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1. Introduction

In his fundamental work on diophantine equations f(x, y)=0, Siegel [18] remarks that in
the case when the curve defined by this equation is irreducible and of positive genus, it
is possible to find an explicit bound for the number of integer solutions. He then says
““Man kann nun vermuten, dass sich sogar eine Schranke finden l4sst, die nur von der
Anzahl der Koeffizienten abhingt’’, i.e. one may conjecture that a bound may be
derived which depends only on the number of coefficients.

In this form, the conjecture is not true. Chowla [2] showed that for given k=0, the
number N(k) of solutions of x*+ky*=h has N, (h)=Q,(loglogh), i.e. there is a number
y:>0 such that N, (h)>y,loglog A for infinitely many positive values of 4. More general-
ly, consider cubic Thue equations, i.e. equations

F(x,y)=h, (1.1)

where F is a cubic form with integer coefficients which is irreducible over the rationals.
According to Mabhler [11], the number Nx{(k) of solutions of such an equation has
Ng(h)=Qr(log" k), and this was improved to Ng(h)=Qp(log"? k) by Silverman [19]. In
fact, Silverman shows the existence of infinitely many (non-equivalent) cubic forms F
as above with Ng(h) =Qr(log?* k). On the other hand it is conceivable that the number
Nx(h) of primitive solutions (i.e. solutions with coprime x, y) of a cubic Thue equation
(1.1) is under some absolute bound. Also, it is possible that Siegel’s conjecture is true
for curves of genus >1.
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Siegel in his paper goes on to show that the number of solutions of the cubic Thue
equation (1.1) is bounded by a function of 4 only, i.e. a function independent of F.

In what follows, let F(x, y) be a form of degree r=3 with integer coefficients which
is irreducible over Q. Evertse [5] was the first to give a bound for the number of
solutions of (1.1) which depends on r and / only. More recently, Bombieri and Schmidt
[1] have shown that when & has » distinct prime factors, the equation (1.1) has

<< ritv (1.2)

primitive solutions. Here and below, unless indicated otherwise, the constants implicit
in << will be absolute and effectively computable.

Suppose now that F is a form as above of degree r=3, which has not more than
s+1 nonzero coefficients, so that(})

5
Fx,y)= axy™" (1.3)
i=0
with 0=ry<r,<...<r,_,<r,=r. A modified version of Siegel’s conjecture for the special
case of Thue equations, first mentioned to one of the present authors by Bombieri,

would be that the number of solutions of (1.1) may be bounded in terms of s and 4 only.
Then the number of solutions of the inequality

|F(x,y)|<h (1.4)

may also be bounded in terms of s and 4. Going somewhat in this direction, the second
of the present authors [17] has established that (1.4) has

<< (rs)"* h?"(1+1log h'") (1.5)

solutions for A=1. When h=1 this gives <<(rs)"?, which contains the bound <<r
coming from (1.2) with v=0.

The modified version of Siegel’s conjecture for s=1, i.e. for binomial forms
F=ax"—by’, was proved in different ways by Hyyré [6], then by Evertse [4], then by
Mueller {13]. For such forms, the number of solutions of (1.1) or of (1.4) may be
bounded in terms of 4. The case s=2, i.e. the case of trinomial forms F, was settled by
the present authors in [14]. Here we will establish the conjecture in general. In fact we
have

(" Our notation here differs from the one in [14]) or [17].
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THEOREM 1. The number of solutions of (1.4) is
<< s’h’"(1+logh'"). (1.6)

In view of (1.5) it is natural to conjecture that the theorem would remain true with
the factor s? in (1.6) replaced by s. Such a stronger version would imply the bound (1.5).
But such a version may still not be optimal, since the coefficient ¢, in (1.7) below is in
fact <<1 when r=slogs.

It is easily seen that the factor 4% in (1.6) is necessary, but the logarithmic factor is
probably not. We can prove this when r=4s:

THEOREM 2. Suppose that r=4s. Then the number of solutions of (1.4) is
<cr, s) K.

More precisely, suppose that r=2(¢"'+1)s where 0<e<1. Then the number of solutions
of (1.4) is

<< ¢, W +(cyfe) KOO, 1.7)
where

Z)Zs/r’

3
c;=cyr,8) = (rs €3 = cyr, 5) = 57 P30 1oE N, (1.8)

Note that ¢,<<1 and c;<<s* when r=slog®s. Thus when
r=max (4s, slog’s), 1.9
the number of solutions of (1.4) is
<< s*h?r,

Since (1.5) implies (1.6) when (1.9) is violated, Theorem 1 will follow once we have
established Theorem 2.

The set of (£, 7) €R? with |F(, #)|<1 was shown by Mahler [10] to have finite area
Ap. Then the set D of (&, ) with

|F& m|<h (1.10)

has area A(h)=A Fh”’. One should expect that the number Z(h) of solutions of (1.4) in
integers is close to Ag(h). In fact Mahler [10] has shown that for fixed F we have the
asymptotic relation



210 J. MUELLER AND W. M, SCHMIDT

ZF(h)=AFh?Jr+O(hl/(r—l))

as h—, and this was generalized by Ramachandra [15] to norm form equations. But
here the *‘constant’” implicit in O may depend on F.

THEOREM 3. When r=4s we have
Ap<<(rs)>", (1.11)
so that in particular Ap<<1 when r=slogs. We further have
|Ze(h) —AghY'| < e (r, ) (W7 + bV log h'') (1.12)

with

c(r, 5) = min (¥, c(s)),
where cs(s) depends on s only.

We have h'"log h'"<<rh'?=2 which introduces a factor r, but one of the main
features of the theorem is that c¢,(r, s)<c(s), so that it again implies the modified
Siegel’s conjecture. The function cy(s) depends on a quantity arising in work of
Khovansky [7], and at the present state of knowledge may apparéntly be taken to be fz
with a suitable absolute constant y>1.

Our method is not a straightforward generalization of the cases s=1 and s=2
treated earlier, and we cannot prove the analogues of certain results in [13] or [14]. We
are unable to generalize Lemma 4.3 of [14] and we have to substitute the ‘‘operation
flip”’ (in section 8) which is not quite as effective.

Let H be the height of F, so that

H = max|a;|.
i=0

Mueller [13] showed that for a binomial form F and for h<H'~%"~¢ with ¢>0, the
number of primitive solutions of (1.4) is <c((p). The present authors [14] proved that

for a trinomial form F and for h<H'~%"~¢_ the number of primitive solutions is <c}(p).
We conjecture that with F of the type (1.3) and with

h< Hl—(s/r)—g’

the number of primitive solutions of (1.4) is <c¢(s, 0).
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2. Outline of the paper

Throughout, write

f@=F@ = >az" 2.1)
i=0

Section 3 contains a discussion of the ‘‘Newton polygon’’ and its application to the
distribution of the roots of polynomials such as f(z) with only s+1 coefficients. It turns
out that the roots are located in not more than s fairly narrow annuli centered at 0. This

fact, which may be of independent interest, is essential for deriving our estimates.
Put

x=(x,y), [x|=max(x|,|y]), (x)=min(x],[y].

Relative to two quantities Y;, Y5 depending on F and & which will be defined below, a
solution x=(x, y) of (1.4) will be called

large if |x|>7Y;,
medium if |x|<Y, and (x)= Y,
small if (x)<Y;.

ProrositioN 1. The number of primitive large solutions is <<s.

ProrosiTioN 2. When r>2s, the number of primitive medium solutions is
<<s%(1+logh'").

ProPOSITION 3. When r=4s, the number of small solutions is
<< c,h¥ "+ hV2
where c;, c3 are given by (1.8).

One will find a proof of Proposition 1 in §4, of Proposition 2 in §§5-9, and of
Proposition 3 in §§ 10-11. Finally the proof of Theorem 3 will be contained in § 12.

We remark here that Theorem 2 follows from the above three propositions by a
partial summation argument. First we note that when 0<e<1 and r=2s(¢”!+1), then
r—2s=r/(1+¢), so that the total number P(h) of primitive solutions of (1.4) has

P(h) << ¢, K"+, RO, 2.2)

The number sz(h) of primitive solutions of (1.1) is given by a(h)=P(h)—P(h—1) (where
we set P(0)=0). With [ ] denoting the integer part we have
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h

Z k) =, n(n) [(him)")
n=1
h

< hl/rz ﬂ(n) n—l/r

n=1

h
=" (P(n) —P(n—1)n™""

n=1

h-1
= P(h) +h"" > P(n) (™"~ (n+1)""")

n=1
h—1

<<P(h)+h"r > P(nyn™'"0.

n=1
Substituting (2.2) we get
Z(h) << c, h""+(c; le) K+,

i.e. Theorem 2.

In both Proposition 1 and 2 we have to deal with integer points in the long *‘spidery
legs” of the domain (1.10). This is intrinsically the harder part and will be dealt with by
diophantine approximation methods. However, because of the results of a long develop-
ment begun by Thue and by Siegel which we are able to use here, our proof of
Proposition 1 may appear to be fairly easy. For both Proposition 1 and 2 we will
proceed by three steps, as follows.

Step 1. To show that when x=(x, y) is a solution of (1.4) with y+0, then x/y is a
good rational approximation to some root a; of the polynomial

RD=F(i, D=a,(z—ay)...(z—a,) 2.3)
of 2.1).

Step 1a. To show that we may restrict ourselves to just a few of the roots «;. In
other words, there is a set S of roots of a cardinality which is bounded in terms of s
only, such that when x is a solution of (1.4) with y=+0, then x/y is a good(') rational
approximation to some ¢; lying in S.

Step 2. To give a bound for the number of good rational approximations x/y (with
coprime x,y) to a given «;.

()) but perhaps not quite as good as in Step 1.
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In Proposition 3 we have to deal with integer points in the relatively fat domain of

(&, 7) ER? with
|F(&, m)|<h, min(&,|7)<7Ys.

Here the basic idea is that the number of integer points differs from the area by not

much more than Y.

Finally we have to specify the quanities Y;, Y introduced above. Unfortunately

their definitions are complicated. Put
R= e800log3r
C=Qr'"> My Rh,
where M is the Mahler height of F. Pick numbers a, b with 0<a<b<1 and set

t=V2(r+a®), 1=bt,

A=2/(t-1),
A= £ (logM+L)=i(logM+——r—),
2— 2 2 a2 2
2_ 2
b= (P+P-2 lr—1) =2 =L
r=1 r+a

If a, b were chosen sufficiently small, then
r—A=r-(V2r+2a’/(1-5))> 0
for r=3. We now set
Y, = QO)!P (4ehye-),
We further set
Y = Y(l)/(r—Zs)
with
Y, = (e%) R*h.
It follows that

Ys > Y(l)/r = e6sR25/rhl/r - e(’s(rs)z"/'h”’.

2.4

2.5)

(2.6)

2.7

2.8)

2.9

(2.10)

2.11)

(2.12)
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3. The location of roots in annuli
Let

f)=ay+a, 7" +...+a,_, 7" '+a,z" (3.1

be a polynomial with 0=ry<r,<...<r,=r, and with all the coefficients 0. Construct the
points

P,=(r,—logla) (i=0,...,s)

and their convex hull C. The Newton polygon of f consists of the ‘‘lower boundary’’ of
C, i.e. elements (x,y) €C having (x, y*) ¢ C for every y*<y. The Newton polygon will
then consist of certain vertices

Py=Pyg, Py Py =P 3.2)

s

with 0=i(0) <i(1) <...<i(l) =s, and the segments between adjacent vertices. We define
a function (i) for i€ {i(1), i(2),...,i()}: namely, when i=i(k), we define o(i) to be the
slope of the line segment Py ), P, Similarly we define a function a* () for
i€{i(0), i(1),...,i(l—1)}: namely, when i=i(k), then o (i) will be the slope of the line
segment Py, P, .. Thus ot (i(k—1))=0(i(k)) for 0<k<I, and the Newton polygon will
have slopes

0*(i(0)) = o(i(1)) < 0™ (1)) = 0(i(2)) < ... < o™ ({1~ 1)) = 0(i(1)).

The inequalities come from the fact that the Newton polygon is convex. See Figure 1. It
is “known”’ that r,,, —r,,_,, of the roots of f will have modulus approximately equal to
@ (1<k<l). (In the p-adic case this holds with equality.) In order to make this
precise, and for technical expediency, we will introduce ‘‘strong vertices” and a
“‘modified Newton polygon’’.

The point is that, e.g., the vertices P, and P, in the picture are not useful, since the
slopes of the segments to their left and right differ by little. So let us define a vertex Py,

to be strong if
ot (i(k) > o(i(k)) +26 (0<k<l), 3.3)
where

0 =log3. 3.4
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,P8=Q3

0,0) (r,0)

Fig. 1. Example with s=8, I=5, i(0) =0, i(1) =2, i(2) =3, i(3) =4, i(4) =6, i(5)=8. The modified polygon is
drawn with a dashed line and has p=3, i[0] =0, {[1] =3, i[2] =6, i[3] =8.

Also, by definition, P, and P; will be called strong.
Let

Q0=P0=Pi[0]’Ql =Pi[1]""’Qp=Pi[p]=Ps

with 0=i[0]<i[1]<...<i[ p]=s be the sequence of strong vertices. It is a subsequence of
(3.2). The number p will be in 1<<p<s. The modified Newton polygon is the polygon Q,,

i s Q.
Put R, = ry;, A, =|ay| (0<k<p); then Q, = (R,,—logA,). Set

M, =M™ (k=1,...,p), (3.5)
N,=e” W (k=0,..p-1). (3.6)
Then
Ny<M,<N,sM,<..<M, <N, <M,
and in fact

N> e*M,=9M, (0<k<p), 3.7
since QO is a strong vertex.

LeMMA 1. (i) Every root o of f has {Ny<|a|<2M,.
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(ii) For 0<k<p, there are exactly R, roots with |a|<3M,, and exactly r—R; roots
with |a|>3"'N,. (Here roots are counted with multiplicities.)

Proof. Let us do the upper bounds first. If f{z) is given by (3.1), suppose we
substitute z with |z|=M,. Then the ith term in (3.1) will have modulus

Vii=la; M.
We will show that (as an easy consequence of the geometry of the Newton polygon)

Vi g =max V.
1

Namely, let o(i, ) for 0<si,j<s and i#;j be the slope of the segment P,, P,. Thus
a(i,j) = —(log|a;|-log|a,|) f(r,~r).
Then by the convexity of the Newton polygon
o(ilkl,i)= o (i[k]) for i>ilk], (3.8)

o(i, ilk]) < o(i[k]) for i<ilk]. 3.9

Now

; .. (3.10)
= (r, = ryy) (OGLKD) — 0, iLKD)).
When i<i[k], the first factor is <0 and the second is =0 by (3.9), so that
Vil Vi =1 (<ilk]). 3.11)

When i>i[k], the first factor on the right hand side of (3.10) is >0, and the second is
<o(i[k]) —o™* (ilk]) <—20 by (3.8), (3.3), so that in fact

Vil Ve <9 7™ (> ilkD. (3.12)

Thus when we substitute z with |z|=M, into (3.1), the i[k]th term will dominate the ith
terms with i<i[k], but it will greatly dominate the ith terms with i>i[k]. The idea now is
that if we substitute z with |z| somewhat larger than M,, then the i[k]th term will greatly
dominate each other term, and hence will exceed the sum of the other terms. '
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To begin with, when z=M,w with |w|=2, then the i[ p]th term (i.e., since i[ p]=s,
the last term) will dominate:

If(Z) | = |as " |—Ias—1 4 '_-..“laol
= VPJ[P] |wl,: _Vp,s—l lwlrs‘l —...—Vpo
=V, i[p1(|w|r’ ~wl* ' —...=1)
>0

by (3.11) and since |w|=2. Thus in fact every root a has |a}]<2M,, which is the upper
bound in assertion (i).

We now turn to the upper bound in (ii). By part (i), applied to the polynomial
fi@=ay+a,2" +...+ay, 7™,

this polynomial has all its r;;,;=R, roots in the disc |z|<2M,<3M,. In order to show that
) itself has R, roots in the disc |z|<3M,, it will suffice, in view of Rouché’s Theorem,
to show that
IA2) —f < |fl2)| for |z|=3M,.
But
£ |- 1f2) ~£@) | = lagy 2™~ D, |a, 7, (3.13)

i*ilk}

and we have to make good on our claim that the term ag,z™ will dominate. But when
|}=3M,, the right hand side of (3.13) is

gC - iy, — i "t - £ - Tag =~
3V i 2 3"V Z 3VeZ3YV, 2 3"V 2 3 Vi
i<ilk] i>ilk] i<ilk) i>ilk]

by (3.11) and by (3.12). We get
|- 1D —fD| >3 WV, 1y (1-237'+372+..)) =0.

The lower bounds of the lemma may be proved similarly. Alternatively, one could
use the reciprocal polynomial

r=r

faw)=whw")=a, +ta,_w '+ taaw.

The Newton polygon (resp. modified Newton polygon) of fis obtained from the Newton
polygon (or modified Newton polygon) of f by reflection on the line x=r/2. In this
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1> ----F—Ry. The reflection

changes slopes into minus themselves, so that by (3.5), (3.6), M,,...M,, N,,....N,_,

transformation, Ry, R, ...,R, will change into r-R,,r-R

will change respectively into N, ...,N;',M,",...,M;". Thus by what we have already
shown, every root 8 of f will have |8|<2N;', so that every root a of f has |ot|>1N,.
Similarly, for 0</<p, exactly r—R,_, roots of f have |8|<3N,.,. Thus for 0<k<p, pre-
cisely r—R, roots 8 of f have |8|<3N;', so that r—R, roots a of f have la|>3"'N,.
Lemma 1 has been established.
For k=1,...,p, let A, be the annulus
A 37N, <7 <3M,. (3.14)

By (3.7), these annuli are disjoint. Each root a of f has |a|>37'N,, and R,
of the roots have |a|<3M,. Therefore %, contains exactly R, roots. All the other roots
have |a|>37'N,. Since there are R, roots with |a|<3M,, there must be precisely
R, —R, roots in %,. And so forth. Thus we have

LEMMA 2. The annulus U, (where 1<k<p) contains exactly R, —Ry_, roots of f.

Suppose now that a € Uy; then {=log|a] lies in the interval
o™ (ilk—1]) -0 < & < o(i[k]) +6. (3.15)
There may be vertices P, of the Newton polygon between Py,_, and Py,; say
Piy—1y= Piays Piggriys - Pigy = Py
are adjacent vertices. Then

0" (i[lk~11) = 0* (i(a)) = oli(a+1)) <o (i(a+ 1)) = o(i(a+2)) < ...
= 0(i(b—1)) <a*(i(b—1)) = o(i(b)) = o(i[k]).

Since there are no strong vertices between Py, _,;, P> we have
o (i) =a(i(t)) +20 (a<t<b).

Thus for every ¢ in the interval (3.15) there is a ¢ in a<t<b with |—o(i(f))|<6. We have
proved

LEMMA 3. For every root a of f there is a t in 1<t<I with

|log |a|—o(i(1)| < 6. (3.16)
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4. Large solutions

As we remarked in Section 2, the proof of Proposition 1 will be in three steps. For Step
1 we simply quote Lemma 1 of [1]:

LEMMA 4. For any (x,y) with (1.4) and y+0, there is a root a; of f with

min (1, |a, =) < 2r"M) h|x|™",
y

where M is the Mahler height of F.
For Step 1a, we begin by quoting Lemma 9 of [17]:

LEMMA 5. Let fiz) be a polynomial of degree r with real coefficients. Let 0=A+Bi
be a root of f with B>0 and suppose that fix)f'(x) <0 for real x in the interior of

A<x<A+(©r)'B, 4.1

where h is a positive integer. Then f has at least ¢¥*"'®

z=x+iy with (4.1) and 0<y<(9r)"B.

roots in the square consisting of

Put
R, = e7901033', R= esmlog}’. 4.2)

LEMMA 6. Let f(z) be a polynomial of degree r with real coefficients. Suppose that
S f'(x) *0 for real x in I, where I is an interval X,<x<X,, or a half line x<X,, or x>X,.

Suppose there are m=1 roots o; =x;+iy; J=1,..., m) with real parts x;€1. Then there

is a root o, among these m roots such that for every real &,

|E~a;| <R min |—a;l.
\<i

sism

Proof. Replacing fix) by f{—x) if necessary, we may suppose that fx)f"(x)<0 in I,
so that |f{x) |2 decreases in 1. Then I cannot contain arbitrarily large x, hence must be of
the type X,<x<X, or x<X,. We claim that

=R (X, =x) (=1,...,m). 4.3)
For otherwise there is a root z=A+Bi with A<X, and

|B|< Ry (X, —A).
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There will be such a root with B>0. We set
h=[260log?r].
Then

A+Or)'B<A+R B<X,.

The hypotheses of the preceding lemma are satisfied, so that f has at least
eV* roots. But h>2561og’r, so that we would get more than r roots, which is
impossible. Therefore (4.3) is indeed true.

Now let @, be among a,, ..., @,, with a minimum value of ly|- Then for 1<i<m, by

4.3),

la, —a| < Ix; —x{ +|y, =¥l
< X, —x]+1X; —x[+2]y/
<R|ly{+R,y|+2[y}
<A4R,ly.

Thus for real &,

|E—a|<|é-aj+|a,—a|< |E—a|+4R |y
<|é—a|+4R|E—a|
<R|§-aj.

LeMMA 7. Let fiz) be a polynomial of degree r with real coefficients and having
<s+1 nonzero coefficients. Then there is a set S of roots a; of f of cardinality |S|<6s+4
such that for any real §

min |§—a,| <R min |§-a;]. 4.9
e

a,€S <isr

Proof. 1t is easily seen that f has <2s+1 real zeros, and also f’ has <2s5+1 real
zeros, so that ff’ has <4s+2 real zeros. Thus the real numbers x with ff'(x)#0 fall into
<4s5+3 intervals (or half lines) I. Let S consist on the one hand of the real zeros of f,
and on the other hand for each interval I as above for which there are roots of f with real
part in I, pick an @, according to Lemma 6. The set S so attained will have

|S|<2s+1+4s+3=6s+4, and clearly (4.4) is valid.
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Remark. In our work [14] we showed that for s=2, the arguments of the roots of f
are well distributed. More generally, Khovansky [8] has shown (see also {9], [16]) that
for polynomials with <s+1 coefficients, the arguments of the roots are fairly well
distributed. This fact, together with information on the moduli of the roots as given in
Lemma 2, could also be used to obtain a lemma like our Lemma 7. But our present
knowledge about certain bounds of Khovansky is poor, so that in this way the set S
could only be shown to have cardinality <y§2 with some constant y,>1.

Combining Lemmas 4 and 7, and recalling (2.5), we get

LemMA 8. There is a set S of roots of f of cardinality <6s+4, such that for any
(x,y) with (1.4) and y=0, there is a root ;€ S with

min (1, |o —%p <Cx™. 4.5)

This completes Step 1a for large solutions. Step 2 will be accomplished via the
Thue-Siegel principle.

LeMMA 9. Given a root a; of f, the number of reduced fractions with (4.5) and with
max (|x|, [y]) >Y, is <<1.

Proof. With the notations (2.6), (2.8), the number in question is

log(d~'d-2)™")

<2+
log(r—1)

(4.6)

by [1,§III]. In [1] we had C=(2r'">M)" rather than (2.5), both in (4.5) and in the
definition [1,(2.9)] of Y,, but clearly this does not matter. Now by (2.6),

A/ 2
2 2r+2a >\/T

TWi-b)  1-b
if b is sufficiently small, and
srla—r
2(b*~a?)

Hence the quantity in (4.6) is bounded.

Proposition 1 is an immediate consequence of Lemmas 8 and 9.
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5. Medium solutions

In contrast to large solutions, the bulk of the work on medium solutions will be in Step 1,
i.e. to show that each medium solution of (1.4) is such that x/y is a good rational
approximation to some a;.

LEMMA 10. Let x,y satisfy (1.4), and let a be an element of {a,, ..., a,} with

lx—ay|= min |x—a;y|. 5.1

1<j<r

Suppose that y£0 and that f“(a)+0 with u in 1su<r. Then

r Vu
Ia—il<r( 2h ) (.2)

Yy 2\[f% )y

Proof. The symbol & will denote an ordered subset of {1,...,7} or cardinality
|S|=u. There are r(r—1)...(r—u+1) <r* such subsets. Introducing

fsd=a,[[-a)

jtc
where the product is over j in 1<<j<r with j§ S, we have
@)= fs@.
S
Hence there is a set © with
[F“ ()| < Pfs(a)l. (5.3)

Such a set & will be fixed in what follows.

For any j,

ya—a) | <|x—ay|+]x—a;y| <2x—a;y

>

so that

Vfe @] =la|] [ Ma—a) | <2 a,I] | k~al,
jés jite

and further by (5.3),
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Y (a)| < r*2a, |H lx—a;y].
j¢e

If we multiply by [l [x—a;y|, we obtain

( H |x-ajy|) Y 4@ (a)| < 2 4F(x, y)| < r*2""“h.
j€s
But this yields
x—ayly " f @ (a)| < 2 h
and (5.2).

Lemma 10 will be useful provided we can show that some derivative f* (a) is large.
This will be our next task.

6. Estimation of derivatives
The aim of this section is to show that for each root a of fthere is a u, 1<u<r, such that
|F® ()| is large:

LeMMa 11. Suppose (1.4) holds with y+0, and let a be a root of f with (5.1). Let
K=K(a) and k=k(a) be certain integers to be defined below. Then there is a u in
I1<su<i(K) with

If% (@) = Zlg(zszr)‘-s |l ™. ©.1)

Also, there is a v in 1sv<ss—i(k) with

v, 1 -5 Ty — U
|f“(a)|>‘—‘;(2s2r)' lallal ™" (6.2)

Recall the vertices (3.2) of the Newton polygon. We now define K(a), k(a) as
follows. We set K(a)=! if o*(i(I—-1))=0(i(l)) =0(s) <log|a|+ logs+3. When o(s)=
log|al+logs+3, we let K=K(a) be least in 0<K<l/-1 with o"(i(K))=logla|+
logs+3. Similarly, we set k(a) =0 ifo*(0) =0*(i(0)) =0(i(1)) > log|a|— log s—3. When
o*(0)<log|a|—logs—3, we let k(a) be the largest integer in 1<k<l with o(i(k)) <
log |a|—log s—3. It is then clear that k(a) <K(a). In fact we claim that

k(o) < K(a). \ (6.3)

15—888286 Acta Mathematica 160. Imprimé le 20 mai 1988
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For it may not actually happen that K(a)=0, for this would mean that o(i(1))=
o*(i(0))=1log|a|+ logs+3, which is incompatible with Lemma 3. Similarly it may
not happen that k(a)=/. But if we had O<k(a)=K(a)<!, then o(i(k(a)+1))=
a*(itk(a))=0"(i{(K(a)))=log|a|+ log s+3, o(i(k(a)))<logs—3, and there could be no ¢
with (3.16), in contradiction to Lemma 3.

In what follows, set K=K(a), k=(a).

Before giving a proof of Lemma 11, we will try to give motivation for (6.1), (6.2)
and their proofs. Suppose

m+t
r.
g@)= 2 a;z'
i=m
is a polynomial involving ¢+ 1 powers 2™, ..., 2™ with r, <...<r,,,,. For given a=0, the

system of relations

gla)=g'(@)=...= g% =0

is equivalent to
g@=ag'(@=...=a'g”(@=0. 6.9)

This is a system of t+1 homogeneous linear equations in the t+1 coefficients a; The

matrix of this system of equations has columns o’ r} with

1

r;

= ri(r,;—1) (m<i<sm+p. 6.5)
r,(r,—1) ....(r,.—H-l)

The determinant det(xr,,...,r,,,,) with columns r},, ..., r},,, is a certain obvious Van

der Monde determinant, so that

det(@,,...,e0, )= [ @—r)=0. (6.6)

m<i<j<m+t

Thus when a=0, the relations (6.4) are impossible unless g vanishes identically. In a
similar manner one can see that if the coefficients of g are not small, then [g(a)|,
lg’'@), ...,|g"a)| cannot all be small. In particular when a is a root of g, then
le’' @), ...,|g"a)| cannot all be small.
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Suppose now that a is a root of f. Suppose further that the term q; a’in fla) is

“dominant”’, i.e. that

|la;a"| >> max|a, ™|
k

Then if no cancellations arise, we can expect that
|f“ (@) |>>lafla]" ™"

Proof of Lemma 11. Set

g,(@d= Z a;7', g2)= 2 a7

i<i(K) iz i(k)

If we consider g, as the main part of fand apply the ideas discussed above to g,, we will
be led to (6.1); on the other hand by considering g, we will be led to (6.2).

Put
t=iK), t,=s—i(k). 6.7
For v=1,2, for 0<u<t, and 0<i<s, let r’) be the column

1

T

=1 r@,~1)...(n—u+2)
rir;=0...(r,—w

ri(ri=1)...(r;—t,+1)

1

Note that rl? is the column (6.5) with r=¢, and with the («+1)st row removed. Put

+¢
EP=(-1)"det e, 1Y, ....,f 0 ) O<u<y),
E?=(-1)"det (P 1, ... 72 _,,r?) (O<usty).

R, s—1 Mus

Then(') for 0<j<s,

() With r; (r; —=1)...(r; —u+1) understood to be 1 when u=0,
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EE“)r(r—l) (r;—u+1)=det(xy, ..., i, r}') = DY,

u=0

say, and

b

z. t £
D EDr(r=1) ... (ry—ut1) = det (£, 1, ..., T, 12, 12) = DP,
u=0

say. As a consequence,
t, 5
r.
2 Eiv) Zuf(u) @@= 2 aij(_v)zJ v=1.2).
©=0 j=0

Now D{"=0 when j<i(K) and D¥=0 when j>i(k). Since fla)=0, we obtain

4

1 r{(K) v,
2 EDaf @) = a0 D a™ + X, a Do,

u=0 J>iK)
I
D) £ () — D@ ri (k) @ 7
2 EP o' f“(a)= ay, DG a"™" + 2 a; D" a’.
u=1 Jj<itk)

(6.8)

6.9)

There are no terms j>i(K) in (6.8) when K=/. When K</ we wish to show that the first
term on the right hand side of (6.8) dominates. To this end we introduce the quotients

W =|a, D" oila, D}y a"™®| (> i(K)).
Similarly, when k>0 we put

WJ('Z) = 'ajD,(-z) o /ai(k) D(2)) a :(k)l (j < i(k)).

By the product formula (6.6) and in view of |r; —r,, |<|r, ) —r,, |+|r; = rix)| We have

w

f I(K)
1(K) —-r w

DO/ = T (22

w < i(K)

sl—[<1+

w <i(K)

)

I(K) ry

Note that w<i(K) yields r,z, —r,Zi(K) —w, so that
; iK)
1 1 -1
IDJ(. )/DE(,’QI = H (1+m |rj —Tix )

m=1

and
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i(K)
log DO D | < (r;—rigy) D, m™' < (r,~ry) (1+log s)
m=1
for j>i(K). Similarly,
log|DP IDQ) | < (r,g, —r) (1+log 5)

for j<i(k).
For j>i(K) we have

log Wi < (r; —r,,) (log|a|+ 1+log 5) +log|a;|—log|a,y |
= (rj —ri(K)) (IOg |a|+ 1 +10g S_U(_], i(K)))y

where (as in Section 3), o(;, j) for 0<i,j<s and i+j denotes the slope of the segment
P, P;. Since j>i(K), and by the convexity of the Newton polygon,

0(j, i(K)) = 0" (i(K)) = log |a|+1log s+3,

so that
1
log WJ( )< =2(r;—ryx)>
i.e.
Wj(l) < e‘z(’j"iuo),

and therefore

D Wh<e et < L
PEars) 2

Because of (6.8) and the definition of W{" we may conclude that

h
2 EQa*f¥aq)| > %la‘m D}, a™|. (6.10)
u=1
In analogous manner, (6.9) yields
173 1
> E?a'f @ (a)| > 12w DG a™|. 6.11)
u=1

In the next section we will show that
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EV| < 2?2 DO | (1<u<t), 6.12)
u i(K) 1
E?| <2’ DY) (Isusty). (6.13)

Substituting this into (6.10) we see that there is a # in 1su<t, with
u I -5 "i- —u
|f( )(a)l ?4_S(282")1 |ai(K)“al o
Similarly (6.11), (6.13) yield a v in 1<v<t, with

) 1 s -
'f()(a)lz"";(zsz")l lai(k)”al w

7. Estimation of determinants

LeEMMA 12. Let my, ..., my be integers with 0sm;<j (j=1,...,T) and m;—m;*i—j
Jor 1sj<i<T. Then

m+my+...+my<T.

Proof. This is clear for T=1. When T>1 and m;#j for j=1,...,T, then m, =0.
Furthermore m, =m,—m, #2—1=1, so that also m, =0. Continuing in this way we get
m;=0 (j=1,...,T). Suppose then that T>1 and m;=i for some particular {, and that
m;<j for j<i. It follows in the same manner as above that m,=...=m,_, =0. For
k=1.2,...,T—iand t=0,1, ...,i—1 we have m, ,=m, ,—m,+i+k—t, so that 0<m,  <k.

Applying the lemma with T—i in place of T we get
m tm,+ . +mpsT—i

Since my+m,; + ... +m; =0+ ... +0+i, the assertion follows.

Consider variables ry, r,, ..., r; and vectors

a=(d,ri,...r§) (j=0,1,..).
For 0sv<J+1 put

G,=det(aga,, ..., 8, ;, 8,y (5.0 Bpyy)-

In particular, G,,, is the Van der Monde determinant

M= l—[ (r,—ry,).

Osw<us=sl]
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LEMMA 13.
G,=S;.1- .M Osv<))
where S, ,_, is the elementary symmetric function in r,, ..., r, of degree J+1—v.
Proof. G, vanishes when r,=r,, for some u#w, so that G, is divisible by M, say
G,=G;M. Comparison of degrees shows that G} is homogenous of total degree
J+1-v and of degree 1 in each r,. Since G,/M is invariant under permutations of
Iy ---» I'ys the quotient G is a constant multiple of §,,,_,, so that G,=c,S,,,_, M with

constant ¢,. Since G,, §;,,_, and M are polynomials with integer coefficients having no
nontrivial common divisors (in fact the coefficients are among 1,—1,0), we have
¢,=%x1. Now when r,,...,r; is a rapidly increasing sequence, the main term in
G, willbe r ;... 22 "% . r]*!, and G, >0, M>0, S,,,_,>0, so that ¢,>0 and there-
fore c,=1.

Consider the vectors
b= (ry(ry=1) ... (rg—j+ 1), ..., ry(r; =) ... (r; —j+1)) (j=0,1,..),
with b, to be interpreted as (1,1, ...,1). For 0<u<J+1, put
H, =det(by,b,,....b,_;,b,,y,....b,,,).
LEMMA 14.
H,=N;, ..M,

where N;,,_, is a polynomial in ry, ...,r; of degree J+1—u, with integer coefficients

whose moduli have a sum
< 2J+1(J+ 1)2(J+1—u) .

Proof. 1t is clear that H, is divisible by M, and comparison of degrees shows that
H,/M is of degree J+1—u. The hard part is to estimate the coefficients. Observe that

rr—1)(r=2)...(r—j+1)= 2 (—1)"_jcjn ri
n=0

where c;=1, and for 0<n<j,
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j—n
I . . 2 i
o= D b= D 1> <(fy. (7.1)
0<iy<..<i_,<j o<i<j

We have
j .
b; = 2 =1D)"¢;, 3
n=0

and therefore

H,=det(aya,,...,a,_;,b,,....b, )

—_ —1)¢
= D e D (D Cri, det(ag Ay By 8, s, )

usn,  <utl usn, <J+1

with o=(u+1-n,,,)+ ... +(J+1=n,,,). The determinant on the right hand side vanish-
esunless ., ..., ny,, are distinct, in which case it is a determinant G,. By Lemma 13
the quotient H,/M=N,,_,_, is a polynomial whose ‘‘length”> L(N,,,_,), i.e. the sum of

the moduli of its coefficients, is

A Z Z
= .. C
<2 cu+],nu+l J+1,n,,,

usn,, Su+tl  usn,,<J+1
Rygqsoees gy distinct

since L(S,,,_,) <2"*'. We set T=J+1—u and
m;=u+j-n,,; (1<j<T),
so that by (7.1)

< ()R < ((J+1)2/2)"

+f

cu+j, n,

and

LN, ) <Y 0+ )"

where the sum I* is over 0<m; <j (=1, ..., T) with m, —m,+i—j when i=j. The number

of summands is 27, so that by Lemma 12,

L(NJ+1—u) < 2T+J+1((J+ 1)2 /2)T = 2.I+1(J+ 1)2(J+1—u).
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We now turn to the proof of (6.12). Setting J=i(K)—1 we have

DR =[] Cu-ro=M]] Cig-r)

O<v<wsJ+1 O<vsJ

Substituting integers with 0=ry<r, <...<ry,<r we get |D{},|ZM>0. On the other
hand, E{, except for the sign, is the same as H, with J=i(K)—1, so that by Lemma 14

|E‘(1)| < 2J+1(J+1)2(J+1—u) r]+l—uM

M .

For 1=su<t;=i(K) <s we have J+1=<s and J+1—u<s—1, so that
|EQ D | < 2557V P,

which establishes (6.12). The relation (6.13) is shown similarly.

8. Good rational approximations

We will complete Step 1 for medium solutions. Let g be the smallest number with

la,| = max |a;| = H. 8.1

0sj<s

Then P, is the lowest vertex (or the left one of two equally low vertices) of the Newton
polygon.

LEMMA 15. Suppose (1.4) holds with y+0, and let a be a root of f with (5.1).
Suppose that q<i(K) where K=K(a). Pick u according to Lemma 11. Then

x 1 r)* 2e’s)y h\"*
y H< H(l/u) —(1/r) ( |y'r (82)

|ex

Proof. By Lemma 10 in conjunction with Lemma 11,
r 2s Yu
a xi<< 2(rs3 I_zu ) '
y Iai(K)”a! w0yl

Ala, u)= |ai(1()||a|rm -

We will show that

has
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Ala, u) = (e’s)""H'=“n | @8.3)

so that (8.2) will follow.
By the construction of K(a),

log |a| = o(i(K)) —log s—3.
Since ussi(K)<ryy, we have

log A(a, u) = (ryx, —u) (log |a|) +log |a,y|
= (ryx, — ) (0(i(K)) —log s—3) +log|a;,)|.

In view of g<i(K) and the convexity of the Newton polygon, o(i(K)) =o(g, i(K)) and
thus

log Ala, u) = (ryx, —u) o(q, i(K)) +log|a,|—rlog (e’s) . (8.4)

By the general identity

r,o(q, i) +logla;,| =r_o(q,i) +logla,| (i*q), 8.5)
the right-hand side of (8.4) is
(r,—u) (g, iK)) +log|a, |-rlog(e’s).

Now since P, is the lowest (or one of the lowest) vertices of the Newton polygon, and
since g<<i(K), we have o(q, i(K))=0. Therefore in the case when r,=zu we get

log A(a, u) =log|a,|—rlog(e’s) = log H—rlog (¢’s),

establishing (8.3). On the other hand when r, <u, we note that o(g, i(K))<o(q, 5s) and we
obtain

log Aa, u) = (r, —u) o(q, s) +log|a,|—rlog(e’s)

lo —logla
= —(rq—u)———-———g la,| ~loga, | +log|a,|-rlog(e’s)
s q

u-r
= (1— q>10g|aq|+
r,=r

s q

= (1— u—rq> log|a, |—rlog(e’s)

“q

u—r
21og|a,|—rlog(e’s)
re=r,
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since r,=r. But u<r, so that (u—r,) /(r—rq) <u/r and
log A(a, u) = (1—(u/r))log H—rlog(e’s),
i.e. (8.3).
LeEMMA 16. Suppose (1.4) holds with x+0 and

Iyl = 2(rs 1, (8.6)

Let a be a root of f with (5.1), and suppose that i(ky<q. Pick v according to Lemma 11.
Then

a

Sy 1 (rs)* (4€’s) "
1_; < TR ( il . 3.7

Proof. By (6.2) in conjunction with Lemma 10,

r 25 v r 25 v
a—X|<(Hr 'k ) =(2(’:) ,h) (8.8)
y Iai(k)”al Oyl A*y|
with
A* = A¥a, v) = |ay|la/™ "
Here

log (|a|"A*(a, U)) = r,'(k) 10g |a|+10g Iai(k)|'

When k=0 we get r,p =r,=0 and log|a,|=log|a,|=0. When k>0 we have log|a|=
o(i(k)) +logs+3, so that

log (|a|’ A*(a, v)) > ry, o(i(k)) +log |a,y)|
Z 1y 000, i(k)) +log | ey, = logla,| = 0.

Inserting this into (8.8) we get

7 2s /v
< M(M—h) <|a
y

X
a_ N r
Il

by (8.6), so that

x| <[2ay|. (8.9)
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Now comes ‘‘operation flip’’. From (8.8),

x < 2r(rs)2sh v 1
lalla®) iy [

a——
y

_1__y_
X

i
xa

a

Now by (8.9), and with the notation

I'(a,v)= |ai(k)”a|—('-r,-(k) ™,

<< 4r(rs)2sh )1/v.
(o, v) x|

Lemma 16 will follow once we have shown that

we obtain

_l_l
X

a

[(a, v) = (es) " H"", (8.10)

The proof of this is ‘‘dual’’ to the proof of (8.3). The number v of Lemma 11 has
vss—i(k)<r—ry, , and since o™ (i(k)) >log |a|]—log s—3 by the definition of k, we have

log[(a, v) = (r—r,, —v) (—o™ (i(k)) —log(e’s)) +log|a|-
But g>i(k), so that o(i(k), q) =o* (i(k)) and

log (e, v) = —(r—ry, —v) o(i(k), q) +log|a,|—rlog (e’s)
= —(r—r,—v) o(i(k), q) +log |aq|—rlog(e3s)

by the identity (8.5).
In the case when v<r—r,, this is
=log|a,|-rlog(e’s) = log H-rlog (e’)

since o(i(k), g) <0. Thus (8.10) follows in this case. On the other hand oa(itk), q) =0(0, q),
so that in the case when v>r—r,, we obtain

logI'(a, v) = —(r—r,—v) 0(0, q) +log|a,|—rlog (%)
= (r—r,—v)((log |aq |-log|a, ] /rq) +log |aq |—rlog (%)

=((r-v)/r,)logla,|-rlog (e%).

But
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(r-v) /rq =(r-v)/r=1-(vlr,
so that
log (e, v) = (1—(v/r)log H—rlog(es),

whence again (8.10).

Lemmas 15, 16 are essentially dual to each other. But the choice of a according to
(5.1) is not symmetric in x,y which necessitated ‘‘operation flip”’ in the proof of
Lemma 16. In the trinomial case (the case s=2) [14] we were able to pick a (resp. 1/a) in
a way which was symmetric in x, y; this is more difficult to do in the general case.

9, The number of medium solutions

With Y satisfying (2.12), Lemmas 15, 16 show that when (1.4) holds with
(x)=min (x|, [y|) =75,

there is either a root a of F(x,1) with (8.2) or a root a~! of F(1,y) with (8.7). Moreover,
since (x)=Ys, the right hand sides increase with u resp. v, so that we may replace u, v
by s.

Step 1a for medium solutions is accomplished just as for large solutions. With R
given by (2.4) and with the aid of Lemma 7, we see the following.

LEMMA 17. There is a set S of roots of F(x,1) and a set S* of roots of F(1,y), both
with cardinalities <6s+4, such that any solution x of (1.4) with (x)=Yj either has

x R ( (rs)* (4€’s) h ) 1s
a—2| < 9.1
y H(l/s) -(/n Iylr
with some a €S, or has
Yy R (rs)* (4e3s) h s
a* = < H(I/S)_(Ur)< ol 9.2)

for some a* € S*,

For Step 2 for medium solutions it will suffice without loss of generality to estimate
the number of solutions of (9.1) with

Ys<y<Y,. 9.3)
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Now (9.1) implies that

a-= i < 2Kr/.v
y

with
K= 2R(rs)2 (4e3s)r/s hl/s H(l/r) —(1/s) < RZ(eSS)r/s hlls H—l/Zs’

9.4

©9.5)

since we suppose r>2s. Let xy/yg,...,x,/y, be the solutions of (9.3), (9.4) with

g.c.d.(x;, ¥) =1 and ordered such that

Ys<y,<..<ysY,.

Then (9.4) gives
1 K

= —

YiYi+1 Yfls

so that we have the ‘‘gap principle’’,
Viny = Klyro-t> K'Yy, = K'Yy, = eTHSy,
by (2.10), (2.12), (9.5) (i=0, ...,v—1). Thus y, =(e"*H"*)" and
logy, = (v/2s) (r+log H) .

On the other hand by (2.9)

logy, <log ¥, = r—_%log 20+ rT)'A—(AHog 4).

Here A<<V r and r—A>>r, so that in conjunction with (2.5), (2.7),

logy, <<r 'log2C+r "*(A+log4)
<< log M+logr+log h' +r Y2(log M+r)
<<log H+r'*+logh'",

since M<(r+1) H (Mahler [12]). In conjunction with (9.6) this gives

v<< s(1+logh'"),

9.6)

so that in fact the number of primitive solutions of (9.4) with (9.3) is << s(1+logh'").
This is true for each a €S, and a similar situation pertains for each a*€S* in (9.2).

Proposition 2 has been proved.
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10. Small solutions
We will suppose that r=4s.

LEMMA 18. Given Y=1, the number of solutions of (1.4) with (x)<Y is
<< 6y(r, 8) h¥ +sY.
From (2.10), (2.11) we have (on using r=4s)

s YS << S( e6 S)rf(r—Zs) RZsf(r—Zs) hlf(r—Zs)
<< s2 . s4s/r R4s/rh1/(r—2.v) < s2 . e(3300s tog? r)/rhl/(r—2s) (10 1)
=c;(r, ) B,

Thus Proposition 3 is a consequence of Lemma 18.
To prove the lemma, it will suffice by symmetry to estimate the number of
solutions with

0=sy<Y. (10.2)

For given y, the real numbers x with (1.4) fall into a finite number of intervals. Since
there are not more than 2s numbers x with F(x,y) =h, and similarly with F(x,y)=—h,
there are <4s such intervals. For given y, the number of integers x with (1.4) then is

su(y) +4s,

where u(y) is the measure of the set of real numbers x with |F(x, y)|<h. Therefore the
number of integer pairs with (1.4) and (10.2) is

o

< D WO S D, uy)+8(Y+1D)s.

y with (10.2) y=-®

In the next section we will show that

o

D )<<,y (r, ) K, (10.3)

y=—m

so that Lemma 18 will follow.

11. Estimation of measures

For =1 set

Py iy s 1) = D [, =rg) (=1 oo (r =1 ) [ =i ) (P —Fi00) oo (R =1 T,
i=0
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where the first bracket is understood to be 1 when i=0, and the second bracket stands
for 1 when i=¢t. We claim that

P,(rg,ry, ..., r)=0. (11.1)
This is seen by inspection when t=1. When >1,

P ry,ry,..sr)= E (r,=rg) (r,—r)) e (r, =1 ) (rg =1 V(g =Tiya) ... (rg—1,)
i=2
+(rg=r))(rg=ry) . (rg=r) +(r,=rg) (ry—ry) ... (rg—r,)
= 2 r,=ry)(r,=r))...(r,—=ri_)(ry =1 )(rg=ripg) ... (rg—r,)
i=2

+(r,—r)(ry=r,) (rg—=ry) ...(ry—r,)

=(rt—r1)P,_1(r0,r2,...,r,).

Hence (11.1) follows by induction.
Let

PR=A,7"+.. . +A, 7' +A, (11.2)
be a polynomial with r=r,>r,_,>...>r >ry=0. We have
P'@=p@"""
with
p@D=r A" " +r_A,_, U L+ AL

More generally, defining

r.

pL2)= Z ri(ry=ry) ... (r;=r_ )Ajz"'_ T 0=<i<y)
j=i
we have py(z) =p(z) and

PR =pi @2 (0<i<s). (11.3)

Now for 0<i<s,

3 0D =1 ) = Fig) e (1) = D A DTG5, L)
i=1 j=1
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with
I(s, L) = 2 ri(r=r)) (=) =ry ) —rys) . (r—rg).

Here

I, LD=rry—=r))...(r)=r_ ) (r,=r1py) . (1= 1,) .
But for j >/

T(s, L) =T, (s, LN T,(s, L))
with
T,(s,Lj)= rj(rj—rl)...(rj—r,_l)(r,—rj+1)(r,—rj+2)...(r,—rs),
T,(Gs,Lp)= 2 (rj=r)(ry=ryy) o (r=r_ Y —ry ) —rigy) o (r=1y)

=P, (rpyryys-asry)

=0.
Therefore

EPi(Z)Zri(’I_’i+1)(’t—’.‘+2)---(’1-’9
i=1

(11.4)
= A=) . (= ) =ry) . (r =1,

LEMMA 19. Let p(z) be a polynomial as above, with real coefficients and with
A;#+0. The real numbers x with

lp@)| <k (11.5)
make up a set of measure
u<10(rs®™ (hl|A, )" . (11.6)
When |A¢|=2h, we also have
u<20rs?|A, | VMA, |V~ plis, (11.7)

16—888286 Acta Mathematica 160. Imprimé le 20 mai 1988
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Proof. We introduce a new parameter X. Numbers x with [x|<X make up a set of
measure 2X. We will now concentrate on numbers x with

x| > X. (11.8)

Observe that p'(x) assumes a given value for not more than 2s real numbers x; therefore
the numbers x with |p’(x)|>hs*X constitute not more than 4s intervals and half lines.
The numbers x with (11.5) lying in an interval with |p’(x)|>hs*X make up a set of
measure <2X/s*. Therefore if we neglect a set of measure <4s-2X/s*=8X/s, we may
concentrate on x with |p’(x)|>hs¥X, i.e. with

p,(0)x" | < hs?X. (11.9)

We now repeat the argument with ks?/X in place of & and with g(x) =p(x) " 'in place

of p(x). If we neglect a further set of measure <8X/s, we may concentrate on x with
lg’ (x) |<hs*/X?. But

rn-1

4@ =pix)x" "+~ p ) x" .

The second summand here is of modulus <(r, —1) hs¥X? by (11.8) and (11.9), so that we
get |p] (0)x" 'j<r, hs*/X2, i.e. by (11.3),

Ip, () X 2| < 7, s*HIXE. (11.10)

We now deal with (11.10) the way we dealt with (11.9). To do so we replace p,,r,, h by
Py, — 1,1, s*hiX. So if we neglect another set of measure <8X/s, we may suppose that

I (0) x| < r, (r,~ 1) SSHIXC.

This argument may be continued. We see: except for a set of measure
<2X+s(8X/s) =10X, the numbers x with (11.5) have

b, %" <y . SPRX (=1,...,5),
(where r;r,...r,_,=1 when i=1), and in fact

x|l (x| < 1y i SERIXE (i=1,..,8)

by (11.8). Mindful of the identities (11.4), we may infer that for I=1,2,...,s,
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A (ry—r) o (=1 ) (=1 ) . (=1 |

5
s, 2
<« E rry et (r=r ) =riy) ... (r—r,) s®hiX°.
i=1

(When I=s, then (r,—r;,,)...(r,—r,) means 1, etc.) Each summand on the right contains
s—1 factors linear in the r;, and each such factor has modulus <r. The left hand side

contains the factors |r,(r,—r,)|=4r when I<s, and the factor r,=r when /=s. Therefore
A< 28 B (=1, ..., 8). (11.11)
In particular,
IA,|<2- 5P 2hlx "X < 25 hX .

This is impossible unless X<X, =(25*r""%/|A,|)"". Therefore the numbers x with (11.5)
make up a set of measure

< 10X, < 10s*"P"(h/|A, )",

and (11.6) is established.
On the other hand when (11.5) holds and when |4,|=2h, there is an [ in 1</<s with

lA,x"| = |Al29) = Q, (11.12)
say. We will set X=X, with
Xl - 2s2rl—(2ls)|A I—l/rQ(l/r)—(lls)hI/s.

In the case when (11.12) holds with /=5, we have |A,x|=Q, so that |x|=(Q/|A, )"

and
IAsxr—xl = |As I(Q/IAs |)1—(slr) = |As Is/rQl—(s/r)_

This is incompatible with (11.11) with /=s and X=X,. Suppose then that (11.12) fails to
hold for /=s but is true for some / in 1</<s. Then |A,x"|>|A4,x"|, so that |x|'<|4,x"}/|4,|.
Therefore

A | = AR o> A A @O,

This is incompatible with (11.11) with X=X.
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Thus when X=X, the inequalities (11.5), (11.8), (11.11) are incompatible, and the
numbers x with (11.5) have measure

< IOXI < 20s2r|As ‘—”’lAO ‘(llr)—(l!s)hlls.

Proof of (10.3). Given y,

Fx,y)= Y, Ax"=p(),
i=0

say, with A,=a,y"". We note that |4, |=|a,|>1 and that |4 |=|a,y"|=|y|". Therefore by

Lemma 19,
u(y) < 10(rs2"h'", (11.13)
and moreover
u(y) <20rs?h'y|t =) (11.14)

when [y|=(2h)"". We have

2 /l( y) << (rSZ)ZS/thIr,

\}’\ < (rSZ)S['f:‘;'

Z 'u(y) << rszhlls 2 yl—(r/s)

lyl > (rs2):/rh1/r y> (’SZ):/rhl/r
<< rthl/s((r/s) _2)—-1 h(2/r) —(l/s)(rSZ)(s/r)(2-(r/s))

r -
<< _TSS(rSZ)Zs!r(rs2) 1 hl/r
5

r
< (rs2)2s/rhﬂr.
r—2s

When r=4s, the assertion (10.3) follows.
In the same way one sees that for r>2s

j u(y) dy << ——(rsH>"n¥",
r—2s

—

and taking =1 we obtain

r 21\2s/r
Ap << ———(rs)™".
F r—2s

Assuming r=4s we get A, <<(rs)*", i.e. (1.11).
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12, Proof of Theorem 3
We will suppose throughout that r=4s. Put

Y=eY;.
The domain D=J(F, k) of (£,7) ER? with |F(&, ) |<h is the disjoint union
DEHN=D,UD,UD,,

where D, D,, D, respectively consist of points in D with

max (&, 7)) <Y, (12.1)
min (&), |n|) = Y < max (|&], |n]), (12.2)
min (||, |n|) > Y. (12.3)

Since Y>Y,>(2sh)"", we may apply (11.14) to obtain

f #(’7) dﬂ << rszh”‘j 17]-(’/5) d’] << s3h1/s Y2—(r/s)
Y Y

< s3hl/sYO—]/s = SB(eGS)—r/sR—Z <1.

Thus the part of D(F, h) with n>Y has measure <<1, so that by symmetry the part with
max (|, |7]) >Y has measure <<1. Therefore if A; denotes the area of D, we have

A, +A,;<<1, and since A, +A,+A, =Ap(h) =A ™", we get
A=A R +0Q1), (12.4)
with an absolute constant implicit in O. We write Z.(h) as
Z(W=2,+Z,+Z,,

where Z; denotes the number of integer pairs in ®,(i=1, 2,3). Not surprisingly, Z, will
be the main term and Z,, Z, will be error terms.

Now D, lies in the square (12.1) and is bounded in such a way that a line £=const.
or a line n=const., with the exception of the lines £=x*Y, ==Y, contains <<s
boundary points of ©,. This is true because of the special type of F. It follows, e.g.
from work of Davenport [3], that

1Z, —A,| << sY << ¢,(r, s) B2 (12.5)
by (10.1).
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We next turn to Z,. Propositions 1, 2 give an estimate for the number of primitive
integer points in ®, but unfortunately not for the number of all integer points. A point
x€ D, may be written as x=Ix, where x, is primitive and ! a positive integer. Clearly
1<I<h'. Let Z,(u) be the number of x € D, where e“<l<e**'; then

[1ogh') +1
Z,= 20 Z,w).
For such x we have
|F(xy)| = I""|F(x)| < e ™h = h(u), (12.6)
say. Further
min (%, ], [yo ) = ' min(x}, ) = 7'Y> e Y (12.7)

=e V> e Y= Y,

where Y(u) is as Y in (2.10), (2.11), but with h(«) in place of 4. By Propositions 1, 2,
with h(u) in place of &, the number of primitive x, with (12.6), (12.7) is

<< s (1+log h" () < s¥(1+log h'").
Given x, the number of possibilities for / is <e“*'. Thus
Z,(u) << s*¢"(1+log h'")
and
Z, << s*h""(1+log h'") (12.8)

We next turn to Z,; by reasons of symmetry we may restrict ourselves to the
domain

0<E<Y, n=Y, |FE&n)|<h. (12.9)

When h=+0, the polynomial F(x,y)—h is irreducible over C, so that F(x,y) —h and
Fy(x,y) (where F, denotes the partial derivative) have no nontrivial common factor.
Therefore the system F(£, n) =h, F,(, 7) =0 has only finitely many common solutions
(&,7), henceforth called critical points. Now on the one hand, by Bezout’s Theorem,
the number of critical points is </, and on the other hand, by work of Khovansky [7]
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(see also [9], [16)), since each of F—h, F, has <s+1 terms, the number of these points
(&, 7)) ER? is <c4(s). When (&%, n*) lies on the curve F(£, ) =h but is not a critical point,
there is a unique function y=5(&), regular in a neighborhood of &*, with 7(&*) =5* and
F(&,n(&)) =h. Similar remarks may be made with regard to F(£,7)=—h. Thus the
domain (12.9) is the union of m domains (with disjoint interiors)

Cia,<Es<b,nO<n=sn,&) (=1,...,m),
where

m << cq(r, s) = min (7, c,(s)),

where 7,,(5)<n,,(§) in a,<E<b,, and where each 7,(£) in a;<&<b, is either constant and
equal to Y, or is a regular solution of F(&, ) =h or —h.
For each domain &, either n,(£) —#,(§) is constant in a,<£<b, (e.g., when

12(8)=Y, n,(§)=-7Y), or it is not. Consider now domains &; where this difference is not
constant, so that not identically 7/,(§)=n5(5). We want to look at point pairs
(&> 11)5 (Bo»72) Where 5, =n,(&,), 1, =n(&,) for a;<E<b; and where 7;(E)=7(&y)-
For such pairs, the numbers &;, #,, 7, satisfy the three equations

}2(§vﬂﬁ I%(&”ﬂ]) _

F s == » Fi ’ =:ih’ o
(s my) h (805 12) F, (&, 7,) F, (&, 1,)

By what we said above, the solutions (&, ,, 7, ) of these equations of the type indicated

above are isolated. By Bezout’s Theorem, there are <r’ such solutions, and by
Khovansky’s Theorem, there are <c,(s) solutions. Therefore the domains &, may be

further split up such that (12.9) is the union of n domains (with disjoint interiors)

?f,': a,~$§$b;,ﬂ“(§)<ﬂ<ﬂa(§) i=1,...,n),
where

n<<co(r, $) =min (r, c,(s) +cy(s)),

where the functions 7,(£), 7,(£) have the properties enunciated above, and where
moreover in each ; either 1,(£)—~#,,(£) is constant, or 7/,(§)#+n5(&) in a,<E<b,.
The number of integer points in §; is

= 2 (%) —7,(x) +1).

a,<x<h
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Now 7, —1;, is monotonic in a; <x<b;; say it is increasing. Then

bi
2 (nn(x)—n,-,(x))SJ (1:2(8) —14(&) dE +1,5(b;) —1;4(b;) .

a;<x<b;

Here 7,(b;) —n,,(b;) << (rs®)""h"" by (11.13), so that the number of integer points in ;is
<<u;+v;+w

with

b;
U= J (& ~14 ) dE, v=b;=a;+1, w=(rs)"h".

Here L”_ | 4, is the area of (12.9) (which is contained in D,), hence is <A, <<1. Since for

given & there are <<s real numbers of n with F(§, n) ==+h, we have

i v;= (i (b,-—a,-)) +n<<sY+n.
i=1

i=1
Thus the number of integer points in (12.9) is

<< sY+nw << sYg+cfr, 5) (rs®)*" RV
<< C3hl/(r_2s) +c10(r, S) (rSZ)s/rhllr

scy(r, ) pMr=29)
where
cy(r, §) = min (e34°°'°g3’, cyo(8)).
By symmetry reasons mentioned above we have
Z, << c; (r, s) R,
Combining this with (12.4), (12.5), (12.8) we obtain
|Z-(h) ~Aph?"| << c (r, $) (B2 + b log h'"),

i.e. Theorem 3.
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