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1. Introduction

In his thesis [12] Ron Livné constructed an interesting family of lattices in PU(1,2). To
do this, Livné used techniques from algebraic geometry; see also Hirzebruch [9, §3.2].
Livné’s lattices are contained in Mostow’s list [15] of monodromy groups of hypergeo-
metric functions; see Deligne and Mostow [3, Chapter 16]. An alternative construction
of these monodromy groups was given by Thurston [21] who described them as the mod-
ular group of certain Euclidean cone metrics on the sphere; see also Weber [22]. Livné’s
groups have many remarkable properties. For example, Kapovich has shown [11] that
certain (well-chosen) subgroups of Livné’s groups are finitely generated but infinitely
presented. Also, Livné’s groups give equality in the version of Jgrgensen’s inequality for
groups with boundary elliptic elements; see [10, §5]. This indicates that the quotient
of complex hyperbolic 2-space by Livné’s groups are orbifolds of small volume; see [18],
where Sauter computes volumes of these orbifolds.

In this paper we use Thurston’s method to give a geometrical construction of Livné’s
lattices. Namely, we consider Euclidean cone metrics on the sphere with five cone points
and certain prescribed cone angles (§2). These cone angles correspond to Mostow’s ball
5-tuples. We may cut our sphere along a piecewise linear path running through the cone
points to obtain a Euclidean polygon with a certain set of side identifications. The key
observation of Thurston is that the Euclidean area of such a polygon (that is, the area of
the sphere with the cone metric) gives rise to a Hermitian form of signature (1,2). Thus
such a polygon corresponds to a positive vector in C12. Also, any automorphism of the
cone metric (or the polygon) gives rise to a unitary matrix in U(1,2). Each similarity
class of cone metrics corresponds to a positive point in P(C'2), that is, a point in
complex hyperbolic space. Automorphisms of similarity classes correspond to complex
hyperbolic isometries in PU(1,2). We construct two kinds of automorphism. The first
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arises from changing the piecewise linear cut to obtain different polygons corresponding
to the same cone metric. This is done by interchanging two cone points with the same
cone angle. Such an automorphism could be realised by performing a Dehn twist along
a simple closed curve through our two cone points and which does not separate the
other three cone points. The second automorphism is an example of one of Thurston’s
butterfly moves. As described in [21], the moduli space of cone metrics does not form a
complete subset of complex hyperbolic space. To get around this, Thurston uses formal
automorphisms, which he calls butterfly moves, to extend the moduli space to points
corresponding to non-simple polygons which are not fundamental polygons for a cone
metric. We consider the group generated by these automorphisms which, a priori, are
only subgroups of Livné’s groups.

We go on to consider how the automorphisms described above act on complex hyper-
bolic space. In particular, we construct a complex hyperbolic polyhedron D (§3) and use
Poincaré’s polyhedron theorem to show that our automorphisms generate a lattice with
fundamental domain D (§4). Poincaré’s theorem also gives a presentation for the groups,
and we show that this presentation is the same as that given by Livné in [12, Lemma 3,
p. 108]. Thus the groups are isomorphic, and so, by Mostow rigidity, they are conjugate.
As is well known, there are no totally geodesic real hypersurfaces in complex hyperbolic
space, and so, when constructing polyhedra, one has to make a choice of hypersurfaces
containing the sides. Our polyhedron D has eight sides, each of which is contained in a
bisector. Thus it is remarkably simple (compare [5], [7] and [20]).

In the final sections we give further links between Livné’s groups and other interest-
ing groups, namely the Eisenstein—Picard modular group [7], Mostow groups [13], [5] and
triangle groups [19], [17]. In particular, Livné groups have (non-faithful) triangle groups
as normal subgroups. These are either a lattice (compare [4]) or are geometrically infinite
(Corollary 7.4). Moreover, these triangle groups give a counterexample to a conjecture
of Schwartz [19] (see Proposition 7.5 in our paper). The corresponding quotient groups
are faithful triangle groups.

There are two major aspects of this paper that are new. First, Thurston’s construc-
tion of complex hyperbolic lattices has not previously been combined with Poincaré’s
polyhedron theorem in a completely explicit way, although this is what is going on be-
hind the scenes in Thurston’s work. It should be possible to extend the construction of
this paper to many, possibly to all, the groups on the Mostow—Thurston list. Secondly,
no fundamental domain for the Livné groups was known previously, and hence no explicit
analysis of the geometry of their action on complex hyperbolic space was possible. This
is important for two reasons. First, they are a particularly interesting family of lattices
and, secondly, they provide a family of lattices with fairly simple explicit fundamental
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polyhedra. Since there are very few examples of complex hyperbolic lattices known,
and even fewer that have been analysed geometrically, this will aid the formulation of
general results about complex hyperbolic lattices. Furthermore, calculations in complex
hyperbolic geometry have a tendency to become extremely complicated, which means
that explicit constructions are rather difficult to obtain. Thus it is quite remarkable that
the polyhedra we construct are so simple.

Part of the novelty of this paper is to provide new proofs of results that were known
previously. Therefore we keep our treatment as self-contained as possible. We choose to
give simple, explicit geometrical arguments wherever possible, and we are able to make
a good choice of coordinates in order to do so. However, sometimes we are forced to
resort to algebraic manipulation, and this somewhat obscures the geometry. We also try
to emphasise the connection with and the links between earlier results. There are further
links that we could have explored, for example from our description we can demonstrate
that all the Livné groups are arithmetic except the one with n=9 which is not arithmetic.

We shall give the details elsewhere and not discuss arithmeticity here.

Acknowledgement. While writing this paper I have had useful discussions with Mar-
tin Deraux, Elisha Falbel, Bill Goldman, Nikolay Gusevskii, Norbert Peyerimhoff and
Rich Schwartz. I would like to thank each of them for the different kinds of help they
have given me. I would also like to thank the referee for his/her many helpful and

insightful comments.

2. Cone metrics on the sphere

A cone singularity of a manifold is an isolated point where the total angle is different
from 27. This angle is called the cone angle. A Euclidean cone metric on the sphere is
a metric that is locally isometric to the standard metric on R? but with finitely many
cone singularities. For example, a cube is a Fuclidean cone metric on the sphere with
eight cone singularities, each with cone angle 37/2. A simple family of examples of
Euclidean cone metrics on the sphere is obtained by taking two copies of the same plane
Euclidean polygon and identifying them along their boundary. This is called the double
of the polygon. The cone angles are then twice the corresponding internal angles of the
polygon. We will be interested in what happens when we fix certain cone angles, but
allow the cone singularities to move around the sphere. For example, the double of a
square (a “pillow case”) and a regular tetrahedron both have four cone singularities, each
with cone angle 7. By moving the cone singularities around, one may transform one of
these into the other.
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Figure 1. The doubled pentagon. Cutting along the heavy line gives the octagon in Figure 2.

2.1. A family of Euclidean cone metrics

In this section we take a Euclidean cone metric on the sphere with five cone points with
cone angles (2r—60, 7+60, m+0, 7+60, m—20), where §=2x/n. By cutting the sphere open
along a path through the five cone points we obtain a Euclidean polygon II. Conversely,
after gluing the sides of II together, we can reconstruct our cone metric on the sphere.
We give an explicit parametrisation of such polygons by three complex numbers and
we show that, in terms of these parameters, the area of the polygon gives a Hermitian
form of signature (1,2). Different ways of doing this are described in Thurston [21] and
Weber [22]. Our method is different from theirs.

For simplicity, we first consider the situation where the cone manifold is the double
of a Euclidean pentagon. We cut this pentagon open along four of its sides (see Figure 1).
The first point on our cut is the cone point 0 with angle 7—26, then we go around the
boundary of the pentagon through the three cone points vs, vy and v; with cone angle
w46 and finish at the cone point vy with cone angle 2r—6. Cutting the doubled pentagon
open in this way yields an octagon, which we call II. This octagon has a reflection
symmetry. Using this symmetry to identify boundary points exactly reconstructs the
doubled pentagon with which we began.

We now show how to construct II geometrically in terms of three real parameters
x1, x2 and x3 (see Figure 2, which should be compared to [21, Figure 2]). Let z1, z2
and x3 be positive real numbers. Let 77, To and T3 be three isosceles triangles. The
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Figure 2. The polygon II with real parameters x1, x2, x3. Here ¢:%(7r—9).

triangle T; has base length 2z, and apex angle 6; T has two sides of length x5 and apex
angle 0; and T3 has base length 2x3 and two internal angles . We form an octagon IT
by first removing from T3 a copy of 77 whose base is centred on the base of T3 and then
removing two copies of Ty whose apexes lie in the base corners of T3 (see Figure 2). The
octagon is simple (that is, the interiors of its edges are disjoint) provided Ty and Ty are
disjoint and their interiors are contained in the interior of T5. In other words, provided
x1+x2<x3 and x1<x3(l—cosf)/cosf=x3tanftan(d/2).

We now make this precise by adopting coordinates as follows. We place T3 in the
complex plane so that its apex is at the origin and its base is parallel to the real axis.
The vertices of the triangles are given in the following table (where T} is the second copy
of Ty):

Triangle Vertices
T x1icot(0/2) —x3itand T1—x3itanf —x1—x3itand
Ty —x9(cosf—isinf)+xz(1—itan) | zz(1—itanf) | —zo+ax3(l—itanb)
T, xo(cosO@+isinf)—xg(14+itand) | —x3(l+itanf) | xo—xz3(1+itanb)
Ts 0 x3(l—itan®) —z3(1+itan)
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The resulting octagon is preserved by reflection in the imaginary axis, and we label
its vertices so that this reflection interchanges v; and v_;. Moreover, gluing points of the
boundary of II to their image under this reflection reconstructs the doubled pentagon we

started with. The vertices are given in the following table (see Figure 2):

vo =14 cot(0/2) —xzitan 0
v1 =1 —x3itand v_1=—r1—x3itanf
vy = —xo+x3(l—7itan ) v_g=x9—x3(l+itan6)

v3=—wxa(cosf@—isinf)+xz(l—itanb) | v_g=uxs(cosO+isinh)—x3(1+itand)

The area of II may be obtained by subtracting the area of 17 and twice the area of

T; from the area of T3 (compare [21, equation (1)]). The areas of the triangles are

sin 6
A T) = t(0/2) = —— 2
rea(T1) = x1x1 cot(0/2) 1_0089301,
in 0

Area(Ty) = 2 cos(8/2) a2 sin(8/2) = Sl%x%

sind ,
Area(T5) =x3x3tand = x5

C

0s 0

Hence

-1 1
Area(Il) =sinf [ ——— a2 —25+——123 | .
rea(IT) bm9<1—c059$1 x2+0059x3

We may now allow the variables z; to be complex and we write them as z;. We
still have triangles 77, 75 and T3, but now 2z; and 223 are vectors along the bases of
Ty and T3 respectively, and zo is a vector along a side of T5. Once again, we place the
centre of the base of T} in the centre of the base of T3 and the apexes of Ty and T}
at the base vertices of T3. However, when z; and zo are not real multiples of z3 then
the corresponding edges no longer line up. The vertices of the resulting octagon are the
corresponding vertices of the triangles and are still labelled v;, but in general there will

no longer be any edges contained in edges of T5 (see Figure 3). The vertices are now

vg = 211 cot(0/2) — z3i tan 0 0
v =21 —23itan @ v_1=—z1—z3itanf
vy =—29+23(l—itanb) v_g=2z9—23(1+itand)

vg = —2z9(cos@—isinf)+z3(l—itanf) | v_g=2zo(cos@+isinfh)—z3(1+itanb)

We can use cut and paste on this octagon (see Figure 3) to see that it has the same
area as the triangle T3 less the area of one copy of 71 and two copies of T5. Thus it has

area
-1

Area(Il) =si —_—
rea(IT) Sme(lcosﬁ

1
al =l glaal). )
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Figure 3. The polygon Il with complex parameters z1, zo and z3. Again ¢:%(7r—0).

The area gives a Hermitian form of signature (1,2) on C3 This is the key observation
that leads to a complex hyperbolic structure on the moduli space of such polygons. This
is a special case of [21, Proposition 3.3] (see also [22, Lemma 4.3]).

There is a natural way to construct a particular Euclidean cone manifold from II.
Consider the following edge-pairing maps of II. These maps o; will be orientation-
preserving Euclidean isometries and so are completely determined on each edge by their

value on the vertices v; and v;41. The maps are

01(0)=0, o1(vz)=v_3
oo(vs) =v_3, 02(v3)=v_9
o3(vg) =v_g, o3(v1)=v_1
o4(v1)=v_1, o4(vg)=19.

Let M be the Euclidean cone manifold given by identifying the edges of II using the
maps o;. It is clear that M is homeomorphic to a sphere and has five cone points
corresponding to 0, vg, V41, V42, v+3 With cone angles 7—26, 2n—0, n+60, 7+60, 740,
respectively. These are examples of the cone manifolds studied by Thurston in [21] and

the cone angles correspond to the ball 5-tuples studied by Mostow [15].
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Figure 4. The doubled pentagon from Figure 1 with the new cut associated to the move R;.

2.2. Moves on the cone structure

In the spirit of [21], we define various “moves” on such polygons. First, observe that
complex conjugating all three of z1, zo and z3 is the same as reflecting the polygon II in
the imaginary axis. (If z3 is real, this line passes through 0 and the midpoint of the base

of T5.) Thus complex conjugation is an automorphism.

Other automorphisms may be defined as follows. The cone manifold has five cone
points, one each with cone angle m—26 and 27 —6, corresponding to the vertex 0 and
the vertex vg, respectively, and three with cone angle 746, corresponding to identifying
V41, V42 and vig, respectively. When we make our cut in the cone manifold there is no
canonical ordering of the three cone points with angle 746, and so our first moves on the
cone structure correspond to taking these cone points in a different order when making
the cut.

First, there is a move R; fixing 0, vg and v4; and interchanging the vertices v1o and
v+3. From the mapping class point of view, this is a Dehn twist about a simple closed
curve on the sphere that passes through these two cone points and does not separate the
others. When cutting open the cone manifold to form the polygon II one must now cut
from 0 directly to v4a, then to vis, and then on to vy; and vy as before (see Figure 4).
After having made this cut we can open the pentagon out to make the octagon, shown
in Figure 5.
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V_2 U1 (%)

Figure 5. The move corresponding to R; applied to the polygon from Figure 2.

We now show how to construct the new octagon from the old one by cut and paste.
First, the cut goes from 0 directly to vo. Hence the triangle 0, vo, v3 must be glued back
on along the edge 0,v_3 according to the side identification o;. Likewise, the triangle

v_1,V_9,v_3 must be glued by 051 to the side vy, v5. This is illustrated in Figure 5.

Having found the new polygon we must find the new parameters wy, ws and ws.
It is not hard to see that the large triangle T3 corresponding to z3 is unchanged, as is
the small central triangle T} corresponding to z;. However, the triangles 75 and T4 have
each been rotated anti-clockwise through an angle € about their apex. Therefore the new

coordinates are z;, z2¢"? and z3. The new variables are given in terms of the old by the

matrix
1 0 O
Ri=10 e? 0 (2)
0 0 1

Observe that complex conjugation followed by R; is an involution.

We now demonstrate an alternative way to find these new coordinates by analysing



10 J.R. PARKER

Figure 6. The doubled pentagon from Figure 1 with the new cut associated to the move Rj.

the vertices. We write the new vertices as v}. Then

wyicot(0/2) —wsi tan § = vy = vy = 214 cot(0/2) —z3i tan 6,
wy —wsi tan = v} = vy = 21 —23i tan 6,

—wa(cos @ —isinf)+ws(1—itan f) = vy =ve = —29+23(1—itan).

These equations may be solved to give

wi=z1, ws=e%, and ws=zs.

Secondly, there is a move R, fixing 0, vy and vis but interchanging v4; and vs.
Again this corresponds to a Dehn twist along a simple closed curve through v4; and v4o
that does not separate the other cone points. This time we obtain the octagon II by
cutting from 0 to vis, then to v41, v4o and finally to vy (see Figure 6).

The cut-and-paste procedure is similar to that giving R;. The slit now goes from 0 to
vs and then directly to v;. Hence the triangle vy, v, v3 must be glued by o2 to v_s,v_3.
Likewise, the triangle vg,v_1,v_o is glued using 04_1 to vg,v;. This is illustrated in
Figure 7. It can be seen that all three triangles have been changed and we must be

careful when finding w1y, we and ws.
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v_3 U3
V_9 vy

Figure 7. The move corresponding to Rg applied to the polygon from Figure 2.

The easiest way to find the new coordinates is to analyse the vertices:
wii cot(0/2) —wsi tan 6 = v, = vy = z1i cot(0/2) — zzi tan 0,
—wy+ws(1—itan ) = v =v; = 21 —23i tan 0,
—wa(cos @ —isin @) +wsz(1—itan ) = v} =vs = —z2(cos @ —isin ) +z3(1—i tan @).
Solving for wy, we and ws we find that
(1—cosO+isin@)wy = (isinf)z; — (1 —cos ) za+(1—cos 0)z3,
(I—cosO+isinf)wy = —z1 —(cos —isin ) zy+ 23,
(1—cosO+isin@)ws = —(cos )z —(cos 0)za+ (1+isin 0)z3.
The new variables are given in terms of the old by the matrix

isinf@ —14cosf@ 1—cos@
-1 —e~ 10 1 : (3)

—cos 6 —cosf 1+isinf

1

Ry=—————
2 1—cosf-+isind

Note that det(Ry)=e? and that complex conjugation followed by Rs is an involution.
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We remark that R; and Rs each correspond to interchanging a pair of cone points,
and so the corresponding mapping class on the five times punctured sphere is a Dehn
twist along a curve through these two points. This leads us to expect that R; and Rp
should satisfy the braid relation RjRsR1=RoR;iRs, and in Theorem 5.1 (iii) we verify
that this is indeed the case.

We show in the next section that, after projectivising, the points (21, 22, 23)€C3
corresponding to simple polygons form a non-complete region inside complex hyperbolic
space; compare Thurston [21]. In order to extend this region to the whole of complex
hyperbolic space we must consider triples (21, 22,23) that do not correspond to sim-
ple polygons, but which formally share many properties with those that do. Following
Thurston, we allow the boundary of II to intersect itself and keep track of a signed area.
It turns out that we only need to consider one more move on the cone structure, de-
noted I, and following Thurston we call it a butterfly move (see [21, Figure 5] for an
explanation of the name). Specifically, the automorphism I; is constructed by rotating
the triangle T7 through angle 7. This is equivalent to sending z; to —z; while keeping

z and z3 the same. That is, [; is given by applying the matrix

1.0 0
L=|0 1 of. (4)
0 0 1

Observe that I; is an involution, as is complex conjugation followed by I;. Moreover,
I; commutes with R;. This may be seen either by considering the matrices or by the
geometrical action on the polygons.

As indicated in Figure 8, making z; real and negative forces the triangle T} to point
downwards and makes the boundary of II intersect itself. When traversing the boundary
of IT we must now go around 977 with the opposite orientation from that which we use
on 0T3. Hence the area of T} is now negative. Therefore the area of the new polygon is
still given by (1).

All three of these moves preserve the (signed) area of II. In other words, from (1) the
matrices are unitary with respect to the Hermitian form given by (z, w)=w*Hz, where

*

w* is the Hermitian conjugate of w and H is given by

1/(1—cosf) 0 0
H=—sin6 0 1 0 . (5)
0 0 —1/cos®
We are going to consider the group of unitary matrices I' generated by these three

moves, namely
= <R15 R27 Il>7
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Figure 8. The butterfly move corresponding to I applied to the polygon from Figure 2.

where §=2m/n for n=5,6,7,8,9,10,12,18. For these values of n we will show that the
group I' is discrete and isomorphic to one of the Livné groups. When n=4 the group
is elementary, and for all other values of n>5 not on this list the cone angles violate
Mostow’s criterion. Hence these groups are not discrete. In fact, for all such n the group
I’ may be shown to be non-discrete using Jergensen’s inequality; see [10]. We will give the
details elsewhere. Also observe that, since complex conjugation followed by any of Ry, Ro
and [ is an involution, I' is an index-2 subgroup of a group containing antiholomorphic
automorphisms.

Finally, we remark that by examining the cone angles, we see that I is in the list of
94 groups constructed by Mostow [15, pp. 584-586] and Thurston [21, pp. 548-549]. For

reference we give the corresponding numbers in their respective lists:

n 5 6 7 8 9 10 12 18

Mostow 58 49 76 53 80 57 62 79
Thurston | 52 40 76 45 80 49 57 79
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3. The polyhedron D

In this section we show how that collection of cone metrics on the sphere, or equivalently
polygons II, may be parametrised by a subset of complex hyperbolic space. It will
immediately follow that the automorphisms act as complex hyperbolic isometries. It is
really the geometry of the action of these isometries that will be of most interest to us.
We construct a polyhedron D in complex hyperbolic space whose sides are contained
in bisectors and whose vertices correspond to certain degenerate cone metrics obtained
either from the collision of three cone points or from the collision of two pairs of cone
points. Once we have constructed D we will cease to be interested in the cone metrics
but, rather, will concentrate on the complex hyperbolic geometry of the polyhedron.
Specifically, we will analyse how the sides of D intersect. Some of the more routine
calculations involved in this are relegated to the appendices. There is a difference between
the three cases n=5, n=6 and n>7. In this section we concentrate on the case n>7 and

in §6 we discuss the other two cases.

3.1. Complex hyperbolic space

From now on we concentrate on those points z1, zo and z3 for which the area of II is
positive. Since the area (1) is given in terms of the Hermitian form H from (5), the area

of II being positive is equivalent to

1/(1—cosf) 0O 0 21
—sin@[zl Zo 23] 0 1 0 20| =2"Hz=(z,2z) > 0.
0 0 —1/cosf| |z

Multiplying each z; by a non-zero complex number u preserves the polygon up to sim-
ilarity and scales the area by |u|?>0. Thus it is natural to consider similarity classes
of polygons by applying the canonical projection from C? to CP2. Since the area is
positive we must have z37#0 and we may take a section by restricting to the affine plane
where z3=1.
Thus, in what follows we consider complex hyperbolic space to be those points in
CP? for which the Hermitian form H given by (5) is positive. That is,
. —|2z1]?sin @ 5 . sin 0
l1—cosf |22 sin 6+ cosf

Hi={2z=|2|:(2,2)=2z"Hz= >0 . (6)

We have already seen that the moves on the cone structure I, Ry, Ro and their products
correspond to unitary matrices with respect to the Hermitian form H. These act projec-
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tively on HZ, and so lie in PU(1,2), the holomorphic isometry group of HE. Likewise
complex conjugation is an antiholomorphic isometry of HZ.

It will be convenient to introduce a second set of coordinates on HZ. Just as for
the groups considered in [7] and [20], there is a particular element of the group, which
we call P, that will play an important role in our construction (it is also called P in [7]
and is called K in [20]). In particular, P is a side pairing of our fundamental domain D,
and images of D under powers of P form a cylinder or a torus with a repeating pattern
of faces. Algebraically, this corresponds to the fact that I; and its conjugates by powers
of P generate a triangle group; see §7 and, in particular, compare Lemma 7.1 with [20,
Lemma 3.1]. Our second set of coordinates will be the preimage of the first under P. To
this end we define P=R R>, and we write it as a matrix:

isind —(l—cosf) 1—cosé
—e' -1 e | (7)

—cos 6 —cosf 1+isin6

1
" 1—cosf@+isinf

We will want to keep track of coordinates, which we denote by w, given by

wy ) —isind —(1—cosf)e™® 1—cos | |z

= —[p-1 - - _ _
w w2 [ (2)] 1—cosf—isinf 1 1 ) 1 2
1 —cosf)  —(cosB)e ™  1—isin@]| |1

In other words

—21i8in 0 — 2979 (1—cos §)+(1—cos )

= - 9
w1 —21 cosf—2z9e~®cosf+1—isin b (9)
72172’24’1
= - . 10
w2 —21 cos—z9e~cosf+1—isind (10)
Likewise
21 isinf —(1—cosf) 1—cosf | [w;
2= || =P =g | —? 1 | fus
1—cosf+isinf
1 —cosf —cosf 1+4+isinf 1

Hence

wyisin @ —ws(1—cos )+ (1—cos )
zZ1 =

11
—wy cosf—wycosO@+1+isinh (11)

0

—wqe® —wy+et?

29 = )
2 —wj cos @ —wsq cos 0+1-+4sin 6
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The reason for keeping track of two sets of coordinates is that it gives a simple description

of the polyhedron D in terms of the arguments of 21, 22, wy and wy; see (17) below.

3.2. The vertices of D

We identify some distinguished points of HZ, which will be the vertices of our polyhedron.
Writing w=P~1(z) as in (8), it will be useful to have our points in w-coordinates as
well as z-coordinates. In all cases these distinguished cone structures are obtained by
letting some of the cone points approach each other until in the limit they coalesce, and
hence result in a new cone point. The complementary angle of this new cone point (that
is, 2m minus the cone angle) is the sum of the complementary angles of the cone points
that have coalesced. See Thurston’s discussion in [21, §3], in particular [21, Figure 11],
for a more detailed discussion of this process. From the point of view of the octagon IT
discussed in §2, this process is the same as either expanding or contracting the triangles
T1 and T5 until some of the vertices become the same point. If such vertices are adjacent
then the edge between them has degenerated to a point.

In [21, Proposition 3.5] Thurston discusses what happens when two cone points
collide.

formula for v(.S), the cone angle around this stratum. In our setting, the moduli space is

He shows that this occurs along a stratum S of codimension 1 and gives a

an orbifold, and so in each case 27 /v(.S) is an integer. The stabiliser of the stratum S is
then a subgroup of " of order 27 /+(.S). Suppose that the two cone points have cone angles
¢1 and ¢o. Then [21, Proposition 3.5] shows that if ¢1#¢s then v(S)=¢1+¢2—27 and
if ¢1=e¢2 then v(S)=¢1 —7m. We now indicate the strata associated to various collisions

of pairs of cone points and give the appropriate subgroups of I':

Cone points Stratum S ~(S) Subgroup
Vg, V41 z21=0 7= 27—0)+(r+0)—2r (I)
Vo, V43 w1 =0 7=021—0)+(r+0)—27 (PLP7Y)
Uio, Ux3 | 22=0 0= (r+0)—m (Ry)
Vi1, V42 | we=0 0=(r+0)—7 (Ra)

0, vo 21 =(1—cosf)/cosO | 1—30=(m—20)+(27r—0)—27 (P3)

We can check that in each case the generator of the group in the last column is a
complex reflection of order 27w /v(S). This indicates, but does not prove, that our group
is indeed the same as Thurston’s group.
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71 ZQ\M

INING
A

Figure 9. Polygons corresponding to vertices of D.

Zg

We now discuss the cone structures that will be the vertices of our polyhedron. The
point z; will be fixed by R; and I;. It is the origin in the z-coordinates. Since z; and
zo are both zero, the triangles 77 and T, discussed in §2 have both degenerated to a
point. Thus the octagon II has degenerated to become simply the triangle 75. In terms
of the cone manifolds, z; =0 corresponds to the cone points corresponding to vy and vy
coalescing to give a new cone point with cone angle 7; and z,=0 corresponds to the
cone points corresponding to v4s and vig3 coalescing to give a new cone point with cone
angle 20. The polygon II corresponding to z; is given in the top row of Figure 9. The
corresponding point where w;=ws=0, which is fixed by Rs, is denoted zs. This is the
origin in the w-coordinates. Here the cone points vy and vy3 coalesce, as do vy and vis.
Hence the base of T5 has become one of the sides of T3.
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There are three points z3, z4 and z5 with z; =(1—cos#)/cos 6. This condition corre-
sponds to Ty and T3 having their bases parallel (recall that we have taken z3=1, and in
this case z; is real) and the apex of T} at 0, which is also the apex of T5. This configura-
tion only works in the cases where n>7. The cone points corresponding to 0 and vy have
coalesced to give a new cone point with cone angle m—36. For z3 we have 2o=0, and
s0, as above, vis and vis have coalesced to give a new cone point with cone angle 26.
This is shown on the left of the middle row of Figure 9. For z4, we have zy real and
z1+29=1. This means that the cone points v1; and vy, have coalesced to give a new
cone point with cone angle 26. As shown in the middle of the middle row of Figure 9,
the corresponding polygon can be obtained from Figure 2 by first allowing 77 to be as
large as possible, but with its interior still inside T3, and then allowing 75 and T4 to be
as large as possible, but with their interiors inside T3 but outside 7T;. The vertex zs is
the image of z4 under R;. This means that the cone points vy, and vi3 have coalesced
to give a new cone point with cone angle 26. As shown on the right of the middle row of

Figure 9, this is the limit of Figure 5 as T, T, and T4 each become as large as possible.

In this section we are only interested in the cases where n>7, but for completeness
we now indicate what happens when n=>5 and n=6; see §6 for more details. When n=>5
or n=~6 the three vertices z3, z4 and z5 are replaced with a single vertex where z; =1 and
29=0 (and so also wy=1 and we=0). When n=6 the angles 7—26 and 6 are the same.
In this case, when z; is real, the sides (vg,v1) and (0, v3) are parallel. Thus as vy tends to
0 we must also have vy, v9, vs coalescing, and v_1, v_3, v_3 as well. Hence the polygon
degenerates to a figure with zero area. This limiting configuration corresponds to a point
on the boundary of complex hyperbolic space, which is a cusp of the lattice. When n=5,
the configuration with z; =1 and z3=0 corresponds to a point in the interior of complex
hyperbolic space and involves the cone points corresponding to vi1, v4s and vy all

coalescing to give a new cone point with cone angle 30 —m=n/5.

Finally, we will discuss the vertices zg, z7 and zg. First, zg has z; purely imaginary.
This means that the base of 77 is orthogonal to the base of T5. Furthermore the apex of
T; is one of the base vertices of T3, and also, as zo=0, the triangle 75 has degenerated
to a point. In this configuration the cone points corresponding to vy, v+2 and vig have
all coalesced to give a new cone point with cone angle . Next for z; the cone points
corresponding to vy, vy and vis have coalesced to give a new cone point with cone
angle 0. As shown in the middle of the bottom row of Figure 9, this is the limit of the
polygon from Figure 2 as T} shrinks to a point and T3 and T become as large as possible,
but with disjoint interiors. Finally, zg is the image of z7 under R;. Here the cone points
vg, v4+1 and v4g have all coalesced, again giving a new cone point with cone angle 8. This
polygon is again the limit of that shown in Figure 5.
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We summarise the above discussion with the following table relating the points z;

and the cone points that have coalesced:

Point | Cone points | Angle | Cone points | Angle
Z Vo, U+1 ™ V42, U4+3 20
Z3 Vo, V43 ™ Vi1, Vg2 20
Z3 O, Vo T—30 V492, U43 20
Zy O, Vo T—30 V41, V42 20
Zs O, Vo T—30 V41, U43 20
Zg | Vo, V+2, V43 0
Z7 | Vo, V41, V42 0
Zg | Vo, V41, V43 0

In [21, Proposition 3.6] Thurston shows that j cone points with cone angles ¢1, ..., @;
collide in a stratum S of codimension j—1. The resulting cone angle of the moduli
space is Y(S)=¢1+...+¢;—2m(j—1). Furthermore the order of the stabiliser of S is
N(27/v(S))~1, where N is the order of the subgroup of the symmetric group preserving
the angles. By combining this information we can also find the stabiliser of each vertex
and compute the corresponding cone angles. We again see that our group is consistent
with Thurston. For example, the vertex z7 is stabilised by the group (1, Rs). We claim
that it will follow from results of §7 that this group has order 2n?. We now sketch a
proof of this claim. Cyclically permuting the indices in (36) we see that Roly Ry ‘=13
and R213R2_1213]1]3 (where I3 is as defined in §7). Thus (1, I3) is a normal subgroup
of (I1, Ro) with quotient group (Rp). Since (I1,I3) is dihedral group of order 2n (see
Proposition 7.3) and (Rp) is cyclic of order n, we immediately see that (I;, R) has
order 2n? as claimed. The fact that these orbifold singularities have the same order
as Thurston’s is a strong indication that these groups are indeed isomorphic to Livné’s
lattices. In Theorem 5.1 we show that the two groups have the same presentation, and

hence, by Mostow rigidity, that they are conjugate.

The table below gives both the z- and w-coordinates of the eight vertices z1, ..., zg.
This enables us to transform our geometrical problem concerning cone structures into an
algebraic problem about the action of a certain matrix group. From now on, we shall
not consider cone metrics any more, but will concentrate on the action of this matrix
group on complex hyperbolic space. We analyse this with a combination of geometry
(bisectors) and linear algebra.
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21 z2 w1 w2
z1 0 0 1—e "/(1—isin @) 1/(1—isin0)
z2 | 1—¢"/(14isin6) e?/(1+isin 0) 0 0
z3 | (1—cos#)/cosb 0 (1—cosf)/cosf | e (2cos0—1)/cosO
zs | (1—cos@)/cos@ (2cosf—1)/cos (1—cosf)/cos@ 0
z5 | (1—cos®)/cosf | e?(2cos0—1)/cosb (1—cosf)/cos@ (2cos0—1)/cos
ze | —i(1—cosf)/sind 0 0 e’
Z7 0 1 1(1—cos0)/sin 6 0
Zs 0 e 0 1

Before we finish this section we show that the collection of vertices described above
is symmetrical with respect to an involution. The polyhedron D will also have this
symmetry which will simplify matters later on. Consider the antiholomorphic isometry

¢ given by ¢(z)=R;1RaR1(Z). In other words,

21 ) isind —e?(1—cosf) 1—cosh | [z wy
_ _ 6 6 i0 o i0 13
kK 1—cosf-+isinf € 4e € 2 2 (13)
1 —cosf —ePcosd 1+isin 6 1 1

(Here ~ denotes projective equality.) The following lemma is easy to verify using (13)
and the table above.

LEMMA 3.1. The isometry v has order 2 and acts on the z; by

(z1) =122, (2z3)=24, (2z5)=125, (zg)=27 and (zs)=212s.

3.3. The polyhedron D

The faces of the polyhedron D will be contained in bisectors. We now give a brief
summary of the properties of bisectors that we will need; see [8] or [13] for more details.
A bisector is the locus of points in complex hyperbolic space equidistant from a given,
pair of points in complex hyperbolic space, say z; and z;. Using the standard formula
for the distance function (see Goldman [8, (3.4)], for example) we see that z€ D if and

only if

(z,2;)(z;,2)

(2,2)(2;,2;

— cosh? (9(2%)) :Coshz(é)(z,zk)> _ (z, 21 ) (2, Z)

2 (z,2){(zk, Z1)
If z; and z; have the same norm, that is, (z;,z;)=(zx, 1), then this is equivalent to

B={zeHg:|(z,2;)| = |(z,2)|}. (14)
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In Lemma 4.6 we will use this characterisation of bisectors. In fact, this definition of a
bisector only depends on (z;,z;)=(zx, zx) and not on whether this quantity is positive,
negative or zero. That is, the points z; and z; may be on the boundary of complex
hyperbolic space or outside; see Lemma 4.4.

The points z; and z, lie in a unique complex line L, called the complezx spine of the
bisector B. There is a geodesic v in L that is equidistant from our pair of points with
respect to the natural Poincaré metric on L. This geodesic is called the spine. This still
makes sense when z; and zj, lie on the boundary of HZ or lie outside: For any anti-
holomorphic involution interchanging z; and z; we may define the spine as the locus of
points in L fixed by this involution. It is easy to check that this definition of the spine is
independent of the chosen antiholomorphic involution. Bisectors are not totally geodesic
(there are no totally geodesic real hypersurfaces in complex hyperbolic space), but are
foliated by totally geodesic subspaces in two different ways. First there are the slices;
see [13]. Let IT;, denote orthogonal projection onto L, then the bisector is the preimage
of v under II;. Each fibre of this map, that is, each complex line that is the preimage
of a point of 7, is a slice of our bisector. Secondly, there are the meridians; see [8]. Each
meridian is a Lagrangian plane that contains the spine ~, and is the fixed point set of
one of the antiholomorphic involutions that swaps z; and z,. Every Lagrangian plane
containing -y is a meridian and the bisector is the union of all its meridians.

We now define the bisectors containing the sides of our polyhedron D. The spine of
each bisector will be the geodesic passing through a pair of the points defined in §3.2. By
inspection this leads to a definition in terms of the argument of one of z1, 29, wy or ws.
In Lemmas 4.4 and 4.6 we will also characterise the bisectors using (14), that is, as the
locus of points equidistant from a given pair of points. We now define the eight bisectors

in question. Their label reflects the pair of vertices in the spine.

Bisector Definition Points on spine | Other points
B3 Im(z;)=0 Z1, 73 Z4, Z5, Z7, 78
Bay Im(wy)=0 Zo, Z4 z3, 25, Z6, Z8
Bis Re(z1)=0 Z1, Zg Z7, Zg
Bay Re(wq)=0 Zy, 27 Z6, 78 (15)
Bl7 Im(ZQ):O Zy1, Z7 Z3, Z4, Zg
Bys | Im(wge™)=0 Z2, Zg z3, 24, Z7
Big | Im(ze ) =0 z1, Zg Z3, Z5, Z6
Bog Im(ws) =0 Zy, Zg Z4, Z5, Z7

The following lemma follows immediately from this table and Lemma 3.1.
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LEMMA 3.2. Let ¢ be the involution defined by (13). Then
UB13) = Bas, (Big)=Ba7, (Bir)=DBa and i(Bis)=Bos.

The spines of B3, Byg, B17 and Bjg all pass through the point z;, which is the
origin in the z-coordinates. Observe that I; maps each of the bisectors Bi; to itself.
Similarly, R, preserves B3 and Big, and sends B to Byg. The four bisectors Bi3, Big,
Bi7 and Bys bound a wedge W1. Writing z as in (6), this wedge is given by

Wy ={z:arg(z1) € (—7n/2,0) and arg(z2) €(0,0)}. (16)
LEMMA 3.3. The wedge Wi is homeomorphic to a half-space in R*, and this homeo-
morphism extends to a homeomorphism from OW, to R3.
Proof. In order to see this, first apply the conformal homeomorphism ®: (21, z9)—
(23, zg/Q). Using =27 /n, we see that ®(W7) is the product of two half-planes:

(W) ={(z1+4y1, x2+iys) : y1 <0 and yo >0}

The boundary of this set comprises those points where y; =0 or y2=0 (or both).
Secondly, apply the following homeomorphism from ®(W7;) to a half-space in R*:

U (21 +iy1, va+iy2) — (T1, T2, Y1 +Y2, Y1Y2)-
The restriction of ¥ to ®(0W7) is

($17x27y170)7 lf 312:0,

U: (21 +iy1, xa+iys) — { .
(l.laany270)7 if y1:0

The image of the boundary W® (W) is clearly the whole of R? as claimed. O

Similarly, the spines of By, Bog, Boy and Bog all pass through zs, the origin in the
w-coordinates; see (8). Moreover, Ry preserves Bay and Bar, and sends Bag to Bag. The
four bisectors bound a wedge Wo=P (W), where P is given by (7). Writing w as in (8)
this wedge is given by

Wy ={w:arg(wy) € (0,7/2) and arg(ws) € (0,0)}.

Since P is a homeomorphism, using Lemma 3.3 we immediately see that W5 is homeo-
morphic to a half-space in R*, and this homeomorphism extends to a homeomorphism
from OWs5 to R3.
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Zg Zs

Zg Z3

VArd Z4

Z1 Z5

Zs zg

Z3 Zg

Zy Z7
Figure 10. The sides in each wedge W1 and Wa.
We define the polyhedron D to be the intersection of the wedges W3 and W5 (com-
pare [5]):

(17)

DWmWQ{ZP(W arg(z) € (—7/2,0), arg(zg)e((),ﬁ),}.

- arg(wi) €(0,7/2), arg(ws) €(0,6)

We define the sides S1; and Sy; of D to be the intersection of D with the bisector
By; and By, respectively. Below we give each side in terms of z and w, in particular

the arguments of their entries:

Side | arg(z1) |arg(z2) | arg(w1) | arg(wz)

Sz | —m/2 [0,6] | [0,7/2] | [0,6]

Soy | [-7/2,0] | [0,0] /2 [0, 6]

S16 0 [0,0) | [0,7/2] | [0,6]

Sor | [=7/2,0] | [0,6] 0 [0, 6] (18)
Si7 | [-7/2,0] 0 [0,7/2] | [0,6]

Sae | [-7/2,0] | [0, 6] [0,7/2] 0

Sis | [-7/2,0] 0 [0,7/2] [0, 6]

Sas | [-7/2,0] | 0,6 [0,7/2] 0

The vertices of each side are precisely the points listed in the table of bisectors (15). In
Figure 10 the sides containing z; and those containing zs are shown. These collections
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of sides form open subsets of W, and 0Ws, respectively. Below we show that each

2-dimensional face of each side is homeomorphic to a disc. Gluing these discs together,

we can see that the outer boundary of the collection of sides containing z; (and zs,

respectively) is homeomorphic to a sphere. There is an obvious contraction of this sphere

down to z; or zo, and so we see, using Lemma 3.3, that the collection of sides containing

z1 and those containing z, are each homeomorphic to a 3-ball. Gluing the boundaries

together gives a 3-sphere, which is dD.

We now consider the 1-skeleton of D. This consists of arcs joining pairs of vertices

of D, called edges. Let «yj.=; denote the edge of D with the vertices z; and z; as

endpoints. We claim that each v, is a geodesic arc. The reason for this is because

each pair of vertices is in the common intersection of either a slice of one bisector and

a meridian of another or in the intersection of meridians of two bisectors. We now list

each edge, the pair of bisectors and the slices (S) or meridians (M):

Edge | Bisectors Coordinates Bisectors Coordinates

13 | BisNBiz M Im(z1)=Tm(22) =0 BisNBis M TIm(z1)=Im(z2e ?)=0
vi6 | BisNBiz M Re(z1) =Im(z22)=0 BisNBis M Re(z1) =Im(ze %) =0
vir | BirNBis M Im(z1) =Im(z2)=0 Bi7NBis M  Re(z1)=Im(z2)=0

yis | BisNBiz M Im(z1)=Im(z2e )=0 | BisNBis M Re(z1)=Im(ze " *)=0
Yoa | BaaNBag M  Im(wq)= Im(wgeﬂe) =0 | B2aNB2s M Im(wi)=Im(w2)=0

Yo7 | BarNBag M Re(wr)= Im(wgeﬂg) =0 | BarNB2g M  Re(wi)=Im(wz2)=0

y26 | BasNBay M Im(w;)=Im(w2e™®)=0 | BasNBar M Re(w;)=Im(w2e %) =0
vog | B2asNBaa M Im(wi)=Im(w2)=0 BysNBar M Re(wi) =Im(w2)=0

y34 | BisNBiz M Im(z1)=Im(z2)=0 BoiNBs M Im(wi)=Im(wee ")=0
Yas | BisNBaa S  zi=wi=(1—cosf)/cosf | BoaNBzg M Im(wi)=Im(w2)=0

vs3 | BisNBas S  zi=wi=(1—cosf)/cosf | BisNBig M Im(z1)=1Im(z2e ’0):0
vs6 | BisNBis S 22=0 B2sNBas M Im(ws)=Im(wze ) =0
va7 | BasNBag S  w2=0 BisNBir M Im(z1)=Im(z2)=0

vs8 | BisNBig M Im(z1) :Im(zzeﬂe) =0 BuNBys M Im(wi)=Im(w2)=0

67 | BisNBiz M Re(z1)=Im(z2)=0 BysNBzr M Re(w:) =Im(wae ") =0
v78 | BisNBis S 21=0 By7NBas M Re(wi) =Im(w2)=0

v86 | BaaNBar S w1 =0 BisNBis M Re(z1)=1Im(z2e ) =0

The combinatorics of these edges can be seen in Figure 10.

Namely, there are nine edges

not involving z; or zs arranged in a graph that is the boundary of a triangular prism.

The other eight edges are obtained by joining four of the vertices of the prism to z; and

four to zs.
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The following lemma follows immediately from Lemma 3.1 and the fact that the

edges are geodesic arcs.

LEMMA 3.4. Let ¢ be the involution defined by (13). Then

L(’Yl3):’>’24, L(716):727, L('Yl?):'7267 L('Yl8):'7287 L(734):’Y34a
L(745):735, L(736):747, L('YSS):'YS& L(%?):%‘?, L(V?s):%s-

3.4. The faces of D

We have now defined the 0-, 1- and 3-dimensional cells in the boundary of D. It remains
to consider the 2-dimensional cells. In this section we discuss all the 2-dimensional
intersections among pairs of sides of D. We call these 2-dimensional cells the faces of D
and we denote them by Fj;, or Fj;i;, where 4, 7, k and [ are the indices of the vertices of
the face. First we need to examine how pairs of bisectors intersect. It is clear that for each
choice of distinct j, k€{3,6,7,8} the bisectors By; and By either have a common slice
or a common meridian. Likewise for By and By, for j,k€{4,6,7,8}. In Appendix A we
give the general form for points in the intersection of pairs of bisectors B;; and Byj,. Here
we will find exactly which pairs of bisectors give faces of D. In Appendix B we will show
that the remaining intersections among pairs of sides intersect D only in its 1-skeleton,
that is, along the edges. As a consequence of our analysis, we prove the following result,
which is the major goal of this section:

PrOPOSITION 3.5. The interior of each face F' of D is homeomorphic to an open
ball in R?, and the boundary of F is made up of edges on the list above.

By construction, complex hyperbolic space, as defined by (6), is a bounded subset

of C2. We now give explicit bounds for the coordinates (6) or (8).

LEMMA 3.6. If z is in HE as given in (6), and w is written in terms of z by (8),

then ) )
sin 0 1 sin 0

< — < — <
|21] cos@’ 2] cosf’ ] cosf
Furthermore, when n>7 we also have

1
d <—.
and | cos

|z1] <1 and |wi|<1.

Proof. We have

212 1
21| 2l — — <0

1—cos@ 0s 0

Thus
1

cosf " cos2@’

1—cosf sin’@

2 2
<< —— d <
|21] cos cos2 0 and [z




26 J.R. PARKER

Also, when n>7,

9 1l—cosf 2cosf—1
|z1]° < <1- <1
cosd cosd

Similarly for wy, and ws. O

First we discuss faces of D contained in S1;NS1y or S2;NSay. These are all contained
in complex lines or Lagrangian planes. For example, the face F}73=.513NS16 with vertices
71, z7 and zg is contained in the complex line z1 =0; or Fi347=513NS17 with vertices z1,
z3, z4 and z7 is contained in the Lagrangian plane with Im(z1)=Im(z2)=0. These faces
are each plane hyperbolic polygons (either triangles or quadrilaterals) whose boundary
comprises the geodesic arcs joining the vertices. As these geodesic arcs only intersect in
their endpoints, each face is obviously homeomorphic to a disc.

Similarly, for n>7, there is the face F345=513MNS24 contained in the complex line
where z;=(1—cosf)/cosf. With its natural (Poincaré) hyperbolic metric, this face is
the geodesic triangle with vertices z3, z4 and z5 and internal angles (6,6, 0).

These faces are given in the following table:

Face Vertices Sides Coordinates

Firs | 21, 27, 28 S13, Si6 | 21=0

Faes | 22, 26, 23 So4, So7 | w1 =0

Fi36 | 21, 23, Z6 S17, Sig | 22=0

Foy7 | 22, 24, 27 Sae, Sog | we=0

F345 Z3, Z4, Zs 513, 524 Zli’u}l:(l*COSQ)/COSQ

Fiaur | 21, 23, 24, 27 | S13, S17 | Im(z1) =Im(22) =0

—

m wl)fIm(wQe ) =0
Zl) (2’26 20)10

(
(
(
m(w;) =Im(wy) =0
(
(
(
(

Foy36 | 22, 24, 23, Z6 | S24, S26

—

Fi3ss | 21, 23, 25, 28 | 513, S18 | Im

—

Foyss | 22, 24, 25, 28 | S24, Sos

Figr | z1, z¢, 27 Si6, S17 | Re(z1) =Im(z2) =0
Fyre | 22, 27, 26 Saz, Sa6 | Re wl)*lm(u&e #)=0
Figs | 21, z6, 28 Sie, Sis | Re(z1) =Im(z2¢7%) =0
Fors | 2o, 27, 23 Saz, Sag | Re(wy) =Im(wg) =0

We now discuss the other faces one by one.

ProproOSITION 3.7. The point z lies in S13NSag if and only if z1=x and wy=u,
where 0<u<l—2 and 0<z<(1—cosf)/cosf. Furthermore, if z€S13NSag then
1—cosf

<
Re(w) < cos 6
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Proof. Using table (18) we see, by definition, that we have z€S13NSss if and only
if arg(z1)=0, arg(z2)€]0, 0], arg(w;)€[0,7/2] and arg(wy)=0. Thus we can write z;=x
and wo=u, where >0 and u>0. From Lemma 3.6 we also have u<1/cosf. We can use

Proposition A.6 to write zo and wy in terms of x and wu:

0 1—T—u+zucosf+uisind
zZ9=¢€

cos@—ucosf@+isinf

_ 1—cos—x—u(l—cosf)+zucos—xisin b

w1 T
—isinf—x cosf

In order to guarantee that z€.S73MS2s we must find conditions on =z and u so that
arg(z2)€10,0] and arg(w;)€[0,7/2], or equivalently so that Im(z2)>0, Im(z2e~%)<0,
Re(w;) >0 and Im(wq)>0.
First we have
usin@((1—cos8)(1+wucosf)+x cos§(1—wucosb))
(1—u)2 cos? f+sin? @

Im(ZQ) = y
2((1—cos8)(1+ucosf)+x cos f(1—ucosh))

R pr—
e(wn) 22 cos? +sin? 0

Since x>0, u>0 and 1—wucos >0 we have
(I1—cos0)(14ucos )4z cos (1 —wcos ) > 0.

This implies Im(z2)>0 and Re(w;)>0, and so these two conditions require no extra
hypotheses on = and u.

Secondly,

Tm(zpe =) = = sinf(l—z—u)(1—wucosf)
?  (1-u)?cos?f+sin?0

Thus Im(z2e %) <0 if and only if 1 —z—u>0 (we have again used 1 —wu cos #>0). Likewise

sinf(1—z—u)(1—cosf—x cos )
22 cos? f+sin” 0 '

Im(wl) =

Therefore when Im(z9e %) <0 we also have Im(w;)>0 if and only if 2<(1—cos6)/cos 6.
This gives the first part of the result.
Finally, we must show that Re(w;)—(1—cos8)/cos§<0. We have

1—cosf —(1—cosf—xcosB)(sin® f+z(1—u)cos?0)

R — —
e(wr) cos 0 cos 0(z2 cos? O+sin® 0)

Since sin®f+2(1—u)cos? >0 we see that < (1—cosf)/cosf implies that Re(w;)<
(1—cos@)/cosb. O
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COROLLARY 3.8. The intersection of Si3 and Sag is a face Fys87 homeomorphic to
a disc. The boundary of Fisgr 1S Ya5UY58 Uy7sUva7.

Proof. It is clear that the region in the (x, u)-plane, where 0<z<(1—cos8)/cosf<1
and 0<u<1—xz is a quadrilateral. From Proposition 3.7 there is a homeomorphism from
this quadrilateral to S13MSog.

This homeomorphism extends to the boundary. We now show that its image is
the union of the four edges claimed. When =0 we have z;=0 and Re(w;)=0. Thus
z€ B1gNBa7, and so it is in y7g. When u=0 we have Im(22)=0 and wy=0. Thus z€
Bi17MByg and so is in 7y47. When z=(1—cosf)/cos @ we have w;=0. Thus z€ Bsy and
so is in y45. Finally, when z+u=1 we have Im(zoe~%)=Im(w;)=0. Hence z€ B1gNBay

and so is in vsg. O
Applying ¢ gives the following consequence:

COROLLARY 3.9. The intersection of Sig and Sa4 is a face Fs3ss6 homeomorphic to
a disc. The boundary Of F3586 58 ")/35U")/58U’)/86U’)’36.

Next, we have the following result:

PRrOPOSITION 3.10. The point z lies in S16NSer if and only if z1=iy and w;=1v,
where y<0, v=0 and

(1—cos §)* 4y sin (1 —cos §) —v sin (1 —cos 0) +yv cos® 6 > 0.

Proof. This proof is similar to that of Proposition 3.7. If z€ S16MN.S27 then, using
table (18), we must have arg(z1)=—m/2, arg(z2) €0, 4], arg(w1)=7/2 and arg(w2) €[0, ).
Thus we can write z; =iy and w;=iv, where y<0 and v>0. From Lemma 3.6 we may
also suppose y>—sin/cos § and v<sinf/cosf. Now we use Proposition A.4 to write 29

and ws in terms of y and v:

0 1—cos0+ysinf—wvsin —yv cos § —iv
29 =€ )

1—cosf—ivcosf

_ 1—cosf+ysinf—wvsin—yvcosd—iy

w2 1—cosf—iycosf

In order for z€S16NS27, we must find conditions on y and v equivalent to Im(z2)>0,
Im(2z2e~9) <0, Im(w3) >0 and Im(wqe™%?)<0.
First we have
—v(1—cos 0)%+yv cos §(sin @ —v cos §) —v? cos O sin f
(1—cos8)2+v2cos? 0

Im(zpe") =

)

—y(1—cos )2 —yv cos §(sin O +y cos §) +y? cos O sin O
(1—cos 0)2+y2 cos? 0 '

Im(U)Q) =
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Using sinf—wv cos8>0 and sin8+y cos 6>0, it is easy to see that if y<0 and v>0 then
Im(z9e~%)<0 and Im(wy)>0. Thus these two conditions require no extra hypotheses on

y and v.
Secondly we have

(sinf—wvcos ) ((1—cos8)?+ysinO(1—cos ) —vsin O(1—cos ) +yv cos? )
(1—cos0)2+v2cos? 0

Im(ZQ) = )

Im(wqe™ %)

(sin@+y cos ) ((1—cos ) +ysin (1 —cos §) —v sin (1 —cos ) +yv cos? 6)
(1—cos )2 +y?cos? 0 '

Therefore both Tm(z2)>0 and Im(we~*)<0 if and only if
(1—cos 0)?+ysin O(1—cos 0) —vsin O(1—cos 0) +yv cos? 6 > 0.

(We have used sin§—v cos >0 and sin 6+y cos >0 again.) This gives the result. O

COROLLARY 3.11. The intersection of Si¢ and Sa7 is a face Fgrg homeomorphic to
a disc. The boundary of Fgrs is ye7Uy78U7s6-

Proof. This is similar to the proof of Corollary 3.8, but is slightly more tricky as we
do not have a nice simple shape like a Euclidean quadrilateral.

The curve (1—cos )% +ysin §(1—cos ) —vsin f(1—cos 0)+yv cos? =0 in the (y,v)-
plane cuts the y-axis exactly once at y=—(1—cos 8)/sin #<0 and cuts the v-axis exactly
once at v=(1—cosf)/sin@>0. Thus, this curve, the y-axis and the v-axis bound a
triangular region contained in the quadrant where y<0 and v>0. Proposition 3.10 gives
a homeomorphism from this triangular region to S16MS27.

This homeomorphism extends to the boundary and we now show that the boundary
is the union of the three edges claimed. If

(1—cos 0)* 4y sin O(1—cos 0) —v sin (1 —cos ) +yv cos> =0

then we have Im(z)=Im(wge~"), and so z€ B17NBys. Thus, by inspection from our
table of edges, we have z€~g7.

When y=0 we have z;=0 and Im(wy)=0. Hence z€ B13NBsg, and so, again by
inspection of the table of edges, we have z€vy7g. Finally, when v=0 we have w; =0 and

Im(z2e~%)=0. Thus z€ ByyNByg, and so it lies in vge. O

Finally, we obtain the following result:
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0

J

PROPOSITION 3.12. The point z lies in S17NSa¢ if and only if zx=x and wo=ue’

where x>0, u=0,
1—z—u+zucos’ 0> 0,

2cosf—1—x cos @ —u cos O+zu cos? 6 <0.

Furthermore, if z€S17MSa6 then Re(z1)<(1—cos8)/cosf and Re(w1)<(1—cosf)/cos.

Proof. This again is similar to the proof of Proposition 3.7. Write zo=x and
wo=ue', where 0<x<1/cosf and 0<u<1/cosf. Then from Proposition A.13, we have

1—z—ue® +zu cos 0+ iuesin 0
1—uecosf

zZ1 = )

1—u—ze ¥4+zucosO—ize Psinb

w1 = -
1—ze~cos

We must show that arg(z;)€[—n/2,0] and arg(wy)€[0,7/2], or equivalently that
Re(z1) >0, Im(21)<0, Re(w;) >0 and Im(w;)>0. First,

(1—wucos 0)(1—x—u+zucos® )
(1—u)2 cos? f+sin” 0

Re(z1) =

b

(1—x cos 0)(1—x—u+zucos® )
(1—2)2 cos? f+sin® 0

Re(wr) =

Thus Re(z1)>0 and Re(w;)>0 if and only if 1—z—u+zucos? 6>0.

Secondly,
Im(z,) = usin (2 cos § —1—x cos § —u cos O+xu cos? §)
v (1—u)2 cos? A+sin? @ ’
—xsin@(Qcos9—1—xcos€—uc059+xu0052 0)
Im(wy) = ,

(1—x)2 cos2 +sin? @

Thus Im(z1)<0 and Im(w;)>0 if and only if 2 cos @ —1—z cos § —u cos §+zu cos? §<0.
This proves the first part of the result. For the second, observe that

Re(z1)— 1—cosf  (1—ucos®8)(2cosf—1—xcosf—ucosf+zucos? )
' cos cos 0((1—u)?2 cos? f+sin? 0) ’

Re(uw:) 1—cosf (1—wcos?6)(2cosf—1—xcosd—ucosl+zucos®f)
wq)— =
! cos cos ((1—x)2 cos? f+sin? 0)

Therefore if 2cosf—1—xcosf—ucosf+zucos?§<0 we have Re(z;)<(1—cos@)/cosf
and Re(w;)<(1—cosf)/cosb. O
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COROLLARY 3.13. The intersection of Si7 and Sog is a face F3q7g6 homeomorphic
to a disc. The boundary of Fsar¢ 15 Y34UYa7UY67UY36-

Proof. This proof is similar to the proof of Corollary 3.11. We leave the details to the
reader. The curve 1—z—u-+2zucos? #=0 intersects the z-axis at x=1 and the u-axis at
u=1. Likewise, the curve 2 cos—1—x cos  —u cos 0+ zu cos §=0 intersects the z-axis at
x=(2cosf—1)/cos0€(0,1) and the u-axis at u=(2cosfd—1)/cosf. We claim that these
two curves do not intersect. Rearranging, we see that the curves are

l—z 2cosf—1—xcosf

and u=

U=
1—xcos20 cosf—x cos? 0

Equating these two expressions gives 0=(1—cos #)((1—x)? cos? f+sin?#). This is a con-
tradiction. (The reader may check the cases where x=1/cos? § and x=1/cosf.) Thus it
is straightforward to check that these two curves and the two axes bound a quadrilateral.
Proposition 3.12 gives a homeomorphism to S17MS2 that extends to the boundary. As

before, we can check that the boundary is the union of the four geodesics claimed. [

The following result is another consequence of the results from this section. It will be
used when we are verifying that the images of D under I tessellate HZ; see Lemma 4.14
below, for example.

ProprosITION 3.14. If z€D then

1—cos6 1—cos6

Re(z1) < - and Re(w;) <

cos 6

Proof. First consider the faces contained in complex lines or Lagrangian planes.
These subspaces are totally geodesic, and so, by convexity, we only need to check that
the vertices all satisfy this condition. That is clear by inspection. Next consider the other
faces we have constructed. From Propositions 3.7, 3.10 and 3.12 we see that the faces
Fyss7, F3586, Fers and F3y76 all satisfy this condition. In Appendix B we shall show that
all other bisector intersections only contribute to the 1-skeleton of D. Thus the whole
of 0D satisfies the conditions. By continuity we see that the interior points also satisfy

these conditions, and we are done. O

We remark that there is a subtle point here. Consider the geodesic where z; =w; ==
and e 9 zy=wy=1—2z for z€R. All points in H2C on this geodesic for which x>0 have
arg(z)=arg(w;)=arg(wy)=0 and arg(ze)=60. Hence if we had used closed intervals
when defining D in (17) we would have included all of this (semi-infinite) geodesic arc.
However, Proposition 3.14 shows that only those points with z<(1—cos#f)/cos 6 lie in D.
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4. Discreteness of T’

Our goal is to use Poincaré’s polyhedron theorem to show that the group I' generated
by Ri, Re and I is discrete and to find a presentation. The discreteness of I' could be
shown by applying [21, Theorem 0.2]. However, this would not give us a presentation
and only yields limited information about the geometry of the action of I' on complex

hyperbolic space. We will prove the following result:

THEOREM 4.1. Suppose that the ordered pair (n,d) is in the list
(5,-10), (6,00), (7,14), (8,8), (9,6), (10,5), (12,4), (18,3),
that is, d=2n/(n—6). Then writing 0=2m/n, the group T generated by the side pairings
of D is a discrete subgroup of PU(1,2) with fundamental domain D and presentation

(19)

3:P3d: n _ pn _ P—l 2:I
F—<J,P,R1,R2:J Ry =R3 =(P"J) >

Ry=PRP '=JR;J" !, P=RiRy

We prove this theorem using Poincaré’s polyhedron theorem. First we discuss this
theorem and then we prove Theorem 4.1 for the cases where n>7. In §6 we will discuss

the two remaining cases of n=>5 and n=6.

4.1. Poincaré’s polyhedron theorem

In order to show that I' is discrete with fundamental polyhedron D we need to use
Poincaré’s polyhedron theorem. We will follow the formulation given by Mostow in [13];
see also [5] or [7]. In the case of constant curvature, Epstein and Petronio [6] give a very
careful treatment of Poincaré’s theorem.

A combinatorial polyhedron is a cellular space homeomorphic to a compact polytope,
in particular, each of its codimension-2 cells, called a face, is contained in exactly two
codimension-1 cells, called sides. A polyhedron D is the realisation of a combinatorial
polyhedron as a cell complex in a manifold X. We use the convention that D is open.
A polyhedron is smooth if its cells are smooth. In our case X will be complex hyperbolic
space, and the sides of the polyhedron D will all be contained in bisectors and D will be
smooth.

A Poincaré polyhedron is a smooth polyhedron D in X with sides S; and side-pairing
maps T €Isom(X) satisfying:

(S.1) For each side S; of D there is a side S; of D and a side-pairing map T so
that T;(S;)=25Sk.

(S:2) If T;(S;)=Sk then Tp=T; *. In particular, if j=Fk then T? is the identity.
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(S.3) T, {(D)ND=@.

(S4) T, /(D)ND=S;.

(S.5) The polyhedron D has only finitely many sides and each side has only finitely
many faces.

(S.6) There exists a number 6 >0 so that each pair of disjoint sides is a distance at
least d apart.

The relation coming from (S.2) is called a reflection relation.

In addition to the side-pairing conditions (S.1)—(S.6) there are some face conditions.
Let Sy be a side (codimension-1 cell) of D and F be a face (codimension-2 cell) in the
boundary of S;. Let T be the side-pairing map associated to Sy and consider Ti(F).
By hypothesis each face is contained in the boundary of exactly two sides. Thus T} (F)
is contained in the boundary of T7(S7) and another side, which we call Sy. Let T be
the side-pairing map associated to S and consider TyoT; (F'). Continuing in this way we
obtain a sequence of faces, a sequence of sides S; and a sequence of side-pairing maps T}.
As the polyhedron has finitely many sides and faces, these sequences must be periodic.
Let k be the smallest integer so that all three sequences are periodic with period k. We
have Tyo...0TyoT) (F)=F and we denote Tjo...oTyoT; by T. Then T is called the cycle
transformation at the face F.

Given a cycle transformation T=Tjo...cTooT} and a positive integer m, define trans-

formations Uy, ..., Upnk—1 by

Up=1, U =T, i Up1 =Ty 1o...0TyoTy,
Up=T, Upir =TioT, i Uy =Tp1o...0TyoTyoT,
Unk—e =T™", Upph—pp1 =T1oT™ ", . Uppe1 =Th—10...0TpeTyoT™ 1

Then we have the following face conditions:

(F.1) Every face is a submanifold of X homeomorphic to a codimension-2 ball.

(F.2) For each face F with cycle transformation T there is an integer I so that the
restriction of 7% to F is the identity.

(F.3) For each face F with cycle transformation 7' there is an integer m so that
T'm=(T")™ is the identity on the whole space X. Furthermore, the polyhedra Uj_l(D)
for d=0, ..., mlk—1 are disjoint, and their closures Uj_l(D) cover a neighbourhood of the
interior of F', that is, D and its images tessellate a neighbourhood of F'.

The relations T'™ =1 from (F.3) are called the cycle relations.

We may now state Poincaré’s polyhedron theorem:

THEOREM 4.2. Let D be a Poincaré polyhedron with side-pairing transformations
T;€X satisfying side-pairing conditions (S.1)—(S.6) and face conditions (F.1)—(F.3).



34 J.R. PARKER

Then the group T' generated by the side-pairing transformations is a discrete subgroup

of Isom(X) and D is a fundamental domain. A presentation is given by

I'= (3| reflection relations, cycle relations).

4.2. The side-pairing maps
Let J be the move on the cone structure defined by J=PI;=R;RoI;. That is,
—isinf —(1—cosf) 1—cosf

et 1 et . (20)
cos 0 —cosf 1+isinf

1
" 1—cos@+isinf

Observe that tr (J)=0, and so (as an element of PU(1,2)) J has order 3. In fact one
may easily check that det(J)=—e?* and so J®=—e5].

Let J, P, Ry and Ry be given by (20), (7), (2) and (3), respectively. In this section we
show that the maps J, P, R; and R, pair the sides of D, and they satisfy the conditions

of Poincaré’s theorem. These maps pair the sides of D as follows (see Figure 11):

P:S13 — Sa4, J: 816 — Sor, Ry: 817 — Sis, Ry: Sog — S,
P71:524—>S13, J711527—>516, R;12518—>517, R51:526_>S28o

Observe that the side pairings are consistent with the antiholomorphic involution ¢ which
maps D to itself. Specifically, one may easily check that Ji=:J "\ Pi=1P~1, RlL:LRgl
and RQL:LRl_l. Each of the sides Si; contains the vertex z; in its O-skeleton, and this
vertex lies on the intersection of three faces. In each case, two of these faces are contained
in meridians and the third in a slice of the bisector. This means that one of the edges
incident to z; is contained in the spine of Sy; for each j=3,6,7,8. Applying ¢, we see
that one of the edges incident to z, is contained in the spine of Sy; for each j=4,6,7,8.
In both cases, this edge has been indicated in Figure 11 with a bold line.

Then Theorem 4.1 will follow immediately once we show that I' satisfies the hy-
potheses of Poincaré’s theorem and that the relations in (19) are each cycle relations
associated to a face cycle of D. These relations will follow from Propositions 4.5, 4.7,
4.8, 4.9, 4.10, 4.11, 4.12 and 4.13. We give the proof in detail for n=7,8,9,10,12, 18,
and we will discuss the cases of n=>5 and n=6 in §6.

It is clear that the side-pairing maps satisfy conditions (S.1) and (S.2) and that D
satisfies (S.5). As each pair of sides intersect we see that condition (S.6) is vacuous. Also
the face condition (F.1) follows from Corollary 3.5.

We now verify conditions (S.3) and (S.4) for each side.



CONE METRICS ON THE SPHERE AND LIVNE’S LATTICES

|
R

zg
VAl Z3
P
S13 Zs5
Z
Z3 6 "
Z2
zg
Zg
Zg
S1e Zg J
 —
Z1 Sar
z7

Zy
z7
Zy
Z3
Zs5
Zy

Zs
Z7 Zg
Ry
R
Zz3
Si7 26
Sig
VAl Z1
Zg
Z3
VA Zg
Ry
Sog =
Zy
Z7
Sa6
Zo Z2

Z7

Figure 11. The sides of the polyhedron and side pairings. The bold lines denote the spines of

the bisectors.
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LEMMA 4.3. If T is one of J, P, Ry and Ry, then T~*(D)ND=T(D)ND=2. Also

P~ Y(D)ND =813, J Y D)ND=55, R;'(D)ND=Sy7, R;'(D)ND = S,
P(D)QD:SQ4, J(D)QD:SQ7, Rl(D)szslg, RQ(D)QD:SQG.

Proof. Consider the side S13. If z€ D then Im(z1)<0 with equality only only when
z€S13. Likewise, if z=P(w)€D then Im(w;)>0 with equality only when z€.S24. Hence
if P(z)€eD, or equivalently z€ P~1(D), then Im(z;)>0 with equality if and only if
z€S13=P71(S24). Thus (S.3) and (S.4) hold for this side and applying P also for Say.

The other parts follow similarly. O

In the following sections we find the cycle transformation T" of each face F'. We will
also give the integers [ and m from conditions (F.2) and (F.3). In each case, T' will
either be the identity, or else F will be contained in a complex line L and the 7" will be a
complex reflection of order m that fixes L. This will verify condition (F.2) of Poincaré’s
theorem. We will also verify that the images of D tessellate around the faces formed by
intersecting pairs of sides, that is, conditions (F.3) are satisfied. As we go through this,
we will generate a list of cycle relations. This will verify the presentation (19).

We conclude this section by describing our method of proving the tessellation con-
ditions. We show that the (open) polyhedron D is disjoint from its image under the
relevant side pairings and that the interior of each face has a neighbourhood covered by
images of D. Recall that D is defined as the intersection of eight half-spaces defined by
bisectors. Each face is contained in two bisectors, and so D is contained in the intersec-
tion of the corresponding two half-spaces. Each image of D under suitable side-pairing
maps is contained in the intersection of two half-spaces that are the image of one of the
original pairs under this map. We must first show that each of these intersections is
disjoint. Secondly, we choose a neighbourhood U of the interior of the face that is small
enough so that it does not meet any of the bisectors defining D except the two we are
interested in. We then consider the closures of the half-space intersections considered
above and show that they cover U. It will be easier for us to use linear algebra to codify

this picture, but we will always keep the underlying geometry in mind.

4.3. Tessellation around generic faces

In this section we consider the faces of D that are neither contained in a complex line
nor in a Lagrangian plane. For each bisector B containing such a face of D we find
points z; and z; so that B is equidistant from z; and z,. We may express this geometric
statement using the Hermitian form via equation (14). The open and closed half-spaces
defined by this bisector may be described by replacing the equality of (14) with an
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inequality (Lemmas 4.4 and 4.6). Since the generators of I" preserve the Hermitian form,
we can use this method to also describe the half-spaces defining the images of D.

Let 2z be the polar vector to the complex line Lg45 through z3, z4 and zs:

LEMMA 4.4. Let zg be given by (21). Then
(i) (z,2z0)|<|(z, J 1 (20))| if and only if Re(z)>0;
(i) |(2, 201 <| (2, J (z0)| if and only if Re(w;)>0.

Proof. Note that P(zg)=zo. Using J=PI; we see that I1(zo)=11 P~ *(z¢)=J*(zo).
In other words,

Thus |(z, 20)| <|(z, I1(20))] if and only if

21 1
1—cosf cos6

21 1
1—cos@ cosf|’

This is true if and only if Re(z1) >0, proving (i). Part (ii) then follows by applying ¢. O

Geometrically, this lemma says that Big is the locus of points equidistant from the
complex lines Lg45 and J(Lsys). Similarly Boy is the locus of points equidistant from
Ls45 and Jﬁl(L345).

PROPOSITION 4.5. The polyhedron D and its images under J and J~! tessellate
around the face Fgrs=S16MNSa7. Moreover, the cycle transformation corresponding to

this face is J and 1=3, m=1. This gives the cycle relation J>=1I.

Proof. By definition (17), if z€D then Re(z1)>0 and Re(w;)>0. Hence, using
Lemma 4.4 we see that

Dc{zeHg: (z,20)| < (2, ] (20))| and |(z, z0)| < [(z, ]~} (20))[}-
If ze J*1(D) then J¥!(z)€D. Hence
(T 7 (2), 20)| <|(JT'(2), J(20))| and [(JF'(z),20)| <[(JT}(2), T " (20))].
Applying J*! to each point and using J3=1, we obtain

JEHD) C {z € HE : (2, J* (20))| < (2, 20)| and [(z, J* (20))] < |(z, T 7" (20))}-
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We immediately see that D, J(D) and J~1(D) are disjoint.
We know (Proposition 3.10) that the face Fgrs comprises points where Re(z1)=
Re(w;)=0. Thus it is mapped to itself by J and J~L Let U be a neighbourhood of the

interior of this face. By shrinking U if necessary, assume that for all points of U we have
arg(z1) € (—m,0), arg(ze)€(0,0), arg(w;)e(—m,0) and arg(wsy)e€(0,0).

Then a point of U is in D if and only if both Re(z1)>0 and Re(w;)>0; or, equivalently,
both [(z,z0)|<|(z, J1(20))| and |(z,20)|<|(z, J(z0))|. From this it is easy to see that
D, J(D) and J~1(D) cover U. O

LEMMA 4.6. Let zg, z7 and zg be as given in §3.2. Then
i) |(z,26)|<|(z, P~(z7))| if and only if Tm(z1)<0;

ii) |(z,2s8)|<|(z, Ry (2z7))| if and only if Tm(zp)>0;

iii) |(z,27)|<|(z, R1(zs))| if and only if Tm(zee=")<0;
iv) |(z,z7)|<|(z, P(z6))| if and only if Im(w;)>0;

v) (z,28)|<|(z, Ra(z6))| if and only if Tm(wee™")<0;
vi) [(z,26)|<|(z, Ry (2s))]| if and only if Tm(wsq)>0.

A~ N N N~

Proof. This is similar to the proof of Lemma 4.4. We will only give the proof for (i).
All other parts are similar. Parts (iv), (v) and (vi) follow by applying ¢ to (i), (ii) and

(iii).

We have
—i(1—cos@)/sin 6 i(1—cosf)/sin6
Z— 0 and P~ '(z7)= 0
1 1

Hence |(z, z6)| <|(z, P~1(z7))| if and only if

- <|-==-
sinf cos6 sinf cos6

This is true if and only if Im(z1) <0, giving (i). O

Using the description in §3.3, this lemma gives the bisectors B3, Bi7, Bis, Ba7, Bog

and Bag, respectively, as the locus of points equidistant from a pair of points in HZ,.

PROPOSITION 4.7. The polyhedron D and its images under Rl_l and Ry tessellate

around the face Ss3476=9S17NS26. Moreover, the corresponding cycle transformation is
RyP7 'Ry and l=m=1. This gives the cycle relation RyP™'R;=1.
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Proof. Observe that if z€ D then z satisfies all six conditions of Lemma 4.6. Using

Lemma 4.6 (ii) and (v) we obtain
D c{zeHg:|(2,2s)| <|(z, Ry ' (27))| and |(z, 2s)| < |(z, Ra(26))|}- (22)

We now characterise Ry '(D). First observe that z€ Ry *(D) if and only if R;(z)eD.
Thus R;(z) satisfies the conditions of (17). From Lemma 4.6 (iii) and (iv) we obtain

(R1(2),27)| <[(Ri(2), R1(2zs))| and  [(Ri(2),27)| < |(Ri(z), R1R2(26))],
where we have written P=R; Ry. Thus
RyY(D) C{z € HE : {2, Ry ' (21))] < |(2, 2s)| and [(z, Ry ' (27))| <|(z, Ra(20))}.  (23)
Similarly, applying R, to Lemma 4.6 (vi) and (i) we obtain
Ry(D) C {z€ Hg : (2, Ra(26))| <|(z,25)| and |(z, Ra(z6))| <|(z, Ry ' (z7))[}.  (24)

Comparing equations (22), (23) and (24) we see that D, R (D) and Ry(D) are all
disjoint. The second part of the result is proved in a similar manner to the second part

of Proposition 4.5. The cycle transformation follows by observing that
Ry p~! Ro>
5170526—%9240518—>828ﬂ813—>517ﬂS26. ]

By applying Ry 1= p~1R, and Ry, respectively, to Proposition 4.7 we see that D and
its images under R;l and P~ tessellate around the face Fusg7=9512NS2s, and that D
and its images under R; and P tessellate around the face F3586=518M.524. Alternatively,
one could follow a direct argument analogous to that given above. In both cases the

cycle relation is a cyclic permutation of RoP~'R;=1.

4.4. Tessellation around faces in totally geodesic planes

In this section we show that D and appropriate images tessellate around those faces of
D containing either the vertex z; or the vertex zs. Each of these faces is contained in
a complex line or a Lagrangian plane. We focus on the faces containing z;. Then the
result for those faces containing z, will follow by applying ¢.

We could have used the method of the previous section and described the half-
spaces containing D in terms of the Hermitian form, as in (14). However, the bisectors
in question are given solely in terms of the arguments of z; and z;. Hence the half-

spaces they determine are also given in terms of the arguments. In fact, the intersection
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of all four of these half-spaces is the wedge W; which we defined solely in terms of
arguments (16). Thus to show that one of the half-space intersections is disjoint from
the images of another we have to show that either the argument of z; or the argument
of zo (or both) is different.

Recall from (17) that if z€ D then arg(z;)€(—7/2,0) and arg(z2)€(0,6). Moreover,
if z=P(w)€D then arg(w;)€(0,7/2) and arg(ws)€(0,0). Therefore, when ze P~1(D),
we have arg(z1)€(0,7/2) and again arg(z2)€(0,6). Similarly, I; sends z; to —z; and
fixes zo. Hence, if z€ (D) then arg(z;)€(n/2,n) and if z€ [ P~1(D) then arg(z;)€
(=, —m/2). In both cases the argument of z3 remains unchanged.

Likewise R; maps z; to itself and maps 2o to €?2;. So if z€ Ry (D) we have arg(z;)€
(—=7/2,0) and arg zo€(6,260). Using similar arguments, it is easy to show that if z is in
one of the following images of D then the arguments of z; and 2 lie in the following

intervals (compare this with Figure 12):

Images of D arg(z1) arg(zz)
D (—=m/2,0) (0,0)
P~Y(D) (0,7/2) (0,0)
L(D)| (x/2,7) (0,0)
LPYD)| (-m,—7/2) (0,0)
R1(D) (—=m/2,0) (0,20)
R P~Y(D) (0,7/2) (0,26)
R1I;(D) (m/2,7) (0,26)
R P 1(D) (=, —m/2) (0,20)
R{Y(D) | (=7/2,0) (=0,0)
Ry'P~YD) (0,7/2) (—6,0)
RI'L(D) | (w/2,7) (=0,0)
RI'LPYD) | (—m,—7/2) | (-6,0)

PROPOSITION 4.8. The polyhedron D and its images under Rfl, P~ and RI1P*1
tessellate around the face Fisq7=5S13NS17. Moreover, the corresponding cycle transfor-
mation is P Ry ' PRy and l=m=1. This gives the cycle relation P~ Ry;'PR;=1.

Proof. If z€ Fy347 then arg(z;)=arg(z2)=0 and so Im(z1)=Im(z2)=0. From the
table, we can use the arguments of z; and 2z to read off the sign of their imaginary parts.
Thus, if z€ D then Im(z1) <0 and Im(22) >0; if z€ P~1(D) then Im(27)>0 and Im(25)>0;
if zZER;'D then Im(z;)<0 and Im(22)<0 and if z€ R;'P~(D) then Im(z1)<0 and
Im(22)<0. Thus D, P~Y(D), Ry (D) and R;*P~!(D) are all disjoint. Furthermore,
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I,(D) P~(D)

21

LP~Y(D) D

Figure 12. The z1- and za-planes close to 0 showing how their arguments vary in images of D.

arguing as in Proposition 4.5, D, P~1(D), R7*(D) and R;'P~'(D) cover a suitably
chosen neighbourhood of the interior of Fi347.

The cycle transformation follows by observing that

1

R> —1
Sl7ﬁ513i)5130518i>5260524#>5240528P—>Sl7ﬂ513. O

By applying Ry, PR; and R;lPRlzP to Proposition 4.8 we see that D and its
images tessellate around the faces Fisss, Foase and Fbyss, respectively. In each case the
cycle relation is a cyclic permutation of P‘lelPRl =1.

Arguing similarly we have the following results:

ProOPOSITION 4.9. The polyhedron D and its images under Rfl, LP'=J"1 and
RflllP*1 tessellate around the face Figr=S16NS17. Moreover, the corresponding cycle
transformation is JflelJRl and l=m=1. This gives the cycle relation J’lelJRlzl.

PROPOSITION 4.10. The polyhedron D and its images under P~ I} and I; P~ tes-
sellate around the face F178=513NS16. Moreover, the corresponding cycle transformation
is P7LJ and l=1, m=2. This gives the cycle relation (P~1J)?=1.

As above, we can use these results to show that D and its images tessellate around
Figs, Fogr, Forg and Fbygg. The cycle transformations are cyclic permutations of relations
we have already obtained.

Now consider Fi36=517MNS18. This comprises points of 9D for which zo=0. Hence
this face is fixed by R;. Since R; just multiplies z5 by e’ =e?™/" the following result is

easy to prove.

PRrROPOSITION 4.11. The polyhedron D and its images under powers of Ry tessellate
around the face Fyi36=517NS1s. Moreover, the corresponding cycle transformation is Ry

and l=1, m=n. This gives the cycle relation R}=1.

Applying ¢ we obtain the following consequence:
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PROPOSITION 4.12. The polyhedron D and its images under powers of Ro tessellate
around the face Foyr=S26MS2s. Moreover, the corresponding cycle transformation is Ro

and l=1, m=n. This gives the cycle relation Ry=1.

4.5. Tessellation around the face F345=S13MS24

When n>7 there is the face F345 contained in the complex line Lg4s given by z3=
(1—cos8)/cos @ and containing zs, z4 and z5. The map P cyclically permutes these three
points and so maps Lsas to itself. Moreover, P? fixes each of these three points and so
fixes L345 pointwise. A short computation shows that P3 rotates a normal vector to Lsys
through an angle —e 3. We write —e 3% =¢'¥. When §=27/n for n=7,8,9,10,12, 18
then =2n/d, where d=2n/(n—6) is an integer. Note that (1—cos@+isinf)e %=
e™/?25in(6/2).

When n>7 is not on our list the group I' does not satisfy the Mostow—Thurston
conditions ([14, Theorem 2.2] or [21, Theorem 0.2]) and so is not discrete. A more
geometrical way of seeing this is to observe that, in this case, P? is still a boundary elliptic
map but the angle of rotation, which is (n—6)7/n, is not 27/d for any integer d. This
means that D intersects its image under some non-trivial power of P. Non-discreteness
follows in a similar manner to the non-discreteness of triangle groups in the hyperbolic
plane whose internal angles are not submultiples of 7; see [16] for a way of making this
statement precise. Alternatively, one may use Jgrgensen’s inequality [10] to show that
for such n the group I is not discrete.

From now on we assume that n is on our list, and so d=2n/(n—6) is an integer. In

this section our goal is to prove the following proposition:

PROPOSITION 4.13. Suppose that n="7,8,9,10,12,18 and d=2n/(n—6). The poly-
hedron D and its images under powers of P tessellate around the face F3u5=513MNS24.
Moreover, the corresponding cycle transformation is P and =3, m=d. This gives the

cycle relation P3%=1.

It would be very tricky to prove this proposition if we were to use the coordinates
z and w we have used before. Instead, we adopt new coordinates that reflect the action
of P. We could have made this change of coordinates via a matrix in PU(2,1), as we did
in (8), but it turns out to be easier to work directly with new basis vectors. We write z
in terms of a new basis for C*! as follows:

21 -1 0 1—cos@
1—cosf—z1 cos b 1—2;

= 0 [+z 1|+ 0 . (25)

2cosf—1 2cosf—1
1 -1 0 cos 6

Z2
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The first vector is the polar vector of Lsys; see (21). The last two vectors span the
complex linear subspace of C%! that projects to Lzs5. Consider the coefficients of these
three vectors. We define projective coordinates by dividing the first two coordinates by
the last one. To check that this is well defined in HZ, observe that from Lemma 3.6
we have |z1|<1 and so 1—21#0. Hence with respect to this new basis, the projective
coordinates of z are

1—cos@—zj cos@ z9(2cosf—1)

= d =
&1 - and & -

(26)

This is completely analogous to the definitions of z; and z5 except with our new basis
rather than the standard basis. It will be useful to express & in terms of w; and wo.
For completeness we also give &. We can either use (11) and (12) to substitute for z;

and zq, or else we can resolve P(w) in terms of our basis:

1—cosf—wi cosb

—=™/294in(0/2 i
§i=e sin(0/ )1—w1—w26’l9(2C059_1)’

(27)

- (1—w; —wqe™")(2 COSQ—l). (28)

1—wi—woe " (2cos0—1)

The coordinate £; is a complex coordinate on a complex line orthogonal to Lgyss, and &
is a complex coordinate on Lg4s5. There is a complex line orthogonal to Ls34s through
each point of L34s. The coordinate £; parametrises a line intersecting Lsys in z3. Thus
these coordinates are well adapted to the geometry of the action of P. We remark that
P3 sends (&1,&) to (1€, &).

Similarly we may write w=P~!(z) in terms of the new basis:

z1 -1

p-1 B 1—cosf—2z1 cosf 1—21—29
72| = 2cosf—1 1—cosf—isin6
1 -1 ]
) _[1—cosf]
(1—21)e " — 23 (2cos §—1)e % 0 i
(2cosf—1)(1—cosf—isinb)
cosf) |

Thus the projective coordinates of w=P~!(z) in terms of z; and 2z, are

1—cosf—z; cosb
—21—22(2cos0—1)’

m=e""/225in(/2) 1

(=21 —23)(2cos0—1)
= 1—21—29(2cos6—1) ° (30)
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In terms of w; and wy these coordinates are

1—cosf—wy cos wo(2cosf—1)
m= and ng=—"7-—7-—"
1—w, 1—w,

(31)

Again 1y is a complex coordinate on Lsy45, and the coordinate 7, is a complex coordinate
on a complex line orthogonal to L345, but which intersects L3y5 in a different point, this
time a point through P~!(z3)=z5. Furthermore, P? sends (11,72) to (1%, n2).

Finally we want to write P(z) in the same way. Its projective coordinates are

1—cosf—zy cosb

= e"/225in(0/2 , 32
Ga=e sin(9/ )1—21—22<2C089—1>6_7’6’ (32)
o= (1—21 —z9e7%) (2 cos le). (33)
1—21—22(2cos—1)e—%
In terms of w; and ws these coordinates are:
. 1_ 4 _ o
(1 = /29 gin(9/2) S O~ wi cosb (34)

1—wy —wy(2cos—1)’

s (l—wi—wz)(2cosf—1)
2=¢ 1—21—22(2cosf—1) ° (35)

These are complex coordinates on a complex line through z4 orthogonal to L35 and on
Lsas, respectively. Also, P3 sends ((1,(2) to (Cre'?, (2).
We can write the vertices z; for j=3,4,5,6,7,8 in terms of the new coordinates as

follows:

&1 13 1 2 G C2
z3 0 0 0 €i0(2C08071) 0 2cosf—1
Zy 0 2cosf—1 0 0 0 ei9(2c059—1)
z5 0 ew(2cosefl) 0 2cosf—1 0 0
zg e/2 sin(60/2) 0 1—cos6 ew(Z cosf—1) eiw(lchSG) 2cosf—1
z7 1—cosf 2cosf—1 e W/2 sin(6/2) 0 1—cos@ ei9(2c05071)
zg 1—cos6 ei6(2005071) 1—cos@ 2cosf—1 etV/2 sin(6/2) 0

Our proof of Proposition 4.13 will depend on studying the arguments of £, 11 and
¢; for points in D and in its images under powers of P. As P3 acts on each of these three
variables by multiplying them by e, we see that in each case a fundamental domain for
the action of (P3) comprises a sector where arg(&;), arg(n;) or arg((;) lies in a segment
of length . We begin by investigating the ranges of these three arguments for points
lying in D.
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LEMMA 4.14. If ze D then arg(&1)€(0,1/2), arg(n1) €(—1/2,0) and arg(¢1)€(0,v).
Proof. From (26) we have

1—cosf— 0
|12121m(§1)|12121m< cosb—z cos )

1—21
=Im((1—cosf—z; cos)(1—%))
=—(2cos0—1)Im(z).

Since Im(z1)<0 for points of D, this is positive, and so Im(&;)>0.

From (27) we have

|1—w; —wze~"®(2cos0—1)|2
2sin(0/2)

Im(& e /)

=Im((1—cos @—w; cos 0)(1—w; —wqe? (2cosf—1)))
= (2cos0—1)(—Im(w; ) (1—Re(wae ™) cos §)
+Im(woe™ ) (1—cos —Re(w; ) cos h)).
For points of D we have Im(w;)>0 and Im(woe™)<0, and also Re(wze )< |wa| <
1/cos @ and Re(w;)<(1—cosf)/cosf. Therefore Im(& e~ /?)<0 as claimed.

This gives the first part. The second part follows by applying ¢. For the last part,
from (26) and (32) we have

1z G2\ 0 =
(20059—1)2sin(9/2)1m< G )‘Im(z26 (1—2))

= —Tm(z1) Re(zpe ") —Tm (20 ~")(1—Re(21)).

Since on D we have Re(z1)<|z1|<1, Im(z1)<0, Re(22¢")>0 and Im(z9e~%)<0, this
expression is positive. Thus arg(&;/¢1)>—1/2. Now

arg(C1) =arg(&1) —arg(§1/C1) <¢/2+¢/2=1.
Likewise from (31) and (34) we have

|1_w1|2 7716'“/’/2
(2cos—1)2sin(0/2) G1

) =Im(—wz(l—wy))
= —Im(w;) Re(wz) —Im(wz)(1—Re(wr)).

Since on D we have Re(w;)<1, Im(w;)>0, Re(wz)>0 and Im(ws)>0, this expression is
negative. Thus arg(m /(1) <—1/2. Now

arg(C1) = arg(n)—arg(n /1) > =¥ /2+1/2=0. O
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We now do the same thing for points lying in P(D) or P~(D).

LEMMA 4.15. If ze P(D) then arg(&1)€(0,4), arg(n)€(0,1/2), arg((1) €(v¥/2,v).
If ze P~Y(D) then arg(&1)€(—1/2,0), arg(ny)€(—,0) and arg((1)€(0,/2).

Proof. If ze P(D) then P~(z)€D. Thus the result follows along the same lines
as the proof of Lemma 4.14 but with n; instead of &, & instead of (3 and, since
P~YP~Y(z))=P~3(P(z)), (1" instead of n;. This proves the first part.

If ze P~Y(D) then P(z)€D. The result follows similarly. O

Applying P? increases the argument of each of &, n; and ¢; by %. Hence, using
the previous two lemmas, we can find the range for the arguments of &1, (; and 77; when
z€ P/ (D) for j=—1,...,3d—2 as follows (in each case k=0, ...,d—1):

J arg(&1) arg () arg(¢1)

3k | (k¢ (k+3)¥) | ((k=3)v. kv) | (kv (k+1)¢)
3k+1 | (k, (k+1)y) | (kv, (k+3)%) | ((k+3)v, (k+1)v)
3k—1 | (k=2)v, k) | (k—1), k) (kv (k+3)v)

PROPOSITION 4.16. The images of D under distinct powers of P are disjoint.

Proof. Suppose that we are given points in the images of D under distinct powers of
P (mod 3d). By inspection from the table above we see that the arguments of at least

one of &1, mp or (7 lie in disjoint intervals. Hence the points are distinct. O

It remains to show that the images of D under powers of P cover a neighbourhood
of the interior of F345. Let U be a neighbourhood of the interior of F345 and, by shrinking

U if necessary, assume that on U we have
arg(21) € (—m/2,7/2), arg(z) € (0,0), arg(w) € (—m/2,7/2) and arg(ws) € (0,6).

PROPOSITION 4.17. Let U be as above. Then the images of D under powers of P

cover U.

Proof. A point z of U is in D if and only if both Im(z1)<0 and Im(w;)>0. This is
equivalent to arg(£;)>0 and arg(n;)<0. Likewise, such a point of U is in P(D) if and
only if arg(£1) <t and arg(n;)>0; and in P~(D) if and only if arg(£;) <0 and arg(¢y) >0.
For all these points arg(¢;)€(0, ).

Suppose that zeU has arg((;)€[0,]. If arg(&1)<0 then ze P~Y(D), if arg(n;)=>0
then z€ P(D), and if both arg(&;)>0 and arg(n;)<0 then z€ D. Hence D, P~1(D) and
P(D) cover the part of U comprising points with arg({;)€[0, ¢].
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Applying powers of P? we see that for k=0,...,d—1 then P3%(D), P?*~1(D) and
P3k+1(D) cover the part of U comprising points with arg({;) €[k, (k+1)9]. This com-
pletes the result. O

This completes the proof of Proposition 4.13 and hence also the proof of Theorem 4.1.

5. Other presentations

In this section we show that the geometrical presentation (19) is equivalent to three other
presentations that reveal more symmetry. The first presentation will enable us to show
that I has a (non-faithful) triangle group as a normal subgroup. It is essentially given
by Livné in [12, Lemma 3, p. 108]; see also [11]. The other two are related to Mostow’s
groups [13]; see also [7].

THEOREM 5.1. The group T’ given by (19) has presentations:

(i) (I, P,Q: I?=P3=(PL)3=(P~'Q)"=1, P3=Q? P 'QL,=1,P71Q);

(i) (J,Ry: JP=Ry=(JRy'J)*=(RiJR,)**=1, Ry (JR; ' J)?=(JR]J)?Ry);

R"=(R;jRy)%*=1, R;RyRj=RyR;Ry :j,k=1,2,3,
(iii) <R1,R2,R3 s ( J4 ) P kﬁ; R ) 7’2 >
(R1R2R3)*=1, (R1R2R3) *R1Ro=(R2RsR1) “R2R3

We remark that in the presentation (iii) above we have the braid relation Ry Ry Ry =
R R1 Rs, which we predicted by realising Ry and Ry as Dehn twists on the sphere with

five cone points.

LEMMA 5.2. Writing [;=P~J and Q=PR;, the presentation of Theorem 5.1 (i)
follows from Theorem 4.1.

Proof. We write I =P~'J and Q=PR;, and then we must show that each relation

in the presentation of Theorem 5.1 (i) follows from those in Theorem 4.1. First
=P J)?=1, P¥=1, (PL)*=J°=1 and (P'Q)"=R}=1

all follow immediately from the substitutions. Next using PR;=RoP and R;R>;=P we
have
Q?=PR,PR,=PR,RyP=P3

Finally, using R{P~'=P 'Ry and RoJ=JR; we have
PQL =R\ P YJ=P 'Ry J=P YUR, =L P Q. O

LEMMA 5.3. Writing J=PI, and Ry=P~'Q, the presentation of Theorem 5.1 (ii)
follows from Theorem 5.1 (i).
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Proof. Substituting J=PI; and R;=P~'Q means that the relations J3=(PI;)3=
1 and R}=(P~'Q)"=1 follow immediately. Next, using PI[;PI;=0P~ Y [LbQ 'PI,=
Q~'P and PQ2P?=1, we find that

(JRyY)>=PLQ 'PPILP[,Q 'PPI,

=PLQ 'PLP'Q 1P,

=PQ PP Q'P*L

= PQ?P%I,

=1I.
Therefore (JRy'J)*=I?=1 and

Ri(JR{'R))?=P7'QI,=1P'Q=(JR;'J)’R;.

Finally, using [;P~'Q=P~'QI,, P~'Q*=P?, P[,=0, P~ ', P~ and P~3¢=1 we get

(R1JRy)3?

(P'QPLPT'Q)*
(P'QPP'QI)*
(
(P

P~ 1Q2 )

1)
=(PLP ' P
=PL P3Pt

=1. O
LEMMA 5.4. Writing Ro=JR1J~! and Rs3=J 'RyJ, the presentation of Theo-
rem 5.1 (iii) follows from Theorem 5.1 (ii).
Proof. Since Ro=JR;J™Y, R3=J 'R;J and R}=1, we immediately get Ry=
JRYJ =1 and R}y =J 'R}J=1. Observe that using J~'=J% and (JR;'J)*=1
(RiR2R3) ?RiRo=R; 'Ry 'Ry 'Ry *
=J 'RyVJJIRITTIRITIRTY
=J(JR;'\)*
=J.

Thus we may cyclically permute the indices to obtain

J=(R1RyR3) ?R1 Ry = (RoR3R1) ?RoRs = (R3R1R2) *R3R;.
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Using J=J"2 and (JR;'J)*=1 we have
(RsR1Ry) = (J 'Ry JR JRy T V) = (JR{ )2 =1.
Next, using J=J"2 and (JR;'J)~2=(JR;'J)? we have
RoR3=JR\J 2Ry J=J YJR V) 2T ' =J Y (JR{J)? T ' =(RJRy) L.

Thus (RyR3)3¢=1, and cyclically permuting the indices, we have (R; R2)3¢=(R3R;)3*?=1
as well. Finally, using J=J"2 and (JR;'J) 2Ry =R (JR;'J)~2 we have

RoRsRy = (JR1J N (J 'Ry J)(JR T )
=J Y IR Y) 2Ry T
=J 'Ry (JR;) 2T
=(J Ry ) (R T ) (T T R
= R3RyRs.

Again we cyclically permute the indices to obtain RjRoR1=RoR1 Ry and R3RiR3=
RiR3R;. O

LEMMA 5.5. Writing J=R;'R; 'Ry 'R;' and P=R;Rs, the presentation of The-

orem 4.1 follows from Theorem 5.1 (iii).

Proof. Substituting for J and P we immediately see that
RI=Ry}=1, P=RiRy, and P3?=(R;Ry)*=1.

Using J=R;'R3; 'Ry 'Ry '=R;'R; 'Ry 'R; ' and (R3R1R2)*=1 we have

(P7)? =(Ry'Ry'Ry 'Ry ' Ry 'Ry 1 )? = (R3R1Ro) 4 =1.
Next, using J=R; 'Ry 'Ry 'Ry ' and J~'=RyR3R; Ry we have

JR1J ' =R{'R;'R; 'Ry RiRoR3 R Ry = Ry.
Using R1R2R1=RsR1 Rs we have
PRiP™'=RiRoR Ry 'Ry * =R,.

Finally, J=R;'R;'R;'R{'=R;'R{'R;'Ry*=R;'Ry'R{'R;" and (R;RyR3)*=1

give

JP=(Ry'Ry'Ry'Ry ) (Ry 'Ry 'Ry 'Ry ) (Ry 'Ry 'Ry 'Ry = (RiRaRy)' =1. O
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The following corollary generalises [7, Corollary 5.13]. It shows that T" has a very
similar presentation to the Mostow groups ([13], [5]) with, in Mostow’s notation, 9=2,
o=n, t=(n+2)/2n and p=—1. Indeed, in the next section we will show that when n=>5

the group I' actually appears on Mostow’s list.

COROLLARY 5.6. Suppose Ry, Ro and R3 satisfy the relations of Theorem 5.1 (iii).
Let s=n if n is not divisible by 3, and s=n/3 if n is divisible by 3. Then (R3RaR1)*=1.

Proof. Using just the braid relations we see that Ra(R3RoR1)*=(R3RaR1)*Rs.

Thus we have

(R3R2R1)* = R3*(R3Ro Ry )™
= (R3R3RoR R3RoRy)*
= (RyR3RyR3R1RsR1 Ry Ry )®
= (R;'R3'(RsR1RyR3)RoR3 Ry (R3R1 RoR3) Ry ' Ry )*
=Ry (R3'(RiRyR3R1)RyR3 Ry (RoR3R1 Ro) Ry ' )° Ry
_ R;1R§3SR1
=1.

The only relations we have used are the braid relations, R3*=R3*=1, (R RaR3)*=1 and

RiRyR3R1 = RoR3R1 Ry = R3sR1 RoRs. O

6. The cases n=5 and n=6

In this section we explain how to modify the construction given in the previous sections
to the case where n=>5 and n=6. In fact, in these cases the construction is easier and we
leave the details as an exercise for the reader. Moreover, we show that both these groups
are (up to conjugacy) the same as other groups with a known fundamental polyhedron
and presentation. Thus, in the cases of n=5 and n=6, an explicit construction of a
fundamental domain is not as interesting as the case n>7. In both cases we could

deduce discreteness from the criteria of Mostow [14] and Thurston [21].

6.1. The case n=6: the Eisenstein—Picard modular group

In this case cos 0:% and so it is easy to see that zs, z4 and z5 are all the same point.

This point is zg given by (21), that is, it has coordinates z;=w;=1 and zo=wy=0. As
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the Hermitian form H has now become

10 0
H=-v3l0o 1 o[,
00 -1

we see that z3=z,4=25 is on the ideal boundary of H% This point is a vertex of D and
is fixed by the map P, which is now parabolic. In fact, zg is a cusp of T'.

Consider the Cayley transform

1 0 1
2 2
C=10 %(-1-iv3) 0
1 0 _1
2 2

Then (—2/v/3)C*HC is the Hermitian form used in [7], and C~'PC, C~'R,C and
—C~',C are the generators P, QP~! and R for the Eisenstein-Picard modular group
PU(2,1; Z[(—1+iv/3)/2]) given there. This proves the following result:

PROPOSITION 6.1. When n=6 the Livné group I' is conjugate to the Fisenstein—

Picard modular group.

Discreteness of I" follows immediately from this result. We now give a sketch of how
to modify the arguments of Section 4 to construct a fundamental polyhedron. First,
we could modify our version of Poincaré’s theorem to include the possibility of ideal
vertices (by introducing consistent horospheres; see [6]). By doing this we could mimic
the construction of §4 to show that I is discrete and has a presentation (19) but without
the relation P3?=1 (since the face F345 has now degenerated to an ideal vertex, there
is no cycle relation). Omitting this relation corresponds to the fact that d is infinite
when n=6. Using (the modified version of) Poincaré’s theorem, we can show that I" has
the presentation given in Theorem 5.1 (ii) with n=6 and d=oc0. This is the same as the
presentation of the Eisenstein—Picard modular group given in [7, Theorem 5.11]. Thus
our construction gives a new fundamental domain for PU(2, 1; Z[(—1+iv/3)/2]). Tt has
more sides than that given in [7], but has the advantage that all sides are contained in
bisectors.

6.2. The case n=5: a Mostow group

When n=5 the face F345=513MN524 collapses to a vertex inside H% Thus when n=5
all eight faces are solid tetrahedra. As indicated in §3.2 the new vertex corresponds
to zg given by (21), that is, z;=w;=1 and 29=ws=0. In particular, we again do not
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obtain a cycle transformation for S13M554 from Poincaré’s theorem. This means that the
presentation coming from Poincaré’s theorem does not contain the relation P3°=1, as
predicted above. We now show that, in fact, this relation follows from the other relations,

and so may be omitted from the presentation:
LEMMA 6.2. If R5=R5=1 and R1R2R1=R2R1R2 then (R1R2)30:1.
Proof. First observe that use of R}=1 and the braid relation R;RyR;=RsR R
gives
(Ry*)Ra(RY) = RiR: RiRo R,
=RIRyR RoR Ry Ry
=RiRyR i RyR1RoR Ry !
= (RiRs)*(R1Ry ).

The braid relation also yields (R;R2)?>(Ri1R;')=(R1R5)(R1Rs)? and (R1Ry)=
(RaR1)3. Therefore

(RiR2)* = (R1Ro) " (R1Ry ')°(Ro Ry )° (R R1) Y
= ((R1R2)*(R1Ry"))°((R2R1)* (R Ry 1))°
= (R *R2R})°(Ry* Ry R3)°
=R ’RSR?R,*Ri R}
=1. O

We now show that I' is one of the groups constructed by Mostow in [13]. This is a
special case of the theorem in [14, §4]. Deraux, Falbel and Paupert [5] have constructed
a simple fundamental domain for each of Mostow’s groups (and hence for T'). Their
domain is a polyhedron with ten sides, not all of which are contained in bisectors. Using
Mostow’s notation (see [13, Table 2, p. 248]) we have:

PROPOSITION 6.3. When n=>5 the Livné group T' is conjugate to the Mostow group

7

with p=5, p=2, 0=5, t=1;,

r=2, s=5 and p=—1.

Proof. Putting these parameter values into [13, Theorem 20.1] the group in question

satisfies the relations

R'={R}=1, RjRyR; = RyR;Ry, (RiR2R3)" =1, (RsRoR1)""=1: j, k=1,2,3},
R"” ={(R1RaR3) *R1Ro = (RoR3R1) >RaRs}.
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The presentation in Theorem 5.1 (iii) has all these relations except (R3R2R1)'°=1, which
follows from the others by Corollary 5.6. In addition the presentation in Theorem 5.1 (iii)
includes the relation (R;Ry)*°=1, which follows from the others by Lemma 6.2.

Thus the two groups have the same presentation. Since this means that they are

isomorphic, by Mostow rigidity, they must be conjugate. O

We could give a Cayley transform conjugating our R;, Rs and Rj3 to those given by
Mostow in [13, p.214] (or in [5]). Livné also gives matrices for the case n=>5. We could
similarly find a Cayley transform conjugating I, Q=R;RoR; and R; to the matrices
A, y and z given in [12, Theorem 10, p.111]. We leave both these calculations for the

reader.

7. The triangle groups

Define I,=JI,J~ Y, Is=J'I,J and consider the group A generated by I;, I and I3. To

this end, we consider the presentation Theorem 5.1 (i). Thus, using P=JI;, we have
LI =(JLJ YJ ' nh)L =(JL)? =P?

(compare [20, Lemma 3.1 (3)]). Moreover, we also have the following relations, which are
(R4) in [12, p. 108]:

LEMMA 7.1. We have

PIl_P_l:IQ, PIQP_1:I213I27 PIgP_lzfgflfg,
QLQ ' =1, QLQ '=DLIshil, QI:Q '=IIsl.

Proof. Using P=JI; and JIJ '=1I;,; for k=1,2,3 (mod 3), we have
PL,P ' =J0LLJ =L YJILJ YJILT ) =Ll 1.

In particular, when k=1 we have PI[; P~1=I3=1,.
Using P~'QI=I; P~'Q we have

QL '=PP'QLQ'P) P '=PLP ' =1,.
Next, using Q*>=P3=1,15I;, we have

QLO ' =Q*(Q 'LQ)Q = (I Is1) (11 I3]5) = I Is 11 I3 1.
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Finally, using Q?=I,1311, Q11 =1,Q and Q 'L I3I, I31,Q=1, gives
QLQ'=Q7'Q*RQ™?
=Q ' LIsL I3QNL Is1,
=Q ' LI L I31,QI1,
=1D1515. O
The relations PI;P~! should be compared to [20, Lemma 3.1]. We obtain the
following immediate consequence of Lemma 7.1:

COROLLARY 7.2. The group A={Iy, I5, I3) is a normal subgroup of T with quotient
group Y=T/A given by

T=(P,Q:P*=Q*=(P'Q)"=1).
Proof. Tt is clear that A is a normal subgroup of I'. Also P3=Q?=1I,13I; €A. Setting

I;=1 in the presentation of Theorem 5.1 (i) immediately gives the presentation for T

given above. O

The following proposition follows from Lemma 7.1. Alternatively, it could be proved

from the presentations of Theorem 5.1.
PRrROPOSITION 7.3. The maps I11s, I3Is and Isl; are each elliptic of order n.
Proof. We claim that
RILR;? =(II3)’T, and RIIsR;? = (Io13) ' 1,. (36)
It is clear that these identities are true when j=0. Using R;=P~!1Q, we have
RiLR'=P'QLQ'P
=P I3 31, P
= (P 'LLLP) P LI LP) (P ' LIsI,P)
=315,

RiLR'=P'QLQ 'P=P 'LI;LP=1,.

In particular, Rllglngl =I1;3.

Therefore, by induction we have
R LR = Ry(LI3) IRy = (I Is) Io I3 Iy = (I I3) Ty,
R LRT7 ™ = Ry (Io L) T IRy = (Io I3 " oy I3 Ty = (1o I3)7 I,

This proves (36). Putting j=n in (36) and using R} =1 we have [h=R} [ R, " =(I215)" .
Thus (I2I5)"=1. Conjugating by J we find that (I;12)"=(I31;)"=1. O
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An immediate consequence of Proposition 7.3 is that, since I 32 =(I;1;)" =1, the group
A=(I, I, I3) is a representation of an (n,n,n) reflection triangle group; see [17] or [19],
for example. As explained in [17, Proposition 1] (see also [2]) there is a family of such
representations depending on one real parameter. In fact, since QI3 Q ' =I,I311; we
see that (I;I;1;I;)"=1, and so, using the language of [19], A is a representation of type
on(T'(n,n,n)), compare [19, Theorem 4.7], for example. In order to see the geometry
of the triangle group A, observe that [; fixes the complex line with z;=0. This is the
complex line spanned by z; and zg (and containing z;); see Figure 11. Then I fixes
the image of this complex line under J, that is, the complex line spanned by zg and zg
(and containing z5). This complex line is given by wy=0. Finally, I3 fixes the complex
line spanned by zg and z7;. Thus these three complex lines may be thought of as the
complexification of the boundary of Fgzs=.516M527.

The following corollary follows immediately from the fact that T is finite when n=>5
and infinite when n>6. It should be viewed in the context of representations of reflection
triangle groups considered in [19]. We use Bowditch’s criteria for geometrical finiteness in
variable negative curvature [1], in particular F5, which says that a group is geometrically
finite if and only if there is a bound on the orders of finite subgroups and the volume of

the compact core of the quotient manifold is finite.

COROLLARY 7.4. (i) When n=5 the group A=p5(['(5,5,5)) is a lattice.
(ii) When n=6,7,8,9,10,12,18 the group A=p,(T'(n,n,n)) is a finitely generated,
geometrically infinite, discrete subgroup of PU(1,2).

Proof. The group A is a subgroup of the discrete group I' and so is itself discrete.

When n=>5 we see that A is a subgroup of I" of index 60 (the order of Y in this
case). Thus A is also a lattice.

Since T is an infinite group when n=6,7,8,9,10,12,18, we see that in these cases
A has infinite index in I'. Moreover, since A is normal in " they have the same limit set,
which is the whole of 9HZ,, since I is a lattice. A fundamental domain for A is the union
of all T-images of the polyhedron D, and so has infinite volume. Since the limit set is
the whole of 9HZ, this means that the convex hull of the limit set is all of HZ. Hence
the convex core of HZ /A is just HL /A, which has infinite volume. Using Bowditch’s

condition F5 we see that A is geometrically infinite. O

In fact, Corollary 7.4 (ii) appears in Kapovich [11] using an identical proof. Also,
Corollary 7.4 (i) should be compared to a recent result of Deraux [4], who considers
05(I'(4,4,4)), that is, the representation of the (4, 4,4) reflection triangle group for which
I;I.1;1; has order 5. Deraux shows that this group is also a lattice.

Following Schwartz, a reflection triangle group is said to be of type A if there are
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some parameter values where I;I;1;1; is elliptic and I;1;1; is non-elliptic, and of type B
if there are some parameter values where I;I;1; is elliptic and I;I;1;1; is non-elliptic.
A short calculation from Pratoussevitch’s formulae [17] shows that the (n,n,n) triangle
group is of type A when n<10 and type B when n>11. Schwartz has conjectured
[19, Conjecture 5.3] that the only infinite, discrete representations of triangle groups
of type B are faithful. When n=12 or n=18 our groups A give counterexamples to
this conjecture (and n=18 also seems to contradict Schwartz’ computer experiments
mentioned in [20, §1.2]):

PrOPOSITION 7.5. When n=12 or n=18 the group A is a discrete, non-faithful
triangle group of type B.

Appendix A: Bisector intersections
In this section we find the intersection of each pair of bisectors of the form B;; and Boy,.

ProPOSITION A.1. Suppose that z€ B13NBay. Then, writing zy=x and wi=u, we

either have

1—cos6 p 0 2cosf—1—2z9cosf
r=u=——— and wy=e
cos @ 2 cos 0(1—zo cos 0)
or else
0 1—cosf—u+zucosf—(x—u)isind
2o =€ )
1—cosf—ucosf
1—cosf—x+zucosf—(x—u)isind
Wo =

1—cosf—xcosf
Proof. Substituting z; =2 and wi=wu in (9) gives

—zisin @ —z9e "% (1—cos §)+1—cos §

—xcosl—zoe~cosO+1—isinf

It is easy to see that if z=(1—cosf)/cos @ then u=(1—cosf)/cosf independent of z5. In

this case we obtain wq from (10). Otherwise, solving for z, gives

;0 1—cosf—u+zucosf—(x—u)isind
Z9 =€

1—cosf—wucosf
Similarly, substituting z; =« and w;=w in (11) and solving for wy gives

1—cosf—x+zucosf—(z—u)isind
Wo =

1—cosf—xcosl

A similar argument yields the following result:
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PrOPOSITION A.2. Suppose that z€ B1sNBay. Then, writing zy=x and wi=iv, we
have

0 1—cosf—wvsin @ —iv—xisin 0+zvicosf
=e

29 .
1—cos@—ivcosf ’

1—cosf—x—vsinf—xisin O+xvicos b

Wo =
1—cosf—xcosb

Applying ¢ to Proposition A.2 gives the following consequences:

PrOPOSITION A.3. Suppose that z€ BigNBay. Then, writing z1 =1y and w;=u, we
have

0 1—cos 0 —u+ysin 0+iusin 0+iyu cos 0
=ec
1—cosf—ucosf ’

z2

_ 1—cosf+ysinf—yi+wuisinf+uyicost

w2 1—cosf—iycosf

PROPOSITION A.4. Suppose that z€ B1gNBoay.

Then, writing z1 =1y and wi;=1v,
we have

.0 1—cos0+ysind—wvsind—yv cos 0 —iv
=€ s
1—cosf—ivcosf

Z2

_ 1—cosf+ysinf—wvsin—yvcosd—iy

2 1—cosf—iycosf

Performing similar arguments but using (10) gives the following results:

PROPOSITION A.5. Suppose that z€ B3N Bag. Then, writing z,=x and wo=ue®,
we have

40 Cos0—x cosf—u+zucosf—isinf(l—z—u)
=e

1—wcosf ’

%)

1—cos 0 —x—ue'(1—cos ) +uzecos  —zisin @

—isinf—x cos O

w1 =

PROPOSITION A.6. Suppose that z€ B13NBog. Then, writing z1=x and wy=1u, we
have

0 1—T—u+zucosf+uisind
Zg=¢€ .
cos  —u cos 0+1sin 0

1—cosf—x—u(1—cosf)+xucos—xisinb
wr =
! —isinf—x cos 6
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PROPOSITION A.7. Suppose that z€ B1gNBog. Then, writing z1 =iy and ws=ue",

we have

0 €0s 0 —ysin @ —u—1isin @ —1iy cos 0+iu sin 0+iyu cos 0
zZ9 =¢€

9

1—wucosf

 1—cosf+ysin0—ue(1—cos ) —iy+iyuecosf

w1 . -
—isinf—iycos

PrOPOSITION A.8. Suppose that z€ BigNBag. Then, writing z1 =1y and ws=u, we

have
— it 1—u—iy+iusin @+iyu cos

Z2 .
cos f—wucos 0+1isin @

_ 1—cosf+ysin 6 —u(1—cos @) —iy-+iyucos

w1 . -
—isinf—iycosf

Applying ¢ to the previous four propositions gives the following consequences:

PrOPOSITION A.9. Suppose that z€ B17NBay. Then, writing zo=x and wi=u, we

have
1—cos@—ze "% (1—cos ) —u+zue™"*cos @ +wuisin 6
1=
! isin@—wcos 0 ’
cos 0 —x—ucos 0+zucos0+isinO(1—x—u)
wWo = .

1—xcosf

PROPOSITION A.10. Suppose that z€ BigNBay. Then, writing zo=x€"® and w,=u,

we have
1—cosf—a(1—cos ) —u+zu cos f+ui sin §
21 = ,
! isinf—wucosf
l1—-z—u+zucosf—xisinb
Wo =

cosf—x cosf—isind
ProPOSITION A.11. Suppose that z€ Bi7NBor. Then, writing zo=x and w;=iv,

we have
1—cos—ze~ " (1—cos ) —wvsin @ —iv—izve " cos
1= . . )
1sin @ —iv cos 0
e —x—ixsin —ive® +izvcosf
wo =

1—xzcosf

PROPOSITION A.12. Suppose that z€ BigNBay. Then, writing zo=x€" and wy=iv,

we have
1—cosf—x(1—cosf)—vsin—iv+izvcosd
zZ1 = . . ’
isin @ —iv cos 0
1—2z—ixsinf—iv+izvcosl
Wo =

cos @ —x cos—isin 0
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Likewise, we obtain the following results:

PROPOSITION A.13. Suppose that z€ B17NBag. Then, writing zo=x and wo=ue®

)

we have

1—z—wue +zu cos 0 +iue?sin @
z1 =

b

1—uetcos

1—u—xze ¥ 4+zucosO—ize ¥sind
w1 =

1—xe~cos f

PROPOSITION A.14. Suppose that z€ B17;NBag. Then, writing zo=x and ws=u, we
have

1—z—utzue ®cosf+iusind
1 =

)

1—wucosf

e —yu—z+rucosf—ixrsiné
wy =

e —xcosf

PROPOSITION A.15. Suppose that z€ B1gsNBays. Then, writing zo=xe" and wy=

ue', we have
e~ _x—u+aucosf+iusing
Z1 = .
cosf—wucosf—isinf
1—z—u+zuecos—xisin
wy =

1—xzcosf

PROPOSITION A.16. Suppose that z€ BigNBog. Then, writing zo=xe"’ and wo=u,
we have

1—ze"® —u+zu cos @+uisin 6
zZ1 =

)

1—wucosf

1—z—ue "+ zucosf—ixsinb
w1 =

1—xzcosf

Appendix B: Low-dimensional intersection of sides

In this section we show that the intersection of each pair of sides not considered in §3.4
is 1-dimensional; indeed, we show that it comprises arcs of the 1-skeleton of D. More
precisely, we show that each of these intersections is one or two edges of D. Each edge
of D is the intersection of at least three bisectors and is a geodesic segment between a
pair of vertices. This section may be omitted by readers who are willing to believe that
we enumerated all the faces of D in §3.4.
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PROPOSITION B.1. If z€S513NS24 and z17#(1—cos@)/cos 8 then zE~ss.

Proof. As in Proposition A.1 set z;=xz and w;=u where 0<z,u<1. Using the
expressions from Proposition A.1 we have
_ sinf(1—u)(1—cosf—xcosf)

<I - bl
0<Tm(z) 1—cosf—wucosf

—sin@(1—xz)(1—cosf—ucosb)
1—cosf—zcos @ ’

0> Im(wye ™)
Since x<1 and u<1, we see that 1—cosf—xcosf and 1—cosf—wucosf have the same
sign. Also

—(x—u)sinf

0>Im(z0e ) = 1—cosO—ucosf’

—(z—u)sind
< - VY
0 < Tm(w,) 1—cosf—xcost

Therefore z=u and Im(z9e~%)=Im(ws)=0. Hence z€ BigN Bag as well. Using our table

of edges we see that z lies in the geodesic containing vss. O
PROPOSITION B.2. If z€S13NSa¢ then z€7y34Uv47.

Proof. Put z;=x and wy=ue®®, where 0<x <1 and 0<u<1/cos . Using the expres-

sions of Proposition A.5 we see that

sinf(1—cosf—xcosf)(1—x)(1—wucosh)

0 < Im(un) = sin? 0+x2 cos2 0

Thus < (1—cosf)/cosf. Also

—usin (1 —cos @ —x cos 0)

0<I =
m(z2) 1—wucosf
Since 1—wu cos #>0 we either have u=0 or else x=(1—cos#)/cos6.
If u=0 we have z€ B17NBayg as well. Since 0<z < (1—cosf)/cosh, then from our
table of edges we see that z€vyy.
If x=(1—cos#)/cos B then we have z€ B17;NBay. Moreover,
_ 2cosf—1-u

9= ——
cos O —wu cos? 0

and so u<2cosf—1. Hence zE~ys34. O

Applying ¢ we immediately have the following consequence:
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ProprosITION B.3. If z€517NS2y then z€vy34Usg.
Similarly, we obtain the following result:
ProPOSITION B.4. If z€S16MNSay then zEgs.

Proof. As in Proposition A.3, set z; =ty and w;=u, where —sinf/cos §<y<0 and

#>=0. Using Lemma 3.6 we have

1 _(1—0059)2—ysin90059
cosf cosf(l—cosf@—ucosf)

> Re(ze") =
cos (z2¢")
Since (1—cos#)?—ysinfcosf>0 we must have 1—cosf—wucosf>0. Because z is in D
we have (sinf 6)
. u(sin 6+1y cos

0>1 0y P TIRT)
m(zze ") 1—cosf@—ucosd

and since y>—sin#/cos § we see that u=0.

Substituting ©=0 into the expression from Proposition A.3 we have

e?(1—cos —ysin6)

_ 1—cosf+ysinf—iy

— d —
=2 1—cosf and w2 1—cosf—iycosb
Thus 1 0-+ysin
» —cos 0+ysin
0<R = T
e(ze ") 1—cos6

Hence —(1—cosf)/sin<y<0. When y=—(1—cosf)/sinf this point is zg, and when
y=0 it is zg. The result follows. O

Applying ¢, we have the following consequences:
PropPoOSITION B.5. ]f z€S13NSo7 then ZEY7s.-
PROPOSITION B.6. If z€S14MNSag then zE€~yqs.

Proof. As in Proposition A.8 set z3=iy and wy=u where —sinf/cosf<y<0 and

0<u<1/cosf. Then
0 < Re(w;) = y(1—ucosh)
SHety = sinf@+ycos’

Since 1—wu cosf and sin §+y cos § are both positive, we must have y=0.
Substituting y=0 into the expressions for zo and w; from Proposition A.8 gives
e (1—u+iusing)

29 = and w;=

i(1—cosf)(1—u)
" cosfO—ucosO+isind '

sin 0

Since Im(w7) >0, we have u<1. When u=0 this point is z7, and when u=1 it is zg. O

Applying ¢ gives the following results:
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ProprosITION B.7. If z€S18NSa7 then zE€gs.
ProprosIiTION B.8. [f z€S16MNSas then ZE<Ye7-

Proof. As in Proposition A.7 write z; =iy and ws=ue? where —sinf/cos<y<0
and 0<u<1/cosf. Then
—u(1—cos f) sin § —y(1—ucos? )

0<Im(z)= I—wucosh ’

u(1—cos f) sin 0 +y(1—ucos? )

0<R =
e(wn) sin @+y cos 6

Since 1—wu cos >0 and sin 8+y cos >0 we must have

_ —u(l—cosf)sin®

1—wucos?0

Hence Im(z2)=Re(z1)=0 so z€ B17N By as well. Thus the intersection is certainly con-
tained in the geodesic containing ~g7.

Substituting in the expression from Proposition A.7 we have

i(1—cosf)(1—u)
sin 0 )

w1 =

Since Im(w;) >0 we have u<1l. When u=0 the point is z7, and when u=1 it is zg. O
Applying ¢ gives the following consequences:
PROPOSITION B.9. If z€S17NSa7 then zE€~g7.
PROPOSITION B.10. If z€S17NSsg the zEvy47.

Proof. We write zo=x and wy=u, where 0<x, u<1/cos . Then using the expression
from Proposition A.14 we have

usin (1 —x cosf)

0>1Im(z1) = 1—wucosf

Since 1—xcosf>0 and 1—ucosf>0 we must have u=0. Thus z€B13NByg as well.
Moreover, putting u=0 gives z;=1—=x, and so z<1. Hence z€,7 as claimed. O

Applying ¢ gives the following consequence:
PRrOPOSITION B.11. If z€S18NSos then zE€v34.
Finally, we obtain the following result:

ProprosIiTION B.12. [f z€S18NSag then ZEY58.-
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Proof. We write zo=z¢? and wo=u, where 0<x,u<1/cosf. Using the formulae

from Proposition A.16 we have

—(x—u)sinf
02Im(z)=——""9~
—(z—u)sinf
O<tm(uw) ===

Since 1—z cos >0 and 1—wucos >0 we must have u=z. Thus z€ B13NBsy. This gives

z1=wj;=1—z, and so the result follows from Proposition A.1. O
References
[1] BowbpiTcH, B. H., Geometrical finiteness with variable negative curvature. Duke Math. J.,
77 (1995), 229-274.
[2] BREHM, U., The shape invariant of triangles and trigonometry in two-point homogeneous
spaces. Geom. Dedicata, 33 (1990), 59-76.
[3] DELIGNE, P. & MosTtow, G.D., Commensurabilities among Lattices in PU(1,n). Annals
of Mathematics Studies, 132. Princeton University Press, Princeton, NJ, 1993.
[4] DErRAUX, M., Deforming the R-Fuchsian (4,4, 4)-triangle group into a lattice. To appear
in Topology.
[5] DERAUX, M., FALBEL, E. & PAUPERT, J., New constructions of fundamental polyhedra
in complex hyperbolic space. Acta Math., 194 (2005), 155-201.
[6] EPsTEIN, D.B. A. & PETRONIO, C., An exposition of Poincaré’s polyhedron theorem.
Enseign. Math., 40 (1994), 113-170.
[7] FALBEL, E. & PARKER, J. R., The geometry of the Eisenstein—Picard modular group. Duke
Math. J., 131 (2006), 249-289.
[8] GoLpMAN, W.M., Complex Hyperbolic Geometry. Oxford University Press, New York,
1999.
[9] HIRZEBRUCH, F., Arrangements of lines and algebraic surfaces, in Arithmetic and Geome-
try, Vol. I, pp. 113-140. Progr. Math., 36. Birkhaduser, Boston, MA, 1983.
[10] JIANG, Y., KAaMIYA, S. & PARKER, J.R., Jorgensen’s inequality for complex hyperbolic
space. Geom. Dedicata, 97 (2003), 55-80.
[11] KapovicH, M., On normal subgroups in the fundamental groups of complex surfaces.
Preprint, 1998.
[12] LivNE, R. A., On Certain Covers of the Universal Elliptic Curve. Ph.D. Thesis, Harvard
University, 1981.
[13] MosTow, G.D., On a remarkable class of polyhedra in complex hyperbolic space. Pacific
J. Math., 86 (1980), 171-276.
[14] — Generalized Picard lattices arising from half-integral conditions. Inst. Hautes Etudes
Sci. Publ. Math., 63 (1986), 91-106.
[15] — On discontinuous action of monodromy groups on the complex n-ball. J. Amer. Math.
Soc., 1 (1988), 555-586.
[16] PARKER, J.R., Unfaithful complex hyperbolic triangle groups. Preprint, 2005.
[17] PRATOUSSEVITCH, A., Traces in complex hyperbolic triangle groups. Geom. Dedicata, 111

(2005), 159-185.



64 J.R. PARKER

[18] SAUTER, J.K., JR., Isomorphisms among monodromy groups and applications to lattices
in PU(1,2). Pacific J. Math., 146 (1990), 331-384.

[19] ScHWARTZ, R. E., Complex hyperbolic triangle groups, in Proceedings of the International
Congress of Mathematicians, Vol. II (Beijing, 2002), pp. 339-349. Higher Ed. Press,
Beijing, 2002.

[20] — Real hyperbolic on the outside, complex hyperbolic on the inside. Invent. Math., 151
(2003), 221-295.

[21] THURsTON, W. P., Shapes of polyhedra and triangulations of the sphere, in The Epstein
Birthday Schrift, pp. 511-549. Geom. Topol. Monogr., 1. Geom. Topol. Publ., Coventry,
1998.

[22] WEBER, M., Fundamentalbereiche komplex hyperbolischer Flichen. Bonner Mathematische
Schriften, 254. Universitdt Bonn, Mathematisches Institut, Bonn, 1993.

JOHN R. PARKER

Department of Mathematical Sciences
University of Durham

South Road

Durham DH1 3LE

England, U.K.
j-r.parker@durham.ac.uk

Received May 20, 2005
Received in revised form October 21, 2005




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AardvarkPSMT
    /AceBinghamSH
    /AddisonLibbySH
    /AGaramond-Italic
    /AGaramond-Regular
    /AkbarPlain
    /Albertus-Bold
    /AlbertusExtraBold-Regular
    /AlbertusMedium-Italic
    /AlbertusMedium-Regular
    /AlfonsoWhiteheadSH
    /Algerian
    /AllegroBT-Regular
    /AmarilloUSAF
    /AmazoneBT-Regular
    /AmeliaBT-Regular
    /AmerigoBT-BoldA
    /AmerTypewriterITCbyBT-Medium
    /AndaleMono
    /AndyMacarthurSH
    /Animals
    /AnneBoleynSH
    /Annifont
    /AntiqueOlive-Bold
    /AntiqueOliveCompact-Regular
    /AntiqueOlive-Italic
    /AntiqueOlive-Regular
    /AntonioMountbattenSH
    /ArabiaPSMT
    /AradLevelVI
    /ArchitecturePlain
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialMTBlack-Regular
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeLight
    /ArialUnicodeLight-Bold
    /ArialUnicodeLight-BoldItalic
    /ArialUnicodeLight-Italic
    /ArrowsAPlentySH
    /ArrusBT-Bold
    /ArrusBT-BoldItalic
    /ArrusBT-Italic
    /ArrusBT-Roman
    /Asiana
    /AssadSadatSH
    /AvalonPSMT
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-Medium
    /AvantGardeITCbyBT-MediumOblique
    /BankGothicBT-Light
    /BankGothicBT-Medium
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /BaskOldFace
    /Bauhaus93
    /Bavand
    /BazookaRegular
    /BeauTerrySH
    /BECROSS
    /BedrockPlain
    /BeeskneesITC
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BenguiatITCbyBT-Bold
    /BenguiatITCbyBT-BoldItalic
    /BenguiatITCbyBT-Book
    /BenguiatITCbyBT-BookItalic
    /BennieGoetheSH
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /Bethel
    /BibiGodivaSH
    /BibiNehruSH
    /BKenwood-Regular
    /BlackadderITC-Regular
    /BlondieBurtonSH
    /BodoniBlack-Regular
    /Bodoni-Bold
    /Bodoni-BoldItalic
    /BodoniBT-Bold
    /BodoniBT-BoldItalic
    /BodoniBT-Italic
    /BodoniBT-Roman
    /Bodoni-Italic
    /BodoniMTPosterCompressed
    /Bodoni-Regular
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /BookshelfSymbolTwo-Regular
    /BookwomanDemiItalicSH
    /BookwomanDemiSH
    /BookwomanExptLightSH
    /BookwomanLightItalicSH
    /BookwomanLightSH
    /BookwomanMonoLightSH
    /BookwomanSwashDemiSH
    /BookwomanSwashLightSH
    /BoulderRegular
    /BradleyHandITC
    /Braggadocio
    /BrailleSH
    /BRectangular
    /BremenBT-Bold
    /BritannicBold
    /Broadview
    /Broadway
    /BroadwayBT-Regular
    /BRubber
    /Brush445BT-Regular
    /BrushScriptMT
    /BSorbonna
    /BStranger
    /BTriumph
    /BuckyMerlinSH
    /BusoramaITCbyBT-Medium
    /Caesar
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-Italic
    /CalligrapherRegular
    /CameronStendahlSH
    /Candy
    /CandyCaneUnregistered
    /CankerSore
    /CarlTellerSH
    /CarrieCattSH
    /CaslonOpenfaceBT-Regular
    /CassTaylorSH
    /CDOT
    /Centaur
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturyOldStyle-BoldItalic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Cezanne
    /CGOmega-Bold
    /CGOmega-BoldItalic
    /CGOmega-Italic
    /CGOmega-Regular
    /CGTimes-Bold
    /CGTimes-BoldItalic
    /CGTimes-Italic
    /CGTimes-Regular
    /Charting
    /ChartreuseParsonsSH
    /ChaseCallasSH
    /ChasThirdSH
    /ChaucerRegular
    /CheltenhamITCbyBT-Bold
    /CheltenhamITCbyBT-BoldItalic
    /CheltenhamITCbyBT-Book
    /CheltenhamITCbyBT-BookItalic
    /ChildBonaparteSH
    /Chiller-Regular
    /ChuckWarrenChiselSH
    /ChuckWarrenDesignSH
    /CityBlueprint
    /Clarendon-Bold
    /Clarendon-Book
    /ClarendonCondensedBold
    /ClarendonCondensed-Bold
    /ClarendonExtended-Bold
    /ClassicalGaramondBT-Bold
    /ClassicalGaramondBT-BoldItalic
    /ClassicalGaramondBT-Italic
    /ClassicalGaramondBT-Roman
    /ClaudeCaesarSH
    /CLI
    /Clocks
    /ClosetoMe
    /CluKennedySH
    /CMBX10
    /CMBX5
    /CMBX7
    /CMEX10
    /CMMI10
    /CMMI5
    /CMMI7
    /CMMIB10
    /CMR10
    /CMR5
    /CMR7
    /CMSL10
    /CMSY10
    /CMSY5
    /CMSY7
    /CMTI10
    /CMTT10
    /CoffeeCamusInitialsSH
    /ColetteColeridgeSH
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CommercialPiBT-Regular
    /CommercialScriptBT-Regular
    /Complex
    /CooperBlack
    /CooperBT-BlackHeadline
    /CooperBT-BlackItalic
    /CooperBT-Bold
    /CooperBT-BoldItalic
    /CooperBT-Medium
    /CooperBT-MediumItalic
    /CooperPlanck2LightSH
    /CooperPlanck4SH
    /CooperPlanck6BoldSH
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /CopticLS
    /Cornerstone
    /Coronet
    /CoronetItalic
    /Cotillion
    /CountryBlueprint
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /CSSubscript
    /CSSubscriptBold
    /CSSubscriptItalic
    /CSSuperscript
    /CSSuperscriptBold
    /Cuckoo
    /CurlzMT
    /CybilListzSH
    /CzarBold
    /CzarBoldItalic
    /CzarItalic
    /CzarNormal
    /DauphinPlain
    /DawnCastleBold
    /DawnCastlePlain
    /Dekker
    /DellaRobbiaBT-Bold
    /DellaRobbiaBT-Roman
    /Denmark
    /Desdemona
    /Diploma
    /DizzyDomingoSH
    /DizzyFeiningerSH
    /DocTermanBoldSH
    /DodgenburnA
    /DodoCasalsSH
    /DodoDiogenesSH
    /DomCasualBT-Regular
    /Durian-Republik
    /Dutch801BT-Bold
    /Dutch801BT-BoldItalic
    /Dutch801BT-ExtraBold
    /Dutch801BT-Italic
    /Dutch801BT-Roman
    /EBT's-cmbx10
    /EBT's-cmex10
    /EBT's-cmmi10
    /EBT's-cmmi5
    /EBT's-cmmi7
    /EBT's-cmr10
    /EBT's-cmr5
    /EBT's-cmr7
    /EBT's-cmsy10
    /EBT's-cmsy5
    /EBT's-cmsy7
    /EdithDaySH
    /Elephant-Italic
    /Elephant-Regular
    /EmGravesSH
    /EngelEinsteinSH
    /English111VivaceBT-Regular
    /English157BT-Regular
    /EngraversGothicBT-Regular
    /EngraversOldEnglishBT-Bold
    /EngraversOldEnglishBT-Regular
    /EngraversRomanBT-Bold
    /EngraversRomanBT-Regular
    /EnviroD
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /ErasITC-Ultra
    /ErnestBlochSH
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /EuroRoman
    /EuroRomanOblique
    /ExxPresleySH
    /FencesPlain
    /Fences-Regular
    /FifthAvenue
    /FigurineCrrCB
    /FigurineCrrCBBold
    /FigurineCrrCBBoldItalic
    /FigurineCrrCBItalic
    /FigurineTmsCB
    /FigurineTmsCBBold
    /FigurineTmsCBBoldItalic
    /FigurineTmsCBItalic
    /FillmoreRegular
    /Fitzgerald
    /Flareserif821BT-Roman
    /FleurFordSH
    /Fontdinerdotcom
    /FontdinerdotcomSparkly
    /FootlightMTLight
    /ForefrontBookObliqueSH
    /ForefrontBookSH
    /ForefrontDemiObliqueSH
    /ForefrontDemiSH
    /Fortress
    /FractionsAPlentySH
    /FrakturPlain
    /Franciscan
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FranklinUnic
    /FredFlahertySH
    /Freehand575BT-RegularB
    /Freehand591BT-RegularA
    /FreestyleScript-Regular
    /Frutiger-Roman
    /FTPMultinational
    /FTPMultinational-Bold
    /FujiyamaPSMT
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Light
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /GabbyGauguinSH
    /GalliardITCbyBT-Bold
    /GalliardITCbyBT-BoldItalic
    /GalliardITCbyBT-Italic
    /GalliardITCbyBT-Roman
    /Garamond
    /Garamond-Antiqua
    /Garamond-Bold
    /Garamond-Halbfett
    /Garamond-Italic
    /Garamond-Kursiv
    /Garamond-KursivHalbfett
    /Garcia
    /GarryMondrian3LightItalicSH
    /GarryMondrian3LightSH
    /GarryMondrian4BookItalicSH
    /GarryMondrian4BookSH
    /GarryMondrian5SBldItalicSH
    /GarryMondrian5SBldSH
    /GarryMondrian6BoldItalicSH
    /GarryMondrian6BoldSH
    /GarryMondrian7ExtraBoldSH
    /GarryMondrian8UltraSH
    /GarryMondrianCond3LightSH
    /GarryMondrianCond4BookSH
    /GarryMondrianCond5SBldSH
    /GarryMondrianCond6BoldSH
    /GarryMondrianCond7ExtraBoldSH
    /GarryMondrianCond8UltraSH
    /GarryMondrianExpt3LightSH
    /GarryMondrianExpt4BookSH
    /GarryMondrianExpt5SBldSH
    /GarryMondrianExpt6BoldSH
    /GarryMondrianSwashSH
    /Gaslight
    /GatineauPSMT
    /Gautami
    /GDT
    /Geometric231BT-BoldC
    /Geometric231BT-LightC
    /Geometric231BT-RomanC
    /GeometricSlab703BT-Bold
    /GeometricSlab703BT-BoldCond
    /GeometricSlab703BT-BoldItalic
    /GeometricSlab703BT-Light
    /GeometricSlab703BT-LightItalic
    /GeometricSlab703BT-Medium
    /GeometricSlab703BT-MediumCond
    /GeometricSlab703BT-MediumItalic
    /GeometricSlab703BT-XtraBold
    /GeorgeMelvilleSH
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gigi-Regular
    /GillSansBC
    /GillSans-Bold
    /GillSans-BoldItalic
    /GillSansCondensed-Bold
    /GillSansCondensed-Regular
    /GillSansExtraBold-Regular
    /GillSans-Italic
    /GillSansLight-Italic
    /GillSansLight-Regular
    /GillSans-Regular
    /GoldMinePlain
    /Gonzo
    /GothicE
    /GothicG
    /GothicI
    /GoudyHandtooledBT-Regular
    /GoudyOldStyle-Bold
    /GoudyOldStyle-BoldItalic
    /GoudyOldStyleBT-Bold
    /GoudyOldStyleBT-BoldItalic
    /GoudyOldStyleBT-Italic
    /GoudyOldStyleBT-Roman
    /GoudyOldStyleExtrabold-Regular
    /GoudyOldStyle-Italic
    /GoudyOldStyle-Regular
    /GoudySansITCbyBT-Bold
    /GoudySansITCbyBT-BoldItalic
    /GoudySansITCbyBT-Medium
    /GoudySansITCbyBT-MediumItalic
    /GraceAdonisSH
    /Graeca
    /Graeca-Bold
    /Graeca-BoldItalic
    /Graeca-Italic
    /Graphos-Bold
    /Graphos-BoldItalic
    /Graphos-Italic
    /Graphos-Regular
    /GreekC
    /GreekS
    /GreekSans
    /GreekSans-Bold
    /GreekSans-BoldOblique
    /GreekSans-Oblique
    /Griffin
    /GrungeUpdate
    /Haettenschweiler
    /HankKhrushchevSH
    /HarlowSolid
    /HarpoonPlain
    /Harrington
    /HeatherRegular
    /Hebraica
    /HeleneHissBlackSH
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Narrow
    /Helvetica-Narrow-Bold
    /Helvetica-Narrow-BoldOblique
    /Helvetica-Narrow-Oblique
    /Helvetica-Oblique
    /HenryPatrickSH
    /Herald
    /HighTowerText-Italic
    /HighTowerText-Reg
    /HogBold-HMK
    /HogBook-HMK
    /HomePlanning
    /HomePlanning2
    /HomewardBoundPSMT
    /Humanist521BT-Bold
    /Humanist521BT-BoldCondensed
    /Humanist521BT-BoldItalic
    /Humanist521BT-Italic
    /Humanist521BT-Light
    /Humanist521BT-LightItalic
    /Humanist521BT-Roman
    /Humanist521BT-RomanCondensed
    /IBMPCDOS
    /IceAgeD
    /Impact
    /Incised901BT-Bold
    /Incised901BT-Light
    /Incised901BT-Roman
    /Industrial736BT-Italic
    /Informal011BT-Roman
    /InformalRoman-Regular
    /Intrepid
    /IntrepidBold
    /IntrepidOblique
    /Invitation
    /IPAExtras
    /IPAExtras-Bold
    /IPAHighLow
    /IPAHighLow-Bold
    /IPAKiel
    /IPAKiel-Bold
    /IPAKielSeven
    /IPAKielSeven-Bold
    /IPAsans
    /ISOCP
    /ISOCP2
    /ISOCP3
    /ISOCT
    /ISOCT2
    /ISOCT3
    /Italic
    /ItalicC
    /ItalicT
    /JesterRegular
    /Jokerman-Regular
    /JotMedium-HMK
    /JuiceITC-Regular
    /JupiterPSMT
    /KabelITCbyBT-Book
    /KabelITCbyBT-Ultra
    /KarlaJohnson5CursiveSH
    /KarlaJohnson5RegularSH
    /KarlaJohnson6BoldCursiveSH
    /KarlaJohnson6BoldSH
    /KarlaJohnson7ExtraBoldCursiveSH
    /KarlaJohnson7ExtraBoldSH
    /KarlKhayyamSH
    /Karnack
    /Kartika
    /Kashmir
    /KaufmannBT-Bold
    /KaufmannBT-Regular
    /KeplerStd-Black
    /KeplerStd-BlackIt
    /KeplerStd-Bold
    /KeplerStd-BoldIt
    /KeplerStd-Italic
    /KeplerStd-Light
    /KeplerStd-LightIt
    /KeplerStd-Medium
    /KeplerStd-MediumIt
    /KeplerStd-Regular
    /KeplerStd-Semibold
    /KeplerStd-SemiboldIt
    /KeystrokeNormal
    /Kidnap
    /KidsPlain
    /Kindergarten
    /KinoMT
    /KissMeKissMeKissMe
    /KoalaPSMT
    /KorinnaITCbyBT-Bold
    /KorinnaITCbyBT-KursivBold
    /KorinnaITCbyBT-KursivRegular
    /KorinnaITCbyBT-Regular
    /KristenITC-Regular
    /Kristin
    /KunstlerScript
    /KyotoSong
    /LainieDaySH
    /LandscapePlanning
    /Lapidary333BT-Bold
    /Lapidary333BT-BoldItalic
    /Lapidary333BT-Italic
    /Lapidary333BT-Roman
    /Latha
    /LatinoPal3LightItalicSH
    /LatinoPal3LightSH
    /LatinoPal4ItalicSH
    /LatinoPal4RomanSH
    /LatinoPal5DemiItalicSH
    /LatinoPal5DemiSH
    /LatinoPal6BoldItalicSH
    /LatinoPal6BoldSH
    /LatinoPal7ExtraBoldSH
    /LatinoPal8BlackSH
    /LatinoPalCond4RomanSH
    /LatinoPalCond5DemiSH
    /LatinoPalCond6BoldSH
    /LatinoPalExptRomanSH
    /LatinoPalSwashSH
    /LatinWidD
    /LatinWide
    /LeeToscanini3LightSH
    /LeeToscanini5RegularSH
    /LeeToscanini7BoldSH
    /LeeToscanini9BlackSH
    /LeeToscaniniInlineSH
    /LetterGothic12PitchBT-Bold
    /LetterGothic12PitchBT-BoldItal
    /LetterGothic12PitchBT-Italic
    /LetterGothic12PitchBT-Roman
    /LetterGothic-Bold
    /LetterGothic-BoldItalic
    /LetterGothic-Italic
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LetterGothic-Regular
    /LibrarianRegular
    /LinusPSMT
    /Lithograph-Bold
    /LithographLight
    /LongIsland
    /LubalinGraphMdITCTT
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSansUnicode
    /LydianCursiveBT-Regular
    /Magneto-Bold
    /Mangal-Regular
    /Map-Symbols
    /MarcusHobbesSH
    /Mariah
    /Marigold
    /MaritaMedium-HMK
    /MaritaScript-HMK
    /Market
    /MartinMaxxieSH
    /MathTypeMed
    /MatisseITC-Regular
    /MaturaMTScriptCapitals
    /MaudeMeadSH
    /MemorandumPSMT
    /Metro
    /Metrostyle-Bold
    /MetrostyleExtended-Bold
    /MetrostyleExtended-Regular
    /Metrostyle-Regular
    /MicrogrammaD-BoldExte
    /MicrosoftSansSerif
    /MikePicassoSH
    /MiniPicsLilEdibles
    /MiniPicsLilFolks
    /MiniPicsLilStuff
    /MischstabPopanz
    /MisterEarlBT-Regular
    /Mistral
    /ModerneDemi
    /ModerneDemiOblique
    /ModerneOblique
    /ModerneRegular
    /Modern-Regular
    /MonaLisaRecutITC-Normal
    /Monospace821BT-Bold
    /Monospace821BT-BoldItalic
    /Monospace821BT-Italic
    /Monospace821BT-Roman
    /Monotxt
    /MonotypeCorsiva
    /MonotypeSorts
    /MorrisonMedium
    /MorseCode
    /MotorPSMT
    /MSAM10
    /MSLineDrawPSMT
    /MS-Mincho
    /MSOutlook
    /MSReference1
    /MSReference2
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTLS
    /MTLSB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MT-Symbol
    /MTSYN
    /Music
    /MVBoli
    /MysticalPSMT
    /NagHammadiLS
    /NealCurieRuledSH
    /NealCurieSH
    /NebraskaPSMT
    /Neuropol-Medium
    /NevisonCasD
    /NewMilleniumSchlbkBoldItalicSH
    /NewMilleniumSchlbkBoldSH
    /NewMilleniumSchlbkExptSH
    /NewMilleniumSchlbkItalicSH
    /NewMilleniumSchlbkRomanSH
    /News702BT-Bold
    /News702BT-Italic
    /News702BT-Roman
    /Newton
    /NewZuricaBold
    /NewZuricaItalic
    /NewZuricaRegular
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NigelSadeSH
    /Nirvana
    /NuptialBT-Regular
    /OCRAbyBT-Regular
    /OfficePlanning
    /OldCentury
    /OldEnglishTextMT
    /Onyx
    /OnyxBT-Regular
    /OpenSymbol
    /OttawaPSMT
    /OttoMasonSH
    /OzHandicraftBT-Roman
    /OzzieBlack-Italic
    /OzzieBlack-Regular
    /PalatiaBold
    /PalatiaItalic
    /PalatiaRegular
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /PalmSpringsPSMT
    /Pamela
    /PanRoman
    /ParadisePSMT
    /ParagonPSMT
    /ParamountBold
    /ParamountItalic
    /ParamountRegular
    /Parchment-Regular
    /ParisianBT-Regular
    /ParkAvenueBT-Regular
    /Patrick
    /Patriot
    /PaulPutnamSH
    /PcEncodingLowerSH
    /PcEncodingSH
    /Pegasus
    /PenguinLightPSMT
    /PennSilvaSH
    /Percival
    /PerfectRegular
    /Pfn2BlackItalic
    /Phantom
    /PhilSimmonsSH
    /Pickwick
    /PipelinePlain
    /Playbill
    /PoorRichard-Regular
    /Poster
    /PosterBodoniBT-Italic
    /PosterBodoniBT-Roman
    /Pristina-Regular
    /Proxy1
    /Proxy2
    /Proxy3
    /Proxy4
    /Proxy5
    /Proxy6
    /Proxy7
    /Proxy8
    /Proxy9
    /Prx1
    /Prx2
    /Prx3
    /Prx4
    /Prx5
    /Prx6
    /Prx7
    /Prx8
    /Prx9
    /Pythagoras
    /Raavi
    /Ranegund
    /Ravie
    /Ribbon131BT-Bold
    /RMTMI
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /RobWebsterExtraBoldSH
    /Rockwell
    /Rockwell-Bold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /RomanC
    /RomanD
    /RomanS
    /RomanT
    /Romantic
    /RomanticBold
    /RomanticItalic
    /Sahara
    /SalTintorettoSH
    /SamBarberInitialsSH
    /SamPlimsollSH
    /SansSerif
    /SansSerifBold
    /SansSerifBoldOblique
    /SansSerifOblique
    /Sceptre
    /ScribbleRegular
    /ScriptC
    /ScriptHebrew
    /ScriptS
    /Semaphore
    /SerifaBT-Black
    /SerifaBT-Bold
    /SerifaBT-Italic
    /SerifaBT-Roman
    /SerifaBT-Thin
    /Sfn2Bold
    /Sfn3Italic
    /ShelleyAllegroBT-Regular
    /ShelleyVolanteBT-Regular
    /ShellyMarisSH
    /SherwoodRegular
    /ShlomoAleichemSH
    /ShotgunBT-Regular
    /ShowcardGothic-Reg
    /Shruti
    /SignatureRegular
    /Signboard
    /SignetRoundhandATT-Italic
    /SignetRoundhand-Italic
    /SignLanguage
    /Signs
    /Simplex
    /SissyRomeoSH
    /SlimStravinskySH
    /SnapITC-Regular
    /SnellBT-Bold
    /Socket
    /Sonate
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /SpruceByingtonSH
    /SPSFont1Medium
    /SPSFont2Medium
    /SPSFont3Medium
    /SpsFont4Medium
    /SPSFont4Medium
    /SPSFont5Normal
    /SPSScript
    /SRegular
    /Staccato222BT-Regular
    /StageCoachRegular
    /StandoutRegular
    /StarTrekNextBT-ExtraBold
    /StarTrekNextPiBT-Regular
    /SteamerRegular
    /Stencil
    /StencilBT-Regular
    /Stewardson
    /Stonehenge
    /StopD
    /Storybook
    /Strict
    /Strider-Regular
    /StuyvesantBT-Regular
    /StylusBT
    /StylusRegular
    /SubwayRegular
    /SueVermeer4LightItalicSH
    /SueVermeer4LightSH
    /SueVermeer5MedItalicSH
    /SueVermeer5MediumSH
    /SueVermeer6DemiItalicSH
    /SueVermeer6DemiSH
    /SueVermeer7BoldItalicSH
    /SueVermeer7BoldSH
    /SunYatsenSH
    /SuperFrench
    /SuzanneQuillSH
    /Swiss721-BlackObliqueSWA
    /Swiss721-BlackSWA
    /Swiss721BT-Black
    /Swiss721BT-BlackCondensed
    /Swiss721BT-BlackCondensedItalic
    /Swiss721BT-BlackExtended
    /Swiss721BT-BlackItalic
    /Swiss721BT-BlackOutline
    /Swiss721BT-Bold
    /Swiss721BT-BoldCondensed
    /Swiss721BT-BoldCondensedItalic
    /Swiss721BT-BoldCondensedOutline
    /Swiss721BT-BoldExtended
    /Swiss721BT-BoldItalic
    /Swiss721BT-BoldOutline
    /Swiss721BT-Italic
    /Swiss721BT-ItalicCondensed
    /Swiss721BT-Light
    /Swiss721BT-LightCondensed
    /Swiss721BT-LightCondensedItalic
    /Swiss721BT-LightExtended
    /Swiss721BT-LightItalic
    /Swiss721BT-Roman
    /Swiss721BT-RomanCondensed
    /Swiss721BT-RomanExtended
    /Swiss721BT-Thin
    /Swiss721-LightObliqueSWA
    /Swiss721-LightSWA
    /Swiss911BT-ExtraCompressed
    /Swiss921BT-RegularA
    /Syastro
    /Sylfaen
    /Symap
    /Symath
    /SymbolGreek
    /SymbolGreek-Bold
    /SymbolGreek-BoldItalic
    /SymbolGreek-Italic
    /SymbolGreekP
    /SymbolGreekP-Bold
    /SymbolGreekP-BoldItalic
    /SymbolGreekP-Italic
    /SymbolGreekPMono
    /SymbolMT
    /SymbolProportionalBT-Regular
    /SymbolsAPlentySH
    /Symeteo
    /Symusic
    /Tahoma
    /Tahoma-Bold
    /TahomaItalic
    /TamFlanahanSH
    /Technic
    /TechnicalItalic
    /TechnicalPlain
    /TechnicBold
    /TechnicLite
    /Tekton-Bold
    /Teletype
    /TempsExptBoldSH
    /TempsExptItalicSH
    /TempsExptRomanSH
    /TempsSwashSH
    /TempusSansITC
    /TessHoustonSH
    /TexCatlinObliqueSH
    /TexCatlinSH
    /Thrust
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-ExtraBold
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-Semibold
    /Times-SemiboldItalic
    /TimesUnic-Bold
    /TimesUnic-BoldItalic
    /TimesUnic-Italic
    /TimesUnic-Regular
    /TonyWhiteSH
    /TransCyrillic
    /TransCyrillic-Bold
    /TransCyrillic-BoldItalic
    /TransCyrillic-Italic
    /Transistor
    /Transitional521BT-BoldA
    /Transitional521BT-CursiveA
    /Transitional521BT-RomanA
    /TranslitLS
    /TranslitLS-Bold
    /TranslitLS-BoldItalic
    /TranslitLS-Italic
    /TransRoman
    /TransRoman-Bold
    /TransRoman-BoldItalic
    /TransRoman-Italic
    /TransSlavic
    /TransSlavic-Bold
    /TransSlavic-BoldItalic
    /TransSlavic-Italic
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /TribuneBold
    /TribuneItalic
    /TribuneRegular
    /Tristan
    /TrotsLight-HMK
    /TrotsMedium-HMK
    /TubularRegular
    /Tunga-Regular
    /Txt
    /TypoUprightBT-Regular
    /UmbraBT-Regular
    /UmbrellaPSMT
    /UncialLS
    /Unicorn
    /UnicornPSMT
    /Univers
    /UniversalMath1BT-Regular
    /Univers-Bold
    /Univers-BoldItalic
    /UniversCondensed
    /UniversCondensed-Bold
    /UniversCondensed-BoldItalic
    /UniversCondensed-Italic
    /UniversCondensed-Medium
    /UniversCondensed-MediumItalic
    /Univers-CondensedOblique
    /UniversExtended-Bold
    /UniversExtended-BoldItalic
    /UniversExtended-Medium
    /UniversExtended-MediumItalic
    /Univers-Italic
    /UniversityRomanBT-Regular
    /UniversLightCondensed-Italic
    /UniversLightCondensed-Regular
    /Univers-Medium
    /Univers-MediumItalic
    /URWWoodTypD
    /USABlackPSMT
    /USALightPSMT
    /Vagabond
    /Venetian301BT-Demi
    /Venetian301BT-DemiItalic
    /Venetian301BT-Italic
    /Venetian301BT-Roman
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /VinetaBT-Regular
    /Vivaldii
    /VladimirScript
    /VoguePSMT
    /Vrinda
    /WaldoIconsNormalA
    /WaltHarringtonSH
    /Webdings
    /Weiland
    /WesHollidaySH
    /Wingdings-Regular
    /WP-HebrewDavid
    /XavierPlatoSH
    /YuriKaySH
    /ZapfChanceryITCbyBT-Bold
    /ZapfChanceryITCbyBT-Medium
    /ZapfDingbatsITCbyBT-Regular
    /ZapfElliptical711BT-Bold
    /ZapfElliptical711BT-BoldItalic
    /ZapfElliptical711BT-Italic
    /ZapfElliptical711BT-Roman
    /ZapfHumanist601BT-Bold
    /ZapfHumanist601BT-BoldItalic
    /ZapfHumanist601BT-Italic
    /ZapfHumanist601BT-Roman
    /ZappedChancellorMedItalicSH
    /ZurichBT-BlackExtended
    /ZurichBT-Bold
    /ZurichBT-BoldCondensed
    /ZurichBT-BoldCondensedItalic
    /ZurichBT-BoldItalic
    /ZurichBT-ExtraCondensed
    /ZurichBT-Italic
    /ZurichBT-ItalicCondensed
    /ZurichBT-Light
    /ZurichBT-LightCondensed
    /ZurichBT-Roman
    /ZurichBT-RomanCondensed
    /ZurichBT-RomanExtended
    /ZurichBT-UltraBlackExtended
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


