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§ 1. Statement of the problem

The new extremal problem considered in this paper, and the form of the solution are
suggested by Thurston’s beautiful theorem on the structure of topological self-mappings
of a surface (Theorem 4 in [21]). In treating this problem, however, we use none of Thurs-
ton’s results and thus obtain also a new proof of his theorem.

Unless otherwise stated all surfaces considered in this paper will be assumed to be
oriented and of finite type (p, m), that is homeomorphic to a sphere with p >0 handles
from which one has removed m >0 disjoint continua. To avoid uninteresting special cases

we assume that
2p—2+m >0. (1.1)

All mappings between surfaces (or between finite disjoint unions of surfaces) will be assumed
bijective, topological and orientation preserving. We recall (see Mangler [15]) that two
mappings of a surface are isotopic if and only if they are homotopic.

A conformal structure on a surface S is a mapping ¢ of S onto a Riemann surface. If
f: 8,8, is a mapping, and o,, g, are conformal structures on 8, and 8,, respectively, then

the deviation of g,0f061" from conformality is measured by the dilatation
K= K(Gzofogl_l) =K., 0.(f)-

We recall that 1 <K < + oo, with K =1 signifying that o,0f007 " is conformal, and K = 4 o0
signifying that this mapping is not even quasiconformal. If §; =8, and ¢, =a,, we write
K ,(f) instead of K, ,(f).

(*) This work has been partially supported by the National Science Foundation under grant
number NSF MCS76-08478.
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Now let f be a given self-mapping of a surface S. We pose the extremal problem of
minimizing K .(f') by varying the conformal structure ¢’ and by varying f’ over the isotopy
class of f. A solution, if it exists, is a pair (g,, f,), with f, isotopic to f and such that K (f,) <
K .(f) for all conformal structures ¢’ on S and all f' isotopic to f. If so, we call g, an f-
minimal conformal structure, and we call g,0fy005" an absolutely extremal self-mapping of
the Riemann surface o,(S).

We shall give necessary and sufficient conditions for the existence of an f-minimal
conformal structure, shall characterize absolutely extremal mappings, and shall construct
a generalized solution of our problem for the cases in which it is unsolvable as stated. An
essential tool in obtaining these results is Teichmiiller’s theorem which we proceed to

recall.

§ 2. Teichmiiller mappings

Let X be a Riemann surface, not necessarily of finite type. A Beltrami differential
M on X is a rule which assigns to every local parameter z defined in a domain D< X an
essentially bounded complex-valued measurable function u(z), z€z(D), such that u(z)dz/dz
is invariant under parameter changes. (By abuse of language we write M =u(z)dz/dz in D.)
If so, | M| is a real-valued function defined on X;; it is required that it be essentially bounded
and that its essential supremum & = || M ||, satisfy & <1.

A meromorphic quadratic differential ® on X is a rule which assigns to every local para-
meter z defined in a domain D< X a meromorphic function ¢(2), z€z(D), such that ¢(z)dz*
is invariant under parameter changes. (By abuse of language we write: @ =¢(z)dz? in D.)
If, so, |¢(z)|dzdy (where z=x + 1y, « and y real) is also invariant under parameter changes
and one can compute the integral | {x |®|. If it is finite, @ is called integrable. We call ®
admissible if its poles, if any, are simple. An integrable meromorphic quadratic differential
is admissible, the converse is true if X is compact.

If @ is an admissible quadratic differential on X, P€X, and 7 the order of ® at P,

then there exists a local parameter z defined near and vanishing at P, such that

2
o= (%) 2'dz® near P; (2.1)
if r =0, then
® =dz? near P. (2.2)

The parameter z is called a natural parameter belonging to @ at P. It may be multiplied
by an (r+2) —nd root of unity but is otherwise uniquely determined.

Now let H be a quasiconformal mapping of X onto another Riemann surface ¥. The
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Beltrami differential M of H is defined as follows. Let z be a local parameter defined on a
domain D< X, { a local parameter defined on H(D)< Y, and set h: (o Hoz™! (that is, let
z+>{ =h(z) represent the mapping H| D). Then M =u(z)dz/dz in D, where y is the Beltrami
coefficient of the quasiconformal mapping {=Fh(2), that is, u(z)="hz(z)/h.(z). (The partial
derivatives h,, h; are taken in the distribution sense; they are locally square integrable

measurable functions.) The dilatation K of H is given by the formula
K= L+ M)/ (1= || M ] )-
We call H a formal Teichmiiller mapping if its Beltrami differential M is the form
M=k|D|/®

where 0<k<1 and @0 is an admissible quadratic differential called the ¢nitial dif-
ferential of H. It is determined by H uniquely, except for a multiplicative positive constant.

Tf H: XY is a formal Teichmiiller mapping with initial differential @ and dilatation
K =(1+k)/(1—k), then there exists a unique admissible quadratic differential ¥ on Y,

called the terminal differential of H, having the following properties.

(i) The order r of ® at a point P€ X equals the order of ¥ at H(P).
(i) If z=x+14y is a natural parameter belonging to ® at P, there exists a natural

parameter { =§ 447 belonging to W at H(P) such that near P the mapping H is represented
by

zr+2+2k 2 r+2+k2zr+2 1/(r+2)
¢ (FERE T @3)
with £ >0 for 2> 0. In particular, if r=0, then H is represented by
£ =K'z, pn=K-2y. (2.4)

(iii) We have

I -

(iv) The mapping H-! is a formal Teichmiiller mapping with dilation K, initial dif-
ferential (—¥') and terminal differential (—®).

The easy proof of these assertions is a slight modification of the argument in § 8 of
[3]. Observe that (iii) follows at once from (2.2) and (2.4).

A forma] Teichmiiller mapping H: XY will be called a Teichmiiller mapping if its
initial differential is integrable, holomorphic (which does not prohibit simple poles at the

punctures of X), and real on the ideal boundary curves of X, if any.



76 L. BERS

The Teichmiiller theorem (cf. Teichmiiller [19; 20], Ahlfors [1], Bers [3]) asserts that
if X and Y are Riemann surfaces of finite topological type (p, m), with 2p —2 4+ m >0, then
every quasiconformal mapping of X onto Y is isotopic to o unique extremal mapping, and that

a mapping XY is extremal if and only if it is either conformal or a Teichmiiller mapping.

§ 3. Periodic and non-periodic mappings

There is a case in which the solution of the extremal problem stated in §1 is well

known and evident.

TrEOREM 1. A self-mapping f of a surface S is isotopic to a periodic self-mapping if
and only if there is a conformal structure o on S and a mapping [’ isotopic to f such that oo f' oo~

1s conformal.

Proof. The group of all conformal self-mappings of a Riemann surface X is finite except
if X is of finite type (p, m)=(0, 0), (0, 1), (0, 2) or (1, 0). In view of assumption (1.1) this
implies the necessity of the condition.

To prove the sufficiency, let f, be a mapping of a period n +1 isotopic to f, and let ds

be a Riemannian metric on § (for some differentiable structure). Then
dsy=ds+ f5(ds)+ ... + (f5)" (ds)

is a Riemannian metric invariant under f,, so that f, is a conformal self-mapping of §
equipped with the conformal structure induced by ds,.
The argument implies the validity of the following

AppiTION TO THEOREM 1. If the selfmapping f of S is tsotopic to a periodic one, and
if S has m>0 (ideal) boundary continua, then there is an f-minimal conformal structure ¢ such
that r=0 arbitrarily prescribed boundary continua of S, as well as oll their images under
powers of f, become punctures of o(S), while all other boundary continua of 8 become ideal
boundary curves of a(S).

We proceed to show that in treating the extremal problem stated in § 1 in the case
when f is not isotopic to a periodic mapping, we may restrict ourselves to conformal strue-
tures ¢ on § for which ¢(S) has no ideal boundary curves. Such conformal structures will
be called of the first kind, all others will be called of the second kind.

Two conformal structures, ¢, and ¢,, on S will be called similar if every boundary
continuum of § is either a puncture of both Riemann surfaces ¢,(S) and o,(S) or an ideal

boundary curve of these two Riemann surfaces.
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TaEOREM 2. Let o be a conformal structure of the second kind on a surface S and | a

self-mapping of S with K (f) < + oo. I | is not isotopic to a periodic mapping, then

(i) there is a conformal structure ¢’ on S similar to o and a mapping ' isotopic to f, with
Ka"(.f’) < Ka'(f): and

(i) there is a conformal structure o, of the first kind on 8 and a mapping f, tsotopic to f,
with K ;(f) <K(f).

Proof. We shall use Teichmiiller’s theorem and properties of the so-called Nielsen
extension described in [7]. In view of Theorem 1 and of Teichmiiller’s theorem, we may

assume that cofoo! is a Teichmiiller mapping. We define the number % by the condition
Ko(f) = (1+&)/(1—F).

Since o(8) has at least one ideal boundary curve, we can embed ¢(S) canonically into
its Schotiky double o(S)®. This is a Riemann surface equipped with a canonical anti-con-
formal involution § such that the complement of the fixed point set of j has two com-
ponents: ¢(S) and another Riemann surface joa(S), called the mirror image of o(S). The
components of the fixed point set of j are the ideal boundary curves of ¢(S). Suppose
there are n of those, and assume that o(S) has » punctures. Then ¢(S) has genus 2p +n —1,
where p is the genus of 8, and is compact except for 2r punctures. Since » >0 by hypothesis,
and n+r=m, we conclude from (1.1) that ¢(S)* can be represented as U/G where U is the
upper half-plane and @ a torsion-free Fuchsian group. Since ¢(S)? is compact, except for
finitely many punctures, @ is of the first kind, i.e., its limit set is R U {oo}.

Now let D be a component of the preimage of ¢(S) under the natural projection
m: U-U/G =0(8)%, and @ the stabilizer of D in G. Then D/G' =o(8), and ¢(S) is canonically
embedded in the Riemann surface ¢(S)' =U/G", called the Nielsen extension of o(8) (cf.
[7], Theorem 1 and Lemma 3). The Nielsen extension is again a Riemann surface of genus
p with 7 punctures and n boundary curves, and the complement of the closure of ¢(S) in
o(S) consists of » components, each conformally equivalent to an annulus.

According to Theorem 2 of [7] every quasiconformal self-mapping of ¢(S), in particular
the Teichmiiller mapping gofoc™!, admits a canonical extension to ¢(8)’, with the same
dilatation. This extension is constructed as follows. First we extend ¢ofoo~! to a mapping
w of o(8)? onto itself which commutes with j. It is known, and easy to check, that w is a
Teichmiiller mapping of dilatation K {f). Since ¢(S)?=U/@, there is a quasiconformal
mapping W of U onto itself inducing w, that is satisfying wom =m0 W. This W also induces
a mapping F of o(8S)’ onto itself which is the desired extension.

The Teichmiiller mapping w has (see § 2) a holomorphic integrable initial quadratic



78 L. BERS

differential ®==0 on ¢(S)* which, lifted to U via &, can be written as ¢(z)dz2, with ¢(2),
2€U, a holomorphic function satisfying ¢(g(z))¢'(z)2 =g(z) for all €@, and

O<ff lp(z)| dedy < + oo. (3.1)
vie

The mapping W: U - U satisfies the Beltrami equation

oW _

oW _ . |p()| W
7z

g P(z) oz

Now @ is of the second kind (its limit set is nowhere dense in R U {o0}), so that it is of
infinite index in @, and by (3.1)

J‘J‘ma'](p(z)mxdy: + oo, 3.2)

The mapping F: ¢(8)' ~+o(8) is a formal Teichmiiller mapping with dilatation K,(f) and
initial differential ®* which is induced by the function ¢(z). In view of (3.2), ®* is not
integrable. Hence F is not a Teichmiiller mapping and not extremal. Therefore there
exists a self-mapping F’ of ¢(S)’ which is homotopic to F and whose dilatation is smaller
than that of F.

It is easy to construct a mapping ¢’: 8->c(S)’ and a mapping f’ isotopic to f such that
F’'=¢'of o(¢")"1. By construction ¢’ is similar to ¢ and K _(f') = K(F')<XK(f). This prove
statement (i).

Now set X1 =g(8)’ and let X"V be the Nielsen extension of X', ¢=1,2, .... In view
of the canonical embeddings ¢(S)c X®, X" < XD we can embed ¢(8) into its infinite
Nielsen extension X =X U X® U .... According to Theorem 3 in [7], the complement of
the closure of ¢(8) in X consists of n domains each of which is conformally equivalent to a
punctured disc. The mapping F’: X' X constructed above can be extended, without
increasing its dilatation to a mapping F;: X - X.

It is easy to construct a mapping ¢,: S—X and a mapping f, isotopic to f such that
F,=0,0f,007". By construction o, is of the first kind and K, (f,)=K(F,)=K(F') <Kf).
This proves (ii).

CorROLLARY To THEOREM 2. Let f be a self-mapping of a surface S and ¢ a conformal
structure on S such that K (f) <+ oo and K (f)< K (f') for all ¢’ similar to o and all f'
tsotopic to f. Then

(i) esther cofoc=1 is conformal or o is of the first kind, and

(ii) o ¢s f-minimal and cofoo is absolutely extremal.
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Proof. If gofoo! is not conformal, then it is a Teichmiiller mapping, and hence not
isotopic to a periodic mapping. Therefore, by Theorem 2(i), ¢ cannot be of the second kind.

If oofoo! is conformal, statement (ii} is trivial. If sofoo~! is not conformal and
hence not isotopic to a periodic mapping, ¢ is of the first kind, by (i), and (ii) follows from
Theorem 2(ii).

The corollary permits us to restate the extremal problem of § 1 as a problem concerning

the modular group acting in a Teichmiiller space.

§ 4. Restatement of the problem

We first recall the definition and main properties of the Teichmiiller space T(p, m) of
Riemann surfaces of finite type (p, m) with 2p —2+4-m >0, cf. Ahlfors [1], Bers [4, 6],
Earle [9]. We start with a surface S of type (p, m) and define two conformal structures
o, and 6, on S to be strongly equivalent if there is a conformal map ¢ of ¢,{(8) onto 4(8)
such that 63 'ocog, is isotopic to the identity. The strong equivalence classes [¢] of structures
of the first kind are the points of T'(p, m) and the distance (Teichmiiller distance) between
two points [o,] and [o,] is defined as

{[6,], [o5)> = } log inf K(g), g isotopic to o007, (4.1)
or

{0y, [03]> = & log K(h), h extremal and isotopic to 5,007 . (4.1

With this metric T(p, n) is a complete metric space homeomorphic to R®-6+2" (That
T(p, m) also has a natural complex structure which can be realized by embedding T'(p, m)
as a bounded domain of holomorphy in (?-3+" and that, according to a theorem by
Royden, the Teichmiiller metric is the Kobayashi metric need not concern us here.)

Kravetz [13] showed that the Teichmuller space T(p, m) is a straight line space in
the sense of Busemann [8]; see Linch [14] concerning this proof. This means, in particular,
that any two distinct points 7y, 7,€ T(p, ») lie on a unique line, i.e. an isometric image of
R, and that a line / through two points 7; and 7, also contains all points 7 with {7y, 7) +
T Ty =<Tq, To)- '

The modular group Mod (p, m) is the group of self-mappings of T'(p, m) of the form

[o]—~>F*([o]) = [oo/]

where f is a self-mapping of 8. It is clear that the modular transformation f* depends only
on the isotopy class of f, and that every f* is an isometry of T(p, m) and hence maps lines

into lines. (Moreover, Mod (p, m) is a group of holomorphic automorphisms of T(p, m),
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indeed, according to a theorem by Royden, the full group of holomorphic self-mappings
of this space, provided that 3p -3 +m>1.)

The definition implies that two Riemann surfaces ¢;(S) and o,(S) are conformally
equivalent if and only if f*([g,]) ={0,] for some f*€Mod (p, m).

We introduce a classification of elements of the modular group, similar to the classi-
fication of elements of the elliptic modular group SL(2, Z)/ + I. (The elliptic modular group
may be identified with Mod (1, 1), and the principal congruence subgroup modulo 2 of the
elliptic modular group may be identified with Mod (0, 4).)

For y€Mod (p, m), let a(y) denote the infimum of {7, y(z)> for T€T(p, m). We shall
say that y is ellipiic if it has a fixed point in T(p, m), parabolic if there is no fixed point
but a(y) =0, hyperbolic if a(y)>0 and there is a T€T(p, m) with {7, ¥(z))> =a(y), pseudo-
hyperbolic if a(y) >0 and <{y, T(y)> >a(y) for all T€T(p, m). The property of being elliptic,
parabolic, hyperbolic or pseudchyperbolic is preserved by inner automorphisms of the
modular group.

A point 7€ T(p, m) will be called y-minimal if {7, x(1)> =a(7).

ProrositionN 1. 4 conformal structure o of the first kind, on a surface S, is f-minimal

if and only if [o] is f*-minimal.

Proof. Let k denote the unique extremal mapping in the isotopy class of gofosL. If

¢ is f-minimal and f, is isotopic to f, then, for every conformal structure o, of the first kind

K(o,0f,007') = K(oohoo™)
8o that, by definition (4.1"),

Kloyls f([ey])> = <[], (o]

hence [o] is f*-minimal. The converse statement is verified in the same way, taking into
account the Corollary to Theorem 2.

THEOREM 3. An element of the modular group is elliptic if and only if i is periodic.

This is a well-known result. The necessity is, of course, trivial. If f* has a fixed point,
there is a conformal structure ¢ on the surface considered and an f, isotopic to f such that
6of,0071 is conformal. Hence there is an integer n>0 with (gof,00~1)"=id, and (f*)"=
()" = (idy* ~id.

The sufficiency statement is a rather deep result going back to Nielsen. A brief proof,
based on the Paul Smith periodicity theorem and on the fact that the Teichmiiller space
is a cell, is due to Fenchel [12], see also Kravetz [13]. A new proof is contained in Thurston’s

theory.
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Theorem 3 deepens Theorem 1. The two theorems, together with the Corollary to
Theorem 2 and with Proposition 1 imply

ProPoSITION 2. Let f be a self-mapping of a surface. An f-minimal conformal structure
exists if and only if the modular transformation f* is elliptic or hyperbolic.

Propositions 1 and 2 constitute the desired restatement of the extremal problem of § 1,

§ 5. Irreducible mappings

A finite non-empty set of disjoint Jordan curves {C, ..., C,} on a surface § will be
called admissible if no C; can be continuously deformed into a point, a boundary continuum
of &, or into a O with j==¢. Following Thurston we say that a mapping f': S—8 is reduced
by {C,, ..., C,} if this set is admissible and

IOV UC)y=CU ... UC,

A self-mapping f of S will be called reducible if it is isotopic to a reduced mapping, r-
reducible if it is not.

THEOREM 4. If f is an irreducible self-mapping of a surface S, the modular transforma-
tion f* induced by f is either elliptic or hyperbolic.

The proof will be preceded by several lemmas. In these all Riemann surfaces X are
assumed to have U as the universal covering surface, and all geometric concepts refer to
the Poincaré metric. We recall, that every free homotopy class of closed curves on X
contains a unique geodesic, that a geodesic freely homotopic to a Jordan curve is itself

a Jordan curve, and that no closed geodesic on X can be deformed into a point o1 a puncture
on X.

LeMwma 1 (Wolpert [22]). Let f be a quasiconformal mapping of a Riemann surface X
onto a Riemann surface f(X) and C a closed geodesic on X of length 1. Then f(C) is freely homo-
topic to a closed geodesic on f(X) of length U with

U <Kl (5.1)

This sharp inequality replaces a cruder one, based on Mori’s theorem [17], which I
used originally. Wolpert’s elegant proof is reproduced for the convenience of the reader.
Represent X and f(X) as X =U/G, {(X)=U/@, G and G’ torsion free Fuchsian groups,
and lift the mapping f: X —f(X) to a mapping F: U-U. Then FGF-1=@" and K(F)=K(f).
Let g €4 be a hyperbolic element whose axis projeets onto € under the natural map-

6 — 782901 Acta mathematica 141. Imprimé le 1 Septembre 1978

-
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ping U~ U|G=X. Then the axis of ¢’ = Fogo F-1 projects onto the geodesic freely homo-
topic to f(C). Let G, and Gy be the cyclic groups generated by g and ¢, respectively. Then
FG,F-1=G and F induces a mapping f, of the annulus U/G, onto the annulus U/Gy,
with K(f,}=K(F)=K(f). Hence the module of the annulus U/G, is at most K(f) times the
module of U/G;. But the module of U|G, is 22/, that of U/G, is 2n%[l'. Inequality (5.1)

follows.

LemMmA 2. There is a number 6, >0 such that any two distinct geodesic Jordan curves of

length not exceeding 8y, on some Riemann surface X, are disjoint.

This is a known result; we include a proof for the sake of completeness.

Let C be a geodesic Jordan curve on X of length I. A collar D about C of width 2b
is a domain homeomorphic to an annulus, with (< D< X, bounded by two Jordan curves
¢’ and C”, freely homotopic to C, such that every point on €’ or on C” has distance b from
C. If C, is a geodesic Jordan curve intersecting C, then C, must contain an arc in D
joining a point on €’ to a point on C”. Hence the length I, of O, satisfies [, >2b.

According to the Keen-Halpern collar lemma, in the sharp form due to Matelski [16],
there always is a collar about C of width 2b, with

sinh b = [2 sinh (//2)].
Let d,>0 be so small that 2b > 4§, for I <4,. This §, has the required property.

Levwma 3. Let X be a Riemann surface of type (p, m), and assume that there is a geodesic

Jordan curve C on X of length 1. Then every irreducible self-mapping f of X satisfies
K(") > (60/l)1/(317—3+m) (52)
where &, is the number from Lemma 2.

Proof. Assume that (5.2) does not hold, so that

K(f)#-3+m] <4, (5.3)

Set C;=C and let C;,; be the geodesic Jordan curve freely homotopic to f(C,). By (5.3)
and Lemma 1, the lengths of the curves C, ..., C3,_ 5., do not exceed d,. Not all of them
can be disjoint, and we conclude, by Lemma 2, that there is an r >0 such that the curves
C,, C,, ..., C, are disjoint and C,,, =C,.

By construction f(C;) is freely homotopic to G, j=1, ...,r—1, and f(C,) is freely
homotopie to ;. Therefore (cf. Epstein [11]) there is a mapping f' isotopic to f such that
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f(C)=Chyys §=1, ..., r—1,f(C,)=0;. This f is reduced by {Cy, ..., C,}, so that f is re-
ducible.

Leuma 4. Let {{o;]}< T(m, p) be a sequence such that the lengths of all geodesic Jordan
curves on the Riemann surfaces o;(8) have a positive lower bound. Then there is a subsequence

{l0;,1} and a sequence {y,}=Mod (p, m) such that the sequence {y,([0,])} converges.

Proof. A theorem, going back to Fricke, asserts that Mod (p, m) acts properly discon-
tinuously on 7'(p, m), so that the quotient R(p,m)=T(p, m)/Mod (p, m) is a Hausdorff
space (see, for instance, [4], p. 100, for a proof). The Riemann space R(p, m) is the space of
conformal equivalence classes of Riemann surfaces X of genus p with m punctures, it can
be identified with the space of conjugacy classes of torsion free Fuchsian groups I', acting
on U, which represent such surfaces (such I' are all of the first kind). This latter space
has & natural topology, equivalent to the quotient topology in R(p, m), and the set of
groups I' for which the absolute values of the traces of hyperbolic elements are bounded
away from 2 is compact. This is a theorem by Mumford [18] as extended in [5] (see Matelski
{16] for an extension to groups of the second kind). It follows that the set of points in
R(p, m) corresponding to all Riemann surfaces on which the lengths of all geodesic Jordan
curves are not less than an & >0 is compact. This implies the desired statement.

Proof of Theorem 4. Let (p, m) be the type of 8. We recall the notation, introduced in

§ 4’
a(f*) =inf {[o], f*([0])>, [0]€T(p, m),

and consider a sequence {[o,]} < T(p, m) with
jlim Loyl Flo;]> = alf*). (5.4)

Let %, be the extremal mapping in the isotopy class of 6;0fo0;*. Then
lim § log K(k;) = a(f*) (5.5)
>0

and, on the other hand,
hj=00f007"

where f, is isotopic to f. By (5.4), there is a number 4 >1 such that
Kh) =K, (fy<4, j=12 ... (5.6)

Since f is irreducible, by hypothesis, so are f; and h,. By (5.6) and Lemma 3, we conclude
that no geodesic Jordan curve on any Riemann surface ¢,(S) has a length less than [, =
60 A3~317—m.
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By Lemma 4 we may assume, selecting if need be a subsequence, that there is a
sequence {y;} of elements of Mod (p, m) such that the sequence {z;}, where 7;,=y,([0;]),
converges. We set

r=lim 7,. (6.7)

j->c0

Since each y; is an isometry,

<ty grofrori (wy)) = oyl (o))
so that by (5.1)
lim (z;, 2,0f*0 %7 (7)) =a(f*). (5.8)
J—>c0
Together with (5.7) this implies that we may assume, selecting if need be a subsequence,
that the sequence {y,0f*oy; }(t;)} converges to some ¢€ T'(p, m). Since each y,0f*oy; ' isan

isometry, we conclude that

lim x;0f*ox; (z) =t.

i->0

This implies that, for any ¢>0,

goftoxi Y royioftoy (v), v <e¢

if § and ¢ are large enough. Since Mod (p, m) acts properly discontinuously we may assume,
selecting if need be a subsequence, that y,0f*oy; " is constant for large enough j, say for

7>4q. Setting y, =y we now conclude from (5.8) that (7, yof*oy~'(z)> =a(f*) and therefore

<lel, f*(le]) = alf*)

where [¢] =x~(7). Hence f* is hyperbolic or elliptic.

§ 6. Absolutely extremal mappings

In this section we characterize absolutely extremal self-mappings of a Riemann surface.
We recall (cf. §1) that these are quasiconformal mappings whose dilatation cannot be
decreased by varying the mapping within its homotopy class and by varying the conformal
structure of the underlying surface.

We begin with an elementary result.

TAEOREM 5. If y€Mod (p, m) is of infinite order, then a TE€T(p, m) is y-minimal if
and only if x leaves a line through T invariant.
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Proof. Assume that 7 is y-minimal. Since y is of infinite order, neither y nor y* are
elliptic, so that 7, y(v) and y2(7) are distinct points. Let 7, be the mid-point of the segment
{x, 2(1)), T, that of the segment (y(1), ¥%(z)). Then

<x, T = {2, (7)) = &7, 4(7)) = 3a(y), (6.1)

where a(y) is the infimum of all distances {7’, ¥(z")>. Similarly

1), T = {7y, 12(T)> = $x(7), 272D

and, since y is an isometry,

), T = (7o, (1)) = $0(x)
and
2(T1) =7y
By the triangle inequality,
Ty, Tp> < a(y),

and by the definition of a(y)
(T, To) = a(y)-
Hence y(t) is the midpoint of the segment (7,, 7,). Therefore 7,, ¥{t) and 7, lie on 2 line /.
This line also contains 7 and y2(z) and is therefore invariant under y.
Suppose next that a line I through 7 is invariant under y. This line contains the points
2(0), x*(@), ..., x*(z). Now let 7’ be any point in 7'(p, m). Using the fact that y is an isometry,

and the triangle inequality, we have

T, 2(7)) = <7, 1 (T +<x(7), L2 (@) + . + D), gD
=<7, ")) < 21D+ M) ), M)
S D T @D+ BN + ) D ) D
=27, T+, 4 (7).

Since » is arbitrary, (7, (7)) <<{z', ¥{z')) and since 7’ is arbitrary, v is y-minimal.

CoroLLARY 1 To THEOREM 5. 4 non-periodic element of Mod (p, m) is hyperbolic if

and only if it leaves a line invariant.

CoroLLARY 2T0 THEOREM 5. If { is a self-mapping of a surface S and f* is hyperbolic,

then | has infinitely many essentially distinct f-minimal conformal structures.

Proof. If ¢ is f-minimal, [¢] lies on a line ! invariant under f*. Every g, such that [¢,]€!
is f-minimal, and a conformal mapping o(S)—>a,(S) exists only if there is a modular transfor-

mation y with y([¢]) =Ta,].
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Remarks. It follows from Thurston’s theory that a modular transformation has at
most one invariant line. It would be desirable to prove this using quasiconformal mappings.
Earle [10] showed that the function (z, f*(r)) is differentiable at all points of T'(p, m) at
which it does not vanish, and that every critical point of this function is an absolute

maximum point.

TurOREM 6. Let X be a Riemann surface of finite type (p, m), with 2p—24+m>0,
compact except for m punctures. A mapping w: X —~X 1is absolutely extremal if and only f it
is either conformal or o Teichmiiller mapping satisfying the following two equivalent conds-
tions:

(a) the mapping w2 =wow is also a Teichmiiller mapping and
K(u?) = K(w)?, (6.1)

(b) the initial and terminal quadratic differential of w coincide.

Proof. We may assume that w is not conformal and is a Teichmiiller mapping. To
conform to our previous notations we set X =0o(S), w=cgofos. Since w is a Teichmiiller
mapping, f* is of infinite order, and w is absolutely extremal if and only if ¢ is f-minimal,
that is, if and only if [¢] is f*-minimal, that is, if and only if the line through [¢] and f*([o]) =
[oof] coincides with the line through f*([¢]) and (f*)2([¢]) =[oof?], that is, if and only if

Clo], [oofI> +{[oof], [00f*]> =<0, [s0f2]>. (6.2)

Since w is & Teichmiiller mapping, hence extremal, the extremal mapping in the isotopy

classes of cofoo! and of (gof2)o(sof)~t is w, and condition (6.2) becomes 2{[c], [cof]> =
{[o], [eof*]> or

K(w)? = K(k), h the Teichmiiller mapping isotopic to w?. (6.3)

Assume now that w is absolutely extremal, so that (6.3) holds. Since K(w?) < K(w)?
and K(k)<K(w?) for all mappings w: XX, (6.3) implies that K(h)=K(w?) so that, by
Teichmiiller’s theorem, w? =% and (a) holds.

On the other hand, if (a) holds, A =w? and (6.1) implies (6.3), so that w is absolutely
extremal.

Next we represent X as U/G, G Fuchsian and torsion free, and, using the canonical
mapping 7: U~ U|G=X, we lift w to a mapping W: U—U. Then w?=wow lifts to W2=
WoW. Since w is a Teichmiiller mapping, W is a formal Teichmiiller mapping; it satisfies
the Beltrami equation W3 (z)=u(z) W,(z) with the Beltrami coefficient

_gle@l 6.4
pR)=k o(z) (6.4)
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where

and @(z), z€U, is holomorphic, and satisfies

P((2) g (2’ =g(z), gE€G,
ffwc\(p(z)‘ dwdy=1. (6:5)

Under = the quadratic differential ¢(z)dz? projects onto the initial quadratic differential
© of w.
The inverse mapping W-! is, according to § 2, also a formal Teichmiiller mapping,

with Beltrami coefficient

()]
z2)=—k——" (6.6)
o) v(z)
where y(z), 2€ U, is a holomorphic function. Since W1 is a lift of w1, y(z)dz? projects onto
the terminal differential ¥ of w, so that

Y(9(2)9'(2)? =y(2), g€G,
and

J‘fvlatw(z)ldxdy= 1. (6.7)

Computing the Beltrami coefficients of both sides of the identity W-Y(W(z))=2z we
obtain |
6(2) + p(z) =0 (6.8)
where

8(2) = 0(W(2)) W (2)| W .(2).
On the other hand, the Beltrami coefficient »(z) of W2=W(W(z)) is easily computed to be

f(2) + p(z) (6.9)

where
(2) = (W @) W, () W,(2).
Since |a(z)| = |u(z)| =k a.e.,
2k* + 2 Re fu(z) u(2) .
1+ +2 Re (2) ul2)

v =
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Assume that (a) holds. Then w? is a Teichmiiller mapping, W2 a formal Teichmiiller

mapping, and |»(z)| is constant a.e. Condition (6.1) becomes

1+[v()] _ (}i_’“)2
1-|v@z)| \1—k

or Re g =k?. Since |a| =|u| =k, this implies that (2) ulz) = k2 or
2(z) = ulz). (6.10)
Together with (6.8) this yields §(z)+ a(z) =0, that is, p(2) +u(z) =0, and, by (6.4) and (6.6),

lp(z)| _ v

@z) @)’

so that the meromorphie function @(2)/(z) is positive a.e. and thus a positive constant.
By (6.5) and (6.7) this constant is 1, hence ¢ =y and @ =Y. Condition (b) holds.
Now we assume (b). Then ¢ =y, hence o+ =0 and §+2 =0, and by (6.8) we see that
2 =u. Substitution into (6.9) yields
2t _|g(z)]

YEO= 1T e o)

Hence W2 is a formal Teichmiiller mapping with dilatation (1+k%)?/(1 —k)2=K(w)? and
initial quadratic differential ¢(z)d22, and w?® a Teichmiiller mapping with K(w?)=K(w)®.
Condition (a) holds.

§ 7. Reducible mappings

In this section we shall establish

THEOREM 7. If | is a reducible self-mapping of a surface S, not isotopic to a periodic
mapping, then the modular transformation f* induced by f is either parabolic or pseudohyper-
bolic.

We note the

COROLLARY TO THEOREM 7. Let f: §—8 be given. An f-minimal conformal structure

exists on S if and only if f is either isotopic to a periodic mapping or irreductble.

Proof of the Corollary. Compare Proposition 2, Theorem 1, Theorem 4 and Theorem 7.

We shall need some technical lemmas.
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Let f: 88 be reduced by the r curves {C,, ..., C,}. We shall say that f is complefely
reduced by {C,, ..., C,} if, for every component S, of §—{C, U ... UC,}, and for the smallest
positive integer n with f*(8,;)=5S,, the map f*|8, is irreducible.

LeMMA 5. 4 reducible mapping f: S—8 is isotopic to a completely reduced mapping.

Proof. Let S be of type (p, m). A set of Jordan curves {C,, ..., C,} can be admissible
only if r <3p —3 +m. Hence, if f is reducible, there are r, 0 <r <3p —2 +m, curves {C,, ...,
C,} such that there is a mapping /' isotopic to f which is reduced by {C,, ..., C,}, and there
is no mapping isotopic to f which is reduced by ' >r curves. We claim that f' is completely
reduced by {C, ..., C,}.

Indeed, assume that 8, is a component of §—~{C, U ... U C,}, that the components §j,
8o =f"(84), -+ 8 =F(8,_,) are all distinct, that f'(S,)=:8;, and that (')"|8, is reducible.
Then there are ¢ >0 curves I'y, ..., I', on §; and a mapping &: §,->S,, isotopic to the identity,
such that ho(f')" is reduced by {I'y, ..., I';}. We may choose % so that it is the restriction of
a mapping H: §—8 with H|S— 8, =id. Set /" =Ho{'. Then f” is isotopic to f and is reduced
by the r+ng curves O, ..., C,, I'y, ..., T, F(Ty), ..., F(Ty), -y ()" H(I',). This contradicts

the definition of r.

Lemma 6. Let X be a Riemann surface of finite type, Cy, ..., C, disjoint geodesic Jordan
curves on X, Y a component of X —{C, U ... UC,}, G a torsion free Fuchsian group such that
UjG=X. Let A be a component of the preimage of Y under the canonical mapping U—~U|G=
X, and let Gy be the stabilizer of A in G. Then U|G, is the Nielsen extension of Y.

The proof is an easy modification of the proof of Lemma 3 in [7].

Lemma 7. Let X, ..., Xy be Riemann surfaces, g;: X;—~X ., (where Xy, =X,) map-
pings, Pi, ..., Py distinct points on X, and set P[" =g,(P)), i=1, .., k, j=1, .., N—1. 4s-
sume that gy(PY) =PL,, where 7 is a permutation of (1, ..., k).

Assume also that etther

(D) all g, are conformal or,

(II) all g; are formal Teichmiiller mappings with the same dilatation, and the initial
quadratic differential of g, is the terminal quadratic differential of g,_, (of gy if §=1).

Let £>0 be a given number.

Then there are (for j=1, .., N, i=1, ..., k) quasiconformal mappings g;, isolopic to g,
and satisfying

K(g)<K@)+e, (7.1)

g;(P)=g,(P), (7.2)
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and, on each X,, k disjoint Jordan arcs o} emanating from the points P}, with gj(o)=od'?,

gulo) =0y, and local parameters 2] defined near and vanishing at P}, such that, in terms of
F+1 __

2] the arc of is given by 0<Re 2/ <1, Im 2{=0, and the mapping g;| o is given by Re 2]"' =
Rezl, or Rezi =Re 2 if j=N.

Proof. Without loss of generality we assume that s is a cyclic permutation, for other-
wise we could have considered separately each cycle entering into 7. Let y =gyogy_10 ... 0g;.

We may assume that

p(PY=Ply, i=1,... k=1 y(Ph=P} (13)

so that y*(PH =P}, i=1, .., k.

Suppose first that (I) holds. Then y: X,~> X, is conformal, so is 9*, and hence there is
an integer g >0 with * =id. It follows that there is a local parameter { defined in a domain
A< X, containing the point P}, such that y*(A) =A, the k domains A, p(A), ..., y*1(A) are
disjoint, {(P]) =0, {(A) contains the dise |{]| <2, and in A the mapping y* is represented
by the rotation {++0; where 6°=1.

Let 0<§<1 and define a quasiconformal mapping A: X,—~ X, such that % is the
identity outside the disc || <1, coincides with the rotation {+6-1{ in the disc |{| <4,
and is affine in the variables log || and arg { in the annulus 6 <|{| <1. If 6 is chosen
small enough,

K(h)<1+te.

Also, hoy* coincides with the identity along the arc 0 <Re { <4, Im { =0.
Now we define the mappings g1, ..., gy by

’

gi=95 j=1,..., N—1; gy=hogy, (7.4)
the parameter 2] by
z1=C/0 (7.5)

and determine the arcs af and the parameters zi, j=1, ..., N, i=1, ..., k, (¢, §)==(1, 1), by
the requirements of the lemma.

Assume next that (IT) holds. We denote the common dilatation of the mappings g,
by A. Let @, denote the initial quadratic differential of the mapping g;. By hypothesis (II)
and by (7.3) all @, have at all points P] the same order 7> —1. Let Z] denote a natural
parameter belonging to @, at P/. We choose a domain A< X, containing P} and so small
that £ =Z1 is defined in A Uyp*(A), and all k domains p(A), p2(A), ..., y*"1{A) and y*(A)UA
are disjoint. The mapping y* is easily seen to be a formal Teichmiiller mapping with dilata-

tion A™ and having @, as its initial and terminal quadratic differential.
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Set ¢ =Z} and let the numbers 6 and §’ be such that 0 < <4’ and the disc | | < ANy’
is contained in A. Along the segment 0 <Re { <¢’, Im { =0, the mapping y* coincides with
the similarity {+>0A4Y( where 6™+2=1. We define a quasiconformal mapping »: X, - X,
such that A coincides with the identity outside the disc |{| <¢, coincides with the similarity
{r> 014" in the disc |{| <0, and is affine in the variables log |¢| and arg { in the an-
nulus § < |{| <&'. If the ratio §/8’ is small enough, K(k) <1+ (¢/4), so that

K(hogy) < A4 +e.

Also, hoy* coincides with the identity along the arc 0 <Re { <4, Im {=0.
Next we define the mappings g1, ..., gy by (7.4), the parameter 2} by (7.5) and proceed

as before. Of course, we will have z] =c!Z! where the ¢! are constants with (c) >0.

Proof of Theorem 7. In view of Lemma 5 we may assume that f is completely reduced
by r>1 Jordan curves C, ..., C,. The components of §—{C; U ... UC,} can be denoted by
Sy k=1, ...,¢, =1, ..., N, in such a way that

f(Sk:l) = Sk.1+1
where we agree, once and for all, that

Sk,Nk+1 =8

We observe that the type (py;, ;) of Sy, satisfies 2p,;—2 +my,,;>0. Since ["(Sy,) =8,
and fV|8, is irreducible, there is on Sy, an (f|.S,,)-minimal conformal structure of the
first kind ¢}, and a mapping F,: S, ~ Sy, isotopic to f*%, such that o0 Fyo0; " is absolutely
extremal. We set

A, = Kak(If’k)“N’C = K(oy0 Frooi ) ™x (7.6)

and assume, without loss of generality, that
A2 A,> .. 2 A, (7.7)
Theorem 6 will follow from the following two assertions:
(A) If o is any conformal structure on S and f is isotopic to f, then
K () > A,. (7.8)
(B) For every ¢ >0 there is a conformal structure o on S and an [’ isotopic to f, such that
K (f)<A,+e. (7.9)

(Note that f* is parabolic if 4, =1, pseudohyperbolic if 4,>1.)
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Proof of (A). Since f is not isotopic to a periodic mapping, (7.8) certainly holds if 4, =1.
We assume now that 4,>1.

Without loss of generality we may assume that
each ¢(C;) is a geodesic on o(S). (7.10)

Indeed, for each j=1, ..., r there is a geodesic Jordan curve I'; on ¢(8) freely homo-
topie to o(C). The r Jordan curves C;=¢(T';) are disjoint and each C, is freely homotopic
to C;. There is a mapping h: §—8, isotopic to the identity, with #(C;)=C,, j=1, ..., r. The
mapping f=hofoh~! is isotopic to f and is completely reduced by {C,, ..., C,}. Every
component of §— {0, U ... U C,} is of the form S,; =h(Sy,), and f(S,,) =Sy, j1- Since %] §,, =
ho kaoh—llgkl, we conclude that we could have arrived to the same numbers (7.7) by
starting with f and {C,, ... 0.}

Now we assume (7.10) and represent the Riemann surface o(S) as U/G, G a torsion-
free Fuchsian group. Let A be a component of the preimage of ¢(8,;) under the canonical
mapping 7: U— U/G =a(8) and let G, be the stabilizer of A in @. The mapping f*: 88 can
be lifted, via 7, to a mapping W: U— U with W(A)=A. Clearly WGW-1=¢, W&, W1 =G,.

Let f' be isotopic to f. Then (') is isotopic to f** and hence can be lifted, via 7, to
a mapping W’: U~ U such that W ogo(W’')"=Wogo W for all g€G. It follows that W’
is the lift of a mapping Fi: X where X = U/G,, that is, by Lemma 6, the Nielsen exten-
sion of A/G; =a(Sy,).

But W is also alift of a mapping w: X—X with the property: w|o(Sy)=
oofYo0-1| 6(S;;). We conclude that F; can be written as F; =¢’ow’o(¢’)~! where the map-
ping ¢’ 8;;—~X is a conformal structure on S;; and w’ is isotopic to f**|8y;. Since 4, >0,
the mapping f¥*|8}; is not isotopic to a periodic one and neither is F1. Since the Riemann
surface X has boundary curves, F; cannot be absolutely extremal (cf. Theorem 2) so that
K(F})>K(F)=AY. But K(Fi)=K(W)=K((f)™), and the inequality K((f')")>A}:
implies (7.8).

Proof of (B). Using the conformal structures oy, ..., 6, and the mappings Fy, ..., F,
constructed above, we define conformal structures g;; on S;; and mappings Feit Sis= Sk, 141
as follows.

In all cases gy; =0y

If N, =1, then f,, = F,. Note that in this case f,, is isotopic to |8y, and o0 fooii is
either conformal (if 4,=1) or & Teichmiiller mapping of dilatation A4,>1 whose initial

and terminal quadratic differentials coincide.
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If N,>1, we set f,;=f|S,, for j=1, ..., Ny—1 and

ka:Fkofl—Nlek.Nk' (7.11)

Then f,; is isotopic to f|Sy;.

If A;=1, then we define the conformal structures gy, ..., 0%, 5, by the requirement
that the mappings o ;,;0f,;00%" be conformal for j=1, ..., N,—1. It follows that the
mapping

°'k1°fk.Nk°‘7i;.lNk = (0120 F005:)0(03,50f410045) 0.0 (Glc.Nkofk.N};vloal:.lNk~1)_l {71.12)

is also conformal.

If A,>1, then F, is a Teichmiiller mapping of dilatation AJ* whose initial quadratic
differential @,,, defined on §,;, is also its terminal differential. In this case we determine
the conformal structures oy, ..., 0, v and quadratic differentials @, ..., @, », by re-
quiring that each mapping oy ,,,0f;00% be a Teichmiiller mapping of dilatation 4,,
with initial quadratic differential ®,, and terminal quadratic differential @ ,,,, 7=
1, .., N,—1. A simple calculation, utilizing natural parameters, shows that the mapping
(7.12) is a Teichmiuller mapping of dilatation 4,, with initial and terminal quadratic
differentials @, y, and @, respectively.

One verifies easily that all conformal structures o,; are of the first kind. We set
Xii=0u/(Sk;)s Xi.npr1= Xia- Let us call those punctures on X,; which correspond to
curves C; inner punctures, and let us note that to each of the r curves C,; there belong

exactly two inner punctures. We also set

—1
Jri = 6k.1+1°fkf°°'m .

Applying to each of the ¢ sequences of mappings g,,, ..., 9,5, Lemma 7 we obtain
mappings g}, isotopic to g;; and satisfying

K(gy)<K(g)+e=4,+e< 4, +e (7.13)

and for each inner puncture P, a Jordan arc o, emanating from P and a local parameter
2p=2p+1yp defined near and vanishing at P such that the following conditions hold.

The domain of definition of 2, contains ap, and in terms of 2z, the arc «, is given by
0<zp<l, yp=0. If P and @ are two inner punctures, then o and o intersect only if
P=@Q, and if g,(P)=Q, then g;(P)=Q, gij(%p) =, and mapping gi|ap is given by
Tg="2p.

We denote by X;; the complement in X,; of the arcs «, emanating from the inner
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punctures P€X,,, and we note that gi;(Xy;) =Xk, 1,1, With X y, 41 = Xia. The two banks of
each ap, PEX,,, form an ideal boundary curve of Xj;.

Now we construct a Riemann surface X, by identifying, for each curve C; on §, the
upper bank of one of the two ares ap belonging to €, with the lower bank of the other
such are «y, and vice versa, taking care that a point with x,=¢ is identified with a point
with x,=¢, 0<t<1.

There is a mapping g, Xo— X, such that g,| X;=gi; for all k, j. The 2r segments
ap give rise to r Jordan curves A, ..., A, on X, such that gy(A;) =A,,, 7 being a permuta-
tion of (1, ..., r). Furthermore, for every A, there is a local parameter {; defined in a
domain containing A,, such that {,(A,) is the unit circle, and the mapping g,|A; is given
by {;=Cnp=¢€"7, 0<0<2x. Clearly,

K(g,) <A, +e¢, (7.14)
in view of (7.13).

Let R>0, and let Z denote the product of the unit circle { =¢'% 0 real, with the
segment — R<¢<R. This is a Riemann surface of type (0, 2) with two ideal boundary
curves, on which ¢4 is a (multiple-valued) holomorphic function. Let Xy denote that
Riemann surface obtained by cutting X, along each curve A; and inserting into each cut
a copy Z, of Z; the ideal boundary curves of Z, are attached to the banks of each cut by
identifying the points {;=¢" with the points (+ R, ). There is a mapping gz Xzp~>Xj,
such that gp|Xiy=gi, 9r(Z;)=Z,;, and gg|Z; respects the coordinates (t, ). Clearly,
gr being conformal on each Z,,

K(gs) <A, +e. (7.15)

Let T'; denote the Jordan curve on Z, given by ¢ =0, 0<6 <2x. By a Dehn twist §,
about T'; we shall mean the mapping &;; Xz~ X such that §,|X;—Z;=id, and on Z;
the mapping J, is given by
(t, 0) for —R<t<0

(¢, 0) ~
(t, 0+ 2nt/R) for O<t<R.
Note that K(d;) depends only on R and

lim K(8,)=1. (7.16)

RB—>+00

Now our construction shows that there is a mapping o: S—X; with o(C;)=I",

I=1, ..., r, and such that for the mapping

/ —1
fo=0"1oggoc
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we have that fq|S,; is isotopic to f|Sy; for k=1, ...,q, j=1, ..., N,. A simple topological
argument shows that there is a product of Dehn twists

d=0P0odfo... 08"
such that

f =0 lodogroo
is isotopic to f. Now, by (7.15) and (7.16),
Ko(f')=K(dog) < K(0) K(gp) < K(6,)™ """ K(gs) <A, +¢
if R is large enough. Thus (7.8) holds.

Remark. The collection of conformal structures oy, and mappings fk,-, k=1,..,q,
j=1, ..., N;, constructed during the proof, is the generalized solution of our extremal
problem alluded to in § 1. This will become clearer from a reinterpretation of our results

in the next section.

§ 8. Restatement of the results

It is instructive to restate the results obtained above using the concept of a Riemann
surface with nodes.

A Riemann surface with nodes X is a connected one-dimensional complex space such
that every point P€X has a fundamental system of neighborhoods each of which is
isomorphic either to the disc |z| <1 in C or to the set z,2,=0, |z| <I, |z,| <1 in C%
in the second case P is called a node. Let N be the set of nodes of X. Every component
of X —N is called a part of X;; it is an ordinary (non-singular) Riemann surface. Note that
we do not require N to be non-empty. Hence a non-singular Riemann surface is a special
case of a Riemann surface with nodes.

We assume that all Riemann surfaces with nodes X occurring below are of finite type
and stable. This means that X has finitely many parts, and each part X is of some finite
type (pg, ) With 2py—2+my>0. We call X of the first kind if no part of X has ideal
boundary curves.

Let X and Y be Riemann surfaces with nodes. A topological bijection f: X—Y will
be called orientation preserving if the restriction of f to every part of X is. The dilatation
K(f) of such a map is defined as the largest of the numbers K(f| X,), where X, runs over
all parts of X.

An orientation preserving topological bijection f: X—~X will be called absolutely

extremal if, for every mapping f: XX isotopic to f, for every orientation preserving
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topological bijection ¢: XY onto another Riemann surface with nodes, and for every
part X, of X, the following condition is satisfied. Let 7 be smallest positive integer with
1 Xo) =X, and set f(Xg)=X;, j=1,...,n—1. Then

max (K(f|X,)< max K(oofoo™'|a(X))). (8.1)
o<i<n-1 o<jgn—1
This condition implies, but is not implied by, the inequality K(f) <K(oof oo ). If X is

nonsingular, however, the present definition coincides with the one given in § L.

THEEOREM 8. Let X be a Riemann surface with nodes. A topological orientation preserving
bijection f of X onto itself is absolutely extremal if and only if, for every part X, of X, either
f1 X, and f}{(X,) are conformal or f| X, and f|f(X,) are Teichmiiller mappings with the same
dilatation and the terminal quadratic differential of f]X, coincides with the initial quadratic
differential of f|f(X,).

This follows from Theorem 6 and from the proof of Theorem 7.

THEOREM 9. Given a self-mapping f of a surface S, there exists a mapping f’ isotopic to
f, a continuous surjection & of S onto a Riemann surface o{S) with nodes and of the first
kind and an absolutely extremal self-mapping g of o(S) such that

(i) the inverse image under o of the set of nodes of 6(S) is a set of disjoint Jordan curves,
and the restriction of o to the complement of these curves is an orientation preserving homeo-
morphism,

(i) we have that

oof =goo,

and

(iil) #f f* 4s any map isotopic to f, o, any confinuous surjection of 8 onto a Riemann

surface with nodes, having property (i), and such that
gyof” =g,00,

for some orientation preserving topological self-mapping gy of 6,(8), then
K{g) < K{gy).

Furthermore, 6(S) may be chosen as nonsingular if f is isotopic to a periodic mapping,
must be so chosen if | is irreducible, and must have at least one node if f is reducible and not

isotopic to a periodic mapping.
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The proof follows from Theorem 1, Theorem 4, Theorem 6 and the statement and
proof of Theorem 7. In the case where f is reducible the map o is obtained by combining
the structures oy, used in that proof. The details are left to the reader.

§ 9. Thurston’s theorem

In order to state the theorem one needs the concept of a pseudo- Anosov diffeomorphism.
For our purposes the following definition is convenient. A pseudo-Anosov diffeomorphism
of a surface § of finite type is a mapping which can be written as 6-logoo where ¢ is a
mapping of § onto a Riemann surface X, without boundary curves, and g: X—X is a
Teichmiiller mapping whose initial and terminal quadratic differentials coincide.

The equivalence of this definition with that by Thurston follows from the following
observations.

Let X be a compact Riemann surface of genus p and P, ..., P, distinct points on X.
Let @ be an integrable meromorphic quadratic differential on X, whose only singularities
are at P,,..,P,; these singularities can be only simple poles. Then the horizontal and
vertical trajectories of @, that is, the curves along which ® >0 or ® <0, are the leaves of
two transversal foliations on X —{P,, ..., P,}, with only #n-pronged singularities, n>2.
These foliations are made into measured foliations by using the metric ds=|®|Y2 to
measure the distance between leaves. A Teichmiiller mapping ¢: X—>X takes the two
foliations into themselves, but it multiplies the distance between horizontal trajectories
by K2 and that between vertical ones by K2, where K =K(g) is the dilatation.

Conversely, if we are given two transversal measured foliations on a surface S, of
type (p, m), satisfying certain conditions at the boundary continua, there is a mapping
0: 8—X onto a Riemann surface X of genus p, compact but for m punctures, which takes
the leaves of the foliations into the horizontal and vertical trajectories of an integrable
holomorphic quadratic differential.

THEOREM 10 (Thurston [21]). A4 self-mapping of a surface which is not isotopic to a
periodic one is either isotopic to a pseudo-Anosov diffeomorphism or is reducible, but not both.

Proof. Let f be the map in question and f* the induced modular transformation. Then
f* is not elliptic, since it must be of infinite order, hence it is either hyperbolic (if and
only if f is irreducible, see Theorem 4 and 7) or not. But Proposition 2 and Theorem 6
show that f is isotopic to a pseudo-Anosov diffeomorphism if and only if f* is hyperbolic.
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