Acta Math., 165 (1990), 105-159

The convenient setting for real analytic mappings

by
A. KRIEGL and P. W. MICHOR
Universitit Wien, Universitiat Wien,
Wien, Austria Wien, Austria
Contents

0. Introduction. . . . . . . . . . . . . .. e 105
1. Real analytic curves. . . . . . . . .« o v v v it v et 107
2. Real analyticmappings . . . . . . . . . .. ..o 114
3. Function spaces in finite dimensions. . . . . . ... .. ... ... 122
4. A uniform boundedness principle. . . . . . .. ... ... 129
5. Cartesian closedness . . . . . . . ... .. ... ... 133
6. Consequences of cartesian closedness . . . . . . .. ... .. ... 139
7. Spaces of sections of vectorbundles. . . . .. .. ... ... ... 144
8. Manifolds of analytic mappings. . . . . ... ... .. ....... 150

0. Introduction

We always wanted to know whether the group of real analytic diffeomorphisms of a real
analytic manifold is itself a real analytic manifold in some sense. The paper [16]
contains the theorem, that this group for a compact real analytic manifold is a smooth
Lie group modelled on locally convex vector spaces. (The proof, however, contains a
gap, which goes back to Smale in {1}: in canonical charts, no partial mapping of the
composition is linear off 0.) The construction there relies on ad hoc descriptions of the
topology on the space of real analytic functions. Also the literature dealing with the
duals of these spaces like [9] does not really try to describe the topologies on spaces of
real analytic functions. There are, however, some older papers on this subject, see [29],
[25], [26], [27], [31], [12] and [8].

For some other instances where real analytic mappings in infinite dimensions make
their appearance, see the survey article [28].

In this article, we present a careful study of real analytic mappings in infinite (and
finite) dimensions combined with a thorough treatment of locally convex topologies on
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spaces of real analytic functions. From the beginning our aim is Cartesian closedness: a
mapping f: EXF—G should be real analytic if and only if the canonically associated
mapping f: E—C“(F, G) is it. Very simple examples, see 1.1, show that real analytic in
the sense of having a locally converging Taylor series is too restrictive.

The right notion turns out to be scalarwise real analytic: A curve in a locally
convex space is called (scalarwise) real analytic if and only if composed with each
continuous linear functional it gives a real analytic function. Later we show, that the
space of real analytic curves does not depend on the topology, only on the bornology
described by the dual.

A mapping will be called real analytic if it maps smooth curves to smooth curves
and real analytic curves to real analytic curves. This definition is in spirit very near to
the original ideas of variational calculus and it leads to a simple and powerful theory.
We will show the surprising result, that under some mild completeness conditions (i.e.
for convenient vector spaces), the second condition can be replaced by: the mapping
should be real analytic along affine lines, see 2.7. This is a version of Hartogs’ theorem,
which for Banach spaces is due to [2].

It is a very satisfying result, that the right realm of spaces of real analytic analysis
is the category of convenient vector spaces, which is also the good setting in infinite
dimensions for smooth analysis, see [5], and for holomorphic analysis, see [15].

The power of the Cartesian closed calculus for real analytic mappings developed
here is seen in [21], where it is used to construct, for any unitary representation of any
Lie group, a real analytic moment mapping from the space of analytic vectors into the
dual of the Lie algebra.

We do not give any hard implicit function theorem in this paper, because our
setting is too weak to obtain one—but we do not think that this is a disadvantage. Let us
make a programmatic statement here:

An eminent mathematician once said, that for infinite dimensional calculus each
serious application needs its own foundation. By a serious application one obviously
means some application of a hard inverse function theorem. These theorems can be
proved, if by assuming enough a priori estimates one creates enough Banach space
situation for some modified iteration procedure to converge. Many authors try to build
their platonic idea of an a priori estimate into their differential calculus. We think that
this makes the calculus inapplicable and hides the origin of the a priori estimates. We
believe, that the calculus itself should be as easy to use as possible, and that all further
assumptions (which most often come from ellipticity of some nonlinear partial differen-
tial equation of geometric origin) should be treated separately, in a setting depending on
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the specific problem. We are sure that in this sense the setting presented here (and the
setting in [5]) is universally usable for most applications.

The later parts of this paper are devoted to the study of manifolds of real analytic
mappings. We show indeed, that the set of real analytic mappings from a compact
manifold to another one is a real analytic manifold, that composition is real analytic and
that the group of real analytic diffeomorphisms is a real analytic Lie group. The
exponential mapping of it (integration of vector fields) is real analytic, but as in the
smooth case it is still not surjective on any neighborhood of the identity. We would like
to stress the fact that the group of smooth diffeomorphisms of a manifold is a smooth
but not a real analytic Lie group. We also show that the space of smooth mappings
between real analytic manifolds is a real analytic manifold, but the composition is only
smooth.

Throughout this paper our basic guiding line is the Cartesian ~'osed calculus for
smooth mappings as exposed in [5]. The reader is assumed to be familiar with at least
the rudiments of it; but section 1 contains a short summary of the essential parts.

We want to thank Janusz Grabowski for hints and discussions. This should have
been a joint work with him, but distance prevented it.

1. Real analytic curves

1.1. As for smoothness and holomorphy we would like to obtain Cartesian closedness
for real analytic mappings. Thus one should have at least the following:

f:R?’5R s real analytic in the classical sense if and only if f': R—C“(R, R) is real
analytic in some appropriate sense.

The following example shows that there are some subtleties involved.

ExampLE. The mapping

1
‘R23 (s, 1)~ ER
£ (st)’+1
is real analytic, whereas there is no reasonable topology on C*(R,R), such that the
mapping f':R—C°R,R) is locally given by its convergent Taylor series.

Proof. For a topology on C“(R,R) to be reasonable we require only that all
evaluations ev,: C°(R,R)—R are bounded linear functionals. Now suppose that
fV(s)=Z],‘2"=0 i s* converges in C*(R, R) for small ¢, where f; € C*°(R,R). Then the series
converges even bornologically, see 1.7, so f(s, )=ev,(f'(s))=L fi(D) s* for all t and small
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5. On the other hand f(s, t)=Sp (=1 (s))* for [s|<1/|f|. So for all r we have
fil=(=1"¢ for k=2m, and 0 otherwise, since for fixed ¢+ we have a real analytic
function in one variable. Moreover, the series (L f, 2) ()=Z(—1)* 1*z* has to converge
in C“(R,R)®C for [z|<d and all ¢, see 1.7. This is not the case: use z=V—-19,=1/6. O

1.2. There is, however, another notion of real analytic curves.

Example. Let f: R—R be a real analytic function with finite radius of convergence
at 0. Now consider the curve c:R—RN defined by c():=(f(k 1)),en- Clearly the
composite of ¢ with any continuous linear functional is real analytic, since these
functionals depend only on finitely many coordinates. But the Taylor series of ¢ at 0 has
radius of convergence 0, since the radii of the coordinate functions go to 0. For an even
more natural example see 5.2.

The natural setting for this notion of real analyticity is that of dual pairs:

Definition (Real analytic curves). Let a dual pair (E, E’) be a real vector space E
with prescribed point separating dual E’. A curve c:R—E is called real analytic if
Aoc:R—R is real analytic for all A€EE".

A subset B<E is called bounded if A(B) is bounded in R for all A€ E’. The set of
bounded subset of E will be called the bornology of E (generated by E’).

The dual pair (E, E’) is called complete if the bornology on E is complete, i.e. for
every bounded set B there exists a bounded absolutely convex set AoB such that the
normed space E, generated by A, see (10], 8.3 or [5], 2.1.15, is complete.

Let 7 be a topology on E, which is compatible with the bornology generated by E’,
i.e. has as von Neumann bornology exactly this bornology. Then a curve c: R—(E, 1)
will be called topologically real analytic if it is locally given by a power series
converging with respect to .

A curve c: R—E will be called bornologically real analytic if it factors locally over

a topologically real analytic curve into Ep for some bounded absolutely convex set
BcE.

1.3. Review of the smooth and holomorphic setting. We will make use of the
Cartesian closedness of smooth maps between convenient vector spaces [14] and that of
holomorphic maps between such spaces [15]. Let us recall some facts from those
theories.

First the smooth theory, where we refer to [5]. Separated preconvenient vector
spaces can be defined as those dual pairs (E, E') for which E’ consists exactly of the
linear functionals which are bounded with respect to the bornology on E generated by
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E’. To each dual pair (E, E') one can naturally associate a preconvenient vector space
(E, E®), where E® denotes the space of linear functionals which are bounded for the
bornology generated by E’. The space (E, E®) is the dual pair with the finest structure,
which has as underlying space E and which has the same bornology. On every dual pair
there is a natural locally convex topology, namely the Mackey topology associated with
E’. The associated bornological topology given by the absolutely convex bornivorous
subsets of E is the natural topology of (E, E®). A curve ¢:R—E is called smooth if
Aoc:R—R is smooth for each A€EE’. If (E, E’) is complete and 7 is any topology on E
that is compatible with the bornology, then ¢ is smooth if and only if ¢ has derivatives of
arbitrary order with respect to 7 or, equivalently, for every k the curve c factors locally
as a Lip“-mapping over Ej for some bounded absolutely convex set BcE.

A convenient vector space or convenient dual pair is a separated preconvenient
vector space (E, E'), which is complete, so that E'=FE" and the natural topology is
bornological. Since the completeness condition depends only on the bornology, (E, E")
is complete if and only if (E, E®) is convenient.

A set UcE is called c™-open if the inverse image ¢ '(U)<R is open for every
smooth curve ¢ or, equivalently, the intersection Ug:=UnNEjy is open in the normed
space Ep for every bounded absolutely convex set B<E. If E is a metrizable or a Silva
locally convex space and E’ its topological dual then its topology coincides with the ¢*-
topology.

A mapping f: U—F into another dual pair (F, F') is called smooth (or C*) if focis a
smooth curve for every smooth curve ¢ having values in U. For Banach or even Fréchet
spaces this notion coincides with the classically considered notions. The space of
smooth mappings from U to F will be denoted by C*(U, F). On C*(R, R) we consider
the Fréchet topology of uniform convergence on compact subsets of all derivatives
separately. On C”(U, F) one considers the dual induced by the family of mappings
C*(c,A): C*(U, F)—C”(R,R) for cEC™(R, U) and A€ F'. This makes C*(U, F) into a
complete dual pair provided F is complete, and so one can pass to the associated
convenient vector space. If E and F are finite dimensional the bornological topology of
C*(U, F) is the usual topology of uniform convergence on compact subsets of U of all
derivatives separately. For this space the following exponential law is valid: For every
c”-open set V of a convenient vector space a mapping f: VX U—F is smooth if and only
if the associated mapping f: V—>C™(U, F) is a well defined smooth map.

Now the holomorphic theory developed in [15]. Let D denote the open unit disk
{z€C:[z[<1} in C. For a complex dual pair (E,E') a map c¢: D—E is called a holo-
morphic curve if Aoc:D—C is a holomorphic function for every A€EE’. If (E,E’) is
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complete and 7 is any topology on E that is compatible with the bornology, then c is
holomorphic if and only if ¢ is complex differentiable with respect to 7 or, equivalently,
the mapping ¢ factors locally as a holomorphic curve over Ep for some bounded
absolutely convex set BcE. A mapping f: EoU—F between complete complex dual
pairs is called holomorphic if foc: D—F is a holomorphic curve for every holomorphic
curve ¢ having values in U. This is true if and only if it is a smooth mapping for the
associated real vector spaces and the derivative at every point in U is C-linear. For
Banach or even Fréchet spaces this notion coincides with classically considered
notions. Let %#(U, F) denote the vector space of holomorphic maps from U to F. Then
#(U, F) is a closed subspace of C*(U, F), since fi>f'(x) (v) is continuous on the latter
space. So one equips ¥ (U, F) with the convenient vector space structure induced from
C*(U, F). If E is finite dimensional, then the bornological topology on #(U, F) is the
topology of uniform convergence on compact subsets of U, see 3.2. For this space one
has again an exponential law: For every ¢”-open subset V of a complex convenient
vector space a mapping f: VXU—F is holomorphic if and only if the associated
mapping f: V— (U, F) is a well defined holomorphic map. This is a slight generaliza-
tion of [15], 2.14, with the same proof as given there.

1.4. LEMMA. For a formal power series Y, a, t* with real coefficients the follow-
ing conditions are equivalent.

(1) The series has positive radius of convergence.

(2) X ayr, converges absolutely for all sequences (ry) with ry t*—0 for all t>0,

(3) The sequence (ayry) is bounded for all (r) with r,t*—0 for all t>0.

(4) For each sequence (ry) satisfying r,>0,r.r=r  and r, *—0 for all t>0 there
exists an €>0 such that (a,r.€Y) is bounded.

This bornological description of real analytic curves will be rather important for
the theory presented here, since condition (3) and (4) are linear conditions on the
coefficients of a formal power series enforcing local convergence.

Proof. ()=(2). £a,r,="(a, ) (r,t ™" converges absolutely for some small ¢.
(2)=(3)=(4) is clear.
(4)=(1). If the series has radius of convergence 0, then we have I, |a,| (1/n>)*= oo for
all n. There are &, 7« with
.

n 1 1 k
la] (—2> =1,
k=k,_ n

n—1
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We put r,:=(1/n)* for k,_;<k<k,, then I, |a | r,(1/n)'= for all n, so ((a, ri(1/2n)"),is not
bounded for any n, but r, %, which equals (t/n)* for k,_,<k<k,, converges to 0 for all
>0, and the sequence (ry) is subadditive as required. O

1.5. THEoRrEM (Description of real analytic curves). Let (E, E') be a complete dual
pair. A curve c: R—E is real analytic if and only if ¢ is smooth, and for each sequence
(r0 with ryt*—0 for all >0, and each compact set K in R, the set

{7:—' P r,: a€K, kE N}

is bounded, or equivalently the set corresponding to 1.4 (4) is bounded.

Proof. Since both conditions can be tested by applying A€EE’ and we have
(Ao )P (a)=A(c¥(a)) we may assume that E=R.

(=>). Clearly ¢ is smooth.

Claim. There exist M, >0 with [(1/k!) c¢®'(a)|<Mo* for all kEN and a €EK.

This will give that |(1/k!) cP(a) re e"|SMrk(£Q)" which is bounded since r(eo)—0, as
required.

To show the claim we argue as follows. Since the Taylor series of ¢ converges at a
there are constants M,, g, satisfying the claimed inequality for fixed a. An elementary
computation shows that for a’ with |[a—a'|<1/20, we have
c(k)(a’)

k!

p 18
=M,o, Y]

b
1-t’

=172

hence the condition is satisfied for all those a’ with some new constants M, 0. Since
K is compact the claim follows.
(<=). Let

1 ()

ak:= sup k'

a€k

Using 1.4 (4=) these are the coefficients of a power series with positive radius o of
convergence. Hence the remainder of the Taylor series goes locally to zero. O

Although topological real analyticity is a strictly stronger than real analyticity, cf.
1.2, sometimes the converse is true as the following slight generalization of [2], Lemma
7.1, shows.

1.6. THEOREM. Let (E, E’) be a complete dual pair and assume that a Baire vector
space topology on E' exists for which the point evaluations ev, for x€E are continu-
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ous. Then any real analytic curve c:R—E is locally given by its Mackey convergent
Taylor series, and hence is bornologically real analytic and topologically real analytic
for every locally convex topology compatible with the bornology.

Proof. Since c is real analytic, it is smooth and all derivatives exist in E, since
(E,E’) is complete, by 1.3,

Let us fix 7€ER, let a,:=(1/n!)c™(t). It suffices to find some r>0 for which
{r"a,: n€N,} is bounded; because then X t"a, is Mackey-convergent for [t|<r, and its
limit is c(#y+1) since we can test this with functionals.

Consider the sets A,:={A€E’: [A(a,)|<r" for all nEN}. These A, are closed in the
Baire topology, since the point evaluations at a, are continuous. Since c is real analytic,
U,.;A,=E’, and by the Baire property there is an r>0 such that the interior U of A, is
not empty. Let 1€ U, then for all A in the open neighborhood U—4, of 0 we have
[A(an)|<|(A+40) (a,)|+]A(a,)|<2r". The set U—A, is absorbing, thus for every A€ E’ some
multiple €4 is in U—44 and so A(a,)<(2/e) r" as required. a

1.7. LEMMA. Let (E,E’) be a complete dual pair, T a topology on E compatible
with the bornology induced by E’, and let c:R—E be a curve. Then the following
conditions are equivalent.

(1) The curve c is topologically real analytic.

(2) The curve c is bornologically real analytic.

(3) The curve ¢ extends to a holomorphic curve from some open neighborhood U
of R in C into the complexification (E¢, E¢).

Proof. (1)=(3). For every tER one has for some >0 and all |s|<d a converging
power series representation c(2+s)=X,_,x, s*. For any complex number z with |z|<d the
series converges in (Ec, E¢), hence ¢ can be locally extended to a holomorphic curve
into E¢c. By the 1-dimensional uniqueness theorem for holomorphic maps, these local
extensions fit together to give a holomorphic extension as required.

(3)=(2). A holomorphic curve factors locally over (E¢)g, where B can be chosen of
the form BxV —1 B. Hence the restriction of this factorization to R is real analytic into
Ep.

(2)=(1). Let ¢ be bornologically real analytic, i.e. ¢ is locally real analytic into
some Ep, which we may assume to be complete. Hence ¢ is locally even topologically
real analytic in Ep by 1.6 and so also in E. a

1.8. LEMMA. Let E be a regular (i.e. every bounded set is contained and bounded
in some step E,) inductive limit of complex locally convex spaces E,cE, let c: CoU—E
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be a holomorphic mapping, and let W<C be open and such that the closure W is
compact and contained in U. Then there exists some a, such that c|W: W—E, is well
defined and holomorphic.

Proof. Since W is relatively compact, c(W) is bounded in E. It suffices to show that
for the absolutely convex closed hull B of ¢(W) the Taylor series of ¢ at each zEW
converges in Ep, i.e. that ¢|W: W—Ejp is holomorphic. This follows from the

Vector valued Cauchy inequalities. If r>0 is smaller than the radius of conver-
gence at z of ¢ then

W
e (z)EB
where B is the closed absolutely convex hull of {c(w): |w—z|=r}. (By the Hahn-Banach
theorem this follows directly from the scalar valued case.)
Thus we get

> [ w—z \F r Q[ w—z \¢
2( ; ).Hc(k>(z)€;< ; )-B

and so

C(k)(z)
; T (w _Z)k

is convergent in Ep for |w—z|<r. Since B is contained and bounded in some E, one has
c|W: W—Ep=(E,)s—E, holomorphic. O

This proof also shows that holomorphic curves with values in complex convenient
vector spaces are topologically and bornologically holomorphic (compare with 1.3).

1.9. THeoreEM (Linear real analytic mappings). Let (E,E') be a complete dual

pair. For any linear functional A: E—R the following assertions are equivalent.
(1) A is bounded.
(2) AocEC’(R,R) for each real analytic c:R—E.

This will be generalized in 2.7 to non-linear mappings.

Proof. (). Let A satisfy (2) and suppose that there is a bounded sequence (x;) such
that A(xy) is unbounded. By passing to a subsequence we may suppose that JA(x)|>k.
Let a;:=k"%x,, then (*a,) is bounded and (#*1(ay)) is unbounded for all 7>0. Hence the

8-908282 Acta Mathematica 165. Imprimé le 22 aoiit 1990
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curve c(t):=L,_, t"ak is given by a Mackey convergent power series. So Aoc is real
analytic and near 0 we have A(c(9)=¥;_, bkt" for some b, €ER. But

N
Me@)=>, Mayp) tk+tN/1< > a, tk_N>
k=0

k>N

and 1—8,,ya,*"V is still a Mackey converging power series in E. Comparing coeffi-
cients we see that b,=A(a,) and consequently Ma)r* is bounded for some r>0, a
contradiction.

({). Let c: R—E be real analytic. By Theorem 1.5 the set

(kY c®(a)r: a€EK, kKEN}

is bounded for all compact sets K<R and for all sequences (r,) with r, #—0 for all 1>0.
Since ¢ is smooth and bounded linear mappings are smooth ([S], 2.4.4), the function
Aoc is smooth and (Ao c)® (a)=A(c™®(a)). By applying 1.5 we obtain that Aoc is real
analytic, [

1.10. LEmMMA. Let (E,E") and (E, E?) be two complete dual pairs with the same
underlying vector space E. Then the following statements are equivalent:

(1) They have the same bounded sets.

(2) They have the same smooth curves.

(3) They have the same real analytic curves.

Proof. (1)<>(2). This was shown in [14].

(1)=>(3). This follows from 1.5, which shows that real analyticity is a bornological
concept.

(1)<=(3). This follows from 1.9. O

1.11. LemMA. If a cone of linear maps T,: (E,E')—(E,, E) between complete
dual pairs generates the bornology on E, then a curve c:R—E is C* resp. C” provided
all the composites T,oc: R—E, are.

Proof. The statement on the smooth curves is shown in [5]. That on the real
analytic curves follows again from the bornological condition of 1.5. O

2. Real ahalytic mappings

Parts of 2.1 to 2.5 can be found in [2]. For x in any vector space E let x* denote the
element (x, ..., x) EEF.
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2.1. LEmMA (Polarization formulas). Let f: EX...XE—F be a k-linear symmetric
mapping between vector spaces. Then we have:

1 k
(D fxy, ...,xk)=% z (—l)k'zeff(<x0+2 ajxj> )
‘g =0

----- &=

k
) =L (—l)k-f(’f>f((a+jx)k).
k! J

K < ik J O\

G) f(x")=aj=20(—1)“(j)f((a+; )):
1
@) SO+, ) = D AT L x).
Ely ooy g,=0

Formula (4) will mainly be used for A=V —1 in the passage to the complexifica-
tion.

Proof. (1) (see [17]). By multilinearity and symmetry the right hand side expands to

Ajo,nnjk
—'—f Xos eees Xgs eers Xy eees Xp |5
—————
J

j0+...+jk=k-]0'-'-.]k! , N
0 Ji
where the coefficients are given by
l k=-% j i
—_ —L & 1 x
A= > (DT L
£y ey £=0

The only nonzero coefficient is Ay ;, =1.

(2) In formula (1) we put xy=a and all x;=x.

(3) In formula (2) we replace a by ka and pull £ out of the k-linear expression
flka+jx)").

(4) is obvious. O

2.2. LemMa (Power series). Let E be a real or complex Fréchet space and let f; be
a k-linear symmetric scalar valued bounded functional on E, for each kEN. Then the
Sfollowing statements are equivalent:

1) i D converges pointwise on an absorbing subset of E.

() Zifilx* converges uniformly and absolutely on some neighborhood of Q.

(3) {filxh: kEN, xE U} is bounded for some neighborhood U of zero.

@) {fxy,...,x0): KEN, x;€ U} is bounded for some neighborhood U of 0.
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If these statements are satisfied over the reals, then also for the complexification of the
Sfunctionals f,.

Proof. ()=-(3). The set Ag ,.={x€E: |fk(xk)|SK/‘ for all £} is closed in E since
every bounded multi linear mapping is continuous. The union Uy , A, , is E, since the
series converges pointwise on an absorbing subset. Since E is Baire there are K>0 and
r>0 such that the interior U of A , is non void. Let xo€ U and let V be an absolutely
convex neighborhood of 0 contained in U—x,.

From 2.1 (3) we get for all x€V the following estimate:

|f<x")|<;kk;j§; (f) ’f«xﬁ% )k)‘

K

k!

=

2XKr* < KQre)~.

Now we replace V by V/2re and get the result.
(3)=>(4). From 2.1 (1) we get for all x;€ U the estimate:

A(z+))
2 S ()

1
1
| fx;, ...,xk)lﬁﬁe Ez

£,=0

Now we replace U by U/2e and get (4).
(4)=(2). The series converges on rU uniformly and absolutely for any 0<r<1.
(2)=(1) is clear.
(4), real case = (4), complex case, by 2.1 (4) for A=V —1. =]

2.3. THEOREM (Holomorphic functions on Fréchet spaces). Let UcE be open in a
complex Fréchet space E. The following statements on f. U—C are equivalent:

(1) fis holomorphic along holomorphic curves.

(2) fis smooth and the derivative df(z): E—~C is C-linear for all z€ U.

(3) fis smooth and is locally given by its pointwise converging Taylor series.
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4) f is smooth and is locally given by its uniformly and absolutely converging
Taylor series.

(5) fis locally given by a uniformly and absolutely converging power series.

Proof. (1)=(2). [15], 2.12.

(D=(3). Let z€EU be arbitrary, without loss of generality z=0, and let b,:=
™ (2)/n! be the nth Taylor coefficient of f at z. Then b,: E"—C is symmetric, n-linear
and bounded and the series X;_,b,(v, ..., v) " converges to f(z+v) for small z. Hence
the set of those v for which the series _; 5, (v, ..., v) converges is absorbing. By 2.2,
(1)=(2) it converges on a neighborhood of 0 to f(z+v).

(3)=(4) follows from 2.2, (1)=(2).

(4)=(5) is obvious.

(5)=(1) is the chain rule for converging power series, which easily can be shown
using 2.2, (2)=>(4). a

2.4. THEOREM (Real analytic functions on Fréchet spaces). Let UcE be open in a
real Fréchet space E. The following statements on f: U—R are equivalent:

(1) fis smooth and is real analytic along topologically real analytic curves.

(2) fis smooth and is real analytic along affine lines.

(3) fis smooth and is locally given by its pointwise converging Taylor series.

(4) fis smooth and is locally given by its uniformly and absolutely converging
Taylor series.

(5) fis locally given by a uniformly and absolutely converging power series.

(6) f extends to a holomorphic mapping f: U—C for an open subset U in the
complexification Ec with UNE=U.

Proof. (1)=(2) is obvious.

(2)=(3). Repeat the proof of 2.3, (1)=(3).

(3)=(4) follows from 2.2, (1)=(2).

(4)=(5) is obvious.

(5)=(6). Locally we can extend converging power series into the complexification
by 2.2. Then we take the union U of their domains of definition and use uniqueness to
glue f which is holomorphic by 2.3.

(6)=(1). Obviously fis smooth. Any topologically real analytic curve c in E can
locally be extended to a holomorphic curve in E¢ by 1.3. So foc is real analytic. O

2.5. The assumptions “‘f is smooth’’ cannot be dropped in 2.4 (1) even in finite
dimensions, as shown by the following example, due to [3].
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ExaMPLE. The mapping f: R*>R, defined by

n+2

xy
S, y):=
y x2+y2

is real analytic along real analytic curves, is n times continuous differentiable but is not
smooth and hence not real analytic.

Proof. Take a real analytic curve t—(x(7),¥(r)) into R?. The components can be
factored as x(r)=tu(t), y(t)=r‘v(s) for some k and real analytic curves u,v with
u(0)*+v(0)’+0. The composite fo(x, y) is then the function

X uvn+2

(n+1)
t—t
W+

(1,

which is obviously real analytic near 0. The mapping f is » times continuous differentia-
ble, since it is real analytic on R*\ {0} and the directional derivatives of order i are
(n+1—i)-homogeneous, hence continuously extendable to R®. But f cannot be n+1
times continuous differentiable, otherwiée the derivative of order n+1 would be con-
stant, and hence f would be a polynomial. g

2.6. Definition (Real analytic mappings). Let (E,E’) be a dual pair. Let us denote
by C”(R, E) the space of all real analytic curves.

Let UcE be ¢”-open, and let (F, F’) be a second dual pair. A mapping f: U—F will
be called real analytic or C* for short, if fis real analytic along real analytic curves and
is smooth (i.e. is smooth along smooth curves); so foc € C“(R, F) for all cEC*(R, E)
with c(R)cU and foc € C*(R, F) for all c€E C*(R, E) with c(R)cU. Let us denote by
C°(U, F) the space of all real analytic mappings from U to F.

2.7. HARTOGS’ THEOREM FOR REAL ANALYTIC MAPPINGS. Let (E, E') and (F, F’)
be complete dual pairs, let UcE be c¢-open, and let f- U—F. Then f is real analytic if
and only if fis smooth and A of is real analytic along each affine line in E, for all A€ F".

Proof. One direction is clear, and by definition 2.6 we may assume that F=R.

Let c:R— U be real analytic. We show that foc is real analytic by using Theorem
1.5. So let () be a sequence such that r,r=r,, and rt“—0 for all £>0 and let KR be
compact. We have to show, that there is an ¢>0 such that the set

{%(fo oy, (%)l: a€k, l€ N}

is bounded.
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By Theorem 1.5 the set

{L'c("’(a)rn: n= l,aEK}
n!

is contained in some bounded absolutely convex subset B E, such that Ej is a Banach
space. Clearly for the inclusion iz: Ez—E the function foig is smooth and real analytic
along affine lines. Since Ej is a Banach space, by 2.4, (2)=>(4) foiyis locally given by its
uniformly and absolutely converging Taylor series. Then by 2.2, (2)=(4) there is an
£>0 such that the set

{%dkf(c(a)) (1, .., %) KEN, x,E¢B, a EK}

is bounded, so is contained in [—C, C] for some C>0.
The Taylor series of foc at a is given by

(foc)(a+t)=zz% D Hkn!z - f(e@) (1—[ <%C(n)(a)>mn) .

20 k=0 T (m)ENY TTnTTn n

L,m,=k

Z,m,n=l

where

mn-_
X, =Xy Xy e Xy e Xy e |
n m, m

n

This follows easily from composing the Taylor series of fand ¢ and ordering by powers

of t. Furthermore we have
Z k' (l—l )
I, m,! T \k—1

(m,)ENY
L, m,=k
L, m,n=l
by the following argument: It is the /th Taylor coefficient at 0 of the function

<§0 t”—l)k= (%_t)'? > (‘Jk> (1Y,

j=0

which turns out to be the binomial coefficient in question.
By the foregoing considerations we may estimate as follows.
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1 e\ 1 k! 1 L\
w0 () <3 | 3 e (U (@) )

L,m, =k

L, m, n=Il

1 k! 1 n n\"n
<2 | 2 fdfe <ﬂ (n—!c< )(a)rn£> )
k=0 (m,,)eNﬂ“ n'n n

L, m, =k

2

L, m, n=l

-1\ 1 _ 1
O<k—1>c?"z‘c’

E k! n <L ™ (a) " rﬂ)'n" € (1_1 ) (eB) = (Ep)". O
1 k-1

!
(e In,m,

L, m,=k

A

k=

because

L, m, n=l

2.8. COROLLARY. Let (E,E’) and (F, F") be complete dual pairs, let UcE be ¢*-
open, and let f: U—F. Then fis real analytic if and only if f is smooth and Aofoc is real
analytic for every periodic (topologically) real analytic curve c:R—UcE and all LEF'.

Proof. By 2.7 f is real analytic if and only if f is smooth and Aof is real analytic
along topologically real analytic curves c:R—E. Let h:R—R be defined by
h(f)=ty+e-sint. Then coh:R—R—U is a (topologically) real analytic, periodic func-
tion with period 27, provided c¢ is (topologically) real analytic. If ¢(z)) € U we can
choose £>0 such that A(R)cc ' (U). Since sin is locally invertible around 0, real
analyticity of Aofocoh implies that Aofoc is real analytic near #,. Hence the proof is
completed. a

2.9. CoroLLARY (Reduction to Banach spaces). Let (E, E') be a complete dual
pair, let UcCE be c™-open, and let f: U—R be a mapping. Then f is real analytic if and
only if the restriction f: EgoUNEg—R is real analytic for all bounded absolutely
convex subsets B of E.

So any result valid on Banach spaces can be translated into a result valid on
complete dual pairs.

Proof. By Theorem 2.7 it suffices to check f along bornologically real analytic
curves. These factor by definition locally to real analytic curves into some Ep. O
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2.10. CoroLLARY. Let U be a c™-open subset in a complete dual pair (E, E') and
let f: U—>R be real analytic. Then for every bounded B there is some rg>0 such that the
Taylor series

yo> X 2 000"

converges to f(x+y) uniformly and absolutely on rgB.

Proof. Use 2.9 and 2.4 (4). O

2.11. Scalar analytic functions on convenient vector spaces E are in general not
germs of holomorphic functions from E¢ to C.

ExAMPLE. Let fi: R—R be real analytic functions with radius of convergence at
zero converging to 0 for k—>x. Let f: R™M—R be the mapping defined on the countable
sum R™ of the reals by fx, xy,..) =55 x,filxy). Then f is real analytic, but there is
no complex valued holomorphic mapping f on some neighborhood of 0 in C™ which
extends f, and the Taylor series of f is not pointwise convergent on any c”-open
neighborhood of 0.

Proof. Claim. fis real analytic.

Since the limit R(N’=1i_r_r)1nR" is regular, every smooth curve (and hence every real
analytic curve) in R™ is locally smooth (resp. real analytic) into R" for some n. Hence
foc is locally just a finite sum of smooth (resp. real analytic) functions and is therefore
smooth (resp. real analytic).

Claim. f has no holomorphic extension.

Suppose there exists some holomorphic extension £ U—C, where UcCW is ¢*-
open neighborhood of 0, and is therefore open in the locally convex Silva topology by
[5], 6.1.4 (ii). Then U is even open in the box-topology [10], 4.1.4, i.e. there exist >0
for all k, such that {(z,) €C™: |z,|<e, for all k}cU. Let U, be the open disk in C with
radius & and let fi: Up—C be defined by fi(2):=f(z,0,...,0,60,...)/e, where
€, is inserted instead of the variable x,. Obviously f; is an extension of f;, which is
impossible, since the radius of convergence of f; is less than ¢, for & sufficiently large.

Claim. The Taylor series does not converge.

If the Taylor series would be pointwise convergent on some U, then the previous
arguments would show that the radii of convergence of the f; were bounded from below.

O
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3. Function spaces in finite dimensions

3.1 Spaces of holomorphic functions. For a complex manifold N (always assumed to be
separable) let (N, C) be the space of all holomorphic functions on N with the
topology of uniform convergence on compact subsets of N.

Let (N, C) denote the Banach space of bounded holomorphic functions on N
equipped with the supremum norm.

For any open subset W of N let #,.(WcN, C) be the closed subspace of #,(W, C)
of all holomorphic functions on W which extend to continuous functions on the closure
w.

For a poly-radius r=(ry,...,r,) with r>0 and for 1sp<w let # denote the real
Banach space {x ER": ||(x, "), ll,<%}.

3.2 THEOREM (Structure of F(N,C) for complex manifolds N). The space
H (N, C) of all holomorphic functions on N with the topology of uniform convergence
on compact subsets of N is a (strongly) nuclear Fréchet space and embeds as a closed
subspace into C*(N, R)%.

Proof. By taking a countable covering of N with compact sets, one obtains a
countable neighborhood basis of 0 in (N, C). Hence #(N, C) is metrizable.

That (N, C) is complete, and hence a Fréchet space, follows since the limit of a
sequence of holomorphic functions with respect to the topology of uniform conver-
gence on compact sets is again holomorphic.

The vector space ¥(N, C) is a subspace of C*(N,R?)=C"(N, R)* since a function
N—C is holomorphic if and only if it is smooth and the derivative at every point is C-
linear. It is a closed subspace, since it is described by the continuous linear equations
df()(V—=1-v)=V~1-df(x)(v). Obviously the identity from (N, C) with the sub-
space topology to #(N, C) is continuous, hence by the open mapping theorem [10],
5.5.2, for Fréchet spaces it is an isomorphism.

That #(N, C) is nuclear and unlike C*(N, R) even strongly nuclear can be shown as
follows. For N equal to the open unit disk DcC this result can be found in [10],
21.8.3(b). More generally for N=D" one has that #(N, C)=N_,., [, . ,®C as vector
spaces. The identity from the right to the left is obviously continuous, if the intersec-
tion is supplied with the projective limit topology induced from the Banach spaces
l(‘,’m,,)®C, a Fréchet topology. Hence again by the open mapping theorem it is an
isomorphism. Using now the Grothendieck-Pietsch criterion, cf. [10], 21.8.2, one
concludes that #(D", C) is strongly nuclear, see also [30], p. 530. For an arbitrary N
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the space #(N,C) carries the initial topology induced by the linear mappings
(™ Y*: H(N, C)—» Hw(U),C) for all charts (u, U) of N, for which we may assume
u(U)=D", and hence by the stability properties of strongly nuclear spaces, <f. [10],
21.1.7, #(N, C) is strongly nuclear. 0

3.3. Spaces of germs of holomorphic functions. For a subset AcN let #(Ac<N, C)
be the space of germs along A of holomorphic functions W—C for open sets W in N
containing A. We equip #(A<N, C) with the locally convex topology induced by the
inductive cone H(W,C)—H(AcN,C) for all W. This is Hausdorff, since iterated
derivatives at points in A are continuous functionals and separate points. In particular
H(WcN,C)=%(W, C) for W open in N. For A;cA,cN the ‘“‘restriction’’ mappings
H(A,=N,C)— H(A =N, C) are continuous.

The structure of #(AcS?, C), where AcS? is a subset of the Riemannian sphere,
has been studied by [29], [26], [31], [12] and [8].

3.4. THEOREM (Structure of #(KcN, C) for compact subsets K of complex mani-
folds N). The following inductive cones are cofinal to each other.

H(KcN,C)—{H(W,C), NoW2K}
H(KcN,C)—{#,(W,C), NoW2K}
H (KN, C) —{#,(WcN, C), NoWoK}.

If K={z} these inductive cones and the following ones for 1<p< are cofinal to
each other.

#({z}c N,C) —{P ®C,rER"}.

So all inductive limit topologies coincide. Furthermore, the space #(K<N,C) is a
Silva space, i.e. a countable inductive limit of Banach spaces, where the connecting
mappings between the steps are compact, i.e. mapping bounded sets to relatively
compact ones. The connecting mappings are even strongly nuclear. In particular, the
limit is regular, i.e. every bounded subset is contained and bounded in some step, and
H(Kc=N,C) is complete and (ultra-)bornological (hence a convenient vector space),
webbed, strongly nuclear, reflexive and its dual is a strongly nuclear Fréchet space. It
is however not a Baire space.

Proof. Let KcV=V=WcN, where W and V are open and V is compact. Then the
obvious mappings
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Ho(We N, C)— H(W, C)— H (W, C)— #,(VcN, C)

are continuous. This implies the first cofinality assertion. For g<p and s<r the obvious
maps l{—P, [ —l!, and !®C— #%,({w € C": |lw,—z|<r}, C)—I*®C are continuous, by
the Cauchy inequalities. So the remaining cofinality assertion follows.

Let us show next that the connecting mapping #,(W, C)— %V, C) is strongly
nuclear (hence nuclear and compact). Since the restriction mapping from E:= #(W, C)
to #,(V,C) is continuous, it factors over E—>E:j) for some 0-neighborhood U in E,
where E:;) is the completed quotient of E with the Minkowski functional of U as norm,
see [10], 6.8. Since E is strongly nuclear by 3.2, there exists by definition some larger 0-
neighborhood U’ in E such that the natural mapping ET[;,)—)E:;) is strongly nuclear. So
the claimed connecting mapping is strongly nuclear, since it can be factorized as

H(W, C)— H(W, C) = E— E yyy— E,ppy— %,(V, C).

That a Silva space is regular and complete, can be found in [4], 7.4 and 7.5.

That %¢(K =N, C) is ultra-bornological, webbed and strongly nuclear follows from
the permanence properties of ultra-bornological spaces, [10], 13.2.5, of webbed spaces
[10], 5.3.3 and of strongly nuclear spaces [10], 21.1.7.

Furthermore, #(Kc N, C) is refexive and its strong dual is a Fréchet space, since it
is a Silva-space, cf. [10], 12.5.9 and p. 270. The dual is even strongly nuclear, since
#H(K =N, C) is a nuclear Silva-space, cf. [10], 21.8.6.

The space #(K<N, C) has however not the Baire property, since it is webbed but
not metrizable, cf. [10], 5.4.4. If it were metrizable then it would be of finite dimension,
by [4], 7.7. This is not the case. U

Completeness of #(K<C", C) was shown in [31], théoréme II, and regularity of the
inductive limit #(K<C, C) can be found in [12], Satz 12.

3.5. LEMMA. For a closed subset AcC the spaces #(AcS? C) and the space
H(SPN\AcS?, C) of all germs vanishing at © are strongly dual to each other.

Proof. This is due to [12], Satz 12 and has been generalized by [8], théoréme 2 bis,
to arbitrary subsets Ac S2. O

Compare also the modern theory of hyperfunctions, cf. [11].

3.6. THEOREM (Structure of #(AcN, C) for closed subsets A of complex mani-
folds N). The inductive cone
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HASN,C)—{HW,C):AcW < N}
open
is regular, i.e. every bounded set is contained and bounded in some step.
The projective cone

HAN,C)— {#H(KcN,C):K compact in A}

generates the bornology of #(AcN, C).

The space #(AcN, C) is Montel (hence quasi-complete and reflexive), and ultra-
bornological (hence a convenient vector space). Furthermore it is webbed and conu-
clear.

Proof. Compare also with the proof of the more general Theorem 7.3.
We choose a continuous function f; N—R which is positive and proper. Then
(f'(n, n+11)),ex, is an exhaustion of N by compact subsets and

(K,:=Anf"([n, n+1]))

is a compact exhaustion of A.
Let Bc#H(AcN, C) be bounded. Then BK is also bounded in ¥(KcN, C) for
each compact subset K of A. Since the cone

{#W,C):KcW < N} - #(KcN,C)

open

is regular by 3.4, there exist open subsets Wy of N containing K such that BK is
contained (so that the extension of each germ is unique) and bounded in # (W, C). In
particular we choose Wy . LEWk "W nf ~!((n, n+2)). Then we put

W:i=UWg Nf((n,n+D) U U Wi nk .-

It is easily checked that W is open in N, contains A, and that each germ in % has a
unique extension to W. & is bounded in #(W, C) if it is uniformly bounded on each
compact subset K of W. Each K is covered by finitely many Wy and AB|K, is bounded
in %(WKH, C) so %A is bounded as required.

The space #(AcN, C) is ultra-bornological, Montel and in particular quasi-com-
plete, and conuclear, as regular inductive limit of the nuclear Fréchet spaces #(W, C).

And it is webbed because it is the (ultra)-bornologification of the countable
projective limit of webbed spaces #(Kc<N, C), cf. [10], 13.3.3+5.3.3. O
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3.7. LEMMA. Let A be closed in C. Then the dual generated by the projective cone
HAcC,C)— {#H(KcC,C),K compact in A}
is just the topological dual of #(AcC, C).

Proof. The induced topology is obviously coarser than the given one. So let 4 be a
continuous linear functional on #(A<C, C). Then we have 1€ %, (S?\ AcS?, C) by 3.5.
Hence 1€ #(U, C) for some open neighborhood U of S*\ A, so again by 3.5 4 is a
continuous functional on #(KcS?, C), where K=S*\U is compact in A. So A is
continuous for the induced topology. O

PROBLEM. Does this cone generate even the topology of #(A<=C,C)? This would
imply that the bornological topology on #(A<C,C) is complete and nuclear.

3.8. LEmMA (Structure of #(AcN,C) for smooth closed submanifolds A of
complex manifolds N). The projective cone

HAN,C)—{H({z} =N,C): zEA}
generates the bornology.

Proof. Let B #H (AN, C) be such that the set & is bounded in #({z} <N, C) for
all zEA. By the regularity of the inductive cone #({0}cC", C)<%¥(W,C) we find
arbitrary small open neighborhoods W, such that the set %, of the germs at z of all
germs in 4 is contained and bounded in #(W,, C).

Now choose a tubular neighborhood p: U—A of A in N. We may assume that W, is
contained in U, has fibers which are star shaped with respect to the zero-section and
the intersection with A is connected. The union W of all the W_, is therefore an open
subset of U containing A. And it remains to show that the germs in % extend to W. For
this it is enough to show that the extensions of the germs at z; and z, agree on the
intersection of W, with W, . So let w be a point in the intersection. It can be radially
connected with the base point p(w), which itself can be connected by curves in A with
zy and z,. Hence the extension of both germs to p(w) coincide with the original germ,
and hence their extensions to w are equal.

That % is bounded in ¥(W, C), follows immediately since every compact subset
Kc W can be covered by finitely many W,. O

3.9 The following example shows that 3.8 fails to be true for general closed subsets
AcN.
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EXAMPLE. Let A:={1/n:n€N}U{0}. Then A is compact in C but the projective
cone H(AcC, C)-»H({z}=C,C) (z€EA) does not generate the bornology.

Proof. Let Bc #H(Ac=C,C) be the set of germs of the following locally constant
functions f,: {x+iy € C: x=*r,} —-C, with f,(x+iy) being equal to 0 for x<r, and being
equal to 1 for x>r,, where r,:=2/(2n+1), for n€EN. Then BcH(A<C,C) is not
bounded, otherwise there would exist a neighborhood W of A such that the germ of f,
extends to a holomorphic mapping on W for all n. Since every f, is 0 on some
neighborhood of 0, these extensions have to be zero on the component of W containing
0, which is not possible, since f,(1/n)=1.

But on the other hand the set B,c#({z} cC, C) of germs at z of all germs in %A is
bounded, since it contains only the germs of the constant functions 0 and 1. O

3.10. Spaces of germs of real-analytic functions. Let M be a real analytic finite
dimensional manifold. If £ M->M’ is a mapping between two such manifolds, then fis
real analytic if and only if f maps smooth curves into smooth ones and real analytic
curves into real analytic ones, by 2.4.

For each real analytic manifold M of real dimension m there is a complex manifold
M¢ of complex dimension m containing M as a real analytic closed submanifold, whose
germ along M is unique ([32], Proposition 1), and which can be chosen even to be a
Stein manifold, see [7], section 3. The complex charts are just extensions of the real
analytic charts of an atlas of M.

Real analytic mappings f: M—>M’ are the germs along M of holomorphic mappings
W—M¢ for open neighborhoods W of M in M.

Let C“(M, F) be the space of real analytic functions f: M—F, for any convenient
vector space F, and let #(M, C):= #(McM,, C). Furthermore, for a subset AcM let
C”(AcM, R) denotes the space of germs of real analytic functions defined near A.

3.11. LEMMA. For any subset A of M the complexification of the real vector space
C?(AcM, R) is the complex vector space ¥ (AcMc, C).

Definition. For any AcM of a real analytic manifold M we will topologize
C(AcM, R) as subspace of H(AcMc,C), in fact as the real part of it.

Proof. Let f, g€ C”(AcM, R). They are germs of real analytic mappings defined on
some open neighborhood of A in M. Inserting complex numbers into the locally
convergent Taylor series in local coordinates shows, that fand g can be considered as
holomorphic mappings from some neighborhood W of A in Mc, which have real values
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if restricted to WnM. The mapping h:=f+ig: W—C gives then an element of
H(AcMc, C).

Conversely let A€ #(AcMc, C). Then h is the germ of a holomorphic mapping
h: W—C for some open neighborhood W of A in Mc. The decomposition of # into real
and imaginary part f=%(h+}i) and g=%(h—ﬁ), which are real analytic maps if restricted
to WNnM, gives elements of C*(AcM, R).

That these correspondences are inverse to each other follows from the fact that a
holomorphic germ is determined by its restriction to a germ of mappings MoA—C. O

3.12. LemMma. The inclusion C*(M,R)—C”(M, R) is continuous.

Proof. Consider the following diagram, where W is an open neighborhood of M in
M.

inclusion

C“(M,R) —— C"(M,R)

direct summand l J( direct summand

inclusion

HMcM.,C) —— C*(M,RD

restriction T I restriction

inclusion

H (W, C) — >  C™(W,RY

3.13. THEOREM (Structure of C*(AcM, R) for closed subsets A of real analytic
manifolds M). The inductive cone

C”(A = M,R) < {C°(W,R): AcW = M}

open

is regular, i.e. every bounded set is contained and bounded in some step.
The projective cone

C’AcM,R)— {C*(K =M, R): K compact in A}

generates the bornology of C°(AcM,R).
If A is even a smooth submanifold, then the following projective cone also
generates the bornology.

C°(A = M, R)— {C°({x} = M, R): xEA)}.
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The space C°({0}<R™,R) is also the regular inductive limit of the spaces E(r ERY)
Sfor all 1sp<o.

For general closed AcN the space C*(AcM,R) is Montel (hence quasi-complete
and reflexive), and ultra-bornological (hence a convenient vector space). It is also
webbed and conuclear. If A is compact then it is even a strongly nuclear Silva space

and its dual is a strongly nuclear Fréchet space. It is however not a Baire space.

Proof. This follows using 3.11 from 3.4, 3.6, and 3.8 by passing to the real parts
and from the fact that all properties are inherited by complemented subspaces as
C*(AcM,R) of #(AcM,C). O

3.14. CorROLLARY. A subset BcC®({0}cR™,R) is bounded if and only if
?/38’):={ f0): f€ B} is bounded in R for all tENJ' and the poly-radius of conver-
gence for fE€B is bounded from below by some ro€ N (or equivalently there exists an
r>0 such that {fr®al: fEB,a €N} is bounded in R).

Proof. The space C“({0}cR™ R) is the regular inductive limit of the spaces
P(r€RT) for p equal to 1 or o by 3.13. Hence % is bounded if and only if it is contained
and bounded in £ for some r €R7. This shows the equivalence with the first condition
using p=1 and the equivalence with the second condition using p=2. 0

4. A uniform boundedness principle

4.1. LEMMA. Let (E, E') be a dual pair and let & be a point separating set of bounded
linear mappings with common domain (E,E'). Then the following conditions are
equivalent.

(1) If F is a Banach space (or even a complete dual pair (F,F")) and f: F—E is
linear and Aof is bounded for all A€ &, then f is bounded.

(2) If B<E is absolutely convex such that A(B) is bounded for all A€ and the
normed space Ep generated by B is complete, then B is bounded in E.

(3) Let (b,) be an unbounded sequence in E with A(b,) bounded for all A€ ¥, then
there is some (t,) €' such that %, t,b, does not converge in E for the weak topology
induced by &.

Definition. We say that (E, E') satisfies the uniform $-boundedness principle if
these equivalent conditions are satisfied.

Proof. (1)=(3). Suppose that (3) is not satisfied. So let (b,) be an unbounded

9-908282 Acta Mathematica 165. Imprimé le 22 aoat 1990
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sequence in E such that A(b,) is bounded for all 1€ &, and such that for all (¢,) €' the
series L ¢, b, converges in E for the weak topology induced by ¥. We define a linear
mapping f: I'>E by f(t,)=2 t,b,. It is easy to check that Aofis bounded, hence by (1)
the image of the closed unit ball, which contains all b,, is bounded. Contradiction.

(3)=(2). Let B<E be absolutely convex such that A(B) is bounded for all A € ¥ and
that the normed space Ej generated by B is complete, and suppose that B is unbound-
ed. Then B contains an unbounded sequence (b,), so by (3) there is some (¢,) € I' such
that £ ¢, b, does not converge in E for the weak topology induced by &. But L¢,b, is
easily seen to be a Cauchy sequence in Ep and thus converges even bornologically, a
contradiction.

(2)=(1). Let the bornology of F be complete, and let f: F—E be linear such that
Aofis bounded for all 1€ &. It suffices to show that f(B), the image of an absolutely
convex bounded set B in F with Fz complete, is bounded. Then A(f(B)) is bounded for

all 1 € &, the normed space E is a quotient of Fj, hence complete. By (2) the set f(B)
is bounded. u

4.2 LEMMA. A complete dual pair (E, E') satisfies the uniform $-boundedness
principle for each point separating set & of bounded linear mappings on E if and only if
there exists no strictly weaker ultrabornological topology than the natural bornological
topology of (E, E').

Proof. (=) Let t be an ultrabornological topology on E which is strictly weaker
than the natural bornological topology. Since every ultrabornological space is an
inductive limit of Banach spaces, cf. [10], 13.1.2, there exists a Banach space F and a
continuous linear mapping f: F—(E,t) which is not continuous into E. Let ¥=
{Id: E>(E, 1)}. Now f does not satisfy 4.1 (1).

(=) If ¥is a point separating set of bounded linear mappings, the ultrabornological
topology given by the inductive limit of the spaces Ep with B satisfying 4.1 (2) equals
the natural bornological topology of (E, E’). Hence 4.1 (2) is satisfied. O

4.3. LEMMA. Let F be a set of bounded linear mappings f. E—-Ey between dual
pairings, let $; be a point separating set of bounded linear mappings on Ex for every
fEF and let .= Ure g ¥ (F)=1{gof- fEF g€ F). If F generates the bornology and
Ey satisfies the uniform Sp-boundedness principle for all f€ %, then E satisfies the
uniform $-boundedness principle.

Proof. We check the condition (1) of 4.1. So assume h: F—E is a linear mapping
for which gofoh is bounded for all f€ % and g€ ¥, Then fok is bounded by the
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uniform ¥ -boundedness principle for E;. Consequently 4 is bounded since ¥ generates
the bornology of E. O

4.4 THEOREM. A locally convex space which is webbed satisfies the uniform -
boundedness principle for any point separating set of bounded linear functionals.

Proof. Since the bornologification of a webbed space is webbed, cf. [10], 13.3.3
and 13.3.1, we may assume that E is bornological, and hence that every bounded linear
functional is continuous, cf. [10], 13.3.1. Now the closed graph principle, cf. [10],
56.4.1, applies to any mapping satisfying the assumptions of 4.1 (1). O

4.5 TueoreM (Holomorphic uniform boundedness principle). For any closed
subset AcN of a complex manifold N the locally convex space ¥(AcN, C) satisfies
the uniform $-boundedness principle for every point separating set & of bounded linear
Junctionals.

Proof. This is an immediate consequence of 4.4 and 3.6. a

Direct proof of a particular case. We prove the theorem for a closed smooth
submanifold AcC and the set & of all iterated derivatives at points in A.

Let us suppose first that A is the point 0. We will show that condition 4.1 (3) is
satisfied. Let (b,) be an unbounded sequene in %({0},C) such that each Taylor
coefficient b, ,=bP(0)/k! is bounded with respect to n:

(1 sup{|b, ,|: nEN} <,

We have to find (z,) €' such that X,t,b, is no longer the germ of a holomorphic
function at 0.

Each b, has positive radius of convergence, in particular there is an r,>0 such that
2 sup {|b,, .| : kKEN} <co.

By Theorem 3.4 the space #({0},C) is a regular inductive limit of spaces [;. Hence a
subset 9 is bounded in #({0}, C) if and only if there exists an r>0 such that

{% b9(0) *: b E 3B, kEN}

is bounded. That the sequence (b,) is unbounded thus means that for all r>0 there
are n and k such that |b, ,[>(1/r)*. We can even choose k>0 for otherwise the set
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{bn 1" n, kEN, k>0} is bounded, so only {b,,o: n€N} can be unbounded. This contra-
dicts (1).

Hence for each m there are k,,>0 such that ¥, :={n€N: |, km|>mk'"} is not empty.
We can choose (k) strictly increasing, for if they were bounded, |b, , |<C for some C
and all n by (1), but !bnm,km|>mk’"—>oo for some n,,.

Since by (1) the set {b, - nEN} is bounded, we can choose n,, € ¥, such that

1 .
b =—1b. for j>
(3) t nm,km} 2 \ Js km‘ J nm
b, , |=m"
We can also choose (n,,) strictly increasing, for if they were bounded we would get
|bnm‘ kmrf""|<C for some r>0 and C by (2). But (1/m)*==0.
We pass now to the subsequence (b, ) which we denote again by (b,,). We put

4) tm:=sign(b1 Ztibj,km) 21;

mk, j<m

Assume now that b,=X 1, b, converges weakly with respect to ¥ to a holomorphic
germ. Then its Taylor series is b, (2)=2,.,b.., 2, where the coefficients are given by
be =L 20t b - But we may compute as follows, using (3) and (4):

E Lbie |~ 2 ;b .|

Jj€m j>m

2 50k,

1, | =

+|t, b, | (same sign)

j<m
"Z It b, |
>m
=0+, | -(m -2 m)

j>m

k

1 mnm
= |bm,k | ) m = m'

n34m T 3.4

So |b,,, kmlm‘” goes to =, hence b, cannot have a positive radius of convergence, a
contradiction. So the theorem follows for the space #({t},C).

Let us consider now an arbitrary closed smooth submanifold AcC. By 3.8 the
projective cone H(AcN, C)—{#({z}c=N,C),z€EA} generates the bornology. Hence
the result follows from the case where A={0} by 4.3. O
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4.6. THEOREM (Special real analytic uniform boundedness principle). For any
closed subset AcM of a real analytic manifold M, the space C°(AcM, R) satisfies the
uniform $-boundedness principle for any point separating set & of bounded linear
Junctionals.

If A has no isolated points and M is 1-dimensional this applies to the set of all
point evaluations ev,, tEA.

Proof. Again this follows from 4.4 using now 3.13. If A has no isolated points and
M is 1-dimensional the point evaluations are separating, by the uniqueness theorem for
holomorphic functions. O

Direct proof of a particular case. We show that C*(R, R) satisfies the uniform %
boundedness principle for the set & of all point evaluations.

We check property 4.1 (2). Let B<C“(R, R) be absolutely convex such that ev,(%)
is bounded for all r and such that C*(R,R); is complete. We have to show that 3 is
complete.

By LLemma 3.12 the set ?/3 satisfies the conditions of 4.1 (2) in the space C*(R,R).
Since C”(R,R) satisfies the uniform %boundedness principle, cf. [5], the set @ is
bounded in C*(R, R). Hence all iterated derivatives at points are bounded on %, and a
fortiori the conditions of 4.1 (2) are satisfied for % in #(R, C). By the particular case of
Theorem 4.5 the set & is bounded in #(R,C) and hence also in the direct summand
C’(R,R). O

5. Cartesian closedness

5.1. THEOREM. The real analytic curves in C*(R,R) correspond exactly to the real
analytic functions R*>R.

Proof. (=) Let f:R—C”(R,R) be a real analytic curve. Then f: R—C*({t},R) is
also real analytic. We use Theorems 3.13 and 1.6 to conclude that f is even a
topologically real analytic curve in C*({¢},R). By Lemma 1.7 for every s ER the curve f
can be extended to a holomorphic mapping from an open neighborhood of s in C to the
complexification #({t},C) of C“({¢},R). See 3.11.

From 3.4 it follows that %#({t},C) is the regular inductive limit of all spaces
#(U, C), where U runs through some neighborhood basis of 7 in C. Lemma 1.8 shows
that fis a holomorphic mapping V— #(U, C) for some open neighborhoods U of ¢ and
VofsinC.
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By the exponential law for holomorphic mappings (see 1.3) the canonically associ-
ated mapping f": VX U—C is holomorphic. So its restriction is a real analytic function
RXR—R near (s, 7).

(<) Let & R2—>RFe a real analytic mapping. Then f{(¢, ) is real analytic, so the
associated mapping f': R—C?(R, R) makes sense. It remains to show that it is real
analytic. Since the mappings C*(R,R)—C“(K, R) generate the bornology, by 3.13, it is
by 1.11 enough to show that f':R—C“(K,R) is real analytic for each compact KcR,
which may be ghecked locally near each s€R.

£ RZ5R extends to a holomorphic function on an open neighborhood VXU of
{s}xK in C%. By cartesian closedness for the holomorphic setting the associated
mapping f': V— %(U, C) is holomorphic, so its restriction VNR—C?’(UNR,R)—
C°(K,R) is real analytic as required. U

5.2. Remark. From 5.1 it follows that the curve c: R—>C“(R, R) defined in 1.1 is real
analytic, but it is not topologically real analytic. In particular, it does not factor locally
to a real analytic curve into some Banach space C*(R, R); for a bounded subset B and it
has no holomorphic extension to a mapping defined on a neighborhood of R in C with
values in the complexification #(R, C) of C*(R,R), cf. 1.7.

5.3. LemMma. For a real analytic manifold M, the bornology on the space
C®(M,R) is induced by the following cone.

C“(M, R)S> C*(R, R)
for all C*-curves c:R—M, where a equals © and w.

Proof. The maps c* are bornological since C*(M, R) is convenient by 3.13, and by
the uniform ¥-boundedness principle 4.6 for C*(R, R) and by [5], 4.4.7 for C*°(R,R) it
suffices to check that ev,oc*=ev,, is bornological, which is obvious.

Conversely we consider the identity mapping i from the space E into C“(M,R),
where E is the vector space C*(M, R), but with the locally convex structure induced by
the cone.

Claim. The bornology of E is complete.

The spaces C*(R, R), and C*(R, R) are convenient by 3.13 and 1.3, respectively. So
their product

[Tewpx][c®p)
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is also convenient. By Theorem 2.4, (1) < (5), the embedding of E into this product has
closed image, hence the bornology of E is complete.

Now we may apply the uniform $-boundedness principle for C*(M, R) (4.6), since
obviously ev,oi=evyocy is bounded, where ¢, is the constant curve with value p, for ail
pPEM. 0

5.4. Structure on C*(U, F). Let (E, E’) be a dual pair of real vector spaces and let
U be c*-open in E. We equip the space C*(U, R) of all real analytic functions (cf. 2.6)
with the dual space consisting of all linear functionals induced from the families of
mappings

C*(U, R)> C°(R,R), forall c€C“R,U)

C’(U,R)— C*(R,R), forall c€C“R,U).

For a finite dimensional vector space E this definition gives the same bornology as the
one defined in 3.10, by Lemma 5.3.

If (F, F') is another dual pair, we equip the space C°(U, F) of all real analytic
mappings (cf. 2.6) with the dual induced by the family of mappings

l#
C°(U,F)—c*(U,R), forall AEF'.

5.5. LEMMA. Let (E,E') and (F,F') be complete dual pairs and let UcC be c”-
open. Then C*(U, F) is complete.

Proof. This follows immediately from the fact that C*(U, F) can be considered as
closed subspace of the product of factors C*(U, R) indexed by all A€ F'. And C*(U, R)
can be considered as a closed subspace of the product of the factors C*(R, R) indexed
by all c€C“R, U) and the factors C*(R,R) indexed by all c EC*(R, U). Since all
factors are complete so are the closed subspaces. a

5.6. LEMMmA (General real analytic uniform boundedness principle). Let E and F
be convenient vector spaces and UcE be c®-open. Then C°(U, F) satisfies the uniform
F-boundedness principle, where &:={ev,: xEU}.

Proof. The complete bornology of C“(U, F) is by definition induced by the maps
c*: C(U, F)>C?R, F) (cEC”R, U)) together with the maps ¢*: C*(U, F)—>C*(R, F)
(cEC™(R, U)). Both spaces C*(R, F) and C”(R, F) satisfy the uniform J-boundedness
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theorem, where J:={ev,: t€R}, by 4.6 and [5], 4.4.7, respectively. Hence C*(U, F)
satisfies the uniform $-boundedness theorem by Lemma 4.3, since ev, oc*=ev,,. O

5.7. Definition. Let (E,E’) and (F,F’) be complete dual pairs. We denote by
L(E, F) the space of linear real analytic mappings from E to F, which are by 1.9 exactly
the bounded linear mappings. Furthermore, if E and F are convenient vector spaces,
these are exactly the morphisms in the sense of dual pairs, since f is bounded if and
only if Aof€EE® for all 1 € F®.

5.8. LEMMA (Structure on L(E, F)). The following structures on L(E,F) are the
same:

(1) The bornology of pointwise boundedness, i.e. the bornology induced by the
cone (ev,. L(E,F)—>F,x€E).

(2) The bornology of uniform boundedness on bounded sets in E, i.e. a set
RBeL(E, F) is bounded if and only if B(B)cF is bounded for every bounded BcE.

(3) The bornology induced by the inclusion L(E, F)-»C”(E, F).

(4) The bornology induced by the inclusion L(E, F)—»C“(E, F).

The space L(E, F) will from now on be the convenient vector space having as
structure that described in the previous lemma. Thus L(E, F) is a convenient vector
space, by [5], 3.6.3. In particular this is true for E'=L(E, R).

So a mapping finto L(E, F) is real analytic if and only if the composites ev,of are
real analytic for all x€EE, by 1.11.

Proof. That the bornology in (1), (2) and (3) are the same was shown in [5], 3.6.4
and 4.4.24. Since C*(E, F)—C*(E, F) is continuous by definition of the structure on
C”(E, F) the bornology in (4) is finer than that in (1). The bornology given in (4) is
complete, since the point-evaluations ev,: C*(E, F)—F are continuous, and linearity of
a mapping E—F can be checked by applying them. Furthermore L(E,F) with the
bornology given in (4) satisfies the uniform $-boundedness theorem, since C“(E, F)
does, by 5.6. So the identity on L(E, F) with the bornology given in (1) to that given in
(4) is bounded. (]

The following two results will be generalized in 6.3. At the moment we will make
use of the following lemma only in case where E=C”(R, R).

5.9. Lemma. L(E, C°(R,R))=C“(R, E’) as vector spaces, for any convenient vec-
tor space E.



THE CONVENIENT SETTING FOR REAL ANALYTIC MAPPINGS 137

Proof. For c€C*(R, E’) consider &(x):=ev,0c EC*R, R) for x EE. By the uniform
F-boundedness principle 4.6 for #={ev,: t€R} the linear mapping ¢ is bounded, since
ev,.o¢=c(t)EE'.

If conversely [€ L(E, C*(R,R)), we consider {r)=ev,0l€E":=L(E,R) for tER.
Since the bornology of E’ is generated by &:= {ev,: x€ E}, . R—E’ is real analytic, for
ev.ol=I(x) EC’(R, R). O

5.10. CoroLLARY. We have C*(R, C*(R, R))=C?(R, C*(R, R)) as vector spaces.

Proof. C*(R,R)’ is the free convenient vector space over R by [5], 5.1.8, and
C”(R, R) is convenient, so we have

C*R, C*(R,R)) = L(C”(R, R)’, C*(R, R))
=C*R,C*(R,R)") byLemmaS5.9
=C’[R,C*(R,R))

by reflexivity of C*(R, R), see [5], 5.4.16. O

5.11. THEOREM. Let (E,E') be a complete dual pair, let U be c¢*-open in E,
let fRXU—R be a real analytic mapping and let ¢ € C™(R, U). Then c*of:R—
C*(U,R)—->C*(R,R) is real analytic.

This result on the mixing of C* and C* will become quite essential in the proof of
Cartesian closedness. It will be generalized in 6.4, see also 8.9 and 8.14.

Proof. Let IcR be open and relatively compact, let t ER and kK EN. Now choose an
open and relatively compact JR containing the closure I of /. There is a bounded
subset B F such that c|J: J—Ejp is a Lip*-curve in the Banach space Ejy generated by B.
This is [13], Folgerung on p. 114. Let Uy denote the open subset Un Ej of the Banach
space Ejp. Since the inclusion Ez—E is continuous, f is real analytic as a function
RXUz—RXU—-R. Thus by 2.4 there is a holomorphic extension f: VX W—C of fto an
open set VX W Cx(Ep)c containing the compact set {z} Xc(I). By Cartesian closedness
of the category of holomorphic mappings f* V—s #(W, C) is holomorphic. Now recall
that the bornological structure of #(W, C) is induced by that of C*(W, C):=C*(W, R?).
And ¢*: C*(W, C)>Lip*(I,C) is a bounded C-linear map, by [5]). Thus c*o V-
Lip&I, C) is holomorphic, and hence its restriction to RNV, which has values in
Lip“I, R), is (even topologically) real analytic by 1.7. Since t€R was arbitrary we
conclude that c¢*of: R—Lip“(, R) is real analytic. But the bornology of C*(R,R) is
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generated by the inclusions into Lip“(Z, R), [5], 4.2.7, and hence c*o 1 R—-C*(R,R) is
real analytic. U

5.12. THEOREM (Cartesian closedness). The category of real analytic mappings
between complete dual pairs of real vector spaces is Cartesian closed. More precisely,
for complete dual pairs (E,E’), (F,F’) and (G, G’) and c¢”-open sets UcE and WcG a
mapping f: WX U—F is real analytic if and only if f- W—C“(U, F) is real analytic.

Proof. Step 1. The theorem is true for G=F=R.,

(<) Let i R—C“(U,R) be C®. We have to show that L RXU—-R is C¥. We
consider a curve ¢;: R—>R and a curve ¢,: R—U.

If the ¢; are C*, then c¥of: R—C%(U, R)—C”*(R,R) is C” by assumption, hence is
C”, so c¥ofoc;:R—>C™(R,R) is C*. By Cartesian closedness of smooth mappings,
(cfofoc)'=fo(c,;Xc,):R*>R is C*. By composing with the diagonal mapping
A:R—R? we obtain that fo(c;Xc;):R—R is C”.

If the ¢; are C*, then cfof-R—C%U,R)—»C?R,R) is C° by assumption, so
c¥ofo ¢;:R—>C?R,R) is C®. By Theorem 5.1 the associated map (c¥ofoc)=
fole;xc): R*-Ris C”. So fo(c,,c,): R—R is C.

(=) Let £ RXU—R be C°. We have to show that f:R-—>C®(U, R) is real analytic.
Obviously f has values in this space. We consider a curve ¢c: R—U.

If ¢ is C*, then by Theorem 5.11 the associated mapping (fo(Idxc))'=
c*of:R—C™(R,R) is C*.

If ¢ is C?, then fo(Idxc): RXR—>RxU—-R is C”. By Theorem 5.1 the associated
mapping (fo(IdXc))'=c*of R>C*R,R) is C°.

Step 2. The theorem is true for F=R.

(<) Let £ W—C“U,R) be C°. We have to show that f: WxU—R is C*. We
consider a curve ¢;: R>W and a curve c;: R>U.

If the ¢; are C*, then ciof: W—C“(U, R)—>C*(R,R) is C* by assumption, hence is
C%, 50 c¥o foc;:R—C*(R,R) is C*. By Cartesian closedness of smooth mappings, the
associated mapping (c} ofo ¢;)*=fo(c,x¢,): R’=R is C*. So fo(c,,c,):R—>R is C”.

If the c; are C*, then foc;: R—»W—C®(U, R) is C® by assumption, so by step 1 the
mapping (foc)"=fo(c;xIdy): RxU—R is C”. Hence

folc,, ¢y) =folc, xId)o(d, c,): R>R
is C*.
(=) Let £ WxU—R be C®. We have to show that f* W—C®(U, R) is real analytic.
Obviously f has values in this space. We consider a curve ¢;: R—>W.
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If ¢, is C”, we consider a second curve c;: R—U. If ¢, is C”, then fo(c;Xcy):
RXR—->WxU—R is C”. By Cartesian closedness the associated mapping

(fo(c;xc,)) =cfofoc,:R— C*(R,R)

is C*. If c,is C*, the mapping fo(IdwXcy): WxR—R and also the flipped one
(foddwXcy)) :RxW—-R are C“, hence by Theorem 5.11 cfo((fo (IdWXCz)Y)V:
R—C"(R,R) is C*. By Corollary 5.10 the associated mapping (c¥o ((fo(Idy,Xc,)")¥) =
ctofo ¢;: R>C“(R,R) is C”. So for both families describing the dual of C*(U, R) we
have shown that the composite with foc, is C*, so foc, is C*.

If ¢; is C°, then fo(c;xIdy): RXU—-»WxU—R isC”. By step 1 the associated
mapping (fo(c;xIdy))V=foc;: R—C*(U,R) is C°.

Step 3. The general case.

fWxU—-Fis C*
< Aofi WxU—Ris C”forall AEF’

< (Aof)'=A.0f W CU,R)is C*, by step 2,
< fiW—C“%U,F)is C*. o

6. Consequences of Cartesian closedness

Among all those dual pairings on a fixed vector space E that generate the same real
analytic structure there is a finest one, namely that having as dual exactly the linear real
analytic functionals, which are exactly the bounded ones, by 1.9. Recall that a dual pair
(E,E’) is called convenient if and only if it is complete and E’ consists exactly of the
bounded linear functionals.

6.1. THEOREM. The category of real analytic mappings between complete dual
pairs is equivalent to that of real analytic mappings between convenient dual pairs.
Hence the latter category is also Cartesian closed.

Proof. The second category is a full subcategory of the first. A functor in the other
direction is given by associating to every dual pair (E, E') the dual pair (E, E®), where
E®:={A: E-R: is linear and bounded}
= {1EC“(E,R): 1 is linear}
={A: E—R: Ais linear, Aoc€C*(R,R) for all cEC*(R, E)}.
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Functoriality follows since the real analytic mappings form a category. One composite
of this functor with the inclusion functor is the identity, and the other is naturally
isomorphic to the identity, since E® and E' generate the same bornology and hence the
same C”- and C”-curves by 1.10. U

Convention. All spaces are from now on assumed to be convenient and all function
spaces will be considered with their natural bornological topology.

6.2. CoroLLARY (Canonical mappings are real analytic). The following mappings
are C°:

(1) ev:C°(U, F)XU—F, (f, x) »f(x),

(2) ins: E— C(F, EXF), x—(y—(x,y)),

3) ( Y C(U,C(V,G)— C(UXV, G),

@ ( YV:CcUUxV,G— C*(U, C*V, G)),

(5) comp: C*(F, G)XC“(U, F)— C*(U,G),(f,g)—fog,

(6) C°( , ): C*(E,, E))XC“(F}, F,)— C(C*(E|, F)), C*(E,, F)),

(f, g)—>(h—gohof).

Proof. (1) The mapping associated to ev via Cartesian closedness is the identity on
C(U, F), which is C?, thus ev is also C*.

(2) The mapping associated to ins via Cartesian closedness is the identity on EXF,
hence ins is C*.

(3) The mapping associated via Cartesian closedness is (f;x, y)~>f(x) (¥), which is
the C”-mapping ev o (ev Xxid).

(4) The mapping associated by applying Cartesian closedness twice is
(f; x;¥)—f(x,y), which is just a C® evaluation mapping.

(5) The mapping associated to comp via Cartesian closedness is just
(f, g;x))—f(g(x)), which is the C”-mapping evo(idxev).

(6) The mapping associated by applying Cartesian closedness twice is
(f, g; h, x)—>g(h( f(x))), which is the C*-mapping evo (idxev)o (idXid Xev). O

6.3. LEMMA (Canonical isomorphisms). One has the following natural isomor-
phisms:

() C*(W,, CYW,, F)=C*(W,, C*(W,, F)),

(2) CUW, C*(W,, F)) = C*(W,,C*(W, F)).

3) C*(W,, L(E, F))=L(E, C*(W,, F)).

@) CUW,I"(X,F)=1"(X, C°(W,, F)).

(5) C*(W,,Lip“X, F)) = Lip"(X, C°(W,, F)).
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In (4) X is a I”-space, i.e. a set together with a bornology induced by a family of
real valued functions on X, cf. [5], 1.2.4. In (5) X is a Lip*-space, cf. [5], 1.4.1. The
spaces I”(X, F) and Lip"W, F) are defined in [5], 3.6.1 and 4.4.1.

Proof. All isomorphisms as well as their inverse mappings, are given by the flip of
coordinates: f—f, where f(x) (y):=f(y) (x). Furthermore all occurring function spaces
are convenient and satisfy the uniform #-boundedness theorem, where & is the set of
point evaluations, by 5.5, 5.8, 4.6, and by {5], 3.6.1, 4.4.2, 3.6.6 and 4.4.7.

That f has values in the corresponding spaces follows from the equation
f(x)=ev,of. One only has to check that f itself is of the corresponding class, since it
follows that fisf is bounded. This is a consequence of the uniform boundedness
principle, since

(ev,o(N(N)=ev(f)=fx)=ev,of= (ev ), (f).

That f is of the appropriate class in (1) and (2) follows by composing with
¢, ECHR, W) and C*(1, cy): C“AW,, F)—C™R,R) for all JEF’ and ;€ CP(R, W,),
where B, and a; are in {~,w} and By=<eo; for k€{1,2}. Then P, cy)ofoce,=
(Cﬂ‘(l,c,)Ofocz)N:R—aCﬂz(R,R) is ¢’ by 5.1 and 5.10, since Cﬂ‘(ll, c)ofoc,:R—
W,—C*(W,, F)—~C"®R,R) is C".

That f is of the appropriate class in (3) follows, since L(E, F) is the c¢™-closed
subspace of C“(E, F) formed by the linear C*-mappings.

That f'is of the appropriate class in (4) follows from (3), using the free convenient
vector space ['(X) over the ["-space X, see [5], 5.1.24, satisfying [*(X, F)=L(I'(X), F).

That fis of the appropriate class in (5) follows from (3), using the free convenient
vector space A“(X) over the Lip“space X, see [5], 5.1.3, satisfying Lip“(X, F)=
LOKX), F). O

Definition. A C™“-mapping f: UXV—F is a mapping for which

fec>(U, cov, F)).

6.4. THEOREM (Composition of C™“-mappings). Let f UXV—F and g:U XV, >V
be C*“, and h: U, —U be C”. Then

Sfo(hopr, g): U XV, —F, (x,y)—f(h(x),g(x,y))

is C™%,



142 A. KRIEGL AND P. W. MICHOR

Proof. We have to show that the mapping x—(y—f(h(x), g(x,y)), U—C“(V\, F) is
C”. It is well-defined, since f and g are C in the second variable. In order to show that
it is C* we compose with A,: C*(V,, F)—=C®(V;,R), where A €F' is arbitrary. Thus it is
enough to consider the case F=R. Furthermore, we compose with ¢*:C*(V{,R)—
C*(R,R), where ¢ €C*R, V;) is arbitrary for a equal to @ and .

In case a=« the composite with c* is C*, since the associated mapping U;XR—R
is fo(hopr;, go(idxc)) which is C”.

Now the case a=w. Let IcR be an arbitrary open bounded interval. Then
c*og: Ui—C“(R, G) is C*, where G is the convenient vector space containing V as an
c*-open subset, and has values in the open set {y: y(I)cV}cC”(R,G). Thus the
composite with ¢*, compo(foh, c*og) is C*, since foh: Uj—»U—CV,F) is C”,
c*0g: U, —»C“R,G) is C* and comp: C*(V, F)x{yEC’R,G): y(I)cV}—C*U,R) is
C®, because it is associated to evo(idxev): CUV, F)X{y EC"R, G): y(I)cV}xI-R.
That ev: {y €EC“(R, G): y()cV}xI—-R is C” follows, since the associated mapping is
the restriction mapping C“(R, G)—C°(, G). O

6.5. COROLLARY. Let f: U—F be C” and g: U XV —U be C™*, then
ng: UIXVI—)F

is C™°,

Let f UXV—F be C™° and h: Uy— U be C*, then fo(hxid): U xV—F is C**. O
The second part is a generalization of Theorem 5.11.

6.6. COROLLARY. Let f: EoU—F be C?, let IR be open and bounded, and a be
w or », Then f,: C*(R,E)2{c: c()cU}—C*(, F) is C*.

Proof. Obviously f,(c):=foc € C*(, F) is well-defined for all c € C*(R, E) satisfying
c(DHecU.

Furthermore the composite of f, with any C?-curve y: R—{c:cl)cU}cC*(R, E)
is a C’-curve in C%(I, F) for B equal to @ or ®. For B=a this follows from Cartesian
closedness of the C*-maps. For a=g this follows from 6.5.

Finally {c:c(I)cU}<cC*R,E) is c”-open, since it is open for the topology of
uniform convergence on compact sets which is coarser than the bornological and hence
than the c”-topology on C*R, E). Here is the only place where we make use of the
boundedness of I. O

6.7. LemMMa (Free convenient vector space). Let UcE be c¢*-open in a convenient
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vector space E. There exists a free convenient vector spaces Free(U) over U, i.e.
for every convenient vector space F, one has a natural isomorphism C®(U, F)=
L(Free(U), F).

Proof. Consider the Mackey closure Free(U) of the linear subspace of C“(U, R)’
generated by the set {ev,: xE€ U}. Let «: U—»Free(U)cC“(U, R)’ be the mapping given
by x+»ev,. This mapping is C*, since ev,o.=f for every f€ C“(U, R).

Obviously every real analytic mapping f: U—F extends to the linear bounded
mapping f: C*(U, R)'—F", A—>(l—A(lof)). Since f coincides on the generators ev, with
f, it maps the Mackey closure Free(U) into the Mackey closure of Fo f(U). Since F is
complete this is again F. Uniqueness of f follows, since every linear real analytic
mapping is bounded, hence it is determined by its values on the subset {ev,: x€ U} that
spans the linear subspace having as Mackey closure Free(U). a

6.8. LemMmA (Derivatives). The derivative d, where

df(x) (v) :=dit tzof(x+tv),

is bounded and linear d: C*(U, F)—C*(U, L(E, F)).

Proof. The differential df(x) (v) makes sense and is linear in v, because every real
analytic mapping f is smooth. So it remains to show that (f,x, v)—df(x)(v) is real
analytic. So let £, x, and v depend real analytically (resp. smoothly) on a real parameter
r or s. Since (¢, s)—>x(s)+1tu(s) is real analytic (resp. smooth) into UcE, the mapping
r—>((t, $)—f(r) (x(s)+1v(s)) is real analytic into C*(R*, F) (resp. C”(R?, F). Composing
with

dit :C°(R*, F)— C“(R,F) (resp.:C*(R*, F)— C*(R, F))

=0

shows that r—(s—d(f(1)) x()) (v(s))), R—CR,F) is real analytic. Considering
the associated mapping on R’ composed with the diagonal map shows that

(f, x, v)—df(x)(v) is real analytic. O
The following examples as well as several others can be found in {5], 5.3.6.
6.9. ExampLE. Let T: C*(R,R)-—>C”*(R,R) be given by T(f)=f". Then the continu-

ous linear differential equation x'(t)=T(x(t)) with initial value x(0)=x, has a unique
smooth solution x(t) (s)=xy(t+s) which is however not real analytic.
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Proof. A smooth curve x: R=C”(R, R} is a solution of the differential equation
x'(O)=T(x(1)) if and only if

9

S t.9)= %f(x, 5).

Hence we have

d
—x(t, r—t =0,
Pl

i.e. £(¢, r—1) is constant and hence equal to £(0, r)=xy(r). Thus £(t, s)=x,(¢+s).
Suppose x: R=>C"(R, R) were real analytic. Then the composite with

evy: C°(R,R)>R

were a real analytic function. But this composite is just xo=evoox, which is not in
general real analytic, O

6.10. ExamprLE. Let E be either C*(R,R) or C*(R,R). Then the mapping expy:
E—E is C° has invertible derivative at every point, but the image does not contain an
open neighborhood of exp,(0).

Proof. That exp, is C* was shown in 6.6. Its derivative is given by

(expy)'(f)(g): t>g(t) '™

and hence is invertible with g+ (1—g(r) e ) as inverse mapping. Now consider the
real analytic curve c: R—E given by c() (s)=1—(ts)>. One has c(0)=1=exp,(0), but c(?)
is not in the image of exp,, for any =0, since c(f) (1/£)=0 but exp,(g) ()= ef“>0for all g
and ¢. il

7. Spaces of sections of vector bundles

7.1. Vector bundles. Let (E, p, M) be a real analytic finite dimensional vector bundle
over a real analytic manifold M, where E is their total space and p: E—>M is the
projection. So there is an open cover (U,), of M and vector bundle charts y,, satisfying

wa
EU,:p""(U) —— U,xV

N Jon

U — U

a a’
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Here V is a fixed finite dimensional real vector space, called the standard fiber. We
have (%01/)5 Hx, v)=(x, Psx) V) for transition functions y4: U,=U,N Uﬂ->GL(V),
which are real analytic.

If we extend the transition functions ¥, to zﬁaﬁz Uaﬂ—>GL(VC)=GL(V)C, we see
that there is a holomorphic vector bundle (E¢,pc, Mc) over a complex (even Stein)
manifold M such that E is isomorphic to a real part of Ec|M, compare 3.10. The germ
of it along M is unique.

Real analytic sections s: M—E coincide with certain germs along M of holomor-
phic sections W—FE for open neighborhoods W of M in Mc.

7.2. Spaces of sections. For a holomorphic vector bundle (F, g, N) over a complex
manifold N we denote by #(F) the vector space of all holomorphic sections s: N—F,
equipped with the compact open topology, a nuclear Fréchet topology, since it is initial
with respect to the cone

(prz ° Wa)*

JH(F)— #(F|U,) H(U,,CH=#U,,C),

of mappings into nuclear spaces, see 3.2.

For a subset AcN let #(F|A) be the space of germs along A of holomorphic
sections W— F|W for open sets W in N containing A. We equip J#(F|A) with the locally
convex topology induced by the inductive cone ¥(F|W)— #(F|A) for all W. This is
Hausdorff since jet prolongations at points in A separate germs.

For a real analytic vector bundle (E, p, M) let C°(E) be the space of real analytic
sections s: M—E. Furthermore let C°(E|A) denote the space of germs at a subset AcM
of real analytic sections defined near A. The complexification of this real vector space
is the complex vector space #(Ec|A), because germs of real analytic sections s:A—E
extend uniquely to germs along A of holomorphic sections W—E¢ for open sets W in
M containing A, compare 3.11.

We topologize C“(E|A) as subspace of #(Ec|A).

For a smooth vector bundle (E, p, M) let C*(E) denote the nuclear Fréchet space
of all smooth sections with the topology of uniform convergence on compact subsets, in
all derivatives separately, see [18] and [5], 4.6.

7.3. THEOREM (Structure on spaces of germs of sections). If (E,p, M) is a real
analytic vector bundle and A a closed subset of M, then the space C“(E|A) is
convenient. Its bornology is generated by the cone

W),
C“(E|A) —— C“(U,NAc U, R),

10—908282 Acta Mathematica 165. Imprimé le 22 aot 1990
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where (U,, Yo), is an arbitrary real analytic vector bundle atlas of E. If A is compact,
the space C*(E|A) is nuclear.

The corresponding statement for smooth sections is also true, see [5], 4.6.23.

Proof. We show the corresponding result for holomorphic germs. By taking real
parts the theorem then follows.

So let (F, g, N) be a holomorphic vector bundle and let A be a closed subset of N.
Then (F|A) is a bornological locally convex space, since it is an inductive limit of the
Fréchet spaces #(F|W) for open sets W containing A. If A is compact, #(F|A) is
nuclear as countable inductive limit.

Let (U,, ¥4). be a holomorphic vector bundle atlas for F.

Then we consider the cone

(¥o),
H(F|A) —— H(U,NAcU,,CH=xU,NAcU,,C)l

Obviously each mapping is continuous, so the cone induces a bornology which is
coarser than the given one, and which is complete by 3.13.

It remains to show that every subset B #(F|A), such that (u,), (%) is bounded in
every #(U,NAcU,, C), is bounded in #(F |W) for some open neighborhood W of A in
N.

Since all restriction mappings to smaller subsets are continuous, it suffices to show
the assertions of the theorem for some refinement of the atlas (U,). Let us pass firstto a
relatively compact refinement. By topological dimension theory there is a further
refinement such that any dimgN+2 different sets have empty intersection. We call the
resulting atlas again (U,). Let (K,) be a cover of N consisting of compact subsets
K,cU, for all a.

For any finite set & of indices let us consider now all non empty intersections
Uyg:=N,e U, and K :=N ¢ ,K,. Since by 3.4 (or 3.6) the space H(ANK U, C)is
a regular inductive limit there are open sets W,cU , containing ANKy, such that
BI(ANK) (more precisely () (B(ANK,)) for some suitable vector bundle chart
mappings ) is contained and bounded in #(W,, C)*. By passing to smaller open sets
we may assume that W, cW,, for & o4, Now we define the subset

W:=UW, where W_ =W, U K,
oA ab o

W is open since (K,) is a locally finite cover. For x€A let &f:={a:x€K,}, then x€ W
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Now we show that every germ s € % has a unique extension to W. For every & the
germ of s along A N K, has a unique extension s to a section over Wy and for of,csf,
we have s, W, =s «,- We define the extension sw by sw|Wy=s4W,. This is well
defined since one may check that W, nW,cW, ..

P is bounded in F(F|W) if it is uniformly bounded on each compact subset K of
W. This is true since each K is covered by finitely many W, and %|A n K, is bounded in
H(W,, C). O

7.4. Let f: E-E’ be a real analytic vector bundle homomorphism, i.e. we have a
commutative diagram

of real analytic mappings such that f is fiberwise linear.
LeMMA. If fis fiberwise invertible, then f*: C*(E")—C*(E), given by

(F*9) (@)= (L7 (s(f()),

is continuous and linear.
If f=1dy then the mapping f,: C*(E)—>C*“(E"), given by s—f0s, is continuous and
linear.

Proof. Extend f to the complexification. Here for the compact open topology on
the corresponding spaces of holomorphic sections the assertion is trivial. a

7.5. Real analytic mappings are dense. Let (E,p, M) be a real analytic vector
bundle. Then there is another real analytic vector bundle (E’,p’, M) such that the
Whitney sum E®E’—M is real analytically isomorphic to a trivial bundle MXRf—>M.
This is seen as follows: By [7], Theorem 3, there is a closed real analytic embedding
i: E->R* for some k. Now the fiber derivative along the zero section gives a fiberwise
linear and injective real analytic mapping E—R* which induces a real analytic embed-
ding j of the vector bundle (E, p, M) into the trivial bundle MxR*~—~M. The standard
inner product on R* gives rise to the real analytic orthogonal complementary vector
bundle E’:=E* and a real analytic Riemannian metric on the vector bundle E.
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Hence an embedding of the real analytic vector bundle into another one induces a
linear embedding of the spaces of real analytic sections onto a direct summand.

We remark that in this situation the orthogonal projection onto the vertical bundle
VE within T(MxR¥) gives rise to a real analytic linear connection (covariant derivative)
V: C(TM)X C(E)—C?(E). If c: R—M is a smooth or real analytic curve in M, we have
the parallel transport Pt(c, 1) vEE,, for all vEE ) and 1ER which is smooth or real
analytic, respectively, on RXE,,. It is given by the differential equation
vV, Pt(c, ) v=0.

7.6. CoroLLARY. If V is a real analytic linear connection on a vector bundle
(E,p, M), then the following cone generates the bornology on C*(E).

Pi(c, )*
C(U(E) —_ CG(R, EC(O))’

Jorall cECHR, M) and a=w, «.

Proof. The bornology induced by the cone is coarser than the given one by 7.4. A
still coarser bornology is induced by all curves subordinated to some vector bundle
atlas. Hence by Theorem 7.3 it suffices to check for a trivial bundle, that this bornology
coincides with the given one. So we assume that E is trivial. For the constant parallel
transport the result follows from Lemma 5.3. The change to an arbitrary real analytic
parallel transport can be absorbed into a C*isomorphism of each vector bundle ¢*E
separately. O

7.7. LeMMA (Curves in spaces of sections). (1) For a real analytic vector bundle
(E,p, M) a curve c:R—C®(E) is real analytic if and only if the associated mapping
&:RXM—E is real analytic.

The curve c:R—C“(E) is smooth if and only if é: RXM—E satisfies the following
condition:

For each n there is an open neighborhood U, of RXM in RXM¢ and a
(unique) C"-extension ¢: U,—Ec such that ¢(t, ) is holomorphic for all t ER.

(2) For a smooth vector bundle (E,p, M) a curve c:R—C"(E) is smooth if and
only if ¢: RXM—E is smooth.

The curve ¢:R—C™(E) is real analytic if and only if ¢ satisfies the following
condition:

For each n there is an open neighborhood U, of RXM in CXM and a
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(unique) C"-extension ¢:U,—E¢c such that é( ,x) is holomorphic for all
xEM.

Proof. (1) By Theorem 7.3 we may assume that M is open in R™, and we may
consider C”(M, R) instead of C“(E). The statement on real analyticity follows from
Cartesian closedness, 5.12.

To prove the statement on smoothness we note that C*(M, R) is the real part of
HMcC™, C) by 3.11, which is a regular inductive limit of spaces #(W, C) for open
neighborhoods W of M in C™ by 3.6. By [13], Folgerung on p. 114, ¢ is smooth if and
only if for each n, locally in R it factors to a C"-curve into some #(W, C), which sits
continuously embedded in C*(W, R?). So the associated mapping RXMc2JX W—C is
C" and holomorphic in the second variables, and conversely.

(2) By 7.3 we may assume that M is open in R™, and we may consider C*(3, R)
instead of C*(E). The statement on smoothness follows from Cartesian closedness of
smooth mappings, similarly as the C“-statement above.

To prove the statement on real analyticity we note that C*(M, R) is the projective
limit of the Banach spaces C"(M;, R) where M, is a covering of M by compact cubes. By
Lemma 1.11 the curve c is real analytic if and only if it is real analytic into each
C"(M;,R), by 1.6 and 1.7 it extends locally to a holomorphic curve C—C"(M;, C). Its
associated mappings fit together to the required C"-extension €. O

7.8. COROLLARY. Let (E,p,M) and (E',p’,M) be real analytic vector bundles
over a compact manifold M. Let WcE be an open subset such that p(W)=M, and let
fiW—E' be a fiber respecting real analytic (nonlinear) mapping.

Then C*(W):={s€C*(E): s(M)cW} is open and not empty in the convenient
vector space C*(E). The mapping f,: C*(W)—C™(E") is real analytic with derivative
(dof)s: CT(W)XCZ(E)~>C™(E’), where the vertical derivative d,f: WX, E—E' is given
by

d f(u,w):= dit 0f(u-*—tw).

Then C*(W):={s€ECE): sS(M)cW} is open and not empty in the convenient
vector space C°(E) and the mapping f,: C°(W)—C®(E’) is real analytic with derivative
d,fe: C*(W)XCYE)—C“(E").

Proof. The set C*(W) is open in C”(E) since it is open in the compact-open
topology. Then C*(W) is open in C*(E) since C°(E)—C™(E) is continuous by 3.12 and
7.3.
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Now we prove the statement for C*(W), the proof for C*(W) is then similar.

We check that f,, maps C“-curves to C”-curves and maps smooth curves to smooth
curves.

If c:R->CYAW)cC(E) is C”, then é:RXM—E is C” by Lemma 7.7. So
(fyo0)'=foé:RXM—E’ is also C, hence f,oc:R—C(E’) is C°.

If c: R—>C*W)=C“(E) is smooth, for each n there is an open neighborhood U, of
RXM in RXM¢ and a C"-extension é: U,—E of ¢ such that é(t, ) is holomorphic. The
mapping f: W—E' has also a holomorphic extension f: EcoWc—E¢. Then foé is an
extension of (f,oc)" satisfying the condition in Lemma 7.7, so f,oc:R—>C“(E’) is
smooth. O

8. Manifolds of analytic mappings

8.1. Infinite dimensional real analytic manifolds. A chart (U,u) on a set A is a
bijection u: U—u(U)cEy from a subset Uc . onto a c”-open subset of a convenient
vector space Ey. Two such charts are called C”-compatible, if the chart change

mapping uov™!

v(UNV)=u(UNV) is a C*-diffeomorphism between c”-open subsets
of convenient vector spaces. A C”-atlas on . is a set of pairwise C“-compatible charts
on ( which cover . Two such atlases are equivalent if their union is again a C*-atlas.
A C®-structure on / is an equivalence class of C”-atlases. A C*-manifold 4 is a set
together with a C*-structure on it.

The natural topology on . is the identification topology, where a subset Wc A is
open if and only if «(UUn W) is ¢*-open in Ey, for all charts in a C*-atlas belonging to the
structure. In the finite dimensional treatment of manifolds one requires that this
topology has some properties: Hausdorff, separable or metrizable or paracompact.

In infinite dimensions it is not yet clear what the most sensible requirements are.
Hausdorff does not imply regular. If 4 is Hausdorff and regular, and if all modeling
vector spaces admit smooth bump functions, any locally finite open cover of ./ admits
a subordinated smooth partition of unity.

Mappings between C®-manifolds are called C* or C” if they are continuous and
their chart representations are smooth or real analytic, respectively.

The final topology with respect to all smooth curves coincides with the identifica-
tion topology on a C“-manifold. So the following two statements hold:

A mapping f: #M— N between C“-manifolds is C” if foc is C” for each C”-curve
in .

fis C?if it is C” and foc is C* for each C”-curve in .
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The tangent bundle T.4(— 4 of a C*-manifold . is the vector bundle glued from the
sets u(U)YXEy via the transition functions (x,y)—>((uov™ " (x),dmov ") (x)y) for all
charts (U, ) and (V, v) in a C*-atlas of 4.

8.2, THEOREM (Manifold structure of C“(M, N)). Let M and N be real analytic
manifolds, let M be compact. Then the space C*(M, N) of all real analytic mappings
from M to N is a real analytic manifold, modeled on spaces C°(f*TN) of real analytic
sections of pullback bundles along f: M— N over M.

Proof. Choose a real analytic Riemannian metric on N. See 7.5 for a sketch how to
find one. Let exp: TNoU—N be the real analytic exponential mapping of this Rie-
mannian metric, defined on a suitable open neighborhood of the zero section. We may
assume that U is chosen in such a way that (my,exp): U-NXN is a real analytic
diffeomorphism onto an open neighborhood V of the diagonal.

For fEC”(M, N) we consider the pullback vector bundle

b f
MXyIN —— f*IN —— IN
L

f
M ——> N.

Then C“(f*TN) is canonically isomorphic to the space
CYM,IN):={h€C*M,TN): rpyoh=f}

via s+—>(7f f) os and (Idy, h)y<h.
Now let

U= {g€C*(M,N): (f(x),g(x))EV for all xEM}
and let u,: U;—~C°(f*TN) be given by
ug) (x) = (x, expy,, (2(x))) = (x, (7, exp)~' o (f, g)) (V).

Then u; is a bijective mapping from Uy onto {s€C(f*TN):s(M)cf*U}, whose
inverse iy given by uy 1(s)=expo(n;‘; f)os, where we view U— N as fiber bundle. Since
M is compact, u{ Uy is open in C*(f*TN) for the compact open topology, thus also for
the finer topology described in 7.2.
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Now we consider the atlas U, ”f)fe oM, N)
pings are given for s € u U:n Ug)gC‘"(g*TN) by

for C*(M, N). Its chart change map-

(u;ou; ") (s) = (Idy, (y, exp) ' o (f, expo(af; g) 05)
=(17'01,),4(5),
where To(x, Yo =(x, €XP,( Y, 18 @ real analytic diffeomorphism
7, g*TN 2 g*U— (gx1d,) (V) c MXN

which is fiber respecting over M. Thus by 7.8 the chart change ugou;'=(z;'07), is
defined on an open subset and real analytic.

Finally we put the identification topology from this atlas onto the space C*(M, N),
which is obviously finer than the compact open topology and thus Hausdorff.

The equation uso u;1=(rf' IOrg),,= shows that the real analytic structure does not
depend on the choice of the real analytic Riemannian metric on N. O

Remarks. If N is a finite dimensional vector space, then the structure of a real
analytic manifold on C“(M, N) described here coincides with that of the space
C*(MXN—-M) of sections discussed in 7.2, because the exponential mapping of any
Euclidean structure is the affine structure of N.

8.3. THEOREM (C“-manifold structure on C*(M, N)). Let M and N be real analytic
manifolds, with M compact. Then the smooth manifold C*(M, N) with the structure
Sfrom [18], 10.4 is even a real analytic manifold.

Proof. For a fixed real analytic exponential mapping on N the charts (Uy, uy) (from
8.2 with C” replaced by C”, which agrees with those from [18], 10.4, see also [5], 4.7)
for fEC“(M,N) form a smooth atlas for C*(M, N), since C*(M,N) is dense in
C*(M, N) by [7], Proposition 8. The chart changings uso u;'=(z;'ot,), are real analyt-
ic by 7.8. |

8.4. Remark. If M is not compact, C*(M, N) is dense in C*(M, N) for the Whitney-
C"-topology by [7], Proposition 8. This is not the case for the @-topology from [18], in
which C*(M, N) is a smooth manifold. The charts Uy for f€ C*(M, N) do not cover
C®(M, N).

8.5. THEOREM. Let M and N be real analytic manifolds, where M is compact.
Then the two infinite dimensional real analytic vector bundles TC*(M,N) and
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C“(M, TN) over C“(M, N) are canonically isomorphic. The same assertion is true for
C”(M,N).

Proof. Let us fix an exponential mapping exp on N. It gives rise to the canonical
atlas (Uy, uy) for C°(M, N) from 8.2. TC“(M, N) is defined as the vector bundle glued
from the transition functions (r, s)»—>(uf(u;1(r)), d(uso ugj') (r)s). Then T(exp) composed
with the canonical flip on T°N is an exponential mapping for TN, which gives rise to the
canonical atlas (Uye, #yor) for C“(M, TN), where 0 is the zero section of TN. Via some
canonical identifications the two sets of transition functions are the same, as is shown
in great detail in [18], 10.11-10.13 for the analogous situation for smooth mappings. O

8.6. LemMma (Curves in spaces of mappings). Let M and N be finite dimensional
real analytic manifolds with M compact.

(1) A curve c:R—>C“(M, N) is real analytic if and only if the associated mapping
¢:RXM—N is real analytic.

The curve c:R—C®(M,N) is smooth if and only if é:RXM—N satisfies the
Sfollowing condition:

For each n there is an open neighborhood U, of RXM in RXM¢ and a
(unique) C"-extension ¢: U,— N¢ such that é(t, ) is holomorphic for all t ER.

(2) A curve c:R—C™(M, N) is smooth if and only if ¢: RXM—N is smooth.
The curve c:R—C"(M, N) is real analytic if and only if é satisfies the following
condition:
For each n there is an open neighborhood U, of RxXM in CXM and a

(unique) C"-extension ¢:U,—N¢ such that é( ,x) is holomorphic for all
XEM.

Proof. This follows from 7.7 and the chart structure on C“(M, N). g

8.7. COROLLARY. Let M and N be real analytic finite dimensional manifolds with
M compact. Let (Uy, u,) be a real analytic atlas for M and let i: N—R" be a closed real

analytic embedding into some R". Let M be a possibly infinite dimensional real analytic
manifold.

Then f: M—C”(M, N) is real analytic or smooth if and only if
Cou', i) of: M— C*(u(U,), R")

is real analytic or smooth, respectively.
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Furthermore f: M—C”(M, N) is real analytic or smooth if and only if
C™(u, ', yofs M— C™(u(U,),R"
is real analytic or smooth, respectively.

Proof. By 8.1 we may assume that #=R. Then we can use Lemma 8.6 on all
appearing function spaces. U

8.8. TueoreM (Exponential law). Let M be a (possibly infinite dimensional) real
analytic manifold, and let M and N be finite dimensional real analytic manifolds where
M is compact.

Then real analytic mappings f. M—C*(M,N) and real analytic mappings
fi MxM—N correspond to each other bijectively.

Proof. Clearly we may assume that /# is a ¢*-open subset in a convenient vector
space. Lemma 8.7 then reduces the assertion to Cartesian closedness, which holds by
5.12. O

8.9. COROLLARY. If M is compact and M, N are finite dimensional real analytic
manifolds, then the evaluation mapping ev: C°(M, N)XM—N is real analytic.

If P is another compact real analytic manifold, then the composition mapping
comp: C*(M, NYXC“(P, M)—C”(P, N) is real analytic.

In particular f,: C*(M, Ny—»C*(M, N') and g*: C*(M, N)—-C“(P, N) are real ana-
Iytic for fEC®(N,N’) and g €EC*(P, M).

Proof. The mapping ev'=Id - is real analytic, so ev is it by 8.8. The mapping
comp”=ev o (Idcw(M N)xev): C(M, N)XC?(P, M)XxP—C“(M, N)xM—>N is real analyt-
ic, so also comp. U

8.10. LeMMaA. Let M; and N; are finite dimensional real analytic manifolds with
M; compact. Then for f€ C*(Ny, N,) the push forward f,: C*(M, N))—>C*(M, N,) is real
analytic if and only if f is real analytic. For f€C”(M,,M,) the pullback
[ C° (M, Ny—>C*(M,, N) is, however, always real analytic.

Proof. If fis real analytic and if g € C*(M, N,), then the mapping u,,© S Ou;' isa
push forward by a real analytic mapping, which is real analytic by 7.8.

Obviously the canonical mappings const: N;—C”(M, N)) and ev,: C*(M, N»)—>N,
are real analytic. If £, is real analytic, also f=ev,of, oconst is it.
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For the second statement choose real analytic atlases (U, u}) of M, such that
§it i)g U (11 and a closed real analytic embedding j: N—R". Then the diagram

C*M,N) —— M, N)

C(u)™L ) l i CHW)™L )

C (U, RY C*w(U}),R")

(w2ofoul) h*

commutes, the bottom arrow is a continuous and linear mapping, so it is real analytic.
Thus by 8.7 the mapping f, is real analytic. 0

8.11. TueEorEM (Real analytic diffeomorphism group). For a compact real analyt-
ic manifold M the group Dift “(M) of all real analytic diffeomorphisms of M is an open
submanifold of C°(M, M), composition and inversion are real analytic.

Proof. Diff“(M) is open in C*(M, M) in the compact open topology, thus also in
the finer manifold topology. The composition is real analytic by 8.9, so it remains to
show that the inversion inv is real analytic.

Let c: R—Diff“(M) be a C”-curve. Then the associated mapping é: RXxM—M is C*
by 8.8 and (invoc)” is the solution of the implicit equation é(¢, (invoc)’(f, x))=x and
therefore real analytic by the finite dimensional implicit function theorem. Hence
invoc: R—Diff“(M) is real analytic by 8.8 again.

Let c:R—Diff“(M) be a C”-curve. Then by Lemma 8.6 the associated mapping
¢:RXM—M has a unique extension to a C"-mapping RXM:oJXW—Mc which is
holomorphic in the second variables (has C-linear derivatives), for each n=1. The same

assertion holds for the curve inv o ¢ by the finite dimensional implicit function theorem
for C"-mappings. O

8.12. THEOREM (Lie algebra of the diffeomorphism group). For a compact real
analytic manifold M the Lie algebra of the real analytic infinite dimensional Lie group
Diff“(M) is the convenient vector space C*(TM) of all real analytic vector fields on M,
equipped with the negative of the usual Lie bracket. The exponential mapping
Exp: C*(TM)—Diff ®(M) is the flow mapping to time 1, and it is real analytic.

Proof. The tangent space at Id,, of Diff “(M) is the space C“(TM) of real analytic
vector fields on M, by 8.5. The one parameter subgroup of a tangent vector is the flow
t—FI¥ of the corresponding vector field X € C*(TM), so Exp(X)=FI¥ which exists since
M is compact.
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In order to show that Exp: C*(TM)—Diff“(M)cC*(M, M) is real analytic, by the
exponential law 8.8 it suffices to show that the associated mapping

Exp"=Fl;: C*(TM)XM—M

is real analytic. This follows from the finite dimensional theory of ordinary real analytic
and smooth differential equations.

For X € C*(TM) let Ly denote the left invariant vector field on Diff “(M). Its flow is
given by Fl,LX( f)=foExp(tX). The usual proof of differential geometry shows that

[Ly Ly = 3"; L)

0(T(FlL_’;) oL,oFI'™) (e)

T(FI™ )(L (e 0 FIY)
0

(T(FI™) T(FI¥) 0 Y)
0

0(T(Flf‘) o YoFI¥)

4a
dt
4
dt
4a
dt
4
dt
4
dt

X\vx v—
(FEL)* Y= ~[X, Y]. -

8.13. ExaMPLE. The exponential map Exp: C*(TS")—Diff“(S") is neither locally
injective nor surjective on any neighborhood of the identity.

Proof. The proof of [24], 3.3.1 for the group of smooth diffeomorphisms of S Ican
be adapted to the real analytic case:

0.0)=0+2Z + Lsinno
n 2"

is Mackey convergent (in Up) to Ids1 in Diff“(S") and is not in the image of the
exponential mapping. O

8.14. Remarks. For a real analytic manifold M the group Diff(M) of all smooth
diffeomorphisms of M is a real analytic open submanifold of C*(M, M) and is a smooth
Lie group by [18], 11.11. The composition mapping is not real analytic by 8.10.
Moreover it does not carry any real analytic Lie group structure by [22], 9.2, and it has
no complexification in general, see [24], 3.3. The mapping
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AdoExp: C*(TM)— Diff(M)— L(C*™(TM), C*(TM))

is not real analytic, see [19], 4.11.

For x €M the mapping ev, o Exp: C*(TM )—Diff(M)—M is not real analytic, since
(ev,oExp) (1X )=Flf(x) which is not real analytic in ¢ for general smooth X.

The exponential mapping Exp: C*(TM)—Diff(M) is in a very strong sense not
surjective: In [6] it is shown, that Diff(M) contains an arcwise connected free subgroup
on 2% generators which meets the image of Exp only at the identity.

The real analytic Lie group Diff (M) is regular in the sense of [22], 7.6, where the
original concept of [23] is weakened. This condition means that the mapping associating
the evolution operator to each time dependent vector field on M is smooth. It is even
real analytic, compare the proof of Theorem §8.12.

8.15. THeorEM (Principal bundle of embeddings). Let M and N be real analytic
manifolds with M compact. Then the set Emb“(M, N) of all real analytic embeddings
M—N is an open submanifold of C*(M, N). It is the total space of a real analytic
principal fiber bundle with structure group Diff* (M), whose real analytic base mani-
fold is the space of all real analytic submanifolds of N of type M.

Proof. The proof given in [18], section 13 or [5], 4.7.8 is valid with the obvious
changes. One starts with a real analytic Riemannian metric and uses its exponential
mapping. The space of embeddings is open, since embeddings are open in C*(M, N),
which induces a coarser topology. O

8.16. THEOREM (Classifying space for Diff “(M)). Let M be a compact real analyt-
ic manifold. Then the space Emb®(M, I*) of real analytic embeddings of M into the
Hilbert space I is the total space of a real analytic principal fibre bundle with structure
group Diff“(M) and real analytic base manifold BIM, I?), which is a classifying space
for the Lie group Diff*(M).

Proof. The construction in 8.15 carries over to the Hilbert space N=/ with the
appropriate changes to obtain a real analytic principal fibre bundle. Its total space is
continuously contractible and so the bundle is classifying, see the argument in [20],
section 6. g
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