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1. Introduction

Quantum cohomology of a symplectic manifold is a certain deformed ring of the ordinary
cohomology ring with parameter space given by the second cohomology group. It en-
codes enumerative geometry of rational curves on the manifold. In general it is difficult
to compute the quantum cohomology structure. On the other hand, mirror symmetry
predicts an answer to a question of counting the virtual numbers of rational curves of
given degrees on a three-dimensional Calabi-Yau manifold, which amounts to knowing
the structure of the quantum cohomology of the manifold. In the large class of Calabi—
Yau manifolds, the complete intersections in toric manifolds or homogeneous spaces, this
mirror symmetry prediction [7], [3], [1], [2], can be interpreted as a quantum cohomology
counterpart of the weak Lefschetz hyperplane section theorem relating cohomology alge-
bras of the ambient manifolds and their hyperplane sections. As it is mentioned in [13],
the “quantum hyperplane section conjecture” can be formulated in intrinsic terms of
Gromov—Witten theory on the ambient manifold and does not require a reference to its
mirror partner. In this paper we formulate and prove the conjecture for homogeneous
spaces. It would be one of the highly nontrivial functorial properties enjoyed by quan-
tum cohomology algebras. One can compute the virtual numbers of rational curves on
a Calabi—Yau 3-fold complete intersection, provided one knows the quantum cohomol-
ogy algebra of the ambient space. In fact, one needs to know the quantum differential
equations of the space, which are certain linear differential equations arising from the
flat connection in the quantum cohomology algebra. The mirror symmetry prediction
is that the quantum differential equations of a Calabi-Yau manifold are equivalent in
a sense to the Picard-Fuchs differential equations of another Calabi—Yau manifold. In
contrast, the proposed conjecture is that there is a certain relation between quantum

differential equations of a manifold and those of a nonnegative smooth zero locus of a
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spanned decomposable vector bundle over the manifold. The formulation of the conjec-
ture is given in [2]. When the ambient space is a symplectic toric manifold, the conjecture
is a corollary of the Givental mirror theorem [14].

Let X be a compact homogeneous space of a semi-simple complex Lie group and
let V be a vector bundle over X. Let 8€ Hy(X,Z) which is in the Mori cone A of X.
Suppose that Vﬂ’ :=m,e}V becomes a vector orbi-bundle over the Kontsevich moduli space
My 0(X, B), where e, is the evaluation map at the (first) marked point from Mo (X, 3)
to X, and 7 is the map from M, (X, 8) to Mo o(X, 3) associated with “forgetting the
marked point” [17]. Then one might want to compute

/ Euler(Vy).
Mo, 0(X,0)

Introduce a formal parameter k. Then it turns out that the classes

Euler(Vp)

Gy = (e). h(h—c)

would be better considered [12], where Vz=n*(Vj;) and c (depending on ) are the first
Chern classes of the universal cotangent line bundles. The classes are in H*(X)[h 1]
They recover the original integrals which we want:

/ Gy = :52— Euler(V3)+o(h™%).
X h Mo,0(X,0)
Consider the classes .
X . _
G =(eepmg

corresponding to X itself (without V). When V is a convex decomposable vector bundle
@ L; of line bundles L;, the main result of this paper proves some explicit relationship
between A:={G} |B€A} and B:={H} UGJ |B€A}, where

c1(L;),8)

(
HY =[] I (a@)+mh).

which is the key object introduced in this sequel.

We now formulate the precise result of this paper. Let {p;}¥_, denote the Z,-basis
of the closed integral Kéihler/ample cone of X. Let us introduce formal parameters g;,
i=1,...,k, and the ring H*(X)[li~!]([q1, ..., q&]] of formal power series of g;. Denote by ¢°

k
{ps, 8}
q; .
1
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When =0, let G¥=1 and G¥ =Euler(V)). We want to compare generating functions J"
and IV from A and B, respectively:

V._ \%

sV:=) 4Gy,
BeA

V._ % X
BEA

We prove that one can be transformed to another by a unique “mirror” transformation.
To describe the transformation, let

g=¢c%, fori=1,..,k,
and introduce another formal variable t3. Define the degree of g; by

a(TX)—er(V) =) (deg g:)i.
Let

JV = elto+X; piti) gV

and
TV = elto+X; Piti)/hq)V’

which are formal power series of t1, ..., tg, /% et1, .. et* over H*(X)[h™!].

THEOREM 1. Assume that degq; >0 for all i. Then JV and IV coincide up to
a unique weighted homogeneous change of variables: to—to+ foh+f-1 and t;—ti+fi,
where f_1,..., fr are power series of qi,...,q, over Q without constant terms, deg f;=0,
1=0,...,k, and deg f_1=1.

Remarks. (0) JV will be a cohomological expression of solutions to quantum differ-
ential equations associated to (X, V'), which is closely related to the quantum differential
equations of the smooth zero locus of V. The similar theorem can be extended to the
case of decomposable concavex vector bundles V (see [19], [15]).

(1) The change of variables must be understood as replacements of e{fo+X:Pit:)/h
by eltotXpiti)/Refoef-1/Redpifi/h and of ¢; with g;efs. So,

SY  and efoef—l/heZPifi/h(pV(qlefl’ - qkefk)

are equal, where f_,,..., fx are some power series of qi,...,qr over Q without constant
terms, deg f;=0, i=0, ..., k, and deg f_.1=1. In fact, f; are uniquely well-determined by
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the coefficients of 1=(1/h)° and 1/A in the expansions of SV and ®V as power series
of 1/A.

(2) In the case of a symplectic toric manifold X, the similar statement is a corollary
of a mirror theorem in [14], where ®X is explicitly found.

(3) For the proof of Theorem 1 we follow the scheme of Givental’s proof [12], [14] of
the mirror theorem for nonnegative complete intersections in symplectic toric manifolds.

(4) The theorem verifies the prediction [1] of virtual numbers of rational curves in
Calabi—Yau 3-fold complete intersections in Grassmannians.

(5) A mirror construction is established for complete intersections in partial flag
manifolds [1], [2]. Because of the known quantum cohomology structure [8], in principle
there is no essential difficulty in finding Gé‘ for each partial flag manifold X, even though
a general formula of it is unknown.

(6) In [21] the quantum hyperplane section principle is applied to a nonconvex,

nontoric manifold.

Notation. X will always be a generalized flag manifold G/P, where G is a complex
semi-simple Lie group and P is a parabolic subgroup. Let T be a maximal torus of G in P,
and let T act on X from the left. Let a complex torus T” act on X trivially, and let V be
a TxT'-equivariant convex vector bundle over X. Consider E a multiplicative class and
suppose that (V)€ Hy . (X) is invertible in Hy, 7 (X):=Hrp 7 (X)®Hf, 7, where
H {7 1y is the quotient field of Hf., 1. (pt). In §2, we will not consider the T-action on X.
In §6, additionally we will assume that V is decomposable. The convexity of V is by
definition that H(P!, f*V)=0 for any morphism f: P!— X. Let the T'x T"-equivariant
line bundles U;, ¢=1,...,k, form an ample basis of the ordinary Picard group. We de-
note [y ABE(V) by (A, B)g, for A, B€ H{p, 1 (X), and also we use [, A:=[y AE(V)
(equivariant push forwards). The Mori cone of X will be denoted by A, which can be
identified with Z’j with respect to the coordinates p;:=c;1{(U;). On the additive group
Z* we will give the standard partial ordering, so that d:=(d,...,dx)>0 means d;>0
for all i. Let v be a fixed point of X with respect to the T-action, and let ¢, de-
note the equivariant pushforward of class 1 under the embedding i, of the fixed point
v to (X,V, E); this (X,V, E), by definition, has a Frobenius structure by the pairing
()¢, so that A,:=(A, ¢,)§ =iy (A) for A€Hp, 1y(X). For a G-manifold M, let M
denote the set of G-fixed points of M. We will say simply degree and dimension for
complex degree and complex dimension, respectively. Let Y To®T* be the equivari-
ant diagonal class of (X,V,E) in X xX. That is, (T,,T%)§=6,5- In the paper we
will consider various rings: the H. 1 [[A!]][[g]]-formal power series ring of A™', q over
Hi s, the Hip s ([~ ']][lg]]-formal power series ring of A", q over H{r 1., and the

H E“TxT,)(h)[[q]]—formal power series ring of ¢q over the quotient field of H3., 1 [A].
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Structure of the paper. In §2, we recall a general theory of Gromov—Witten invari-
ants and quantum cohomology. We introduce the Givental correlators SY. In §3, we show
that the equivariant correlators satisfy a certain recursion relation. In §4, we introduce
the double construction and show that the correlators satisfy a polynomiality in a “double
construction”. In §5, we introduce a class P(X,V,Euler) of series of g=(q1, ..., qx), 2}
over Hy. . p,(X), where a “mirror” group acts freely and transitively. In §6, we introduce
a modified correlator of SX. It will also belong to the class P(X,V, Euler). The mod-
ification is given by the hypergeometric correcting Euler classes Hg according to the
decomposition type of V. In §§7 and 8, we analyze the torus T-action on a generalized
flag manifold, its one-dimensional orbits and the representations of the global section
spaces of equivariant line bundles restricted to the orbits. The analysis would be useful
to find the explicit expression of ®X.

Acknowledgments. 1 am grateful to A. Givental and Y.-P. Lee for helping me to
understand the paper [12], and to V. Batyrev, I. Ciocan-Fontaine, W. Fulton, B. Kreu8ler,
E. Tjgtta, K. Wirthmiiller for useful discussions on the papers [12], [14]. Also, I would like
to thank the Institut Mittag-Leffler for the financial support during the yearlong program
“Enumerative Geometry and its Interactions with Theoretical Physics” in 1996/97. My
special thanks go to D. van Straten for numerous comments which improve the clarity
of the paper.

2. Mirror symmetry

2.1. The moduli space of stable maps. To fix notation we recall the definition of stable
maps and some elementary properties of the moduli spaces of stable maps to X [17],
[10], [6]. The notion of stable maps is due to M. Kontsevich. We recommend the (survey)
paper of W. Fulton and R. Pandharipande [10].

A prestable rational curve C is a connected arithmetic genus-0 projective curve with
possibly nodes. The curve is not necessary irreducible. A prestable map (f, C; z1, ..., Z)
is a morphism f from C to X with fixed ordered n-many marked distinct smooth points
z;€C. We will identify (f, C;{z;}) with (f’,C’,{z}}) if there is an isomorphism h from
C to C’ preserving the configuration of marked points such that f=f’oh. A stable map
(f,C;{z:}) is a prestable map with only finitely many automorphisms.

Let Mo (X, 8) be the (coarse moduli) space of all stable maps (f,C; {z;}?",) with
the fixed homology type 8=/f.([C])€H2(X,Z). Whenever it is nonempty, the mod-
uli space is a connected(!) compact complex orbifold with complex dimension dim X +

(1) For a proof of the connectedness see [20].
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{cl(TX), By+n—3.

More precisely, locally near a stable map the moduli space has data of a quotient
of a holomorphic domain by the (finite) group action of all automorphisms of the stable
map. In the paper [10] are constructed smooth open complex domains V with finite
groups I which act on V such that V/T are naturally glued together in the moduli space
of stable maps. Let XC; PV, 3#£0, and (X,4.(8))#(P, [line]). Here [line] denotes the
line class of H2(P¥). Given a stable map (f,C) (without marked points for simplicity),
choose hyperplanes H; in PV satisfying that {H;} gives rise to a basis of H'(P",0(1)),
f is transversal to the hyperplanes, and their inverse images {z; ;};=f"!(H;) contain no
nodes of C. Then the data (C; {z; ;}) determines a point in the moduli space of marked
stable curves. Conversely, a point in a suitable closed subvariety of an open smooth
domain of the moduli space of marked stable curves naturally determines a stable map
f with the extra choices of elements in (C*)V. If G is the product of the symmetric
group of the elements of each group {z; ;};, then this G' has an action sending the data
(f,C;{z;;}) to another by permutations of the new marked points. A (C*)"-bundle
of the smooth closed subvariety is an algebraic local chart of the moduli space of stable
maps at f with the induced G-action.

Ezample. Let X=P? and f be a stable map without marked points such that f is
transversal to the hyperplanes £=0, y=0 and 2=0. Assume that no singular points of
C are mapped into the hyperplanes, and f.[C]=2[line]. Consider their inverse images
(Cartier divisors), ai,as, b1,b2, ¢1,c2 in C. This information (C;a;,...,cz) as a stable
curve will determine f uniquely with (C*)2-ambiguity. This (C*)?-bundle over some
open subset of the smooth space 1\70,6 is the local smooth chart. Notice that for instance,
(C;az,a1,b1,ba,ca,c1) gives rise to the same f up to isomorphism. Thus we have to take
account of the quotient by the finite group permuting the elements of sets {aj,as},
{b1,b2} and {c1,c2}.

CrAM. The stabilizer subgroup G(c(s, ;3) of G is ezactly the automorphism group

Aui(£,C) of (£,0).

Proof. We shall construct a correspondence between G ¢z, ;}) and Aut(f,C). Let
9€G ¢4z, ;1) Which is given by one of the suitable permutations of z; ;. So, g(C; {z; ;})=
(C;{g(=i ;)}). Since the permutation does not change the stable curve (C;{z;;}), there
is an isomorphism h from (C;{z;;}) to (C;{g(zi;)}). The isomorphism A is unique
since there is no nontrivial automorphism in the stable curve of genus 0. Of course this
h gives rise to an automorphism of (f,C).

Conversely, if k is an automorphism of (f, C), then it induces an isomorphism from
(C;{z:5}) to (C; {g(z ;)}) for a unique permutation g which we allow. Thus we estab-
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lished a 1-1 correspondence, which can be easily seen to be a group homomorphism.

Remark. The action of Aut(f,C) may not be effective in general. For instance, see
Mo,o(Pl, 2 [line]).

2.2. Gromov-Witten invariants and QHE*T,)(V). There are natural morphisms on
the moduli spaces, namely, evaluation maps e; at the ¢th marked points and forgetting-

marked-point maps :

€n+1

Mynp1(X,8) — X

)
Mo,n(X, B)-

If s; are the universal sections for the marked points, then e;=e,108; (here we assume
that 7 is the forgetful map of the last marked point). In the orbifold charts, m gives the
universal family of stable maps as a fine moduli space.

Consider, for a second homology class 3#0 and an integer n>0, the vector orbi-
bundle Vg=m, (e}, ,(V)). Here 7 is a flat morphism in the level of orbifold charts. Thus
indeed, Vj is vector orbi-bundle with the fiber H%(C, f*(V)) at (f, C; {z:}). Notice that
Vg=n*(V3) (it has nothing to do with marked points).

Notation. For A;€ Hypy(X),

Vo=V,
Mo i(X,0):=X fori=0,1,2,
(A1, Ay = f_ € (A1)U...Ue’ (An)UE (V).
Mo, N(X,8)

Then one can show that for all 8

3 S (A1 Ay, TV(T?, As, Ag)Y

B1+B2=B a

are totally symmetric in A; (see §4 in [12]). This property will be equivalent to the
associativity of the quantum cohomology of QH 7., (V) which we define below.
Let us choose a basis {p;}F_; of H?(X) by classes in the closed Kéhler cone.

Notation.
qﬁ ::H q§pi,ﬁ)’
i

(Ah "-’AN>V :Zqﬂ <A17 7AN>K
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The quantum multiplication o is defined by the following simple requirement: for
A,B,CEH("T,)(X),
(AeB,C)y =(A,B,C)Y

which is a formal power series of the parameters ¢;. Thus our quantum cohomology
QH(*T,)(V) is defined as H(*T,)(X )®qQllg1, -, gx]] with a product structure.

2.3. Givental’s correlators. We review the topic after [9], [12].

_ 2.3.1. The flat connections and the fundamental solutions. Now let g;=¢* with the
formal parameters ¢;. We have a one-parameter family of the formal D-module structures
on QH (*T,)(V) by giving a flat connection V;=hd/0t; —p;o for any nonzero Ak, i1=1,..., k.
For the fundamental solutions we introduce ¢; € H}, (Mo, n (X, 3)), so-called gravitational
descendents. These ¢; are the first Chern classes of the universal cotangent line bundles
at the ¢th marked points. The line bundles are, by definition, the dual of the normal
bundle of s;(My (X, B)) in My, n+1(X, B).

Notation. Let fi(z)e (T,)[y][[z]] for indeterminants z,y. Throughout the paper
(see [12] and [22]),

(Aifi(e), ., Anfn(c); BYF 2=/# e1(41)fi(e1) ... en(An) fn(en) B,
Mo, (X,5)

(A1/1(0), ..., AN N (c); B)Y := (A1 £i(c), ..., AN fn(c); BE(Vp))F

(A1 fi(e), ., AN fn(c); BYX ZQB(Alﬁ s AN N (€); BYE,

(A1fi(e), -, AN In(c Z ¢*(A1f1(0), -, AN fn(c); B)g

where A;€ Hz, (X), BEH(p., (Mo n(X, B))-

The system of the first-order equations V;5=0, i=1, ..., k, has the following complete
set of (dim H*(X))-many solutions [12]:

. ept/hTa ¢ b
Sa :=Z< h—c ,Tb> T s
b

where pt denotes Zle pit; and H is a formal variable (but when =0, set i=1).
The following two formulas show that 5, are indeed solutions to the quantum dif-

ferential system V,;5=0.

Using that ¢; —m*(c;) is the fundamental class A; represented by the section

84t Mo n(X, B) = Mo n+1(X, B)
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and c;UA;=0 (thé image of s; is isomorphic to My 3(X,0) x x Mp (X, B)), it is easy to
derive the so-called fundamental class axiom and the divisor axiom [22], [12]. Let f;(z)
be a polynomial with coefficients in W*(H?T/)(Moyn(x ,d))). Let D be a divisor class in
H{ry(X). Then (for n>0)

\'d

(f1(0); s Ful), N =D <f1(c), @jﬂ fn(c)>

i B

(where we abuse the notation “f;(7*(c))=f;(c)”) and

<f1(C), S fn(c)’ D>23/ =(D, B) <f1(c)7 ey fn(c)>g
v
+> <f1(c), wony fiz1(€), DU f—w Fir1(€)y s fn(c)> .

¢ 8

7

Consider

7, \V
ePt/hSV:: Z <§a7 1>gTa — ept/h Z < h(h“c)> T — ept/h(1+0(1/h))’
Q a

which is the main object in this paper. This S¥ will be called Givental’s correlator for
(X,V,E). It is an element in H;T,)(X)[h_l][[ql, .., qx]]. Notice that SV for (X, V,Euler)
is homogeneous of degree 0 if we let )_ (deg ¢;)pi=c1(TX)—c1(V), deg h=1 and deg A=b
if Ac HZ(X).

The quantum D-module of QH{7,\(V) is defined by the D-module generated by
(5,1)y for all flat sections §. When there is no V considered, we denote by QH*(X) the
" quantum cohomology. That is, using (...)*, we define QH*(X).

Remark. Suppose that a differential operator P(hd/0t;, e, h) with coefficients in
H{7,, annihilates (5,1) for all flat sections 5. Then P(py,...,Pk,q1,---, qk,0) holds in

2.3.2. Examples. The projective space P™: It is well known that in the quantum
cohomology ring QH*(P"), (po)"*t!1=q, where p=c,(0(1)) and ¢ is given with respect
to the line class dual to p. The corresponding operator is (Ad/dt)"*! —e’. The solutions
are explicitly known in [11]. §% is

dt 1
1+,§) ¢ ((P+h)(P+2h) (p+dh))n+1 :

The complete flag manifolds F(n): Let F(n) be the set of all complete flags (C'C
...CC™) in C™. The usual cohomology ring is Q[z1, x2, ..., Ts]/(I1, ..., In) Where z; are
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the Chern classes of (S;/S;_1)*, S; are the universal subbundles with fibers C?, and I;
are the ith elementary symmetric polynomials of z1,...,z,. Let us use as a basis of
H3(F(n),Z) duals of the first Chern classes of (S;)*, i=1,...,n—1. They are in the edges
of the closed Kahler cone.

Let A(z;) be a matrix

Ir1 41 0 0 0

-1 z9 ¢ O

o .. -1 ZTp1 gna
0 .. 0 -1 Tp

Then the quantum relations are generated by the coefficients of the characteristic poly-
nomial of the matrix A(x;).

The corresponding differential operators turn out to be obtained by the same method
using A(z;) with arguments hd/8t; instead of x;, hd/dt;—hd/Ot;—, instead of z;, and
—hd/ot,_, instead of z, [13], [16]. These differential operators are the integrals of
the quantized Toda lattices. The quadratic differential operator of them can be easily
derived. In fact, given a quantum relation of F'(n) between the divisors z;, there is a
unique operator satisfying that its symbol becomes the relation, and that it annihilates

P

(8,1)¢ for all flat sections &. In general, the explicit cohomological expression SX of

solutions to the quantum differential operators are not known.

2.3.3. The general quintic hypersurface in P*. Let Y be a smooth degree-5 hyper-
surface in P%. Y is not a homogeneous space. However, using the virtual fundamental
class [Mp (Y, B)]Vi* [4], [5], [18], one can define also the quantum cohomology QH*(Y")
of Y. It is expected that

(A1£1(0), -, AN [ (€)Y = (A1 fi(c), ..., AN Fn (€))O).

Let p be the induced class of the hyperplane divisor in P%. The quantum relation is
(p°)*=0. The corresponding operator is, however, not (hd/dt)%, but

(h d )2<(hd/dt)2)
dt) \ 5+f(q) )’
where (pop, p)§ =54 f(q). Notice that in this Calabi-Yau 3-fold case, we loose the whole
information of quantum cohomology when one considers only the quantum relation,

(po)*=0. The unknown f(q) was conjectured by physicists [7]. The general idea of the
prediction is the following. Roughly speaking, in theoretical physics, there are quantum
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field theories associated to Calabi~Yau 3-folds by the A-model and the B-model. What
we have constructed so far are A-model objects for Calabi-Yau 3-folds. On the other
hand, using a family of the so-called mirror manifolds which are also Calabi—Yau 3-folds,
conjecturally one may construct the equivalent quantum field theory by the B-model.
The corresponding mirror partner of a quantum differential equation/quantum D-module
is the Picard-Fuchs differential equation/Gauss—-Manin connection of the mirror family.
It was predicted that they are equivalent by a certain transformation. In [7] are obtained
the conjectural mirror family of quintics, the Picard—Fuchs differential equation and the
transformation. That is how the prediction is made. The prediction is now proven to be
correct by Givental [12].

2.4. The idea of the proof of Theorem 1. To describe the idea, let us notice that
Givental’s proof [14] of the mirror conjecture for the nonnegative toric complete intersec-
tions can be divided into three parts. (He shows in the paper that the mirror phenomenon
occurs also in non-Calabi-Yau manifolds.) Let X be a symplectic toric manifold with a
big torus T, and V be a T'x T'-equivariant decomposable convex vector bundle over X,
where T acts on X trivially. Consider the T'xT'-equivariant correlator corresponding
to SV, which will be denoted also by SV.

(1) In the A-part, it is proven that

(a) the TxT’-equivariant solution vector SVe H rxrn (X)lle, h~1]] has an “almost
recursion relation”,

(b) it satisfies the polynomiality in the so-called “double construction”, and

(c) it is uniquely determined by the above two properties with the asymptotical
behavior SY=1+0(1/h).

(2) In the B-part, another (T'x T’-equivariant hypergeometric) vector ®V, presum-
~ably given by the mirror symmetry conjecture, is constructed. It is verified that it also
satisfies (a) and (b) using a toric (naive) compactification of holomorphic maps from P!
to X.

(3) When ¢;(X)—c1(V) is nonnegative and E=Euler, there is a suitable equivalence
transformation between ®" and SV.

In this paper, for a T'xT'-equivariant decomposable convex vector bundle V over
any compact homogeneous X of a semi-simple complex Lie group G, we will show that
SV satisfies property (1) above. In this case, T is a maximal torus of G.

We define ®" which corresponds to ®" of the toric case in property (2): Let ®X =
SX=%",8Xq?% For ", we will find a modification H}€ H} 1 (X)[A] (depending on V
and d) such that if ®V:=Y", ®XH¢%, then

(A) @V (after the restriction to the fixed points) has the almost recursion relation
exactly like SV, and
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(B) @Y has the polynomial property in the double construction.

In fact, we design H) to satisfy (A) and (B).

Finally, when E=Euler and ¢;(TX)—c;(V) is nonnegative, we will prove that a
certain operation will transform SY to ®Y, since they satisfy the same almost recursion
relation and the polynomiality of the double construction.

3. The almost recursion relations

As in §2 let X be a homogeneous manifold G/P where G is a complex semi-simple Lie
group and P is a parabolic subgroup. Let T be a maximal torus. The T-action has only
isolated fixed points {v,w,...}. The one-dimensional invariant orbit of T is analyzed in
detail in §§7 and 8. For a moment we need the fact that the closures of orbits form a
finite number of projective lines P! connecting a fixed point v to another fixed point w.
For a given equivariant vector bundle W over a T'x T’-space M, we use [W] which denote
the element in the K-group K., ..(M) corresponding to the T'x T"-vector bundle W.

The torus action on X induces the natural action on the moduli space of stable
maps by the functorial property. Since the evaluation maps are T x T'-equivariant, the
pullbacks of T'xT’-bundles have natural actions in the orbifold sense. In turn, V has
the induced T'xT”-action. All ingredients in §2 are from now on the equivariant ones.
We would like to evaluate SV as a specialization of the equivariant one corresponding
to SY. We use the same notation SVEHE*TxT,)(X J{E g1, - g]] for the equivariant
one. Notice that SY might have power series of A~! in each coefficient of g%, since c
are not anymore nilpotent. Using the localization theorem, we shall find an “almost
recursion relation” on the equivariant Givental correlator. To begin with, we summarize
the fixed points of the induced action on the moduli space of stable maps. If a stable
map represents a fixed point in the moduli space, the image of the map should lie in the
closure of the one-dimensional orbits. The special points are mapped to isolated fixed
points. Let us denote by a, ,, the character of the tangent space of a one-dimensional
orbit connecting an isolated fixed point v to another w. Then, —ay, 4, is the character of
the tangent line of the one-dimensional orbit o(v, w) at w. We use S, ,, to stand for the
second homology class represented by the ray. Denote by o(v) the set of all fixed points
w#v which can be connected by a one-dimensional orbit with v.

LEMMA 1 (Recursion Lemma [12]). Denote by ¢, the equivariant classes i.(1) at v,
where i, denotes the T'xT"-equivariant inclusion of the point v into (X,V). Then SVe
H o (X)F g1, ---» g&]] has an “almost” recursion relation, namely, for any ve X T:

(0) SY(q,h):=(SV, ¢v)(‘)’EH(*TxT,)(h)[[q]] and the substitution SY(q, —ay ,/m) of h
with —ay 4 M Sy (g, B) is well-defined;



QUANTUM HYPERPLANE SECTION THEOREM FOR HOMOGENEOUS SPACES 83

(1) the difference R, of SY(q,h) and the “recursion part” is a power series of q
over the polynomial ring of 1/h, that s,

—CQyaw E(‘/vwm)z*(qsv)
R,:= Vie B)— mBy,w ( Oy, )/m . Wy v Vi, _ o
S.lah) w§v) e ow,w+mh) Euler(Ny, u,m) Sy (0 =0 /M)

m>0

is in Hipo iy (5= 1)([q]], where V,, 4 m is the T x T"-representation space HO(P!, f*V') with
[ the totally ramified m-fold map onto o(v,w) over v and w, and Ny ,m 15 the TxT'-
representation space [H°(P!, f*TX)|—[0]; and

(2) furthermore, for S§X itself, the first term R, is 1.

We will say that the statement (1) reveals the almost recursion relation of SV. The
statement (2) shows that S;¥ have recursion relations in the ordinary sense.

Proof. First of all, using the short exact sequence
0—-Ker—V;—el(V)—0

over My,1(X,d), we see that SV is indeed in Hj., o [[Fi])[(g1, -, gx]]- (The last map in
the sequence is given by the evaluation of global sections at the marked point.)

A connected component of the T-fixed loci of the moduli space Xd:=]\—40,1(X ,d) is
isomorphic to a product of Deline-Mumford spaces with marked points from the special
points of the inverse image f~!(v) of the generic f in the component for all ve XT. Now
fix a v and consider SY. It is enough to count the fixed locus F“* where the marked
point z should be mapped to the fixed point v since ¢,, can be supported only near the
point. For a stable map (f, C; ) denote by C; the irreducible component of C containing
the marked point . Then F%" is the disjoint union of

F:={(f,C;z) € P | £(Cy) =}
and

d
F2 " .= U Fd,v,w,m’
wé€o(v)
m:l, ...,m,@u,wgd

where Févwm ig
{(f7C;$)€Fd’v | ’LUEf(Cl), degflclszN}.

SY is an integral over F%"’s by a localization theorem for orbifolds. We claim that

the integral of
E(Va)ei(¢v)
h(h—c)
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over Fld “isin H (TxT") [F~1]. The reason is that the universal cotangent line bundle over
Ff ¥ in the moduli space has the trivial action. It implies that the equivariant class ¢
restricted to F{*" is nilpotent.

Now we shall obtain the “almost recursion relation” from the contribution of the
fixed loci Fg’v. Denote d—mf, ., by d’. Since C; is always one end of C for any
(f,C; z)GFZd’v, we can have a natural isomorphism from Fdw to Fdvwm where Fdw
are fixed loci in X,y::]VIo,l(X ,d"), consisting of the stable maps sending the marked
points to w. We obtain the morphism, joining the m-covering of o{v, w) to stable maps
in Fd'w, By the m-covering of o(v, w) we mean a totally m-ramified map from P'=(C;
to o(v,w) over v and w. Let '=f"1(w)NC;.

We claim that the normal bundles as in a K-group KO(Fdv-wmz Fd'w) satisfy the
equality

[NXd/F"’”*“’”"] - [NXd//Fd’vW] = [Nv,w,m] —[TwX] +[T1’Cl®Lle',w]a (1)

where L is the universal tangent line bundle over Xy. The reason of the claim is as
follows: Recall that each fixed component is isomorphic to the product of moduli spaces
of stable curves (see §3 in [17] for detail). Hence, we conclude that [Nx, pd,v.wm]—
[N Xy /Fd.’,w] (over each fixed component) is equal to a trivial bundle with nontrivial
actions. The twister by action can be computed by study of action on normal spaces
at (f,C1UCq;z)€F4¥¥™  Let N; be the normal space of F&¥%™ at (f,C1UCy; 1)
and N, be the normal space of F¢'¥ at (flcy, C2; 5’ :=C1NC3). Then as representation
spaces,

(V1] = [Na]+([H(C1, fl6, T X))~ [H(C1, TC)]) ~ [Tw X]
+[TIICI®T2102] +[TI/CI]+[TZC1].

Hence we conclude the claim (1) after canceling of [H®(Cy, TC))]|=[0]+[Tw C1]+[T:C1].
On the other hand, the direct sum of the fiber of V; at (f, C1UCs;z)€ F4¥*™ and

V| is equal to the direct sum of the fiber of Vy at (f|c,,C2;x’) and H°(C1, (fle,)*V).
Thus, applying the localization theorem we obtain

E(Va)ei(dw) E(Vy,w,m)ig(du)(—0,w/m)
e Thheg I > (Gt v /1114 B) EUTOE (N )

we€o(m)
o<m
mBy,wsd

_av,w/m)(_av,w/m_c) ’

E(Vi-mp,..) e ()
/x,,, (

where [ is the integral over F{i’”. The factor m in mh(a, /m+Hh) comes from the nature
of the orbifold localization theorem. (There are m automorphisms of fl¢,.)
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Using induction on |d|=)" d;, we may assume that the integral factors in the sec-
ond term are well-defined and belong to Hir., 7. (The localization theorem itself also
explains them.) So, statements (0) and (1) in the lemma are proven.

Now let us prove statement (2). Since (c1(TX), 3) =2 for all 3, by degree counting
we see that there are no contributions from the integral over F{>”. The reason is that
dim Mo 5 g,41=(>_ di)—2 is less than 2(}_ d;)—2 if (dy, ..., ds)#0 and dim My 1 (X, d)>
23" d;+dim X —2. So, in the case of SX, R,=1.

4. The double construction

LEMMA 2 (Double Construction Lemma). The double construction
w(sY) ::/ SV(ge", h)e> P 5(q, —h)
v

is a power series of qi,...,qx and 21, ..., 2k with coefficients in Hx . [h].

A priori, W(SV) has coefficients in the Laurent power series ring of A~ over H}.. .
For the proof we will make use of graph spaces and universal classes defined below.

4.1. The main lemma. Let L, be the projective space of the collection of all
(fo, -, fn) such that f;(zo,21) are homogeneous polynomials of degree d. Ly is iso-
morphic to PUE+DIN+1)-1 Given a stable map of degree (d, 1) from a prestable curve
C to PVxP!, there is a special irreducible component Cy of C such that Cy has de-
gree (dp, 1) under the stable map. This special component Cp is parametrized by P!
in the target space. Thus we can identify Cy with P! and keep track where the other
components intersect. Suppose that the other connected components Cj, ..., C; of C—Cy
intersect with Co=P! at [z1:y1], ..., [x;:31]. If the degrees of C; are d; under the stable
map, we now associate the stable map to

l

H(inO*ﬂviZl)di (£0s s IR);

=1
where (f3, ..., f%) are the polynomials coming from the data of the restriction of f to Co.
MAIN LEMMA (Givental [12]). The above “polynomial” mapping from G4(PN):=

M o(PNxPL (d, 1)) to Lg is a (C*)Nx C*-equivariant morphism, where PN has the
diagonal (C*)N-action and P! has the CX-action by [z9: 1] [t2o: 21] for t€CX.

Notice that the C*-action on Ly is given by

[fo(Zo,Zl) Dl fN(ZO,Zl)] — [fo(t_IZ(),ZI) Teees fN(t_IZO,Zl)]

for teC*.
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4.2. The universal class. The T x T'-equivariant spanned line bundle U; over X gives
rise to the Tx T'-equivariant morphism p§: X =P/, and so we obtain

(uz)*(0(1)) o)

l l

Ga(X) Ga,(PY) — Lu;

where G4(X) is the graph space My o(X xP1,(d, 1)), and p}, is the Tx T x C*-equivari-
ant map from G4(X) to Lg,. On O(1) we choose the lifted C*-action coming from an
action on the vector space of all (N+1)-multiples (fo, ..., fn) of degree-d; homogeneous
polynomials f;, where the action is given by '

(fo(zo, 21), -y fN (20, 21)) = (fo(20,t21), ..., fn (20, t21))

for teC*.

Denote by P;=c;((u})*O(1)) the Tx T’ x C*-equivariant Chern class. It is said to
be a universal class in the paper [14].

Denote by Wy the vector orbi-bundle over G4(X) with the fiber H°(C,¢*n}V)
at (C,v): Consider

Ga1(X) —=> X xP!
Gd(X) 7I'TV

where G4 1(X) denotes the graph space with one marked point, and 7 is the projection
of X xP! to the first factor X. Then W=7, eln}V.

4.3. Proof of Lemma 2. It is enough to show the equality
St [ erEwa= [ $Vanes e ™ -n).
d Ga(X) v

The left integral is a T x T” x C*-equivariant push forward with A as ¢;(O(1)) over P>,
and the right one is a T'xT"-equivariant push forward with a formal variable .

We will apply the localization theorem. Let us analyze the C*-action fixed loci
Ga(X)C" of G4(X). G4(X)C™ is isomorphic to

Z Mo’l(X, d(l))X){]\_Zoyl(X, d(z))
d(1)+d(2)=¢g

Suppose |d(V)|+|d(®|#0. The normal bundle is as follows:
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When |dM)|-|d®|=0: The codimension is 2 (one from the nodal condition and the
other from the condition of the image of the nodal point). Then the Euler class of the nor-
mal bundle is Ai{h—cg), or —A(—k—cs), Where ¢y and ¢, are the Chern classes of univer-
sal cotangent line bundles of the first marked point over Mo (X, d™) and My ; (X, d®),
respectively. Here we assume the following convention: 0=[0:1], co=[1:0], the associated
equivariant line bundle to the character 1 of the group C* has A as its equivariant Chern
class.

When |d(V)|-|d®|#0: The codimension is 4 and the Euler class is

A(h—co)(=h)(—h—Coo)-

Here, for instance, co€ H?(Mp1(X,d)x x My 1(X,d®)) is the pullback of the Chern
class of the universal cotangent line bundle of the first factor of My 1(X,d™)xx
My 1 (X,d®).

Let us analyze P; restricted to G4(X )CX. Consider the commutative diagram

_ _ < (1) 5(2)
Gy 4 (X) = Mo 1 (X, dD) x x Mo 1 (X,d®) 2> La, 3 25 2" [20:...:zn]

") | ]

Mo 1(X,d®) PN 3 [zo:...:zZN],

i
Hpeel

where the first vertical map m is the projection and under the second vertical map

PV is embedded into Lg, as the C*-action fixed locus of the part {z& 2" [zo:...:zn]]

[%o:...:2x]EPV}. One concludes that e%o(ui)* (c1(O(1)|pn)) =€t (pi)—d'>h, and so
Y- Pazilayy o = 9 (m3ei(p) —d 7 R) 2.
Since
5¥(q,h)eP* 5" (ge™"*, ~h)
T, \’ o) Tt v @ _ @p
— Taqd epz< > T qd e—d z’
Z <h(h*c) >d(1) —h(—h—c) /4 ’

a,b,d),d®

we see that

T, V. [Teepr—d@nz\V ) o
\% pz QV, —hz _ gy _ @ 4 +d

a,d),d® ) @

yef s
7 Je w00 Naa(x0/6,0) 40 (X)]

=Y "¢ / eP*E(Wy),
d Ga(X)

after applying the localization theorem only for the C*-action on G4(X).
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5. The class P(C) and mirror transformations

5.1. The class P(C). Let C be the collection of given data of C’va,meH(*TxT,), Oy €
H} 7 and By, €A-0, for all (v,w,m)€EXTxXTxN with veo(w). Here N is the set
of positive integers. Assume that (p;)y —(Pi)v=—{Pi) Bv,w) 0w for all i=1, ..., k. Define
the degree of h as 1. Let qi,...,qx be formal parameters with some given nonnegative
degrees. Define the degree of a homogeneous class of H3, 7,(X) as 1b. Let P(C) be the
class of all Z(q, )€ H3 7. (X)[[h™!,q]] of homogeneous degree 0 such that
(a) Z(0,h)=1, Zy(q,h):=(Z,dv)§ is in Hip, 7y(R)[g]] for any fixed point v, and
Zw(q, —Qy [/ m) are well-defined for all veo(w), m>0 (m are positive integers);
(b) the almost recursion relation for each fixed point v holds, that is, by definition,
C,
=7 — mBy,w TV —Qly
R,:=Z,(¢,h)— ) q Rl k) 2@~ /m)
m>0
wEo(v)

is in Hz, piy [~ 1][[q]], where
Bow . m(l’isﬂv,w)_
g =11 g ;
i

and

(c) in the double construction,
W(2)a.2)i= [ 2™ W= (g, 1)
v

is in H} 1/ [}]{[2,¢]]. (Here we use the multi-index notation for z=(z,...,2x) and g=

(41,5 qx)-)
Whenever the data C come from (X, V, E) as in Lemma 1, we denote the class by

P(X,V,E). So, in the case

R i (—w,w)/ME(Vy wm) iy (o)
Cowm = Couwm = Euler(Ny w,m) ’

Oy 4 18 the character of T, 0(v, w), By w=[0(v,w)|€ H2(X,Z), and

a(TX)—a(V)= Z (deg ¢:)pi-
i=1,..k
So far, we have proved that SV for E=Euler is in class P(X, V, Euler).
Below we introduce on P(C) a transformation group generated by the following three
types of operations.

(1) Multiplication by f(q): Let f(g)=>_ 450 faq?, where f1€Q, f(g) is homogeneous
of degree 0, and f(0)=1. Then f(q)ZeP(C).
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(2) Multiplication by exp(f(q)/h): Let f(q)=3 4. f2q%, where fq are in H} 7.
Suppose deg(f(¢g))=1. Then Z™*":=exp(f(q)/h)Z is still in P(C).
(3) Coordinate changes: Consider a transformation

Z— 2% = exp <Z fl(q)pz/h) Z(q eXP(f(‘I)), h)a

where fi(q)=> 450 fi(d)qd of homogeneous degree 0, fi(d)e Q, and

gexp(f(q)) = (q1exp(f1(q)), ---» qrexp(fx(q)))-

Then Z™*¥ is still in P(C).

Let us call the transformation group the mirror group.

THEOREM 2 ([14]). Suppose that degq; are nonnegative and that there is at least
one element of the form 1+o(A~') in the class P(C). Then the mirror group action on
P(C) is free and transitive.

First, we will check (1), (2) and (3); and prove the so-called uniqueness lemma and
then the theorem above.

Proof of (1). First, Z"*¥:= fZ is homogeneous of degree 0, f(0)Z(0,r)=1, fZ, are
in H, (*TxT,)(h)[[q]], and of course Z;°V(q, —a, «/m) are well-defined. Second,

' C
Znew __ Rv MGy w v,w,m gnew ,—Qy .

Thus fZ has the almost recursion relation.
Finally,

Whew :=/ Znew(qehz, h) epzZneW(q, —h) — f(qehz)f(q)vv,
14

which still has the polynomial coefficients in H3., 1. [A].

Proof of (2). The new Z"*¥ is homogeneous of degree 0, Z"*¥(0, k)=1, Z'¥ are in
H(*TxT,)(h)[[q]], and Z;*%(q, —a /M) are well-defined. Since

m
exp (@ + —f@) = 1+(av’w +mh)gav w, M
h Oty ’
and ga, ,,.m is a g-series with polynomial coefficients in H, (TxT" [A~1], Z"¥ has the almost
recursion relation.
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Once again,

WY = exp (% (f(ge™)-f (Q))> w.

But f(ge™)—f(g)=3 450 fa((e"*)4—1)¢? is a (z,q)-series with polynomial coefficients
in hHj., 1[h)].

Proof of (3). The Z™¥ is homogeneous of degree 0, Z"¥(0,h)=1, Z;°% are in
Higrn(W)llgl], and Z3™ (q, — 0w, /m) make sense.
Since (pi)w_(p‘i)v=_(p‘i)ﬁv,w)av,w,

Z Fi@)(pi)o/li= Z Fi(@)(Pi)w/(—0tw /M)

Y (o B @)+ 0 P iy, ),

The exponential of the last term on the right can be denoted by 1+ (ay,w+mh)ga, ,,m
where gq, ,,m is a g-series with coefficients which are in H, E*TxT,)[h_l]. Z"e¥ satisfies the
almost recursion relation.

Consider the double construction
W% (q,2) = / ef(qe“’)p/hZ(qehz of(ae™) ,h) eP?e F P/ Z(qef (D _p)
1

-W (qef(q), ot (qe"’f)_l—f (@) )

But since f(ge"*)— f(q) is divisible by A, W™" is a polynomial (g, z)-series.
By the way, the inverse transformation can be given by unique g;(¢)€Q|[q]], i=
1,..., k, satisfying fi(g:e91®, ..., qre9*(@))=—g,;(q) and g;(0)=0 for all 7.

LEMMA 3 (Uniqueness Lemma). Let Z=Y ;5 Zaq and Z'=3,5, Z}q" be series
in P(C). Suppose Z=Z' modulo (1/R)2. Then Z'=Z.

Proof. We may suppose that Z),=Z, for all 0<d<dy for some dg#(0, ...,0). Let
D(h):=Z}, ~Zay = AK"* L4+ B + .. =h"*" (A/h+ B+ O(h)),

where A, BE H} 7.(X). (A might be 0.) This is possible since (D, ¢,)o for all v are
polynomials of 1/h over Hir, 7y, and so D is a polynomial of 1 /h over Hy  1.(X). Con-
sider the coefficient of g% in W (Z’)~W (Z), which can be set §(D)=[,, e®+em=D(h)+
eP*D(—H). If r=0, then D=0 since D=0 modulo (1/k)2. Assume r>1. We shall show
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that A=0=2DB, which implies by induction that D=0. Notice that, since §(D) is a poly-
nomial of &,

O(K2) = K27 8(D) = /V @AMz A /B4 B+ O(R))+ ¥ (~ A/h+B+O(K))

= / e?”*Adyz+2BeP* +O(h).
v

So, .
O=doz/ e”’A+2/ BeP? = }: (dozeP A, +2eP*B,) ——,
v \% veXT iy (dw)
where A, and B, are the restrictions of A and B to the fixed point v, respectively. Since
pyz are different as v are different (this can be seen in §§ 7 and 8), eP** and dgzeP** are

*

linearly independent over H, (TXT")" So we conclude that A,=0=B, for all v, and hence
A=0=B.

5.2. Proof ‘of Theorem 2. It suffices to show the transitivity of the action. Let Z;
and Z be in class P(C) and let Z;=1+0(1/h).

Since deg ¢>0, we may let

1
Z2=Z§0)+Z§1)ﬁ+o(l/h),

where ZS))EHF}XT,(X)[[q]] is homogeneous of degree 0 and Z{" is homogeneous of

degree 1. Furthermore, Zéo)(q)eﬂ;xT, (X)[lg]] is a g-series -with coefficients in Q,
Zéo)(O)=17 and Z;l)(q) is a g-series with coefficients in Hy., 7[p] by degree counting.
We may let
Za) _
7))
where fi(g) are pure g-series over Q of degree 0 and g(q) are of degree 1 in Hy  1.[[q]].
In addition, f;(0)=0=g(0).

Now, consider operations on Zi: first, coordinate changes,

2} = expl £ (@p/h) Zala exp(F (@), By = 1+ (a)p-+ o(1/)

second, multiplication by exp(g(q)/h),

Z (fi(a)-pi)+9(q),

2/ =explg(a)/R) 24 =1+ 1 (F(@)p+9(a))+o(1/R),

and finally, multiplication by Zéo)(q),

1
h

According to the uniqueness lemma, the last one, Z{”, must be equal to Z; since Z{'=Z,
modulo (1/k)2.

2 =20 2 = 2+ 5 25+ o(1/h).
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5.3. Transformation from JY to IY. We explain the transformation introduced in
the introduction. Let Z be the nonequivariant specialization of Z. Let Z; and Z5 be in
class P(C) and let Z;=1+o0(1/h). Now let us specialize the equivariant setting to the
nonequivariant one. Let JY=e(to+P)/%Z (q) and IV=elto+P)/hZ,(q). Then, they are
equivalent up to the unique coordinate change tor—>to+ fo(q)h+ f-1(q) and t—t;+ fi(q),

=1,...,k, where f;€Q][q]] for all j, fo and f; (i=1, ..., k) have degree 0, f_; has degree 1,
and f;(0)=0 for all j.

6. The modified B-series

This second part departs in perspective from Givental’s papers [12], [14].

Let X be a homogeneous manifold with the torus T'xT"-action. From now on let
V=L18...6L; be an equivariant decomposable convex vector bundle over X, where L;
are line bundles. In this section, {7,} and {T®} denote bases of H*(X) dual to each
other with respect to the usual Poincaré paring (-, ).

6.1. The correcting Euler classes. Let z=(z1, ..., ;) be indeterminants.
Define a polynomial of z over Z[h] for S€A:

1 (c1(L:),B)
=H H (z; +mh).
i=1 m=0
Set Hy h)
v L Hp\L, ) r
Hy(z,h) = Tz

We treat each linear factor (z;+m#) of Hg as a Chern character. Define

(g, h)=) > ¢ < - >T“E<H,;(z,h>><cl(L>,h>,

deA a

where ¢1(L)=(¢1(L1), ..., c1{Lx))-

Cram. (1) (pi)w=(Pi)v—(Pi) Bo,uw) Qo,w,
(2) cl(L)w=cl(L)v_<Cl(L)aBv,'w)av,w;
(3) E(Vowm)=E(Hmg, ., )(c1(L)y, —0pw/m).

Proof. Let U be any equivariant convex line bundle. On the ray o(v, w) (&P?),
we have a homogeneous coordinate [29:21] such that the induced action on the ray is
linear (because of the equivariant embedding theorem). We have also global sections

28,2521, ..., 27 of the restriction U|pr of U to the ray, where [1:0]=w, [0:1]=v and
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n={(c1(U), Bv,w). We know that 2§, 27 and z9/2z; have the characters ¢;(U)y, ¢1(U)y
and a, ., respectively. This concludes the proof.

The first claim shows that we have a well-defined class P(X,V, E). (Otherwise, the
mirror group transformation may not preserve the class P(X,V, E).)

THEOREM 3. Suppose that c1(TX)—c1(V) is in the closed ample cone, and let E=
Euler. Then ®Y is in the class P(X,V,Euler).

Notice that for /<8
Hﬂ((b— <01(L), /8/> ha h) = Hﬁ'(x’ _h‘)Hé—ﬁ’(za h)7 (2)
Hg(z, k) = Hp (z,h) Hg_g (x+(c1(L), B') B, ), 3)

which will show the polynomiality of the double construction and the almost recursion
relation for Y, respectively.

6.2. The proof of Theorem 3. The homogeneity of ®" is clear when E=Euler, and
the rest of the properties will be proven for general E.
First of all, it is a simple check to see

®Ve Hy o [[F)N{[a])-

For the polynomiality, consider

- T.E(Hym)(c(L), ) \*
oY(q,h)eP*®Y(qe ™", —h) = qd<1)<
/‘V/ ;d(l)—‘r%:dva E(V)ﬁ(h—c) 4

XQd<2) T“e(”_d(z)h)zE(Hd(ﬂ)(CI(L)v”h) *
—h(~h—c)

4)

’
d®

where (T, T®)&=08,,5. Let us use the notation and facts in §4.3. Since
B(Hyo)(ea(L), B) B(Hy) (e1(L), ~h) = B(Ha(a— (ex(L), &), K) (en(L), B E(V)
from (2), the universal class U(c1(L)) corresponding to ¢;(L) restricted to Gg, 4, (X) is
m3ei(ca(L)) —(er(L), dP)h,
and ejom =ejemy, (4) is equal to

> qd/ e(micir=dUn< B(Hy)(Uler(L), h)
d Gy 4@ (X) [NGd(X)/Gd(l)’dﬂ)(X)]

o d ePz ¢ , ,
-;q /G T BHNU @),
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which shows the polynomiality.

Now let us check the almost recursion relation. Let
SX(g,h):=($%, 6308 = _ Sxa(W) g™
d

Since (if d#0)

wEo(v)
0<m
mﬂv,wgd
and
ayw)  EVeywm) Oy
E(H) (eD), - 222 ) = T By g, )(er(E)u,%20)

from (3) and the claim, we obtain that

CX o mEVo0,m)
@V R = (P - v, w,m W,
valP) = (@a(h), $u)5 = Roa+ ;) E(V)oh(ay,w+mh)
o<m
mﬁu,wsd
Ay Oy w
X(I)wd mﬂvw(— ™ )E(Hé_mgv,w)(cl(L)w,— - ),

where R, 4 is indeed a polynomial of 1/k over Hir. ) since

cfer(X),d) -2 1

\ * -1
(I)d - (61)* h(cl(x)’d)'—l(h—-c) € Rlei(X),d) HTXT’[[h ]]

However, since
\74 _ wa,mE(V’Uyw;m)
v, w,m E(V)v ’

®Y(g, h) has the same almost recursion coefficients CY,, ., with sY.

6.3. A proof of Main Theorem 1. Recursion Lemma 1 and Double Construction
Lemma 2 show that SV is in class P(X,V, Euler). Certainly SV is of the form 1+o(h™!).
According to Theorem 3, ®" also belongs to P(X, V,Euler). Then Theorem 2 results in
a proof of the main theorem. (We use the condition that E=Euler, in order to make
sure that SY and ®" are homogeneous of degree 0.)
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7. Grassmannians

7.1. Notation. Let ey, ...,e, form the standard basis of C", T=(C*)™ be the complex
torus, and X :=Gr(k,n) be the Grassmannian, the set of all k-subspaces in C™. As usual,
let T act on Gr(k,n) by the diagonal action. The fixed points v=(¢1, ..., i) are then the
k-planes generated by the vectors e;,, ..., e;, . Denote by C"x X the trivial vector bundle
with the standard action. Then we may consider L, the determinant of the bundle dual
to the T-equivariant universal k-subbundle of C*x X. Define V=L®! [>0. Denote
by p the equivariant class ¢;(L). We may identify H*(BT) with Q[ey,...,e,] by the
correspondence that ¢; is also denoted the equivariant Chern class of the line bundle over
a point equipped with T-action as the representation of the character ;. With respect
to the Chern class of L, we shall write deZ=H5(X,Z).

7.2. A-series.

7.2.1. Fized points. Let v be, say, (1,2,...,k). Then around the point, a local chart
can be described by

1 0 0

1 0

0 0 1
T1,1 Z1,2 o Tp—k,k
Tn—kl1l Tn—k2 - Tn-kk

For each complex value (z; ;) the column vectors in the matrix span a k-plane which
stands for a point in Gr(k,n). Then in the chart the action by (¢1, ...,t,) €T is described
as

-1 —1 -1
1,1 T12 e Tpkk t " tepp1T11 ty tp41Z12 e B Ek41T1k

-1 —1 ~1
Tn—k,1 Tn—k2 - Tn-kk U tnTn—k1 by taZn-k2 .. b tnTn—kk

In each isolated fixed point of the Grassmannian there are dim Gr(k,n)-many one-
dimensional orbits (rays) passing through the point. For instance, if v=(1,2,..., k), then
there is only one ray (v,w) from v to w=(...,i,...,j) for any i<k<j. These rays have
degree 1€ Hy(X,Z).

7.2.2. The Euler classes. Notice that the tangent space at v=(1,2, ..., k) of the ray
connecting v to w=(...,i, ..., j) has the character a(v, w)=¢;—¢;, where j>k>i. Similarly
one can find out the characters for the other cases.
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Let f: P! —>Gr(k,n) be an m-fold morphism totally ramifying the ray over v and w.
The T-representation space H°(f*L®!) has the orbi-characters

apy, +bpy
m

—lpy—F"%p foratb=1Im,a>0,b3>0,

m
where p,=—(1+...+¢) and p,=—(e1+...+&;+...+€ex+¢;) are p=ci(L) restricted to
the fixed points v and w, respectively.

8. The flag manifolds

We analyze fixed points of the maximal torus actions and the invariant curves connecting
two fixed points. This explicit description would be useful also to find S explicitly.

8.1. The complete flag manifolds. Let X be the set of all Borel subgroups of a
simply-connected semi-simple Lie group G. It is a homogeneous space with the G-action
by conjugation. Then the maximal torus T-action (fix one) has isolated fixed points.
They are exactly Borel subgroups containing T since the normalizer of a Borel subgroup
is so itself. The fixed points are naturally one-to-one corresponding to the set of Weyl
chambers. Each Borel subgroup containing T gives rise to negative roots (our convention)
of B and so a chamber associated to the positive roots. Let C be the set of chambers.
The tangent line subspace associated to the positive root a has the character a.

There is, if one fixes a fixed point v, a natural correspondence between the H2(X, Z)
and the characters of T. Then the Kihler cone is exactly the positive Weyl chamber v.
Notice that the fundamental roots span the Kshler cone. Consider co-roots &¥. They
span the Mori cone. We can identify the Mori cone A with the nonnegative integer span
of co-roots.

8.2. The generalized flag manifolds. Let X be the set of all parabolic subgroups with
a given conjugate type. Let T be a maximal torus of G. Then the fixed loci are isolated
fixed points consisting of parabolic subgroups containing 7.

8.2.1. Rays. Let us choose a fixed point PDT. Then the rays at the fixed point are
described by the following way. (The rays are by definition the one-dimensional orbits
of T passing through P.) Fix B a Borel subgroup in P containing T. First consider
the T-equivariant fibration G/B— G/P and the rational map to G/B by exp{zX,)€G,
2€C, where X, is an eigenvector of the positive root . Since exp H exp(zX,)exp —H=
exp(zexpad H(X,))=exp(zexp(a(H))X,) for HeLieT, we conclude that it is a T-
invariant stable map. By the composition of the fibration, we obtain all the rays. They
are effectively labeled by the positive roots which are not roots of P. So there are exactly
dim X-many rays at each fixed point. The tangent line at the ray has the character a.
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8.2.2. The Kdhler cone. Here we need the Levi decomposition of P, and then consider
simple roots {a;};cp(a) which are not roots of the semi-simple part of P. Then the
fundamental roots with respect to P is, by definition, {A;};cp(a), Where A; are dual
to o).

Choose a fixed point P. We may identify H2(X,Z) with the set of integral weights
according to the Borel-Weil theorem. Then the Kéhler cone is the set of all dominant
integral weights with respect to P.

8.2.3. Homogeneous line bundles. One can produce all the very ample line bundles
by homogeneous line bundles associated to irreducible representations of P with highest
weights A. The weights corresponding to the very ample line bundles are exactly the
positive integral combinations of the fundamental weights with respect to P. We shall
denote by O(A) the homogeneous line bundle associated to the (one-dimensional) highest
weight A=), P(A) a;A; representation of P. It is a very ample bundle if and only if a, >0
for all 3.

This also shows that the ray P! associated to a has the homology class “aV”, in the
sense that (P!, c;(O(\))=(a", ). We shall use a" to denote the homology class.

8.2.4. > (pi)yz; are distinet for distinct fized points v. Consider a line bundle L
associated to ’\:ZiEP(A) a;\;. (Here in advance, we have to fix PDT.) Let S, de-
note the Weyl group element of the reflection associated to a positive root o which is
not a root of P. Then the line bundle is L=0(S,())) if one looks at it with respect
to another “origin® P'=exp(37(Xa—Ya))Pexp(—57m(Xa—VYa)), where [Xo,Yo]=Ha,
[Hy, Xo]=2X, and [Hy, Y4]|=—2Y,. This P’ is the other T-fixed point which lies in the
ray associated to o which passes through P. (Because of the SL(2, C)-equivariant map
from P! to the ray, it is enough to check it when G=SL(2, C), which is obvious.) Now
it is clear that ) (p;),2; are distinct for distinct fixed points v.

8.2.5. Vo wm and Nyym. Let V=0(N). Let y:P'—>X be a stable map totally
ramifying one of the rays, passing through PDT. Suppose that the ray is associated
to a positive root a with respect to P, and that f is an m-multiple branched cover
representing an isolated T-fixed point of MO,O(X ,ma"). Then the T-representation space
HO(PL, f*(O())) has the characters

A—a—, a=0,..,m(\a).

a
m
To see it, use the coordinate z€C around the fixed point, and the equalities

exp H exp(2FEq) exp—H = exp(zexpad H(E,)) = exp(z exp(a(H)) Eq).
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Similarly, N, .,.m has the characters
a v
6—aa fora#£6>0, a=0,...,m(4,a"),
a—a  for a=0,..,m,...2m,
m

where §>0 means that § is a positive root with respect to P.
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