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1. Introduction

Relatively little is known about boundary behavior of solutions of quasilinear elliptic
partial differential equations as compared to that of harmonic functions. In this paper
two results, which in the harmonic case are due to N. Wiener, are generalized to a non-
linear situation. Suppose that G is a bounded domain in R". We consider functions
u: G—R which are free extremals of the variational integral

f F(x, Vu(x)) dm(x)

in the conformally invariant or borderline case F(x, h)=|h|". For the precise assump-
tions on the kernel F: GXR"—R see Section 2. Equivalently, the F-extremality of u
means that u is a weak solution of the corresponding Euler equation

V:V,F(x,Vu(x)) =0 a.n

with measurable coefficients. Solutions u, F-extremals, of the equation (1.1) form a
similar basis for a non-linear potential theory as harmonic functions do for the classical
potential theory. Especially, the Perron-Wiener-Brelot method can be applied, see
Section 2.10. For each bounded function f: 3G—R there exist two F-extremals, the
upper Perron solution Hyand the lower Perron solution Hj with **boundary values”’ fin
G. These functions are defined via sub- and super-solutions as in the classical harmonic
case. In 1970, W. Mazja [M] proved, although his formulation was slightly less general,
that if fis continuous and if the Wiener condition
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1/(n-1)
f PO = o, (1.2)
0 t

@()=cap,(B"(xo,21), [ GNB"(xy,1)), holds at x,€3G, i.e. [ G is not thin at x,, then

lim H(x) = f(x,) = lim Hf(x). (1.3)
x—>x0 X—)Xo
We call the point xo F-regular if the condition (1.3) holds for each continuous f: 3G—R.
Our first theorem, proved in Section 3, shows that Mazja’s result has a converse.

THEOREM 1.4. If xo €3G is F-regular, then (G is not thin at xo.

The proof for Theorem 1.4 shows that the F-regularity can be studied via restric-
tions of C*(R")-functions to the boundary.

The result of Mazja and Theorem 1.4 were proved by N. Wiener [W2] in the
classical harmonic case in R”, n=2. His proof strongly employed linearity. Our proof is
based on sharp F-capacity estimates and hence in the classical plane harmonic case our
version gives a new and geometric proof for Theorem 1.4 based on energy consider-
ations.

The variational interpretation of Mazja’s result and Theorem 1.4 is the following.
For a function f: G—R in the Sobolev class W,',(G), let u=usbe the unique F-extremal

with Sobolev boundary values f, i.e. u—f€ W, (G). Then
lim u(x) = f(x,)

X—)xo

Sor all continuous functions f if and only if the condition (1.2) holds at x,.
Theorem 1.4 implies the following result, which in the linear case is due to W.
Littman, G. Stampacchia and H. F. Weinberger [LSW], see also [P].

COROLLARY 1.5. F-regularity is independent of the variational kernel F.

To formulate our second result we call a function f: 3G—RU {—, ©} F-resolutive,
if the corresponding upper and lower Perron solutions Hf and Hyare F-extremals in G
and Hy=Hj there. In Section 4 we extend the well-known potential theoretic theorem
of N. Wiener [W3].

THEOREM 1.6. All continuous functions f: 3G—R are F-resolutive.

Proofs for Wiener’s result are usually based on approximation of a continuous
function by a difference of two subharmonic functions. Our proof for Theorem 1.6 rests
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on an important obstacle method, which for n=2 gives a new and direct proof for
Wiener’s resulit.

The results in Theorems 1.4 and 1.6 can be extended considerably. For instance, it
is possible to consider solutions u of an elliptic quasilinear differential equation

V-A(x, Vu(x)) =0

in divergence form where for a.e. x€G, |A(x, h)|<y|hl’~" and p>n—1 (for the precise
assumption on A see Remark 2.3 in Section 2). The assumption p>n—1 is needed in the
proof for Theorem 1.4 to guarantee that the p-capacity between two non-degenerate
continua in R” is positive. However, we restrict our considerations to the case p=n.

2. Perron’s method

In this section we first present the basic assumptions on variational kernels F and recall
some properties of the corresponding F-extremals. The rest of the section is devoted to
the Perron-Wiener-Brelot method in a non-linear situation.

2.1. Variational integrals. Let G be a bounded domain in R”. We consider weak
solutions, called F-extremals, of an Euler equation

V-V, Flx, Vu(x)})=0 2.2)

where the variational kernel F: GXR"—R satisfies the assumptions

(a) For each £>0 there is a closed set K in G such that m(G\ K)<e and the
restriction FJKXR" is continuous.

(b) For a.e. x€G the mapping i—F(x, h) is strictly convex and differentiable in
R”; for a fixed x the gradient of F with respect to & is denoted by V, F.

(c) There are constants 0<a<f<x such that for a.e. x€EG

alh|* < F(x, h) < S|h|",

whenever hER”.
"(d) For a.e. xEG

F(x, Ah) = |A|"F(x, h),
when R€ER" and AER.

A typical example is the n-Dirichlet kernel F(x, h)=|h|". For a thorough analysis of the
above assumptions see [GLMI1]. If the exponent n in (c) and (d) is replaced by an
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exponent p>1, most of our theory still holds; in the cases 1<p=<n—1 the method in
Section 3 breaks down.
A function u in C(G)nloc W,‘,(G), i.e. uis ACL", is called an F-extremal in G, if for

all domains DG
I{u, D)= inf I(v, D)
vEF,
where

I{(v,D)= f F(x, Vu(x)) dm(x)
D

is the variational integral with the kernel F and
F, = {vECD)NWXD): v=u in 3D}.

A function u in the class C(G)nloc W(G) is an F-extremal if and only if it is a weak

solution of (2.2), i.e.

j V, F(x, Vu(x))- Vi(x) dm(x) =0
G

for all # € Cy(G). For this result see [GLM1, Theorem 3.18].

2.3 Remark. In [M], see also the remark [MH] due to L.-I. Hedberg, Mazja
considered quasilinear second order elliptic equations in divergence form

V-A(x, Vu(x)) =0 : 2.4

where the function A: GXR"—R", in addition to the usual measurability conditions,
satisfies in the borderline case p=n the assumptions:

(i) There are constants 0<y, <o such that for a.e. xE€G, |A(x, h)|<ylh|""", and
h-A(x, h)=alh[".

(ii)y For a.e. x€G, A(x, Ah)=2"""A(x, h), A>0.

(iti) For a.e. x€G, (A(x, h)—A(x, k))- (h—k)>0 for h+k.

It is easy to see, cf. [GLMI, pp. 48-49], that the function A(x, h)=V,F(x, h)
satisfies (i)}~(iii). Although it is not true that a vector function A satisfying (i)—(iii) is the
gradient of a variational kernel F, it is possible in Section 3 to replace the concept of F-
capacity by the so called A-potential, see [M, p. 47]. Thus Theorems 1.4 and 1.6 hold
for equations (2.4) as well.



QUASILINEAR ELLIPTIC EQUATIONS 157

2.5. Properties of F-extremals. Although F-extremals do not in general form a
linear space, Au and u+A are F-extremals whenever u is an F-extremal and AER.
Moreover, F-extremals satisfy the important F-comparison principle ([GLM3, Lemma
2.3]: If u and v are F-extremals in G, .

Tim u(x) <lim v(x)

Xy x—y

for all y €3G and the left and right hand sides are neither ® nor — at the same time,
then u<v in G. Also Harnack’s priri‘ciple is true for F-extremals [GLMI1, Theorem
4.22]: If u; is an increasing family of F-extremals in G then either u;—u, uniformly on
compact subsets of G and ug is an F-extremal in G or u{x)— at each point x€G.

2.6. Sub-F-extremals. An upper semi-continuous function u: G—[—, =) is called
a sub-F-extremal in G if u satisfies the F-comparison principle in each domain DccG,
i.e. if h€C(D) is an F-extremal in D and A=u in 8D, then h=u in D.

A function v: G—(—», ] is called a super-F-extremal, if —v is sub-F-extremal.
For the properties of sub- and super-F-extremals see [GLM1] and (GLM3].

2.7. Existence of F-extremals. Suppose that ¢ € C(G)nW(G) is given. Then it is
well-known that there is a unique F-extremal u in C(G) N WX(G) with ‘‘Sobolev bound-
ary values” @, i.e. u—@€ W (G). Here W' ((G) consists of all functions w€ W,(G)
which can be approximated in W},(G) by C;(G)-functions. The existence is easily

established via a minimizing sequence as in the proof of Theorem 2.9 and the unique-
ness is a consequence of the strict convexity (b), cf. [GLMI1, 4.17]. Especially,

Ifu, G)<I(v, G)

for all v with v—@ € C(G)N W, (G).

If G is a regular domain, i.e. 3G contains no point components, and if
@ EC(G)NW(G), then there is a unique F-extremal 4 in G such that A€ C(GNWYG)
and h|0G=¢|0G. Especially,

Ih, G)<Iv, G)

for all similar v and A=u where u is the F-extremal with Sobolev boundary values ¢.
See [GLM1, Theorem 3.24 and Remark 3.21] for these results.
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2.8. Obstacles. A constructive approach to the theory of sub-F-extremals is
provided by a variational obstacle consideration. Let ¢ € C*(R”) and set

%F,={(u€ECG)INWYG): us g, u—@p€ W, (G)}.
THEOREM 2.9. There is a unique ug, in 4, such that

Iu,, G) < Ix(u, G)
for all u€ %,. Moreover, u, is a sub-F-extremal.

Proof. Choose a minimizing sequence ; in %,,. Using [GLM1, Lemma 5.9] in each
subdomain D of G we may assume that every u; satisfies

w(u;, D) < max (w(g, D), w(u;, 3D))

where w(v, A)=sup, v—inf, v denotes the oscillation of a function v on a set A. From
the proof of [GL.M1, Lemma 2.10] it follows that the family ; is equicontinuous in G
and passing to a subsequence, if necessary, it is easy to see that u;—u, uniformly in
compact subsets of G, where u,€ C(G)n W},(G) minimizes I in ?(p, cf. [GLMI, p. 53
and p. 62]. Since W, ((G) is weakly closed in W,(G), u,—@ € W, ((G) and thus u,€ Z,.
The uniqueness of u, follows from the strict convexity of F, the assumption (b) in

Section 2.1. Finally, the sub-F-extremality of «,, follows from [GLM1, Theorem 5.17
(iD)].

2.10. Perron’s method. Let f: 0G—[—, »] be any function. The lower class L¢
consists of all functions u: G—[—, «) for which

(i) u is a sub-F-extremal,
(ii) u is bounded above and
(i) im,_,_ u(x)<f(y) for every y €3G.

Xy

The upper class Uy is defined analogously via super-F-extremals. The lower and upper
solutions

H,=supu, H;= inf u
uELf u€ Uf

are the main objects in Perron’s method. Note that I;I,SHf, see [GLM3, Lemma 2.5],
and that f<g implies H<H, and H<H,.
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THEOREM 2.11 [GLM3, Theorem 2.2]. The lower solution Hy is either an F-
extremal, or identically «, or identically —» in G. One of these three alternatives is
also true for the upper solution Hf.

The proof for Theorem 2.11 is based on the Poisson-modification of sub-F-
extremals, which will be employed in Section 4 in a special case. Suppose that
u€ECGNWLG) is sub-F-extremal and that DccG is a regular domain. Let
h€C(D)n WD) denote the unique F-extremal in D with boundary values 4|8D=u|3D,
cf. Section 2.7. Then the Poi&son—modiﬁcation

inD

h
P, D)= {u in G\.D

of u is a sub-F-extremal in G, see [GLM3, Lemma 2.9]. Especially, P(u, D)=u by the F-
comparison principle.

3. Wiener’s criterion and boundary regularity

3.1. Condensers and F-capacity. Let F: GXR">R be a variational kernel satisfying
the assumptions (a)«(d) of Section 2.1. If we set F(x, h)=|h|" for x€ER"\(G, then F is
defined in R"XR" and satisfies the same assumptions in any bounded domain of R” as
F in G possibly with different a and 8 but with the same S/a. Hence we may assume
that F is defined everywhere.

Let E=(A, C) be a condenser in R", i.e. A is open in R” and C is a compact subset
of A. The F-capacity of the condenser E is

cappE= uc-:ilv]v{mlf(u'A)

where W(E) is the set of all continuous ACL-functions u: A—R such that

lim u(x) <0

x—y
for all y€E3A and u«|C=1. It is well-known/ that W(E) can be replaced by
W*(E)=C;(A)N W(E) in the definition for caprE. In the case F(x, h)=|h|" for all xER"
we write capyE=cap E and call cap E the (n-)capacity of the condenser E. f A\ Cis a
regular open set, i.e. each component of AN\ C is a regular domain, see Section 2.7,
then the condenser E=(A, C) is called regular. Let E=(A, C) be a regular condenser and
fix a variational kernel F. By Section 2.7 there exists a unique u=ug € W(E) such that
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(i) u has a continuous extension to A and u|dA=0.
@) u|C=1if C*+Q.
(iii) capr E=Iu, A)=I(u, A\C).

The function u is called the F-capacity function for E.
The next four lemmata are needed for the proof of Theorem 1.4. The first lemma
immediately follows from the assumption (c) in Section 2.1.

LEMMA 3.2. If E is a condenser, then
acapE<capprE<fcapE
where a, B are the structure constants for F.
LEMMA 3.3. Let C be closed in R” and 0<r<s<t. If C,=CNB"(r), then
cap (B™(1), C,) < cap (B"(s),C,) <a" "' cap (B"(1), C,)
where a=(logt/r)/(log s/r).

Proof. The left hand side inequality is trivial. To prove the right hand side
inequality let f: B"(s)—B"(t) be the mapping

_Jx, x€BY»
f= {rg(x/r), xEB"(s)\B"(r)

where g(z)=|z|°'z. Then fis a quasiconformal mapping and
K(f)=K(g)=a""".

For the calculation of the dilatation K(g) see [V, 16.2]. Since the change of the n-
capacity of a condenser under a quasiconformal mapping f is controlled by K(f), we
obtain

cap (B"(s), C) < K(f) cap (f(B"(s)), f(C))
=a""'cap(B"(9),C,)

as desired.

3.4 Remark. The second inequality of Lemma 3.2 is sharp; to see this choose
C=R". The lemma holds as well for the F-capacity but this is'not needed in the sequel.
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The next lemma follows from the fact that each open set in R” can be approximat-
ed from inside by regular open sets, cf. [S, Lemma 5.5].

LEMMA 3.5. Let E=(A, C) be a condenser such that A is a regular domain. Then
Jor each £>0 there exists a compact set C, in A such that CcC,, E.=(A,C,) is a
regular condenser and
caprE, < caprE+e.

Suppose that E=(4, C) is a regular condenser and let # be the F-capacity function
for E. For 0<y<1 write

E,=(A, {x€EA: u(x)=vy}).
The following lemma gives the basic estimate for the main result.

LEMMA 3.6. If b=caprE, then

nb
cappE, < —-.

Proof. If y=1, then the result follows immediately. Assume 0<y<1. The function
min (u/y, 1) belongs to W(E,). Hence

cap,E, < —;;Ip(u, (u<y))= #(b—zp(u,_ (u>)).

On the other hand
I, (4> = A=p15 (4=L, (> 1) ) > (1= cap;

where the assumption (d) of Section 2.1 has been used and E, is the condenser
({x€A:u(x) >y}, ).
Since capr E)=capr E=b, the above inequalities yield

capeE, < (b=(1=p’D) = (1= (1=

and because (1—y)"=1-ny, we obtain the desired inequality.

3.7 Remark. The upper bound of Lemma 3.6 for caprE, is essentially sharp, since

b
(nl(n—1)* 'yt

cappE, =

(3.8
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To prove (3.8) first observe that if E;=(4;, C), i=1,2,3, are three condensers with

Al DAzDCZ DA3DC3 DC],
then

cappE{ "V = cap E; /" V+cap  E; VY, (3.9

This is a well known inequality for the usual n-capacity, see [G, Lemma 2], and the
proof for the general case is similar: Choose any functions «;€ W(E)), i=2,3, such
that #;,=0 on R"\ A; and ;=1 in C;. Set

Uy =auxtaszus
where a,, a;=0 and a,+as;=1. Then 4, € W(E,) and hence
cappE, <Idu,, A)) = a5 Iu,, A,\Cy+as I(u;, A;\C;).
Taking infimums over all such u,, u3 yields
cappE, < aj cappE,+aj; capp E;. (3.10)
If capg E;>0 for i=2, 3, then set
a,= capFEi—l/(n—l)(capFEz—ll(n-1)+capFE3—1(n-1))—1

and (3.10) implies (3.9). If caprE;=0 for i=2 or 3, then caprE;=0 and (3.9) again
follows.
To complete the proof for (3.8) write for 0<y<1

E,=({x€A: u®)>7},0).

The function (#—y)/(1—y) belongs to W(E)) and hence

Ly
1=y

) 1
capFEy Smlf-(u, {u>y})<

By (3.9)
b~V > cap E-V0-D 4 cap =YD
¥ Y ’

and we obtain
b
(1=(=py eyt

cappE, = (3.11)
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The elementary inequality

(l_y)n/(n—l) = 1__"_,),
n—1

now shows that (3.8) follows from (3.11).

3.12. Wiener’s criterion. Suppose that G is a bounded domain in R” and
F:R"XR"—>R is the continuation, see Section 3.1, of a variational kernel F satisfying
(a)-(d) in Section 2.1. A point xo €3G is called F-regular if for all continuous functions
f:3G—R

lim H,(x) = f(xp) = lim Hf(x). (3.13)

x—>x0 XXy
For the definition of Hy and Hy see Section 2.10. Write C=R"\G and for >0 let
@(1) = cap (B"(xo, 21), B"(xo, )N C).

The point x, satisfies Wiener’s criterion if

1 -
W(xo,C)=f g(t)'t’_‘ﬂd,=w_ (3.14)
0

If W(xy, C)<oe, then C is said to be thin at xq.
For the proof of Theorem 1.4 we still need two lemmata. In the first lemma the
Wiener integral W(xo, C) is simply estimated from below by a Wiener sum.

LEMMA 3.15. Let ri>0 and r; =142, i=1,2,.... Then

Eal}/(n—l)s 2 f’ gV dr
o log2 }, t

where ai=¢(r), i=2,3,....

Proof. We may assume x,=0. For t€[r;;,r] set C,=CnB*(¢). Then Lemma 3.3
yields

() = cap (B"(20), C) =cap (B"(2r),C)
= cap(B"(2r),C, )=2'"cap(B"(r,,),C, )

= 2]_n‘P(’i+1) = 21_nai+1'
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Hence

n 14n-1) i T 1/(n~1)
f e . _ Zf g
0 t i= r t

i+1

o0 rl.
Za/(n 1)J' dt
.t

i=1

N[»—

i+1
log2 <
. log 1Hn—1)
=Ty Eam
i=1

as required.

Let Fy be a closed set in a ball B*(2r), r>0, and suppose that the condenser
E=(B"(2r), Fy) is regular, see Section 3.1. Let u be the F-capacity function for the
condenser E. For y>0 let

A, = {x€EB"(2r): u(x)<y}.

LEMMA 3.16. There is a constant ¢, depending only on n and a such that the set
A, contains some sphere S"7'(t), t €(r/4,r/2), whenever

y=c,cap EV"D,
Proof. For 0<y<I1 let E, be the condenser
(B"2r), {x: u(x) = v}).

Suppose that A, does not contain any S"~'(¢), r/d<t<r/2. Then the set {x:u(x)=y}
meets S"7!(¢) for all t€(r/4,7/2) and the spherical symmetrization yields, cf. [G,
Theorem 1] or [S],

capE,=ZcapE' =c(n)>0
where E’ is the condenser
E' =B"Q2r),{sey:rld<s<r2})

and c(n) depends only on n, see [L] for n=3 and [V, Theorem 11.9 and Remark 11.11]
for n=2. Observe that the borderline case p=n has been used in the above estimate.
For p<n—1 the p-capacity of E' vanishes. Thus by Lemma 3.2

caprE,ZacapE, = ac(n)



QUASILINEAR ELLIPTIC EQUATIONS 165

and Lemma 3.6 gives the estimate

_nb_

cappE, < —

where b=caprE. The last two inequalities imply
/(n~1)
(2 -

and if we choose ¢;=c’+1, then for y=c, b"" " the inequality (3.17) is a contradiction.

Consequently A, contains $”~'(#) for some € (r/4,r/2) as desired.

3.18. Proof for Theorem 1.4. We may assume x,=0. Suppose that W(x,, C)<co.
Let £0. We shall fix ¢ later. Choose r;>>0 such that

r, —
1 (p(t)l/(n 1) di<e
o t

and let r;y =r/2, i=1,2,.... Set
a;=cap(B"Cr),C,)

where C,=B"(f)nC. Lemma 3.15 yields

2 a! Un=1) o 2€

par log 2
and hence

al™ "V < 2¢/log?2
for all i=2,3,.... Next for each i choose a regular condenser E;=(B"(2r;), F;) such that
Fi>C, and

cap EV"D < gDy g2,

See Lemma 3.5. Set b;=caprE; and let «; be the F-capacity function for the condenser
E,', i=2, 3, ces s
By Lemma 3.16 for y,=c, b""" the set

A;= {xEB"(2r): u{x)<v;}
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contains S$"~!(¢,) for some t;€ (r/4,r/2). On the other hand

2 b}"”‘”s /31/("—1)2 cap El!/(n—l)
i=2

i=2
$/31/(n—l) <2 a,-”("_”+£> (3.19)

i=2

< Bln-1 2 + )<5 1/(n—1)
A (logZ & Z ¢

and hence especially

bil/(n—l) < Sﬂll(n—l)e

for all i=2,3,.... If we now choose
e= (ﬂl/(n—l)Scl)—l,
then y;<1 for i=2,3,.... In particular, $"~(t,) does not meet F> and hence not C.

Thus S$™~!(t,) is contained in G.
Next let f: 3G—R be the continuous boundary function

_f1. x€B)N3G,
F®=10, xesonBt).

Now H =1, since G is bounded and hence there is >0 such that G=B"(r) and if we let
fox)=0, x€ $""'(r), and foi®=1, x€EB"(t,)Nn3G, then the F-extremal u=1‘_1f0 in
G’=B"(r)\(B"(t,) N G) takes the boundary values 0 in 3B™(r), see e.g. [GLM2, Remark
2.20], and thus u<1 in B"(rY\\B"(t,). The F-comparison principle yields H/<uin G and
thus Hy=1. On the other hand

max H,= M<l1
s"_l(tz)

since the Harnack’s inequality [GLM1, Theorem 4.15] holds for the non-negative F-
extremal 1—H. Set

_H-M

V==

Then the F-extremal v is <0 in $77!(¢,) and we shall show that W(x,, C)<c implies

lim v(x) <1. (3.20)
xEG0
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This will complete the proof.

To this end observe that B"(r;)>8" '(¢,) and us(x)=1 for x in F; implies via the
F-comparison principle, see Section 2.5, that

U(X) = u3(x), X EBn(tg)\F'_;.

Now u3(x)<y; for x€S5" !(t3) by the selection of ¢ and hence the F-extremal v—y;
satisfies

v—y3 <0
in $"7!(¢3). But now t;<ry/2=r, and the F-comparison principle again yields
U—v3 S Uy in B”(t3)\F4

and since us<y, in S""'(ts) and 1,<t;, we obtain v—y;<y, in $"~'(t,). Continuing
we have

k

v—z)’isykn in 8",y
i=3

k=3,4,..., and thus
vy (3.21)
i=3
on each $"71(¢), i=3, 4, .... The definition of ¥; and (3.19) yield

@ oo

Z vi=¢ 2 b=V < 5¢, g Dg =1,

i=3 i=3
Hence (3.21) implies (3.20) and x,=0 cannot be an F-regular point of 3G.

3.22 Remark. From the proof for Theorem 1.4 it follows that if W(x,, C)<o, then
there exists a C*-function f: R*—R such that

lim H,(x) # f(xo).

X«)xo
x€G

Moreover, Hy coincides with the F-extremal with ’boundary values’ fin Sobolev’s
sense; see Remark 4.6.
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3.23. Corollaries to Theorem 1.4. As in the classical harmonic case a point xo €3G
is said to have an F-barrier if there exists a sub-F-extremal w: G—R such that

(a) TiTn_x_,y w(x)<0 for all y€EIG, y=*x,,

(b) limx_,x0 w(x)=0.

See [GLM3, Section 3].

THEOREM 3.24. Suppose that G is a bounded domain in R", that F: GXR"—R
satisfies the assumptions (a)~(d) of Section 2.1 and that xo€3G. Then the following
conditions are equivalent:

(i) xq is F-regular.

(i) W(xo, R*™\G)=<°.

(iii) xo has an F-barrier.

Proof. The equivalence (i)<>(iii) follows from [GLM3, Theorem 3.7]. Theorem 1.4
implies (i)=(ii). Mazja [M, p. 51] proved (ii)=>(i), although his formulation was slightly
less general; he assumed that the boundary function belongs to W:,(G) NC(G). For the
general case observe that if f€ WY(G) N C(G), then Remark 4.6 yields H=H/=u where
u is the F-extremal with Sobolev-boundary values f, i.e. u—f€ W,‘,, o(G). The F-regular-

ity of xo now follows by a simple approximation method via the estimate [M, (26)*, p.
51].

Theorem 3.24 immediately implies Corollary 1.5 and the variational interpretation
of Theorem 3.24 presented in Introduction can now be handled as follows. If
W(xo, R*™\\G)=, then for all functions f: G—R in the class C(G)N W,‘,(G) the afore-
mentioned result of Mazja implies limx_,x() u(x)=f(x,) where u is the F-extremal with

Sobolev boundary values f, i.e. u—f€ W},, o(@. The converse follows from Remark
3.22.

4. Resolutivity

4.1. Preliminaries. Let G be a bounded domain and let a variational kernel F satisfy the
assumptions (a)~(d) in Section 2.1. Let f: 3G—[—, »] be any function. We recall that
the function f is F-resolutive if Hy and Hy are F-extremals and H=H;in G.

For the next lemma observe that if fis F-resolutive, then also Af+u, 4, 4 €R, is F-
resolutive. '
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LEMMA 4.2. Suppose that the functions f;: 3G—R, i=1,2, ..., are F-resolutive. If
limf;=f uniformly on 3G, then f is F-resolutive.

Proof. Given any £>0, there is i, such that
fi—e<f<fite
for i>i,. Thus
H—e=H—e=H_ <H<H<H, =H+e
for i>i,. This yields H,»:Hf and since Hf is finite, it is also an F-extremal.

4.3 Remark. Although the F-regularity of a boundary point x, € 3G is, by Corollary
1.5, independent of F, this does not hold for the F-resolutivity even in the linear case.
To see this let G be the unit disk B* in R? and let F(x, h)=|h|* be the classical Dirichlet
kernel. Choose a homeomorphism 4 of B? onto itself such that k|B? is quasiconformal
and A|0B? is not absolutely continuous, cf. [BA]. Let F,=h*F:B>XR?>>R be the
kernel induced by the mapping 2. For the construction of F, see [GLMI, 6.1}]. In this
case F-extremals are harmonic functions and since the Euler equation (1.1) for F, is
linear, Fi-extremals also form a linear space. The corresponding harmonic measures u
and u; on 3B? are singular, see [GLM2, Remark 5.6 (b)]. Choose a set C in 8B such
that u(C)>0 but 4,(C)=0. Now C contains a subset E which is not y-measurable. By a
theorem of M. Brelot [B1, p. 152] the characteristic function yg of E is not F _resolutive
although, by the same theorem, it is F;-resolutive.

4.4. Proof for Theorem 1.6. Let f: 3G—R be continuous. By Section 2.10

minf< H,< H < maxf,
3G 3G

and hence, by Theorem 2.11, Hrand Hf are F-extremals. Approximating f with smooth
functions we can, according to Lemma 4.2, reduce the proof to the following case:
H¢=H¢, whenever ¢ € C*(R"). Fix such a ¢ and let v€ C(G)n W(G) be the unique F-
extremal with Sobolev boundary values v—¢ € W,‘l, o(@, see Section 2.7. We claim that
H,=v and H <v.

To this end let u=u,, be the sub-F-extremal of Theorem 2.9. Especially, u<¢ in G,
u—@E€ W,‘,,O(G) and

Ifu, GO <Idep, G =1. | 4.5)

12858289 Acta Mathematica 155. Imprimé le 20 Novembre 1985
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Choose regular domains D,c=D,cc... such that G=UD; and consider the Poisson-
modifications

u,-=P(u,D,~), i=1,2,...,

see Section 2.10. Clearly, u,—u€ W} ((G) and thus u,—@€ W) ((G). Note also that
u; €L, because u; <@ in G\D;. Now u;,1=P(u;, D;+,) yields

M= =E...

and by Harnack’s principle, see Section 2.5, A=lim &; is an F-extremal in G. Observe
that the case h= is excluded by the bound u;<supsg .
By the construction I(u;, G)<Ix{(u, G) and thus (4.5) yields

f |Vu)"dm Sﬁ-l, i=1,2,...
G a

This implies that h€ W(G) and h—@€ W, (G) since W, ((G) is weakly closed. By

uniqueness, v=h. On the other hand, the inequality u;<H,, gives
v=h=limuy;<H,.

A corresponding construction from above yields v=H,,. This implies the desired result
H,=H,.

4.6 Remark. If f: G—R is sufficiently regular, i.e. f€ C(G)NW.(G), then the F-
extremal u with Sobolev boundary values f, u—f€ W}ly o{G), coincides with Perron’s

solution Hf=I_1f=Hf. This result, mentioned by Brelot [B2, X.2] in the classical
harmonic case, is a byproduct of the previous proof.
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