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I. Introduction

This paper is perhaps best characterized as a foundational essay on the geometries
of minimal varieties associated to closed forms. The fundamental observation here is
the following: Let X be a riemannian manifold, and suppose ¢ is a closed exterior p-
form with the property that

@le < volg (1

for all oriented tangent p-planes £ on X. Then any compact oriented p-dimensional
submanifold M of X with the property that

gO,M:VOlM (2)

is homologically volume minimizing in X, i.e., vol(M)=<vol(M') for any M’ such that
OM=8M' and [M—M']=0 in H,X;R). To see this, one simply notes that
vol(]\l)=_[qu=fM, g=vol(M’). (The first equality follows from (2), and the final
inequality follows from (1). The middle equality is a consequence of the homology
condition and the fact that dp=0.)

Condition (2) enables us to associate to an exterior p-form ¢ a family of oriented p-
dimensional submanifolds in X which we call @-submanifolds. If ¢ is closed and is
normalized to satisfy condition (1), then the argument above proves that each ¢-
submanifold is homologically mass minimizing in X.

A closed exterior p-form ¢ satisfying (1) will be called a calibration and the
riemannian manifold X together with this form will be called a calibrated manifold.
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As an example, let X be a complex hermitian n-manifold with Kéhler form «, and
consider ¢=(1/p') w” for some p, 1<p<n. Then the ¢-submanifolds are just the canoni-
cally oriented complex submanifolds of dimension p in X. If dp=0, i.e., if X is a Kihler
manifold, then the complex submanifolds are homologically mass minimizing. This is
the classical observation of H. Federer [F,].

We take a moment here for some reflections on the foundations of geometry. The
concept of a geometric structure on a manifold X can be formulated in three rather
different ways. One can consider a structure to be given by an atlas of coordinate
charts whose coordinate transformations lie in a particular pseudogroup of local
diffeomorphisms of R”, cf. [KN]. One could also consider a geometric structure to be
defined by a distinguished family of tensor fields on X. However, it is also possible, and
more in the spirit of the classical geometries, to consider a structure to be defined by a
distinguished family of subvarieties of X. Each of these approaches can be usefully
adopted to study, say, complex or foliated geometry,

One of the main points of this paper is to exhibit and study some beautiful
geometries of minimal subvarieties which are really not visible from this first view-
point.

We shall concentrate primarily on geometries in R” associated to forms with
constant coefficients. A significant part of the work will be to derive a tractable system
of partial differential equations whose solutions represent subvarieties in the given
geometry. These systems are in a specific sense generalizations of the Cauchy-Rie-
mann equations.

The first geometry to be studied in depth is associated to the form

@p=Re{dz; A...Adz,}

in C", where as usual we shall write z=x+iy. It consists of Lagrangian submanifolds of
“‘constant phase’’, and is therefore called special Lagrangian geometry. In fact the
only Lagrangian submanifolds which are stationary are special Lagrangian.

We recall that the Lagrangian n-planes in C” are exactly the U,-images of the x-
axis, and up to unitary coordinate changes, every Lagrangian submanifold is locally the
graph {y=f(x)}, where f=VF for some scalar potential function F(x). (The function F is
arbitrary.) Similarly, the special Lagrangian #-planes in C” are exactly the SU,-images
of the x-axis. The special Lagrangian Grassmannian is just the fibre of the ‘“Maslov”’
map: Lag—S', from the oriented Lagrangian n-planes to the circle, given by the
complex determinant. Up to SU,-coordinate changes, special Lagrangian submani-
folds are locally graphs of the form {y=(VF)(x)} where F(x) is a scalar potential
4—812904 Acta Mathematica 148. Imprimé le 31 aolt 1982
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function satisfying a non-linear elliptic equation. When n=3, this equation has the
following beautiful form:
AF = det (Hess F). 3)

We conclude that the graph of the gradient of any solution to (3) is an absolutely
volume-minimizing 3-fold in R®. In particular, any C? solution of (3) is real analytic.

The equation (3) bears an intimate relation to the work of Hans Lewy on harmonic
gradient maps [Ly] and explains the mysterious appearance there of the minimal
surface equation. This is discussed in Chapter III.

The geometry of special Lagrangian submanifolds is richly endowed (see Sections
II1.3 and 4), and constitutes a large new class of minimizing currents in R*. In
particular, we are able to explicitly construct simple minimizing cones which are not
real analytic (see Section III.3.A) as well as minimizing cones which are quite compli-
cated topologically (see Section I11.3.C).

Chapter 1V is devoted to the study of three exceptional geometries. There is a
geometry of 3-folds (and a dual geometry of 4-folds) in R’, which is invariant under the
standard representation of G,. This geometry is associated to the 3-form ¢(x,y, z)=
{(x,yz) where x,y,zER’ are considered as imaginary Cayley numbers. A 3-manifold
McR’=Im O belongs to this geometry if each of its tangent planes is a (canonically
oriented) imaginary part of a quaternion subalgebra of the Cayley numbers O,

The local system of differential equations for this geometry is essentially deduced
from the vanishing of the associator [x,y, z1=(xy) z—x(yz), and thus the geometry is
called associative. This system of equations has a striking and elegant form. Write
ImO=ImH®H, where H denotes the quaternions, and consider a function f: Uc
Im H—H. Then the graph of fis an associative submanifold if and only if f satisfies the
equation

Df=of C)

where D is the Dirac operator and ¢ is a certain first-order ‘‘Monge-Ampére’” operator.
(See Section IV.2.) The associative geometry contains a 6-dimensional family of special
Lagrangian geometries. Furthermore, the Cartan-Kiahler theorem give many solutions
to the system (4); (see Sections IV.3 and 4.), so this geometry is also highly non-
trivial. (1)

(") Added in proof. It was recently observed by Robert Bryant that the cones in this geometry have
links which are exactly the holomorphic curves in §° (with the standard, G,-invariant almost complex
structure). He went on to prove that every compact Riemann surface can be realized as such a holomorphic
curve in 8%, See [Br].
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The dual geometry of 4-folds in R’ is called coassociative and has a local system of
differential equations similar to (4). It includes the cone on the Hopf map, presented in
[LO] as a Lipschitz solution of the minimal surface system which is not of class C'.
Note that, since it is coassociative, this cone must be absolutely minimizing in R”.

The most facinating and complex geometry discussed here is the geometry of
Cayley 4-folds in R®¥=0. This is the family of subvarieties associated to the 4-form
Y(x, y, 2, w=Kx(Fz)~2(x), w). It is invariant under the 8-dimensional representation

of Spin; and contains the coassociative geometry. It also contains both the (negatively
oriented) complex and the special Lagrangian geometries for a 7-dimensional family of
complex structures on R®. In fact for any of these structures, the form i can be
expressed as

Y = —Jw?+Re{dz}

where w is the Kihler form and dz=dz; A...A dz4 as above.
The associated system of equations for a function f: UcH—H (guaranteeing that
the graph of fin O=H®H is a Cayley fourfold) is again of the form

Df=df. ®)

Here D is the Dirac operator (or more suggestively, the quaternion analogue of the
operator 8/9z for functions f: UcC—C.) The operator ¢ is a homogeneous cubic
expression in the first derivatives of f, constructed using the 3-fold cross product in H.
It is, in fact, linear in the 3xX3 minors of the Jacobian matrix of f.

The Grassmannian of Cayley 4-planes in R® is of codimension four in the full
Grassmannian. One actually deduces seven equations which include the four appearing
in (5). However, outside a small and explicitly described subvariety of the Grassman-
nian, the seven equations are implied by these four. (Full details appear in Chapter IV.)

A plethora of solutions of (5) is again constructed using Implicit function theorem
techniques and also by using the Cartan-Kiahler theorem.

Chapter V contains a number of comments concerning generalizations of the main
ideas and results of the paper. These comments include the observation that every
Cayley 4-fold naturally carries a 21-dimensional family of anti-self-dual SU, Yang-Mills
fields.

The table of contents and the introductory paragraphs of each section give an
indication of the organization and content of the paper. It should be stated that large
portions, if not ail of Chapter 1I can be passed over by the uninterested reader. This
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chapter contains a number of generalities which are appropriate for this paper but not
necessary for the study of the explicit geometries subsequently presented. In particu-
lar, the reader unfamiliar with currents and geometric measure theory will find these
topics unnecessary in Chapters 111, IV and V.

II. Grassmann geometries
II.1. Geometries determined by distinguished families of submanifolds

We will adopt the point of view that a geometric structure on a manifold is
determined by a distinguished family of submanifolds. This is in contrast to the
customary point of view in differential geometry that a geometric structure on a
manifold is determined by a distinguished atlas whose coordinate transformations lie in
a particular pseudogroup of local difeomorphisms of R”. One of the main points of this
paper will be to exhibit several natural and interesting geometries of the first type
which cannot be realized from the second point of view.

In the geometries which we shall investigate the prefered submanifolds are deter-
mined by their first order infinitesimal behavior. More precisely, the geometries can all
be defined as follows.

Suppose X is an oriented manifold of class C' and dimension m which is countable
at infinity. Let G(p, T, X) denote the collection of oriented p-planes in T, X, the tangent
space to X at x. The corresponding bundle will be denoted G(p, TX). Assume that an
arbitrary subset 4 of G(p, TX) is given. (Note that 4.=%n G(p, T.X) may be empty.)

Definition 1.1. Let S be a p-dimensional, oriented C' submanifold with possible
boundary in X. If, at each point of S the oriented tangent space of S belongs to ¥, then
S is called a %submanifold. The family of %submanifolds of X constitutes the %
geometry of X. Such %geometries shall fall under the collective name of Grassmann
geometries.

It is useful to extend the %geometry of a space to include manifolds with
singularities. The nicest such extensions are provided by Geometric measure theory.
We remark to those unfamiliar with this subject that it is not essential to our paper. The
remainder of this section may be skipped or passed through lightly on a first reading.

Our first generalization of a %geometry employs the class %l,"‘(X) of locally
rectifiable p-currents on X (cf. [F;]). This class contains p-dimensional submanifolds
with singularities. It is also closed under addition and subtraction, and allows certain
infinite sums. In order to recall some of the basic properties of these currents, we shall
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fix a riemannian metric on X. There is then a natural embedding of the grassmannian
G(p, T, X) into the vector space A’T, X of p-vectors given by

G(p, TXX)'= {EENT X: & is a unit simple p-vector}. (1.2)

For each locally rectifiable current T€ @L“(X) there is an associated ‘‘volume’ mea-
sure denoted ||7]|, and for ||7]|—a.e. x there is an oriented ‘‘tangent’’ p-plane, denoted
T(x)EG(p, T, X). The current T is reconstructed from ||7]| and T by setting T=T||7]|;
that is, T(y)={(T, v )d||T]| for each test form . The locally rectifiable currents are
generalized integral chains. They form, in fact, a natural closure of the integral
Lipschitz chains on X.

Definition 1.3. Suppose T€ R°(X).

(@) If £T(x) € ¢for ||T]|—a.e. x then T is called a %-chain. If, in addition, d7=0 then
T is called a %cycle.

(b) If T(x) € % for ||T]|—a.e. x then T is called a positive %chain. If, in addition,
dT=0 then T is called a positive %-cycle.

Remark. Unless the axiom of positivity,

4n(-9=9

is satisfied the word ‘‘positive’’ in Definition 1.3 (b) is inappropriate and the concept of
a positive %chain will be dropped from discussion.

In our context it is also useful to consider the general class ./%};C(X) of p-dimension-
al currents of locally finite mass on X. This is simply the space dual to the continuous p-
forms with compact support (with the usual topology). One has that %LOQ(X)C/“LOC(X)'
Furthermore, after fixing a riemannian metric on X, each TEJ%L"C(X) gives rise to a
Radon measure ||7]| on X and a generalized ‘‘tangent’” space T(x) EA’T, X, defined for
||7]|—a.e. x€X. The current T is again expressed as T=T(x)||T]|. (This is an immediate
consequence of the Riesz representation theorem.) Note that in this general case T(x)
need not be a simple vector. However, T(x) is always of unit length in the mass norm
on N°T. X. This is the norm whose unit ball is the convex hull of the unit simple p-
vectors, G{(p, T, X). The function T(x) is ||7]| measurable and bounded. Consequently,
T(x) has pointwise meaning for x in the Lebesque set, Leb (7), of T with respect to ||7]|.
In fact,

(T(x), p(x)) = lim (T,y) d||T]|

1
e-0* ”T” (B(x, 8)) B(x, ¢)
for each xELeb (7).
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Remark. The family of subsets of X of ||7]] measure zero is independent of the
choice of riemannian metric and; except for a set of || T|| measure zero, the tangent p-
vector T(x) is determined (up to positive multiples) independent of the metric.

We now let ch 9, denote the convex hull of 4. in A7 X, and set ch%=U,ch¥%,.

Definition 1.4. A current TE /ﬂ},"C(X) is called a positive Gcurrent if T,€ch %, for
||IT]|—a.e. xEX.

Remark. The terminology ‘‘positive %-cycle’” has already been employed in Defi-
nition 1.3 (b), where the current T is required to be locally rectifiable. Therefore, we
must refer to a positive %current T with d7=0 simply as a closed positive $-current.

A discussion of positive %currents is given in Appendix A of this paper. It is
shown that in the cases of interest here, a substantially weaker notion of positive %
current auntomatically implies the property of locally finite mass. This generalizes
known results for positive (1,1)-currents in complex analysis.

Note that the concepts of %chain, positive %chain and positive %current are
independent of the choice of riemannian metric on X. (See the remark above.)

Remark. In general, a current T which is both %positive and locally rectifiable
need not be a positive %chain. However, in the cases of interest, the completeness
axiom I:

ch4nGp, TX)=¢
is satisfied; so that a locally rectifiable positive %current is a positive %chain.

Remark. Occassionally, it is conveneient to have still other concepts extending
that of a 4-submanifold. For example, suppose X is a real-analytic manifold. Then a %
chain T whose support is a p-dimensional, real analytic subvariety of X will be called an
analytic $-chain. Furthermore, if T is closed, it will be called an analytic %cycle. Most
concepts of this type are fairly obvious and will not be mentioned here.

The set of positive %chains has the following important compactness property.
Suppose 4is closed. Then for any k>0 and any compact set KEX, the set of positive %
chains T with supp (T)SK and ||T||(K)<k, is compact in the weak topology. This follows
easily from fundamental results in [F,].

I1.2. Local structure theorems

In this section we briefly examine the concepts introduced in Section 1 for three
classical %geometries.
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Example 1: Complex geometries. Suppose X is a complex manifold, and let
%—G(2p, TX) be the subset of canonically oriented complex p-planes. Obviously a %
submanifold is just a complex submanifold (with possible boundary) in X. By the
Structure theorem of J. King (cf. [K] or [H;]), a positive %chain T is, in fact, a
**positive holomorphic chain’’. That is, away from the support of its boundary, T is a
locally finite sum T=Xn; [V;] where each n; is a positive integer and each V; a pure p-
dimensional complex subvariety of X.

By the more general Structure theorem of Harvey-Schiffman (cf. [HS] and [H;]) a
general %chain T is, correspondingly, a general ‘‘holomorphic chain’, i.e., away from
the support of its boundary, T=Ln; [V}] as above, where now each n; is an arbitrary
integer. Actually, it was necessary in [HS] to make the ‘‘support hypothesis’’ that the
Hausdorff (2p+1)-measure of supp7 vanish. It still remains conjectural that this
hypothesis is unnecessary.

Finally, the local structure of closed positive %currents on X is intimately related
to the theory of plurisubharmonic functions (cf [Lg;], [H], [HP,]) since a current T of
bidegree (1, 1) is a closed positive %current if and only if T is locally of the form T=id95¢p
with @ plurisubharmonic. Moreover, let T€ ./%',,"C(X) be such a current, and for each ¢>0
consider the subset E.(7) consisting of all the points of ||T]]-density =c. It is a striking
fact that in any region where T has no boundary, E.(7) is a complex subvariety of
dimension <p. Steming from results of Bombieri [Bo], this fact was conjectured by
Harvey-King [HK, p. 52] and proved by Siu [Sul. A second shorter proof was given by
Lelong [Lg-].

Example 11: Foliation geometries. Suppose F is an oriented, p-dimensional folia-
tion of X (cf. [Ls]), and let ¥ be the set of tangent planes to the leaves. Note that a
connected %submanifold without boundary is just a closed leaf of the foliation.

The local structure theorems for currents in this geometry all follow more or less
trivially from standard facts. Let us fix a riemannian metric on X and denote by F the
field of unit simple p-vectors tangent to F. Then any positive %current T can be
expressed as T=||T||F. The condition that the current T be closed i.e., dT=0 can be
understood as follows. Choose local coordinates (xy, ..., X, Y1, ..., Ya—p) 00 X so that
the leaves are defined by the equations: y;=constant, j=1,...,n—p, then a positive 4
current T is of the form T=u(8/3x; A...A 8/0x,) where u=0 is a measure. The condition
dT=0 means precisely that du/dx;=0 for j=1, ..., p. Interior regularity for this system of
equations is particularly simple; i must be independent of the variables xi, ..., x,. Thus
u can be written as u=1®v where 1 denotes Lebesque measure on R? and v is a Radon
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measure on R"7?. Note: u=f]|T]| and 3/8x, A...A 8/3x,=T/f for some smooth nonvan-
ishing function f.

Suppose now that T is a %chain without boundary (i.e. a %cycle). In order for
T=(1®v)(8/8xy A...\ 3/3x,) to be a p-dimensional rectifiable current R”, v must be 0-
dimensional rectifiable current in R"77, i.e., a locally finite sum of d-functions (see
[HLs] for more details). Consequently,

THEOREM 2.1. Away from the support of its boundary, every %chain T can be
expressed as a locally finite sum T=Xn; [L]] where each n; is an integer and each L; is a
oriented closed leaf in X-(suppdT), with locally finite volume in X. Moreover, T is
positive if and only if each n; is positive.

Continuing the analogy with the complex case, we let T be a positive %current
without boundary and consider the set E.(T) of all points of ||7]|-density =c. For each
c>0, ELT) is a locally finite union of closed leaves. This follows from the fact that the
points of density =c for the 0-dimensional current ¥ must be isolated.

Example 111: Lagrangian geometries. Suppose X is a symplectic manifold, that is,
a 2n-manifold equipped with a closed 2-form w such that w” never vanishes. A tangent
n-plane P on X is said to be Lagrangian if w|p=0. We let 9=G(n, TX) be the subset of
oriented Lagrangian planes. Then a %submanifold is what is commonly called a
‘‘Lagrangian submanifold”’.

Since in this case 4,=—%,, a positive %chain is no more special than a %chain. In
this geometry the %chains will be called Lagrangian chains. The local structure of
Lagrangian cycles (Lagrangian chains without boundary) is not understood.

In Chapter 3 we shall study ‘‘special Lagrangian geometries”” where the Axiom of
positivity is satisfied. Here one might expect a rich local structure theory as in the
cases above.

IL3. Grassmann geometries determined by a differential form of comass one

The %geometries of particular interest in this paper are all defined by means of a
riemannian metric and a p-form.

The general construction is given as follows. Let X be a riemannian manifold, and
let ¢ EC(A’T*X) be an exterior p-form on X. Then at each x € X, we define the comass
of ¢, to be

llgll¥=sup { (@, &, ): &, is a unit simple p-vector at x}, G.1)
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that is, ||g||* is the supremum of ¢ restricted to G(p, T, X)cA°T, X. Furthermore, if A is

any subset of X, we define the comass of ¢ on A to be
lleplls = sup il
x€A

Note that the comass norm on A°T# X is dual to the mass norm on A’T, X, whose unit
ball is defined to be the convex hull of G(p, T, X).

Definition 3.2. Suppose ¢ is a smooth p-form of comass 1 on X. We define %(¢) to
be the union of the sets

G(p)={E.E€G(p. T.X): (. &) =1} (3.3)

That is, 9(¢) is the collection of planes where ¢ assumes its maximum. The % (g)-
geometry will be simply called a @-geometry. Its associated objects will be called ¢-
submanifolds, @-chains, @-cycles, positive ¢-chains, positive ¢-cycles, positive g-cur-
rents, and finally closed positive p-currents.

Note that @ need not have comass one at each point or, equivalently, %,(¢) may be
empty for some x.

Let T be an arbitrary de Rham p-current with compact support on X, i.e., an
arbitrary element of the dual space to the smooth p-forms. The mass of T is defined to
be

M(T) = sup {T(p): [ <1} (3.4)

If M(T)<~, then TE Jﬂ;"‘(X) and M(T)=||T]|(X) (see Section 11.2). If T corresponds to

integration over an oriented p-dimensional submanifold S of X, then M(T)= vol(S).

LEMMA 3.5. Let ¢ be a smooth p-form of comass 1 on X, and let T be an arbitrary

p-current with compact support. Then
T(g)=M(T)

with equality if and only if T is a positive ¢-current.
In particular, if S is a compact oriented p-dimensional submanifold (with possible
boundary in X, then

j @< vol(S)
s

with equality if and only if S is a @-submanifold.
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Proof. The inequality is trivial. Equality can occur only when M(T)<, and we
may write T=T||7]|. Thus T(¢)= | o(T)||T]|</ ||IT]|=M(T) and equality occurs if and only
if (T)=1 ||T]|—a.e., i.e., if and only if T is a positive g-current.

If T corresponds to an oriented submanifold §, then ||7]| is Hausdorff p-measure
restricted to S and T is the field of oriented unit tangent p-vectors to §. The second
statement is easily seen to be a special case of the first.

Note that any ¢-geometry automatically satisfies the Axiom of positivity and the
Axiom of completeness I mentioned in section II.1.

We now examine the classical examples from this point of view.

Example 1. Complex geometries. Suppose X is a complex manifold and let
%—G(2p, TX) be the canonically oriented complex p-planes as above. We choose a
riemannian metric (-, - ) on X such that the map J: TX—TX corresponding to complex
multiplication by V' —1 is orthogonal in each tangent space. (Such metrics exist since
one can always average over the finite group generated by J.) The associated “*Kdhler”’
2-form o is defined by setting

w(V, Wy={JV, W).

Since J2=—1, we have w(V, W)=—w(W, V), so w is a smooth exterior 2-form on X. We
now set

1
Q = —w’.
P pt 3.4
Then Wirtinger’s inequality (cf. [F,]) says that Q, has comass one at each point x and
that 4.(Q,) is just the grassmannian of (positive) complex p-planes. Consequently, this

¢-geometry is realized as a 9(g)-geometry.

Example 11: Foliation geometries. Suppose F is an oriented p-dimensional foliation
on X. Introduce a riemannian metric on X. The metric induces an isomorphism between
AT, X and A’T¥ X. let ¢ be the unit decomposable p-form corresponding to the field F
of tangent p-planes to F. Then at each point x, ¢ is of comass one and %,(¢)={F,}.
Therefore each foliation geometry can be realized as a @-geometry.

Remark. There exist many other forms ¢ of comass one at each point which
determine the same foliation geometry. In fact, the form ¢ need not be decomposable in
order that %,(p)={F,}. This observation is crucial in [HL;}.

Example 111: Lagrangian geometries. Since Lagrangian geometries satisfy
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%, =—%,, it is impossible to find ¢ with ¥=%(@). However, for the special Lagrangian
geometries of Chapter 111, such forms exist.

I1.4. Calibrated geometries

The key fact concerning g-geometries is that for any g-manifold S, vol (S)=/ s
This fact is important whenever the form ¢ is closed.

Definition 4.1. A smooth p-form ¢ on a riemannian manifold X is said to be a
calibration if ¢ is of comass one on X and dg=0. A riemannian manifold together with a
calibration is called a calibrated manifold.

The fundamental observation is the following. Recall that the homology of the
complex of deRham currents with compact support on X is naturally isomorphic to
H, (X;R).

THEOREM 4.2. Suppose X is a calibrated manifold with calibration ¢, and suppose
T is a positive @-current with compact support. Let T' be any compactly supported
current homologous to T {i.e., T—T' is a boundary and in particular dT=dT'). Then

M(T) < M(T) 4.3)

with equality if and only if T' is a positive @-current.

Proof. Since T—T'=dS where S has compact support, we have T(p)—T'(p)=
(dS) (p)=5(dp)=0. Hence, by Lemma 3.5 we have

M(T) = T(g) = T'(¢) < M(T")

with equality if and only if 7" is a positive ¢-current. Briefly, Theorem 4.2 says that if
dp=0, then any positive g-current T is homologically mass minimizing among all (real)
currents with the same boundary. Furthermore, any homologous current with the same
minimum mass must also be a positive g-current. Of course this means that any ¢-
submanifold is a minimal submanifold of X.

There are two cases of particular interest here. Suppose X is a riemannian manifold
with calibration g. '

COROLLARY 4.4. Any compactly supported positive g-cycle on X is a current of
least mass in its deRham homology class. Furthermore, every other rectifiable current
of least mass in this homology class must also be a positive @-cycle.
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Federer and Fleming [FF] showed that the homology of the complex of rectifiable
currents whose boundaries are also rectifiable on X is naturally isomorphic to H,(X;Z).
Furthermore, if X is compact one can find a rectifiable cycle of least mass in each
homology class. Note, however, that a positive g-cycle T minimizes not only among
rectifiable currents, but among all real currents homologous to T. Thus, for example, a
positive g-cycle can never represent a torsion class in H,(H;Z).

COROLLARY 4.5. Let T be a compactly supported positive ¢-chain with boundary
B=dT. If H,(X;R)=0, then T is a solution to the Plateau problem for B, i.e., T is a
current of least mass among all compactly supported currents with boundary B in X.

In particular, if ¢ is a calibration on R” with the usual metric, then any positive ¢-
chain T with compact support is a solution to the Plateau problem for B=dT.

COROLLARY 4.6. Suppose X is of class C*, 2<k<w. Each ¢-submanifold S
without boundary of class C? is actually of class C*.

Proof. S is a classical minimal submanifold so that S is of class C* by the basic
regularity results in [M].
We now return briefly to our standard examples.

Example 1. Kihler geometry. Suppose X is a complex manifold with a metric
(+,") and 2-form w as in Section I1.3. If dw=0, then X is said to be a Kihler manifold.
Setting Q,=(1/p!) w”, we recover the well-known result of Federer [F,] that complex
subvarieties of a Kéihler manifold are homologically mass minimizing.

Example 11: Foliation geometries. L.et X be a manifold with an oriented, p-
-dimensional foliation F. Suppose there exists a riemannian metric and a calibration ¢ on
X such that 4(@)={F}. Then every compactly supported positive ¢-current (or ‘‘folia-
tion current’’ in the sense of Ruelle-Sullivan [RS]) is homologically mass minimizing. In
particular, every d-closed foliation current (compactly supported positive g-current
without boundary) is nontrivial in H,(X;R). It will be shown in [HLs] that this last
condition is, in fact, sufficient for the existence of such a metric and calibration.

Any fibre bundle with discrete structure group (cf [L;]) gives a foliation of this
type (the foliation transverse to the fibres).

In certain applications it is important to have the following generalized notion of a
calibration provided by the theory of flat and coflat currents (cf. Federer [F-], [F]).
Let X be a riemannian manifold.
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Definition 4.7. Suppose ¢ is a calibration of degree p on X—S,, where S, is a
closed subset of X of Hausdorff p-measure zero. Since |[@(x)||*<1 for all x€X—S, the
coefficients of ¢ uniquely determine functions on X that are locally bounded and
measurable, i.e. they are in L (X). The (generalized) p-form ¢ on X will be called a
coflat calibration on X.

A key property of a calibration, that it be d-closed, is also valid for coflat
calibrations.

LEMMA 4.8. Suppose ¢ is a coflat calibration on X, then dgp=0 on X.

By definition a current y is coflat if both y and dy have coefficients in Lg,.

Consequently, a corollary of Lemma 4.8 is that a coflat calibration is coflat; justifying
the terminology in Definition 4.7.

Proof. This is just a special case of the following very general ‘‘Removable
singularity’’ theorem. (See Theorem 4.1 (b) in Harvey-Polking [HP,].) Suppose P(x, D)
is any linear differential operator of order n on an open set UcR™, and suppose S is a
closed subset of U with Hausdorff (im—n)-measure zero. Then each function f€ L, (U)

satisfying P(x, D)f=0 on U—S also satisfies P(x, D)f=0 on U.

Remark. Note that in order to conclude dp=0 on X we only used the fact that S,
has Hausdorff (m~ 1)-measure zero, where m=dim (X).

A coflat calibration @ on X can be used to define a %(¢)-geometry on X by defining
%{¢) to be empty for x € S,,. However, in order to maintain the validity of Theorem 4.2
(positive @-currents are ‘‘minimal’’), we must restrict attention to positive g-currents
which are also locally flat. We can now state a fundamental result of Federer [F,] in the
following modified form.

THEOREM 4.9, Let ¢ be a coflat calibration on a riemannian manifold X, and
suppose T is a flat positive @-current on X. Then

M(T) < M(T')
Jor all flat currents T' which are homologous to T. Furthermore, M(T)=M(T’) for such
a T if and only if T' is also g-positive.

In this theorem ‘‘homologous’’ can be taken to mean homologous in the complex
of flat currents or in the complex of all compactly supported deRham currents, since
the two notions are equivalent [F,]}.
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A number of interesting coflat calibrations of codimension one in R™ have essential-
ly been constructed in [L,] by means of certain compact Lie group representations.
Each of the resulting geometries contains a mass-minimizing cone of codimension one,
Among these is the Simons cone on $>x.S>cR®, which was originally proved to be
mass-minimizing by Bombieri, di Georgi and Giusti.

To pass from the material contained in [L,] to the construction of a coflat
calibration is not completely straight forward, so we shall give an outline of the
construction here. Let G be a compact connected Lie group acting orthogonally on R
and let Z<R™ be the union of the principal orbits of G. Recall (cf. [HsL]) that & is an
open subset, : R—%R/G is a smooth fibre bundle whose complement has locally finite
m—2 Hausdorff measure. We shall construct coflat calibrations of dimension m—1 on
R™ which are smooth in &.

To do this we introduce some notation. Let p be the dimension of the principal
orbits. Then we let v: Z#—R denote the volume function of the orbits, and we let Q,
denote the unit p-form along the orbits. We also let H denote the mean curvature vector
field to the orbits and set H* equal to the dual 1-form, i.e., H*(V)=(V, H). Suppose
ey, ..., €, are local orthonormal vector fields in % such that ey, ..., ¢, are tangent to the
orbit foliation. Let ef, ..., ef be the dual 1-forms. Then we have,

v(x) =vol (G- x)= #"(G " x)
Qozeik /\.../\E;,k

H* =i i (Vejej,ea) ek,

j=1 a=p+t
Straightforward calculations establish the following:

—=—H*, (4.10)
v
dQy=-H*A\Qy (modI-I) 4.11)

where I is the ideal of differential forms which vanish (and thereby define) the orbit
foliation. Combining these equations, we see that

d(% QO) =0 (mod-D) @.12)
This gives the following result.

THEOREM 4.13. Let v and L be as above. Suppose wy is any closed form of
degree m—p—1 in R such that ||wo||*<v. Then the smooth form
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1
Q=—QyN\wg
v

defines a coflat calibration in R™.

Note that the form wg can be simply constructed in the orbit space %/G and then
pulled back by 7. In [L,], all the cases where dim (®/G)=2, were considered. In each
case a closed 1-form wy was constructed on %/G with the property that |[7*wq||*<v.

I1.5. The importance of the euclidean case—tangent cones

An obvious and appealing class of calibrated geometries is provided by the parallel
forms of comass one in Euclidean space. Such geometries are the focus of the deeper
parts of this paper.

Notice that, after normalization, each non-zero element ¢ € A’R” determines a
paraliel form of comass 1, and therefore a geometry of (absolutely) minimal varieties in
R". These varieties are in turn always characterized as solutions to certain systems of
partial differential equations, such as the Cauchy-Riemann equations in the case of
complex geometries.

Notice also that there is a natural splitting

G(@) =R"XG(¢)

where
G(p) = {EEG(, RM: (&) = l¢||*}

is the ¢-Grassmannian (and where, as above, G(p,R") is the set of unit simple p-
vectors in R”). It is easy to see that for a generic ¢, G(¢)={&} for some £€G(p, R"),
and the associated @-geometry is a flat foliation geometry. However, for special ¢ the
set G(g) can be quite large. It is the understanding of these cases which constitutes the
main part of this paper.

There is of course intrinsic interest in understanding the class of minimal varieties
so simply attached to a basic linear algebraic object. However, there is a further reason
for studying these particular cases. Namely, a “‘tangent cone’’ to a positive g-current,
at a point xo, where ¢ is an arbitrary calibration on a riemannian manifold, is a ‘“‘tangent
cone’’ in the euclidean tangent space at the point xo which is a positive ¢, current. We
will discuss this in more detail after the following study of tangent cones in R".

Let V denote the vector field x - 3/3x on R" and let ¢, (x)=e‘x denote the correspond-
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ing flow. A current T is a cone if (¢,)(D)=T for all >0, or equivalently, the Lie
derivative Ly(7)=0. Note that if ¢ € A’R" then

pe =Ly(p)=d(V_lp). 5.1
Since
x 0 X X x 0
== || =dxA@pl=@¢——-dx N[— — ,
x| axJ(Ix| * (p) 4 x| § <|x| axJ¢>
if we define
x 9d
= 5.2
@ x| ax _lp (5.2)
to be the normal part of ¢, and
b ox
to be the tangential part of ¢, then
X
¢=%+H.dXA%' 5.4

Restricting the equations dp=0 and (5.1) to the sphere S" !'={x€R":|x|=1}
yields

dp,=0 and dg,=pe, 5.5

Both of these forms ¢, and ¢,, have comass no larger than the comass of . For instance
@(&)=@(xAE) and ||&||=|lxA\&]| for any simply p—1 vector EEAN’~!x*. Consequently,
the links of g-cones are just the ¢, submanifolds of the sphere.

THEOREM 5.6. Suppose ¢ EN’R” is a parallel calibration on R*. A (p—1)-
dimensional submanifold M of the sphere S"~' is a @,-submanifold if and only if the p-
dimensional cone CM={tx€R™: xEM and 1>0} is a @-submanifold of R".

Letm(x) = |x|.

THEOREM 5.6. Suppose ¢ EN°R" is a parallel calibration on R*. A (p—1)-
positive g-current on R” with dT=0. Then

T,X- x A @,

(7.5 xn )
@ m=p~r | ~H e . 5.8)
H'ui-dx

by
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Jor a.e. r; and for 0<s<r,

Limiso,m—Liiso, 9 - f 7 (T, g 171 5.9

B(0, - B0, s)

Proof. Let g, denote the characteristic function of the ball radius r. Since ¢=
p~ld(V_lg),
ITNBO, M =, .o =, T,p'dV_Ip) = (8BO, N AT, p~'V_lg). (5.10)

The formula (5.8) follows easily and the proof is omitted. Using (5.10), we see that
%!IHI(B(O, r))—§||111(3<0, ) = p~ (8B, N—[3BO, YDA T, |7V _Ig)
=p (B, N—BO, )] A T, d(x| ?V_lg).
However,
d(x|PV_lg) = |x|Pd(V_l@)~plx| ™~ 'd|x| A (V_lg)

=p|xrp(qo—ﬂ dxAcpn) P,

completing the proof.

It is useful to have alternate expressions for (T, (x/|x|) - dx A ¢,,) and (T, ¢,) exhibit-
ing them as non-negative quantities.

LEMMA 5.11. Suppose T=L| A E, where 0si<1, TA;=1, and where each &; is a

unit simple p-vector in G(¢). (In Section 7 this is seen to be the case if T is any p-vector
of unit length in the mass norm with (T, p)=1.) Then

(Tl dx/\(pn> 2/1

(T.q) = 2&- 3
=1

(5.12)

.o

(5.13)

Proof. We may assume T is a unit simple p-vector. Choose unit vectors e,EspanT
and elspanT such that x/|x|=cos@e,+sinfe, and complete to an orthonormal set
€€ With T=e A...Ae,. Then, for example, (T, @)=((e;A...A e,A(cosb et

sin Oe))_J(cos fet+sin Oe*), g)=sin> Oxsinfcos Be, A...Ae, A e, ¢).

5812904 Acta Mathematica 148. Imprimé le 31 aott 1982
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However, (see Section 7), since @le; A...Ae,)=1 it follows that g, A...Ae,N\e)=0.
Thus, (T, ¢)=sin> # where

T/\i-—a—=sin0eI A.Ae Ae,
x| ox ’
completing the proof of (5.13). The proof of (5.12) is similar.

The above formulae contain the basic information about the local behavior of d-
closed positive (p-cuirents T. If T'is a minimal submanifold these formulae are classical
(see [Fyl, 5.4.3). If ¢ is (1/p!) @” (the Kéhler case) these formulae can be found, for
example, in [H;) Section 1.9. The important facts about ‘‘tangent cones’’ to minimal
submanifolds can be extended to d-closed positive g-currents using these formulae.

If T is a d-closed positive g-current on R” with ¢ € A’R” (so the above formulae
apply) then

} '(L) (T)l { (BO, 1)) = i,,llﬂl(B(O, )
¥/ % ’

is a monotone increasing function of r because of (5.9) and (5.13).
Consequently, {y;(1/r), (T) },.sis a weakly compact set in the mass topology.
The cluster points C=lim (1/r;), (T) of this set with r,—0 are called tangent cones
to T at the origin. Obviously each such C is a d-closed positive @-current.
The terminology tangent ‘‘cone’’ is justified by the next result (cf. [F,]).

PROPOSITION 5.14. Suppose ¢ E N°R” is a parallel calibration on R" and that
Tis a positive @-current with dT=0. Each of the many cluster points CElimjﬁO(l/rj)* (1)

with r,—0, is a cone, with ©™(||C||,0)=0"(|T}|,0). Moreover, each such C is a d-
closed positive g-current.

Proof.

1 .1
—||ICII(B(O, r)) = lim—
Slcls.m=jint]

().

| T|(BO, rr))

} (B0, r)
1

(rmy

=c,' O(|T],0)

= lim
j—>0

because r~7||T}|(B(0, r)) is monotone increasing in r. In particular, the left-hand side of
(5.9) with T replaced by C vanishes. Thus (C, ¢,)=0 for ||C||—a.e. points x. Thus, by
(5.13),
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X

3 .
. o0, j=1,.,
o x> N

&N

for ||C]|— a.e. points x. Thus

and hence CAV vanishes. However, L {C)=8(CAV)+3CAV=3(CAYV), so that
L(C)=0 which proves that C is a cone.

Remark. Tt is not known whether or not the tangent cones C in Proposition 5.14 are
unique. That is, does lim,_,, (1/r), (T) exist? In fact this is not known in the important
special cases where

(1) Tis a g-submanifold (or T is a minimal submanifold)

(2) T is a positive current of bidimension p, p in C", ¢=(l/p)®” with w the
standard Kéahler form (see [H,], Conjecture 1.32).

Now consider an arbitrary calibration on a Riemannian manifold X, and let T be a
positive g-current with dT=0. Fix xEsupp T and let e: T, X—X denote the exponential
mapping. The tangent cones Cto (e~ 1), (T) at the origin are called tangent cones to T
at x€X.

THEOREM 5.15. Let X be a calibrated manifold with calibration @, and let T
be a positive @-current with dT=0. Then each tangent cone C to T at x is a positive @,-
current in T, X with. dC=0. Moreover, C is a cone with deusity at the origin the same as
the density of T at x.

The proof of Theorem 5.15 is straightforward and we shall omit the details here.

Since T, X with ¢, is just euclidian space with a parallel calibration, this Theorem
5.15 provides the further justification for studying the euclidian case that was men-
tioned at the beginning of this section.

I1.6. Differential systems and boundaries of g-submanifolds
Classically, %geometries arise in the following way. Given a collection W= {wj}j’i .
of differential p-forms, define
9 (W)= {EEGQ. T X): 9 &) =0, j=1,....,N} 6.1)

at each point x. The elements of $(W) are called integral elements and an $(W¥)-
submanifold is called an integral submanifold of the system W.
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An important question is: when does a @-geometry %(g) arise from a system
P;=...=y,=0 as in (6.1)? Of course, if Y(&)=0, then Y(—E£)=0, so a more precise

question is this.

Question 6.2. Given a q)-geometry % ¢) in dimension p, when can one find a
collection of p-forms W={vy,, ..., y,} so that

P U (—9p) = H¥P)?
Let N(¢) denote the linear span of %(¢) in A’T,X. At a fixed point x, we can
choose y,, ..., ¥ to be a basis for the annihilator [Aﬁ((p)]°. Under reasonable assump-

tions this can be done in a neighborhood, and our question then becomes
Question 6.3. Given a ¢-geometry %(¢), when do we have that
Yp) U (—¥e)) = N(p) N Gp, TX)?

(Note this is a possibly stronger condition than the axiom of completeness.)
This is related to another important question. In any ¢-geometry the form ¢ has
comass 1, that is,

P < ||| (6.4)

for all simple p-vectors &. Can this inequality be strengthend to an equality? More
precisely:

Question 6.5. Given a g-geometry ¥(¢g) in dimension p, can one find a collection of
p-forms ¥={vy,,...,¥,} (locally) such that

N
[@OF + > [w & = Il (6.6)
j=1

for all simple p-vectors &?

If so, then the equations y(§)=0, j=1,...,N, are precisely the conditions for
equality in the inequality (6.4). When [|£]|=1, equality in (6.4) is equivalent to having
+&£€ Y p). Consequently, an affirmative answer to Question 6.5 yields an affirmative
answer to Questions 6.2 and 6.3.

We shall show that the answer to Question 6.5 is affirmative for each geometry
considered in this paper.

Remark. Each simple p-vector £ at x can be written as £=vA...A v, for
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vy, .00, U, ET,X=R"™. Let F(v,,...,v,)=|lv, A...Av, |F=(v,,...,v,)*. Note that F is a
homogeneous polynomial which is non-negative. Question 6.3 asks for alternating
multilinear forms Y vy, ..., v,) such that

F=Ivy;

on R"X...xR™. Thus we see that at x, Question 6.3 is a modified version of Hilbert’s
seventeenth problem. No counterexample to this modified problem is known.

Suppose now that @ is a p-form of comass one and that the comass inequality (6.4)
has been strengthened to the equality (6.6). Consider the differential ideal I in the
exterior algebra generated by v,,...,y,. It is natural to ask whether I satisfies the
hypotheses of the Cartan-Kihler theorem. (See Spivak [Spl, for example.) Unfortu-
nately, this is rarely the case for the examples of interest here. Instead we must
consider the completion I of I defined by

I={yp EL(N*T*X): ify=0 forall €Y p)} 6.7)
where for £ € 4.(¢), i; denotes the inclusion map i.: span (§)—>T.X. Using I we find that,
for the g-geometries studied in this paper, the Cartan-Kihler theorem is applicable. It
can be used to prove the local existence of ¢-submanifolds.

At the same time this theorem can be used to give a local characterization of the
boundaries of g-submanifolds. Note that any such boundary I has the local property
that for each x €T,

I, T cspan(§,) for some &, € 4(¢). (6.8)

A (p—1)-dimensional submanifold T’ which satisfies (6.8) at each point is said to be
maximally @-like. (When the @-geometry is the geometry of complex submanifolds of
some given dimension, this is equivalent to the notion of maximally complex, cf.
[HL,].) In the examples of geometries studied in this paper, the Cartan-Kéhler theorem
will be used to prove that (locally and in the real analytic case) the boundaries of
q:-submanifolds are exactly those (p—1)-dimensional submanifolds which are maximally
g-like.

In order that a compact oriented submanifold I’ bound a compact ¢-manifold M, it
must satisfy a certain moment condition, namely: for each (p—1)-form w on X,

fw =0 if dw ET(N(@]. (6.9)
r

This follows immediately from Stokes’ theorem since dw|=0.
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Question 6.10. When are conditions (6.8) and (6.9) sufficient to conclude that T’
bounds a compact @-submanifold?

We complete this section by discussion of the above questions for the classical
examples.

Example 1: Complex geometries. Suppose X is a complex hermitian manifold with
—w the imaginary part of the hermitian form. Let Q,=(1/p!) w” and consider the €,

geometry of complex p-dimensional submanifolds of X. Fix x€X and choose a hermi-
tian orthonormal basis for 7, X. Then we can replace 7, X by C” and adopt standard

notation for C”. In the spirit of Question 6.5 we have the following strengthening of the
classical Wirtinger inequality.

THEOREM 6.11. For each (real) simple 2p-vector & in C”,
|Q,@)+..+ HE lad nQ, (©F+...= g (6.18)
7|=2k
If2p<n the last term on the left-hand side is EEI|=2p |dz’(§)|2. If 2p>n the last term on the
left-hand side is Ly, |42 N Qy,_ (O],
In order to prove Theorem 6.11 we need the following normal form. (See Harvey-

Lawson [HL,] for the proof.)

LEMMA 6.13. Given a unit simple 2p-vector § in C" with 2p<n, there exists a
unitary basis e,,Je,, ..., e,, Je, for C" over R and angles

0<6,s0O,<..<0,,<xa2, 0, ,<6,<n,

such that
§=e; N(Je;cosb,+e,sin0) AeyA(Je;cos0,+e,sin0) A...Ae,, ,
A(Je,,_ €08 0,+e,,sinb,). (6.14)
Remark. If 2p>n then the following formula replaces (6.14).

E=e1 N(Je cosO te,sinb)) Aes A(Jescos 0,+e,sin0) N A ey,
N Jey, py-1€080,_,tey, ,sinb,_JyANey, . Ney, . N...Ne,Ne,.

(6.14")

Proof of Theorem 6.11. We first assume that 2p<n. Fix & and choose a unitary
basis for C” so that £ is in normal form. By the unitary invariance of the expression
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(6.12) it will suffice to prove the formula in these special coordinates. Expanding out
the expression (6.14) we see that a typical term is given by

n=cosf,...cos@,sinb, , ...sinf,e, ANJe, A..Ae,NJe,N...Ne,,_,

ANy, 1 Neg Ny NN ey,

The general term in (6.12) is
(dz’/\eml/\Jeml/\.../\ emp_k/\Jemp“k) &) (6.15)

since powers of the Kihler form can be written as a sum of the complex axis planes.
Here |I|=2k and |M|=p—k. Replacing £ by the term 7, (6.15) will vanish unless M=
{1,3,...,2m—1},m=p—k, and I={2m+1,2m+2,...,2p}. In summary, if £ is replaced
by # there is only one non-zero term in (6.12): cos?8;...cos’ 0, sin’6,,,, ...sin’0,.
Consequently, the left hand side of (6.12) is exactly cos’6,...cos’0,+...+
sin’ @, ... sin* §,=(cos’ 0, +sin’f,) ... (cos’8,+sin’0,)=1=||&| %

If 2p>n the proof is similar. Alternatively, the 2p>n case can be derived from the
2p<n case by using the Hodge *-operator and the standard formula for x(y A Q,),
with y primitive.

Remark. For each (real) simple 2p+1 vector £ in C"

N g AQE ..+ D I AR, @+ = |EL. (6.16)
i=1

[l|=2k+1
If 2p+1=n then the last term on the left hand side is Zj_,, ., |dZ'(&)|*. If 2p+1>n then
the last term on the left hand side is £_, ., |dz! A Q,, +1-&)F. The proof of (6.16) is
omitted.
Let y,, ..., ¥y denote an enumeration of the real and imaginary parts of dz/A Q,

where |I|=2k. It follows directly from (6.12) that for each §€ G(2p, C"), £Q,(§)=1 if
and only if y,(§)=...=y,(5)=0. These conditions are equivalent to the conditions that

£ represent a complex p-dimensional subspace of C" (i.e., £€G¢(p,C").
Let I denote the differential ideal generated by v, ..., y,. The integral elements of

dimension p are the complex p-dimensional subspaces of C”.
Note that the differential ideal I is not complete, that is, there exist forms y 1
such that ify=0 for all £€ G.(p, C).

In order to apply the Cartan-Kihler theorem we consider the completed ideal 1.
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One can show that I consists of the real and imaginary parts of all forms of bidegree r, s
with either r>p or s>p. In other words,

IRC=ZDN.
R

summed over all pairs r, s with either r>p or s>p. This expression characterizes I at
each point of the complex manifold X. Clearly we have that dic] (since d=3+3, etc.).

Associated with each real subspace V of C" is the holomorphic part HV)=VnJV
of V, and the complex envelope E(V)=V+JV. Note H(V)cVcE(V) with H(V) the
largest complex vector space contained in V and E(V) the smallest complex vector
space containing V. It is straightforward to check that the ‘‘regular integral elements’’
of I (see Spivak [Sp] for definitions) are:

(1) arbitrary if dimg V<p
(2) the subspaces V with dim¢c E(V)=p if dimg V=p.

Note. For a regular integral element V, a larger subspace W is also regular if and
only if E(W)=E(V).

Hence the Cartan-Kihler theorem implies the following.

Let N be a real-analytic submanifold of C" with dim E(T,N)=p for each zEN.
Then there exists a unique complex submanifold N, of complex dimension p in C";
containing N. Moreover, the tangent field to N along N is just E(TN).

In particular, N is maximally complex if and only if N is the boundary of a complex
submanifold (the case where T, N is a real hyperplane in E(T,N)).

Note. There is a brief elementary proof of these statements which avoids the
Cartan-Kéhler theorem. (This will not be true to the same extent for our later exam-
ples.) Consider 0 € UcR* where U is open and let f: U—-NcC” be a local real analytic
coordinate chart. There exists r>0 such that for |x|<r, f is represented
by a power series flx;,...,x)=Xa,x¥’ with complex vector coefficients. Set
F(zy,...,z)=X a,7' where z=x;+iy; and |z]<r. The hypothesis on N implies that the
rank of the complex Jacobian of F is exactly p for |x|<r and z real (i.e. at points of N).
Hence this is true for all z near zero. It follows that image (F) is a p dimensional
complex submanifold.

In Harvey-Lawson ([HL,], [HL,] and [HL;]) there is a complete discussion of the
global question of when N bounds a complex submanifold.

Example 11: Foliation geometries. Suppose that ¢ is a decomposable calibration on
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a Riemannian manifold X (actually we will not use the hypothesis dg=0 in the
following). Then %(p) consist of one point which we denote &. Locally, we may

choose an orthonormal frame e,,...,e, of vector fields so that g=efA...Ae}. Let

Y, ...,y denote the other axis p-forms, i.e., forms of the type ei,/\"'/\eip

where i;<...<i, and p<i,. Then the comass inequality ¢(§)<||§|| is modified into an

equality
[p@P+ >, (W@ = |lEl* for all E€Gp, T,X). 6.17)

Let I denote the differential ideal generated by vy, ..., yn. Then as a consequence of
(6.17) we see that I has only one p-dimensional integral element, namely ES, at the point
x. Exactly as in Example I the Cartan-Kéhler cannot be applied since there are no
regular integral elements of dimension p—1. To remedy this defect consider the
completed ideal

I= {¢ ET(AT*X): iy = 0}

of forms vanishing on span & for each x. This ideal [ is a Pfaffian system generated by
the one forms {e},,,...,e;}. Thus we are lead to the standard Frobenius theorem

applied to the Pfaffian system 7. If [ is closed (i.e. di</) then there exists a foliation
whose leaves are @-submanifolds.

II.7. The mass and comass ball

The importance of calibrations on R" with constant coefficients was discussed in
the last section. In this section we investigate these euclidean calibrations.

First we establish some notation and outline the elementary concepts. Let (,)
denote the standard inner product on R™ extended to A’R” and A’(R")*, and let | |
denote the associated norm. As defined above

llgl* = sup {@(&): EEGp, m) = N’R™}

is the comass norm. Let K denote the convex hull of G(p, m) in A’ R™. The mass norm
on A’R™, denoted || ||, is by definition the norm whose unit ball is K. Obviously, the
mass and comass norms are dual to each other (i.e. the unit ball in the comass norm is
K*, the polar of KX).
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Given ¢ €9K* (i.e., ||p|[*=1), the set
@)= {E€0K: (&) =1}

is called the dual facet of . Any subset Fc3K of this form is also called an exposed
facer of K, and it is the geometry of these exposed facets that is of central importance
to this paper. Note incidentally that the hyperplane {§ EA°R™: ¢(§)=1} is a supporting
hyperplane for K since K meets this hyperplane but lies entirely on the side where g=<1.
Thus, exposed facets are simply the convex sets obtained by intersecting K with
supporting hyperplanes.

A convex subset FcdK is said to be an extreme facet of K if each line segment in K
which has an interior point in F is a subset of F. Any exposed facet is an extreme facet.
Note that if E is an extreme facet of F and F is an extreme facet of K, then E is an
extreme facet of K. (The corresponding statement for exposed facets is false.) In
particular, each of the extreme points of I*(¢) is also an extreme point of X, i.e., a
simple vector. This proves the following.

LEMMA 7.1. Given ¢ EN(R™* of comass one, the ¢-Grassmannian G{g) is
precisely the set of extreme points of the exposed facet I*(p). Consequently I*(g) is
the convex hull of G(p).

The (exposed) facetal hull of a set Ac3K, denoted I(A), is the intersection of all
the exposed facets of K which contain A. The dual facet of AcdK is the set
J*(A)={pEoK*: ¢*(&)=1for all §EA}. Obviously, I*(I*(A))={EE€K: ¢(£)=1 for all
PEI*A)}=n{I*(@): p EI*(A)}=N{I*(p): A=I(¢)} =I(A). That is,

the double dual facet of a set AcdK is equal to the facetal hull of A. (7.2)
We now observe the following.

LEMMA 7.3. The dual facet of any subset A*<dK* is exposed. In particular, the
facetal hull of Ac3K is an exposed facet.

Proof. We may assume A* is closed an convex without changing J3*(A*). Let ¢g be
an interior point of A* (in the sense of convex sets). Then

SHA*) = I3*(@o) (7.4)

since the linear function ¢—@(&) (for some £ € 9K) attains its maximum value of one at
an interior point gy of A* if and only if it is constant on A*, This proves the first
statement. The second follows from (7.2).
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The exposed facets of K which are the largest (i.e., maximal under inclusion) are
exposed by extreme points ¢ of the comass ball K*. To see this suppose that J*(¢) is
maximal but that ¢ is not an extreme point. Then ¢ is an interior point in some extreme
facet F*coK* of dimension =1, and I*(F*)=3*(@) by (7.4). Let ¢ be an extreme point
of F* (and therefore also of K*). Then y € F* implies I*(y)2I*(F*)=J*(¢), and so
I*()=J*(@) by maximality.

It is of major importance here to determine the extreme points of the comass ball
since they lead to the maximal exposed facets of K and therefore to maximal geome-
tries. We begin our general discussion with the following basic lemma.

LEMMA 7.5. (Canonical form of a simple vector with respect to a subspace.)
Suppose VCR™ is a linear subspace and £E€ G(p, m) is a unit simple p-vector. Then
there exists a set of orthonormal vectors fi,...,f, in V, a set of orthonormal vectors
8-> 8, In V*, and angles 0<6;<n/2 for j=1,...,k (where k<r,s<p and r+s—k=p)
such that

E=(cos @ fi+sin@,g)A...A(cos O, f,+sinb, gINfi AN ALAg N Ag,.
{7.6)

Proof. Let m: R™—V denote orthogonal projection. Consider the symmetric bilin-
ear form on span £ defined by B(u, v)=(x(u), 7(v)). Let ¢, ..., €, and 4,, ..., 4, denote
the eigenvectors and eigenvalues of B respectively. Then +&=¢ A... N¢e,. Since
0<B(u, u)<|ul*, we have 0<A;<1 for all j. Rearrange the indices so that: 0<A;<1 for
=Lk Agr=...=A,=1 and A,.4=...=1,=0. Choose 0<6,<7/2 so that cos20j=lj
for j=1,..,k. Now |u(e)l'=B(;, e)=4=cos’d, for j=1,...,k. Hence,
£=c0s 6, f;+sin 0;g; for uniquely determined unit vectors fi€V and g;€ v+ and
J=1,. k. Set fi 1 =Epys s [i=E, 8a1=8,4p) -+ 8,=¢,. Since Ble, )=0 for i=%j, a(e)
and 7(g;) are orthogonal for i%j which proves that f,,...,f, is an orthonormal set of
vectors in V. Moreover, {(¢&~7(e), e,—n(e)) = (¢, ;) —B(e; €), which vanishes for i+j.
Therefore g,,...,g, is an orthonormal set of vectors in V*. Replacing
f, and g, by —f, and —g, if necessary, the proof is complete.

Sometimes it is convenient to eliminate unnecessary variables. Given a form
@ EN(R™)*, a subspace V*<(R™)* is said to envelope ¢ if g ENV*<N(R™*. There is
a unique minimial subspace which envelopes @, namely:

spang = {n_lp:n EN"'R™}. o))
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This subspace consists of the essential variables for ¢. Note that
(span@)* = {vVER™ v _|lgp=0}"*. (7.8)

PROPOSITION 7.9. Given @ EN(R™* of comass one, the dual facet I*(¢) is
contained in the subspace N’ (span g)* of A°R™.

Proof. Since 3*(g) is the convex hull of the g-grassmannian G(¢) it suffices to show
that each n € G(¢) is contained in A?(span @)*. We may assume that 7 is in the canonical
form given by Lemma 7.5 with respect to the subspace V= (spang)*. Since each
g€V*, we have g_lp=0. Consequently, |p(n)|=cos0,...cosOlo(fiA.. . Af)|<
cos 8, ...cos 6,<1 unless k=0, and hence tn=f{A...Af,EAV.

Remark. Sometimes Proposition 7.9 will be used in the following form. Given
@ EN(R™)* the set {EEG(p, m): p(&)=]|@||*} of unit simple p-vectors that maximize ¢(§)
is contained in A’ (span @®*<=A’ R,

PROPOSITION 7.10. Let R*=V®W be an orthogonal decomposition. Suppose
@ ENTIV* has comass one and wENW* is a unit decomposable g-form. Then
o AYENR™* has comass one, and

GleAy)={EAN:EEG(P)}
where n € NTW is the unit simple q-vector dual to .

Proof. By Proposition 7.9 we may assume W*=span (). Let £€ G(p, m) be any
unit simple p-vector and put £ in canonical form with respect to V as in Lemma 7.5.
Since g, ..., g, are orthonormal in V=W we must have s<q. Moreover (pAy)(§)=0

unless s=g, in which case y(g;A...\g,)==*1 (we may assume +1) and

(@AY)(E)=%sinb,...sin@,p(f . A ... \f)

<sinf;...sinf; < 1. (7.11)

Thus || Ay|[*=1. Moreover, the only possibility for equality in (7.11) is when k=0 and
§=f]/\.../\ﬁ,_q/\g1/\.../\gq. In this case we have (pAy)(§=1 if and only if
LN A fp_qE G(¢). This completes the proof.

The following is a third application of Lemma 7.5. Case 2 is a result of Federer.

PROPOSITION 7.12. Let gp=efA...Ney+ex,,

has comass one and G() is given as follows.

A...Ne3, € N(R™)*. Then for p=2, ¢
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Case 1 (p=2). Let Je,=e,, Je;=¢,, define a complex structure on
C*=span{e,, ..., e,}.
Then G(¢) consists of all canonically oriented complex lines in C*’cR”™.
Case 2 (p>3). G(@={e,A...N\e,}U{e,, (N...\e,,}.

Proof. By Proposition 7.9 we may assume that m=2p. Case 1 is a direct conse-
quence of the Wirtinger inequality (see Theorem 6.11), so we can assume p=3.
Suppose &€ G(p, 2p) and put & in canonical form with respect to V=span {e,, ..., e,} as
in Lemma 7.5. Then @(&)=xcos6,...cos6,+sin,...sin0,<[cos’f,...cos’0,+
sin® @, ... sin’ Op]%Scos 6,...cos6,+ sin,...sin 6, which we may assume by induction
on p is <I1. The second inequality is an equality if and only if
cos0,=...=cos§,=1 or sinf,=...=sin g, =1. It then follows easily that @(&)=1 if and
only if either §=e;A...A¢, or =€, N\... ey,

We now investigate the largest exposed facets of the comass ball K*. These are the
facets of the form J*(&) where £€ G(p, m). Given a unit decomposable p-vector &, we
may choose an orthonormal basis e,,...,e, for R™ so that &=e,N...Ne,. Let
e;"Ee;‘:/\.../\e;’;, [|<i)<...<i,, denote the Ith axis p-form. The axis p-form g=e¢f ,
certainly belongs to JI*(§). It is clear that £ is an exposed point of the mass ball,
exposed by ¢. That is I*(p)={&}. Consequently, by (7.2) the facetal hull of ¢ is exposed
by &. That is,

Sep) = I(6).
Now we shall prove that ¢ is the centef of an axis ‘‘diamond”’ contained in JI*(&).

PROPOSITION 7.13. Suppose §=e A...Ne, and p=ef\...\ey. If Yy=e} is an axis
p-form with dim (spangNspany)<p—2 (i.e., [IN{1,...,p}|<p—2), then =y is on the
boundary of the facet I*(). Moreover, the diamond D formed by taking the convex
hull of the axis p-planes tef with |IN{1, ..., p}|<p—2 has the following two properties:

() p+D=I*(&)
Q) I*(&) caffine span of p+D.

By the affine span of a set A we mean the smallest affine subspace containing A.

Remark. 1t is clear that we may replace D in Proposition 7.13 by the larger set D’
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defined to be the convex hull of all unit simple p-forms y such that dim(spangn
spany)<p—2 and spany=(span ¢ Nspan )@ ((span ¢)* Nspan ).

Remark. The fact that J3*(§)caffine spang+D provides a useful procedure for
discovering interesting forms of comass one. Suppose ¢ has comass one and G(¢p)
contains an axis p-vector, say e; (with respect to some orthonormal basis ey, ..., e,, for
R™). Then p(m—p)+1 of the coefficients of = Xp=,91 efare determined. Namely ¢,=1
and ¢;=0 for each I with {InJ|=p—1. Thus, forms ¢ of comass one such that G(¢p)
contains several axis p-planes are severely limited.

Proof. First we establish the following fact. Suppose ¢ and vy are axis p-planes in
(R™)* with intersection of dimension p—2 or less. Then

A +uy[* = max {[4], [u]}. (7.14)

Because of Proposition 7.9 the largest value of (Ag+uy) () for n € G(p, m) is attained
when 7 € A? (span @+span y)*. Thus we may assume that there exists an orthonormal
basis e,,...,¢, for R” with p=efA...Nexand y=efA...Ne;_Nex  A...Ne;,, where
pti=mandz2. Thatis Ap+uy=efA...Nej_ A(hej_,, A...Nef+uek, A...Ae¥, ). Now
Aep N Nextuel A Nek,, has comass max {|4], |u[} by Proposition 7.12 since
1=2. Applying Proposition 7.10 completes the proof of (7.14).

In order to prove the first part of Proposition 7.13 we compute the comass of g+ ty
using (7.14) and obtain ||@+ty|*=max {1, |¢|}. Consequently ¢+ y is on the boundary of
the comass ball if and only if —I<t<l1. Since (p+1y)(£)=1 the line segment
{@+ty: —1<t<1} is contained in the dual facet I*(&) and g+ belongs to the boundary
of this facet J*(§). This also proves that the diamond D has the property that
@+DcI*(E).

It remains to show that JI*(&) is contained in the affine span of @+D. Suppose
® EJ*(E) with = Zl’,’=p ®,ef. First note that @, ,=®(£)=1 since ®EI(). Now
consider I such that [In{1,...,p}|=p—1. Say, for example, I=(2, ...,p, p+1). We must
show ®;=0. Let n=(cos fe,+sinbe,, ) Ae,A... Ae,. Then ®()=cos 0+, sinf which
is = +(I>f)% with this maximum value obtained for 6 with cos@= (l+<I>§)_%. Since
®(n)<1, this proves ®;=0. Therefore ® belongs to the affine span of gp+D, completing
the proof of Proposition 7.13.

A more careful look at the proof of Proposition 7.13 enables us to compute the
@+ Grassmanian.
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PROPOSITION 7.15. Suppose @=ef/A...Nej+efA...Nek Ner A...\ek,, for =2,
Then ||@|[*=1 and G(g) is given as follows.

Case 1 (I=2). Define a complex structure on V=span{e, ,,...,e,,,} by setting
Je, 1=e, and Je,,,=e,,,. Then G(@)={e,\...\Ne,_,An:7 corresponds to a canonically

oriented complex line in V<R™}.

Case 2 (123). Gp)={e;\...Ne,}U{e,A...Ae,_Ne, . (A Ne,y )

In the special case of A>’R™ (and by Hodge duality A" 2R™) we can give a complete
description of the facets of both the mass and the comass ball.

THEOREM 7.16. Suppose F is an extreme facet of the mass ball K in N’R™. Then
there exists a subspace R*cR"™ of even dimension, a (orthogonal) complex structure J
on R*(=C"), and a form g=efN\Jef+...+eXNJek (the associated Kdihler form) on C*
such that F=3*(p) is an exposed facet and 4(¢)=P" (C) is the grassmannian of
complex lines in C"<R™. The dual facet F* consists of @+{y € N(R*)1)*: |ly|*<1}.
Moreover, each extreme facet of the comass ball K* is of this form.

The standard proof is omitted.

Remark. Note that, in particular, each extreme facet of the mass or comass ball is
also an exposed facet. Also note that the extreme points of the comass ball are just the
points g=efAJef+...+efAJe* with n=[m/2].

Similar resulits hold for the mass and comass ball in A" 2R™and A™ %R™)*, since
N R"=A""1R" with G2, m)=G(m—2,m).

This Theorem 7.16 says that we have not overlooked any constant coefficient
calibrations ¢ on R™ which are of degree p=2 or p=m—2. For p=2 the only possibility
is the standard Kahler form w (with respect to some orthogonal complex structure on
R*cR™). For p=m—2 the only possibilities are

(n—ll)' o™ (for m=2n even)

and
1

(n—1!

0" 'Ae, (for m=2n+1 odd).

Remark. The Hodge *-operator gives an isomorphism of A’(R™* and A" P(R™)*
which preserves the comass ball. Consequently, one need only consider p<2, in
examining the facets of the mass ball K or the extreme points of the comass ball K*,
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We conclude this section with an example of how the above ‘‘algebraic’ results
can be used to study g-chains.

THEOREM 7.17. Suppose R"=V@®W is an orthogonal decomposition and
PENV*c N R™ is a parallel calibration on R™ depending only on the variables in V.
Each positive g-cycle T on R™ must be of the form

I= 2 T;® [a]
=1

where {a|, a,, ...,} is a discrete subset of W and each T; is a positive ¢-cycle in VeR™,

Proof. By hypothesis T€ R*(R™), dT=0 and ¢(T)=1 for ||T||-a.e. xER™. By
Proposition 7.9 (also see the remark following this Proposition 7.9), we know that
TENVcAN R for ||[T]]~a.e. xER™.

Let y denote the characteristic function of the product of a ball in V with a ball in
W, chosen so that xT is an integral current. We may apply the next Theorem to 7, and
complete the proof of Theorem 7.17 except for the conclusion that {a,, ...} is discrete.
This last fact follows immediately from the results of Section 5 which gives a lower
bound for the mass of a positive g-cycle S in a ball of radius r.

THEOREM 7.18. Suppose R"=V@® W is an orthogonal decomposition. Each inte-
gral current TEL(R™) with T(x) ENV for ||T|—a.e. x is of the form

T= Z S;® [4]
j=1
where S;€1,(V) and

N(T) = >, N(S)).
i=1

Proof. Integral currents R with the property R(x) EA?V for ||R||—a.e. x will be
referred to as being horizontal. The decomposition theorem in [F,], 4.2.25 implies that
T can be decomposed into X2, T; with N(T)=X N(T)) and each T; indecomposable. A

J
current REIP(R"’) is said to be a piece of T if N(T)=NR)+N(T—R). If a current
TEI,(R™) has a piece different from T and 0 then T is said to be decomposable.
Otherwise T is said to be indecomposable. Of course each T; in the above decomposi-

tion is a piece of T. Consequently, we must show:

(1) If TEL,(R™ is horizontal then each piece R of T is horizontal.
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(2) If TEL,(R™) is horizontal and indecomposable then T must be of the form
S®[a] for some indecomposable S €1,(V) and some a€EW.

Proof of (1). Let y denote a linear function on W. A current S can be uniquely
expressed as SoAdy+S, where S and §; can be expressed in terms of one forms
orthogonal to dy. The current § is horizontal if and only if §;=0 for each linear function
yon W. Consequently T=TyAdy; and if R=Rydy+R, is a piece of T we must show that
R,=0. First note that

M(Ro A dy) = sup {(Ro A\ dy) (): dy _Jy =0, |ly|* <1}
= sup {(Ro Ady+R) (¥):dy 1y =0, ||yl <1}
<sup{(RoAdy+Ry) (p+@ Ady):dy ly=dy lo=0,
and |ly+edy|*<1}
< MRy ANdy+R)).
Next we prove that equality holds, i.e. M(RoAdy)=M(R), if and only if R,;=0.
To prove this we may choose y with dy_ly=0 and |¢|*=1 so that
(RoAdy) ()=M(Rop)=M(RoAdy). Also choose ¢ with dy_lp=0 and |¢[|*=1 so that
Ri(pAdy)=M(R)).
Then for each 6,
cos OM(Ry A\ dy)+sin OM(R,) = (Rg Ady+R ) ((cos O) y+(sin0) ¢ A dy)
< M(R)||(cos 8) w+(sin 0) ¢ A dy||*
< M(R).

To prove the last inequality note that

I+ A dyll* < V([wll*)+(lel*)".

This can be seen as follows.
Let e*=dy and put §€G(p, m) in canonical form with respect to e. That is
E=((cosa) e+(sina) V) Ay where e_ln=0 and ¢ L V. Then
W+ Ady)(&) =cosalp Ady)(e Ap)+sinay(v An)
< cos afjg||*+sinafly|* < V(lel|*)+(lw[*)?.

The inequality

cos OM(R)+sin MR ) < M(R)

6—812904 Acta Mathematica 148. Imprimé le 31 aont 1982
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established above for all ¢ implies that M(R,)=0 as desired. Now by hypothesis
M@R)+M(T-R)=M(D).

Also M(RoAdy)<M(R) with equality if and only if R,=0. Similarly
M(T-RoNdy)sM(T—R) with equality if and only if Ry=0. Therefore M(RoA dy)+
M(T—RyAdy)<M(T) and hence equality must occur. That is R;=0. This proves part
(1) that R is horizontal.

Proof of (2). Suppose T is horizontal. If A is any Borel subset of W, the current
xaTis:

(i) integral with boundary y, 0T
(ii) horizontal
(iii) a piece of T.

Proof of (i). Smooth T by smoothing each coefficient. This gives a family of
smooth T, with T.—T and each T, horizontal. Since 3(x, =@y JAT +y,3T,=x,3T,,
we have (x4 T)=y40T.

Proof of (ii). Obvious.

Proof of (ii)). M(aT)+M((1—yx4) T=M(T); and M(3(x4 T))+M((1—x4) D) =
M(@3T), because of (i).

The measure, v(A)=M(y4 T) for all Ac W, must be concentrated at a point a € W or
(i), (ii) and (iii) above imply that T is decomposable. Therefore T must be supported in
Vx{a}. Since T is flat it must be of the form S®[a] by a support theorem of Federer
[Fi].

Appendix II.A. Positive @-currents

Suppose ¢ is a p-form of comass one on a riemannian manifold X, and consider the
associated Grassmann g-geometry. In this appendix we discuss various equivalent
definitions of a positive g-current. It is not necessary to assume ¢ is closed. In fact, one
can axiomatize the properties of ¥=%(¢) needed for the discussion. However, we
prefer to work with the case of g-geometries.

Definition A.1. Suppose i is a smooth p-form with compact support (i.e. a test
Sorm)on X. If (v, & )=0for each &, € Yq), then y is called a p-non-negative test form.
If y is only continuous and the above condition holds, then y is called a g-non-negative
continuous test form. Note that the cone of @-non-negative test forms includes the
vector space which anhihilates the span of %(¢).
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The notion of a positive ¢-current can be expressed dually in several different
ways.

PROPOSITION A.2. Let T be any deRham current of dimension p on X. Then the
SJollowing are equivalent.

(@) w_IT is a positive measure for each @-non-negative test form .

(b) TE J%})OC(X) and y_IT is a positive measure for each @-non-negative continuous
test form .

(¢} T is a positive @-current on X.

Remark. Condition (a) may be rewritten as

(a)’ T(y)=0 for each g-non-negative test form v, since (y_IT) (f)=T(fy) for each
smooth function f.

Similarly, (b) may be rewritten. As an immediate corollary of (a)’ we have that:
The cone {T€ Z,(X): T is g-positive} is weakly closed in 2,(X).

Proof. Clearly (b) implies (a). We show that (c) implies (b). By hypothesis,
TE ML"“(X) and T€ ch 9% ¢), ||T||-a.e. Hence, given a @g-non-negative continuous test
form y we have (y, T)=0, ||T]|—a.e., and so

(w_m(f)=T(fw)=f (v.T)fd||T|=0
X

for any continuous function f=0. Therefore, the measure (y_]|T) is positive as claimed.

It remains to prove that (a) implies (b). We must show that T€ /&t},“(X), ie,thatT
has measure coefficients. Fix a compact set K<=X. Consider the associated compact set
SHP)={EENT, X, &) =1, ||&I|=1 and xEK}. Since p=1 on J%(¢) we see that any
form sufficiently close to ¢ (in the C%topology) will be positive on Ji(@. It follows

easily that given any point x € X, we can find non-negative test forms ¥, ..., Yy giving
a local frame field for A’T*X near x. By hypothesis each y;_|T is a positive measure.
Therefore T has measure coefficients.

It remains to show that T, € 3¥(¢)=ch ¥4 (¢ for each x€Leb (7). Recall that for

x€Leb(7) and any test form vy,
[ awan
B(x, £) )

(T, y,) = lim

o (A.3)
” f d||T|
B(x, ¢)
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To begin we consider the open set U={x€X:||¢||*<1}. Note that for any x€EU, we
have 3¥(¢)=0D, and so any test form y with support in U is automatically non-negative.

In particular, T(y)=0 and T(—vy)=T(y)=0. It follows that

1w =o,

and we need only consider points x where |Jg.||*=1.
Fix such a point x and consider the cone C,(¢) on J}(¢) with vertex the origin. By

definition, the dual cone to C (@) is Ci(@)={y EN’TEX: (y,, &)=0 for all §, € C(p)}.
Since C@) is closed and convex, the Bipolar theorem states that (Ci(¢)'=C (9.
Therefore T, € C.(¢) if and only if

(T, ¥,) =0 (A4

for all v, € C{(@). Now the interior of C{¢), which consists of all ¥ which are strictly
positive on J¥(g) (e.g. g itself), is dense in C/(gp). Hence, it suffices to establish (A.4) for
all such 9,. Recall that if KcX is compact, then JE(@)=U ¢, I¥(¢) is also compact.
Consequently, if v, is strictly positive on J¥(¢), then any continuous p-form y
extending y, is strictly positive on 3¥(¢) for all y near x. Consequently, given any y,
which is strictly positive on J3*(¢), we can find a ¢-non-negative test form i extending
¥« Applying (A.3) to v we obtain (T, y,)=0as desired. This completes the proof.

Remark. Each current of the form 7=6,&, with & €C(¢) for some x€EX is a

positive g-current. Let C denote the cone all (finite) convex combinations of such
currents. First consider C as a cone in /I/t;,°°(X). Then the cone dual to C is exactly the

cone of g-non-negative continuous test forms. The Bipolar theorem states that the
double dual of C is the weak closure of C. Consequently, by Proposition A.2, we have

COROLLARY A.5. The weak closure of C in MZ’C(X) is the cone of positive @-

currents.

In exactly the same way one can prove:

COROLLARY A.6. The weak closure of C in the space D(X) of deRham currents,
is the cone of positive @-currents.

Let A.(¢) denote the linear span of 4,(¢) in A’T, X. Using the riemannian metric to

introduce an inner product (,) in A,(¢) we may define the cone
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CHp={nEN@D: (n,,E)=0 for all £ EC (). (A.7)

Since *(n,, £)=n,A%&,, the original cone C,(¢) is contained in the cone Cl(¢) if and
only if %(n.A%£)=0 for all &,7, €C(g; that is if and only if 1, and &, are
compatibly oriented for every pair n,, &, of ¢ planes.

It is natural to consider the ¢'(¢)-geometry defined by setting
(9= Cl(9) N G, T, X). (A9

If C(p)=Cl(¢) and

4@ U (—9(@) =N n Gp, T .X)
(Question 6.3 above) then

G (p) = Yp).

Consequently, the positive 4'(¢) chains are just the positive 4(¢) chains.
Nevertheless, it is useful to consider the cone of currents T€ ML‘”(X) such that

T.€Cli(p for ||T||-a.a. x.
These currents are called weakly positive @-currents.

Example 1: Complex geometries. Here \.(¢) is just the space NPT x of real p, p-
vectors. In [HKn], the cone C (@) is called the cone of strongly positive p, p-vectors;
while C;((p) is called the cone of weakly positive p, p-vectors. Note that ¥(& A ¥n)=0 for
complex planes &, 77 so that C(p)=C'(g) (and hence ¥'(¢)=%(¢) are remarked above). If
p=1orn—1, then Ci((p)=Cx((p); however for 1<p<n—1 C,(¢) is a proper subset of C;(qo).
(See [HKn] for proofs and further results.)

III. Special Lagrangian geometry

In this chapter we shall study the geometry of n-folds in R*=C" associated to the
calibration a=Re {dz;A...Adz,}. The submanifolds in this geometry are Lagrangian
submanifolds of C" which satisfy an additional ‘‘determinant’’ condition. They are
therefore called *“Special Lagrangian’’ submanifolds. They, of course, have the proper-
ty of being absolutely area minimizing.

In the first section we prove that a has comass one and characterize the Grassman-
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nian of Special Lagrangian n-planes. In the second section we derive a differential
equation whose solutions correspond to the Special Lagrangian submanifolds. In
particular, we consider any such manifold M locally as a graph over its tangent plane.
When M is Lagrangian, this graphing function is the gradient of a scalar ‘‘potential’’
function F. We derive a second order differential equation for F which holds exactly
when M is Special Lagrangian. For example, when n=3, the equation is: AF=
det (Hess F). This equation is non-linear, but we prove that its linearization at any
solution is always elliptic.

We then present a number of explicit constructions of special Lagrangian varieties.
For example, we prove that the normal bundle to an “‘austere’’ submanifold of R” is
always special Lagrangian in T*R"=R*" There are two cases of particular interest. A
surface in R” is austere if and only if it is minimal. Hence, the conormal bundie of any
minimal surface is a special Lagrangian variety. The second case consists of cones on
austere submanifolds of the sphere. In particular, each compact minimal surface in S°
gives rise to a topologically complicated, minimizing 4-dimensional cone in R®. Many
new singularity types for minimal currents are constructed in this way.

In the next section we show the relationship of special Lagrangian geometry to the
work of Hans Lewy [Ly] on harmonic gradients,

The last section examines boundaries of special Lagrangian varieties and the
Cauchy problem for the special Lagrangian differential equation.

As we point out in Chapter V (Section 3), Special Lagrangian geometries are
naturally defined on any Ricci-flat Kédhler manifold. The existence of such manifolds is
established by Yau’s recent proof of the Calabi conjecture. ‘

HI.1. The special Lagrangian inequality
Let C" denote complex euclidean n-space, with coordinates z=(z,, ..., z,), where
z=x+iy with x=(x,...,x,) and y=(y,,...,y,). Let R” denote the subset of C" where

y=0, with the standard orientation. The form we shall study is
a=Re{dz; \... Ndz,} EN"C". (1.1)

An oriented real n-plane & in C" is called totally real if it contains no complex lines.
That is, if # € implies Ju € . An oriented real n-plane ¢ in C” is called Lagrangian if
the stronger condition,
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Jul¢ forallu€g, (1.2)

is valid.
Let (,)=L},dz;®dz; denote the standard hermitian form on C”, let
(, Y=L, dxf+dyf denote the standard inner product on C”, and let w=X (i/2) dz;A\ dz;

denote the standard Kihler form on C". They are related by the formula

(u, v) = (u, v) ~io(u, v),
for all vectors u, vE€C”.
Therefore (Ju,v)=Re(Ju, v)=Rei(u, v)=—Im(u, v)=w(u, v). Consequently we
may rephrase the definition of Langrangian replacing (1.2) by the following:

w restricted to { vanishes. 1.2y

Consider the grassmannian G(n,2n) of oriented real n-planes in C”, and let Lag
denote the subset consisting of the Lagrangian planes. (Note that Lag consist of
oriénted planes.) One can easily check (using either (1.2) or (1.2)’) that the unitary
group U, acts on Lag. Moreover this action is transitive. Suppose that {=¢ A...Ag,
and {'=¢ A...Ag, are Lagrangian with the epsilons denoting orthonormal bases. Then
£y, ..., &, JEy, .00, Je, and g, ..., &, Jey, ..., Je, are both orthonormal basis for R¥=C".
Consequently the linear map A sending the unprimed basis into the primed basis is
unitary and A¢=¢’. The isotropy subgroup of U, at the point (,=R"is SO, acting
diagonally on R*"@R". Thus

Lag=U,/SO,. (1.3)
Definition 1.4. An oriented n-plane  in C” is called special Lagrangian if
(1) ¢ is Lagrangian
(2) £=AL,, where A € U, has the special property detA=1.
Thus we have singled out the fibre above 1€ S! in the fibration

det
Lag=U,/S0,—5 §'.
ag=U, /SO, — (1.5)
This fibre above 1€ S! consisting of all the special Lagrangian n-planes will be denoted
S (Lag).

Remark. Each fibre of the map (1.5) is the Grassmannian associated to a calibra-
tion on R?". In fact, this family of Grassmannians belongs to the family of forms:
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ag=Re{e”-dz; A ... Ndz,)}

for 0<<6<2sz. Thus we have an S'-family of ‘‘Special Lagrangian’ geometries compati-
ble with the given complex structure. Since these geometries are equivalent under U,
it will suffice to study the one associated to a=ay.

For notational convenience we set

B=Imdz=Im{dz; \... Ndz,}
so that dz=dz; A ... Adz,=a+i8, with a and § real.
THEOREM 1.7. For any £ € G(n, 2n)cA"R?",
|dz(©)* = a(Q* +B(&)* = [E AJE|.

Proof. Suppose ¢€i,...,&, is an oriented basis for {€G(n,2n) (not necessarily
orthogonal). Let e, ..., e,, Je,, ..., Je, denote the standard basis for R"®R"=C". Let A

denote the linear map sending e; to ¢; and Je; to Je;. In particular A is complex linear,
and Al=egA...Ae,=A(e,A...Ne,), where 1>0. Now (dz,A...Adz,,A(e/A...Ne,))=

detc A, and since dz;A...Adz,=a+if this can be rewritten as
Aa() = Re(detc A) (1.82)
AB(%) = Im (detc A). (1.8b)
Thus

a(AD*+BAE)* = |det A’ = detg A = |A(e, AJe,A...Ne Ne))|
= |A(e, ... Ne, Ne A...NJe)|=2|EAJE).

This completes the proof.

LEMMA 1.9. [EAJE|<|?, for all L€ G(n,2n), with equality if and only if  is
Lagrangian.

Proof. Let ¢, ...,¢&, denote an oriented orthonormal basis from {. Hadamard’s
inequality implies that

[EATE = e, Ao A NTe A NTe, | < e | ... el Ve ... [Te,],

with equality if and only if ¢,,...,¢,, Je, ..., Je, is an orthogonal system. Since § is
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Lagrangian if and only if ¢,...,¢,, Je, ..., Je, is an orthogonal system, the lemma

follows.

THEOREM 1.10. The form a=Redz has comass one. In fact, a(5)<|E| for all
EEG(n, 2n), with equality if and only if { is special Lagrangian.

Proof. ’az(C)+ﬂ2(§)=|C ANJE|<|E*, with equality if and only if ¢ Lagrangian. There-
fore a(8)<|l| and equality holds if and only if ¢ is Lagrangian and upon writing
{=A(e\...Ne,) with A unitary, detc A=a()+if(0)=1.

COROLLARY 1.11. Suppose & € G(n, 2n). Then either ¢ or —{§ is special Lagrangian
if and only if

(1) & is Lagrangian,
and

(2 B©=0.

Moreover, if A is any complex linear map sending Lo=e A\...Ae,, into AL with
AER, then AB(0)=Imdetc A.

Proof. The characterization of £¢{ special Lagrangian is an immediate consequence
of the proof of Theorem 1.10. The fact that A8({)=Imdetc A is just (1.8b).
The above results imply, in particular, that a=Re dz is a calibration.

Definition 1.12. The form a=Re(dz) on C” is called the special Lagrangian
calibration on C".

Remark. The form a is left fixed by SU,, but not U,,. Also SU,, acts transitively on
S (Lag) with isotropy subgroup at {;=R"c=C"equal to SO,; i.e.

S (Lag) = SU,/SO,. (1.13)

The results presented above contain an alternate definition of a Lagrangian subspace
of C”.

PROPOSITION 1.14. |dz(Q)|<|¢| for all € G(n, 2n) with equality if and only if € is
Lagrangian.

Proof. By Theorem 1.7 and Lemma 1.9
ldzy A ... Adz, QP = |E ATE|<|E)

with equality if and only if ¢ is Lagrangian.
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This characterization of Lagrangian planes can be used to graph a Lagrangian
submanifold over one of the 2" axis Lagrangian planes.

COROLLARY 1.15. Suppose { € Lag is not one of the axis n-planes. Then ¢ can be

written as the graph of a linear map over at least two of the 2" axis Lagrangian planes
(cf. Arnold [A], Chapter 8.41 D).

Proof. Expand out
(dx, +idy) A ... N(dx,+idy,) = D, Gi+i D,

where the £} and the #} are the Lagrangian axis planes, and apply Proposition 1.14.

Remark. An alternate approach to the ‘‘special Lagrangian inequality”’, a(8)<|Z|,
is provided by the Kihler equalities derived in Chapter I1, Section 6. This approach will
not be used in the remainder of this paper. Let Q, denote (1/p!)w”. Recall that

Case 1 (n=2p even).

Mz, A oo Az O+, + D, d2 AR, O+ +[2,E)T = |6 (1.16)

=2k

Case 2 (n=2p+1 odd).

|z, Ao Ad2@P 4.t D) 12 AQ,_(OF+..t D ldg, AQOF = ¢ (1.17)
=2k+1 Jj=1
Since [a(Q)I*+[B(O)P=|dz({)]*, the above two equalities immediately imply
a(0)<|¢|. The proof of (1.16) and (1.17) shows more; equality holds if and only if § is
special Lagrangian.

II1.2. The special Lagrangian differential equation
HI1.2.A. The explicit formulation
Definition 2.1. An n-dimensional oriented submanifold M of C” is called a (special)
Lagrangian submanifold of C" if the tangent plane to M, at each point, is (special)
Lagrangian.
Suppose that M is a special Lagrangian submanifold of C”. Locally M can be
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described explicitly as the graph of a function over a tangent plane. Since all special
Lagrangian planes are equivalent, under SU,, to the axis plane {,=R”, we may
consider M to be given as the graph, in R"+iR"=C", of a function y=f{x) where
z=x+iy.

Recall the classical fact.

LEMMA 2.2. Suppose QcR” is open and f: Q—R" is a C' mapping. Let M denote
the graph of f in C"=R"+iR". Then the graph M is Lagrangian if and only if the
Jacobian matrix ((3f'18x))) is symmetric. In particular, if Q is simply connected, the M
is Lagrangian if and only if f=VF, is the gradient field of some potential function
FECHQ).

Proof. We replace f by its Jacobian f, at some fixed point. Then f,: R"—>R" is
linear and its graph is of the form TM={x+if,(x): x ER"}. By definition TM is Lagran-
gian if and only if JuLTM for all v€ TM. Suppose v=x+if,(x). Then Ju=—f,(x)+ix.
Thus TM is Lagrangian if and only if —f,(x)+ix and x'+if,(x") are orthogonal for all
x,x' €ER", i.e., if and only if —(f,(x),x")+{x, f(x"))=0 for all x, x’ ER". Consequently
M is Lagrangian if and only if the Jacobian matrix of fis symmetric at each point of Q.
Since Q is simply connected, this is equivalent to the existence of a potential function
F: Q—R with VF=f.

In order for the graph of f to be special Lagrangian it must be Lagrangian and
satisfy one other condition. Let

3*F
Hess F=
wr=((55a7))

denote the Hessian matrix of F: Q—R and let o;(Hess F) denote the jth elementary

symmetric function of its eigenvalues.

THEOREM 2.3. Suppose F € CHQ) with QP"<R" Let f=VF denote the gradient
field, and let M denote the graph of f in C"=R"@iR". Then M (with the correct
orientation) is special Lagrangian if and only if

[(n=1)/2]
(—l)kOZkH(HeSSF):O, 2.4)
k=0

or equivalently,

Im {detc (I+iHess F)} = 0. (2.4)
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Remark.- The special case n=3 is worth noting. In this case (2.4) becomes the
simple and beautiful equation

AF =det(Hess F).
That is, the Laplacian of F equals the Monge-Ampére of F.

Proof. Replacing M by the tangent space to M at a fixed point, we may assume that
Ff:R">R"is linear and symmetric. In fact, fis simply the linear map associated with the
quadratic form Hess F. The graph of f is the image of {,=e,A...Ae,=R" under the
complex linear map A: C"—C”" defined by A=I+if. It now follows immediately from
Corollary 1.11 that M is special Lagrangian if and only if (2.4)’ holds. It remains only to
prove the equivalence of (2.4)’ and (2.4).

Since the action of SO, on C”, given by g(x+iy)=gx+igy, preserves the set of
special Lagrangian n-planes, we may replace f by any linear map of the form
gofog ! for g€ SO,. In particular since fis symmetric, we may assume it is diagonal
with eigenvalues 4, ...,4,. In this case we have Im {det.(I+if)}=Im {IIL, (1+il)}=
2. (=Dfoy, . ,(H. Since the first and last terms are SO,-invariant, this proves the

equivalence of (2.4) and (2.4)’ in general.

Remark 2.6. From equation (1.8a) and the argument above,

{n/2}
Aa(t) =Re [det. (I+iHess F)] = ., (—1)*ay, (Hess F).
k=0
(Here go=1 by definition.) The correct orientation for the graph of fin Theorem 2.3 can
be determined by computing the sign of a(§) from the equation above. That is, if
equation (2.4) is satisfied (so that £ is special Lagrangian), then

(signa(Z))- ¢ € S(Lag).

One can show that {{ € §(Lag): £ can be graphed over R"=C"} has n components if » is
even and n—1 components if #n is odd.

From the main Theorem I1.3.5 and the discussion above we now have the follow-
ing result:

THEOREM 2.7. Suppose F€CXQ) with Q®"<R" If F satisfies the differential
equation

{(n=1)12]
(-0, (Hess F) =0 (2.8)

k=0
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on Q, then the graph of VF is an absolutely volume minimizing submanifold of R*".
Consequently, the regularity results of Morrey [M) imply that any C* solution of
equation (2.8) is real analytic.

II1.2.B. Elipticity

The differential equation derived in part A above is non-linear, but it has some
remarkable and beautiful properties. We shall show here, for example, that the lineari-
zation of this equation at any ‘‘solution’’ is an elliptic operator of laplacian type.

Suppose we are given a real-valued function F over a domain Q<R”, and consider
the gradient map f=VF: Q—>R" with Jacobian matrix

fi=F,,=Hess(F)

at each point. Letting e, .., ¢, denote the canonical basis of R”, the special Lagrangian
condition is that
{ al(e;+ifye) A .. N(e,+if e )>0
ﬁ((ef"lf* ePpN.L A (e,"H:f* en)) =0

which leads immediately to the equations

Re {det(I+if,)} >0 (2.9
Im {det.(I+if,)} =0. .

The second line in (2.9) is simply the equation (2.8) derived above. The inequality in
(2.9) determines the appropriate orientation.
We now consider a scalar function U on Q and set u=VU: Q—>R. As before we

write
u, = U,, =Hess(U).

Assuming that F is a given solution of (2.9), we want to consider the linearized

operator:

LU= Im%dete (I+i(f+tuy)} (2.10)
t=0

on all such functions U. For simplicity we write

A=I+if,
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and observe that
det (A +itu,) =det(A)det (I+itA" 'u,).

Consequently,

%det (A+itu,)| =det(A)tr(iA™'u,) =tr(iA*u,)

=0
where A* denotes the transposed matrix of cofactors of A (considered as an
nXn complex matrix). Observe now since u, a real nxn matrix, we have that
Im (tr (A *u,))=tr Im (iA*) u,)=tr (Re (A u,). Hence, the linearization can be written
as

LAU)=tr{Re(A*)-U,,} (2.11)
and the inequality from (2.9) is reexpressed as
det(4)>0. (2.12)

Observe now that Ly is elliptic if and only if the matrix Re (A*) is positive definite.
However, after an appropriate orthogonal change of basis the symmetric matrix f,
becomes diagonal and we can write

1+ik, 0
A= el
0 1+i,
Then
1
0
1+ik,
A* = e detA,
1
0
1+id,
and by (2.12) we have that
1
0
1+23
Re(A*) = - detA>0.
1
0 _
1442

Thus we have proved the following:
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THEOREM 2.13. The linearization of the special Lagrangian operator at any
solution F of the system (2.9) is a homogeneous secondorder elliptic operator

o o QU
L (U) = aq(x) e
d ,.,,2:, ax'ax

where ((a¥(x))) is a positive definite symmetric matrix at each point.

In particular we can conclude the following:

COROLLARY 2.14. Let QcR"” be a bounded, strictly convex domain with smooth
boundary, and let F € C*(Q)NCHQ) be a solution of the special Lagrangian system

(2.9). Denote by q=F |, the boundary values of F,. Then there is an open neighbor-

hood U of @y in CH3Q) such that for each @€ there exists a solution
FEC*(QNCHR) of (2.9) with Fl,o=0.

More succinctly this says that the Dirichlet problem is solvable in a C? neighbor-
hood of any solution. This corollary follows from standard Implicit function theorem
techniques together with the interior regularity theory of Morrey [M] and the boundary
regularity theory of Allard {A].

Note that the function F=0 is always a solution of (2.9) over any domain. Hence,
we have established the existence of enormous families of special Lagrangian submani-
folds in each C".

II1.2.C. The implicit formulation

We recall the following classical fact.

LEMMA 2.15. Suppose that fi, ..., f,, are smooth real valued functions on an open
set QcC” and suppose that dfy,...,df, are linearly independent at points of M=
{z€Q:fi(D)=...=f,(2)=0}. Then the submanifold M is Lagrangian if and only if all the
Poisson brackets

9x; dy, Oy, 9x,

N <afj of,  9f; of " (afj of, of afk>
9z, 8z, 9z, 97

TRAEDY =2i

=1 =1

vanish on M.

The proof is immediate from either the definition (1.2) or (1.2)’ with
w=L;_ dx Ady,.
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Suppose M is Lagrangian and described implicitly as in Lemma 2.15. Then the
normal n-plane to M is spanned (over R) by 3f/0x+i(3f./3y), k=1, ..., n. The operator J
sends normal vectors to tangent vectors, and hence the vectors

of, .9 o, .o,
———ti—— ..., i
Ay ox dy  ox
span the tangent space to M. The complex nxn matrix ((2i3f;/3z)) sends e, ..., e, into

the above basis for the tangent space for M. Thus the next theorem is an immediate
consequence of Corollary 1.11 and Lemma 2.15 above.

THEOREM 2.16. Suppose M={z € Q: fi(z)=...=f,(2)=0} is an implicitly described
Lagrangian submanifold of Q%"cC". Then M (with the correct orientation) is special
Lagrangian if and only if

(1) Im{detc((3f;/9Z))}=0 on M for n even
or
(2) Re{detc((8f;/92;))}=0 on M for n odd.

II1.2.D. A note

It is interesting that the special Lagrangian submanifolds are just the Lagrangian
submanifolds which are minimal. That is;

PROPOSITION 2.17. A connected submanifold McR*"=C" is both Lagrangian
and stationary if and only if M is special Lagrangian with respect to one of the
calibrations ag=Re {"dz}.

Proof. Of course any special Lagrangian submanifold is minimal. Conversely given
a Lagrangian submanifold M we consider the function 6: M—R/2nZ defined by the
relations (see Proposition 1.14):

dz(M,) = ¢ (2.18)
a straightforward calculation shows that for any tangent vector V to M
V@)=—(H,JV) 2.19)

where H is the mean curvature vector of M in R*” and where J is the almost complex
structure on C". It follows that M is minimal if and only if 8 is constant.
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II1.3. Examples of special Lagrangian submanifolds

In this section we present a large collection of specific special Lagrangian subva-
rieties of C”. The collection includes many new area-minimizing cones. One of our
basic constructions is a specialization of the fact that for any submanifold MPcR”, the
normal bundle N*(M?)cT*(R")=R"xXR"=C" is Lagrangian.

III.3.A. Examples invariant under the maximal torus in SU,

Our first set of examples is invariant under the subgroup T" '={diag (eio‘, ...,eio"):
6,+...4+6,=0} in SU,,.
THEOREM 3.1. Let M, denote the locus in C" of the equations:
2Pzt =¢c;, j=2,...,n (3.2)
and
Re(zy...z,)=c, ifnis even,
Im(z,...z,)=c¢, ifnisodd. (3.3)

Then M, (with the correct orientation) is a special Lagrangian submanifold of C".

Remark. This theorem provides us with examples of special Lagrangian cones
which are not real analytic, thus providing the simplest examples of absolutely area
minimizing cones which are not real analytic.

Suppose n is odd and choose all the constants cq, ..., c, to be zero. The cone M is
the union of two cones M™ and M~ with vertices at the origin through the n—1
dimensional tori T and T~ respectively where

T+H= {(ei(')l’ - ei‘?n); 0,+...+6,= 0}

T = {(eie’, oo em"): 0,+...4+0,=mn}.

Note that 7% and T~ are disjoint and that —T*=T" so neither M* nor M~ is real
analytic. However, both the cones M* and M~ are special Lagrangian.

Proof. Using the formula

{flgy=2 n (—ai—a—g——a—fég~> (3.5)
k=1

9z, 9z, 9z, 9%

7—812904 Acta Mathematica 148. Imprimé le 31 aoit 1982
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one computes that for any pair of the n-functions fi(z), ..., f,(z) defined by (3.2) and
(3.3) the Poisson bracket is zero. Thus by Lemma 2.15, M, is Lagrangian. If n is even
then, with fi(z)=2 Rez,...z,—c,

- 207, . 4,)2,
2 K
af;
37 = 2 %3
Zj .
24 -z,

Expanding in the first row shows that detc((8f/9zZ)) is a sum of terms of the form
*|z, ... 2,/ /2> Therefore, Im {detc ((8f/92))}=0 and so M, is special Lagrangian by
Theorem 2.16. If n is odd the proof is similar.

Of course the above proof obscures the idea behind the construction of the
examples M.. They were obtained as follows. The maximal torus T"~' has a commuta-
tive Lie algebra generated by 8/36,-3/96;,j=2,...,.n. Now in C,3/36=
—y(8/8x)+x(8/3y), and 3/80_ldx ANdy=—(xdx+ydy). Therefore 8/360 is a Hamiltonian
vector field with Hamiltonian function H(z)=}z|*, since dH=xdx+ydy.

In particular, we have the n—1 Hamiltonian functions jj(z)=%(|z,|2 —Izj|2) with asso-
ciated Hamiltonian vector fields 8/86,—3/36; on C" (j=2,...,n). Since these vector
fields commute, the Poisson brackets {f;,f;} vanish. The functions f,,...,f, must be

constant on M if M is to be Lagrangian and invariant under T""'. To construct the last
function fi(z), assume n is even. Then f; must satisfy Im {det.((3f;/8Z))}=0 by

Theorem 2.16. But as noted above, after substituting for f,,....f,, detC((afilaz'j)) is a

sum of terms of the form

The equations {f;,f;}=0 for j=2,...,n become
. 9fr _ef

i ——z—=0, j=2,...,n
lazl Jazj ’

Hence, Im {detc ((3f/9Z)))} =0 reduces to

of,
Im (z,a—z_‘-z, z> =0.
!

These equations are solved by fi(z)=Re(z; ... z,). The case n odd is similar.
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II1.3.B. Examples invariant under SO,
The second family of examples are invariant under the diagonal action of
SO, on C'=R"XR". In order for an n-dimensional submanifold M” of C” to be SO,

invariant it must be the orbit of a curve I' in the positive quadrant of the first complex
axis plane C. That is M={(x, y) €C": |x|y=|y|x and (|x|, [y]) ET}. Let r denote |x| and o
denote |y|. Suppose T is the graph of a function g(r). Choose ¢(r) to be a primitive of
o(r). Then Vp=p(r) Vr = o(r) (x/r). Thus M is the graph of V¢ and is consequently always
Lagrangian.

THEOREM 3.5. Let
M. ={(x,y)EC™"|x|ly=|y|x and Im(x|+ily)"=c}.
Then M, (with the correct orientation) is a special Lagrangian submanifold of C".

Proof. As noted above M is Lagrangian. Generically M is the graph of
F(x)=p(x]) (x/|x]). The differential F, of this map from R”" to R" is given by the matrix
F,=(h;) where

pym O (2 ) - 2y 8 (00 X5

o\ x Y k| P dr\ r ) W

Thus the linear map F,: R"—R" has the eigenvector x with eigenvalue

o) +r£(9(r)) _do
r dr\ r dr’

Moreover, the hyperplane perpendicular to x is an eigenspace with eigenvalue o(r)/r of
multiplicity n—1. Let K: C"—C" denote the complex linear map defined by mapping ¢;
to e;+iF,(e), j=1,...,n. That is, let K=I+iF,. Then K maps R"<C" onto the graph of
F,. Hence the graph of F« (oriented correctly) is special Lagrangian if and only if

Im {detc K} =0.

Since 1,=doldr, Ai=0()/r, j=2,...,n arc the eigenvalues of F,,

k=T Ta+in)= '—QQ)H( +'Q>.
det E(l i2) (1+z . T+

Therefore

Im {dete K dr} = —— Im {(r+io(n)"' (dr+ido)} =0
¥
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if and only if
Im [(r+ig)"™ ' (dr+idp)} = 0. (3.6)
This is an exact equation with potential
Im (i (r+i@)”),
n

and the proof is complete.
Note that for ¢+0, each component of the manifold M, is diffeomorphic to
RXxS""!. The variety M, is a union of linear subspaces.

A
o=yl

/ bl=V3H %

n=3 r=|x| n=35 r=|x|
o3r’—g) =c o(5r*—10r20*+o% = ¢

4
o=yl

111.3.C. Special Lagrangian normal bundles

It is a classical fact that for any submanifold M of a manifold X, the canonical
embedding of it’s normal bundle N(M) into T*X is Lagrangian with respect to the
natural symplectic structure on 7%X. In this section we shall determine the p-dimen-
sional submanifolds M of R” whose normal bundles N(M) are special Lagrangian in
R"®R".

We define the embedding

Y: N(M)—R"@DR” 3.7

by setting (v, )=(x, v,) where, in the second factor, v, is regarded as a vector based at
the origin. We shall compute the tangent space to this embedding at Vs Near xq we

choose an orthonormal tangent frame field ey, ..., e, and a similar normal frame field
Vis .y ¥y PTq=n, so that (ey,...,v,) is positively oriented. For convenience we

assume that the fields v, are chosen so that (V"k)i\; =0 where ()" denotes orthogonal
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projection onto the normal space NXO(M). We recall that the second fundamental form

of M in the normal direction v is given by
A'(V) = (Vy»)T (3.8

where ¥ is any extension of v to a local normal field and where ()7=1—-()" is
orthogonal projection onto T M.

With respect to coordinates (x, #) on N(M), where x is a parameterization of M near
xo and t=(t,, ..., t)€ RY,the mapping (3.7) can be expressed as

Yx, )= (x, D, 4v,x).
j

The tangent space to this embedding at »(x)=X c, v{x,) is spanned by the vectors

E=y.le)=(e,A(e)), j=1,...,p
N;=y8/0t)=0,v), j=1,...,q
where the fields ¢, v; are evaluated at xg.

We now consider the complex structure J defined on C"=R"®R" by setting
JX, )=(-Y,X). We clearly have that (JN, N, )=(JN,E)=—(N, JE;)=0 for all
J»k, 1. Moreover, (JE, E;)=(e,, A*(e))—(A’(e,), ;) =0 from the symmetry of the sec-
ond fundamental form. Hence, 1 (N(M)) is a Lagrangian submanifold of C"=R"®R".

We are now interested in the conditions under which this manifold is special
Lagrangian for some choice of special Lagrangian calibration, ¢p=Re {e?dz,A...Adz,}.

By performing an SO, change of coordinates on R" we may assume that at xo the
vectors ey, ..., e,, vy, ..., v, give the standard basis of R". This change of coordinates is

applied simultaneously to the two factors in R"®@R". We denote the standard coordi-
nates in R"®@R" by (x,,...,x,,¥,,...,¥,) and set z,=x,+iy,. Finally, without loss of
generality we can assume that the vectors e, ..., e, were chosen to diagonalize the
symmetric form A” at x,, i.e., we assume that A"(e,)=4, ¢, for k=1,...,p, at xo. Conse-

quently, the oriented tangent plane ¢ to the embedded normal bundle at Vs, is given by
C=E\A... ANE,ANA... /\Nq=(e1,/l1 e)N...N(e, 4 eJNO, )N AQO,v). Tt follows
that

p
Wz A ... Adzy @ =] [a+iay. (3.9)
k=1
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In particular, we have [dz;A...Adz,(8)|=]|¢]| which gives a second proof that { is
Lagrangian. We now choose the calibration

g=Re{i™%dgy; A ... Ndz,} (3.10)
and obtain the following result.

THEOREM 3.11. Let M be any submanifold of dimension p immersed in R”, and let
N"=y[N(M)] be the canonical immersion of its normal bundle in R*"®R"=C" given by
(3.7). Then N" is special Lagrangian (with respect to the calibration (3.10)) if and only
if all the invariants of odd order of the second fundamental form at each normal vector
to M vanish, i.e.,

Oy(A) =0 (3.12)
for all k=1, ..., [(p+1)/2] and for all v.

Remark 3.13. This condition on M is equivalent to the condition that for each
normal vector v, the set of eigenvalues of A" is invariant under multiplication by —1,
i.e., it is of the form

41, .., 4))=(a,—a,b,-b,...,c,—¢,0,0,...,0). (3.149)

Definition 3.15. Any submanifold of a riemannian manifold whose second funda-
mental form A satisfies condition (3.12) will be called austere.

Note. The total space of the normal bundle to any (not necessarily orientable)
submanifold of R” inherits an orientation from R”.

Proof. From (3.9) we see that N will be special Lagrangian if and only if
=Dy Gy, ..., 4,)=0and Tim0 (— Doy, ..-»4,)>0 at each normal vector v. How-
ever, for each real number ¢, the eigenvalues of A™ are 1,,...,#A,. Hence the first
condition is equivalent to the vanishing of the polynomial. X(—1)**"'ay_(4;,...,4,),
which occurs if and only if o,,_,4,, -y A,)=0 for k=1,3, ...,[(p+1)/2]. This implies
condition (3.14) which immediately implies, by (3.9), that i “(dz, A...Adz,) (©)=||g]
This completes the proof.

Theorem 3.11 leads to a large collection of interesting examples of special Lagran-
gian varieties. Note that when p=2, the only condition is that trace (A*)=0, so that M?
is austere if and only if M? is minimal.
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COROLLARY 3.16. Let M? be any minimal surface properly immersed in R". Then
the canonical embedding (3.7) of its normal bundle in R* is an absolutely mass

minimizing current in R*".

This corollary can be used to construct minimizing 3-folds in R® with interesting
singularities. Also by choosing M? to be a triply periodic minimal surface in R?, one
obtains a minimizing 3-manifold in R® invariant under a 3-dimensional lattice of
translations.

Another large set of austere submanifolds are the submanifolds of R** which are
complex analytic with respect to some complex structure on R?*. However, the area
minimizing properties of the normal variety are not new in this case.

A particularly nice set of examples comes from considering minimal submanifolds
of the unit sphere $" 'cR”". If M*"'=$""! is a minimal submanifold, then the cone on
M1,

cMP = {t-xER%xEMP™! and tER}

is a minimal variety in R”. The normal vectors to M?~'in §""! at x are exactly the
normal vectors to C(M?™!) at tx for t=0. Furthermore, if the second fundamental form
AY of M~ !in $"! has eigenvalues Ays-.es 4, the second fundamental form AV of
C(MP™") at tx has eigenvalues t4, ..., 14,1, 0. It follows that M"~'is an austere submani-
fold of S"~'if and only if its cone is an austere submanifold of R". Hence, we have the

following.

THEOREM 3.17. Let M be any compact austere submanifold of S"~'. Then the

“twisted normal cone’’
EN M) = {(tx, sv(x) ER"DR* xEM and t,sER},

(where v(x) ranges over all unit vectors normal to M in §""" at x) is an n-dimensional

cone of least mass in R*".

Note that €A(M) represents a natural ‘‘compactification’ of the normal variety to
C(M). That is, the closure of this normal variety is obtained by adding the cone on the
Gauss image: M*={(0,v)ER"®R™ v a unit normal vector to M in §" '} as the
“normal space’’ to the vertex of C(M). The Gauss image M* can be fruitfully consid-
ered as a spherical dual. We note for example that M**=M. Furthermore, one can
show that (at regular points) M is austere if and only if M* is austere.
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Of course, any minimal surface (of dimension 2) in $*!is austere. There are two
particularly nice cases of this sort.

Example 3.18. Let 2S5 be a compact orientable minimal surface of genus g (cf.
[L]). The dual =* is known classically as the polar surface. The zeros of the function
1-K, where K is Gauss curvature, form a divisor of degree 4g—4 on X (cf. [L,
Proposition 1.5]). These points correspond precisely to the branch points of Z*. To
each point x €Z, let x*=v(x) denote the unit normal to £ at x.

COROLLARY 3.19. Let =<8 be any compact surface minimally immersed in S°.
Then

ENZ) = {(tx, sx*) ER®: xEX, 5, tER}

is a minimizing cone of dimension 4 in R8.

The above corollary holds even when X is non-orientable. Such examples exist for
all topological types but PXR) which is prohibited. The resulting cones have a rather
complicated singular structure. Using the examples from [L;], however, one also
obtains cones with large finite symmetry groups.

If T is antipodally invariant, then €MZ) is a cone on M>cS’ where M is the
image of a singular map of =xS'/Z,. (Z; is generated by (=1, —1).)

Example 3.20. Another interesting set of minimal surfaces are those of constant
positive curvature, given as follows. Let {q, ..., <ka} be a L? orthonormal basis for the

spherical harmonics of degree k& on S° Then (cf. [DW]) the immersion
D.=(q,... q)Nk): 525" " is a minimal immersion which commutes with the obvious

actions of SO;. This homogeneity implies that the image has constant Gauss curvature.
If k is even, the image is an embedded projective plane. When k=2, it is the well known
Veronese surface V=P?’(R)cS*. The dual is SOs-invariant and can be written as
V*=S§0,/Z,DZ,. In spite of the complicated nature of V and V*, the twisted normal

cone is topologically euclidean.

COROLLARY 3.21. Let V denote the Veronese surface in S*. Then €M(V) is a non-
trivial mass-minimizing cone in R' which is homeomorphic to R°.

Proof. The orbit space S*S0; is homeomorphic to [—1, 1] where the endpoints
correspond to V and —V. (Vn(—V)=d.) The remaining orbits are all diffeomorphic to
the bundle of unit normal vectors to V in S*. Of course, each such orbit lies at a fixed
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distance from V (and —V). The orbit corresponding to 0 is exactly V*. From this
information one can easily construct a homeomorphism €MV)N S’ = 54,

Example 3.22. Consider the minimal submanifold $"'x$" !'={(x,y)€ R"XR"
lxP=|y[*=1}=$?*~'. This manifold is homogeneous under SO, XSO0, The eigenvalues

of the second fundamental form at any point are 1,—1,1,—1,...,1, —1. Hence, this
manifold is austere. It follows that

GMS"IxS") = {(tx, ty, sx, —sy) ER™: x| =|y| =1 and s,1€R}

is area minimizing. Topologically this is a cone on S$" 'xS§""!'xSYZ, where Z, is

generated by (—1,—1, —1).

II1.4. Degenerate projections and harmonic gradients

First, in subsection A, we characterize the Lagrangian submanifolds of T*R*
which have degenerate projections onto R”. This places a construction of Hans Lewy
[Ly] in an invariant geometric context. In subsection B we discuss the relation of this to
his work of harmonic gradient maps.

III.4.A. Degenerate projections

The construction of Lagrangian submanifolds as normal bundles can be somewhat
extended. Suppose, that in addition to a p-dimensional submanifold M of R”, we are
given a smooth function % on M. The exterior derivative dh can be used to translate the
normal bundle, N(M), in the cotangent bundle T* R"|,,. More precisely, let H denote a
smooth extension of & to the ambient space R” and define an affine subbundle A(M, h)
of T*R"|;, by

A, =N, (M)+(dH), for each xEM. 4.1

The exact sequence
0>NM)->TIR"->T!M—0

implies that the affine space A, defined by (4.1) is independent of the extension H of A,
and depends only on (dh), € T¥M.

PROPOSITION 4.2. The affine bundle A(M, h), constructed as in (4.1) above, is a
Lagrangian submanifold of T*R”.
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Proof. Near (x,y) €A, choose orthonormal coordinates x=(x', x"), x'=(xy, ..., x,)
and y=(y’,y") etc. so that the x’-axis is tangent to M at x. Then M can be described
explicitly as the graph of x"=u(x'). Extend 4 to a function H(x’) depending only on x’.
Then A can be parameterized by:

1 ' ! ! a 1 'a a ’ "
&,y )H(x yux'), ———(u(x")-y )+—b,’(x ),y )
ox 3x

Substituting for x” and y’, one finds that y-dx|,=dH(x'), which is d-closed; and hence
A is Lagrangian.

The proposition has a converse which provides a structure theorem for Lagrangian
submanifolds with degenerate projections.

THEOREM 4.3. Suppose X is an n-dimensional Lagrangian submanifold of T* R”"
whose projection m: X—R" is degenerate with constant rank p. Then X is an affine
subbundle A(M, h) of T* R” defined as in (4.1) with M and h uniquely determined by X.

Proof. Let M denote 7(X). By the hypothesis of constant rank p, M is a p-
dimensional submanifold of X. Moreover, T, ,X= T, MXW where W is a subspace of
TfR". In order for X to be Lagrangian we must have W=(JT,M)*=N_ (M), which
proves

T, X = TM)XN,(M).

Consequently, if we choose coordinates x=(x’, x") for R” with x'=(x,,...,x,) so that
8/dx4,...,0/9x, are tangent to M at x and let y=(y',y") denote the corresponding
coordinates in T¥R", then 8/9x,,...,8/dx,,9/3y,,, ..., d/3y, is a basis for the tangent
space to X at x,y. Therefore, X can be expressed as the graph (locally) of a vector
valued function (x"(x', ¥"), y'(x’, y")). Moreover, since X is Lagrangian (i.e. dx-dy|x=0)
the one form —y’-dx’+x"-dy" is d-closed on M. Consequently this form is exact on M.
That is, there exists a generating (or potential) scalar function F(x’, y”) with

oF oF
! !, s = — a d M, ! s " = . .
Y, y") o ond x o',y 3 4.4)

Expressing X as a graph over the x’, y"-axis yields:

x={(r. 25,2 )
ayu ox’
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Since m(X)=M and M is the graph of x"=u(x') we must have dF/5y"=u(x"), or
F(x',y)=Hx')+y" u(x'), 4.5)
for some scalar function H(x'). This proves:

PROPOSITION 4.6. Under the hypothesis of Theorem 4.3 if X is graphed (locally)
over its tangent space T, , X=T, MXN (M), the generating function F is affine in the

normal variables y" € N (M).

Now X can be expressed as a graph over the x’, y"-axis as follows:

ou  OH
X= /’ ' , - ", + , " 1 .
{(x u(x’), -y o )J 4.7

Since the normal bundle fiber can be expresesed in coordinates as
N.(M)= {(—y"-0uldx’,y"): y"ER""?} this proves that 7z~ '(x)=N M)+(dH), as de-
sired.

Remark. We have proved more (locally). Suppose X is a Lagrangian submanifold
of T R” with the property that, first, X can be graphed over the axis n-plane Vx W with
VcR™and We T}R"and, second, the generating function is affine in V. Then X is of the

form A(M, h).

I11.4.B. Harmonic gradients in three variables

If n=3 the above considerations are intimately related to the work of Hans Lewy
[Lyl. In this case we shall construct special Lagrangian submanifolds M> of C>. Let
z=x+iy with x=(x,, x,, x;) and y=(y,,y,,y;). Then given a smooth real-valued function

F(x) on an open set QcR?, we know from Theorem 2.3 that the graph (correctly
oriented) of VF: Q—R3 is special Lagrangian if and only if

AF—det(Hess F)=0. 4.8)

Motivated by the discussion above, it is natural to consider the special case where F is
affine in x5. This leads to the following interesting result.

THEOREM 4.9. Let F(xy, x5, x)=h(x,, X,)+x3u(x,, x,) where h and u_are arbitrary

smooth real-valued functions, and let X={(x,, x,, x3, h;+x,u;, hy+x; u,, u)} denote the
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graph of VF in RR@R3>=C3. Then X (with the proper orientation) is special Lagrangian
if and only if

(143 uy —2uy uyupy+(1+u7) 4y = 0 (4.10a)
and

(1+3) hyy—2u  uy hyy+(14+uf) by, = 0. (4.10b)

Remark. The first equation is just the classical minimal surface equation for # and
hence is satisfied if and only if the graph of « is a minimal surface S in R?. The second
equation is satisfied if and only if /, considered as a function on the surface S with the
induced riemannian metric, is harmonic. If #=0 then Theorem 4.9 is essentially
equivalent to Theorem 3.11 with n=3.

Proof. Note that AF=Ah+x; Au and that
hytxyuy hptxgu,
Hess F=| hytxsuy  hptxsuy, u,
u, U, 0

A direct calculation shows that AF—det(Hess F)=ax;+b where a and b are the
expressions given in (4.10a) and (4.10b) respectively. This completes the proof.

We continue the discussion of the case n=3. Note that X, which is the graph of VF,
where F=h+x;1, has a degenerate projection onto the axis 3-plane with coordinates
(x), x5, ¥3). This projection is the minimal surface S which is the graph of y,=u(x, x,).
Note that the orthogonal 3-plane with coordinates y,,y,,x; is special Lagrangian.
Suppose that the projection of X onto this 3-plane is non degenerate and let G(y,, y,, x;)
denote the corresponding potential function. The image of VG: R*—-R? is just the two
dimensional minimal surface S determined by y,=u(x,, x,), and hence det (Hess G), the
Jacobian determinant of this map VG, must vanish identically. Since G must satisfy the
special Lagrangian differential equation (4.8), G is harmonic.

Now we turn attention to the converse. A special Lagrangian submanifold X of
C3*=R*®iR? can be expressed locally, after perhaps an SU;-change of coordinates, as
a graph of VG, over the axis Lagrangian 3-plane with coordinates (y,,y,,x;). The
potential G must satisfy the special Lagrangian differential equation AG=det (Hess G).
Suppose now that G satisfies the degeneracy condition

rank (Hess G) < 2. .11
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Then the special Lagrangian differential equation becomes the classical equation
AG=0, 4.12)

so that G must be harmonic in 3-variables. Under the assumptions (4.11) and (4.12) we
have that rank (Hess G) is either 0 or 2 at each point. Assuming it to be 2 everywhere,
the image of the map VG is a surface § in the (x;, x,, y;)-axis 3-plane. It was originally
discovered by Hans Lewy that, in fact, S is a minimal surface. He went on to show that
§ together with a uniquely determined harmonic function /4 on S, actually characterizes
G; that is G could be reconstructed from 4 and §. This was the first step in his deep
work on harmonic gradients in 3-variables. Our discussion above implies that X is the
translate of the normal bundle to S by the exterior derivative of a function 4 on S; and
that upon graphing X over the (x,, x,, x;)-axis the generating function F((x,, x,, x;) is of
the form h+x; u. As noted above the special Lagrangian equation for F is equivalent to
u satisfying the minimal surface equation and % being a harmonic function on S=graph
u. Thus the above discussion illustrates that some of Hans Lewy’s observations are a
natural part of special Lagrangian geometry in C>.
In summary, this proves the following.

THEOREM 4.13. Let X<R® be a connected special Lagrangian submanifold. Then
the following are equivalent.

(i) X has a degenerate orthogonal projection into L for some special Lagrangian
plane L. This degenerate image is necessarily a branched minimal surface S or a point,
and X is necessarily the translate of the normal bundle to S by the exterior derivative of
a harmonic function h on §.

(i) X can be locally represented as the graph of a harmonic gradient map
VG: L—L* with degenerate hessian, where L is the same special Lagrangian plane as
in (i).

(iii) - X can be locally represented as the graph of a gradient map VF: L—L*,
where L is special Lagrangian and F is as in Theorem 4.9 (i.e., F is affine in one of the
variables).

H1.5. Boundaries of special Lagrangian submanifolds

The purpose of this section is to give a local characterization of the boundaries of
special Lagrangian submanifolds of C”." As a consequence we will have a local
existence theorem which shows that special Lagrangian geometry is quite rich.
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The key concept here is that of an isotropic submanifold of C". This is a submani-
fold i: M— C” such that i*w=0 where

li

w=-"+ 2 dz, AN dz,
2%
is the standard Kahler or symplectic form on C*=T7*R”, Of course M is isotropic if and
only if each of its tangent spaces is isotropic. Let I(w) denote the differential system
generated by w. In terms of differential systems, the isotropic subspaces are just the
integral elements of I(w) and the isotropic submanifolds are just the integral submani-
folds.

Given tangent vectors u, v we say that u, v are skew orthogonal, denoted u < v, if
o(uAv)=0. Also let W™ denote the subspace of tangent vectors skew orthogonal to a
subspace W, The condition

o=0 G.1
that a subspace W be isotropic can be reformulated as
Wac W< (i.e. u<uvforall u,vEW). 5.2)

Of course if W has dimension n then W is isotropic simply means W is Lagrangian. It is
a standard fact that

W is isotropic if and only if W< L where L is Lagrangian. 5.3)
In terms of the standard inner product on C” we have that
W is isotropic if Ju L W for each uEW. 5.9

A subspace W is coisotropic if W= is isotropic, that is if W*cW. The standard existence
theorem in symplectic geometry states the following.

Suppose N is a k-dimensional isotropic submanifold contained in a coisotropic
submanifold P of codimension p. Assume that P is chosen transverse to (7, N)™. Then
there exists a unique isotropic submanifold M of dimension k+p with NcMcP.

This result is valid in both the C* and the real analytic setting. The proof, from the
point of view of differential systems is obtained by noting that the system I(w)|p
(restricted to the submanifold P) has Cauchy characteristics (7, P)~. Repeated applica-
tion of this result implies the existence of lots of isotropic submanifolds of dimension

0<k<n.
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We now wish to locally characterize the boundaries of special Lagrangian subman-
ifolds. Recall that these submanifolds are much more rigid than the Lagrangian ones,
since they are, in particular, minimal submanifolds (and hence real analytic). Of course,
the boundary of a Lagrangian submanifold must be an isotropic submanifold. For
special Lagrangian submanifolds, the converse is true, at least locally in the real
analytic case.

THEOREM 5.5. Suppose N is a real-analytic isotropic (n—1)-dimensional submani-
Jold of C". Then there exists a unique special Lagrangian submanifold M containing N.

Proof. Consider the ideal I(w, 8) generated by the Kahler/symplectic form w and
the n-form f=Imdz=Imdz, A... Adz,. The integral elements of this differential system
consist of the isotropic planes of dimension k<n and of the special Lagrangian n-
planes. Given an isotropic (n—1)-dimensional plane W there exists a unique special
Lagrangian plane containing W. To see this we may assume that W is spanned by
e, ...,e,_, where e, ..., e, is the standard basis for R"<C".

The Lagrangian planes containing W are of the form L,=span {e,,...,e,_,,cosfe,+
sinfJe,}. Since B|,=efA...Ae} ,A(sinf)(Je,)*, the unique special Lagrangian plane
containing W is spanned by e,, ..., e,. Consequently, each integral element is regular

and the Cartan-Kahler theorem applies to yield Theorem 5.5.

Remark 5.6. Note that the above discussion goes through if we replace a=Re dz by
ag=Re (¢°dz). For a given isotropic (n—1)-dimensional submanifold N we thereby
produce a 1-parameter family M, of minimal submanifolds all intersecting transversely
in the manifold N.

The Theorem 5.5 may be reformulated by considering N to be the graph of a vector
valued function f: =—R”" defined on a hypersurface ¥ in R” and M to be the graph of a
vector valued function F on R”. Of course M is Lagrangian if and only if F=VG for
some scalar function G. The following are equivalent:

N is isotropic. (5.71)
fis a compatible 1-jet on X. (5.71i)
There exist Cauchy data g, %’% on X with f=Vg on Z. (5.7iii)

Now Theorem 5.5 can be restated as follows.
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THEOREM 5.8. Suppose X is a (real-analytic) hypersurface in R" and (real-
analytic) Cauchy data g, 3g/on is given on . Assume that the unique special Lagran-
gian n-plane containing the isotropic (n—1)-plane given by graphing Vg(xy) over TXOZ

projects non-degenerately on R". Then there exists a unique solution G to the special
Lagrangian differential equation
((n=1)2]

(=)o, , (Hess G)=0
k=0

with the prescribed Cauchy data on X.

The assumption that the wunique special Lagrangian n-plane containing
TZONEgraph Vg(xo) projects non-degenerately onto R"=C” can be seen to be equiv-

alent to ¥ being non-characteristic for the special Lagrangian differential equation at
the point zo=(xy, Vg(xp)). In particular, the Cauchy-Kowalewski theorem implies
Theorem 5.8 and hence Theorem 5.5.

IV. The exceptional geometries

In this chapter we shall explore certain fundamental geometries with exceptional
automorphism groups. These geometries are all defined in low dimensions and can be
presented in a unified way by using the algebra of the Cayley numers. We begin by
defining certain calibrations in R” and R® and proving sharp versions of the comass
inequality for them. The forms are, of course, classically known and there is an
extensive literature concerning them. However, the sharp inequalities established here
are new. In each case, the inequality leads to a first-order system of partial differential
equations (analogous to the Cauchy-Riemann equations), with the property that graphs
of solutions precisely form the family of subvarieties in our geometry.

Throughout this chapter we shall make extensive use of the octonions (or Cayley
numbers) O. A brief discussion of this algebra is given in Appendix A. Certain detailed
computations underlying the inequalities are carried out systematically in Appendix B.

IV.1. The fundamental inequalities

We are concerned here with three distinct geometries and our discussion falls
accordingly into three parts.
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IV.1.A. The associator inequality

Consider on Im (0)=R” the trilinear form ¢ given by

@x,y,2)=(x,yz2). 1.1

Note that @(x,x,2)=(x,xz)=[x*(1,z)=0 since z€Im(O). Similarly, we have
@0y, 0)=(x, yx)=p*{1,y)=0, and  @(x,y,»)=(x,¥")=—(x,y9)=—*x,1)=0.
Hence, the form ¢ is alternating.

Let e,=1, e,=i, e,=j, e,=k, es=e, es=ie, e;=je, eg=ke denote the standard basis
for the octonians O. Let w,, ..., wg denote the dual basis for O*. We shall use the
notation w,,, for w,Aw,Aw, Consulting a multiplication table for O, the form ¢ is

expressed in terms of axis 3-planes as follows.
P = W3y~ Wiz~ Wezg— Weza — Wags — W3zs— Wygs- (1.2)

Note, in particular, that ¢(ImH)=1 where ImH=i{AjAk=e,34 is just the canonically
oriented imaginary part of the standard quaternion subalgebra H of O. (Also note

o Ap=0.)

Defintion 1.3. If €G(3,7)=A*ImO is the canonically oriented imaginary part of
any quarternion subalgebra of O, then the oriented 3-plane ¢ is said to be associative.
The set G(@)={(€G(3,7):¢ is associative} will be referred to as the associative
grassmannian.

Now we can state and prove the associator inequality.

THEOREM 1.4. The form ¢ has comass one. In fact, )<l for all
LEGQB, TN Im O, with equality if and only if € is associative.

Proof. Suppose {=u,Au, Nu; where u,, u,, u, is an oriented orthonormal basis for
C. Then @(8)=u,, u, u;) <|u,||u,||us]=1 by the Schwartz inequality. Moreover, equality
holds if and only if the multiplication rules u,=u,u, hold for all cyclic permutations
(p, q,r) of (1,2, 3). Finally, these rules hold if and only if { is the canonically oriented
imaginary part of a quaternion subalgebra of O.

Definition 1.5. The 3-form ¢ € A*(Im O)*, defined by (1.1) is called the associative
calibration on ImO.

It is essential for the derivation of the partial differential equations appropriate for
8—812904 Acta Mathematica 148. Imprimé le 31 aofit 1982
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*‘associative geometry’’ that we strengthen the above inequality into an equality. An
extra term is neccessary and it involves the associator, defined by

[x,y,z2]=(xy)z—x(yz) forall x,y,z€O.

The basic fact about the associator, which is proved in Lemma A.4, is that it is
alternating on O.

THEOREM 1.6. (x, yz)*+1|[x,y, z]|2=|x/\y/\_z|2 for all x,y,zEImO.

Proof. In Appendix B we prove that the triple cross product xxXyxz has length
IxAyAz|, real part (x,yz), and imaginary part i[x,y, z] (for x, y, z purely imaginary).
Theorem 1.6 follows immediately.

This theorem provides an important alternate description of associative 3-planes.

COROLLARY 1.7. Suppose ¢ is an oriented 3-plane in Im Q. Then either  or —{ is
associative if and only if [x,y, z]=0 for E=xAyAz.

Proof. Express {=xAyAz, where [§|=1. Then { or —¢ is associative if and only if
@*(©)=(x,yz)*=1 by Theorem 1.4. Consequently, ¢ or ~¢ is associative if and only if
[x,y,z]=0 by Theorem 1.6.

Recall now that the group of automorphisms of O is the Lie group denoted G,.
That is:

G, = {g €EGLs(R): g(xy) = g(x) g(»), Vx,y€O0}.

Suppose g €G,. Note that x €0 is imaginary if and only if x? is real. Hence g(x) is
imaginary if and only if x is imaginary. It then follows from linearity that g(¥)=g(x).
Thus g is an isometry. This proves that G, is a subgroup of the orthogonal group on
Im O=R’. This fact and the above definition of G, implies that

G,={g€0::g*p =g}
In particular, G, acts on the associative grassmannian G(g).

THEOREM 1.8. The action of G, on G(@) is transitive with isotropy subgroup SOy.
Thus G(p)=G»/S0,.

The action of SO,=Sp,xSp,/Z, on ImO (and hence on G(3,7)) is given as follows.
We assign to each pair of unit quaternions (q,, g,) € Sp, X Sp, the map



CALIBRATED GEOMETRIES: CHAPTER IV 115

gla, b)=(q|aq|, quq-1)' (1.9)

One can easily check that each such g belongs to G,.

Proof. Suppose {E€G(p). Then by definition there exists an orthonormal pair
e1,e2€ImO with {=e,Ae,Ae, e,,and Hy=span(1A{) is a quaternionic subalgebra of
O. The isomorphism g: H—H, sending i— e, j—e, extends to an automorphism of O
by Lemma A.15. Thus G, acts transitively on G(¢).

Let K,=Sp,xSp,/Z, denote the subgroup of G, defined by (1.9). Obviously this
subgroup leaves Ey=iAjAk fixed, so that KocK=the isotropy subgroup of G, at . It
remains to show that K,=K.

Clearly every element g€ K can be expressed, with respect to the canonical
splitting O=H®H, asg=(g,, g,) where g, € Aut (H)=S0; and g, € O0,. The group Kj is
transitive on pairs (F, £) where F is an oriented orthonormal frame in £, and ¢ is a unit
vector in {0} xH.

Therefore, after applying an element in- K, we can assume g;=identity and
g()=1. Since g is an automorphism, we have that g(0,q)=g((g,®(0,1)=
2(q,0)g(0,1)=(q,0) (0, H=(0, g). Hence g, is also the identity, and so g=identity. It
follows that K=K, and the proof is complete.

Other G, actions that are perhaps more standard are closely related to that in
Theorem 1.8. Let V, , denote the Stiefel manifold of oriented pairs of orthonormal
vectors in InO=R’. Let V¥, denote the collection of ordered orthonormal triples
e, e,,e;€EImO with gle,Ne,Ne;)=0 (i.e. e;Lle e,). Let {p=0} denote the subset of
G(3,7) on which ¢ vanishes. Let S° denote the unit sphere in Im O. Obviously G, acts
onV,,,V,,,{¢p=0} and S°.

PROPOSITION 1.10. There are natural diffeomorphisms:
(@ V§,=G,

(b) {p=0}=G./SO;

©) V,,=G,/SU,

d) S°=G,/SUs;.

Proof. Part (a) is just a restatement of Lemma A.15 and implies part (b). Part (a)
implies that G, acts transitively on V;, and S¢. The computation of the isotropy

subgroups in parts (¢) and (d) is omitted.
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Remark. The unit 3-planes € with @(§)=0 will be referred to as O-generating 3-
planes since an orthonormal basis e(,e,, e, for such a £ generates O by repeated

application of the Cayley-Dickson process (see the proof of Lemma A.15). These 3-
planes arise in Section 4 below on boundaries.

IV.1.B. The coassociator inequality

The basic 4-form ¥ on Im O is defined as follows.
Definition 1.11. The 4-form y € A*(Im O)*, defined by
Y, y, 2, wy=i{x[y,z,w]) forallx,y,z,wEIMO

is called the coassociative calibration on ImO.
We must prove several results to justify this definition.

LEMMA 1.12. The form {x, [y, z, wl) is alternating on O.

Proof. This multilinear form on O is alternating in the last three variables y, z, w
since the associator is alternating. Moreover, using (A.1) and (A.2)

2y(x, x, z, w) = (x, [x, z, w])
= (x, (xx)w)—{(x, x(zw))
= (oow, xz)—|x2 {1, zw)

= xP((w, z) = (W, 2)) =0,

and so y is alternating in all the variables.

Consulting a multiplication table for O the above form 1y may be expressed in
terms of axis 4-planes.

Y = Osg78— W s34~ Wsp74~ D sa38 D347 T W68+ W 367 (1.13)

Recall that the x-operator gives an isometry of the euclidean spaces
%: PR’ A*R7 which maps simple forms to simple forms.

PROPOSITION 1.14. y=%¢.

Proof. Compare the formulas expressing ¢ and ¢ in terms of axis planes.
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Definition 1.15. An oriented 4-plane ¢ € G(4, 7)cA*Im O is said to be coassociative
if the canonically oriented normal 3-plane % is associative.

Consequently, the associator inequality combined with the fact that y=x¢ imme-
diately proves the following coassociator inequality.

THEOREM 1.16. The form y has comass one. In fact,
YO <1 forall (EG@4,7)c A ImO
with equality if and only if { is coassociative.

Just as with the associator inequality the above inequality can be strengthened into
an equality. In Appendix B we define the coassociator by,

ix,y,z, wl= —4 Alt({y, zw) x)
==y, 2w) x+{zg, xw) y+{x, yw) 2+ (y, x2) W), (.17

for all x,y,z, wEIMO.
Obviously, [x, y, z, w] is alternating.

THEOREM 1.18. 1(x,[y,z w])2+%l[X,y,z, wlP=|xAyAzAw]?, for all x,y,z,w€
ImO.

Proof. In Appendix B we prove that for x, y, z, w €Im O, the fourfold cross product
xXyXzXw has length |xAyAzAw|, real part 1(x,[y,z,w]) and imaginary part

1x, y, z, w). Consequently, Theorem 1.18 follows immediately.

COROLLARY 1.19. Suppose { is an oriented 4-plane in Im(0). Then either § or =&
is coassociative if and only if [x,y, z, w]=0 for any basis x,y,z, w of L.

Theorem 1.18 provides an alternate description of coassociative 4-planes.

COROLLARY 1.20. Suppose § is an oriented 4-plane in Im Q. Then either § or —C is
coassociative if and only if xy €L+ for all x,y€E.

Proof. If x,y€¢ implies xy €+, then by (1.17) we see that [x,y, z, wj=0 for all
x,y,z,w€L, and we apply Corollary 1.19. Conversely, suppose £{ is coassociative and
we are given z, w € {. We must show that (y, zw)=0 for any y€E€{. If y, z, w are linearly
dependent, then (y,zw)=¢(y,z, w)=0 since ¢ is alternating. If y, z, w are linearly
independent, we may choose x sg that {=xAyAzAw. By Corollary 1.19, we have
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[x.y,z, w]l=0 and, in particular, the coefficient (y, zw) of x in expression (1.17) must
vanish.

IV.1.C. The Cayley inequality

The basic 4-form on O is obtained from the triple cross product (see Appendix B).

Definition 1.21. The four form ® € A*O* defined by ®(x, y, z, w)=(x, yXzXw), for
all x,y,z, w€O is called the Cayley calibration on O.
To justify this definition we must prove several facts.

LEMMA 1.22. The form {x,yXzXw) is alternating on O.

Proof. Since yxXzXw is alternating we need only show that (x, xxzxw)=0 for
x, Z, w orthogonal. In this case xXzXw=x(Zw) by (B.5), and hence

(x, xxXzXw) = {x, x(Zw)) = (1, 2w)|x[> = (z, w)]x* =0

as desired.

For the moment we postpone geometric characteriaztions of the 4-planes { with

Q(0)=1.

Definition 1.23. An oriented 4-plane { € G(4,8)cA*O is called a Cayley 4-plane if
o()=1.

THEOREM 1.24. The form ® has comass one. In fact, ®(<1 for all
LEG4,8)c=\* O, with equality if and only if ¢ is a Cayley 4-plane.

Proof. Suppose x,y,z,w is an orthonormal basis for {. Then ®({)=
(x, yxzXw)<|x|[yxzxw|=1 by the Schwartz inequality, since |[yXzxXw|=[yAzAw|=1
by Lemma B.4.

Equality holds if and only if x=yxzXxw. Thus for our first characterization of the
Cayley 4-planes we have:

PROPOSITION 1.25. Suppose € G(4,8)cA*O. Then either ¢ or —{ is a Cayley 4-
plane if and only if yxzXw€Cl forall y,z, wEZL.

Proof. One need only consider the case where y,z, w are orthonormal since
yXzXw is alternating. The proposition then follows easily from the argument given for
Theorem 1.24.
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This condition on £ can be described alternatively in terms of a complex structure
on O. A distinguished 6-sphere of complex structures on O is provided by Cayley
multiplication.

Let $® denote {#€ImO:|u|=1}; and given u€S°®, let J,: 0—O be defined by
J v=vu for all vEO. Since u*=—1 and (vu) u=v(u?)=—v, we have J2=—1I. Thus J, is a
complex structure on Q.

Given an oriented 2-plane o € G(2,8), as is well known, one can impose a natural
complex structure J on a as follows. If x, y is an oriented orthonormal basis for a then
define Jx=y and Jy=—x. (This definition of J is independent of the pair x,y.) This
complex structure J on a is induced by one of the above distinguished complex
structures on O. To prove this we first define a map from G(2,8) to S® by sending
a=xAy into the cross product yXx. By Lemma B.2 and Lemma B.9, yxx€ $°cImO
and is independent of the oriented basis x, y for a.

LEMMA 1.26. Given a=xAMy, the complex structure J,,, on O induces the natural

complex structure on the subspace a of O.

Proof. Suppose x,y is an oriented orthonormal basis for a. Then yxx=%y and
hence J, x=x(xy)=|x{y=y.
Now we can give another characterization of Cayley 4-planes.

PROPOSITION 1.27. Suppose L€ G(4,8)cA*O. Then ¢ is a Cayley 4-plane if and
only if = is a complex 2-plane with respect to one (all) of the complex structures
determined by the two planes o contained in &.

Proof. Suppose { is an oriented 4-plane, and z, w is an orthonormal pair in . Let

J..x, denote the complex structure on O determined by the two plane a=zAw. Choose

wxz
x,y€E so that x,y,z,w is an oriented orthonormal basis for . Note J,,,  z=w by
Lemma 1.26. If  is a Cayley 4-plane, then x=yXzXw=y(Zw)=J, . vy and hence —{=
yNJyAzAJz is a complex 2-plane. Conversely if —¢ is complex, then we must have
x=J,,. y=y(@w)=yXzXw so that { is a Cayley 4-plane.

This inequality in Theorem 1.24 can be strengthened into an equality.

THEOREM 1.28. For all x,y,7, wEQ,

D(x Ay Az Aw)+Imxxyxzxwl=|x Ay Az Aw].
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Proof. In Appendix B we prove that xXyxzXxw has length [xAyAzAw| and real
part ®(x, y, z, w). Theorem 1.28 follows immediately.
Remark. Recall from part (3) of Lemma B.15 that
2ImxxyXzxw = [x,y, z, wl+xily, z, wl+yilz, x, wl+ z1[x, y, wl+wily, x, zl.

COROLLARY 1.29. Suppose € is an oriented 4-plane in O. Then cither § or —{ is a
Cayley 4-plane if and only if ImnxXyxzxXw=0 for any basis x,y, z, w for ¢.

The characterization of Cayley 4-planes given by this corollary will provide us with
a means of deriving a system of partial differential equations associated with Cayley 4-
planes.

There are several alternate descriptions of the Cayley calibration ®. First we have:

PROPOSITION 1.30. ®=1*Agp+y.

From (1.2) and (1.13), we then conclude that @ is the following sum of axis 4-
planes.

COROLLARY 1.31.
D = @934~ W 1278~ V1638~ D 1674~ P 1265~ D 1375~ D 1485
F05678— Wse34~ Wsa74~ D238+ W3478 T W46+ W37
Proof. By Lemma B.9 and Lemma B.15 we have that
yxzxXw={(y", 2w’ ) +ily, 7, wl+y,ilw, 2]+z, [y, wl+w iz, y].
Therefore, since ®(x, y, z, w)=(x,yXzXw), we see that
O, y,z,w) = (¥, 2w ) x+(x", w2 )y +(x", y'w') 2, +(x", 2’y ) w+{x, 1, 2, w])
=1*Ag)(x,y,z, w)+y(x,y,z, w).

Our second description relates & to the complex structure associated to
e=(0, ) EHxH.

PROPOSITION 1.32. Consider the complex structure J, on O=C*. Let w denote the
associated Kihler form and identify HcO with R* =C*. Then

®=—-loAw+Re(dz).
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Proof. Express w Aw and Re (dz) in terms of the standard basis ey, ..., eg for O, and
compare — o Aw+Re (dz) with & using Corollary 1.31.

For any oriented unit 4-plane ¢ € G(4, 8) the restriction | can be put in canonical
form. Namely, we may choose ¢y, ..., €4 to be an oriented orthonormal basis for ¢, and
0<si=<1, —1=<us<A such that:

ol = AeF A e5+uef A ef.

The numbers u<Aa are called the eigenvalues of w|;. If u=A=0 then § is Lagrangian.
More generally:

Definition 1.33. If A=—u then € G(4, 8) is anti-self dual. If, in addition, dz(£)=0
(i.e., is real and positive) then & is special anti-self dual.

Note that ¢ is anti-self dual with eigenvalues +1 and —1 if and only if — is a
complex subspace; and in this case dz({)=0 so that { is automatically special.

PROPOSITION 1.34. Consider the complex structure J, on 0=C*. Let v denote the
associated Kahler form and let dz=dz, ... Ndz, denote the form associated with the
identification of HcO with R*cC*. A 4-plane £€ G(4,8) is Cayley if and only if € is
special anti-self dual.

The proof follows easily from the canonical form,
E=e,A(Je cosO,+e,sinB,) A e, A (Je,cos B,+e,sin 6,),

where 0<6;<7/2 with A=cosf,, 0 <6,<n with pu=cosf,, and ee,,e;e,,

Je,,Je,, Jey, Je, is an oriented orthonormal basis for 0=C* over R.

Remark. This point of view relates to the Yang-Mills equation (cf. Chapter V).

We shall now analyze the subgroup of Og which preserves the Cayley calibration.
We begin with the following formulation of the group Spin,. For each u€0, let
R,: 0— O be defined by R, (x)=xu. Note that for 4=0, we have R, € GL*(0).

Definition 1.35. Spin, is the subgroup of SOg generated by $°={R,: u€ImO and
|u|=1}.

Remark. The Moufang identity Lemma A.16(b) says that, for each ¥ €ImO,

R,oRoR;'=R

—uvu’
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Therefore, ;(g(R,))=g¢:>th>g‘1 defines an action y of Spin, on the vector space
{R,:v€EIMO}=ImO=R’. In fact, Spin, is just the subgroup of SOz which conjugates
the space of endomorphisms {R,:v€ImO} into itself. That is, given g € SOs, then g
belongs to Spin; if and only if for every vEImO, there exists wE€ImO such that
gOR,,Og"=Rw. Applying this last expression to 1€0, we see that w=g(g~'(1)-v).
Hence, if we define ¥:Spin;—SO(Im0)=S0; by )Zg(v)=g(g"‘(l)-v), then ¥ is the
standard double cover of SO; by Spin,. It follows that Spin,={g € SOg: ge ) v)=
y%,(v) for all v, y €O}. Setting u=g~ 1(y) we finally get the useful alternative definition:

Spin; = {g € SOs: g(uv) = g(u) ¥, (v) for all u,vE€O]}.
PROPOSITION 1.36. The form ® is fixed by the subgroup Spin;.

Proof. Suppose u€S®cImO. Then, making use of the equivariance in Pro-
position B.11 3), ®(xuNAyulzuAwu) =RexuXyuXzuXwu=—Reu(xXyXzxXw)u=
~u?RexXyXzxw=®(x, y, z, w).

Next we wish to consider one of the distinguished complex structures J, where u
is a unit imaginary quaternion. By Proposition 1.10 (d) there exists an automorphism
g €G, with u=g(e). Note that 7,(v)=g(v) and hence g € Spin; (in fact it is easy to see
that g € G, if and only if g € Spin, and g(1)=1). Therefore g* ®=® by Proposition 1.36.
If & denotes the Kihler form corresponding to the complex structure J,, then it is easy
to check that g*(@)=w. Finally, let H denote g(H), and let d7 denote dZ;A...AdZ4
where H is identified with R*cC*, Then g*(d?)=dz.

PROPOSITION 1.37. Given a quaternion subalgebra Hc<O and a unit uLH, Propo-
sition 1.32 remains valid with J, replaced by J, and H=R*, replaced by H=R*. That is,
®=—1GAd+Redz.

Proof. The previous discussion yields the proof since g € G, can be chosen so that
not only u=g(e) but also H=g(H) (see Proposition 1.10 (a)).

Remark. Consider the transitive action y,(J,)=goJ 0 g™ ! of Spin; on
§°={J,:u€ImO and |u|=1} discussed above. The isotropy subgroup of Spin; at the
point J, € S® is just H=Spin,n U, where U, is the unitary group with respect to the
complex structure J,. Since H leaves ® and lwAw fixed, it must also leave Re(dz)
fixed. Therefore, HcSU,. However, since S®=Spin,/H we see that dim(H)=15 and
that H must be connected. Hence H=SU,, and we have the well known diffeomor-
phism
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S6 = Sp1n7/S Us.

We conclude this section by describing the grassmannian of Cayley 4-planes as a
homogeneous space.

THEOREM 1.38. The action of Spin; on G(®) is transitive with isotropy subgroup
K=SU,xSU,xSU,/Z,. Thus G(®)=Spin,/K.

Proof. To begin we observe that since Spin;o>SU, (see above), Spin; acts transi-
tively on S’c0. The subgroup fixing 1€ 0 contains G, by Proposition 1.30. By a
dimension count we see that Spins/G, is a covering space of §7, and hence we have

S7 = Spin-/G-.

Suppose now that { € G(®) is a Cayley 4-plane. Let x, y, z, w be an oriented orthonor-
mal basis for {. Since Spin; is transitive on S7, we may choose 8, € Spin, such that
go(x)=1. By Proposition 1.30 we have that g,(yAzAw) is an associative 3-plane in
ImO. Consequently there is a g, € G,cSpin, so that g, g,(y AzAw)=iAjAk (cf. Theo-
rem 1.8). Setting g=g, g,, we have g({)=1AiAjAk. This shows that Spin; is transitive
on G(®).

The group K defined above acts on O as follows. Given g=(g,,q,,q,)€
SpxSp,xSp, (where Sp, is the unit quaternions), let

glatbe)=q;aq,+(g, b)) e (1.39)

for all a, b€EH. The subgroup of Sp,XSp,xSp, acting as the identity on O is Z,,
generated by (—1, —1, —1). Using the alternative definition of Spin, given in the remark
above, one can easily show that (1.39) gives an embedding K< Spin,. Clearly K leaves
the o=1AiAjAk fixed, and so KcK,= the isotropy subgroup of Spin; at §;. Suppose
on the other hand that g€K, and g(1)=x€{,. Normalizing by h=(1,1,%) we
may assume that g(1)=1. Then g belongs to the isotropy subgroup of G, at iAjAk, and
hence g € K by Theorem 1.8. This completes the proof.

IV.2. The partial differential equations

In this section we derive systems of partial differential equations (somewhat
analogous to the Cauchy-Riemann equations) to be satisfied by a function f in order
that the graph of f be a submanifold in one of our exceptional geometries.
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IV.2.A. The associator equation

The objects of interest here are the following.

Definition 2.1. An oriented 3-dimensional submanifold M of R’=Im O is said to be
associative if the tangent plane to M at each point is associative.

Note that an associative submanifold is one whose tangent space at each point is
the imaginary part of a quaternion subalgebra of O.

Because of the associator inequality Theorem 1.4 we may apply the basic theorem.

THEOREM 2.2 Associative submanifolds are absolutely area minimizing.

Recall that any two associative 3-planes are equivalent under G, acting on ImO
(Theorem 1.8). Therefore there is no loss in generality in assuming that the tangent
plane to an associative manifold M at a particular point is InH=iAjAkcImO. Let Q
denote an open subset of ImHcIm O, and consider a C' map f: Q—H. Locally M may
be considered as the graph of f over its tangent plane Im H.

Our next objective is to describe a system of equations that f must satisfy in order
for the graph of f to be an associative submanifold. Two differential operators are
involved. Let x=x,+x,i+x;j+x,kdenote a point in H.

Definition 2.3. Let f: Q—H be a C! map, where Q is a domain in Im H. The Dirac
operator on f is defined by

pp=— L Ly

8x, 0Ox,” Ox,

The first order Monge-Ampére operator on fis defined by
o(f) = if_ X a_f X i

dx, dx; 0Ox,

Note that the definitions of both operators D and ¢ are independent of the choice
of oriented orthonormal basis for ImH.

THEOREM 2.4. Let f: Q—H be a C' map, where Q is a domain in InH. Then the
graph of fis an associative submanifold of Im O=Im H®H if and only if f satisfies the
differential equation

D(f) = o(f).

Since associative submanifolds are minimal we conclude the following from the
regularity results of C. B. Morrey [M].
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COROLLARY 2.5. Any C! solution of the equation D(f)=0o(f) is real analytic.

Proof of Theorem 2.4. It suffices to prove the theorem in the case where
FImH—-H is linear. In this case D()=—Di—f()j—Fk k, and o(H)=f)Xf(G)xfk).
The oriented graph of f is spanned by x=i+f(i) e, y=j+f(j)e, z=k+f(k) e. Proposition
B.14 (2) may be used in conjunction with either Lemma B.10 (2) or with the equation
(2)’ occuring in the proof of Lemma A.11 to calculate that

Imxxyxz=Im {G(f()xf)+jf ()X AD)+k(f @)X f())} +(0()~D()) e.

Let § denote the oriented graph of f. If { is associative then ImxXyxz=0 and
hence, in particular, o(f)=D(f). Conversely, suppose o(f)=D(f). Then i[x,y,z]=
ImxXyxz€ImH=ImO. By Proposition B.16 (4) (ii), {x, y, z] is orthogonal to x, y, and
z. However, since [x,y,z]€ImH and the components of x,y,z in ImH are i,j, %
respectively, this orthogonality implies that [x, y, z]=0. It follows that, with the appro-
priate orientation, £ is associative.

Note that in general one must choose the appropriate orientation on each compo-
nent of the graph of f. Of course, if Q is connected and df is sufficiently small at some
point (for example, if we are graphing over a tangent plane at some point), then the
orientation naturally induced from ImH is the correct one.

IV.2.B. The coassociator equation

Dual to the associative geometry is the following.

Definition 2.6. An oriented 4-dimensional submanifold M of R’=Im O is said to be
coassociative if the tangent plane to M at each point is coassociative.
From Theorem 1.16 we have the following.

THEOREM 2.7. Coassociative submanifolds are absolutely area minimizing.

Of course the corresponding result holds for ‘‘coassociative varieties’’ and ‘coas-
sociative currents’’.

Arguing as above we see that there is no loss of generality in assuming that a
coassociative manifold is given locally as the graph of a function g from an open set in
H to ImH. Let x=x,+x,i+x,j+x,k denote a point of H.

Definition 2.8. Let g: Q—>ImH be a C' map, where Q is an open domain in H. Let
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g=g’i+g’j+g* denote the components of g and interpret Vg? as a quaterion in the
obvious way. The (dual) Dirac operator on g is defined by

D(g) = ~Vg?i—-Vg3—Vgik.
The (dual) first order Monge-Ampére operator on g is defined by
6(g) = Vg*xVg*xVg?.

These operators are independent of the choice of oriented orthonormal basis for
ImH.

THEOREM 2.9. Let f: Q—sImH be a C' map where Q is a domain in H. Then the

graph of fis a coassociative submanifold of Im O=Im H®H if and only if f satisfies the
differential equation

D(f) = 6().
Proof. A direct proof of this can be given using the coassociator equality 1.18. The
details of this proof are omitted. Instead this equation is obtained as a consequence of

Theorem 2.22 in the next section (see Remark 2.51).
As above we have the following.

COROLLARY 2.10. Any C' solution to the equation D(f)=6(f) is real analytic.

This result is sharp. In Section 3 we shall construct a Lipschitz solution to this
equation which is not C!.

IV.2.C. The Cayley equation

Definition 2.11. An oriented 4-dimensional submanifold M of R®=0 is said to be a
Cayley submanifold if the tangent plane to M at each point is a Cayley 4-plane.

Remark 2.12. The geometry of Cayley submanifolds includes several other geome-
tries.

(a) A submanifold M which lies in ImO<O is Cayley if and only if M is coassocia-
tive. This follows directly from Proposition B. 14, part (3), which shows that any Cayley
4-plane in Im O is coassociative.

(b) A submanifold M of O of the form RxN, where N is a submanifold of ImQ, is
Cayley if and only if N is associative. This follows from the definition of the Cayley
calibration ® and the fact that (1,yxzxXw)=(y',z’w’) (see Lemma B.9 (2)).
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(c) Fix a unit imaginary quaternion u € S°cIm©O. Consider the complex structure
J.. and let 0=C*. Each complex surface in O, with the reverse orientation, is a Cayley
submanifold. This is a consequence of Proposition 1.37.

(d) In addition to choosing one of the distinguished complex structures J, (as in
() choose a quaternion subalgebra H of O orthogonal to u and identify R*=C* with
HcO. Each special Lagrangian submanifold of C*=0 is a Cayley submanifold. This is
also a consequence of Proposition 1.37.

THEOREM 2.13. Cayley submanifolds are absolutely area minimizing.

The corresponding result holds for ‘‘Cayley varieties’’ and ‘‘Cayley currents’’.

Each Cayley submanifold can be described locally as the graph of a function f over
one of its tangent planes. Recall that any two Cayley 4-planes are equivalent under
Spin; (Theorem 1.36). Therefore, there is no loss in generality to consider the case
where the tangent plane is £=Hc 0. Let Q denote an open subset of H=O and consider
a C! map f: Q—H. The purpose of this section is to extract a simple and rather beautiful
system of equations for f which is equivalent to the graph of f being a Cayley
submanifold. This system of equations should be considered as the appropriate ana-
logue of the Cauchy-Riemann equations for functions from H to H. To express this
system concisely we shall define three distinct first order operators on C' functions
[ Q—H with Q°P*"cH,

The first, called the Dirac operator, is given by the formula

of ef. of. of

Df=—————j——"j—"2k, .
= ox o, o o, 2.14)
where (x,, x,, X3, x,) are coordinates with respect to the basis 1,1, j, k, for H. It is easy to

check that
4
Df=Y, (V. )¢ Q.14y
i=1

where e, ..., e, is any orthonormal basis for H. This operator D is a first order, linear,
elliptic operator. It is the quaternionic analogue of the operator 3/3z=1(8/3x—i(8/3y)),
which acts on g: C—C. With respect to the quaternion inner product xy the adjoint of D
is the operator —D defined by

D =——4——j+——j+—k,
) ox, '3 21 3 3J 3 4k (2.19)
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The operators D and D satisfy the relationship
DD=DD=A"1, (2.16)

where A is the scalar Laplacian and I is the 4x4 identity matrix.
The second operator, called the first-order Monge-Ampére operator is defined as

follows.
a(f)s<—a—£xg—xa—f>+<a—fxa—fxa—f>i-(a—fxﬂxa—f>j+<a—fxa—fxa—f)k.
ox, 0Ox; Ox, ox; 9x; Ox, ox, 09x, Ox, dx, Ox, Ox,
2.17

It is straightforward to check that the basis 1,i,/, k for H may be replaced by any
oriented orthonormal basis e, ..., e, for H without altering the operator o. In fact, o

can be expressed in the following invariant form.
.17y

O'(f) = E (V"i fX Vei fX Vei f) (eilx eizx eis)
i\ <iy<is ! 2 }

Remark 2.18. If fis endependent of x;, then the above definitions of D(f) and o(f)

agree with those given in (2.3).
The operator o is a non-linear first order operator which is homogeneous of degree

three. It is, in fact, a linear function of cofactors of the jacobian matrix for f.
There is an auxiliary operator, homogeneous of degree two, which must be

studied.
ox, 9x, Ox; Ax, dx, Ox; 09x, Ox,

+<—a—f—xa—f——af~xa—f>k].
d9x, 0&x, 9x, Ox,

(2.19)

Replacing 1,i,/, k by any orthonormal basis ¢,, e, e;, e, for H does not alter 6.
o =Im D (V, XV, f)e,Xe, .19y
7<q P q
The main result concerning the above differential operators is the following.

THEOREM 2.20. Suppose f: Q—H, with QcH, is of class C'. Let McHxH=
H+He=0 denote the graph of f. Then M is a Cayley submanifold if and only if
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¢)) D(f) =a(f),
and

2 o(f)=0.

Moreover, if the jacobian determinant of f is never 1 then equation (2) is an automatic

consequence of equation (1).

It follows immediately from Theorem 2.20 that there exist many interesting Cayley
submanifolds. As in the special Lagrangian case, we can retreat to a potential, i.e., we
consider f=Dg where g: Q—H is a C>-map and Q is a bounded domain in H with
smooth boundary. The first equation in Theorem 2.20 now becomes

(1 Ag=0(Dg).

The linearization of this at g=0 is simply the Laplace equation Ago=0. Hence, by
implicit function techniques, we can solve the Dirichlet problem for (1)’ in a C?
neighborhood of zero. We can assume that the resulting functions f=Dg will not have
Jacobian determinant identically equal to 1. Hence, the graph of each such fis a Cayley
4-fold.

Proof. It suffices to prove the theorem in the case where f: H—H is R-linear. Let
x=1+f(De, y=i+flde, z=j+f()e, w=k+flk)e. (2.21)

Then the graph of f is the oriented 4-plane spanned by x,y, z, w. Consequently, by
Corollary 1.29, the graph of fis a Cayley 4-plane if and only if

ImxXyXzxXw=0.
Notice that
D(f) =f()—f)i—fPDj—fh)k,

o(f) = fO XD XFR)+ D)X fG) X fK) i— (F X @) X fk)j+ (T XD XfG)) k,
8(f) = Im [(ADXFD)~FY) X f k) i+ (DX D)+ X fkNJ+F )X fUR) = fD) X (7)) k.

It follows directly from Lemma B.10 (3) that
ImxXyXzXw=38(f)+(o(f)—D(f))e. 2.22)

where x, y, z, and w are defined by (2.21).
9—812904 Acta Mathematica 148. Imprimé le 31 aolit 1982
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This proves the first half of Theorem 2.20. Before giving the proof of the second
half of Theorem 2.20 we study the equivariance properties of the operators D, o and J.

LEMMA 2.23. Suppose a is a unit quaternion, and x,y, 7 are arbitrary quaternions.
Then,

(1) (xa)x(a)=a(xxy)a

(2) (ax)x(ay)=xXy

(3) (xa)X(ya)X(za)=(xXyXz)a
@) (ax)X(ay)x(az)=a(xXyXz).

Proof.
(ax)x(ay)x (az) = L[axayaz—azayax] = }{axyz—azyx] = a(xXyXz)
proves (4). The proofs of (1)-(3) are similar.

Remark. Note that a is not required to be purely imaginary, as it is in the analogous
Proposition B.11 for the cross product of Cayley numbers.

PROPOSITION 2.24. Suppose that f: H—H is R-linear and that a, b and c are unit
quaternions. Then

(1) D(L,ofoLy)=aD(f)b and D(foR)=D(R_of)
(2) o(LsofoLy)=ao(f)b and o(foR.)=0(R.of)
(3) O(L,ofoL,)=0(f) and 6(foR)=cd(R.of)¢.

Proof. Let {ey, ..., e4} be an orthonormal basis of H. Then for any unit quaternion
x, {xey,...,xes} is also an orthonormal basis. Hence,

D(L,ofoL)= > aftbe)é,=a Y, f(be) (be) b=aD(f)b,

and also
D(foR) = fle;c)é,= >, fle;c)c {e;0) =D(R,of).

Similarly, by using Lemma 2.23 (4), we see that

o(L,ofoL,)= 2 (af(eil) X af(eiz) xaf(eia)) ((I’-eil) X (Beiz) X(Beis)) =ao(f) b,

and that
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AfoR) = 2 (e, <F(e) (@) {ER (@O (0) = oRe2D:
Finally, using Lemma 2.23 (2), we see that
O(L,ofoL,) = > (afle,)x(afle ) be,)x(be )= 5(f).

The argument for o(foR,) is similar.

In the following we will refer to a Cayley 4-plane in O=HxHe which can be
graphed over H as a Cayley 4-graph. The isotropy subgroup of Spin; acting on G(®) at
the point Co=1AiAjAk=H is K=Sp,xSp,xSp,/Z,(see Theorem 1.38). Suppose { is a
Cayley 4-graph of f: H—>H and g=(q,, q,, q;) € Sp,xSp,xSp,. Then g({) is also a Cayley
4-graph since g leaves H and He fixed. Recalling the action (1.39) of g on O, one
obtains that g({) is the graph of 4#: H--H with

h(a) = q,f(Gz aqy) ;. (2.25)

Under this action of Sp, X Sp,XSp,on 4x4 matrices we have the following canoni-

cal form.

LEMMA 2.26. Given an R-linear map f:H—H, with detf=0, there exists
8ESp  XSp,XSp, such that the h defined by (2.25) has the canonical form

h=R,oP.
Here g€ SpicH and P is a semipositive diagonal matrix.

Proof. Recall that by the polar decomposition theorem and the diagonalization of
semipositive matrices, there exist &,,k, €S0, and P semi-positive diagonal so that

f= k1°P°k2. (227)

Recall also that $O,=Sp,xSp,/Z, where (a, b) € Sp,xSp, acts on R*=H by the ortho-
gonal transformation k(x)=axl5=La0Rb~(x). Hence, we may rewrite (2.27) above in the

form

f=L,oR;oPoL,oR;. .27y

Setting q,=b,, q,=4,, q¢;=a, and g=b, b,, we have that R,oP=h as desired.
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Remark 2.28. If detf<0, then Lemma 2.26 remains valid with P replaced by a
diagonal matrix with first eigenvalue negative and all other eigenvalues positive.

To complete the proof of Theorem 2.20 we assume that f=R,0P is in canonical
form with g=q,+q,i+q,j+q,k€ Sp,cH, and with the diagonal matrix P having eigen-
values A,,4,,4,,4,. Since f(1)=A4,q, fli)=A»igq, f(j)=A1jq and f(k)=A; kq, by definition

and Lemma 2.23 we have

Df=A,q—A,iqi—A,jgj—2, kqk. (2.29)
O(f) = Ayas Q=2 134 1Gi—A 154 J@— A 153 kk. (2.30)
O(f) = (A;;—A3) Im Giqi+(A,;—A,) Im Gjgj+(A,,—A,;) Im Gkgk. 2.31)

where 4,=1,4; and 1;,=A,4;4,. Direct calculation yields
D(f)—o(f) =4+ A+ A, +4) — Ay A3 HA )l @

HA,+4,=A,—2) = Apy t A 13— A s A1) 1 G2 0

A=A+ A=A )= (Ayzs—Ayas A=A 3)1 g3

A=Ay = A3+ 2) — Ay —A 34— ApaTA123) 1 gak,

O0(f) =[(A13+Ag+A+ ) 4y gt (A ;3= Ay A1+ 250 g5 )i

HA A3+ A, +2) 4, g3+ A+ 25— A= A2) g, qlJ
HApt A+ A 3+4,) g, g+ (= Ap—A+ A5 +4) g, g1 k

where 4,=4,4; and 1;,=2,4;4,. A straightforward but somewhat tedious analysis now
shows that if D(f)=0(f), then either 6(f)=0 or det(f)=1. Cases where 6(f)*0 can
arise. The simplest example is where f=R, and no component of g is zero. A generic
example is where g=q;+q,i and (4,,...,4,)=(u, Vu,v, 1/v) for u, v>0. We leave these
final details of the proof of Theorem 2.20 to the reader.

Suppose f: Q—H is of class C!, with Q an open subset of H. Let f=f'+f%i+f3j+f*
express the components of f. Using the rows Vf', V2, Vf>, Vf*, instead of the columns
of1ox,, of1dx,, 3f19x,, 3f/9x,, of the jacobian matrix J,for f, we may define operators D,
&, and é:

D(f)=Vf'=VFi-VFi-Vfik (2.32)

() =Im [(VAXV-VEXVFY) i+ (VXVEHVXVFYj+ (VX VA= VXV A
(2.33)
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G(f) = (VEXVFXVFYH(VF XV XY i— (VI X VXV jH(Vf X VX V) k.
(2.34)
Recall the special cases (Deﬁnition 2.8) where f'=0. One can easily check that the
standard basis 1,1, j, k can be replaced by any orthonormal basis e, ..., ¢4 as was done

in (2.14)', (2.17)’, and (2.19)' thereby obtaining invariant forms for D, &, and 6. Of
course, if fis R-linear then

D(H)=D(f), &fH=d(f) and &(f)=oa(f). (2.35)

PROPOSITION 2.36. Suppose f: Q—H is of class C' with Q an open subset of H.
Then,

(1) D(f)=D(f)
@ 6(H=olf)
3) 8(H) =5(f)

Proof. We may assume f: H—H is R-linear. Furthermore, we may assume (cf.
(2.27)) that f=L, oR; oPoL, oR; where P is diagonal with respect to the standard

basis 1,i,j, k and has eigenvalues 4,,1,, 4;,4,. Note that f=L, oR, oPoL, oR, . Thus,
by Proposition 2.24

Df=Df=D(L,oR,oPoL,°R,)=a,DR, , oP)d,,

and

Df = D(LaloREIOPoLaZORI;Z) =a,D(Rb-lb—20P) C_l2=6—12 D(Rb;b_l oP) C-l‘.

To complete the proof of (1) we must show that D(R,0P) = D(R;oP), which follows
immediately from (2.29). The proofs of parts (2) and (3) are entirely similar.

Suppose now that fiO—H where Q is an open subset of H. Let
M(f)={x+fix)e:x€Q} denote the graph of f over QcHcO, and let
M()={f(x)+xe: x EQ} denote the graph of f over QecHecO. Note that:

M(f)=M(—f)e, 2.37)

the image of M(—f) under right multiplication R, by e. Because of Theorem 2.20, M(f)
is Cayley if and only if M(—f) is Cayley. Proposition 1.36 implies that M(—f) is Cayley
if and only if M(—f)e is Cayley. This proves the next result.
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PROPOSITION 2.38. Given f: Q—H of class C' with Q an open subset of H, the
graph of f over QcHcO is Cayley if and only if the graph of f over QecHecO is
Cayley.

This Proposition 2.38 is also an immediate consequence of Theorem 2.20 and the
next equation (for g R-linear):
Im {(g()+e)x(g(D)+ie)x(g(j)+je) X (g(k)+ke)} = —0(g)— (a(g)—D(g)) e.
’ (2.39)

One cay verify this exactly as in (2.22) by using Lemma B.10 (3). Alternately, the
equivarience Lemma B.11 (3) implies that the left hand side of (2.39) equals

—elm {(1-g(1) e)x(i—g(i) e)x(—g() e) X (k—g(k) e)} e.

Using (2.22) this equals

—e(0(—g)—(o(—g)—D(~g))e) e = d(g) — (5(g)—D(g)) e.

Of course, using Proposition 2.36 we have
Im {(g(1)+e)x(g(i)+ie) X (g()+je) x(g(k) +ke)} = 3(g)—(6(g)—D(g)e.  (2.40)

THEOREM 2.50. Suppose f: Q—H is a function of class C' on an open subset Q of
H. Let M(f)={f(x)+xe:xEQ) denote the graph of f over QecHe in O. Then M is
Cayley if and only if

(1) D(f)=6(f)

and
(2) 6(f)=0.

Moreover, if the Jacobian determinant of f is never 1, then equation (2) is an immediate
consequence of equation (1).

Proof. There are two options. The first is to combine Theorem 2.20, Proposition
2.38, and Proposition 2.36. The second is to the use equation (2.40) directly for the first
part of the theorem.

Remark 2.51. If Ref=f" vanishes then M(f)cImO and in this case M is Cayley if
and only if it is coassociative (Remark 2.12(a)). Moreover, f'=0 implies that the
Jacobian determinant of f vanishes. Consequently, Theorem 2.9 concerning coassocia-
tive submanifolds is a corollary of Theorem 2.50.
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Finally we conclude this section by establishing the relationships between the
operators D, ¢, d on fand on f 1.

PROPOSITION 2.52. Suppose fis a class C' diffeomorphism of an open subset of H
to an open subset of H. Then setting y=f(x) we have that:

(1) D(F),=(detd)™" (),
) o(f™"),=(detd) D),
3) 8/, =(detd)™" 3P,

In particular, D(f)=0(f) if and only if D(f D=o(f™H.

Proof. Similar to that of Proposition 3.36 and hence omitted.

IV.3. Coassociative fourfolds invariant under Sp,

One of the most interesting examples of a coassociative submanifold is found by
looking for symmetric solutions. The group Sp;=S5>cH acts on O in several ways. The
action we wish to consider is given by

a+be— gag+bge, 3.1

for each ¢ € Sp,cH.

Recall from (1.9) that this embeds Sp,; into G,, and therefore this action preserves
the coassociative calibration y. Note that the orbit of any point a+be €0, with b+0 is
diffeomorphic to $°.

To obtain a coassociative fourfold invariant under Sp; we choose a fixed unit
vector e€ImH and seek a curve in the half plane RXR*=Re®R"ecIm O which is
swept out into a coassociative submanifold (of dimension 4) under the action of Sp;.
Let (s, ) denote coordinates in RXR™.

THEOREM 3.2. Suppose ¢ €EIm H is a fixed unit vector and c ER. Then
M, = {sqeq+rge: q€ESp, and s(ds*—5r*) =c})

is a coassociative submanifold invariant under Sp,. In particular, if ¢=0 and

s=(V'S12)r then

M, = {r(v—z?—qsq+Qe>: q€Sp,=S* and rER*}
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which is the cone on the graph of the Hopf map y: $°—S? defined by n(q)= IV 5 geq,is

a coassociative 4-fold.

Remark. The cone M, above is the graph of the function #: H—Im H defined by

5

£ for all x€H.
20 Xex X (3.3)
This graph was first discovered by the second author and R. Osserman [LO]. They
observed that  represents a Lipschitz solution to the non-parametric minimal surface

n(x) =

system which is not C'. We have now shown that the graph of 7 is absolutely area
minimizing. Furthermore, we have the following.

THEOREM 3.4. The function n given by (3.3) is a Lipschitz solution to D(n)=0(n)
which is not C'.

This makes sharp the regularity result that C' solutions to D(f)—o(f)=0 are real-
analytic.
Before proving Theorem 3.2 we establish two lemmas.

LEMMA 3.5. Suppose that M={g(x)+x-e:xER}cImO is the graph of a function
g:H-ImH. Then M is invariant under the action (3.1) of Sp if and only if

glx)= I_):I—ng(lxl)x (3.6)
for all x€H.

Proof. If M is Sp,-invariant, then for each ¢ € SpycH and each x€H, the vector
gg(x) g+xge also belongs to M. Consequently,

g(xq) = qg(x) q

for all g € Sp, and all x EH. Replace x by |x| and g by %/|x| to obtain (3.6).

LEMMA 3.7. Suppose eEImH is a fixed unit vector, and ¢:RT™—R, is a given
Junction, s=¢(r). Define g:H—ImH

gx) = % (x)

so that M=graph (g) is Sp,-invariant. Then M is coassociative if and only if

4rg(r)

¢'(r) = WO

(3.8)
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Since the right-hand side of (3.8) is homogeneous of degree zero in r and s=¢(r),
the standard substitution z=r/s yields the integral curves

s(ds?—5r%)* =,

thereby completing the proof of Theorem 3.2.

Proof of Lemma 3.7. We must compute Dg—og. The fact that g(xg)=gg(x) g for
q € Sp,, implies that dgxq(u)=ngx(uq)q, where dg, denotes the differential of g at x.

From Proposition 2.24 we have that (Dg) (x§)=q(Dg) (x) and (0g) (xg)=g(og) (x). Conse-
quently, it suffices to compute Dg—og at x=|x|=r ER™. For convenience, and without
loss of generality, we set e=i so that

1

. @Ar).

2(x) = xix

Straightforward calculation then shows that
og s Og g 2 og 2 .
— 3 — = 0’ — = — k, — T e—— .
ox, (N=9(ni ox, (r o1, (r) ; @(r) ox, (r ; @(r)Jj

Computing directly from the definitions of D and o (See (2.14)), we find that

(Dg) () = (i} <o(r)+<p'(r)) i
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and
(08) () = %qoz(r) P,
Therefore, we have that
(Dg—o0g) (rg) = ;1;(4r¢+(r2—4¢2) @) gi, G3.11)

and the proof is complete.

IV.4. Boundaries of exceptional submanifolds

The purpose of this section is to give a local characterization of the boundaries of
associative, coassociative and Cayley submanifolds, at least in the real analytic case.
We consider the boundary as a set of initial data and apply the Cartan-Kéahler theorem
according to the procedure outlined in Section 6 of Chapter II.

We begin with the case of associative submanifolds.

THEOREM 4.1. Suppose N is a two dimensional, real analytic submanifold of
Im O=R’. Then there exists a unique real analytic associative submanifold M of Im O
which contains N.

Proof. Let I denote the ideal generated by the forms wy,..., ;€ A3(Im O)*,
obtained by taking the components of the Im O-valued alternating 3-form [x, y, z] on
ImO. By Theorem 1.6 we know that the 3-dimensional integral elements of I are
exactly the associative 3-planes, up to orientation. Since I contains no forms of degree
<3, any 1 or 2 dimensional plane is a regular integral element. We now make an
elementary observation.

LEMMA 4.2. Given any 2-plane n in Im O, there exists a unique associative 3-plane
& with ncé.

Proof. Choose an orthonormal basis {u, v} for . Then uXv is a unit vector in ImO
orthogonal to 77. Let E=uAvA(uxv). Then ¢(£)=1 and so & is associative. Finally, if &’
is any associative 3-plane containing #, then &'=uAvAw for some unit vector w
orthogonal to 7. Since 1=¢(&)=(w, u-v), we must have w=u-v=uXxv and the unique-
ness is proved.

Theorem 4.1 now follows from the Cartan-Kihler theorem.

We now consider boundaries of Cayley submanifolds.
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THEOREM 4.3. Suppose N is a three-dimensional, real analytic submanifold of O.
Then there exists a unique real-analytic Cayley submanifold M of O which contains N.

Proof. Let I denote the ideal generated by the forms 4, ..., y; € A*O* which are
the axis components of the vector-valued alternating form ImxXyxxXw on O. From
Theorem 1.28 we know that a 4-plane is an integral element of I if and only if it is a
Cayley 4-plane. Any k-plane with k<4 is trivially an integral element, and all integral
elements are regular. In fact, we have the following.

LEMMA 4.4. Given any 3-plane 5 in Q, there is a unique Cayley 4-plane & with
ncé.

Proof. The plane ¢ is given by E=(xXyXz) AxAyAz where {x, y, z} is any orthnor-
mal basis of #. The Lemma is a direct consequence of the formula

D(w, x,y,2) = (w, xXyXz).

Theorem 4.3 now follows directly from the Cartan-Kéhler theorem.
Finally, we consider the boundaries of coassociative submanifolds. In this case
there is a necessary condition.

PROPOSITION 4.5. If N is the boundary of a coassociative submanifold M, then
the unit tangent space 1, to N at each point x must be an O generating 3-plane; that is
Nx must satisfy the equation

(1) =0,
where @ is the associative calibration.

Proof. Choose an orthonormal basis x,y,z for the tangent space to N at a
particular point pEN. Then by Lemma 4.4 the tangent space to the coassociative
submanifold M at p must be spanned by x, y, z and xXyxz. Now Re xXyXz=¢(x, v, 2)
must vanish since M<ImO.

This necessary condition is also sufficient.

THEOREM 4.6. Suppose N is an O generating 3-dimensional, real analytic sub-
manifold of ImO. Then there exists a unique real analytic, coassociative ibmanifold
M of Im O which contains N.

Proof. Let I denote the ideal generated by @ENImQO)* and by
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Y1, ..., 7 €EA*(Im O)*, the coordinates of [x, y, z, w] on ImO. In the proof of Proposi-
tion 4.5 we have shown that

if@=0 for each coassociative 4-plane &. @.7

Therefore, Theorem 1.18 (the coassociative equality) implies that the 4-dimensional
integral elements of I are the coassociative 4-planes. Obviously the 3-dimensional
integral elements of I are the elements n satisfying @()=0. These integral elements are
regular since each such # is contained in a unique coassociative 4-plane. Theorem 4.6
now follows from the Cartan-Kihler theorem.

Appendix IV.A. The Cayley-Dickson process

In this appendix we collect together the basic facts about the normed algebras, R,
C, H, and O (cf. Curtis [Cu]). By a normed algebra we mean a (not necessarily
associative) finite dimensional algebra over R with multiplicative unit 1, and equipped
with an inner product (, ) whose associated norm | | satisfies

|xy| = |x|{y| forall x,y.

Given a normed algebra B we will adopt the following notational conventions. Let
Re B denote the span of 1€ B, and let Im B denote the orthogonal complement of Re B.
Then each x € B has a unique orthogonal decomposition

x=x;+x',

with x; ERe B and x' €Im B. (Occasionally we let Rex denote x, and Imx denote x’.)
Conjugation is defined by

=i
U

Xi—X".
Thus

x1=i(x+x) x' =Ll(x—x).
Given wEB, let R,, denote the linear operator right multiplication by w. Similarly let

L,, denote the linear operator left multiplication by w.
The elementary facts concerning R,,, L,,, and conjugation are:

(Ryx, R,y) = (x,y)wl’, (L,x.L,y)={xy)w] (A.D
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‘R,=R,, 'L,=L,. (A.2)
F=x, xy=3% (x,y)=Rexy=1(y+y0), xi=[x (A3)

Polarizing the identity [xw|*=|x]*|w|* in x yields the first half of (A.1). To prove (A.2)
we may assume Re w=0. Repeated use of (A.1) yields:

(x,) A+ W) = (x(1+w), y(A+w)) = (x,y) L+ W)+ (x, yw) +{xw, y),

which proves the first half of (A.2). Repeated use of (A.2) establishes Xy=yx.
An object of fundamental interest on a normed algebra B is the associator defined
by
x,y, z1 = (xy) z—x(y2)

for x,v,z€B. The following weak form of associativity always holds on a normed
algebra.

LEMMA A.4. The trilinear form [x,y, z] on B is alternating.

This means that the associator vanishes whenever two of its arguments are equal.
An algebra on which the associator is alternating is called alternative. The lemma states
that any normed algebra is alternative.

Proof. Note that the associator vanishes if one of its variables is real. Hence, it
suffices to show that the associator vanishes whenever two of its variables are set equal
to wEImB. Now we prove that [x,w,w]=0. Since ww=|w|?, we must show that
(xw)w=x{w|>, Note that by (A.2) ((xw)w,y)=(xw,yw) which by (A.1) equals
{x,y)w]*. Since [x,w,w]=0, [w,y,wl=—[w,w,y}. Thus it remains to prove that
[w, w, z]=0 which follows in the same way as [x, w, w]=0.

As an immediate consequence of the Lemma A.4 and the fact that x=|x|* we have
that:

LEMMA A.S. (a) Each nonzero element x€B has a unique left and right inverse
x T =w/|x

(b) Given elements x,y€EB with x#0, the equations xw=y and wx=y can be
(uniquely) solved for w with w=xy/|x|* and w=yx/|x|* respectively.

Note that (a) alone without the weak associativity (Lemma A.4) does not imply (b).
From the equation 2{x,y)=xy+y#%, we have that

2{x,y) w—x(Gw)—y(Ew) = [x, ¥, wl+[y, %, wl.
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Consequently Lemma A.4 can be reformulated as

x(w)+y(Ew) =2(x,y) w, (A.6a)
and (proved similarly),

W) x+(wx)y =2(x,y) w. (A.6b)

In particular, if x and y € B are orthogonal and w € B is arbitrary, then

Xy = —yx (A.7a)
xw) = —y(iw) (A.7b)
Wy x=—(wx)y. (A.7¢)

The equations in (A.7), which enable one to interchange x and y if they are
orthogonal, can be used to motivate the Cayley-Dickson process.

LEMMA A.8. Suppose that A is a subalgebra (with 1 €A) of the normed algebra B
and that e EA* with |e|=1. Then Ae is orthogonal to A and (a+be)(c+de)=(ac—db)+
(da+bc)e for all a, b, c, dEA.

Proof. Note x€A if and only if ¥€ A since 1 €A. Then a, b€ A implies ba €A and
hence (a, be)=(ba, e)=0 Va, bEA. This proves A L Ae. Note that ¢ L A implies ¢ € Im B
and hence 1=|l¢|’=eé=—¢* so that ¢*=—1. Expanding we have (a+be)(c+de)=
ac+(be) (de)+a(de)+(be) c. Next we make repeated use of (A.7) above to rewrite the
last three terms.

(be) (de) = —d((be) ) = d((eb) &) = —d((e2) b) = —db

a(de) = a(ed) = e(ad) = (ad)e = (da)
(be)c = (bé)e.
This completes the proof.

Definition A.9. Suppose A is an algebra. Motivated by lemma A.8 we define a
product on A@A by:

(a, b)(c, d) = (ac—db, da+bé).

The new algebra B=A®A is said to be obtained from A via the Caley-Dickson process.
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Remark. Under the hypothesis of Lemma A.8 the conclusion may be restated as
follows. A+Ae is a subalgebra of B isomorphic to the algebra A@A obtained from A via
the Caley-Dickson process.

Definition A.10. C=R®R, H=C®C and O=H®H via the Caley-Dickson process.
With the standard basis 1,i,j,k, ¢, ie,je, ke for O we have C=R+Ri, H=C+Cj,
O=H+He.

LEMMA A.11. Suppose B=A®A is obtained from A via the Caley-Dickson process
then

(1) B is commutative if and only if A=R.
(2) B is associative if and only if A is commutative.
(3) B is alternative if and only if A is associative.

Proof. Suppose x=(a,a)=a+ae, y=(b, )=b+fe, and z=(c,y)=c+ye. One can
easily verify the following formulas.

(1) ilx,y]=Ma, b]+ImaB+(BIma—-almb)e.

() Ix,y, 2l = [a, 7B1+1b, ayl+[c, Bal+(alb, c1-Pla, c1+yla, b)+alB, yl+[a, y1 B+
yla, Bl) &, assuming A is associative.

Q)Y [x, %, yl=la, B, al+la, b, dl .

The lemma now follows easily.

Hence, C is commutative and associative, H is associative but not commutative, O
is alternative but not commutative and not associative, and B=0®0 is not an alterna-
tive algebra. In particular B=0®O0 is not a normed algebra, although one can check
that xz=|x|* is still valid, so that each non-zero element has a unique left and right
inverse.

THEOREM A.12. (Hurwitz). The only normed algebras over R are R, C, H and O.

Proof. Suppose B is a normed algebra. Let A,=ReB(=R). If A,=B we are
finished. If not, choose ¢, EA; with [¢;|=1, and let A,=A,+A,¢(=C). By Lemma A.8,
A, is a normed subalgebra of B isomorphic to C. If A,=B we are finished. If not choose
&, €Ay with |e;[=1 and let A;=A,+A,¢,. Again by Lemma A.8, A;=H. If A;=B we are
finished. If not choose ¢, € Ay with |&;|=1 and let A;=A,+A,& By Lemma A.8, A,=O0.

Finally, we must show A,=O0=B. If not choose ¢€ A; with |¢|=1 and let
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As=A,+A,e. By Lemma A.8, As=0®0 which is not a normed algebra. This is a
contradiction since AscB and B is a normed algebra.

The weak form of associativity, corresponding to the fact that the associator is
alternating, can be strengthened.

THEOREM A.13 (Artin). The subalgebra A with unit generated by any two ele-
ments of O is associative (in fact, A is contained in a quaternion subalgebra of O).

Proof. Suppose x,y €O are generators. If A=R we are finished. If not we may
assume Imx+0 and define ¢;=Imx/|/Imx|. Then by Lemma A.8, A;=R+R¢g=C is
associative. If y€A,, then A=A, and we are finished. If not, write y=y,+y, with
€A, y,EA] and y,#0. Now let &,=y,/|y,. Then A,=A,+A,&,=H is associative.
Also x,y €A, and hence A=A,=H.

PROPOSITION A.14. R, C, H and O are normed.

Proof. 1t suffices to show that O is normed. Suppose x,y €0. Then by Theorem
A.13 the subalgebra with unit generated by x,y is associative. Therefore 'xy|2=
() ()=(xy) GR)=xyyz=|x[*|y [

The Cayley-Dickson process can be used to generate the automorphisms of O.

LEMMA A.15. Suppose e,,e,, e, is an orthonormal triple in ImO with e;Le, e,.

Then there exists a (unique) automorphism g of O sending i—e,, j—e,, and e—es.
Proof. Applying Lemma A.8 succesively we have
g: CSR+Re =A,, gsHS A +Ae,=A,,

and
203 A,+A,e,=0.

Finally we shall need the Moufang identities:

LEMMA A.16.

(@) (xyx) z = x(y(x2))
(b) z(xyx) = ((zx) y) x
(©) (xy) (zx) = x(y2) x.

Proof. Consider the differences of the left and right hand sides above. They vanish
if any two of the variables are equal by Theorem A.13. Since they are linear in y and z,
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we may assume x, y, z are orthogonal. By repeated use of (A.6) we have that: both sides
in (a) equal —|x|’yz, both sides in (b) equal —|x|*Zy, and both sides in (c) equal
—|x|Pzy+2(x, yz) x.

Appendix IV.B. Multiple cross products of Cayley numbers

First we consider the cross product of two octonions. This is well known but is
included to motivate the cross product of three and four octonions.

Definition B.1. Let xXy=—1(xy—yx)=Imyx, for all x, y €0. This product will be
called the cross product of x and y.
We consider the next Lemma to justify the terminology ‘‘cross product’’.

LEMMA B.2.

(1) xxy is alternating
) |xxy|=|xAy].

Proof. (1) The cross product is alternating since xxXx=0.

(2) Consequently, it suffices to compute |xXy| in the special case where x and y are
orthogonal. By condition (A.7a), if x and y are orthogonal than xXy=yx. Therefore
|xxy|=|yx|=|x||y|=|]x Ay| as desired.

Remark. The proof that |xXy|=|x Ay| explains why we needed the conjugates in the
definition of xXy; namely we wanted the vanishing of (x,y) to imply that xXy could be
expressed as one term yx.

Remark. If x,y EImHcOQ then xXy can be expressed in many ways
xxXy = 1x, y] =xy—1(xy+yx) = xy+(x,y) = xy—Rexy = Imxy;

and is just the usual cross product on R*=ImH.

The natural extension of the cross product to three vectors is the alternation of
x(yz). (Note that this is not xX(yXxz)!) Since yxx is already alternating this equals the
alternation of —x(yxz) which is just —1(x(yXx)+y(zxx)+z(xXy)). However, this ex-
pression can be simplified by repeated use of (A.7). Therefore we adopt as our
definition of the triple cross product:

Definition B.3. Let xXyXz=1(x(¥2)—2z(yx)), for all x,y, z€O.
10—812904 Acta Mathematica 148. Imprimé le 31 aoat 1982
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LEMMA B .4,
(1) xXyxz is alternating on O
Q) |xxyxz|={xAyAz| forall x,y,z€O.

Proof. (1) Since the subalgebra generated by any two e¢lements is associative.
xXxXz=4(x(x2)—z[x) =0
xxyxy =1 (x|yP—y(yx)) =0.

Obviously xXyxx=0, and so xXyXz is alternating.
(2) As a consequence of (1) we may assume that x,y,z are orthogonal. Then
repeated use of (A.7) shows that —z(yx)=x(yz) and hence that

xXyXz=x(yz) if x,y, z are orthogonal. (B.5)

Therefore [xXyXz|=|xF2)|=|x||y||z|=|x Ay Az|.
Now we consider a fourfold cross product. This is defined as the alternation of
Xy XzXw).

Definition B.6. Let

XXYXZXW = HER(YXZXWw)+J(2Xx X w)+Z(x Xy X w)+Ww(y X xX 7)),

for all x,y,z, wE€Q.

LEMMA B.7.

(1) xxXyXzXw is alternating
Q) xxyxzxw|=|xAyAzAw|.

Proof. (1) Since yxXzXw is alternating, it is obvious from the definition that
xXyXzXw is also alternating.

Since both sides of (2) are alternating we may assume for the remainder of the
proof that x, y, z, w are mutually orthogonal.

If x,y, z, w €Q are orthogonal, then xXyXzXw = #(y(Zw)). (B.8)

As in the proof of (B.5), repeated use of (A.7) can be used to verify (B.8). The details
are omitted.
(2) This follows immediately from (B.8) since Q is a normed algebra.
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The real part of a cross product is an alternating scalar valued form on Q and thus a
candidate for a calibration on Q. Given x€Q, we let x;=Rex and x'=Imx.

LEMMA B.9.

(1) RexXxy=0
(2) Rex)(y)(z:(xl’yrzr>
(3) RexXyxzxw={x,yXzxw).

Proof. (1) 2RexxXy=—1(xy—yx)—1 (xy—yx) =0.
(2) First note that 1XyXz=—yXz which has no real part by (1). Therefore
Rexxyxz=Rex'xy'xz'. In (1.1) it was shown that (x’,y’z’') is alternating. Therefore

we need only prove (2) for x, y, z purely imaginary and orthogonal. In this case we may
apply (B.5).

RexXyxz=Rex(yz) = —Rex(yz) = {x, yz).

(3) In Lemma 1.22 we have shown that (x, yXzxw) is alternating. Therefore we
need only prove (3) for x, y, z, w pairwise orthogonal. In this case we can apply (B.5)
and (B.7). RexxXyXzxw=Rex(y(Zw))={(x, y(zw))=(x, yXzXw) as desired.

Remark. The fact that
(x,yXxzXw) is alternating in x, y, z, w€ O,
can be reformulated as
xXyXz is orthogonal to x, y, and z€ O.

The various cross products can be expressed in a very elegant way in terms of
ordered pairs of quaternions. The next lemma is used to derive the Cayley partial
differential equation.

LEMMAB.10. Let x, y, z, w denote the octonions a+ae, b+8e, c+ye, d+de respec-
tively, where a, b, c,d, a,B,y, 0 are quaternions. Then
) xXy=axb—aXpB+(ab—pa)e
2) xXyXz=axbXc+a(BXy)+blyxa)+claxp)
+@xBxy+a(bXc)+B(cxa)+y(axh))e
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3) xXyxzxw={a, bxcexd)+{a, BXyXxJ)
+(axp) (cxd)—(axy) (bxd)+(axd) (bXc)
+(BXy) (axd)—(x0) (axc)+(yxd)(axb)
+(BXyXd) a+(yxaxd)b+(axpxd)c+(Bxaxy)d
—a(bXcxd)y—p(cxaxd)—ylaxbXd)—d(bXaXc)]e.

Remark. Notice that these formulas are more elegant than the corresponding
standard formulas for [x, y] and [x, y, z] (given in the proof of LLemma A.11); providing
additional evidence of the naturality of the cross products vis-a-vis the Cayley-Dickson
process.

Proof. The proofs of these formulas are direct calculations, using the definition of
the cross products. For example,
Xy =(a—ae) (b+Pe) = ab+pa+(Ba—ab)e
yx = (E—ﬁe) (a+ae)= I5a+dﬂ+(al5—ﬂ[1) e,

and hence

S xXy=1(Fx—xy) = %(15a~ab)—§([§a—dﬁ)+(ab——ﬁd) e
=axb—axf+(ab—Pa)e,
proving (1).

Next we discuss the equivariance properties of the cross products.

PROPOSITION B.11. Suppose u€ImO and |u|=1 (hence a=—u). Then for all
x,v,2, wEO:

(1) Guw)X(yuy=ulxxy)i

2) (W)X (yu)X(zu)=(xXyXz)u
) )X (yu)X ()X (wu)=u(x Xy XzXw)ii.

Proof. We may assume that x, y, z, w are pairwise orthogonal. Then

§)) (xu)x(yu)=()7)(xu)=—(uy) (xu)=—u(Fx)u=u(zXy)i by the Moufang identity
Lemma A.16 (¢).

(2) (xt)X@u)x(zu)=(xu) (u)(zu)), which by the proof of (1) equals
—(xu) (u(yz)u). Now by the Moufang identity Lemma A.16 (b) the above equals

—({((x) ) F2) u = (xF2) u = (xXyX2z) u.



CALIBRATED GEOMETRIES: CHAPTER 1V 149

3 By (B8 and part (2), (uwx@uw)X@u)x(wu)=0xu) (y(Ew)) u)=
—(ux) (y(Zw)) u). This equals —u(X(y(zw))) u=u(xxXyxzxw) it by Lemma A.16 (c).

Recall, Definition 1.33, that Spin; acts on O and is generated by {R,:u€
$°cIm O}. Also recall that y (v)=y,(R)=goR,0g"'=R, (where w=g(g~'(1)v)) de-
fines an action of Spin; on R?s{Rv: vE€Im O} and that y: Spin;— S0, is the standard

double cover.

COROLLARY B.12. For each g € Spin,

(D) (gx)X(gy)=y(xXy)
(2) (gx)x(gy)x(gz)=glxXyxz)
) (gx)X(gy)X(g)X(gw)=y(x Xy XzXW).

The cross products can be related to the commutator [x, y], the associator [x, y, z],
and a third object, the ““coassociator’” [x,y, z, w].
Definition B.13. The coassociator is defined by
%[x’y’ zZ, W] = ~(<yr’ Z’W’) xr+<z1’x'wr> yl+<xl’ y’W’) z;+<yv’xrzr> W'),

for all x,y,z, w€ O.
This definition is consistent with that of the commutator and associator because of
the next result.

PROPOSITION B.14. For all x,y, z, w€Im O purely imaginary:
(1) Imxxy=1[x,y]
(2) ImxxyXxz=4[x,y,z]

(3) Imxxyxzxw=L[x,y,z, w]
Remark. One can show that

2[x,y, z, wl=[wx, y, z1—x[w, y, z]-[x, y, 2l w.

The right hand side is a function considered by Kleinfeld [KI].

Proof. (1) is immediate. Since both sides of (2) and (3) are alternating we may
assume x,y,2, wEImO are pairwise orthogonal. Then, by (B.5), ImxxXyXz=
—Imx(yz)=—{(x(yz)+(zy) x). Repeated use of (A.7) shows that —(zy) x=(xy)z, which

proves (2).
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Orthogonality implies, by (B.8), that xXyXzXw=x(y(zw)) and hence

(xxyXzxw, x) = (x(y(zw)), x) = (y(zw), 1} |x|?
= —Re (yxzxw)xf = —(y, zw) |x]>.

Consequently, xXyxzxw and {[x, y, z, w] differ (at most) by an octonian a € O ortho-
gonal to x,y,z, and w. Since [x,y,z,w]€EIMO, we can write ImxXyXzxXw=
1x,y,z, wl+a where a€EImO is orthogonal to x,y,z and w. It remains to show that

(Imxxyxzxw,a)=0. Since a €ImO, this is equal to
(xXyXzXw,a) = (x(y(zw)), a) = — {(a(x(y(zw))), 1).

Using (A.7) to make four permutations of adjacent symbols, this becomes
—{x(y(z(wa))), 1), which equals —(a, w(z(yx))). Using (A.7) to make 6 permutations of
adjacent symbols yields (xXyxzxw, a)={x(y(zw)),a)=—(a, x(y(zw))). Thus x(¥(zw))
is orthogonal to a, completing the proof of Proposition B.14,

This Proposition B.14 is a special case of the next result.

PROPOSITION B.15. For all x,y,z, wEO.

(D) ImxXy=4[x,y]l=(x;y' ~y1x")
(2) Imxxyxz=}[x,y, z]+ix[z, yI+iy,lx, 2]+ zs[y, x]

(3) ImxxyxXzxw=L[x,y, z, wl+lx [y, z, wl+y [z, x, wl+iz)[x, y, wli+Hiw [y, x, 2].

Proof. Because all the expressions in the proposition are alternating; and have
been verified (Proposition B.14) when x,y,z, w are purely imaginary, it suffices to
prove (1)-(3) when x=1 and when y,z, wE€ImO are purely imaginary and pairwise
orthogonal.

In this case,

(D) IxXy=—{y—y)=—y'

(2) Note yxz=yz since (y,z)=0. Now by (B.5), 1xyxz=yz=yxz. Therefore,
using Proposition B.14, Im I XyxXz=Imyxz=1y, z].

(3) By (B.8) and (B.5), ImlXyXzxw=Imy(Zw)=ImyxXzxXw, which equals
[y, z, w] by Proposition B.14.

The commutator [x, y], the associator [x, y, z], and the new object [x, y, z, w] share
common properties. For the sake of completeness we list them for the commutator and
associator as well as for {x, y, z, w].
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PROPOSITION B.16. [x,y], [x,y, z], and [x, y, z, w] are

(1) alternating

(2) imaginary valued (i.e. the real part vanishes)

(3) depend only on the imaginary parts of x,y,z,w (for example [x,y,z]l=

x'.y",z'].

4) () [x,y] is orthogonal to x and y
(i) [x,y, z] is orthogonal to x,y, z and [a, b] for each subset {a, b} of {x,y, 2}
(iii) [x,y, z, w] is orthogonal to [a, bl and la, b, c] for each subset {a, b, c} of
{x,y,2}.

The proof is omitted.

Remark. The orthogonality (4) has useful implications for the decompositions of
ImxXy, ImxXyXz, and ImxXyXzXw given in Proposition B.15.

V. Some observations and questions

The ideas developed here for the euclidean case are equally interesting for a much

broader class of manifolds.

V.1. Grassmann geometries in locally symmetric spaces

Let X=G/K be a riemannian symmetric space (cf. [He]) and let A¥(X) denote the
algebra of G-invariant differential forms on X. (Recall that A%(X) is naturally isomor-
phic to the fixed point set of K acting on ATy X, where *‘0”’ denotes the identity coset
in G/K). Each element ¢ € A}(X) is parallel in the riemannian connection on X. In
particular, dgp=0 and |jg|[* is independent of the point x € X. Hence, ¢ gives rise to a G-
invariant Grassmann geometry on X.

There are two fundamental cases of interest here: The irreducible symmetric
spaces of compact and non-compact type. If G is compact, then there is a natural
isomorphism A}X)=H*(X;R). Thus to every cohomology class of X=G/K there is
associated an interesting geometry of minimal varieties in X. If, for example, we
consider X to be one of the Grassmann manifolds, then the cohomology of X consists
essentially of the universal characteristic calsses. The associated geometries might be
called *‘characteristic class geometries’”. For example, let X=SU ., /S(U,xU,)be the

Grassmannian of complex n-planes in C"*™. Then H*(X; R)=R is generated by the first
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Chern class ¢; which, in this case, is also the Kahler form of X. Thus cfgeometry is

just the complex geometry of X in dimension p.

Question 1.1. What is the structure of ¢;-submanifolds of the complex Grassman-
nian X, where ¢, € H*(X;R) denotes the kth universal Chern class? .

Question 1.2. What is the structure of p,-submanifolds of the real Grassmannian
X, where pk€H4k(X ; R) is the kth universal Pontrjagin class?

Of course this question can be asked for any ¢ € HX(X;R) where X is a riemannian
symmetric space of compact type. The answers are sometimes available. Consider, for
example, the quaternionic projective space X=P"(H) with its Sp, ., -invariant metric.
Let ¢ E/\‘;FW(X)EH“(X ; R)=R be the parallel 4-form of comass 1. Here one can prove
that any connected @-submanifold of P(H) is an open subset of some projective line
P'(H)cP"(H). To see this one first observes that at any point x€X, %.(p) consists of
“‘quaternion lines’’ in 7, X, i.e., 4-dimensional subspaces invariant under the local
*“I,J, K’’-endomorphisms. One now applies the elementary fact that if U is a domain in
H then any C' map f: U—H" whose differential is H-linear at each point, is a linear map
up to constants.

Similar questions can of course be asked for any riemannian symmetric space
X=G/K of non-compact type. The question is particularly interesting when one passes
to a compact quotient X'=T"\X where T is a discrete subgroup of G acting freely and
properly discontinuously on X. Any G-invariant form ¢ on X descends to a parallel
form on X’'. The ¢-cycles on X’ correspond to the -invariant @-cycles on X.

As a simple example let X=R" and consider a flat torus T"=R"/A where A is a
lattice in R”. Any ¢-cycle in T” lifts to a A-periodic y-cycle in R”.

Question 1.3. Do there exist periodic submanifolds of R” belonging to the geome-
tries discussed in Chapters 3 and 4?

We note that in complex geometries, such periodic cycles can exist. However the
lattices must be special for the complex structure (in order that the quotient C"/A carry
integral (p, p)-cohomology classes).

V.2. Locally homogeneous spaces

The discussion above can be essentially carried over to any riemannian homogen-
eous space X=G/H. Each G-invariant form ¢ gives rise to an interesting g-geometry on
X, although in general ¢ may not be closed. When G is compact, the complex (AXX), d)
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of G-invariant forms has cohomology isomorphic to the cohomology of X. However, d
is not, in general, zero.

A good example is provided by the manifold S’=Spin-/G, (cf. the discussion in
I1.5). There are Spins-invariant forms in each dimension 0, 3, 4 and 7, corresponding to
the forms on R’ fixed by G.. Let ¢ be the invariant 3-form of comass 1. Then y=%g is
the invariant 4-form of comass 1. Clearly, dy=0 and de=c-y for some ¢+0. Since
dy=0 and H4(5")=0, we see that there are no positive y-currents without boundary in
S7. In particular, there are no compact y-manifolds without boundary. However, there
do exist 3-dimensional g-manifolds. In fact, we have the following correspondence.
Consider §’cR®=Q with the action of Spin, as given above.

PROPOSITION 2.1. A 3-manifold McS" is a @-submanifold if and only if the 4-
dimensional cone CM={tx ER®: xEM and t>0} is a Cayley submanifold of R®.

Proof. Let W denote the Spin-invariant 4-form of comass I in R®, and define a 3-
form ¢ on S7 by setting

Qr=x_¥

for x€S’. This form is Spin;,-invariant, since for x€S7, Vi, V,, V€T, §7=x* and
g€Spin; we have: (g*Q(V|,V,,V))=(9,(gV,,gV,, gV)=W(gx, gV, gV, gV;)=
W) (x, V,,V,, V) =W, V,, V,, V))=¢(V,, V,, V;). Clearly, ¢ has comass one, since

@5 =P ANE) (2.2)

and ||&]|=|lx A&]| for any simple 3-vector £EA*(x*). Hence, ¢ is a generator of A3, (57)
of comass 1. The remainder of the proof now follows immediately from (2.2).
Let C*<R’cR® be the cone on the Hopf map discussed in Section IV.3. Since C*
is coassociative, it is in particular a Cayley submanifold of R®. Let M=C*nS’. Then M
is a @-submanifold of S” which is homeomorphic to S>.
Using the complex geometries contained in the Cayley geometry of R®, one obtains

many more examples of g-cycles in S”.

V.3. Special Lagrangian geometries on complex manifolds
with trivial canonical bundle

We point out here that Special Lagrangian geometries can be defined on any
complex manifold X with trivial canonical bundle. Let ©Q denote a never vanishing
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holomorphic n form on X. Given a hermitian metric on X this metric can be normalized
by a conformal factor so that |2|=1 on X. Then

@=Re(0)

is a calibration on X (d-closed and, in fact, of comass 1 at each point of X).

If the hermitian structure provides a Kihler/symplectic structure then the g-
submanifolds are a distinguished subclass of the Lagrangian submanifolds of X.

For each unit complex number ¢°, we have a corresponding form ¢,=Re (¢” Q)
with its associated geometry. Thus, as in the case of C”, we obtain an S'-family of
Special Lagrangian geometries on X.

Note. In the case n=2, the Special Lagrangian geometries are actually again
complex geometries. Each non-zero element in span {w, ¢, ¢,,} determines an ortho-
gonal complex structure parallel in the given metric.

In the case that n=4, we can also define an S'-family of Cayley geometries on X (if
X is Kébhler), by setting

D, =lw’+Re (e’ Q)

where o is the Kiahler form on X.

The Kéhler form can be chosen so that @, is parallel since it has now been proved
by Calabi and Yau (see Yau [Y]) that any compact Kéihler manifold X with ¢;(X)=0
carries a Ricci flat Kédhler metric. Such manifolds include hypersurfaces of degree n+2
in P""}(C).

V.4. A remark concerning holonomy groups

If X is a connected riemannian n-manifold with holonomy group GcO,, then any
G-invariant p-form on R” extends to a parallel p-form ¢ on X. A @-geometry is then
defined. The available holonomy groups of an irreducible riemannian manifold are
discussed in [S], [B;]. It is still unknown whether there exists a riemannian 7-manifold
with holonomy G5 or an 8-manifold with holonomy Spin,.

V.5. A remark concerning Yang-Mills equations

It is a consequence of our discussion in Chapter IV (See Propostion 1.3.4.) that a
Cayley submanifold M*-R®=0 has the following property: The Kihler 2-form w,
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associated to each of the complex structures J., e € 8°, is anti-self-dual when restricted
to M*.
We now choose e, e, and e;=e, e, to be an orthonormal basis of Im H where H is

any quaternion subalgebra of O, and we consider the Im H-valued 2-form
Q= 2 w, @ e,.

This form is exactly the curvature 2-form of the canonical Sp,-bundle over
P(H®H)=S5*, pulled back to H®H=0. We denote this bundle by Py. From our
observation above we have the following.

THEOREM 5.1. Let M* be a Cayley submanifold of R®=0. Then for each quater-
nion subalgebra Hc=O, the associated Spy-bundle Py with its standard connection has
an anti-self-dual curvature tensor when restricted to M*. In particular, each such
connection gives a global solution to the Yang-Mills field equations over M*.

Note. It should be emphasized here that the Yang-Mills equations hold with
respect to the conformal structure on M* induced from the immersion M*<R3.

The above result leads to a kind of ‘‘transform method’’ for constructing Yang-
Mills fields. Let i,j, k be the standard basis for H. Consider H=C? with complex
structure i. Let O=H®H as above and set Q=Q,, and P=Py. Then for each holomor-
phic mapping

h:C?2—C?

we let M*=graph(h) be the corresponding Cayley submanifold. Then for each
g €Spin,;, we have that the bundle g*P restricted to M has a Yang-Mills connection
with anti-self-dual field g* Q.

Analogously, we could consider a real valued potential function F: R*->R which
satisfies the special Lagrangian equation (Theorem I11.2.3), and set M*=graph (grad F).
Again for each g € Spiny, the form g*Q| ,is a Yang-Mills field.

To construct anti-self-dual Sp;(=SU>) fields over the riemannian 4-sphere $%, it
suffices to find, say, polynomial maps %:C>->C? so that the metric induced on
graph (%) is conformally flat.
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