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1. Introduction

1.1. g-Selberg integrals

In 1944 Selberg published the following remarkable multiple integral [24]. Let k be a

positive integer, t=(t1, ..., tx), dt=dt; ... dt;, and

Aty= [ -t
1<i<j<k

be the Vandermonde product.

THEOREM 1.1. (Selberg integral) For «,3,v7€C such that

1 Re(a) Re(PB)
E k-1 k-1 }

Re(a) >0, Re(8)>0 and Re(y)>-— min{

there holds

k

D(a+8+(i+k—2)y)T(y+1)
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i=1 i=1

When k=1, the Selberg integral simplifies to the Euler beta integral [7]

! a—1(1_p\B-1 _T(@)l'(B) ela e
/Ot (=)= Re(a) >0, Re() >0

(1.1)
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which reduces to the standard definition of the gamma function
o0
I'a) :/ t*te7tdt, Re(a)>0,
0

upon taking (8,t)—(¢,t/¢) (with (€R) and letting {— oco.

At the time of its publication the Selberg integral was largely overlooked, but now,
more than 60 years later, it is widely regarded as one of the most fundamental and
important hypergeometric integrals. It has connections and applications to orthogo-
nal polynomials, random matrices, finite reflection groups, hyperplane arrangements,
Knizhnik—Zamolodchikov equations and more; see, e.g., [1], [3], [5], [6], [8], [15], [18], [29]
and [30].

Because of the appearance of the Vandermonde product, the Selberg integral may
be associated with the root system Aj_;. That such a viewpoint is useful is evidenced
by Macdonald’s famous ex-conjecture, which attaches a Selberg integral to any finite
reflextion group G [15]. To be precise, Macdonald conjectured a generalisation to G of

the exponential limit of Theorem 1.1, known as Mehta’s integral:

k .
no 2
see also [9], [15], [18], [21] and [22].

A different point of view—the one we wish to adopt in this paper—arises from the
intimate connection between Knizhnik—Zamolodchikov (KZ) equations and hypergeomet-
ric integrals [23], [28], [29]. Let g be a simple Lie algebra of rank n, with simple roots
a; and Chevalley generators e;, f; and h;, 1<i<n.(') Let Vy and V,, be highest weight
representations of g with highest weights A and p, and let u=u(z,w) be a function with

values in V) ®V,, solving the KZ equations

z@— L u and z@— L
0z  z—w ow  w—z

)

where (2 is the Casimir element. Solutions u with values in the space of singular vectors of
weight A\+p—>"" | k;@; are expressible in terms of k:=k;+...+k, dimensional integrals
of hypergeometric type as follows [23]:

u(z,w) :ZuI,J(z,w)flv)\@f']vu

with
ur,j(z,w) = / U (z, w;t)wr, (2, w;t) dt.
g

(1) We use @; instead of the usual a; to denote the simple roots to avoid a clash of notation with
the exponents «; in the A,, Selberg integral of Theorem 1.2.
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In the above the sum is over all ordered multisets I and J with elements taken from
{1,...,n} such that their union contains the number ¢ exactly k; times, vy and v, are the
highest weight vectors of V) and V,, flv:(Hiel fv, t=(t1, ..., tg), dt=dty ... dty, and = is
a suitable integration cycle. The function wy s is a rational function that will not concern
us here and ¥, known as the phase function, is defined as follows. The first k; integration
variables are attached to the simple root @y, the next ks integration variables are attached
to the simple root @s, and so on, such that Qi =q if ki +...+ki_1<j<ki+...+k;. Then

k
U(z,wit) = (z—w)MH/* H(ti_z)—(/\@ti)/X(ti_w)—(lm‘vzi)/% H (ti_tj)(@tiﬁtj)/%7
i=1 1<i<j<k
with (-, -) being the bilinear symmetric form on h* (the space dual to the Cartan subal-
gebra h) normalised such that (6,6)=2 for the maximal root 6.
In [20] Mukhin and Varchenko formulated a remarkable conjecture regarding the

normalised phase function

K2
i=1 1<i<j<n

—(Aae;) /3 —(p,ar,) /s &y, G, )/
\I/(t)ZHt( )/ (1—t;) (,at;)/ H |ti_tj|( §08t;)/ %

They proposed that if the space of singular vectors of weight \4-pu—>""" | k;a; is 1-

dimensional, then the integral
/ w(t) dt (1.3)
A

(with AC[0, 1]* being an appropriate integration domain not explicitly given) is express-
ible as a product of gamma functions. The original Selberg integral corresponds to the
case g=sly of the Mukhin—Varchenko conjecture.

In the following we restrict our attention to g=sl,+1=A,,, with fundamental weights
Ay, . Ay (A, @5)=0;;. If the weights of V and V), are A=)"""_; \;A; and p=>"""_, ju; Ay,
and if we write t=(t1,...,t;) as t="), ..., t(") with t(s):(t(ls),...,t;i)) the variables
attached to the simple root ag, then

n ks n—1
U(t)= H <|A(t(s))|2/x H(tl(s))—As/x(l_tl(S))—us/x) H |A(t(s), t(s-i—l))|—1/x7
s=1 =1 s=1

where
I(u) l(v)

Au,v) = H H(ui—vj)

i=1j=1
for u=(u1, ..., u(y)) and v=_(v1, ..., V(). In the case of sl the phase function coincides
with the integrand of the Selberg integral after identifying y=1/3, a=1—X;/»x and
B=1—p1/s.
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In [26] Tarasov and Varchenko dealt with the Ay case of (1.3), obtaining a closed
form evaluation for A=XyAs and p=p1A1+p2As. In the present paper we utilise the
theory of Macdonald polynomials to extend this to A,, and one of our main results
is an explicit evaluation of (1.3) for A=A, A, and p=>)", pu;A;. If we write =1/,
Ai=(1—ay)/7 (so that oy =...=ap,_1=1) and p;=(1—0;)/7, and let A=CFr--*»[0,1] be
the integration domain defined in (4.9) of §4, we may claim an evaluation of the (1.3) for
g=An.

THEOREM 1.2. (A, Selberg integral) For a positive integer n let 0<ky <ka<...<ky,
be integers and ko=Fk,+1=0. Let «a, 1, ..., Bn,YEC be such that

Re(a)>0, Re(B1)>0,...,Re(3,) >0, min{ie(_al),]:}<Re(7)<lj

d
an _ Re(8,) < Re( )<Re(ﬂs+...+ﬁr)
ke—kg_1—1 " r—s

for 1<s<r<n. Then

/k ) H('A t( s) ‘271—[ t(s as—l(l t(s) ﬁs—1> H |A t(s) t(s+1))| T dt
Lo m0,1] ;2

i=1 s=1

" L(Bs+..+Br+(i+s—r—1)7)
H H D(ap+Bs+...+8r+(i+s—r+k.—kr.11—2)7)

1<sg<r<n i=1

Fe i —ker1—1)y) (4
XHH z_’y) )7) (7)7

s=14i=1

where oaq=...=an_1=1, ap=a and dt=dtV ...dt™).

Remarks. (1) Whenever A/0 occurs in the conditions on «, (1, ..., 3, and =, this is
to be interpreted as +oco with the same sign as A. This ensures that the conditions are
correct provided ks>ks_1, 1<s<n. Only minor modifications are required if ks=ks_1
for some s. We also note that the condition Re(y)<1/k, comes from Re(y)<min{1/k,:
2<s<n} and does not apply when n=1.

(2) For ky=...=k,_1=0 and (ky, B,,t™)—(k, 3,t) the A,, Selberg integral simpli-

fies to

oy TT o101y -1 5 7T Fla+(@i=1)y)(B+(—1)y)T(iy)
/CU ..... ooy 1) 1} (I=t:)" " dt 1;[1 Tlat Bt (it h—DT ()

Since (see (4.9))

COOF0,1]={t eR": 0 <ty gy <. <ty <1},
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this is equivalent to the Selberg integral (1.1). Indeed, by the symmetry of the integrand,
we may replace C9%*[0,1] by [0,1]* provided the right-hand side is multiplied by k!.
Absorbing this factor in the ratio of gamma functions yields (1.1). More generally, the
integration domain C*»#[0,1] is such that A(t())>0, and the absolute value sign in
|A(#) 27 (but not in |A(t*), t+D)|=7) may be omitted.

(3) Denoting the A,, Selberg integral by

A, . .
Ikh,..,/cn (Oé,ﬂl, -~-’5n,’7),

it readily follows that

An . A) — TAm . .
IO,,MO, I, slm (av 617 ceey ﬂm 7) - Ill,,,,7l,,,L(O[7 6n—m+1a ceey 6%5 ’Y)
~——

In particular, we have

n—m

A~ =
CS,‘-"OyllwnJm [07 1} _ C’lylynwl'rn [07 1].

The case k;=...=k,_1=0, k, =k discussed in (2) is of course a special case of this more
general reduction formula.

(4) By an appropriate change of integration variables (see §7 for details), it follows
that

L(A—)I(B1)

D(B1—y+1)
(1.4)

I3 ko (03 B0 B B ) = TG (06 Bt B, B s i)
By iteration, all but the last ks equal to 1 may thus be eliminated.

(5) Upon taking n=2, (k1,ka)— (k2,k1) and (01, B2)— (B2, 1), we obtain the sl3
Selberg integral of Tarasov and Varchenko [26, Theorem 3.3]; see also [30].

(6) If we denote the set of positive roots of A, by @, (i.e., ®.={as+...+ @ :1<
s<r<n}), then the product over 1<s<r<n on the right-hand side of the A,, Selberg

integral corresponds to the following product over @ :

H 9(Bs+...+Br) = H g((A, @),

1<s<r<n acd
where A:ﬂlAl ++/BnAn

By replacing (3s,t®))— ({8, /¢), with (€R, and then letting ¢ tend to infinity,
we obtain the following exponential form of Theorem 1.2, with C’fl’"'vk" [0, 0] being the
domain defined in (4.9) of §4.
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COROLLARY 1.3. (First A,, exponential Selberg integral) For a positive integer n
let 0<ky <k2<...<ky be integers and ko=kn+1=0. Let o, B, ..., On,YEC be such that

Re(a) >0, Re(f1)>0,...,Re(8,)>0 and —min{ Re(a) 1} <Re(y) < k:i

kn—1"k, -
Then
/ ) H(|A 25(5 |2yH t( $)yas—1, — Bt )> H At +(s) t(s+1))|77 dt
..... n I 11
= (6s+ +ﬁ) (GT+ Ery1—=1)7)(ks—ks—1)
1<s<r<n
n kg .
<T111 L(as+(i=ksr1 ~ 7))
s=1i=1 (’7)
where a1 =...=a,,_1=1 and a,=qa.

Replacing t;+—1—t; for all 1 <i<k in the Selberg integral (1.1) leads to an interchange
of a and 3. Consequently the classical Selberg integral has just a single exponential form.
This (o, 8)-symmetry is no longer present for n>1, and replacing tgs)r—>17t§s)
1<i<ks and 1<s<n followed by (o, t())= (¢, (%) /¢) (with ¢ €R) and then letting ¢ tend
to infinity, results in a second exponential form of Theorem 1.2. Below a’;l **** kn [0, 0ol is

the integration domain defined in (5.8) of §5.

for all

COROLLARY 1.4. (Second A,, exponential Selberg integral) For a positive integer n
let 0<k; <ko<...<k, be integers and ko=k,+1=0. Let B1,..., Bn,YEC be such that

Re($1) >0,...,Re(8,) >0, _ki<Re(7)<ki
i Re(4.) Re(B,+...+5,)
e(Dg e(OgT... r
7k’s—k:5,1—1 <Re(y) < r—s

for 1<s<r<n. Then

n—1
/*ln , e~ PRI H(lA t(s |2'yH t s) ﬁ;—l) H IA(t(s)’t(s—&-l)”—fy dt
s=1

Ak [0,00] =1
ks_ks—l
II I TG+ +48:+G+s—r—1)y)
1<s<r<n =1

k‘s_ks 1 1

H H F(A+8s+...+6r+(i+s—r+k.—k.y1—2)7)

1<s<r<n—1 =1
n ks . n—1 ks
s T(i s .
T 5 T IIrO+ k-1,

s=1i=1 s=11i=1

X
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1.2. Outline

In §2 we review some standard facts about Macdonald polynomials needed to prove an
identity for the g, t-analogues of the Littlewood—Richardson coefficients (Theorem 2.1).
In §3 we apply Theorem 2.1 to establish a new A, g-binomial theorem for Macdonald
polynomials (Theorem 3.2). In §4 we first utilise the ¢g=1 case of this theorem to prove
the exponential A, Selberg integral of Corollary 1.3. Then, in §5, we exploit the full
g-binomial theorem to obtain a multidimensional g-integral which yields Theorem 1.2 in
the ¢—1 limit. In §6 we generalise the A,, Selberg integral by including a Jack polynomial
in the integrand (Theorem 6.1). Finally, in §7, we give the full details of two special cases

of Theorem 1.2, corresponding to (ki, ..., kn—1, kn)=(1,...,1,k) and y=0, respectively.

2. Macdonald polynomials

Our main tool in the proof of Theorem 1.2 is the theory of symmetric functions, and in
§2.1 and §2.2 we review some well-known facts from the theory. For a more comprehensive
introduction we refer the reader to [14], [16] and [25].

2.1. Preliminaries

Let A=(A1, g, ...) be a partition, i.e., A\; 29 >..., with finitely many \; unequal to zero.
The length and weight of A, denoted by I(A) and |A|, are the number and sum of the
non-zero \;, respectively. As usual, we identify two partitions that differ only in their
string of zeros, so that (6,3,3,1,0,0) and (6,3, 3, 1) represent the same partition. When
[A\|=N we say that X is a partition of N, and the unique partition of zero is denoted
by 0. The multiplicity of the part ¢ in the partition XA is denoted by m;=m;(}\), and
occasionally we will write A=(1"1272 _..).

We identify a partition with its Ferrers graph, defined by the set of points in (i, j) € Z>
such that 1<j<\;, and further make the usual identification between Ferrers graphs and
(Young) diagrams by replacing points by squares.

The conjugate A’ of X is the partition obtained by reflecting the diagram of X in the

main diagonal, so that, in particular, m;(A\)=\; =\ ;. The statistic n(}) is given by
\
n(N) =) (i)=Y (2)
i>1 i>1

The dominance partial order on the set of partitions of IV is defined by A>p if
A+ AN zpr+.+pg for all i1, If A>p and A#p then A>p.
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If A and p are partitions then pC\ if (the diagram of) p is contained in (the diagram
of) A, ie., p;<A; for all e>1. If uCA then the skew-diagram A—p denotes the set-
theoretic difference between A and p, i.e., those squares of A not contained in pu.

Let s=(i,7) be a square in the diagram of X\. Then a(s), a/(s), I(s) and I'(s) are the
arm-length, arm-colength, leg-length and leg-colength of s, respectively, defined by

a(s)=X\i—j, d(s)=j—1, (2.1a)
I(s)=X;—i, [I'(s)=i—1. (2.1b)
This may be used to define the generalised hook-length polynomials [16, (VI.8.1)]
ex(g,t) = [[(A—g @), (2.2a)
SEA
Ag,t)=[J(1—g* D), (2.2b)
SEA
where the products are over all squares of \. We further set
C)\(Qa t)
ba(q,t) = . 2.3
)\(q ) Cl)\(q, t) ( )

For a non-negative integer N the g-shifted factorial (b;q)n is defined as (b;q)p=1
and

(b;q)n = (1=b)(1=bg) ... (1—bg™ ). (2.4)

We also need the g-shifted factorial for negative (integer) values of N. This may be

obtained from the above by
1

(bi@)-n= (bgN;q)n'
This implies in particular that 1/(g; ¢)—ny=0 for positive N.
The definition (2.4) may be extended to partitions by
1(A)
(brg.t)a=[[(1—bg” =" ) =T (0t' % @),
SEA i=1
With this notation, the polynomials (2.2) can be expressed as [12, Proposition 3.2]

@ =gy [[ Aoy .
PNUSED I PRIPN i s e— .
1<i<j<n (E ) n -,
4 n-1 (@),
Alet)=(@t""a.t ] (qt—:q) ; (2.5b)
1<icjcn I DNi=A

where n is any integer such that n>I[(A).
Finally, we introduce the usual condensed notation for g-shifted factorials as
(a1, ar;q)n = (a1; 9N - (ar; @) N
and

(ala ey Gk Qat)A = (al; Q7t))\ (ak; Q7t))\~
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2.2. Macdonald polynomials

Let &,, denote the symmetric group, and A, =Z[x,...,1,]®" be the ring of symmetric
polynomials in n independent variables.
Let x=(x1,...,x,). For a partition A=(\q, ..., A,) of at most n parts, the monomial

symmetric function my is defined as

m () :Zxa.

Here the sum is over all distinct permutations « of A, and z®*=x{" ... 2. For I(\)>n we
set my(z)=0. The monomial symmetric functions my for [(A\)<n form a Z-basis of A,,.

For a non-negative integer 7, the power sums p,. are given by po=1 and p,=m,) for
r>1. Hence

n

More generally the power-sum products are defined as py(x)=px, (z) ... pa, (z).
Following Macdonald we define the scalar product (-, )4 by

<p/\7pu>q,t = 5,\MZA }:[1 m,

with z,\:l_[@l m;!i™ and m;=m;(\). If we denote the ring of symmetric functions in
n variables over the field F=Q(g,t) of rational functions in ¢ and ¢ by A, r, then the
Macdonald polynomial Py (z;¢,t) is the unique symmetric polynomial in A,, g such that
16, (VI.A.7)]
Pr(i0,8) = ma@)+ 3 (g, Oy (2) (2.6)
p<A

and
<P)\7P,u‘>q,t:0 1f)\75,u

The Macdonald polynomials Py (x;q,t) with {(A)<n form an F-basis of A, 5. If [((A)>n
then Py(z;q,t)=0. From (2.6) it follows that Py(z;q,t) for I{(A\)<n is homogeneous of
degree |A|:

P(zx; q,t) = 2N Py (23 ¢, 1), (2.7)

where z is a scalar.
For feA,r and a partition A such that [(A)<n, the evaluation homomorphism
uE\n): A, r—F is defined as

uf\n)(f) = f(qutnfl7 2L q’\"to). (2.8)
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We extend this to f€F (2, ...,2,)®" for those f for which the right-hand side of (2.8) is
well defined. The principal specialisation formula for Macdonald polynomials corresponds
to [16, Example VI.6.5]

a s)tn U'(s) (tn t)
(” OV I i S T OV ACRE L LR
Uy H 1_ qa(s)tl(s)—H =t DR (2.9)

For more general evaluations we have the symmetry [16, (VI1.6.6)]
uy (Pu)ug” (Py) uu(A)uo(u) (2.10)
for I(X),1(p) <n. It will be convenient to also define ug\nz) as
ug\nz(f) = flzg™t" L 222 L 2 t0). (2.11)
For homogeneous functions of degree d we of course have
S () = 2"l (£)- (2.12)

Due to the stability Py(z1, ..., Zn; ¢, t)=Px(21, ..., Zn, 0; ¢, t) for [(A)<n, we may ex-
tend the Py to an infinite alphabet, and in the remainder of this section we assume that
x (and y) contain countably many variables. By abuse of terminology we will still refer
to Px(x;q,t) as a Macdonald polynomial, instead of a Macdonald function. Then the
Cauchy identity for Macdonald polynomials is given by [16, (VI.4.13)]

S ba (g ) P 4, ) Pa (3 0, 1) = [ riti@ee (2.13)
A

i1 (xzij q)oo

with by (g, t) defined in (2.3).
The q, t-Littlewood—Richardson coefficients are defined as

Py(;q,t)P,(w; g, t wa q,t)Px(x; ¢, 1) (2.14)

and trivially satisfy
o (a,1) = f2,(a1)

and
A _ _
o, (q,t) =0 unless || =[u|+]|v]. (2.15)

It can also be shown that [16, (VI.7.7)]

A — “q
v (q,t)=0 unless p1,v C A (2.16)
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The ¢, t-Littlewood—Richardson coefficients may be used to define the skew Mac-

donald polynomials

P)\/u, Z; Qa quy qa 1’ Qat) (217)

By (2.16), Py, (z; ¢,t)=0 unless nC\ (in which case it is homogeneous of degree [A| —|u|).
Equivalent to (2.17) is

(@, 954, 1) ZP)\/u 3¢, 1) Pu(y; 4, t). (2.18)

Finally, we need the Kaneko—Macdonald definition of basic hypergeometric series

with Macdonald polynomial argument [12], [17]:

ALy eeey Qpry1 n( P)\ l‘ 54, ) (CL17 "'7a7‘+1;qat))\
®, g t: ¢ . 2.19
T |: b17"'7 :| Z C)\ q7t (b17'-~7b7‘;q7t))\ ( )

When z=(z) this reduces to the classical ,1¢, basic hypergeometric series [10]:

o

A1y .oy Ary1 } a17~- Gr4154 )k k A1y Ar41
r+1q)r —Z :r+1¢r 34, 2| -
|: bla'“abr z;) (Lblv"' raq)k bla"'abr Y

The main result needed for 1P, series is the g-binomial theorem [12, Theorem 3.5],
[17, (2.2)] (see also [13, Theorem 3] and [19, Lemma 3.1]):

1<I>o[a;q,t;x} :H%. (2.20)

o (@59

Remark. In this paper we mostly view results such as (2.13) and (2.20) as formal
identities. Later, when transforming formal power series to integrals, issues of conver-
gence do become important. It is however not difficult to give necessary convergence
conditions for each of the identities in this paper. For example, in (2.20), we may add
r=(21, ..., Tp), |q|<1 and max{|z1], ..., |zn|} <1, and view the 1Py as a genuine hyperge-

ometric function.

2.3. An identity for g, t-Littlewood—Richardson coefficients

A crucial role in our proof of the A, Selberg integral of Theorem 1.2 is the following
identity for the g, t-Littlewood—Richardson coefficients.
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THEOREM 2.1. Given two integers 0<m<n, let A\ and p be partitions such that
(N <m and l(np)<n. Then

m—n— 1. q )
tn(u —|w| £A 7 (n—m) P " (q sy
I L P

(qti-FHm-n-1 (2.21)

n(A)—m n (2 7Q7 aq)A
V) \u\u(() )(Pu) HH g, —H
i=1j5=1 q Ai K

Since f),(q,t)=0 if wZX and P,,=0 if wZp, we may add the restrictions wCA\
and wCpu to the sum over w. We will in fact show that the summand on the left vanishes
unless

N 2 fhivn—m for 1<i<m. (2.22)

In other words, if p* is the partition formed by the last m parts of p, i.e.,

*

o= (Mnfm%»la ~'~7/14n),

then the summand vanishes unless p* CA. To see this, we recall from [16, (VI.7.13")] that
Pu/u(-rla oy Tn—m; 4, t) = Z wT(% t)xTa
T

where the sum is over all semistandard Young tableaux T' of skew shape p—w over the
alphabet {1,...,n—m}; 27 is the monomial defined by T and 17 €F. For the shape y—w
to have an admissible filling it must have at most n—m boxes in each of its columns.
Hence w; 2 pti4n—m for 1<i<m. Since we already established that the summand vanishes
unless wC A\, a necessary condition for non-vanishing of the summand is thus given by
(2.22). Since 1/(q;q)—n=0 for every positive integer N, it is easily seen that also the
double product on the right-hand side of (2.21) vanishes unless (2.22) holds.

Theorem 2.1 for arbitary 0<m<n corresponds to the u=0 case of a more general
result established in [32, Theorem 4.1]. For m=n, so that

Py/w(-rlv <oy Tp—ms Q7t) :6uw,

the theorem simplifies to [31, Proposition 3.2]. A proof of Theorem 2.1 is included below

for the sake of completeness.
Proof of Theorem 2.1. Let x=(x1,...,2m) and y=(y1,...,yn) so that the Cauchy
identity (2.13) becomes

n

m
Zb q: 1) Py (%3¢, t) Py (y5 g, t HH myj’

LL‘
1=17=1 Zy]’
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Next we apply the homomorphisms uf\n? (acting on x) and uLn) (acting on y), and use

the homogeneity (2.7) of the Macdonald polynomials. Hence

m
tn+m 1 Ztn+m i—J. Q),\. )
b, (q,t (m)p _ (2 )oo 14 Xitpy
2"by (g, t)uy (B, :
zn: ! ) E S 11_[1;1_[1 AT Q)
(2.23)

The summand on the left vanishes unless {(n) <min{n, m}. Assuming such an 7, we may

twice use the symmetry (2.10) to rewrite the left-hand side as

LHS(2.23) Zzlﬁlb (q,t (m)(PA)“%R)(Pu)“ém)(Pn)u(()n)(Pn).
ug™ (Pa)ug” (P)

In the remainder we assume that n>m and apply (2.18) as well as (2.7) to get
ul(P,) =P, (qmt" ™, gt L 1 g, t)

n
L L
_Ztn ) (P Y (P ).

Thus,

(n—m) (m) oy, (), (M) Y, ()
LHS(2.23)= 3 alltn-mlelp, (g 1) ™0 (/) (S’A)“n (n()Pw)“O (Py)ug (Pn)
uy  (Px)ug  (Py)

7w

Next we use that

to rewrite this as

_ u (Pujo)un  (Po)ug  (Py)ug  (Py)
LHS(2.23) = 3 zllim=mlel v (g 1)b, (q, )2 . :
n,zw,:u - ! uém)(PA)uén)(Pu)

By one more application of (2.10), this becomes

(n—m) ul™ (n)
LHS(2.23) = 3 2llin=mlel g2 (g, 1)b, (g, £) =2 (P/t/w) (;3() 0( o Py )ug” (Py)
Uo

nww " (P,



282 S. O. WARNAAR

The sum over n may now be evaluated as follows:

> 2, (g, t)ug")wn)u&mwpn)
n

—Z ,q, e u(yvg)(pn) (by (2.3) and (2.9))
_ u(f? <Zn: () (C%’(Z:?)"Pn(x; q, t)>
—ut? (100" at:0] (by (2.19))

iz <}_[1 (53 9) oo ) (b (220))

ul tn+m 7

m
:H 7Q)
Ll (2¢YitmT ) oo

=1

(zt™" 1 q,t), ﬁ (2" g) o

T (et mTg ), L (et g

We thus arrive at

(2" ) oo

LHS(2.23) =[] NC=

=1
n—m) m m—

% Z t(nfm)|w|fu ( t) u(() (P;L/OJ)UE) )(PV) (Zt 1; q, t)u

PONVE m) ) Gtrtm=1 g 1),

UO (PA)UO (PH) y Y4y b)v

W,V

Finally equating this with the right-hand side of (2.23) and replacing z+zt!="~™ yields

tfn.q t)y
tn m |w|f1/ q, (n—m) P o U(m) P, (Z 3
Z ) ( M/ ) 0 ( ) (z;q,t)l,
(2.24)
1—i— ]
() (pyyul™ (P, (2t Ditny
= U, .
’ 11_11:]1—[1 AT )

Both sides of this identity trivially vanish if I(A\)>m. Furthermore, the summand on
the left vanishes if [(v)>m. Hence we may without loss of generality assume in the
following that {(A\)<m and I(v)<m. (The latter of course refers to a restriction on the
summation index.) We may also assume that the largest part of v is bounded, since
fE=0if [w|+[A[#|v| and P/, =0 if wZp. In particular, vy <[A[4|pl.

The above considerations imply that A\,vC(N™) for sufficiently large N. Given
such N, we can define the complements of A and v with respect to (N™). Denoting these
partitions by \ and v, we have ;\i:N—/\m+1_i and ;=N —vp,41—; for 1<i<m.
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We now replace A and v by A and 7, respectively, in (2.24) and then eliminate the
hats using [31, p. 263]

(qt™ 250, ), (g, ) ul™ (Py)
(@™ Yq,)x (g, t) ™ (P,)’

Fr (g, t) =" £ (g, 1)

[4, (4.1)]
o " 5, ) (Nm)
0. D)< = (—a/a)MEm=DIAI=n(N) ;n(A)=N|A| (aiq,0)¢
(a:q,t)5=(—q/a) q (@ Ntm=1/a;q,t)x
and
u{™ (Py) = ¢(3INFA=mA,m) ().

This last result follows from [4, (4.3)]

Py(259,t) = (z1 . 2) N Pr(2 7 q,)
and the homogeneity (2.7). As a result, we end up with

(gt™ 1 ¢t Nt 20, 8),
(g, t)(gt=Nentm=1/z:q,1),

Ztn v)— |w\f)\ ) (n_m)(]:);t/w)

b 0
A_ 7 , T M
=) m|“|uén)(Pu) HH g NI 2 q) 8 - .

Ai— g

i=1j=1

where we have also used that

(@ @)k _ (as0)n (@' N /bsq)s <b>k
b;)nv—k  (by@)n (@' N /as @)k

to rewrite the double product on the right.

Specialising z+¢~Nt" eliminates all references to N and completes the proof. [

3. A, basic hypergeometric series

In this section we will be working with n different sets of variables z(*), ..., (™) where

() = (x(ls), . Zés))
are such that k <ko<...<k,.
Our main object of interest is the following generalisation of the Kaneko-Macdonald
basic hypergeometric series (2.19).
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Definition. (A,, basic hypergeometric series)

r1®r [az’ o ag“ st w(”)}
1y« Ur

— Z (a'17"'7a'7'+1;Qat))\(”)

(qtknilv b17 (XX} b?“; qvt))\(")

AL A ()
n ks—1

o (@t 7 g, t) ae

X t”(’\())—(q DA P (29 g t))

H< ci\(s)(q,t) Y

1
_ , j—i+ks—k —1.
n—1 ks ket1 (gti =1 s+1 7q)/\§5)7>\§5+1)

(3.1)

tj7i+k57ks+1. R R
(q 79),\5 N
Here the sum is over partitions A®) such that l()\(s))éks for 1<s<n and
1 .
A=A for 1<i <. (3.2)
Remark. The sum over the partitions A", ..., \(") subject to (3.2) may alternatively
be viewed as a sum over skew plane partitions of shape n—v with n=((k,)") being a

partition of rectangular shape and v=(k, — k1, kn—ka, ..., kn—kn—1).

The above definition simplifies to (2.19) when n=1, and to

A1y ey
7'+1(I)T|: ! +1;Q7t; (21)7(22)7---7(Zn):|

bi,...,b,
-1
- (a1, 0r41:9)), 50 o 1T @/6Dje—jens
-y EETY | fis =t
0<jn <o <j1 (Q7b1a"'7br7q)jn s=1 (QaQ)jS*js+1
when k;=ko=...=k,=1. Introducing new summation indices by ms=js—js+1, 1<s<n
(where jp,4+1:=0), this gives
A1y ey Apryq
r+1q)r|: T+ ;q,t; (21),(22),...,(Zn>:|
bi,..., b,
n—1
A1y ey Qpy q/t
:r+1¢r|: - ?%Zl---zn:l 11 1¢0{ / ;q721~--23}
bi,..., b, e -

Summing the ;¢ series by the ¢-binomial theorem [10, (I1.3)]

a 1 _(azq)x
1¢0 |: 7Q7Z:| - (qu)oo )

we get

A1y .eey Qp
7‘+1¢)T|: 21 b+1;Qat; (Zl)a(ZQ)a“-a(Zn)]

(3.3)

a a s (qz1 ... 25/t;q)
1y eees Qg1 1-2s/t5q) 00
=,110 1q, 21 . 2 —_
rt 7{ bi, ..., b, "} 821_[1 (21 .+ 253 Q) oo

Using Theorem 2.1 this may be generalised as follows.



A SELBERG INTEGRAL FOR THE LIE ALGEBRA A, 285

TurEOREM 3.1. Let 2V =(z{", ,:vfgll)) and

) =z,(1,t, .., t% 7Y for 2<s<n.

Then,
A1y ey Qg1 (1) (n)
T ¢7‘ 77t7 bR
+1 {bl,...,bT o N
n—1 ks A(S) 1—1.
a17"~aa’r‘+1 (n kst Q)oo
vt s [T
r4+1%¥r
bl’“.’br s=11i=1 i 7q)

Here the %) are recursively defined as )=z and
#0) = zs(tk“l*l;%(sfl), the=r koot k) for 2 < s <.

Taking k1 =ko=...=k,=1 and x(l)z(zl) (so that #(*)=(z ... 2s)), this reduces to
(3.3).
Before presenting a proof, we will give several important consequences of Theo-

rem 3.1.

THEOREM 3.2. (A,, g-binomial theorem) With the same notation as in Theorem 3.1,

1o |:a;Q7t;m(1),...,x(n)] ﬂ ( (1n) 7q o H H

i=1 i Qoo 521 i—1 (@(8);‘1)00

(S)tksfk&*,l*l; q)OO

Eliminating the hats from the double product on the right yields

k 1 _
L ((azz znacg ) gkttt " ) oo

@@ @1 =T]
1(1)0|: »(Z;t»x( y ooy L -
- i\ (22 gDkt on L g)

n—1 D) pky 4. A kp—kp 1 —7.
y (qzg ... zpzy 'tFrtt 17 ) oo
(1) - .
i1 (22 zpwy tRt kel )

ks—ks—1 ; o
y ﬁ H (azs Znt7/+3+ks—1+~~-+kn—l n 1; q)oo
o bl (Zs Zntz+s+k5,1+‘..+k:n,177171; q)oo
ks—ks—1 it s—rtka_ 14 ke —kr 1 —2.

X H H qz Zr :
vttt s st ke — 1 Do

2<s<r<n—1 =1

Proof. If we take Theorem 3.1 with r=1, the 1®y on the right may be summed by
(2.20), leading to the desired result. O

If we further specialise () =z (1,¢, ...,t*1) in Theorem 3.2, we obtain a more sym-

metric g-binomial theorem.
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COROLLARY 3.3. Let z(®)=z,(1,t,...,t"~1) for 1<s<n and set ko=0. Then

n ks k’s 1 H k. L4k —n—1
1(:[)0 ot x( H H azs Zntz+8+ s—1t...+kn_1—n §Q)oo
_P z ti-‘rs-‘rks,]-l—...-‘,-kn,l—n—l. q)
s=1 i=1 o VAo
| (3.4)
qu tz-&-s—r—i—ks,l+.4.+k:7.—kr+1—2. q)oc

< 1 SH . ’
ZT-tl+S_T+kS_1+”'+kT_1_1; q)

1<s<r<n—1 =1 o0

When ki=...=k, =k the above significantly simplifies to

1¢)0 |:a 5 Q7t;m(1)7 7x(n):|

az . t’L 1+(n—1)(k—1). q - qzl ti—2+(s—1)(k—1);q)oo
_q< Zl . Zn ti—1+(n—1)(k-1) ]Z[l .Zstifle(sfl)(kfl);q)oo )’

where z(*) =2z,(1,t,...,t*=1) for 1<s<n.

Remark. It is again easily seen that Theorem 3.2 and Corollary 3.3 are true as

functions of (1), 2o, ..., 2, or 21, 22, ..., 2, When |g|<1 and
1 1
masc{[ai"], o, )]s 2], s 2]} < 1

or

max{|z1], ..., |zn|} < 1.

Proof of Theorem 3.1. We abbreviate the sequences aq, ..., a,4+1 and by, ...,b. by A
and B, respectively, and assume that n>1.
If we apply identity (2.21) to eliminate the double product Hf;l Hf;ll in the defi-

nition (3.1) of the ,;1®, series, we obtain

Ay Paow (2:4,1) (A5¢,1) 3o
Cl)\(n) (q7t) (B7q’t)A(")

A
r+1(I)7'|:B;Qat;$(1)a---7x(n):| = Z t"(
A L A0
v, .. pn=1)

w(n—l)

.....

n—1
@) (D) ||| oA
X H (tn(” PR AT Do (0, 1) Paoy (295, 1)

ksr1—ks ke —

o UE) o )(P)\(S+1)/w(s)) (qths—Fst 1;q,t),,(s>>
uék”l) (P)\(s+1)) c:/(S) (q7 t)

The A(MV-dependent part of the summand is given by

A
fwu),,(l)(% )Py (M5 g, ).
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Hence the sum over A() may be performed by (2.14) to yield

A
7‘+1q)7“ |:B7q7t7 m(l)a "'7x(n):|

S ) Py (20);q,1) (A5 q, )50 tF1AY]
. k

A@) A ci\(n) (Qa t) (Bv q, t))\(n) ’LL(() 2)(P>\(2))

p(n—1)

.....

n—1
(s) ks AT 1)) pa(®) .
XH(tn(V al =12 5 (4 ) Paco (295, 8)
s=2

Kas1—ks
u§ T Py o)) (qtksk”ll;q,t)ym)
u(()kSJrl)(P/\s-i-l) C;(S) (g,t)

o™ (ko
xYy t! g kl)(P)\(Z)/w(l))Pw(l)(w(l);qvt)

w®
tkl—kg—l; ,t

thn(u(l))(q / q )U(I)Pu(l)(m(l);q’t)'

(1) Cy(l) (Qa t)

By (2.7) and (2.18) the sum over w) gives
Py (671 aM 1, k=Rt g ),

and by (2.19) and (2.20) the sum over v1) gives

k1 ( (1)tk17k271.

;q,t;x(l)] =1+

i=1 (xz(l);fZ)oo

7)o

ki —ka—1
qt 1 2
1‘1’0{ B

Substituting these two results and once again using (2.7) to absorb the factor tkl"\(z)‘,

we find that
o (qrl iRl
1
i=1 (CUE )§Q)oo
X Z (M) Py (2;q,1) (A;q, ) oy Py (8 71z M)tk tk2=1i g 1)

A
r+1Pr |:B;q’ t;x(l)y 71,(n):| =

Rt A (@t)  (Big, t)am w2 (Py )
v(2) .., p(n—1)

W@ . w(n—1)

ot () D1 | o (™)

X H (tn(u JHRTIIT 2 G e (@, 8) Pao (219 ¢, 1)
s=2
Fos1—ke ki
« U(() + )(PA(SH)/W(s)) (qtks kst 1; q,t)y(s)>
U(()ks+1)(PA(s+1)) c,//(s) (Q7t)
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Comparing this with (3.5) we see that up to the term

Pyooy (tF1 =12 W) gk k=1 g )

—, (3.6)
uy™? (Pya)
we have effectively reduced n to n—1. The naive approach would be to apply u(()l?tll), oy

acting on z(!). Then (3.6) collapses to 1 as desired, but

k b k ki
(k1) (ﬂ(ﬂﬁgl)f'“ k2 1;Q)oo>_ T (R ) o
41—k - —1.

s i=1 (I§1)§Q)oo i=1 (tl ’Q)OO

(k2)

is not well defined. The correct approach is to apply u,. ;) acting on 2 resulting in

k1 (1) kg —ko—1.
A X, TR

ué’sz) <T+1(I)T-|:B;q,t;ilf(1),l'(2),$(3)7.-.733(n):|> :H (q : (1)
i=1 (7, 50
« Y () Daw (2™ g,1) (A5, 1) 500
ci\(n) (qa t) (B7 q, t))\(n)

q) oo

AG) LA
v(2) .., p(n—1)
w® . w(n=1)

n—1
(=) (D) ()] oA .
X H (tn(u PR A 2 oo (4 8) Py (25, 1)

(kst1—ks)
Uy (
X

P>\<5+1)/w(5>) (qtk&VikSJrlil; q, t)u(5> )
uéksﬂ)(me) cz/j(s) (q’ t) ’

where i(g):zQ(tkl_lx(l),tkl, ...,tkz—l) and 2(8) =z() for 3<s<n—1. Again, comparing

this with (3.5), we have thus proved the following intermediate result.

LEMMA 3.4. Assume that n>1 and let

) = 2(1,t,...,t"71)  and 3 :zg(tkl_lx(l),tkl,...,tkz_l).

Then,
k1 (1) kg —ko—1
A A (1) kg — ke
ri1® | gty = 0| g 2P 2P ) (g, 't ?)oc
B B (1).
i=1 (xz 1 Q)00

This is readily iterated, resulting in Theorem 3.1. O
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4. Proof of the A,, exponential Selberg integral

Although Corollary 1.3 follows as a straightforward limit of the A,, Selberg integral, it
is proved here directly from Corollary 3.3. The advantage of first dealing with the expo-
nential integral instead of the full A,, Selberg integral is that it makes the introduction
of Cﬁl"“’kn [a, b] slightly simpler. Throughout the proof we assume that y#£0.

Applying uékzll) . uékz) (with u(()kz) acting on (%)) to (3.1), and using (2.5) and (2.9),

we get

A (A5¢,t)xm
O, | gtV x(")} = A
+1 54,13 ) ) _
A [B ,\mz:xm (qt™ =1, By g, t)xen

n =i MDA (T ) 0o
2m(A) A 1-t77"q™ j A=A
XH(t Zs H 1_tj_1' (qtj_i_l‘ (41)

o (s) (s)
1<i<j<ks 7q)>\is _>\]’
n—1 ks kst1 (qtﬂ t+ks—ksy1—1. q)

1§10 E—

s=11i=1 j=1

A (e tD)

Fet159) o)yt
i J

where 2(9) =2z,(1,t, ..., t*~1) for 1 <s<n. Taking r=0 and A=a;=a, this may be equated
with the right-hand side of (3.4). Then, replacing t—¢" and a+q®*T*»=17 and letting
q— 17 using

- [(z+k)
(@ — )
and
(429 y—a
(@70 (1-2)7", |z|<1 (4.2)
yields

A =1 T+

)
)
SN (uﬁs) (9))F(v+u§s) i)
|
1[4

1<i<j<ks D(1—y+p; = ( ))

(4.3)

1<s<r<n
“ry D+ (i—kopr — 1)9)T (i)
UU () '

Here u —)\(S +(ks—1i)7y, ko=knr1=0 and «a is defined as in Theorem 1.2.
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Next we would like to replace z,+e~% and Ags)n—)tl(s)/e (with £>0), and take the

€—0 limit using Stirling’s formula

lim xbfair(era) =
T—00 F(.Cc—i-b)
to transform the above sum into an integral. There is however the complication that the

difference )\Es) - )\ESH)

is not necessarily non-negative. Let
(S) =i—j—ks+ksi1. (4.4)

Then, for A{” Al >0,

Pyt ™) T () 10+ (07—t ) fe)
D14l =) D(1—uy+ (") fe)

?

s s+1)\—
S’Y(tl(_ )_t; + )) v

but for )\z(s) —)\g.s'H) <0, by the Euler reflection formula,

POyt =) T ™)

T+ =) T=p? +ufY)
F(UE;)V (t(s)—t(s+1))/5) (s)
e ) _(s+1) R ()
D((ui; +D)y—(t;7 =) /e)
(Y )R ()

=t 1DV R (),

RY(y)

where

())

sin(mu;;"y

(s)
R ()= ———( .
’ sin(m(uly +1)7)

(4.5)

Hence, depending on the relative order of /\Z(.S) and A§S+1), we may or may not pick up a

ratio of sine functions, and for small € the summand of (4.3) takes the form
gkt Ak =30 <o (@t (br—krp1=1)7) (ks —ks—1) HR(S) )

kn

< [Ty H A, sy = H BT A ()P
i=1 s=1
where the first product is over all 4, j and s such that tgs) <t§-s+1). From this it follows

that we must first fix a complete ordering between the parts of A(®) and At Any such
ordering compatible with (3.2) may be described by a map [26]

My {1, g} — {1, o kg } (4.6a)
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such that
M,(i) < M, (i+1) (4.6b)
and
1< Ms(i) € kgar —ks+1, (4.6¢)
as follows:
(s+1) (s) (s+1) .
)‘Ms(i)g)‘i <)‘M5(i)71 for 1<i<ks, (4.7)

where )\(()SH):oo. Note in particular that (4.6b) must hold so that (4.7) is compatible
with the ordering among the parts of A(®). Similarly (4.6c) must hold so that (4.7) is

compatible with (3.2). A straightforward counting argument shows that there are exactly

ks+1 *ks +1 ks +ks+1
ks+1+1 ks

different maps.
Now define D¥1+Fn[q, b C[a,b]* ++F» as the set of points

n 1 1 n n
AW Ay = (A, A Al

satisfying
a< AV < <A <h for1<s<n

s

and (3.2). Given admissible maps Mj, ..., M,,_1 we define
Dy, o] € DMrtea, 1]
by requiring that (4.7) holds for 1<s<n—1. As chains, we have

ok _ ki, kn
DFvkn g p) = Z Dyt a,b], (4.8)
Ml,...,Mn_l

and summing over A(), ... A(") amounts to summing over the lattice points in
DFFn(0) ool

Due to the decomposition (4.8), we know exactly which factors of the form Rl(;)(’y) are

() ¢ y (s

picked up when we go from sum to integral. Indeed, from (4.7) we have that A; j

for 1<j< M, (i)—1. This gives rise to the factor
M, (i) —1 ) ) .
(1) R(S) B sln(w(z+ks+1 —kS—MS(Z)—Fl)’Y)
H ij (v) = : - — .
sin(m(i+kst1—ks)y)

Jj=1
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Taking the product over ¢ and s, this yields the total factor

n—1

K1,y H
FJVIl, My, — 1

l’i[ z+ks+1—k — M, (i) +1)7)
b sin(7(i+ksi1—ks)7) ’

Hence, making the variable changes z,+—e %% and AES)HtES)/E, and letting € tend to

zero, we obtain Corollary 1.3, where the integration is over the chain

venskn _ kiyeooykn ki,....kn
Chiknfg b= " Pyt (DY [a,b). (4.9)
Mlv---;Mn—l

For n=2 this corresponds to the chain introduced by Tarasov and Varchenko in [26] (up
to some trivial notational changes). Of course, to correctly interpret (4.9) in the context
of Corollary 1.3 (and also Theorem 1.2) we have to replace )\ES) by tgs) in all of the above.

In particular (4.7) becomes

(D) o) ot

M) St M. (1)—1 for 1 <i<ks,

and we integrate the tgs) such that

(t),cti) t t)) € DRk [, 1),

5. Proof of the A,, Selberg integral

Throughout this section we assume that v#0 and 0<¢<1, and use

(a5 9) oo
1q), = ——— i C.
(a;9) (00 ) or z €
Let T'; be the g-gamma function [10, (1.35)]
(¢ @)z—1
T, (z) = 2zl
o) (I—g)=—!
and define
(s)\2 iy Ty 1 1 ()
A@Wig)= [ (] )”(1 == )(q T zs),q>
1<i<j<ks Zj Zj 2v-1
and
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Using the above definitions as well as (4.1), Corollary 3.3 can be written in the form

kn n kg
(1—q)frtthn Z [Tea %2 g)as I]
A, A =1 s=1i=1
x H Az, 26T ) TT A4 (25 )
= (5.1)
H H Ly(Bs+...+Br+(i+s—r—1)y)
1<s<r<n i=1 Lq a’“+ﬁs+ A Bt (it s —r+ky —kr41-2)7)
glas+(i—Fksp1—1)7)Ty (i)
X .
81_[1}_11 q(’Y)
Here ay is as defined in Theorem 1.2, x(s). A7 and (t,zs,a) has been replaced by

(q7,qPhe17, glhn=Drber),
The reader familiar with Jackson or ¢-integrals will recognise (5.1) as a (k1 +...+kp)-

dimensional such integral. The standard 1-dimensional Jackson integral is given by

/0 f@) dgr=(1-9) " fa)d',
1=0

which simplifies (at least formally) to the Riemann integral

/01 f(z)dx

in the ¢g— 1~ limit. Generalising this to arbitrary dimensions as
[ r@da=-ar Y gt
[0,1]™ 11,0050, =0
where z=(x1, ..., ) and dgx=dq21 ... dgZn, (5.1) corresponds to the restricted g-integral

[ | e ﬁﬁ oy

Dkl ,,,,, kn 0 1] i—1

X H A (2 2T ) H q) dgzM ... dyz™
s=1 s=1

ks—ks—1

Ly(Bs+-- 4B, +(i+s—r—1)y)
H H Ly(ar+B8s+...4 0+ (i+s—r+k,—k.41—2)7)

1<sg<r<n =1

n kg

Fglas+(i—ker1—1)7)Tg (¢
Xl—[ll—ll qJE'y) )7) (7)’
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where DFukn g b]Cla, b]F1T+Fn is the set of all points

n 1 1 n n
(x(l),...,m( )) (xg )7.. m,(ﬁ) :(L ),...,min))

such that
aéxgs)g...gxi)éb for1<s<n

and
e <aH L for 1<i<h, and 1<s<n—1.

Assuming that

2t <2l for 1<i<j <k, (5.3a)
and
() _ (s+1) : ,
z;” <z for 1<i<ks and 1<j<ksyr, (5.3b)
it follows from (4.2) that
lim A, (z%;q)=A(—2)?, (5.4a)
q—1—
lim A, (2, 26t g) = A(—2®)| 2Ty, (5.4b)

q—1~

Hence, for (5.3) (and xgn)<1 for 1<i<k,) the ¢g—1~ limit of the integrand of (5.2) is

ks

kn n
H(l—xﬁ”))“‘ll—[(A(—x(s 2~/H () Ba—1> HA (s) _m(s+1)) (5.5)
=1 s=1

i=1

()

The problem we are now facing is exactly the same as that of §4: the z;”’ are not

necessarily compatible with (5.3b). This forces us to also consider the limit of the factors
making up A, (z(), 2+D: ¢) when z¥

that

>:c§-s+1). In computing the limit (5.4b), we used

() (s) \—
: l—uﬁ‘;)'y Ty _ T
i (0 ) ()

J J

but this is only correct for xgs) <$§S+1). When xl(s) >x§-s+l) we may use the g-reflection
formula [27, (168a)]

2V/~1¢"/%0:(vV~1 log¢*/*;¢'/)
(1-q)07(0;¢'/?)

Fy(2)Tg(1—2) =

(upon recalling that :El(-s)

(ql_uijfw zl” -q) (V2T ) gy (VT log gt 712591 )
s+1)? T W (s s u® ’
T (e 201 q), 00 (VT log VY2, g1/2)

(=) .
:=¢" ") to write
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Since

¢"20.(V=T1logq"%¢"?)  (1-¢")(¢""™ Qoo (¢' @)oo ﬁ 1—u?/n? _sinmu
- 1-v%/n?  sinmv’

= —
¢*/20: (V=1 logq"/%,¢*/?)  (1-¢°) (¢ Qo (@1 @)oe ¥

as ¢—1-, we find

(s) (s) - (s)
: 1—u§s-) Z; . _ Ly (8) _ )
lim (q j n{ix(sﬂ) ,q>_ <s+1) —1) R;; (v)= '1— G

q—1 3 (
J R Zj J

n=

-

RS (),

)

where RE;) is given by (4.5). We therefore conclude that the g—1~ limit of the integrand
of (5.2) is given by (5.5) with

A(—(E(s), _x(8+1))—7 N \A(—x(s) _x(s+1))|—v - |A(x(5)7 x(s+1))|—v
multiplied by a factor RS)( ) for each x(é) (3+1).

The rest of the proof simply follows §4. We introduce the maps M, as in (4.6), with
M, (4) such that (compare with (4.7))

xg\sjr(l)) 1 < x(s) < xgsf(l,)) for 1 <1< ks, (5.6)
where "™ =0. Furthermore, we define Dkl’ ok a,b]SDF1++hnfa, b] by requiring

that (5.6) holds. Therefore,

th”')k" [a,’ b] _ Z Dﬁi...,kj\}nil[a’b] (57)

.....

as chains. Also, defining

k1, kn _ k1,....kn k1,kn

C”IYC17 7k [a”b}_ Z Fl\/fllwan—1(W)Df\jhm,Mnfl[a”b]’ (58)
My,...;Mn_1
we get
kn ( n ( )
n 5 2 s 5571
INCRN )
/551 """ ’“"[o,ug 1:[( an

X H Az, 2TV =7 @z dz™

ks—ko_1
r 6s+ +ﬂr (’L+5*7’*1)’Y>
H H Doy +Bs+...+8r+ (i+s—r+k.—kry1—2)7)

1<s<r<n =1

n k . .
7 F(as +(Z_ks+1 B 1)7)1—‘(7’7)
X
1;[ 1;[ I'()
(where |A(z(9))|>Y may be replaced by A(—z(%))?7). Finally, making the variable changes
2V =14 for 1<i<k, and 1<s<n, so that CF-*n [0, 1] is replaced by CE1--Fn [0, 1],
completes the proof.



296 S. 0. WARNAAR

6. Further A,, integrals

Let P/{O‘) be the Jack polynomial, obtained from the Macdonald polynomial Py as
(@) (N 1 e
P (x) —%ILI% Py (3%, 1),
and let (a)ny be the Pochhammer symbol
(a)y =ala+1)...(a+N-1).

Then it is an easy matter to generalise the previous derivation to yield an A,, integral

involving the Jack polynomial.

THEOREM 6.1. Let p be a partition of at most ki parts. With the same conditions

as in Theorem 1.2 we have

PO/ (1) ( 22 TT (1= @)1 (2 as_1>
/Cffl ke 1;[ ) H )

X H Az, 2FD) 7 de™ L dz™)

s=1

H ((j_i+1)’>/)ﬂi_ﬂj

1<i<j<k1 ((j_i)“Y)m—uj

(BrtetBs+(k1—s—i+1)7)u
XHH as+ﬂ1+ A+ Bs+ (k1+ks_ks+1_3_i)'7)m

ks—ks—1

s=14i=1

L(Bs+...4Br+(its—r—1)7)
Lo+ Bs+...+ 0+ (i+s—r+k.—k.11—-2)7)

1<s<r<n i=

Do+ (i —koy1—1)7)T (i)
T(v) '

1

When n=1 this simplifies to

o PFSI/'V)( ) A(z |27on‘ Y1—2;) e (6.1)
" J[01]F i=1
-1 D((—i+1)y+pi—py)

1<i<j<k (G =)y +pi—ny)

)

L(a+(k—i)y+pi)L(B+(i—1)y)
XE a+ﬁ+(2k—l— )Y+ 1)
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where we have made the substitutions (k1, o, 81)— (k, 3, &) and have used the symmetry

of the integrand to replace

1
ck01]  Jo<ai<aa< <ot k1o

The integral (6.1) is due to Kadell [11, Theorem I] (see also [16, pp.385-386]). The
special case u=(1") of (6.1) corresponds to Aomoto’s integral [2], usually stated as

r k
/ A@) P [ [ 20t ()" da
[0,1]* i=1  i=1
:ﬁ a+(k ﬁI‘ a+(i—1)yT(B+GE—-1)y)T(Ey+1)
Latf+( 2k—z— )y Ia+8+(i+k—2)y)L'(v+1)

=1

for 0<r<k. The equivalence of Aomoto’s integral and the u=(1") case of (6.1) follows
by symmetrising the integrand of the former, using that

S wiw, m =en(2) =P (@), (6.2)

11 <t2<...<tp

with e, being the rth elementary symmetric function.
By taking ;=(1") in Theorem 6.1, we obtain the following A,, analogue of Aomoto’s

integral:

/_k o z® H(A (s) |2VH 1— x(s )ab—l( (s)),Bb—1>
& ‘W’[Ol =1 i=1

X H Az, DY 77 gD dz™)

_ <k1> ﬁ - Bit ...+ Bs+ (ki —i—s+1)y
L st Bt B+ (bt ks — ks —i—s)y

ks—ks—1

H I'(Bs+...4+ 8-+ (i+s—r—1)7)
L T(ap+Bs+. 46+ (i+s—r+k —kep1—2)7)

s=1i=

X
1<s<r<n =1
n ks . .
I1 [(as+(i—ksy1— 1)) (i)
s=11=1 (7)

Proof of Theorem 6.1. In proving Theorem 1.2, we have not taken advantage of
the full A,, ¢g-binomial theorem as stated in Theorem 3.2, relying on the less general
Corollary 3.3 instead. In going from the former to the latter we have specialised (! to

z1(1,t, ..., t*171) or, equivalently, applied to ug V) acting on z(V.
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If, more generally, we apply wu; zz instead of uOZ), the factor uo (P/\m) in the

summand is replaced by u( 1)(P>\(1>). Then invoking (2.10) this leads to the term

(k1)
Uy (Pu)
s >(pA(1))(A;I>T

o (FPu)

instead of just uO )(PMD)
Of course not just the summand of (3.4) will change by the above, and by applying
u/(L 2 instead of ugkzll), the right-hand side of (3.4) picks up the additional factor
Zstk1+"'+k5’1+k1_s; q7t)u
Zstk1+~~+ks—ks+1+k1—S—l; q, t)u ’

n
I:I (asz

1-

where a;=...=a,,_1=q and a,=at'~*». Accordingly, the identity (5.1) generalises to
kn n kg
(1—g)fatthe Z Puyia.a") [J(a" 07w o [T [ )
A A i=1 s=1i=1

xﬂAv( ), g HA

@[] (qm*“'*ﬁ‘*(’“‘s)”;qmﬂ)u
nq:4q (qo At Bt (uthe—kei—s=1)7; ¢ 7).,

Fq(ﬂs+~~+/6r+(i+s_r_l)7)

X s
1<s<r<n i=1 Fq(o‘r‘"ﬂs+---+67'+(Z+S_T+kr_kT'-H_2)7)
n ks . .
% H Fq Qg+ s+l 1)7)Fq(2'7) ’
s=1i=1 4(7)

where y=(y1, ..., yx,) and y; *:c( )q(kl 97, The rest of the proof proceeds exactly as
before. O

7. Two simple examples

To end this paper we present the fully worked-out examples of the A,, Selberg integral
for

Kty oo k1, k) = (1, ooy 1, k)

and for y=0.
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7.1. The case (k1,...okn—1,kn)=(1,...,1,k)

In this case there is only one map M, for 1<s<n—2, corresponding to the identity map
M(1)=1. For s=n—1, however, there are k different maps, given by M, _1(1)=a for
1<axkk.

If we relabel the integration variables tgs) —ug for 1<s<n—1and tE") —t; for 1<i<k,

then the above implies the inequalities

O0<tp<...<ti1 <1,
Ou: 0<“n—1 <...<wup <1,
te SUp—1 Sta—1
with 1<a<k and tp=1. As a result we obtain the following (k-+n—1)-dimensional inte-

gral:

n—1

k.
sin(m(k—a+1)y / H 1 1 _1 9
> (1—u;)P Ht“ (1—t)t I t—t)>
sin(mk7) Oa j=1 1<i<j<k
k

-1
XH —Uiy1)” h ti—Up—_1) 7]__[ Up—1—1;) " " dudt

k .
T(a+(i—1 W)F(Z’Y)
=T(1—ky) I 2(1—7) H
=1

(7.1)

XH ﬁ (Br+...+Bi+(1— )’Y)’
a+ﬁn (H—k 2 ) i3 T(Ait Bt 4+Bi—iv)
where Ay=...=A4,,_o=1, A,_1=1—(k—1)y, A,=a+k~,
du=duy...du,—1 and dt=dty...dts.
In the notation of the introduction the above integral corresponds to

IA (OZ ﬂl?»ﬁTM’Y)

1,...,1 7

n—1
and, according to the recurrence (1.4), all but one of the ones may be eliminated.
To see this, assume that n>3 and replace the integration variable u; by v as

Uy —U2

].—UQ ’
Noting that 1—u;=(1—v)(1—wu2) and u; —us=v(1—wus) the integral over v may be iden-
tified as Euler’s beta integral (1.2) with a=1—~. Therefore

F1—y)l(5)

An . _ .
Iw,k(avﬂlw aﬂn, ) \7/ ( ﬂl‘i’ﬂZ 77637~-7ﬂna7) F(ﬁl—’}/—‘rl)’

n—1 n—2
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in accordance with (1.4). Iterating the recursion, it follows that

IA” 1,k (Oé ﬁla' aﬁnvv)zlﬁi(aaﬂl‘i’+ﬂn*(n72)775n77)
v

n—1 n—2

2 L(Bi+...+8i+(1—i)y)
<21 [ T(Ai+BittBi—iv)’

=1

and (7.1) reduces to its Ay or n=2 case

k. k
5 Sm(zi(llf(;z;r)l)v) / (—a) Lo =t [ -t

i=1 1<i<j<k

a—1 k
< [[¢ti—w) ™ [[(u—t:)™" dudt
=1 i=a

(BT ky) Tlatfat(@k—2)) T(Bt+fr—r)
(1461 —kvy) T(a+p1+082+(k—2)7) (B4 (k—1)7)
k

I L(a+(i—1)y)T(B2+(i—1)7)T (i)
[(a+ B2+ (i+k—2)7)T(v)

i=1

where

7.2. The case v=0

When v=0, Theorem 2.1 collapses to the integral

ks

Lo I ot
Cl ----- n ]

o [0,1] =1 4=1
ﬁl( L(Bs+.. +ﬁn))‘“k“
ey E\ T(a+Bs+...4+58,)

1)

with a1=...=a,,—1=1 and a,,=a. Because the in the integrand are completely
decoupled, the problem of evaluating this integral is purely combinatorial. Introducing
the partitions A(*) for 1<s<n—1 as \®)=(M,(ks), ..., M(1)) so that \(*) has exactly k,

parts and )\Es) <ksy1—i+1, the y=0 integral may also be stated more explicitly as

1 ke
S T [0 e e
A A(—1  s=1i=1 +1 s=1i=1

.....

1A kg1 —i+1

ol T(Bat4Bn) Yo F
Uk< T(a+B,+.. +ﬁn)> ’
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where the integration domain is given by

(s+1) (s) (s) (5) (s+1)
max{t)\isv)g b <t <min{#” 1,t)\(8) . 1} (7.2a)

for 1I<s<n—1 and 1<i<k; (with t(()é) 1 and t(s) +1=0), and
<t <) (7.2)

for 1<i<k,.

Due to the factor

1 ks
(kse1—1—X;i+2),

1i=1

3
|

@
Il

we may relax the condition )\z(-s) <ksy1—i+1 to )\gs)

2.

A1) ““7)\(71—1)
L(AG))=kg
/\Q‘S)Sksﬂ

<ksyt1, so that the sum becomes

Since a;=...=ay,_1=1, one may, with a bit of pain, successively integrate over the
tgs) starting with s=1. We will not present the full details of this calculation here, but
remark that the key to unravelling the combinatorics encoded in the inequalities (7.2) is

given by

3 Hmlj_!H(n—)\i—i—irZ)( o) =), (7.3)

I(N)=r

>\1 gn
with xo=0, z=(z1, ..., Z,,), m; being the multiplicity of the part j in A and e, being the
rth elementary symmetric function (6.2). To establish (7.3), we note that when written

in terms of the multiplicities m; it becomes

D B | e

my,...,my 20 j=1
M1:7‘

where M;=m;+...+m,,. Multiplying this by " and summing over r using the generating
function for the e, [16, (1.2.2)] yields

1 t.lﬁj—.lfj_1 Min—j+1— i
> (an)!,H[( ! ngj! : 1;[1 L+tzy).
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This is true for any o provided we add the factor (1-+tzo)" Mt to the summand:

14¢ n—M; " Hopr—ps )] il n
Z ( + l'()) H [ (l'] .’L'] 1)] j(n‘ ]+ H 1+t.’1}71 (74)
M1,y yMp 20 j=1 my: =1

For n=0 this is obviously correct. If we denote the sum on the left by L(xq, ..., 2, ), then

— (1+t£[,’0 n Mz —ZT 1} J(TL—]+1—MJ+1)
L(I’o,..-,xn)* Z (n 1— M2 H mj!

ma,...,mp 20 Jj=2
n M2
tr)—1t — M.
2 () O 2)
].+th'0 mi
- Z (1+t$1n Ma
o (77, 1— M2

ma,...,mp 20 Jj=2

=(1+tz1)L(z1, ..., Tpn)-

—x; 1) (n—j+1-M;1)

§

By induction, (7.4) is thus true for all non-negative integers n.
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