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The subject of the present paper is the proof of the Riemann-Roch theorem for
(possibly singular) complex spaces:

THE RIEMANN-ROCH THEOREM. Denote by Ki*(M) the Grothendieck group of the
category of all coherent sheaves on the complex space M and by K (M) the usual

homology K-functor of the underlying topological space. Then there exists a group
homomorphism a,,: K8°'(M)—>K})°P(1W), such that:

(a) For M regular the restriction of the homomorphism a,, to the subgroup
Kho(M)cK™'(M), generated by the classes of all locally free sheaves, coincides with

the natural morphism
K?I()l(M) —)K(l’op(M) =~ K:)OP(M)

attaching to each locally free sheaf on M the class of the corresponding vector bundle.
(b) If f: M— N is a proper morphism of complex spaces, and f K{,’°‘(M)—->K'3°'(N) is
the direct image homomorphism, provided by Grauert’s theorem, then the equality
feay( &) = a(fi¥)
holds for any coherent sheaf £ on M.

A detailed consideration of this form of the Riemann-Roch theorem, and its
relation to the classical form of this theorem, due to Hirzebruch and Grothendieck, can
be found in [4].

Originally, the R-R theorem was proven by F. Hirzebruch for algebraic vector
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bundles on a non-singular projective variety. Atiyah and Singer showed that the R-R
theorem is a corollary of their Index thgorem for differential operators; the R-R
homomorphism attaches to any analytic fibre bundle E on the complex manifold M the
element of the analytical K-group Ell (M)=K(M), generated by the Dolbeault complex
of differential forms on M with coefficients in the bundle E, together with the represen-
tation of the algebra C(M) of continuous functions by multiplication in every stage.

The first result, concerning coherent sheaves instead of vector bundles, appeared
in the papers of Atiyah-Hirzebruch (2], {3]. In these papers the authors, using a real-
analytic resolution of a coherent sheaf, construct the R-R homomorphism from
K3°'(M) to K%M) for a complex manifold M, and obtain as a consequence the relative
version of the R-R theorem for embeddings of a complex manifold.

The essential step was made in the paper by Baum, Fulton, MacPherson where the
R-R theorem was formulated in the form, cited above. There can be found a detailed
explanation of the analogy between the algebraical and topological K-homology theor-
ies. However, the R-R theorem is proved for quasi-projective varieties, and the proof
makes essential use of the existence of a locally free resolution for any coherent sheaf
on the complex projective space.

In a series-of recent papers (cf. [5]), O’Brian, Toledo, and Tong proved the R-R
theorem in Hodge-Chern cohomology for coherent sheaves on a complex manifold.
The proof is based on combinatorial ‘‘local-global’> methods. ‘

In his survey on K-theory in [1], M. F. Atiyah suggested that it would be desirable
to have a proof of the R-R theorem in the form, cited above, based on operator-
theoretical methods, and remaining valid on the larger category of all complex spaces.
Such a proof is given in the present paper.

We start with some heuristic considerations. Let M be a complex manifold, and E
an analytic vector bundle on M. In order to define the cohomology groups of M with
coefficients in E, we can consider, instead of the Dolbeault complex, used in the
Atiyah-Singer proof, the Cech complex C (M, %8, E) of alternating cochains of sections
of E for a given Stein covering B={U;} of M. We can replace this complex of Hilbert
spaces C"(M, B, E), consisting of spaces of square-integrable sections of the bundle E;
it can be proved that these two complexes are quasi-isomorphic. In order to obtain an
element of the analytical K-group Ell(M)=Ky(M), one needs some more: a set of
representations of the algebra of continuous functions C(M) on each stage of the
complex, such that the differentials of the complex are essentially splitting for these
representations. To do this, choose the elements {U;} of the covering B to be
contractible and strongly pseudo-convex, and consider for any Ue=U; N...0 U, the



THE RIEMANN-ROCH THEOREM FOR COMPLEX SPACES 151

algebra of all Toeplitz operators on U, i.e., the C*-algebra of operators in LY U)),

generated by the operators of multiplication by the coordinate functions. This algebra is
essentially commutative(!) and is a Fredholm representation of the algebra C(bU.).

Since the domain U, is contractible, then, using Brown-Douglas-Fillmore theory, we

can find a compact perturbation of this algebra, which is a usual (commutative)
representation of the algebra C(U,). Since the Toeplitz operators essentially commute

with the operators of restriction, then, using an appropriate trivialisation of the bundle
E on the domains U, we obtain the desired element of the group K,(M); it can be

proven that this element does not depend on the choice of compact perturbation of the
algebra of Toeplitz operators. This gives an alternative proof of the Riemann-Roch
theorem in the regular case.

Unfortunately, there does not exist an elaborated theory of Toeplitz operators in
the singular case; in particular, it is not known if the operators of multiplication by
coordinate functions are essentially normal in the spaces HA(U, &) of square-integrable
sections of a coherent sheaf . Another difficulty comes from the fact that it is not
known if the homology groups of a coherent sheaf can be computed by the use of
cochains of square-integrable sections. All these difficulties can be avoided, if we try to
construct, instead of the element ap(¥)€ Kyo(M), its Alexander dual, i.e. the corre-
sponding element of the group K°(R?”, R**\ M) for a suitable embedding of M in the
Euclidean space R?".

Let T=(T\, ..., T,) be an essentially commuting set of essentially normal opera-
tors, acting in a Hilbert space, FcC" its joint essential spectrum, and & the correspond-
ing element of the group Ext (F). In [1], M. F. Atiyah shows that its Alexander dual in
K%C™\\F) can be calculated by the use of Clifford matrices. It is well known that the
notions of Clifford algebra and Koszul complex are closely related; hence, the same
element of K%(C"\ F) can be defined by means of the parametrised Koszul complex of
the operators T,,...,7,, which is a Fredholm complex of Hilbert spaces on C*"\F
depending continuously on a parameter. The Koszul complex is ‘‘more economical’
than the Clifford algebra, since its definition does not involve the adjoint operators
T%,...,T¢. In particular, the above-mentioned algebra of Toeplitz operators corre-
sponds to the parametrised Koszul complex of the operators of multiplication by the

(") There is a gap in our consideration here. As far as is known to the author, there does not exist a proof of
the fact that Toeplitz operators are essentially normal in the space H*(U), if U is an intersection of strongly
pseudo-convex domains. However, this is well-known in the Banach spaces H*(U), and in our situation we
can use Banach spaces instead of Hilbert spaces.
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coordinate functions. This allows us to replace the Hilbert spaces of square-integrable
sections by the Fréchet spaces of all sections; in this form, this complex makes sense
even in the singular case. In order to obtain a topological equivalent of the operator-
theoretical object constructed above, we have to attach together the Koszul complex-
es, corresponding to the various elements of the covering 8. Suppose for the moment
that M is a complex subspace of an open subset U in a Euclidean space; in this case,
the canonical coordinate system on M can be used, the various Koszul complexes are
well related and form a bicomplex. The corresponding total complex is Fredholm on U
and exact off M, and defines the desired element of the group Ky{(U)=KyM). Using a
slightly more complicated construction, the same idea can be realised in the general
case.

Now we are going to describe the principal steps of our proof. In § 1 we consider
parametrised complexes of Fréchet spaces in domains in Euclidean space. We shall call
such a complex é-, - or O-exact, if the complex of continuous, smooth or holomorphic
sections of the complex is exact. In contrast to the case of complexes of Banach spaces
(see [11]), these conditions are mutually different and do not coincide with the condi-
tion of pointwise exactness of the complex. (In view of the criterion, proven in
Corollary 1.3 in the text, the $-exact complexes will be called uniformly exact.) Using
this, we define the notions of uniformly Fredholm, &Fredholm and O-Fredholm
complex. The principal result of § 1 is that the space of uniformly Fredholm complexes
can be used as a representative space for K-theory. Another result of § 1 is Lemma 1.8,
a parametrised variant of the L. Schwartz theorem for compact perturbations of
epimorphisms; we use this assertion as a substitute for Grauert’s direct image theorem
(a slight modification of this statement leads to a new proof of Grauert’s theorem,
which will be published separately).

In §2 we recall the definition and properties of the parametrised Koszul complex
of a commuting tuple of operators (cf. [11], and construct a R-R invariant for complex
subspaces of open domains in C”. The general case is considered in §3. In general,
there does not exist an embédding of the complex space in a complex manifold; instead
of this we show that any complex space M can be embedded in a suitable almost
complex manifold M, and this embedding is stably unique (Lemma 3.1). Now, we can
define the local Koszul complexes on M; using some standard algebraic machinery
(Lemma 3.2), they can be attached together in a total complex. This completes the
construction of the Riemann-Roch invariant. The rest of § 3 is devoted to a proof of the
functorial property of this invariant. Finally, in § 4 we give some remarks and generali-
sations.
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Note that in this way we obtain an infinite-dimensional free resolution of a given
coherent sheaf #. More exactly, we obtain a parametrised complex of Fréchet spaces
on M, such that the complex of its smooth sections is quasi-isomorphic to the sheaf of
smooth sections of %, and the complex of almost-analytic sections is quasi-isomorphic
to the sheaf #. (See remark (1) of §4.)

I am most grateful to Professor M. F. Atiyah for his interest in this work. I am also
grateful to Mr John Roe and Mrs Jane Cox for their help. I thank the referee of the
paper for his useful remarks, in particular for the statement and the proof of the
sublemma in § 3, which permitted to simplify essentially the proofs of Lemmas 3.1 and
3.2.

0. Notations

Recall that a Fréchet space is a complete linear topological space with topology
determined by a countable family of semi-norms ||-||,, n=1,2,.... A complex of
Fréchg( spaces is a system X={X, d;}, i€Z, where X; are Fréchet spaces, and
d;; Xi—X;,1 are bounded linear operators. All complexes are assumed to be finite, i.e.
X;=0 for |i] sufficiently large. Let U be a domain in a Euclidean space, and X and Y
Fréchet spaces. An operator-valued function d(1): X— Y, 1€ U, will be called continu-
ous, smooth or holomorphic on U, if for any x€X the Y-valued function 1—~d(A)x is
continuous, infinitely differentiable in the strong sense, or holomorphic, on the domain
U. The parametrised complex X.(1)={X;, d{A)}, i€Z, will be called continuous,
smooth, or homomorphic respectively. Applying the Banach-Steinhaus theorem, one
can see that in this case d(1) is uniformly bounded on any compact subset of U (in all
cases) and all its derivatives in the strong operator topology exist (in the smooth or
holomorphic case). Therefore, if x(1) is continuous, smooth or holomorhic respective-
ly, then the Y-valued function d(1) x(1) has the same property.

Let X be a Fréchet space. Denote by €X, €X and OX the sheaves of germs of all
continuous, smooth, and holomorphic X-valued functions on U. Let X (1)={X,, d(1)}
be a continuous complex of Fréchet spaces on U. Then by X ={%X;, d(4)} will be
denoted the complex of sheaves of germs of all continuous sections of the complex
X (1). The analogous notations, ¢X and OX , will be adopted for the complexes of
sheaves of germs of smooth and holomorphic sections (provided that the complex X (1)
is smooth or holomorphic on U). Note that in the complexes used in our paper, all
differentials are in fact linear functions of the parameter.
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§ 1. Uniformly Fredholm complexes

. . ) A
Definition. The continuous complex of Fréchet spaces X—Am—> y24, Z,defined on the

domain U, will be called uniformly exact, if for any compact subset F of U and for any
natural number p there exists a natural number g=q(p) and a constant C=C(p), such
that for any A EF and y € Y, satisfying B(1) y=0, there exists x €X, such that A(1)x=y
and |lx||,=<Cllyll,.

In other words, the complex is exact at any point of U, and the entities g(p) and
C(p), provided by the Open mapping theorem, can be chosen to be locally independent
of the parameter A.

Example. Denote by X the Fréchet space of all infinitely smooth functions on the
closed interval [0, 1], vanishing at the origin with all derivatives, and let A(f)=I—tD,

where D is the operator of differentiation. The complex 0—X-—22, X_50is exact on the

whole real axis. However, a simple calculation shows that it is not uniformly exact in
any neighbourhood of zero.

The following assertion is a slight modification of Lemma 2.2 in [11]:

LeEMMA 1.1. Let the complex x4, YLD)Z be uniformly exact on the domain

U and y(2) be a continuous function with values in Y, satisfying B() y(A)=0. Then there
exists a continuous function x(1) with values in X, such that A(A)x(A)=y(A) on U.

Proof. 1t is sufficient to prove the assertion on any compact subset F of U. We can
suppose that for all x€X, n€Z,, we have ||[A(1)x|.<||x|l,, and for any A€EF,
y€EkerB(A), n€Z, the equation A()x=y has a solution x€X, satisfying
Xl <Chlly|ln+1- We shall construct a sequence x,(4) of continuous X-valued func-
tions, such that:

e, @Il <277 - [y@A) =A@ $,M)llpsr < Ciy 27"

where s,(1) denotes the nth partial sum of the series Z x,(4). Suppose that all x{A) are
already constructed for 1<i<n, and give a construction for x,.;(4). Let r,()=
y(A)—A() s,(1). Fix AEF. One can find an element x; € X such that A(1) x;=r,(1) and
Ixalla+ 1SCrstlrnlln+2=<27""1. Using the continuity of the vector-functions 7,(4)
and A(4) x, on can find a neighborhood U, of A in F such that for any A’ € U; one has
IreA)—AQR") x|l +3 <C,!,-27"72. Choose a finite covering Uy, ..., U;, of F, denote

by {f;},i=1, ..., k, a partition of unity, subordinated to the covering {U, }, and put
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k
i) = 2 fi0) ;.

i=1

It is easy to check that all the required conditions for x,,4+(4) are satisfied.
Finally, we can put x(A)=X]_, x,(4), and the proof of the lemma is completed.

COROLLARY 1.2. Suppose that A is a point of F and the element xo € X satisfies
A(Ag) xo=Yy(Ao). Then we can find a vector-function x()), satisfying the requirements of
the lemma and the supplementary conditions x(Ao)=xo,

sup @, < 2ljxoll,.+2C, sgpll YD1

This follows immediately from the construction above.
Now, we are able to give the following characterisation of uniformly exact com-
plexes:

CoOROLLARY 1.3. The continuous complex X (A)={X;, d{A)} is uniformly exact if
and only if the corresponding complex of sheaves of continuous functions €X_ is exact.

Proof. Suppose that the complex of sheaves €X is exact. Since the sheaves €X;
are soft, this implies that for any compact subset FcU the complex C(F,X) of
continuous functions on F with values in X_is exact also. The system of semi-norms
[Ix}p=sup zer|jx(A)||, determines a Fréchet structure in the spaces C(F, X,). Fix a
number k. It follows from the Open mapping theorem that for any natural number p
there exist a consant C and a natural number g, such that for any continuous X-valued
function y(1) on F, satisfying di(1)y(4)=0, there exists a continuous X,_,-valued
function x(1), such that dx_;(A) x(1)=y(A) and ||x(A)|[,<C]||ly(A)||;. Suppose that we have
already proved that the complex X (4) is uniformly exact at the stage X;.,. Let 4y be
an arbitrary point of F and yo € kerdi(4¢). Using Corollary 1.3, we can find a continu-
ous X;-valued function y(4), such that y(dg)=yo, di(A)¥(1)=0, and |[y(D)||,<2|[yoll¢
Choosing x(1) as above, we obtain that d;_(d¢) x(Ag)=ye and ||x(o)||,<2Cllyell,- This
means that X () is uniformly exact at X,, and the proof is completed.

It will be useful for us to consider the classes of exact complexes, satisfying the
same lifting property for smooth and for holomorphic vector-functions. Namely, the
smooth (holomorphic) complex X (A)={Xy, di(A)} will be called -exact (C-exact), if -
the complex of sheaves X (0X)) is an exact complex of sheaves.
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LemMmA 1.4, Any €-exact complex is uniformly exact. Any O-exact complex is -
exact and uniformly exact.

The proof uses the machinery of Koszul complexes and will be given in §2.

. Definition. Let X (1) and Y.(1) be continuous complexes of Fréchet spaces, and
@.(1): X (A)— Y (A) be a continuous morphism of complexes. The morphism g (1) will
be called a uniform quasi-isomorphism, if its cone is a uniformly exact complex. An
equivalent definition is the following one: ¢ () induces a quasi-isomorphism between
the complexes of sheaves €X_ and €Y..

In the same way one defines the notions of %-quasi-isomorphism and O-quasi-
isomorphism.

The following lemma points out some elementary properties of the notions intro-
duced above.

LemMmA 1.5, (a) Let ¢(A): X (A)—Y.(A) and ¢ (A): Y.(A)—Z(A) be mprphisms of
complexes and . (A)=y.(A)o@.(A). Then if two of the morphisms & (), y.(A), . (L) are
uniform quasi-isomorphisms, then the same is true for the third.

(b) Let X (D)={X,; d; (A, d} AA)} be a continuous bicomplex and X (1) be the
corresponding total complex. Suppose that for any j the j-th row X (1) is a uniformly
exact complex. Then the total complex X (A} is also uniformly exact.

(©) Let X(A)={X; d{Ad)}, X'(A)={X}, d{A)}, be continuous complexes, and
@A): X!(A)—>X.(A) be a uniform quasi-isomorphism. Let H (A)={H;, a{1)} be a continu-
ous complex of finite-dimensional spaces and y (A): H(A)—X () be a morphism of
complexes. Then there exists a morphism y'(A): H (A)—X'(2), such that y (1) is homo-
topic to @ (A)oy!(A).

Proof. The statements (a) and (b) are obvious. Let us prove (¢). Denote by
X.(M)={X;, d{A)} the cone of the morphism ¢ (1), and by ¥.(A): HA)—X.(A) the
composition of the morphism 1 (1) and the natural embedding of X (1) in X (1). We
have X;=X/®X/_,. Since the complex of sheaves X is exact and H; are finite-
dimensional, standard sheaf-theoretical arguments show that the morphism of sheaves
¥.(A) is homotopic to zero. So, there exists a series of continuous operator-valued
functions, S{4): H—X;_,, such that P;1)=S:,,4)a{d)~d;_1(1) S{1). Denote by
YiA): Hi—X], S{A): H—X;_, the components of the map S{A). Then the equality
above is equivalent to:
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VA=) p[d) = d D) S+, () ah).

In other words, v’ is a morphism of complexes, and S (4) defines a homotopy between
¥.(4) and . (D) p!(2).

Of course, the same assertions are valid for - and 0-quasi-isomorphisms (in the
latter case on Stein domains).

The statement (¢) remains true in the case H (A) is a continuous complex of finite-
dimensional vector bundles. In fact, we can construct ¥’ and S (1) locally and then use
a partition of unity.

Definition. The continuous complex X (1), defined on the domain U, will be called
uniformly Fredholm, if any point Ao € U has a neighborhood V, such that there exist on
V a continuous complex H (A) of finite-dimensional spaces and a uniform quasi-
isomorphism ¢ (1): H ()—X ().

In an analogous way we can define the notions of &-Fredholm and O-Fredholm
complexes.

Example. Let U be a bounded domain in the complex plane C, and denote by
X=H(U) the Fréchet space of all holomorphic functions on U. Let A(A)=M,—AI, where
M, is the operator of multiplication by the coordinate function z, acting on X. Then the

continuous complex OﬁXﬂ»X —0 is Fredholm for all A€C, but near the points of

bU its index is not locally constant. It is not hard to see that this complex is uniformly
Fredholm only on the domain C/bU.

Note that any complex of Banach spaces, Fredholm at all points of U, is uniformly
Fredholm.

Remark. Let of=%, € or 0. One can see from the definition that the parametrised
complex X (1) is /-Fredholm if and only if the complex of sheaves X is a perfect
complex in the category of all complexes of s-modules in the sense of [12]. Suppose
that all the sheaves of homologies (X ) are perfect, i.e. locally have a finite
resolution of finitely generated free sf-modules. Then simple arguments (see [12], I,
Lemma 4.15) show that the complex #X. is also perfect and therefore X (1) is -
Fredholm. In particular, the complex X (1) is 0-Fredholm if and only if all the sheaves
#{OX ) are coherent.
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The next lemmas show that the topological K-functor K%U) of the topological
space U can be defined by the use of uniformly Fredholm parametrised complexes of
Fréchet spaces.

LEMMA 1.6. Suppose that the continuous complex of Fréchet spaces X (1) is
uniformly Fredholm on U and F< U is a compact subset. Then there exist a continuous
complex H () of finite-dimensional vector bundles on F and a uniform quasi-isomor-
phism @ (A): H(A)—X (1). The class of the complex H (A) in the group K%F) does not
depend on the choice of H (A).

Proof. Suppose that H{X (1))=0 for any i>n and A=F. We shall construct a
Euclidean space CV and a linear operator y(4): C¥—X,, continuously depending on
the parameter A€F, such that d,(1)y(4)=0 and for any AEF the image of y(4)
generates the space of homologies H,(X (1)). In fact, take A°€ F and choose a continu-
ous complex of finite-dimensional spaces E (1) and a continuous uniform quasi-isomor-
phism 7.(1): E.(A)—X (1), defined in a neighborhood of A°. One can take E (1) such that
E;=0 for i>n. Then the space E, and the operator 7,, satisfy the conditions above in a
neighborhood of A°. Multiplying 7,(1) by a continuous function with sufficiently small
support, equal to one in a neighborhood of A°, we obtain an operator-function, defined
on the whole of F. Since F is compact, we can choose a finite open covering {V;} of F,
finite-dimensional spaces C™' and y’: CNV—X, such that d,(1)y’/(1)=0 for all AEF
and the image of ¥/(1) generate H,(X (A)) for A € V;. Taking for CV the direct sum of all
C™ and for y(4) the sum of (1), we obtain the necessary.

Suppose that X;=0 for i<0 or i>n. We shall construct H (1)={H;, a(4)} and ¢ (1)
by recurrence. Suppose that H;, a{l), ¢{1) are already constructed for i=k+1, and
denote by X (1)={X,, d(A)} the cone of @ (A). Then X (1) is uniformly Fredholm (see
Step 1 in the proof of Lemma 1.7 below) and uniformly exact in the stages >k. If k>0,
we apply the assertion above and obtain y(1):CN—X,. Denote H,=C" and
a2, pi(1) the projections of (1) on H;, and X;. When we reach the case k=0, the
complex X (1) has only one non-zero homology group kerdy(1) and therefore the
dimension of kerdy(A) is independent of A. Denote by H, the corresponding vector
bundle on F, and by ay(4), @o(4) the components of the corresponding embedding of
H, in X4(A). The construction of H (1) and @(4) is completed.

Let H(4), H'(A) be two complexes of vector bundles on F, uniformly quasi-
isomorphic to X (1). As above, statement (c) of Lemma 1.5 shows that the complexes
H (2) and H'(1) are quasi-isomorphic, and therefore determine the same element of the

group K(F).
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We have proved that any uniformly Fredholm complex X (1) on U determines an
element of the group K%(U) which will be denoted by [X (4)]. Moreover, if the complex
X (4) is exact off the closed subset M of U, then the element [X (1)] belongs to the
group K°(U, UN\M). In such a way, the topological K-functor K%U) (or K%(U, UN\M))
coincides with the free abelian group, generated by the equivalence classes of uniform-
ly Fredholm complexes of Fréchet spaces on U modulo the following relations:

(1) If the uniformly Fredholm complexes X'(1), X"(A) are uniformly quasi-iso-
morphic on U, then [X'(A)]=[X"(A)].

(2) Suppose that the complexes X'(1), X"(A) are uniformly homotopic, i.e. there
exists a complex X (z,4), uniformly Fredholm on Ux[0,1] (and exact off Mx[0,1])
such that X (0,4)=X'(1) and X (1,4))=X"(A). Then (X "(M=[XA)].

(3) If X (A)=X(D)SX(A), then [X ()]=[X'(D]+[X"W)].

The following assertions show that the group operation may be defined using exact
sequences of complexes instead of direct sums.

Definition. Let X'(A), X (1), X(4) be uniformly Fredholm complexes on U, and let
oA): X'A)—=X(A) and Y. (A): X (A)>X(A) be morphisms of complexes satisfying
¥ () (1)=0. The short sequence of complexes

0-x' W)L x )L, x11) -0

will be called uniformly exact, if the total complex of the corresponding bicomplex is
uniformly exact on U.
In particular, this is satisfied, if for all numbers k the sequence

@) @)
0-X; L)X,;LXZ—)O
is uniformly exact (see Lemma 1.5 (c)).

LeMMA 1.7. Suppose that

0-x' D22, x )22, x13)—0

is a uniformly exact sequence of uniformly Fredholm complexes. Then
X.DI=[X(D)]+[XA)].

Proof. Suppose that X!(1), X (1) are uniformly Fredholm complexes, and
@.(A): X!(A)>X (4) is a morphism. Then we shall prove that its cone Ko (A) is uniformly
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Fredholm and [Kg¢ ()]=[X.(A)]-[X'(A)]. In fact, let H'(1), H (1) be complexes of
vector bundles, and let a'(l): H'(A)—»X'(A), a.(1): H(A)—X (1) be uniform quasi-iso-
morphisms. Applying Lemma 1.5 (c), we obtain a morphism £ (1): H!(1)—H (1), such
that a (1) {(A) is homotopically equivalent to ¢ (A)a!(1). Denote by Si(A): Hi—>X,—1
the corresponding homotopies. We can suppose that £ (1) is a monomorphism (f this is
not satisfied, one may add a suitable exact complex to the complex H (1)). Therefore,
one can construct a sequence of operators S;(1):H;—X;—;, such that
S.(1) EA)=S.(A). Denote by @ (A): H(1)—X.(1) the morphism of complexes, obtained
by modifying the morphism a(4) by the homotopy S.(1). Then we have
a.(A) r(A)=@(A) a'(A). Denote by K¢ (1), Kr.(1) the cones of the morphisms ¢ (1), 7.(1).
It is easy to see that the pair a’(1), & (1) of quasi-isomorphisms determines a uniform
quasi-isomorphism from the complex Kr(A) to the cbmplex Ko (A). The assertion is
proved.

Let

0-x'W)—2s x )2, x12)—0

be a uniformly exact sequence of complexes. This means that the morphism from the
complex K¢ (1) to the complex X"(1) induced from the morphism y (1) is a uniform
quasi-isomorphism. Therefore, [X'(A)]=[K¢ ()]=[X (A)]-[X'(A)], and the proof is
completed.

It is well-known that if X , Y are complexes of Fréchet spaces, and K: X —7Y isa
compact quasi-isomorphism, then both complexes X, Y. are Fredholm. This assertion
is an immediate consequence of L. Schwartz’s perturbation theorem and has been used
in Cartan-Serre’s proof of the finiteness theorem. We shall prove a parametrised
variant of this assertion.

LeEMMA 1.8. Suppose that X (A)={X;, d{A)}, and Y (A)={Y,, s{A)} are continuous
complexes of Fréchet spaces on the domain U, and K : X (A)— Y (1) is a uniform quasi-
isomorphism of complexes, such that all K; are compact operators. Then the complex-
es X (A), Y.(A) are uniformly Fredholm on U.

Proof. Step 1. Suppose that for some A° € U the complexes X (1%, ¥.(1°) are exact
at the (i+1)st stage. We shall prove that on a sufficiently small neighborhood of 29 they
are uniformly exact at the same stage. In fact, fix the seminorms ||-||, on X; and |||, on
Y;_;. There exist natural numbers ¢, s and a constant C, such that for any A close to A0
and for any pair x€X;,,, yEY,, satisfying d;,;(A)x=0, s{A)y=K;+1x, there exist
Z€X,, tEY;_,, such that d{d) z=x, K;z+s;—1(A) t=y, and ||z||,+|[#ll,<C(lx||,+[I¥Is)-
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SUBLEMMA. There exist a constant C' and a neighborhood V of 2° such that for
any A€V and x€kerd;, (1) with ||x||;<1 there exists an element z€X,, satisfying
l2l,<C’ and ||x—d{A)z||,<1/2.

Proof. Suppose that the assertion is not true. Then there exists a sequence of
points A”—A° and a sequence of elements x, €kerd;,(A") with ||x,||;<1 such that for
any z€X; with ||z||,<n we have ||x,—di{(1")z||,>1/2. Let 1"—1° be a sequence of points
of U and x,€X;,, be a sequence of elements, such that d;, (A" x,=0 and ||x.||,<I.
Replacing the sequence x, by a subsequence, one can find an element xo€ Y., such
that K, x,—>xo. There exist a constant D and a natural number m (not depending on

'Xo), and an element yo€Y;, satisfying s{1%yo=x0, |[yolls<Dllxoll.. Take constants
D,, , such that ||K;x||, <D, ,lix|l; for any number j and element x€X; Then
Ixoll»<D,,, and |y, <D-D, ., Now s }’o*Kmxn—,,’O and there exist se-
quences of elements u, € Y;, v, € X;,1 such that u,—0, v,—0 and

A u,—Kir1v, = s{A") yo— K 1%

This implies that there exists a sequence {z,}, 2,€X; such that
lzAll,.<C'=C(1+D-D,, ,) and x,—v,=d{A")z,. Then x,—d{A")z,—>0 and we obtain
a contradiction. '

Fix A€V and x €kerd;.(A) with ||x||,<1. Iterating the construction, stated in the
sublemma, we obtain a sequence Z,€X;, such that ||Z,[,,<2C" and |x—d) Z,ll; —0.
Put y,=K;Z,. One sees that the sequence y, has a limit point y€EY;, satisfying
s{A)y=K;+1x and ||y||;<2C-D; ,. Applying again the fact that K_is a uniform quasi-
isomorphism, one obtains the existence of an element z € X; such that d{l)z=x and
lizll,<C"=C(1+C’-D;, ,). The proof of step 1 is completed.

Step 2. We shall construct a continuous complex H(X)={H;, a{)} of finite-
dimensional spaces, defined on some neighborhood of 1%, and a uniform quasi-isomor-
phism ¢ (1): H(A)—X.(4). Suppose that H;, a{1), and ¢(A) are already constructed for
i=k+1, and denote by X (A)={X,, d{1)} the cone of the morphism @(4), determined for
stages =k. Since the complex X (1% is Fredholm, the space

ker di(A%/im dy.— (A%

is finite-dimensional, and one can choose elements xy,...,X,, € ker di(4%), forming a
basis of this space. Since the complex X (1) is uniformly exact at the (k+1)st stage,
applying Corollary 1.2, one can construct continuous functions x{4), j=1, ..., m, with
values in X;, such that di(4) x{4)=0 and x{A%)=x;. Put H,=C™ and denote by x(1) the
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map from H, to X, determined by the functions x{(4), ..., x,(1), and let a, (1), @w(4) be
the projections of x(1) on H,,, and X;. Now the complex H (1)={H;, a{A)} and the
morphism of complexes ¢.(1)={@,;(1)} are defined also for i=k, and it follows from the
construction that ¢ (A°) is a quasi-isomorphism at the stages =k. If X, is the first non-
zero stage of the complex X (1), then we put H;=0 for i<k. Then ¢ (1°) is a quasi-
isomorphism at all the stages.

Let ¢ (A)=K_o@(4), and let Y(1) be the cone of the morphism y (1): H(1)—Y.(2).
Let K:X.(1)— Y.(A) be the morphism of complexes, determined by the morphism K.
and the identical map of H (4) into itself. Since K_ is a uniform quasi-isomorphism, K.
is also. Applying the assertion proved in step 1, we obtain that X (4) is uniformly exact,
i.e. @.(4) is a uniform quasi-isomorphism.

§ 2. Koszul complexes

In this paragraph we shall describe a construction of an infinite-dimensional free
resolution of a coherent sheaf in C”, using the notion of Koszul complex.

Denote by A, the free anticommutative algebra with n generators sy, ..., s,, and by
N, the space of all its homogeneous elements of degree p. Let a=(a,,...,a,) be an
n-tuple of elements of a commutative algebra A. Recall that a Koszul complex for the
n-tuple a in A is the complex K(a, A)={K{a,A),d;}, where K{a, A)=N.®A, and
di: Kfa,A)—>K;.(a,A) is the operator of exterior multiplication by the element
i a;s5. If X is a linear space and a=(a,, ..., a,) an n-tuple of commuting operators,
acting in X, then a Koszul complex for the n-tuple a in X will be defined as the complex
K(a,X)=K (a,A)D, X, where A is the algebra of operators, generated by the opera-
tors of a. For our purposes, it will be useful to recall the inductive definition of the
Koszul complexes. If the set a consists of only one operator a;, then K (a, X) coincides

with the complex 0—>X1X—>0. Let a'=(ay,...,a,-1), a=a’'U{a,} be sets of commut-
ing operators. Since a,, commutes with the operators of the set a’, the multiplication by
a, determines an endomorphism of the complex K (a’, X). It is not hard to see that the
complex K (a, X) coincides with the cone of this endomorphism (up to a change of
enumeration). Let a,b be sets of commuting operators in X and bca. Then the
inductive construction shows that there exist a natural embedding of K (b, X) in the
complex K (a,X) and a natural projection of K (a,X) on K (b, X). If there exists a
commutative n-tuple p,, ..., p, of operators in X, which commute with the operators of
a, such that ¥, p,a;=I; then the complex K (a, X) is homotopically trivial.
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Let A=(4,,...,4,) be a point of C*. Denote by K (a, X) (1) the Koszul complex for
the n-tuple of operators a—Al=(a;—A,1, ..., a,—A,I). This parametrised Koszul com-
plex was used by J. L. Taylor in [11] in his definition of joint spectra of several
commuting operators. If X is a Fréchet space, the complex K (a, X) (1) is a continuous
(and holomorphic) complex of Fréchet spaces of C".

Let X (u)={X;, d{u)} be a continuous complex of Fréchet spaces on the domain U
and a=(ay, ..., a,) be an n-tuple of commuting endomorphisms of the complex X(x).
(This means that for each i, a;={a; ;};=1, a; ; are continuous linear operators, acting in
the space X, and a; ; commutes with a; ;) Then each differential dfu) induces a
morphism of complexes d; (u): K (A, X;)(A)—> K (a, Xj+1)(2). Denote the parametrised
bicomplex constructed in this way by K (a, X)(4,u), where (4, ) €EC"xU, and let
KX (a) (4, 1) be the corresponding total complex.

LEMMA 2.1. Suppose that X (u) is uniformly exact or uniformly Fredholm on the
domain U. Then the same is true for the complex KX (a)(A,u) on C"XU.

Proof. If X (u) is uniformly exact on U, the assertion follows from Lemma 1.5 (b).
If X («) is uniformly Fredholm, one uses the inductive definition of Koszul complex
and applies several times the assertion of step 1 in the proof of Lemma 1.7,

Denote by M the support of the uniformly Fredholm complex X, in U and by M’
the support of KX (a) (X, 1) in C"X U. Let [X ()] and [KX (a) (A, u)] be the correspond-
ing elements of the groups K /(U)=Ky(M) and K, (C"xXU)=KyM'). Suppose that
a; ;—A;I are invertible for |1 sufficiently large.

LeEMMaA 2.2. (a) [X.()]=[KX (0) (4, w)], where 0 is the n-tuple consisting of zero
operators. (In this case M'=M.)

(b) [X.(w)]=p.[KX (a)(A, w)], where p is the projection of M' on M, induced by the
projection of C"XU on U.

Proof. (a) If H (u) is a complex of vector bundles, uniformly quasi-isomorphic to X (x),
then KH (0) (4, u) is uniformly quasi-isomorphic to KX (0) (1, 1) (see Lemma 2.1). Since
[KH (0)(A, )] coincides with the element i\[H.(1)], where i;: Ky U—(C"XU) is the
Thom-Gysin isomorphism, the assertion (a) follows.

(b) Note that the uniformly Fredholm complexes KX (0) (1, x) and KX (a) (A, u) are
uniformly homotopic on C"xU, the homotopy being given by the complex
KX (ta) (A, u), 0<t<1. Let B be a closed ball in C*, such that M'cBXM=B’. Therefore
in the group Kg{(C"xU) we have
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[KX (a) (A, )] = [KX.(0) 4, )] = i[ X ()]
and the assertion is proved.
Now, we are able to prove Lemma 1.4.

Proof of Lemma 1.4. We shall prove that any #-exact complex on a domain U is
uniformly exact. The case of an 0-exact complex can be treated in an analogous way. It
is sufficient to consider the case when U is the product of n copies of the interval (0, 1).
Let X be a Fréchet space. Denote by D(U, X) the space of smooth X-valued functions
on U, and let a;, 1=i, ..., n, be the operator of multiplication by the ith coordinate
function, acting in D(U, X). Denote by K (a, D(U, X)) (¢) for t=(t,,...,t,) the Koszul
complex for the operators a,—t,1, a,—t,1, and let A(r): D(U, X)—X be the evaluation

at the point ¢. The first step of the proof is the following: the complex

K(a, DU, X)) (1) 25 X0

is uniformly exact on U. We shall use an induction by n. For n=1, the complex

0D, X) S DW, X 5 X0 *)

is uniformly exact on the domain U=(0, 1); this follows from the fact that any smooth
X-valued function f{s), vanishing at the point ¢ €(0, 1), can be represented in the form
f(9)=(s—1) g(s). In the general case, denote by U’ the product of n—1 copies of the
interval (0, 1), U=U’'x(0, 1), a=(a,,...,a,_1). Note that D((0, 1), D(U', X))=D(U, X).
As in (¥), we obtain the uniformly exact complex (for ¢, € (0, 1))

0—D(U, X) =5 DU, X) = DU, X)—0

which induces a uniformly exact sequence of complexes on U:

0—K.(a', DU, X)) (1) =5 K.(a’, D(U, X)) (6) —> K (A", D(U", X)) (1)—0.

Recalling the inductive definition of the Koszul complexes, we obtain that A(z,,) indues
a uniform quasi-isomorphism of the complex K (a, D(U, x)) (t) with K (a’, D(U’, X)) (¢),
compatible with the evaluation morphism A(#). Then step 1 of the proof is completed.

Now, let X ()={X;, d(2)} be an &-exact complex on the domain U. Let a be, as
above, the tuple of operators of multiplication by the coordinate functions in the spaces
D(U, X)), and denote by KD (¢) the corresponding Koszul cbmplex, i.e. the total
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complex of the bicomplex K (a, D(U, X)) (¢). The first step of the proof and Lemma 1.5
(b) shows that the parametrised complexes X (r) and KD (f) are uniformly quasi-
isomorphic on U. On the other hand, since all the rows of the bicomplex
K (a, D(U,X)) (1) are constant complexes (the differentials do not depend on the
parameter #), and any exact constant complex is uniformly exact, Lemma 1.5 (b) shows
that the total complex KD () is uniformly exact. The lemma is proved.

Now, we begin the construction of the main object of the paper in the case of a
Euclidean space. Let U be a Stein domain in the space C™ with coordinates z,, ..., Z,,
and £ be a coherent analytic sheaf, defined on some neighborhood of U. Denote by
€< the corresponding coherent sheaf of €-modules: €¥= 8Dy %, here % is the sheaf of
germs of smooth functions on C". The space I'((¥), of all sections of £ on U has a
canonical structure of Fréchet space. Let a=(ay, ..., a,) be the n-tuple of operators of
multiplication by z;,...,z,, acting on the space I'({¥). In order to abbreviate the
notations we shall denote the corresponding parametrised Koszul complex
K (a,T(£)(A) by K(U, L) (A).

If Zis a sheaf on the topological space M and U is an open subset of M, then we
shall denote by %, the sheaf on M, associated to the present ViosI'yq (AF).

LeEMMA 2.3. The complexes of sheaves OK (U, ¥) and €K (U, %) are quasi-
isomorphic on C" to the sheaves ¥y and €%y respectively.

Proof. Denote U'=C"x U, and let A=(4,, ..., 4,) be the coordinate function on C”,
and z=(z,, ...,z,) on U. Let p and q be the projections of U’ on C" and U respectively.
Put £'=¢g*%. Then it is easy to see that the sheaf 0T (¥) coincides with the direct
image p, £’ of the sheaf ¥’. Denote by A the diagonal {(1,z):4=z} in U’, and by
K (A—z, £’) the Koszul complex of the operators of multiplication by 1,—z;, ...,4,~2,
in the sheaf #’. Then the complex of sheaves

K(A—2z, £)—-0,8%'—0

is exact. In fact, this follows from the fact that the complex K (A—z, Op)—0Or—0 is
exact and that the sheaves 0, and £’ are Tor-independent on U’. It is easy to see that
the direct image of the complex K (A—z, ') under the projection p: U'—C”" is equal to
the complex OK (U, &) and that the direct image of the sheaf £'®0, coincides with the
sheaf %y Therefore we obtain the exact complex OK (U, ¥)—%y—0. Multiplying
this complex by the sheaf & and recalling the theorem of Malgrange (see [8]), which
asserts that the sheaves & and & are Tor-independent as O-modules, we obtain the
exact complex of sheaves &K (U, £)— €Ly —0.

11-878289 Acta Mathematica 158. Imprimé le 28 juillet 1987
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Remark. Let U=VxW, where V=C", WcC" are Stein domains, and ¥ be a
coherent sheaf on U. Denote by K (V, ¥)(4) the Koszul complex of the operator of
multiplication by the coordinate functions z,, ...,z, on V, acting in the space ().
The same arguments as above show that the complexes OK (V, $)—n,¥—0 and
EK (V, £)— &n,F£—0 are exact, where x is the projection of U on V.

We shall need to use for technical purposes the following generalisation of Lemma
2.3. Let fi=(f1(1),....fn(D) be an n-tuple of continuous scalar functions on the
interval [0, 1] and denote by K (ff)a—A,U) the Koszul complex for the operators
fia =M1, ..., f(Da,—4,1 in the space [ (&) defined on C"x[0, 1] (here, as above,
a is the n-tuple of operators of multiplication by the coordinate functions, and A; are
coordinate functions on C"). Denote by OK (Ar)a—A, U) (resp. €K (f)r)a—A4, U)) the
complex of sheaves of all sections of this complex, which are holomorphic (resp.
smooth) with respect to 4 and continuous with respect to t. Denote by €<% the sheaf
over the space Ux[0, 1], such that the sections of this sheaf over a subspace of the type
VX(a, B) are all continuous vector-functions on (a, 8) with values in the Fréchet space
I'(&). Replacing £ by €%, we obtain a definition of the sheaf €%4%. Denote by k
p:UX[0, 1]-C"X[0, 1] the map, determined by the formula

p()'l’ --wlm t)=(f‘l(t)lla -"’fn(t)lm t)-
LEMMA 2.3'. The complexes of sheaves
OK () (1) a—2, U)>p,€L—0 and ZK(fir)a—A, U)—p,EEL—0

are exact on C*"Xx[0, 11.

The proof is the same as that of Lemma 2.3. We need only to remark that if we
denote by A the subspace of U’ %[0, 1], defined by the equations f{f) z;=4;, i=1, ..., n,
and by @’,5 the sheaf of all functions on A, holomorphically depending on 4, z and
continuously on ¢, then A is homeomorphic to Ux[0, 1], @A®$ is isomorphic to €<%,
0,®8%L to €8< and the natural projection of A on C"x[0, 1] coincides with the above
defined map p.

Let U be an arbitrary domain in C", £a coherent sheaf on U, and let 8={U,}, i€I
be an open bounded locally finite Stein covering of U. As usual, for a given finite subset
a=(iy,...,igcl denote |a|=k, U,=U;NU;, CuU,B,L)=Bu=xTy(¥), and let
C(U,B,LH={CU,%B, ¥),6,} be the standard cochain complex of the covering 8.
Let zy, ..., z, be the coordinate functions in C”. Then the operators of multiplication by
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215 ..., Zn act as endomorphisms in the complex C (U, 8B, ¥). The corresponding Koszul
complex on C” will be denoted by KC (U, B, £)(1).

LeEMMA 2.4. The complex of sheaves OKC (U, B, %) is quasi-isomorphic to the
sheaf £ on U.

Proof. Denote by €.(U, B, ¥) the canonical alternating resolution of £ relative to
B (see [6], §3, chapter B). We have 6, (U, B, £)=@qj=k Ly,. Lemma 2.3 shows that
the complex OKC (U, B, &) is quasi-isomorphic to €(U, 8, ¥). On the other hand, the
complex 6(U,B, %) is cjuasi-isomorphic to &, and the assertion of the lemma is
proved.

Note that the same arguments imply immediately that the complex of sheaves
EKC (U, B, %) is quasi-isomorphic to the sheaf €%.

COROLLARY 2.5. The complex KC(U,B,%) is O- and &Fredholm on the do-
main U.

Let 8={U;}, i€1, and B'={U}}, i’ EI' be two locally finite Stein coverings of the
domain U such that 8 is a refinement of L', and let §: I-I' be a refinement mapping
(i.e. U;cUyq for any i€I). Denote by C(6):C(U,B,H—-C(U,B,%L) the corre-
sponding morphism of cochain complexes, and by €.(0): €(U,B’',£)—€(U,B,%)
the corresponding morphism of complexes of sheaves. Then the morphism C (0)
induces a morphism of the parametrised Koszul complex

KC(6):KC (U, %', £ (A)—-KC (U, B,2L)A).

It is easy to see that the corresponding morphism OKC () of the complexes of sheaves
of holomorphic sections is associated with the morphism €.(6), and, therefore, is a
quasi-isomorphism. The same is true of the morphism €KC (8) of sheaves of smooth
sections. Then we obtain:

COROLLARY 2.6. The morphism ‘of complexes KC(8) is an 0- and an é-quasi-
isomorphism on the domain U.

Now we are able to define the Riemann-Roch invariant for coherent sheaves on
open domains in C". Namely, if £ is a coherent sheaf on UcC", we put o (&)=
[KC(U, B, £ A)], where B is a Stein covering of U. Corollary 2.6 shows that a %)
does not depend on the choice of B, and the functorial property of this invariant is a
simple consequence of Lemma 2.2 (b).
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§ 3. Proof of the Riemann-Roch theorem

If we attempt to reproduce the construction of the previous paragraph in the case of an
arbitrary complex space, we meet two principal obstacles. The first is that, in general,
complex spaces are not embeddable in complex manifolds. The second is that there is
no global coordinate system on a general complex space, and it is not clear how to
combine the Koszul complexes corresponding to the various local coordinate systems.

In order to overcome the first obstacle, we shall introduce a class of embeddings of
complex spaces in smooth manifolds, which are suitable for our purposes.

Let M be a complex space. As usual, a triple (W, ¢, U) will be called a chart on M,
if W is an open subset of M, U is a bounded Stein domain in C*, and ¢: W—U is a
closed holomorphic embedding. A locally finite covering B={W;},i €I, will be called
an atlas on M, if any W; is an element of a chart (W;, ¢;, U)). Likewise, for any finite
subset a=(ij, ..., iy)cI there exists a chart (Wg, @q, U,) With Wo=W; n...n Wi, @a
a restriction, for instance, of ¢; , and U, a suitable open subset of U

For any chart (W,, ¢;, U)) there exists an ideal J; in the sheaf of germs of holo-
morphic functions Oy, on U; such that g¥defines an isomorphism between the factor-
sheaf OUE/J,- and the restriction Oy, of the structure sheaf Oy of the complex space M
to the open subset W;. Take i,j €I with W; ;=W;N W;+3, and let U, be an open subset
of U; such that ¢;”'(U%)=W, ;. The holomorphic map h: U4—U; will be called a
connecting holomorphic map, if h* maps J; in J;, and the induced map of Oy /J; in
O’U‘_/J,- coincides with the isomorphism (¢* ™! og* It is easy to prove that a connecting
holomorphic function always exists, and if 4, A’ are two connecting functions, then all
the components of the difference A—h’ (considered as an n-dimensional vector-function
on U4) belong to the ideal J;.

Fix an atlas 8={(W,, ¢;, Uj)}, i€, on the complex space M. For any i €] denote
by €y, the sheaf of germs of smooth functions on U;, by &J, the idealJ,@oui &y, in &y,

and by 2, the sheaf &, /%J,. It follows from Malgrange’s theorem that the sheaf &J,
consists of germs of all functions of the type IJ_,f. ‘g, Where fi,....f; are the
generators of the sheaf J; and g4, ..., g, are arbitrary smooth functions on U;. Denote
by @U.- the direct sum in &y, of its subsheaves Oy, and €J;. Then @U,- is a sheaf of
rings, and &, is an ideal in O,. We have G, [€J=0,,.

Definition. Let (W, @, U) and (W', @', U’) be two charts on M with WeW'. The
infinitely smooth map y: U—U’ will be called admissible, if y* transfers 0y, in
Oy, €Jy in €Jy, and the induced map of 6y,/%€Jy in Oy/€Jy coincides with the map
(9%~ 'o(p)*.
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Equivalent definition. The map vy is admissible if for any holomorphic connecting
function h: U— U’ all the components of the vector function y—# belongs to the ideal
&Iy

In fact, suppose that v satisfies the first definition. Then all the components of the
vector-function y belong to Oy and therefore i can be represented in the form
yY=h+g, where # is holomorphic and g has the components from &J,. It is easy to see
that 4 is a holomorphic connecting map. Conversely, suppose that ¥ has the form
y=h+g, h and g as above. Then all the components of 1 belong to 0, and therefore y*
maps Oy in Op. In order to prove that ¥ satisfies the conditions of the first definition,
it is sufficient to show that y* maps &J;» in &/ Malgrange’s theorem shows that it is
sufficient to check this at the level of formal series. Let f be one of the generators of
Ju. Then the formal series of the difference fo tp—foyk belongs to the ideal, generated
by the formal series of the components of g=y—h, and therefore to &Jy. Since A is
connecting, then foh belongs to Jy and foy belongs to &Jy, which proves the
equivalence of the definitions.

Definition. An almost complex embedding of the complex space M in the smooth
manifold M is determined by an atlas 8 on M, a closed embedding o: M—M of the
underlying topological space of M in M, and a set of C*-diffeomorphisms y;: U;— U, of
U; to open subsets U; of M such that 9w =o|w, and for any i,j €I the connecting map
¥, =y ' oy, defined on y;'(U;nU), is admissible.

It is easy to see that in that case the system of sheaves v,,(OU;), defined on
U, i€1, determines a globally defined sheaf of rings on M, which will be denoted by
0. In the same way, the system of sheaves y;,(&J;) determines a globally defined
sheaf &J,, of ideals in Oy,.Then the factor sheaf 0,/&J,, is isomorphic to the structure
sheaf 0,, of the complex space M and the isomorphism is given by the mapping o,.
Another important sheaf connected with an almost complex embedding is the sheaf
&y=%,/€Jy, and the mapping y;, defines an isomorphism between &y and the
restriction of &y, on U..

Let o: M—M be an almost complex embedding. We shall prove that the tangent
bundle T(M) of M has an almost complex structure. In fact, it follows from the
definition, that for any i,j we have dy; #A)=0 for all points 1 € p(W,). Therefore, the
maps dy; transfer the complex structure from T(U) to T (U,.)IQ(M)nUi, and determine a
globally defined complex structure on the restriction of T(M) to o(M). It is easy to see
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that this complex structure can be extended to some neighborhood of o(M) in M.
Shrinking M, if it is necessary, we obtain the assertion.

Definition. Let (0, B, {y}) and (o', B’, {y}}) be two almost complex embeddings
of M in the manifold M with o=¢’. We will say that these embeddings are equivalent, if
the set (0, BUB', {y;} U{y:}) is again an almost complex embedding.

One can prove that two almost complex embeddings are equivalent if and only if
they determine the same sheaves Oy and &/,, on M.

Let us note some particular cases of equivalence of almost complex embeddings.

—The equivalence class of almost complex embedding does not depend on the
choice of the covering {W;}. More precisely, if the covering {W;} of M is a refinement
of {W;}, and ¢';, U’; are the corresponding restrictions of ¢; and U;, then we obtain an
equivalent embedding.

—The equivalence class of an almost complex embedding depends only on the
germ of the manifold M near its closed subspace o(M). In fact, if we replace the
domains U; by arbitrary small neighborhoods of g{W;) in U;, and the diffeomorphisms
@; by their restrictions, we obtain an equivalent embedding.

—Let {k;} be a set of admissible diffeomorphic mappings of the domains U; onto
themselves. Then, replacing v; by ;o k;, we obtain an equivalent embedding.

To prove this, we shall use the following

SuBLEMMA. Let (W,@,U) be a chart, and suppose that h is an admissible
diffeomorphism of U into itself. Then the inverse map h™" is admissible also.

Proof. Consider first the case when W is regular. One can assume that W is
embedded in U as the coordinate subspace z;=. ..Zz;=0. The components of the map A
have the form:

k
h(z)= sz'ab(z), i=1,...k
j=1

k
h@D =2+, 27b@), i=k+1,...n,

i=i
where a;(z), bj{(z) are smooth functions and the matrix {ai(2)} is non-degenerate near
W. Solving the equations with respect to z;, we obtain the statement.

In the general case denote by fi, ..., fx the generators of the corresponding ideal J.
Then the components of 4 have the form:
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k
h(z)= zi+2)§(z)-aij(z), i=1,...,n, af2) smooth.
j=1
Put U'=UXB, where B is a sufficiently small open ball in C*, and denote by (z, 1) the
coordinates on U’. Let J' be the ideal in Oy, generated by the functions f{(z)—A4;
j=1,...,k. Then the space W', determined by Oy =0y/J’, is regular. Denote by
h'(z,A) the map from U’ to U’, determined by the formula:

k
hiz, D) =20 (f@D-A) a @), i=1,..n,

Jj=1
B @)=, m=1,..k

Then 4’ is a diffeomorphism near UX {0}, and is admissible with respect to W', and
therefore its inverse (h')”! is admissible. Since A~! coincides with the restriction of
(k") to Ux {0}, then it is admissible also.

Let o: M—M,o': M—M' be two almost complex embeddings with corresponding
atlases B, B’ and corresponding mappings v;, ¥;..

Definition. The infinitely smooth map h: M—M' will be called a morphism from
the almost complex embedding ¢ to the almost complex embedding ¢’, if for any
i€L,I'El' the map (y)) 'ohoy, is an admissible map from the open subset
i {U;n0}) of U; to Uj.

Remark 1. If k is a morphism of almost complex embeddings, then the morphism
of sheaves h* sends the sheaf Oy, to Oy and €J), to €Jy,.

Remark 2. For an arbitrary pair of almost complex embeddings o: M—M,
0': M—M' there exists a morphism of almost complex embeddings #: M—M'. In fact,
let B={(W, @, U)}, {v;}, i€1, andB'={(W},, ¢}, Up)}, {y:}, i'€l', be the corre-
sponding atlases and diffeomorphisms. Without loss of generality one can assume that
I'=I and W=W,. Put V,=U, U, We shall assume that we have already defined a
morphism A&;: V,—M’' of almost complex embeddings, and we shall show that it can be
extended to V,.;. Let f and g be two non-negative infinitely smooth functions, defined
on V.., such that f=1 on some neighborhood of Vie1\Uk+1, g=1 on some
neighborhood of V,.;\Vy, and f+g=1. Put f=y%,,fand g§=y%.,, g. Denote

h~=(1/);(+1)_1 O MO YPpsy.

Then 4’ is an admissible mapping from y;),(U,,,nV,) to Uj,,. Let k" be an arbitrary

admissible mapping from Ui, to Ui.;. Then it is easy to see that the mapping
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h=f-h'+g-K" is also an admissible mapping from Uy, to Uj,;. Define the mapping
Mgy on Upyy by the formula by =y4s10h0(re)”™", and on Vi N\ Uiy by
the formula hg. =hy. Then it is easy to see that A, is a smooth mapping and defines
a morphism of almost complex embeddings from V,.; to M’.

Definition. The atlas B'={(W}, @i, U{)} will be called a modification of the atlas
B={(W,, ¢;, U)}, if for any i we have W/=W; and there exists a closed regular
embedding e;: U;— U; such that ¢; is a holomorphic connecting map.

Definition. The almost complex embedding o': M—M', corresponding to the atlas
B’, will be called a modification of the almost complex embedding 0: M—M, corre-
sponding to the atlas %, if the atlas B’ is a modification of the atlas 8, and there exists a
regular embedding of C*-manifolds e: M—M’, such that for any i €1 the diagram

€;

U; — U;
Yi v
- e A
M M’

is commutative.

Denote by (4, 1) the coordinate system on U}, where A=(,, ..., 4,), u=Qu1, ..., 4z,
n=dim U,, k+n=dim U!. Without loss of generality one can assume that ¢(U;) coin-
cides with the subspace of U/ defined by the equation u=0. Denote by p; the projection
of U; on e{U)). If the ideal J; in the ring Oy, is generated by the functions fiseeisfoms
then the ideal J; in Oy, is generated by the functions pifi, ..., p¥f o 1y s s and
therefore the same functions generate the ideal €J; as an $y-module.

Let the almost complex embedding o’: M—M' be a modification of the almost
complex embedding o: M—M, and e: M—M' be the corresponding embedding. It is
easy to see that the complex structure of the tangent bundle T(M) of M coincides with
the complex structure, induced from T(M') (at least, at the points of o(M)), and,
therefore, the conormal bundle T(M')/T(M) of e(M) in M’ has a complex structure at the
points of o(M). The following assertion shows that the equivalence class of a modifica-
tion is uniquely determined by this bundle.

LEMMA 3.1. (@) Let E be a complex vector bundle on M, and o: M—M be an
almost complex embedding. Then there exists a modification o': M—M’ of o such that
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the restriction of the conormal bundle T(M')/T(M) on o(M) is isomorphic to E.

(b) Suppose that the conormal bundles, corresponding to two modifications of a
given almost complex embedding, are isomorphic as complex vector bundles on M.
Then these modifications are isomorphic.

Proof. (a) One can extend E up to a complex vector bundle on M. Let
A;: U;xCKSE be a trivialisation of the vector bundle E on the domain U;, and let
A; A)=A;'0A; be a corresponding connecting function. Then A; (1) is a smooth
function on U;nU; with values in GL(k,C). Denote Uj=U;xCk, W;=W; and
@i=@;x{0}. Then the atlas B'={(W}, @}, Uj})} is a modification of the atlas
B={(W,;, ¢;, U)}. As holomorphic connecting maps for the atlas B’ we can take
@i A, W=} (A)x{0}, where y, ;: U.— U, are holomorphic connecting maps for the
atlas %, and 1 is a point of U; and u=(u,, ..., z) a point of the space C*. As it was
pointed out above, for any i the ideal Jic Oy is generated by the generators of the ideal
Ji and by the coordinate functions yy, ..., u,. Now, denote by M’ the total space of the
vector bundle E, and let e: M—M’' be an embedding of M as a zero section in M'.
Define the maps y}: U;—M' by the formula 1/=A;0(y;xid). We have only to check
that the connecting maps ; ;=(y;)"' oy} are admissible. In fact we have

Vi A, 0) = 9, XA, (@A), u),

and therefore
Vi A, ) —@] (A, 1) = [p; A)X(A, JA), 1) =, (A)X{0}]+[w,; (A X {0} g, (1) x{0}].

Both the summands on the right are vector-functions with components, belonging to
&J:. Therefore, since ¢; ; are admissible, then so are y; ;.

(b) Let o": M—M" be the modification of the almost complex embedding o: M —M,
constructed in ihe proof of (a), and o’: M—M’ be another modification of this almost
complex embedding with conormal bundle, equal to E. Let 8B’ and {y;} be the atlas and
the set of local homeomorphisms, corresponding to ¢’. We shall construct an isomor-
phism of almost complex embeddings h: M’ —M". First, using the same argument as in
Remark 2 above, one can construct a retraction from M’ to M, i.e. a morphism
p:M'—M of almost complex embeddings such that poe=1d,. Denote by p; the
retraction from Uj to e U;) induced by the retraction p, i.e. p;=y; ' opoy!. The map
pi is admissible. Define the map h;: U} —» U} by the formula k{4, )=(p:A, w), ). The
map h; is equal to the identity on e(U, and sends the fiber of p; over A° to the
coordinate subspace {1=1°} and is therefore a diffeomorphism (in a neighborhood of
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e{U)). Then H;' is an admissible diffeomorphism. Now we can replace y] by
P/=y!oh; . Then ! sends any subspace {1=1°} of U, to the fiber of the map p over
the point 1,(A%).

One sees from the conditions of the lemma that one can fix an isomorphism F of
complex vector bundles on M between E and the subbundle T(p) of the tangent bundle
to M’ at the points of e(M), consisting of the tangential vectors of the fibers of the map
p. Define the trivialisations A U;XC*—E by the formula A;=F“O(du¢£)|,,=0. (We
here identify U;xC* with the normal bundle T(p;) to e{U,) in U.) Consider U! as a
neighborhood of U;x{0} in U;xCX. Then A;'0A! is an admissible diffcomorphism
from Uj to U}. Put h=y!oA7'0Alo(p!)~'. Then A; is a morphism of almost complex
embeddings, acting from U to U”. The differential of 4; at the points of e(U,) induces a
map F~! of tangent bundles. For any A€ U;n U} the images h(A), i{1) belong to the
same fibre of the fibre bundle M". Let {f;},i€I be a smooth partition of unity on M,
subordinated to the covering U;. Put h=L,,f;-k,. Then h is defined on the whole of M.
The differential of 4 again induces a map F~! of tangent bundles and therefore 4 is a
diffemorphism near e(M). It follows from the sublemma that for any i the map
(Y~ 'ohoy}is an admissible diffeomorphism as well as its inverse. Therefore & and
h~! are morphisms of almost complex embeddings, which proves the part (b).

Now we are able to prove the existence and uniqueness (in an appropriate sense)
of almost complex embeddings.

LEMMA 3.2. (a) Any complex space with finite atlas has an almost complex
embedding in some Euclidean space R*".

(b) If o and @' are two almost complex embeddings of the complex space M, then
some modification of ¢ is equivalent to some modification of ¢'.

Proof. First, note that if o: M—M is an almost complex embedding, then there
exists a modification o’: M— M’ of g such that M’ is diffeomorphic to a domain in R*V
and the tangent bundle of M’ is trivial as a complex bundle. In fact, denote by E the
tangent bundle of M, and choose a complex bundle E’ on M such that EQE’ is trivial as
a complex bundle. Then for suitable m and N there exists a closed regular embedding
i: M—R*N such that the normal bundle of i(M) is isomorphic (as a real bundle) to the
direct sum of E’ and the trivial bundle MxC™. Denote by M’ the modification of M
with conormal bundle equal to E’@®(MxC™). Then M’ is diffeomorphic to a neighbor-
hood of i(M) in R* and T(M’) is trivial.

Let us prove the statement (b). Suppose that o: M—M and o': M—M’ are almost
complex embeddings, B={(W,, ¢;, U)} and B'={(W}, ¢}, U})} the corresponding at-
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lases and y; and ] the corresponding local diffeomorphisms. As above, we can assume
that I=I', and W;=W]. Denote by B” the atlas {(W}, ¢}, U?)}, where Wi=W,
= x @}, Ul=U;x U, by o" the embedding of M in the manifold M"=MxM’, defined
by 0"=0Xg’, and by v/ the diffeomorphism ;X ] from U} to M". It is easy to check
that ¢” is an almost complex embedding of M in M". We shall prove that ¢” is a
modification simultaneously of ¢ and ¢’. Choose for any i € I a connecting holomorphic
mapping k;: U/— U}, and a morphism of almost complex embeddings #: M—M' (see
Remark 2 above). Denote by e;: U—U'=U;xU! and e: M—M"'=MxM' the regular
embeddings, determined by the graphs of 4; and h respectively. We have only to assure
the relation of commutativity yjoe;=eoy;; in order to obtain this relation, we shall
modify the mappings v/. Define the mapping h;: U—U; by the formula h;=
(y))"'ohoy,; Then k; is admissible and therefore all the components of the vector-
function A {4)—hsA) on U; belong to &J;. Denote by A the coordinates on U,, by u the
coordinates on Uj, and by (4, u) the coordinates on Uj. Define the mapping s;: Ui—» U}
by the formula si(4, )=, u+h{A)—h«2)). Then s; is an admissible diffeomorphism and
maps the graph of &; on the graph of #;. Replacing ¢} by {/=y/os;, we obtain the
relation 1jo e;=eoy,. Hence, ¢” is a modification of o. The same reasons show that o”
is a modification of o’. Statement (b) is proved. Note that the conormal bundle of e(M)
in M" is isomorphic to the tangent bundle of M'.
Proof of (a). Let M', M" be open subsets of the complex space M, and suppose that
o' :M'—->M', o":M"—M" are almost complex embeddings. We shall prove that the
space M"'=M'UM" has an almost complex embedding in a smooth manifold M". We
can suppose that the tangent bundles of M’ and M" are trivial as complex bundles (in
the opposite case we can make suitable modifications). Fix the open subsets N'cM’,
N'eM" such that N'no'(M’)=o(M'NM"), N'no"(M")=o(M'NM"). Then, as in the
proof of (b), the almost complex embedding ¢’ X@": M' N M"—N'xN" is a modification
of both ¢": M'nM"—-N’ and o": M' N M"—>N".
The conormal bundle of N’ in N’ X N" is trivial and can therefore be extended up to
a bundle on M'. Denote the corresponding modification of M’ by N'. Then there exists
an isomorphism a(A) of almost complex embeddings from N’ XN” to an open neighbor-
hood of the image of M’ NM” in N’. Similarly, one can construct a modification N of
M" and an isomorphism B(1) from N’xN" to an open subset of N”. Denote by M" the
manifold, obtained from the disjoint union of N’ and N” by identification of all pairs of
points 4, EN’, A, EN", satisfying a~'(1;)="'(4,). It is easy to see that the natural
embedding of M"=M'UM" in M" is an almost complex embedding. It remains to prove
that the smooth manifold M is Hausdorf. In fact, it is easy to see that any two point,
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belonging to the image of M, can be separated. Then, replacing M by a sufficiently
small neighborhood of the image of M, we obtain a Hausdorf manifold.

Let B={(W, ¢;, U)}, i=1,...,s, be an atlas on M. Put M;=W, U...U W,. Sup-
pose that M, has an almost complex embedding in the manifold M;. Then we can put
M'=M,, M'=M,, M"=W,,,, M'=Uy,,, and the above considerations show that
M, .1 has an almost complex embedding also. Using induction on k, we complete the
proof of the statement (a). '

In the rest of the paper we shall assume that the complex space M has a finite atlas.
The general case can easy be obtained by passing to the limit.

Let o: M—M be an almost complex embedding. As it was pointed out above, the
maps (y;)* determine isomorphisms between the restrictions Ow, of the structure
sheaf Op of M and the sheaf 0,/%J,, on M, and between the sheafs &w =€, &0y,
and the sheaf &,,= %,,/&J,,. More generally, let £ be a coherent sheaf of Op~-modules
on the space M, and denote by %, the coherent sheaf (¢),(¥) on U;. Note that J; has
zero action on % and therefore % can be considered as an @Ui-module. The maps
(7 Y)* then define isomorphisms between the sheafs % and the sheaf o,(¥) on U,. If
we denote by &Z the sheaf €;®, 0. < on M, then the maps (y;')* also define

isomorphisms between the ¥&y-module €% and the restriction of the
&,-module €% on U,, which agree with the action of (y;')* from &y to &y

In the next pages, for any coherent sheaf £ on M, we shall construct an &
Fredholm parametrised complex of Fréchet spaces on M such that the corresponding
complex of sheaves of germs of smooth sections is quasi-isomorphic to the sheaf €%.

Without loss of generality we can assume that M is a domain in R?” and that the
diffeomorphisms y;: U;— U; can be extended to some neighborhood of U; in C". Then
the diffeomorphism 7 ': U;— U; can be extended up to a smooth map 7,: M—C" such
that 77 }(U)=U;. Recall that from Lemma 2.3 we have the exact complex of sheaves
EK (U, $,-)—+($,~)Ui—>0 on C". Denote by K (U;, ¥) (1) the smooth complex of Fréchet
spaces on M which is obtained as an inverse image of the complex K (U;, %) (A) on C*
via the map 7;. Then on M the complex of sheaves €K (U, L)—(€L)y—0 is exact.
More generally, for any finite subset a=(iy, ..., i)l one can define in the same way
the parametrised complex K.(U,, £)(A) on M such that the complex of sheaves
€K (U, £)—(€L)y,—0 is exact (we put U,=U, n...n U,). Now we shall describe

an algebraic construction, which will be used in order to overcome the second obstruc-
tion, i.e. to attach all the complexes K (U,, £) (A) together.
Let I be a finite set of indexes and § a simplicial scheme of subsets of 1. Recall that
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a simplicial system of rings s on § is a system of rings A,, a € S, and ring homomor-
phisms R, 4. A,—Ap, defined for any pair a, €S, acfcl, such that for any triple
a,B,y€S, acfcycl, we have R,,=R,39Rg,. We define a simplicial system of sds-
modules to be a system of A,-modules L, and homomorphisms r,, g: L,—Lg lying
over the ring homomorphisms R, g, and satisfying the equality r,, ,=rq, 5071, ,.

Now we shall define the notion of simplicial system of complexes of modules. Let
s be a simplicial system of rings, and let there be given for any a €S a complex
L o={Lm osdm o} ©of A,modules. Denote by L ,={L, r,dm «} the complex
L., =®q=«L. o. Suppose that for any two subsets a and B of I such that
a,BES, acp and |f|—|a|=n>0 there exists a homomorphism

'm,a, B Lm, a")Lm—n+l,/3

lying over the ring homomorphism R, ;. Put L,=®,,,,_, L, ,, andlet d,:L,~L,,, be
the operator determined by the set of homomorphisms r,, , s with m+|a|=p and by the
differentials of the complex L__

Definition. The system {L . 7m o} Will be called a simplicial system of
complexes, if for all p we have d,od,_,=0. The complex L ={L,,d,} will be called
the cochain complex of this system.

Let {L o 7m a8} and {L 1. o g} be two simplicial systems of complex of
s-modules. Suppose that for any pair a, € S, such that acf and |§|—|a|=n=0, there
is given a homomorphism @, q, g:Lm, «—>Lim-n s lying over the ring homomor-
phism R, 4.

Definition. The system of mappings @,, o, s, Will be called a morphism from the
simplicial system {L_q,7, 4} to the simplicial system {L' o, 7 o}, if the
corresponding mappings ¢,: L,— L}, determine a morphism from the complex L. to the
complex L.

LEmMA 3.3, Let S be a simplicial scheme of subsets of the finite set I, ds be a
simplicial system of rings on S, $s={%,} be a simplicial system of ds-modules, and
let for any a €S the complex L. ;={L o) dpm, o}, m<O0 be a free resolution of the A,-
module %,,.

() There exists a system of morphisms rpy o g:Lm a—>Lm-n+1,8 Such that
{L.,o>"m,a,p} is @ simplicial system of complexes, and a quasi-isomorphism & from
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the corresponding cochain complex L_ to the cochain complex Z. of the simplicial
system Zs.

(b) Let %5 be another simplicial system of sds-modules, and
Y={Ya}, Ya: Lo— &L, be a morphism of simplicial systems of ss-modules. Let L!
be a free resolution of £, and {L' ,,r}, o g} be the corresponding simplicial system
of complexes. Then there exists a morphism @={@y, o, g} from the simplicial system
{L..as"m,a g} to the simplicial system {L. 4 T o p}, such that the diagram of
morphisms of complexes

Al

is commutative.

Proof. (a) Set L =@, —«L. , and Ay=®4-xA,. Then L _, is a free resolu-
tion of the A,-module i’ﬁ@,al:k %, Lete:L ,—%, be the corresponding quasi-
isomorphism. We have to construct a series of maps r,, n ki Lo, k=>Lm—n+1, k+n-
Let £={L;, 6;} and A ={A;, A;} be the cochain complexes of the simplicial systems
Zs and s, and denote by & the truncated complex 0—%,—%,,,— .... Denote by
if, the direct sum of all L,, , with k=s, m=0, m+k=p. For negative s with |s| sufficient-
ly large we have L=L,.

Suppose that we have already constructed the mappings r,, ,, « for all m, n=0 and
k=s, such that:

(a;) Put L*={L;, 4}, where d5: L —L:  is the operator determined by the map-
pings 7., », x, m+k=p, k=s, and by the differentials of the complexes L_ . Then Ef is
a complex, and the series of morphisms g, k=s, determine a quasi-isomorphism
fslif—)e':f.‘_

Now, we shall define the mappings r,, ,, s—1 such that the property (a,-;) holds.
The differential §,_;: 52’5—1—%@: can be interpreted as a morphism from the one-term
complex Z,_, to the complex ff_‘;the cone of this morphism coincides with the
complex $“‘. Using the standard construction of the covering morphism of resolu-

tions, we can find a morphism of complexes r*"': L_,_,—L’, such that the diagram
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rs—l

> s—1
e‘<£s—] — $s

is commutative. Define the mappings r,, , -1 (or, equivalently, the mappings
'm, a8 With |aj=s—1) to be equal to the corresponding entry of the operator r: !,
muitiplied by (—1)™. Then the complex fL_‘"coincides with the cone of the morphism
r°~!, and the quasi-isomorphisms &, & determine a quasi-isomorphism from I:f “!to the
cone of ,_,, i.e. to the complex #~'. Therefore, the condition (a,_,) is satisfied.
Using an induction on s, we obtain a proof of the statement (a).

In order to prove (b), we can apply the same arguments, taking instead of the
complex &, the cone of the morphism of the complexes ¢ : £ —Z'.

Remark 1. One sees that if the morphism _ is a quasi-isomorphism, then the same
is true for the morphism ¢ . Moreover, one can prove that if ¢ _is an isomorphism, then
¢. is a homotopical equivalence.

Remark 2. The proof of Lemma 3.2 holds without modification when s, %5, L. ,
are systems of sheaves on a topological space; we shall need this generalisation.

Let M be a complex space and £ a coherent sheaf on M. Now, we are going to’
describe the construction of the Riemann-Roch invariant a,(¥). Let o: M—M be an
almost complex embedding, and let ¥ and &,,= &0, be the sheaves on M introduced
above. Let B={(M,, ¢;, U)},i€1, be the corresponding atlas on M. Denote by S the
nerve of the covering {W;}, by A,, a€S the sheaf &'y (O)) of germs of smooth
functions on the manifold M with values in the Fréchet algebra Tw (Op), and by
R, g:A,—Ag the morphism of sheaves, induced by the restriction map from
T'w (On) to I'w,(Om). We obtain a simplicial system of rings As. Denote by €%, the
restriction %:Z’l-,a of the sheaf €% to the open set U, and take the complex L., to be
equal to the complex €K (U,, £). All the conditions of Lemma 3.2 are satisfied, and
we can include the complexes €K (U,, &) in a certain simplicial system of complexes
of sheaves. The simplicial complex of this system will be denoted by 4KC (M, B, £).

In this case the mappings r,, ., g coming from Lemma 3.2, can be described more
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explicitly. Recall that for any m, 0<—m=n,and a € S, the space K, (U,, &) is a direct
sum of (_7) copies of the space l“wa(.,‘t’). It is easy to see that the maps r,, P have the
form:

T'magA)=F, o sA) R, 4

where F,, , g(4) is a smooth function of the parameter LEM whose values are
operators of multiplication by a matrix of dimension (_*)X(_"_,) (k=|8|—|a]) with
entries in the Fréchet algebra Fw,(Op). Therefore, the mappings 7,,, o, g(4) determine
a simplicial system of complexes of Fréchet spaces, depending smoothly on the
parameter A € M, whose cochain complex will be denoted by KC (M, B, %) (1). One can
see that the complex of sheaves EKC.(M,B,%) is really the complex of germs of
smooth functions on M with values in the parametrised complex KC (M, B, %) (4).

Remark. The mappings r,, o, g can be chosen to be independent of the coherent
sheaf £ on M. In fact, if we construct the maps r,, g for the structure sheaf Oy,
then it is easy to show that the same maps are suitable for an arbitrary £.

Recall that, as was pointed out in Lemma 3.3, the complex of sheaves
EKC (M, B, %) is quasi-isomorphic to the cochain complex of the simplicial system
&%s, or, in other words, to the canonical resolution of the sheaf €% relative to the
covering {U,}. Malgrange’s theorem asserts that the sheaf €%is €-perfect on M; since
the complex €KC (M, B, ¥) is quasi-isomorphic to the sheaf €%, this implies that the
parametrised complex of Fréchet spaces KC (M, B, ¥)(4) is é-Fredholm on M. This
complex is exact off the closed subset o(M) of M: therefore, as was shown in § 1, it
determines an element a,(¥) of the group K%M, M\ o(M))=KyM).

In order to obtain the Riemann-Roch theorem, we have to prove the following
statements:

LEMMA 3.4, (2) The element ay(¥F) does not depend on the choices involved.

®) If 05F>%—>#—0 is an exact sequence of coherent sheaves on M, then
a(G=ar(F)+an( ).

(¢) If M is a complex manifold, and ¥ a locally free sheaf, then ar(%) is the
Poincaré dual to the class of the underlying vector bundle in the group K°(M).

(d) If f: M— N is a proper morphism of complex spaces, then f (ar(L))=anMfi£).’

Proof. (a) Remark 1 after Lemma 3.3 shows that the equivalence class of the
parametrised complex KC (M, B, ¥)(4) does not depend on the choice of connecting
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maps 7,, o 5 and of Koszul complexes K (U;, £)(4) (which are determined by the
choice of coordinate system of the domain U;).

Statement (b) of Lemma 3.3 shows that the equivalence class of the complex
KC (M, B, %) (1) does not depend on the choice of the covering {W;} (see the proof of
Corollary 2.6).

Finally, we shall prove that the element a;/(%) does not depend on the choice of
the atlas and of the almost complex embedding of M. Let B={W,, ¢;, U)}, i€1, and
B'={W}, ¢}, UD}, i€I', be two atlases of M, and let o: M—M, o': M—M’ be corre-
sponding almost complex embeddings. Taking into account the independence on the
covering, proved above, and Lemma 3.2 (b), one can assume that I=I', W=Wj}, and
that B’ is a modification of B and @’ is the corresponding modification of g. It is easy to
see that the complex K (U}, £) (1) coincides with the Koszul-Thom transformation of
the complex K (U;, £)(A). As was shown above, the manifold M’ can be identified with
the total space of a certain complex vector bundle on M. Then the Koszul-Thom
transformation of the complex KC (M, B, ¥)(4) on M can be considered as a cochain
complex of a simplicial system of complexes, formed by the complexes K (U}, £) (1) on
M'. The Thom isomorphism theorem shows that this complex determines the same
element of the group Ko(M) as the complex KC (M, B, £)(A) on M.

(b) This follows immediately from Lemma 1.7.

(¢) In this case we can take M=M. The complex of sheaves ¥KC (M, B, %) is
quasi-isomorphic on M to the sheaf €¥. Using Lemma 1.4, we obtain that the
parametrised complex of Fréchet spaces KC (M, B, ¥)(4) is uniformly quasi-isomorph-
ic to the vector bundle corresponding to the locally free sheaf £. The assertion is
proved. '

(d) The proof consists of two steps.

Step 1. Consider the case when N is a subspace of a Stein domain V in C”. Let
B={W,, ¢}, U))} be an atlas on M, o': M—M' be an almost complex embedding, and
yi: Ui—»M' the corresponding diffeomorphisms. Put U;=Vx U}, g;=(f, ¢}), M=VXM',
o=(f,0’), y;i=Idxy}. Then the atlas B={(W,, ¢;, U)} with the embedding o: M—>M
and the diffeomorphisms y; form an almost complex embedding of M in M such that
the restriction of the projection of M on V to o(M) coincide with the map f. We shall
assume that M’ is a domain in R*"=C™. Since the map f is proper, we can assume that
M=VxC™, The diffeomorphisms y; can be extended up to diffeomorphisms from
Ui=VXC™ to M=VxC™ such that y; is equal to the identity off the set VxB, where B

12—878289 Acta Mathematica 158. Imprimé le 28 juillet 1987
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is a sufficiently large closed ball in C™. Put 7;=y;'. Choose a coordinate system
215+.,Zp 00 V, and wi, ..., w;, on U, for any acl. Denote by ay, ..., a,, by, ..., b, the
operators of multiplication by z;, ..., z,, wf{, ..., w}in the Fréchet space I'y, ().

For any points A=(4,,...,A,)EV, u=(u,,...,um) EC™ and t€[0,1] denote by
KUy %) (4, u, 1) the Koszul complex for the tuple of operators 4;—ay,...,
An—@Qn, p1—t-by,...,um—t-b,,, acting in the space I'w (&£). Denote by €K (U, L)
the complex of sheaves of functions on U,x[0, 1] with values in the spaces Ii'j(Ua, %)
which depend smoothly on (4, ) € U, and continuously on the parameter €0, 1]. We
shall describe the sheaves of homologies of the complex €K (U,, %,). Denote by
€€<, the sheaf on U,X[0, 1], consisting of germs of all sections of the sheaf €%, on
U,, depending continuously on the parameter ¢€[0,1]. Denote by %%, the direct
image of the sheaf $4%, under the map p,: U,Xx[0, 11-U,x[0, 1], defined by the
formula p,(4, u, )=(4, tu, t). The same arguments as in Lemma 2.3’. show that the
complex of sheaves €K (U,, ¥)— %2_)0 is exact on U,X[0, 1].

Our next objective is to attach all the complexes K (U,, %) (4, u, t) together. For
any acl denote by 9, the map from U,x[0,1] to MX[0, 1], defined by the formula:

¢a(j" U, t) = (l’ t w;(t_l,u), t), fort>0
lpa(j” 1, 0)=(@4,u,0).

The maps 9, are bijective, continuous and depend smoothly on A and u for fixed
t€[0,1]. Denote by €%, the direct image of the sheaf ?5352 by the map ¥, and by
K (U,, £)(A, u, 1) the image in Mx[0, 1] of the complex K (U, £)(A, 1, H by 97",

- We shall show that the sheaves €%, form a simplicial system of sheaves on
Mx[0,1]. Denote by €% the sheaf on Mx[0, 1], consisting of families of germs of
sections of the sheaf €%, depending continuously on the parameter ¢€[0, 1], and by
p: Mx[0,1]—-Mx[0, 1] the map, defined by the formula p(4, u, )=(4, tu, ). Then the
diagram

Uax[0,11 — 2%, 0.x[0,1]

Y xId Yo
- p _

Mx[0,1] Mx[0,1]
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is commutative. Denote €4€%,=(y,x1d),6€¥. Then the sheaf €€%, coincides with
the restriction of the sheaf €4% to U,x[0, 1]. Therefore, the sheaves $%%, form a
simplicial system of sheaves on MX[0,1], and the same is true for the sheaves
%$a=p*<€%$a, endowed with the system of morphisms Ra’ > induced from the
restriction morphisms of sheaves €%%,. Note that the specialisation of the simplicial
system of sheaves €%, on the space Mx {1} coincides with the simplicial system €%,
(used above in the construction of the complex KC (m, 8B ,¥), and on Mx{0} with the
simplicial system i, f, €%,, where i is the embedding of V in M as the subspace Vx{0}.
Since the complexes of sheaves €K (U,, &) are quasi-isomorphic to €%, for all
acl, we can apply to them the construction of Lemma 3.3. We obtain a parametrised
complex IEE’,(M, B, L) (4, u, 1) on the space Mx[0, 1]. If we denote by %’IZE‘,(M, B,P)
the complex of sheaves on MX[0, 1] consisting of all sections of this complex, depend-
ing smoothly on (A, #)€EM and continuously on #€[0,1], then the complex
%IZE‘_(M, B, P) is quasi-isomorphic to the sheaf p,€%€¥ on Mx[0, 1]. It is easy to see
that the restriction of the complex K/a(M, B, (A, u, b to the space Mx {1} is in fact
the complex KC.(M, B, £) (4, ), and determines the element ay(¥) of Ko(M). Consid-
er the restriction of IZE',(M, B, L) (A, u, D) to the space Mx{0}. Denote by €.(M, B, %)
the canonical alternating resolution of £ relative to the covering 8, and by C (M, 8, %)
the complex of global sections of C.(M, 2B, %) on M, i.e. the cochain complex for the
covering 8 and the sheaf £. Then it follows from Lemma 3.3 (b) that the restriction of
the complex KC (M, B, #) to Mx{0} is é-quasi-isomorphic to the Koszul complex for
the operators A,I—ay,...,AI—a,, uil, ..., u,1, acting in the complex of Fréchet
spaces C (M, B, ¥£). In fact, the sheaves of germs of smooth sections of both complex-
es are quasi-isomorphic to the complex of sheaves i, f, 6(M, B, ¥) (for the latter this
follows from the remark following Lemma 2.3). On the other hand, the generalised
direct image f, £of the sheaf ¥ under the morphism £, considered as an element of the
derived category of the category of complexes of sheaves on V, can be represented by
the complex f,, 4(M, B, &£). Therefore, the parametrised Koszul complex for the opera-
tors ay, ..., a, of multiplication by the coordinate functions of V, acting in the complex
C(M,%B,%), determines the element a{(f; ¥ of the group Ky(V). Using Lemma 2.1
(a), we can see that the parametrised Koszul complex of operators ay, ..., a,,0, ...,0,
considered above, determines an element of the group K%(VxC™, VX(C™\0)), corre-
sponding under the Thom isomorphism to the element ay{(f,¥), and therefore the
image of this element in the group Ky(V) under the natural projection of VXC™ on V
coincides with the element ay(f, £). In order to complete the proof, it remains to show
that the complex fE‘,(M, B, L), u, ©) determines a uniform homotopy between these
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complexes, i.e. to show that this complex is uniformly Fredholm on the space
Mx[0,1]. Let V, be a Stein domain such that V,cV, and B, is a refinement of the
covering B. Put M,=f"}(V;), M;=V,;xM'. Then there exist restriction morphisms

RV, VI: K/E:_(Mr %9 $)()'r,u; t)—>IEE“(M1, %y g) (A’,u) t)’
and

Ry g, KC.(M,, B, £) (4, u, )—>KC (M, B,, 2) (h. 1, 1),

It is easy to see that Ry y, and Rg,w, induce quasi-isomorphisms of corresponding
complexes of germs of vector-functions on M,;X[0,1], depending smoothly on
(4, ) €M, and continuously on t€[0,1]. Applying Lemma 1.4, we obtain that Ry, v,
and Ry g, are uniform quasi-isomorphisms on M;x[0,1]. Applying Lemma 1.8 to
their composition, we complete the proof of Step 1.

Step 2. The general case. We start with an auxiliary definition, Let £be a coherent
sheaf on the complex space M, and let IR, ..., M, be Stein coverings of M, where
M= {W;},i€1.. For any k-tuple 8=(8,, ..., B), where B, is a subset of I, put

Wp=Wy 0.0 Wy and |B|=8,+...+|B/.
Let

EM,IM,,.... M, £)= LHEIB‘.‘,%",,",
and let €(M,IM,,...,IM,, ¥) be the complex of sheaves, consisting of the sheaves
M, Iy, ..., My, L) and the standard co-boundary operators. More precisely, the
complexes of sheaves €(M,I,, ..., M., £) on M can be defined by induction on k.
When k=1, this is the alternating resolution, used above. The complex
CM, My, ..., WMy, My 1, &) can be defined as the total complex of the bicomplex

(g.(M, :’IR,‘_H, %.(M, we]) veey Ev’ek’ $))'

It is easy to see that the definition does not depend on the enumeration of the coverings
My, ..., M,.. For any two numbers s, k, s<k, there exists a natural quasi-isomorphism

o MMy, .., M, D>CM I, ..., My, L);

it is easy to see that r , does not depend of the enumeration and that for any p<s<k
we have r; or, ;=r, ;. In particular, all the complexes €(M,I,,...,T; L) are
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quasi-isomorphic to the sheaf £. We shall denote by C (M, IM,, ..., D; &) the complex
of Fréchet spaces, consisting of all global sections of €.(M, I, ..., P, L).

Now, let f: M— N be a proper morphism. Let ¢": N—N and ¢": M—M' be almost
complex embeddings. Put M=M’'xN and o=(o', 0" °f); then ¢ is an almost complex
embedding of M’ in M and the projection of M on N extends the mapping f. Let
B={(W,, ;, U)},i€I be an atlas on N. Let M,=f"'W, and fix for any i€ an atlas
W={(W, ;, @i ;, U; )},j€I; on M;. For any acl such that i€a the restriction of this
atlas to M, will be denoted again by IR;. As in the proof of Step 1, we can assume that
the domains U; ; have the form U; ;=Uj ;X U;, and that the projection of U; ; on U;
agrees with the mapping f. Denote by IR the atlas on M, consisting of the union of all
atlases Ji;, i €1, and for any a=(i, ..., ix)<I set

C (M My, D)= €M, W, ... Ty, £).

As was pointed out above, there exists for any two tuples a, §, acf, a morphism of
complexes 1, g € (Mg, My, £)—> €. (Mg, Vg, £), and for any acfcy we have
T4,3978,,=r, . Therefore the complexes 6.(M, M, £) form a simplicial system of
complexes. It is easy to see that the cochain complex of this system is equal to the
complex 6.(M, I, ¥). For any acl denote by z{,...,z5 a coordinate system on the
domain U,. Denote by KC (U,, M, L) (1) the parametrised Koszul complex of opera-
tors of multiplication by z{,...,z5 in the complex C (M, M, ¥), and by
KC (U, M,, £)(A) the corresponding complex on the domain U,cN. We can apply
Lemma 3.3 to these complexes: denote by KC (N, IR, ¥) (1) the cochain complex of the
corresponding simplicial system of complexes. It is easy to see that this complex
determines the same element of the group Ko(N) as the complex KC.(N, B, L) (4A).

For any tuples a=(i,...,iy)=I and =(8;,...,8;) with ﬂjc:I;j, Jj=1,...,k, we can
construct in the same manner as in Step 1 mappings

Do s, 1): U, X0, 11-Mx[0, 1],

sheaves €%, g, and parametrised complexes K/E,(Ua, g L), u, t) on MX[0,1]. Ap-
plying Lemma 3.2 again, we obtain a parametrised complex of Fréchet spaces
If(\,‘_(M, M, L) (4, u, H) on the space Mx[0, 1]. It is easy to check that the restriction of
this complex to the space Mx {0, 1} coincides with KC (M, M, £)(A), and its restriction
to Mx{0} is homotopically equivalent to the Koszul complex of the operators
pr,1, ..., pum, I, acting on the complex KC (N, M, £)(1). The same arguments as were
used in the proof of Step 1 permit us to complete the proof in the general case.
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§4. Remarks

(1) Let (W, @, U) be a chart on the complex space M, and 0y=0y/J. Denote by 6, the
sheaf O,=0,+J®%,. The sections of this sheaf will be called almost holomorphic
functions on U. In the same way, one can define the complex 6K (U, &) of sheaves of
almost holomorphic sections of the complex K.(U, ¥)(A). It is easy to prove that the
complex of sheaves OK (U, ¥)—¥$—0 is exact on U.

Let o: M—M be an almost complex embedding and v;: Ui— U, the corresponding
diffeomorphisms. Since the connecting maps y; ' o , are almost holomorphic by defini-

tion, we can define on M the globally determined sheaf 0, of almost holomorphic
functions (and, similarly, of almost holomorphic vector-functions). Having this, we
may attempt to perform the above construction, using almost holomorphic functions
instead of smooth ones. The only point where this is not possible is in extending the
maps 7=y, ! away from U;; however, the maps r,, o, g can be chosen to be almost

holomorphic near U,. As a result of the construction, we obtain a para-
metrised complex KC (M, 8, £)(A) on M, such that on any sufficiently small open sub-
set V of M the complex KC.(M, B, ¥)(4) can be represented as a direct sum of two
parametrised complexes K'(1), K'(1). The complex K'(2) is smooth and &-exact on V;
the complex K"(1) is almost holomorphic on V, and the corresponding complex of
almost holomorphic sections OK” is quasi-isomorphic to the sheaf &.

(2) Let us fix the almost complex embedding M—M and connecting mappings
Tmap (see the remark following Lemma 3.2). Then the correspondence
ar: F—KC (M, B, ¥)(A) defines an exact functor a,, from the category of all coher-
ent sheaves on M to the category of all uniformly Fredholm parametrised complexes of
Fréchet spaces on M, exact off M. More precisely, any short exact sequence of
sheaves transforms into a uniformly exact short sequence of parametrised complexes.
Therefore, this functor determines a homomorphism of higher K-groups;
KM — K®P(M), where K'°(M) denote the algebraic K-theory of the category of all
coherent sheaves on M, defined in [9], (see also [10]). Moreover, if we fix all auxiliary
entities, used in the proof of functoriality (Lemma 3.4 (d)), then we can see that the
parametrised complex I?E‘_(M, B ,££) (4, u, b (realising the homotopy between the com-
plexes KC (M, R, £)(A,u)) and KC(N, IR, ¥)(A,u)) can be considered as an exact
functor of £. On the other hand, it is easy to see that the natural quasi-isomorphism
between KC(N,IM,£)(A,u) and KC(N,B,fi¥)(A,u) is a natural transformation
of functors (if KC(N,M,¥ A u) is considered as a bicomplex, then
KC (N, 8,£,%) (4, u) coincides with the total complex of the bicomplex consisting of
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the homology groups of the rows of KC (M, IR, £) (4, u)). This natural transformation
gives us an equivalence between the functors f, o a,, and ayof;, i.e. a Riemann-Roch
theorem for higher K-groups.

(3) Let N be a complex manifold and let M be a precompact domain in N. Denote
by B={U,},i €1 alocally finite covering of M by strongly-pseudoconvex domains, and
by £ a holomorphic vector bundle on N. Denote by C*(M, B, %) the cochain complex
of square-integrable sections of # on the elements of B. We shall assume that the
Toeplitz operators on the domains U, are essentially normal (see the note in the
introduction). In that case, denote by &, the element of the Brown-Douglas-Fillmore
group Ext, corresponding to the algebra of the Toeplitz operator in the Hilbert space
Cl(M, B, %), and let E=%(—1)*, (the covering B may be chosen in such a way that
the complex C*(M, 8, &) is finite). £ is an element of the group

Ext ( U bU,.);
i€l

however, it can be proven that in fact £ belongs to the image of the group Ext(bM)
under the natural embedding. On the other hand, we can construct, as above, the
complex KC*M, B, ¥) (), replacing in the complex KC (M, B, #) (1) Fréchet spaces
by Hilbert spaces. This complex is Fredholm off bM. Denote by [#y] the element of
the group K°(N\ bM), generated by the vector bundle equal to £on M and zero off M.
It is easy to see that the element of the group K°(N\ bM) determined by the complex
KCHM, B, ) () coincides with [%us]). (In fact, this element coincides with the image
of as(¥) under the map 3: Ko(M)—K_,(bM)=K°(N\bM).) The following index
theorem is valid:

The element & € Ext (bM) is dual to the class of the complex KC"(M, B, £) (1), i.e.
to the element [%,].

When bM is smooth a standard calculation shows that:

ch, (&) = (ch* (H)utd (bM)) n[bM],

i.e. we obtain a generalisation of Boutet de Monvel’s index theorem.
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