quadrilaterals in A,
which we denote by Q, separates z,, relative to P, from a given point of P. We can
use the relation lim inf 9(4)>0 to conclude that lim inf ¢(Q) >0, and this readily.yields
the desired result. It is possible to construct an example such that E'€ ¥ and E¢ .
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