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Introduction

The objective is to prove two important inequalities of Riemann surface theory and to
present them in such a way that one can see their close relationship. The first inequality
is the minimal norm property of quadratic differentials first observed by Marden and
Strebel [8]. Actually a somewhat different inequality is given. The minimum norm
properties have many applications, one of which is a proof of the result of Hubbard and
Masur [7] concerning the existence of a unique holomorphic quadratic differential
whose horizontal foliation and vertical measure realize a given measure class of
measured foliations on a given Riemann surface. This result is given in section 7. The
method of proof is quite different from the one in [71.

The second important inequality is the main inequality of Reich and Strebel. It has
central importance in Teichmiiller theory and can be used to derive the infinitesimal
form of Teichmiiller’s metric [10]. Moreover, this inequality can be used to show that
Teichmiiller’s metric is the integral of its infinitesimal form [6]. A proof of this result by
other methods was given by O’Byrne in [9].

Both of these inequalities turn out to be consequences of certain properties of the
trajectory structure of a holomorphic quadratic differential. For the purposes of the
“‘main inequality’” we are able to bypass some of the theory of trajectories by means of
an averaging device used by Teichmiiller. This averaging device also appears in the
proofs of Teichmiiller’s theorem given by Bers [4] and Abikoff [1]. But for the
minimum norm property in the form given by Marden and Strebel [8], the detailed
theory of trajectories seems to be necessary.
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§ 1. The trajectory structure of quadratic differentials

Throughout this paper it is assumed that R is a Riemann surface obtained from a
compact surface by removing at most a finite number of points. The removed points are
called punctures. If g is the genus of R and n is the number of punctures, we will
assume 3g—3+r>0, except when g=1 we allow n to be zero. This is enough to ensure
that the space of integrable, holomorphic, quadratic differentials on R has positive
dimension. By a quadratic differential 1 on R we mean a function defined on each
coordinate patch in such a way that the expression y(z) dz? is invariant. This means
that if z; and z, are two different local coordinates defined in overlapping open sets in
R, then the quadratic differential has two different representations ,(z;) and ¥-(z»)
which are related by the equation y,(z;)=y,(22) (dz2/dz,)*. Unless otherwise specified
we will assume  is continuous except at a finite number of points. We will not need to
consider any weaker regularity properties.

A quadratic differential ¢(z) is holomorphic if in addition each ¢«(z;) is a holomor-
phic function of z;. The order of a zero of ¢ is the order of the zero of ¢{z;) and this
does not depend on which local coordinate z; we use. If p in R and @(pg)#0 and z is a
local coordinate defined in a neighborhood of py with z(pg)=z¢, We obtain a special
kind of local coordinate &, called a natural parameter, by letting

&(2) =f V @(z) dz.
2z

It is clear that if (z4(p)) and {x(z5(p)) are two natural parameters coming from ¢ and
defined in overlapping coordinate patches U, and U,, then

£1(z1(p)) = £85(z2(p))+(const) )

for p in U;nUs.

Notice that di?>=q(z) dz* for any natural parameter { associated with ¢. A para-
metric curve y: I—S is called a horizontal (vertical) trajectory of ¢ if, given any local
coordinate z defined in a patch overlapping the image of y, the function @(y(¢)) satisfies
@¥()y'(£)*=0 (<0). This means that in the {-plane, where  is a natural parameter, the
curve y(¢) is transformed into a horizontal (vertical) line. Clearly, this notion is
indépendent of which local parameter you take. In fact, if you take two different
natural parameters, the transition mapping is of the form expressed by formula (1) and
this preserves horizontal and vertical lines.

In an obvious sense, the horizontal and vertical trajectories of ¢ give two trans-
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verse foliations in R in a neighborhood of any nonsingular point of ¢. With a slight
extension of the notion of transversality, we can also include the singular points. Let ¢
have a zero of order m at p in R. At any such point there will exist a local coordinate z
with z(p)=0 such that ¢(z) dz’ takes the form z™dz%. Let d{=z""?dz. Although for odd
integers m, § is not a single-valued function of z, for any integer m=—2 a radial line rw
(where =0 and [w|=1) emanating from the origin in the z-plane will be horizontal if
(tw)"w?=0, that is if ®™*2=1. It turns out that in order for ¢ to have finite norm, m
must be =—1. For the case where m=1, the trajectories in the z-plane have the
appearance shown in Figure 1.

The directions of the vertical trajectories come from the equation 0™ ?=—1. We
say that two foliations are transversal at a singular point if they have C'-topological
structure equivalent to the horizontal and vertical trajectories of z"dz> for some
integer m=—1.

§2. Invariants for quadratic differentials

Any nonconstant, holomorphic, quadratic differential ¢ on R carries with it several
invariants. First of all there is the area element

dA, =|@(2)|dxdy = dEdn

where {=£&+in is any natural parameter. From this one obtains the norm of ¢ by letting

llgll = IJ lp ()| dxdy .
R

Of course the area element and the norm are defined even for nonholomorphic
quadratic differentials. If ||p||< and @ is holomorphic on R, then it is elementary (by
switching to polar coordinates) to see that ¢ can have at most simple poles at the
punctures of R.

The expression ds,=|gp|'?|dz] is a line element. The @¢-length of a piecewise
differentiable arc y in R is [(y)=[, ds,. Away from the singularities of ¢ and in terms
of a natural parameter &, one has ds(2p=d§2+d172, so local geodesics away from singulari-
ties are just straight line segments in the ¢-plane. However, at singularities geodesics
can have vertices. Although the curvature of the metric ds,, is not defined at singular
points, in an intuitive sense the points where ¢ is zero contribute to negative curvature.
Since we will consider the trajectory structure of quadratic differentials which are
holomorphic in R, there is a negative-curvature-like property which forces global
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horizontal trajectories

m=1 vertical trajectories

Fig. 1 m=1

geodesics to be unique. In our approach, we will not need to prove this, but the fact
that @ is holomorphic in R will enter in an essential way.

For our purposes, the most important notion is the height of a curve. By definition,
if y is a differentiable curve on R, its height with respect to ¢ is given by

h,(y) = J [Im V @(z) dz|. (2)
Y
Similarly, its width is given by
w,(y) = f |Re V @(z) dz|. 3
Y

Obviously the g-length of a curve is greater than or equal to its width and its height.

We call a trajectory critical if, when it is continued in either direction, it meets a
singularity of ¢. Let b, be the subset of R which consists of the union of all critical
vertical trajectories. Since there are a finite number of singularities of ¢, b, consists of
finitely many smooth images of intervals, and therefore, b, has measure zero. (In the
generic case, b, is a dense subset of R.)

§3. A minimal norm property

Now let ¥(z)dz* be a quadratic differential on R, but not necessarily holomorphic.
All we need is sufficient regularity of 3 so that line integrals of the type
hw(/})=fﬂ|1m Vy(z) dz| are well-defined for every vertical segment 3 of the holomor-

phic quadratic differential. The following theorem is analogous to but quite different
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from the minimal norm property given by Marden and Strebel [8]. The proof we follow
imitates Teichmiiller’s averaging trick which is contained in Bers’ fundamental paper

[4].

THEOREM 1. Let @ be a holomorphic quadratic differential on R with
lleli=ffrlp) dxdy<x and for which every noncritical vertical trajectory can be
continued indefinitely in both directions. Let y(z) dz* be another quadratic (not neces-
sarily holomorphic) differential which is continuous on R. Assume there exists a

constant M>0 such that for every noncritical vertical segment B, one has
ho(B)<h,(B)+M. Then

lloll < f[ IVeo@| |Vylz)|dxedy. @

Remarks. (1) Any holomorphic quadratic differential ¢ on a compact Riemann
surface or a compact surface with finitely many punctures for which ||@|[<e will satisfy
the hypothesis on the trajectories of ¢.

(2) When we say the noncritical trajectories can be continued indefinitely in both
directions, we do not exclude the possibility that they may be closed.

To give the proof we need the following lemma.

LEMMA 1. Let g be a continuous nonnegative function on R and let g be integrable
with respect to the areal element |@(z)|dxdy induced by the holomorphic quadratic
differential @. Let @ satisfy the hypotheses of Theorem 1 and € be a natural parameter
for @. Then the function h(§)=g(E+ir)+g(—it) is well-defined on R—by, and

ffh(é)dédﬂ =2ffg(é)d§d'7- ®)
R R

Proof. First note that integrating over R and over R—b,, are equivalent since by, is
a set of measure zero. Since noncritical trajectories can be continued indefinitely in
both directions, after choice of orientation, the expression g({+it) is well-defined for
on any particular noncritical trajectory. Thus g({+it)+g({—it) is well-defined on
R—-b,, independently of the choice of orientation of any particular trajectory. Since the
locally defined mapping {+—¢+ir has Jacobian identically equal to one, the expression
h(C) d& dn has the same local mass as 2g(£) d& dn and thus one has (5).

To proceed with the proof of the theorem, let p be a point of R—b,, and define a
nonnegative function g(p) by
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gp)= f [Im Vy(s) ds, (6)
B,

where f, is the vertical segment for ¢ with height b and midpoint p.
Notice that if an orientation of 3, is selected, then g(p) can be rewritten as
b2 b2

gp)=| mV yo+in id= f (ReVyp+in) [+[Re V ylp=it) hdr

-b2 0

and this formula is valid no matter which orientation is selected. Thus, one finds that

b2
Jfg(p)dgdn= j f [Re V w(p+ir) |+|ReV y(p—ir) |dEdndt.
R 0 R

From Lemma 2, the right hand side of this equation becomes

b2
2[ f |Re Vy(5)|d& dn dt
0 R
and thus, we obtain

ffg(é)dEdn=b fflRve(C)ld&in- )
R R

A word concerning the meaning of the integral on the right hand side of (7) is in order.
The variable ¢ is assumed to be a natural parameter for the quadratic differential ¢. If
¢, and &, are two natural parameters defined in overlapping neighborhoods and, if in
terms of these parameters the quadratic differential i is represented by v, and y»,
then y,(§)=v,(,) (dC,/dE,)*. Since d,/d;,=+1, the expression |Im Vy(@©)|dEdy is
defined independently of the choice of natural parameter. However, if one uses a local
parameter z (not necessarily natural), the integrand in the right hand side of (7) ceases
to be invariant.

We can now proceed to the proof of the theorem. From the hypothesis we know
that

b< f |Re Vy(z) dz|+M
By

where S, is the vertical segment of height b with midpoint p. This means that
b—M=g(p) for all p in R—b,,. From (7), this implies
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(b—M)“ d&dn st|Re\/¢(c)|d§dr;. )
R R

Dividing both sides by b and taking the limit as b approaches infinity, one obtains
” dédn SU |Re Vy(8)|dEdn SU V()| dEdy. )
R R R

Notice that ¢({)=1 for any natural parameter ¢, so the integrand on the right hand side
of (9) may be multiplied by |V ¢(Z)| without changing it. Of course, the purpose of this
is to render it invariant under changes of holomorphic local parameters. Then (9)
becomes

jj lp (@) dxdy SfflReVW(C)ld’édv $fJ|V1/)(z) Vg(z)|dxdy, (10)
R R R

and this proves the theorem.
THEOREM 2. Let @ and y satisfy the same hypothesis as in Theorem 1. Then
oIl < [l (n
and, if this inequality is an equality, then Y(2)=¢(z).

Proof. Schwarz’s inequality gives

]flvw(z)VQJ(z)ldxdy <[lll"*llgll™. (12)
R

Substituting this into (10) and dividing both sides by ||@||"* yields (11). Moreover, if
you have equality in (11), then (10) and (12) yield

llell < fj V(@) V oz} | dxdy <ol
R

and, when an application of Schwarz’s inequality yields equality, the two functions
must be multiples of one another. Thus [V(z)|=c|V @(z)|. Since (10) is an equality,
one has c¢=1. Equality in (10) also forces Re Vy(Z)==*1 for any natural parameter ¢.
Since @()=1 and |@()|=|w(Z)|, this obviously forces y(¢)=1, for any natural parameter
¢. Thus y=¢ and the proof is complete.
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§4. The main inequality

In order to obtain the ‘‘main inequality’’ of Reich and Strebel from Theorem 1, we need
two lemmas. The first says that the height of a noncritical vertical segment is minimum
among all homotopic arcs with the same endpoints. The second concerns the extent to
which a quasiconformal self-mapping of R which is homotopic to the identity can
distort heights.

LEMMA 2. Let ¢ be a holomorphic quadratic differential on R and R be the
universal covering surface of R. Let B be a differentiable mapping of a closed interval
into a vertical trajectory of  such that a lifting B of B is a one-to-one mapping into R.
Let y be any differentiable mapping from the same interval into R with the same
endpoints as § and which is homotopic to B with fixed endpoints. Then h (BY<hy(y).

Proof. Our first step is to lift the curves § and y and the differential ¢ to the
universal covering surface R, where they become j, 7 and ¢. Notice that hq.,(,g)=hw(ﬂ)
and A (P)=h,(y). We select the liftings of 8 and y in such a way that B and 7 have
coinciding initial and terminal points and there is a homotopy connecting 8 and 7 with
fixed endpoints in R.

The next step is to replace 7 by a homotopic curve made up of a chain of vertical
and horizontal segments &, g, ..., d, B, for which h (I, & B)<h,(7). To see that this
can be done, we cover y by parametric disks parameterized by natural parameters.
Then we take a subdivision {x;}, of the interval such that each y([x,_;,x]) is
contained in one parametric disk. Within each disk it is a simple matter to see that
P([x;-1, x;]) can be replaced by one horizontal and one vertical segment, such that the
height of the vertical segment is less than or equal to the height of 7([x;_, x;]).

The third step is to observe that we may assume &,f,...d&,B, has no self-
intersection. This is achieved in two stages. First one arranges for the number of points
of self-intersection to be finite. The only way they could be infinite is for part of a
segment ¢, (or ;) to coincide with part of segment a; (or Bj). If this happens it is clear
that & or B; may be shifted slightly to the side in one of the parametric disks without
losing the homotopy. The second stage prescribes a way of reducing the number of self-
intersections by at least one. You move along the path until you come to the first self-
intersection point. Then you proceed along the path marking as you go in red until you
return to that intersection point. The part marked in red may contain further intersec-
tion points. Whether it does or not, you delete from the path the part marked in red.
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You have reduced by at least one the number of self-intersection points and you have
not lost the homotopy because R is simply connected.

The fourth step is to observe that you may assume d,f,...,d,5, does not
intersect f except at the two endpoints. Since the inequality to be proved is
h,B)<TL h,B), one simply deletes the segments where j is common with any of the
B; and then one proves the inequality between each successive point of intersection.

The fifth and final step is to treat the case where § and G, ... d, 3, joined at the
two endpoints make up a simple closed curve C. We will do this by defining a measure-
preserving injective map from § into UL, 5,. defined at all but a finite number of points
of B. Given a point on 3, we consider the horizontal trajectory ¢ passing through this
point inside the curve C. Since ¢ has only finitely many zeros inside C, by omitting
consideration of finitely points of § we can assume the horizontal trajectory is noncriti-
cal inside of C. It must be a crosscut, by which we mean G is a simple arc with two
endpoints on the curve C. We will omit the proof of this rather elementary fact. It
depends on the fact that ¢ has no poles. A second impoftant fact is that, while one of its
endpoints is on f, the other endpoint must be on one of the Bj. If it also were located on
B, then we would have the picture shown in Figure 2.

v2_

S8

Ui ¢

Fig. 2

The crosscut @ would have to return to the same side of 4 since it always remains inside
the curve C. Let C; be the simple closed curve made up of @ and the part of § lying
between the two endpoints of a. Along G and f arg(@(z)dz?) is constant and thus
d(arg ¢(z))=—2darg(dz). The change in argdz along the closed curve C; is 27. The
change in arg dz along @ and f is 7, because the change at each vertex v, and v, is 7/2.
Therefore, the change in arg @(z) on é and § is —27.

Finally, since ¢ is nonsingular at v, and v,, the change in arg ¢(z) at v, and v, is 7.
Hence the total change in arg@(z) as you move around C; is —s. But the argument

5—848288 Acta Mathematica 152. Imprimé le 17 Avril 1984
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principle tells us this must be equal to 27 times the number of zeros minus the number
of poles. Since there are no poles we have a contradiction and we conclude that the
crosscut @ cannot return to f.

We see that the crosscuts map f into UB;. Since the measure |dy| is preserved
(where ¢=£+in is a natural parameter) as you move along horizontal trajectories, we
have

h )< hBY<h, .

Remark. A better form of Lemma 2 is true for measured foliations (which are
defined in section 7). Let |dv| be a measured foliation and let 8 be any curve which is
quasitransversal to the leaves of the foliation |dv|. (These leaves are the curves along
which v=const.) Let y be any curve with the same endpoints as § and which is
homotopic to . Let h,(y)=[, |dv|. Then h,(B)<h,(y). Hence Lemma 2 would follow on
letting |dv|=]Im V ¢(2) dz|.

We will not need this stronger form of the lemma. We mention it only to observe
that the fact ¢ is holomorphic is not essential. All that is necessary is that its
singularities take a form to which the argument principle can be applied.

LEMMA 3. Let ¢ be a holomorphic quadratic differential on R with ||p||<. Let f
be a quasiconformal self-mapping of R which is homotopic to the identity. Then there
exists a constant M such that for every noncritical vertical segment f§ of ¢, one has

hol(B) < ho FBN+M.
The constant M depends on @ and f but not on .

Proof. Let R be the completion of R with the n punctures added to it. So R is
compact with no punctures. Since fis quasiconformal, f extends to f a quasiconformal
self-mapping of R and f fixes the punctures because fis homotopic to the identity on R.
The line element ds,=|p|"?|dz| determines a finite-valued metric on R. To see that the
distance from a point in R to a puncture is finite, one observes that ¢ has at most simple
poles and so to find the length of a short arc ending at a puncture, one has to calculate
an integral of the form ¢ '?dr and this clearly converges.

Let f, be the homotopy connecting f to the identity, so fy(p)=p and fi(p)=f(p). Let
l(p) be the infimum of the g-lengths of all curves which go from p to f(p) and which are
hdmotopic with fixed endpoints to the curve f,(p). Clearly, I(p) is a continuous function
on the compact set R. Let M, be the maximum of this function.
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Now let 8 have endpoints p and g. The segment 8 and the curve which consists of
J«p) followed by f(B) and then followed by f;_,(q) is clearly homotopic to 8 with fixed
endpoints. So by Lemma 2

ho(B) < ho(f(P)+ho(f(B) +ho( f1- ().

Since the g-length of a curve is greater than its height and the first and third terms in
this inequality are bounded by M,, the lemma is proved if we let M=2M,.

THEOREM 3. Let ¢ be a holomorphic quadratic differential on R with ||p||<w. Let
f be a quasiconformal self-mapping of R which is homotopic to the identity and let
u)=f;/f, be the Beltrami coefficient of f. Then

< ll—ﬂ(Z)(P(Z)/kU(Z)sz d 13
ot = || oo QLI 4.y, 13

Proof. As was mentioned in the remarks to Theorem 1, the noncritical vertical
trajectories of ¢ can be continued indefinitely in both directions. Let ¥ be defined by

Y(@) = 9(f(2) £2(2) 1—p(2) 9| (14)

We will show that y satisfies the hypotheses of Theorem 1. An elementary calculation
shows that y is a quadratic differential. From Lemma 3, A, (8)<h (f(8))+M for all
noncritical vertical segments 8. From the definition of &, we have

h(fB) = f ImV o(f) df|.
B
Since df=f,dz+ f,dz=f,(1+u(dz/dz)) dz, by introducing V' from (14), this last integral

becomes

h = | {mV (1+E> =2\ "y
B “m v (1+u-L ( ”|¢|> .

Since ¢(z) dz°<0 along the vertical segment B, one easily sees that @/|p|=—dz/dz along
B. The final result is that h,(f(8))=h,(B). Hence from Lemma 3, A, (8)<h,(B)+M for
all vertical segments 8. By Theorem 1, this tells us that

gl < ff |Vy(2) V()| dxdy. (15)
R
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Substituting (14) into (15) yields

lloll < j j lo (F@)"2|£) 11 —upllg]| || > dx dy. (16)
R

Introducing a factor of .(1—[ul>)”* into the numerator and denominator of (16) and
applying Schwarz’s inequality yields

1n _ 2 )
II¢|I<< f f |<P(f(z))||fz|2(1—lulz)dxdy) (f f |¢|%‘%‘Ldm},> .

The first integral on the right hand side of this expression is simply ||@||'”* and so we
have (13).

Remark 1. If, instead of using the stronger inequality (4), one uses the inequality
(11), then one obtains

< |1-42) 9@/’ 4, 4
o= [ [ o 1222 4, g,

where w=u+iv=f(z). This is exactly the samé as (12.2) of [4, page 111] and it is enough
to prove Teichmiiller’s uniqueness theorem, but it does not yield (13} which is more
useful in Teichmiiller theory [6].

§5. Minimal norm property again

Given a closed curve y in R, define A [y] to be the infimum of the values of Ay(y’)
where y' varies over all closed curves in R freely homotopic to y. Let ¥ be the set of all
homotopy classes of simple closed curves in R which are not homotopically trivial and
not homotopic to a puncture. The following is a slight generalization of a theorem of
Marden and Strebel [8].

THEOREM 4. Let ¢ be a holomorphic quadratic differential on R and y another
quadratic differential on R (not necessarily holomorphic). Assume |Im Vy@©)| is a
bounded function on R as a function of natural parameters . Suppose there is a
number M=0 such that holyl<hylyl+M for all y in &. Then

llll sfj IVy Vgldxdy <|igll" ], (17)
R
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and ||¢||=|l¢|l only if ¢=vy. The same conclusion remains valid if we assume
holyl<h,lyl+M only for those y which have the special form y=a,f, a8, where a,
and ay are arbitrarily short horizontal trajectories of @, §, and B, are vertical
trajectories of ¢ and the path v is quasitransversal to horizontal trajectories of ¢.

Remark. To say that y is quasitransversal to the horizontal trajectories means y
may move along a horizontal trajectory but if it enters from one side it must exit from
the other. The path a, 8, a,f, is quasitransversal if it makes alternately left and right
turns.

We omit the proof as we cannot improve on the method given by Marden and
Strebel [8]. We remark however that their proof remains valid with the weaker
hypothesis obtained by introducing the number M. Furthermore, the stronger conclu-
sion (17) goes through in the same way we made the step from formula (9) to (10).

§6. Convergence of quadratic differentials

Let Q be the space of integrable holomorphic quadratic differentials on R where R is
compact except for a finite number of punctures. As before, & is the set of homotopy
classes of simple closed curves not homotopically trivial and not homotopic to a
puncture. Let Rf have the product topology. The following is contained in the papers
of Hubbard and Masur [7] and Marden and Strebel [8].

THEOREM 5. The mapping ®: Q—RY defined by D(p)=(h,lyl;y€ F) is injective

and bicontinuous onto its image.

Proof. The fact that ® is injective follows from the uniqueness part of Theorem 4.
To show that it is continuous assume ||@,—@||—0. Let [y] be in &. Then there is a
representative y’ of [v] which is transversal to the horizontal foliation coming from ¢.
So hy(y")=hyly]. For large n, y" will also be transversal to the horizontal foliations of
the ¢,. Hence hwn[y]=hwn(y') for large n. It is obvious that hq)n(y') converges to

h,(y'). Hence h(pn[y] converges to h,[y] and this shows @ is continuous.
Now assume ¢, is a sequence of elements of Q and hw,.[V] converges for each y

in . Then we claim |l¢,|| is bounded. If not, we may take a subsequence
®,, for which ||g, || —»c. By forming g,=@, /||@, || we get a sequence of elements of Q

such that ||g,/|=1 and h, [y]—0 for each y in &. Since Q is finite dimensional we may

take a limit point g of the sequence g,. Then ||g||=1 and k,[y]=0 for all y. Obviously
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this is impossible (Theorem 4 would imply that ||g||=0). Hence the original sequence ¢,
is bounded and, thus, some subsequence P, of it converges to a limit, say ¢o. By the

hypothesis any other convergent subsequence would have to converge to a limit with
exactly the same heights and, hence to the same limit. Therefore the sequence ¢, itself
converges.

§ 7. Measured foliations

Let R be a C! orientable surface of genus g which is compact except for a finite number
n of punctures and assume 3g—3+n>0. A measured foliation with measure |dv| on R
with singularities of order k,..., k,, at the points py,...,p,, is given by an open cover
U; of R—{py,...,pn} and C! functions v; on each U; such that

(@) dv;==xdv; on U;nU;.
(b) At each point p; there is a local C'-chart (1, v): V—R? such that for z=u+iv,
dv=Im (" dz) on Vn U; for some branch of 2" in unv.

(¢) k;=0 at all points p; in R and k;=—1 if p; is a puncture of R.

The leaves of the foliation are curves along which v is constant. The height of an arc y is
defined analogously to the way it was in (2); h,(y)=/,|dv|. Moreover the height of an
element [y] of & is defined by h,[y}=inf h,(y') where the infimum is taken over all
y'€[y]l. We will denote a measured foliation by the symbol |dv|. Two measured
foliations |dv,| and |dv,| are called measure equivalent if h, [yl=h,[ylfor all y in &.

THEOREM 6 [7]. Given a measured foliation |dv| on R and a complex structure on
R, there exists a unique holomorphic quadratic differential ¢ in Q such that the
foliation given by the horizontal trajectories of @ and the measure [ImV @ dz| is
measure equivalent to |dv).

Proof. The uniqueness is taken care of by Theorem 4 (or the part of Theorem 5
which says that ® is injective). The existence depends on the following general facts.

(1) Given a measured foliation, there is a measure equivalent foliation which has a
transverse measured foliation [7].

(2) The convergence criterion contained in Theorem 5.

(3) The density of Jenkins-Strebel differentials [5, 8].

(4) The existence of Jenkins-Strebel differentials with prescribed heights [11].

(5) The existence of solutions to the Beltrami equation [2].
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Before giving the proof we need to explain items (3) and (4).

A Jenkins-Strebel differential @ on R is an element of Q all of whose noncritical
horizontal trajectories are closed. The totality of all these noncritical trajectories form
an open set in R with at most 3g—3+n components and each component is a cylinder
(or annulus). Each cylinder has a height which is measured by the vertical measure
[Im \/de. Given any set of m (<3g—3+n) elements [y,],...,{y.] of & represent-
able by disjoint simple closed curves and any set of positive numbers A, ..., #,,, there
exists a Jenkins-Strebel differential ¢ with associated of cylinders Ay, ..., A,, such that
the core curve of each A; is in the homotopy class of y; and such that the height of A; is
h;. By the core curve of A; we mean a curve which loops around A; once. This fact is
proved most neatly by Renelt [11].

The second important fact is that Jenkins-Strebel differentials are dense in Q. This
was first proved for compact surfaces by Douady and Hubbard [5] and in the case we
consider here is proved by Marden and Strebel (8].

Outline of proof of existence part of Theorem 6.

Step 1. Given the measured foliation on R, replace it by a measure equivalent foliation
|dv| which possesses a transverse measured foliation |du|. We require the mapping
which takes the horizontal and vertical trajectories of z“dz? in a neighborhood of the
origin in the complex plane onto the horizontal trajectories of a singularity of |dv| and
|du| to be a C'-mapping.

Step 2. From the two measured foliations we construct a quadratic differential as
follows. Given coordinate patches U, and U,, let ; and v; represent u and v in U,. If
u, is given, pick the sign of v, so that fy=u,+iv, has positive Jacobian in U;. In the
patch U, let u, be given and select the sign of v, so that fo=u,+iv, has positive
Jacobian. In U,;n U, we know that u;==u,+(const). Because of the Jacobian condi-
tion, we must have v,==v,+(const) with the signs occurring in the same order. Thus
fi=zxfo+(const).

Step 3. We introduce a complex structure on R and a holomorphic quadratic
differential such that the heights of 9 with respect to this complex structure are the
same as the heights of |dv|. The way to do this is to form the Beltrami differential
u(2)(dzldz)=(f),/(f)), where the f; are the mappings in Step 2. Notice that the sign of u
is unambiguously defined in overlapping patches U;n U;. The condition that the Jacobi-

-an is positive and that the transition mappings are C' in a neighborhood of singularities
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ensures that |ju||.<1. Hence, the Beltrami equation can be solved [2] and a complex
structure introduced on R with respect to which the f; are holomorphic. Let z; be a
local parameter for this new complex structure and form

Y(z)dz = (aa—f dz,)z.

<
Using the Cauchy-Riemann equations a calculation shows that Im\/y(z,)dz,=dv.

Step 4. Take a sequence ¥, of Jenkins-Strebel differentials on R, which converge
to . Then construct on R a sequence ¢, of Jenkins-Strebel differentials such that ¢,
has the same core curves as y, with the same corresponding heights. Now apply the
convergence theorem (Theorem 5). Since the heights of ¢, converge, ¢, converges to a
holomorphic quadratic differential ¢ on R with the same heights that ¢ has on R,.
Finally, observe that since A, [y]=h,[y] we also have A [y]=h,[y] for all y in &.

§ 8. The norm functional on Teichmiiller space

Let the Riemann surface R together with the measured foliation |dv| be given. As usual,
R is compact except for a finite number of punctures. One can pose an extremal
problem which is a kind of generalization of extremal module. Let C(R) be the set of all
continuous quadratic differentials v dz”> on R. Let Q(R) be the subset of C(R) consist-
ing of those elements which are holomorphic. Let

M[v] = inf {|jy||; where v € C(R) and hylyl = hlylall y in }. (18)

Notice that M[v] depends only on the measure class of the measured foliation |dv]| since
the dependency on the measured foliation only enters through the numbers h,[y].
Furthermore, M[v] depends on the complex structure for R. This dependency comes
through the definition

hlyl= inf J’ [Im V y(z) dz|

vy
since the entity |[ImV y(z) dz| depends on the complex structure.

THEOREM 7. Let |dv| be a measured foliation on R. The infimum Mv] in (18) is
achieved by a unique element @ of C(R). It is the same @ as the unique holomorphic
quadratic @ in Theorem 6 for which h,lyl=h,y] for all y in ¥.
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Proof. Theorem 6 tells us that there is a holomorphic quadratic differential ¢ for
which #,[yl=h,ly] for all y in ¥ and Theorem 4 tells us that ||g||<||y|| and equality
holds only if p=1v.

Now let [fi, R;] be a point in the Teichmiiller space. This means fR—R, is a
quasiconformal mapping and the class [f;,R;] consists of all similar pairs (f5,R>)
with f,: R—R, for which there is a conformal map c: R,—R, such that f;'ocof, is
homotopic to the identity. The class [f;,R,] depends only on u,=f,/f,, and we say
ui~uz if (f1,Ry) and (f5,R,) are similar in the above sense. When u=f,/f,, we will
write R, in place of R,.

The measured foliation |dv| induces by its heights a measure class of measured
foliations on all of the surfaces R,, by considering the measure |[dvof~'|. Clearly
hu(y)=hv o f,l( f (). Also it is clear, since ¢ of(y) is homotopic to f>(y), that the induced
measure class of measured foliations on R, depends only on the Teichmiiller class of u.
Therefore, the solution M, [v]=M[vof ~!] to the infimum problem (18) on the surface
R, depends only on the Teichmiiller class of u. So for fixed v, we may consider M, [v]
to be a function on Teichmiiller space.

LEMMA 4. K~ 'M[vI<M,[v]<KM[v] where K=(1+|u|»)/(1— ||| «)-

Proof. Let ¢, be the unique holomorphic quadratic differential on R, for which
hu[y]=h%[f(y)]. We know that M, [v]=||p,||. Let y be any loop in R. Then

j ImV ¢, (w) dw|= j lIm V¢, (f(2)) f,(1+u(dZ/dz)) dz| < (1+ k) [ (v)
) Y

where ¢(z)=9,(f(2)) fz2 and /,(y) is the ¢-length of y. Since this inequality holds for
every path y, we see that h [yl<(1+k)[;ly] for all y. Therefore

(1+k)?
1-k

ol < (147 j f P @R £ dxdy < SR 0 )
R

and this yields M[vl<KM,[v]. The opposite inequality follows by applying the same
reasoning to the quasiconformal mapping f~'.

Remark. Lemma 4 shows that M, [v] is a continuous function on T(R) since clearly
K~ 'M,[v]<M,[v]<KM,[v] where K is the dilatation of the mapping f°o (f*)~".
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THEOREM 8. M, [v] is a differentiable function on the Teichmiiller space T(R) and

log M, [v] = log M[v]+2 RCW;W jj ue dxdy+o(|ull.)
R
where @ is the unique holomorphic quadratic differential on R for which |ImV ¢(z2) dz|
realizes the measured foliation with measure |dv|.

Proof. Let ¢, be the unique holomorphic quadratic differential on R, with the
same heights as |dvof~!| where f: R—R, and f;/f,=u. Form the differential

5(2) = 21— Lz))z
#2) = 9,@) £ (1= ze) (19)

@ is a quadratic differential on R and there exists a constant M such that for every
vertical segment § on R we have

f|lm\/(p(z)dz| $j|lmv¢(z)dzl+M.
8 8

The reason for this is f,|Im V' ¢(z) dz|=J4ImV ¢,(f) df|, where f=f(B). Take y onR
of the form y=a, 8; a, 8> where a, and 8, may both reduce to a point. By Theorem 4
we may consider only those elements of & which are of this form where the ¢-lengths of
a, and a, are arbitrarily small. Let 7=f(y) and similarly &;=f(a,) and Bi=f(B) for i=1
and 2. The bound on ||u||.. forces a bound on the g,-lengths of @, and a, because of
Lemma 4.

Now h¢#[}7]=h¢[y] by the definition of ¢ and ¢,  Hence

hyI<[,[Im\ @) dw|<[z5/ImV @ w) dw|+M=]z , |ImV ¢(z) dz|+M. Thus
h,(BUB)<h B, UB,)+M. This is true for every pair of vertical segments B, and B,

which, after joining short horizontal segments a; and a,, become closed curves
transversal to the horizontal foliation of ¢. We conclude that

” || dx dy s”l\@li\@ldxdy. (20)
R R

Upon multiplying the integrand on the right hand side of (20) in numerator and
denominator by |f;|(1-|u/»)"? and applying Schwarz’s inequality (with the term
Vo, (f@)|| £1(1=|uH" lumped together), we find that

_ 2 12
ucausncpﬂu'”( [ f eL fjﬁg’ dxdy) .
R
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Squaring both sides and dividing by |j@| {|@.|| we get

=@l gy gy < 12 f ’ ,
o] < Tl f L < I-qRe f g dx dy+O ()

and so
g | > oglgl+2Re- L f f up+O ().

To get a reverse inequality we will apply a similar argument to the inverse mapping
fiof fi fi'of(z)=z. The Beltrami coefficient u, of f; is related to u by

U (f(2)=—u(z)/0 where 0=f,/f,. Note that |ju||,=|lx,|l.. The analogous argument

yields
lodl _ J f . |1 ﬂl(w,/l%l)lz,
el II%II 1=y

and so

1
log|lg|l = log ||,/ +2Re —— ” #, @, +0(ulf2).
1@l J Je,

The integral on the right hand side of this inequality transforms into

1
e f j 1(2) 9,(f(2)) f}(z) dx dy.
”(py” R
Notice that as long as we assume x is C' on the interior of R, then ¢,(f(2) f}(2)
converges uniformly to ¢(z) as ||u||..—0. Also Lemma 4 shows that ||¢,|| converges to
l@ll- The fact that @,(f(2)) f2(z) converges in Li-norm to ||g|| follows from the next

well-known lemma in functional analysis.

LEMMA 5. Suppose f,(2) is a sequence of L, functions on a domain D. Suppose
fu(z) converges uniformly on compact subsets of D to f(z) and suppose

Ifall=§ S o | fu@) dx dy— [ [ p | f(2)| dx dy=]f]|. Then ||f,—f]|—0.
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