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1. Introduction

A celebrated theorem of Selberg [33] states that for congruence subgroups of SLy(Z) there
are no exceptional eigenvalues below 13—6. We prove a generalization of Selberg’s theorem
for infinite index “congruence” subgroups of SLg(Z). Consequently we obtain sharp
upper bounds in the affine linear sieve, where in contrast to [3] we use an archimedean
norm to order the elements.

Let A be a finitely generated non-elementary subgroup of SLo(Z). Let Xp=A\H
be the corresponding hyperbolic surface (which is of infinite volume if A is of infinite
index in SL(2,Z)). Let 6(A) denote the Hausdorff dimension of the limit set of A. The
generalization of Selberg’s theorem splits into two cases: §(A)>1 and 0<§(A)< 3.

In the case when § (A)>% the discrete spectrum of the Laplace-Beltrami operator
on L?(X,) consists of a finite number of points in [0, 1) (see [18]). We denote them by

4

0< /\Q(A) < /\1(/\) <...< )\max(A) <
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The assumption §(A)>1 is equivalent to A\g(A)<1, and in this case §(1—38)=X\g [25].
The following extension of Selberg’s theorem is proved in §2.

THEOREM 1.1. Let A be a finitely generated subgroup of SL(2,Z) with §(A)>=. For

qg=1 let A(q) be the “congruence” subgroup

1
2

{reA:x=1 mod q}.
There is e=e(A)>0 such that

A(A(9) = Xo(A(g))+e,

for all square-free q=1 (note that A\g(A(g))=Xo(A)).

In [10] an explicit and stronger version of Theorem 1.1 is proven under the assump-
tion that §(A)>2. See [30] for the sharpest known bounds towards Selberg’s ; conjecture
as well as bounds towards the Ramanujan conjectures for more general groups.

Theorem 1.1 is a consequence of Theorem 1.2 in [3] and the following result, which

is of independent interest.

THEOREM 1.2. Let A=(S) be a finitely generated subgroup of SL(2,R) with §(A)>1.
Let {N;}; be a family of finite-index normal subgroups of A. Then the following are
equivalent:

(i) the Cayley graphs G(A/N;,S) form a family of expanders;

(ii) there is e=e(A)>0 such that \i(A/N;)=Ao(A/N;)+e.

The argument in §2 establishes that (i) = (ii). The implication (ii) = (i) is proved us-
ing Fell’s continuity of induction in [10, §7]. Theorem 1.2 generalizes results of Brooks [4]
and Burger [5], [6] who proved it in the case of co-compact A.

Combining Theorem 1.1 with Lax—Phillips theory of asymptotic distribution of lat-
tice points [18], we obtain the following result, which is the crucial ingredient in the

execution of the affine linear sieve in the archimedean norm.

THEOREM 1.3. Let A be a finitely generated subgroup of SL(2,Z) with §(A)>%.
Assume that q is square-free and (q,qo)=1, where qq is provided by the strong approx-
imation theorem [20]. There is €1>0 depending on A such that for any g€SLa(q) we
have

exT?

eA: <T and y=g mod ¢} = ———+0(¢*T>~51).
I{y (1] Y=y H STa(0)] ( )

We now turn to the discussion of the case §(X)< % In this case there is no discrete L2

spectrum and its natural replacement is furnished by the resonances of X, which are given
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as the poles of the meromorphic continuation of the resolvent Ry (s)=(Ax—s(1—s))~t.
By the result of Patterson [25] and Sullivan [35], Rx(s) is analytic for Re s>4. Mazzeo
and Melrose [21] proved that Rx(s) has a meromorphic continuation to the entire plane.
In [26] Patterson proved that Rx (s) has a simple pole at s=4§ and no further poles on the
line Res=4§. His proof is based on ideas from ergodic theory related to the Ruelle zeta
function. Using further development of these ideas due to Dolgopyat [7], Naud [22] has
recently established that Rx(s) is holomorphic (with the exception of a simple pole at
s=40) for Re s>0—¢, with € depending on X. The following result, giving a resonance-free

region for congruence resolvent, is proved in §11.

THEOREM 1.4. Let A be a finitely generated subgroup of SL(2,7) with §(A)< % For

q=1 square-free let A(q) be the “congruence” subgroup
{zeA:2=1 mod q}.
Let X(q)=A(q)\H. There is e=e(A)>0 such that Rx(s) is holomorphic (with the

exception of a simple pole at s=0) for
1
Res>d—eming 1, —————~ 5.
o “m“{ ’ 1og(1+1ms|>}

When § g% we cannot apply the expansion property [3] directly, instead, to prove
Theorem 1.4 we use a dynamical treatment and invoke a generalization of the underlying
result on measure convolution (“L?-flattening lemma”): see Lemmas 7.1 and 7.2 in §7.
It is likely that by combining our methods with the extension of Dolgopyat’s result [7]
to vector-valued functions, analyticity of Rx(4)(s) can be established for Res>d—¢, in
complete analogy(!) with Theorem 1.1.

Using methods of Lalley [16] we obtain the following analogue of Theorem 1.3, which

is sufficient for sieving applications.

THEOREM 1.5. Let A be a finitely generated subgroup of SL(2,Z) with 0<§(A)<3.
Assume that q is square-free and (q,qo)=1, where qq is provided by the strong approx-
imation theorem [20]. There are 1>0 and C>0 depending on A such that for any

g€SLa(q) we have
CAT25

HyeA:||[y||<T and y=g mod ¢}|= m(1+O(T_1/10g10gT))+O(qCT26_81),

(1) The analogy between Theorems 1.1 and 1.4 becomes clearer when their assertions are expressed
in terms of the Selberg zeta function [32]. If A is a finitely generated subgroups of SL2(R) the Selberg zeta
function Zx (s) associated with X=A\H is known to be an entire function, whose non-trivial zeros are
given by the resonances and the finite point spectrum [11], [27]. Consequently, Theorem 1.1 is equivalent
to the assertion that when 5(A)>% there is £(A)>0 such that Zx(4)(s) is analytic and non-vanishing
on the set {s:Res>d—¢c}, except at s=4§ which is a simple zero, while Theorem 1.4 is equivalent to the
assertion that when 6(A)<% there is €(A)>0 such that Zx(4)(s) is analytic and non-vanishing on the
set {s:Res>d—emin{1,1/log(1+|Ims|)}}, except at s=§ which is a simple zero.
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We turn to applications to the affine linear sieve [3]. Consider the standard action
on the 2x 2 integer matrices by multiplication on the left, and take the orbit O of I (the

2 1/2
N =( 3 x) ,

Jik=1

(I 11 212 )

T = :

T21 22

Set No(T)=|{z€A:|z|<T}| and let 6(A) be the Hausdorfl dimension of the limit set of
an orbit AzCHU{oo}UR, where H is the hyperbolic plane, z€H and A acts by linear
fractional transformations. By the results of Lax—Phillips [18] and Lalley [16], we have
that Na(T)~eaT?@™) | as T—o00. Let f€Q[z;i] be integral on O and assume that it
is weakly primitive for O, that is ged{f(z):2€O}=1. If f is not weakly primitive then

identity matrix) under A. Set

where

f/N is, where N=gcd f(O), and we can represent any weakly primitive f as g/N with
g€Z[xji) and N=gcd(O).
The coordinate ring Q[z;]/(det(z;5)—1) is a unique factorization domain [29] and

we can factor f into t=t(f) irreducibles f; fa ... f; in this ring. Set
mAf(T)=|{x€A:|z|<T and f;(x) is prime for j=1,...,t}|.

For feZ[x;;] weakly primitive with ¢(f) irreducible factors, our conjectured asymp-

totics is of the form
c(A, f)NA(T)

"0 gy

where ¢(A, f) can be expressed as a product of local densities, see [9] and [31] for an

as T'— oo,

example of explicit computation and numerical experiments. In §13 we establish the
following sharp upper bound for ma (7).
THEOREM 1.6. Let A be a subgroup of SL(2,7) which is Zariski dense in SLa and
let f€Z[xjk] be weakly primitive with t(f) irreducible factors. Then
Na(T)
(log T)t(H)"

We also obtain the following lower bound for the number of points z€ A for which

WA’f(T) <

f has at most a fixed number of prime factors.

THEOREM 1.7. Let A be a subgroup of SL(2,Z) which is Zariski dense in SLo and
let feZlxji] be weakly primitive with t(f) irreducible factors. Then there is an r<oo,
which can be given explicitly in terms of €(A) in Theorems 1.1 and 1.4, such that

Np(T)

HzeA:|z|<T and f(z) has at most r prime factors}|> (og T)iH
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2. Generalization of Selberg’s % theorem when 5>%

Being a subgroup of finite index in A(1), A(g) has the same bottom of the spectrum,

Ao(A(g)\H)=Xo(A(1)\H). As in [10, §2], we have that for g large enough A(1)/A(q)=

SLo(Z/qZ). Let S={A,..., A}, and let S, be the natural projection of S modulo g¢.
Theorem 1.7 in [3] implies that if A=(S) is non-elementary, then

Gq =9(SL2(Z/qZ), S,)

is a family of expanders. Consider the space H(q) of vector-valued functions F on
F=F(1), the fundamental domain of A=A(1), satisfying

F(yz)=Ry(7)F(2)

for yeA(1)/A(q)=SL2(Z/qZ), where R4(7) is the regular representation of SLo(Z/qZ).
We denote by (-,-) the inner product on this space and by || -| the associated norm.
Let ¢g denote the eigenfunction corresponding to Ag. Let Hy(g) denote the subspace of
functions in H(q) orthogonal to po®Id. The assertion of Theorem 1.1 is equivalent to

existence of ¢>0 such that
[ IVF|? du

> Xo+c
JFIFI1? dp

for all Fe Hy(q).
Applying [3, Theorem 1.7] for each z€F(1) implies that there is £>0, depending
only on S, such that for all F'e Hy(q), we have

|F(vz)—F(2)|| =z ¢l|F(z)|| for some v€S. (2.1)
Let f=||F|, and decompose it as

f:mPO(Z)+b(Z),

where
L 0(2)b(=) dia(2) =0 (2.2)
and
/|f\2d,u:a2+/ B> dp=1.
F F
Write

F(z)=(F1(2),..., Fn(2)),
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where N=|SL2(Z/qZ)|. Since

P - iFMW i\ﬂ-(z)ﬁ - lfzw 240,
V(X imer) - (j_l 2

0, 0therw1se7

we have

IVEI(z) 2 [VIFI(z) = [V £2(2).

Consequently we obtain

e IVE2dp_ [oVIFI dp_ [ VS du_ [5(AF ) dp
[FIEPdn = [ FPde — [p1fPdu [ |fPdp

= / {aXowo+Ab, ap+Db) du = a* o+ (Ab, b)
F

(2'2)2 2
za /\0+/\1/ |b]* ds
‘F
2)\o+(>\1—/\0)/ b2 dp.
_7-

By a theorem of Lax and Phillips [18], there are only finitely many discrete eigen-

values of A in [07 ﬂ, consequently,
A — )\0 >c1>0.

Therefore, as soon as f}. |b|? dpu>e1>0, we have that

f}' [VE|*du
JF |F1? dp

Now consider the case [ [b|* du=0. We may assume a=1 and write F(z)=u(z)po(z),
with u(z)=(u1(2),...,un(z)), where N=|SL2(Z/qZ)|. Now

N
()= lu;*(2) =
j=1

> \o+cier.

implies that
N

. au] Guj B
J J - 7
and since

8(<pouj) &po 8uj
Ox o
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we have that

N N N
Tl = (22) S e Z a“J 90) S irgpy (%)
0 Ox = J — oy = 3o Oy

N
0 ou 0 ou;
+20¢°ZJ J+2o‘pozj ]
=1

= |V<P0|2+<Po||v“||2-

Consequently,
JeIVEIPdp [Vl +¢8] Vull?) du
J=IE?dp 7 lpol? dpa

_J=IVeolPdu | [ &SIIVull? dp
J# lpol? du [z lol? du

Our aim now is to show that

5 81 Vull? dp

> Ao+
[= lol? dp

2Vl d
L'LQHM >co>0. (2.3)
J7 ol du
To that end, we assume that
Jr bl Vull? dpu
Sz lwol? dp

and will obtain a contradiction for sufficiently small s¢ (5; below are of the form a;s¢ for

(2.4)

suitable constants a;). Consider the fundamental domain F=A\H. Its boundary, 0F,
consists of finitely many geodesic arcs {l; }, splitting into pairs I;, l; in such a way that
there is v; €S so that lj:*yjl;, where ; are distinct and generate A. Further, we have a

decomposition of the form

F=KU U cuspy, U U flare;,
keCu JEFI
where the following hold:
(1) K is relatively compact in Hj
(2) Cu is a set of cusps of F. Each cusp, is isometric to a standard cuspidal

fundamental domain P(Y}) of the form
P(Y)={z=z+iy:0<z<land y>Y},

based on a horocycle
hy ={z+iy:y=Y}
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(3) Flis a set of flares of F. Each flare;(«) is isometric to a standard hyperbolic
fundamental domain F'(«) of the form

F(a)={z:1<|z| <€’ and 0 <argz < a},

where a< %W.
Since @o€L?(F), we have that

/ lol? du > 03/ loo|? dp for some ¢ >0,
K F
and therefore (2.4) implies that

Jic el Vul? dp
Jic lol? dp

We recall the definition of Fermi coordinates. Let n be the geodesic in the hyperbolic

< 7. (25)

plane parameterized with the unit speed in the form
t—n(t)eH, teR.

Then 7 separates H into two half-planes: a left-hand side and a right-hand side of 1. For
each peH we have the directed distance p from p to 1. There exists a unique ¢ such that
the perpendicular from p to 1 meets 7 at n(t). Now (o,t) is a pair of Fermi coordinates

of p with respect to n. In these coordinates the metric tensor is
ds® = dp*+cosh?p dt?. (2.6)

Introduce Fermi coordinates based on the bounding geodesics [;, and use them to

foliate K. By compactness, using (2.5), we can find z€ and >0 such that

/ lol? dp > cq >0,
B(z,9)

and, for all j=1,..., k,
ij(é) go(%HVUHQd‘LL
ij((s) |300|2d,u

< o, (27)

where T)(0) is a tube lying in K and containing B(z,d) along the perpendicular to I;.
Each tube Tj is of the form [—4, 0] x [g1,;, 02,;] in the appropriate Fermi coordinates.

Rewriting (2.7) in Fermi coordinates (2.6), we have
3 rex ou;
[ aivapdes [ [ 65

T;(9) —0Jo1;

2
— h .
B0 cosh pdodt
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Let L denote the maximal length of the tubes T;. Using the fact that if

lu(01)—u(02)| >C and o1—p2<L

then
2

Q2 C
4 2
[ werae>

Q1

c?< (/:2 u'(0) dp)2 < (/:2 1d@> (/:2 ' (o) d9>,

we obtain that (2.7) implies that for all j=1, ...,k we have

since

[ s -u@ldut) < [ ehduco). 28)
B(z,6) B(z,6)

On the other hand, since F(z)=u(z)po(z) and po(y2)=¢o(z) for all yeSLy(Z/qZ),
(2.1) implies that there is €(5)>0 independent of ¢, such that

[lu(yz)—u(2)|| >e(S) for some v€S. (2.9)

Applying the mean-value theorem, we see that (2.8) implies a contradiction with (2.9)
once s is small enough depending on £(5). Consequently we have proved the validity of
(2.3) and the proof of Theorem 1.1 is complete.

The adaption of the preceding argument to proving the implication (i) = (ii) of The-
orem 1.2 is straightforward, as is the generalization of this result to higher-dimensional
hyperbolic spaces: The theorem of Lax and Phillips, of which we made crucial use in

the first part of the argument, holds for geometrically finite subgroups of SO(n, 1) with

1
2

ment proceeds as above by restricting to a compact part of the fundamental domain

Hausdorff dimension of the limit set greater than sn. The second part of the argu-

and foliating it using Fermi coordinates. In particular, by combining the H? analogue of
Theorem 1.2 with [36] and Theorem 6.3 in [3], we obtain the following theorem which
has applications to integral Apollonian packings [9], [15], [31].

THEOREM 2.1. Let A be a geometrically finite subgroup of
SLa(Z[i])

with §(A)>1 and such that the traces of elements of A generate the field Q(i). There is
e=¢e(A)>0 such that
A (A(A)) Z Ao(A(A))+e

as A wvaries over square-free ideals in Z[i].



264 J. BOURGAIN, A. GAMBURD AND P. SARNAK

3. Counting lattice points for 5>%

Recall that the Poincaré upper half-plane model is the following subset of the complex
plane C:
H={z=z+iyeC:y>0},
with the hyperbolic metric
o da?+dy?
y: o
The distance function on H is explicitly given by

ds

|z —w|+|z—w|

o(z,w) =log e e (3.1)
We will use the expression
cosh o(z, w) = 14+2u(z, w),
where )
u(z,w) = % (3.2)

The ring Ms(R) of 2x2 real matrices is a vector space with inner product given by
(g, h) = trace(gh").

One easily checks that ||g||={(g, ¢)*/? is a norm in My(R) and that

b
lglI* = a®+b*+c*+d*  for g:<i d).

By taking z=w=1 in (3.2), we obtain that
lgI? = a® +-b*+c* +d* = du(gi, i) +2. (3.3)
Now the result of Lax and Phillips [18] is as follows. Let
Nu(T;2,w) =#{y € A: o(2,yw) <T}.

Suppose that 5>% and write A\j=0;(1—0,), dp=0¢. Denoting the eigenfunctions corre-
sponding to A; by ¢;, we have

‘N(T; Z, W) —Z ¢;;(2)@; (w)ed T | =0(T5/5T/?).
J
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Turning to congruence subgroups A(g) we have, using the methods of [18], that

‘NA@(T;Z,Mchsoj,(,(z)soj,q(w)ew —0(’T*/T1?), (3.4)
J
where the implied constant is independent of q.

The base eigenfunction for A(g), normalized to have L? norm 1, is given by

1
©0,q = Wsﬁo,y

Combining Theorem 1.1 with (3.4), (3.1) and (3.3), we obtain €1 >0 depending on
A such that for any g€SLy(q) we have
CAT26

vyeA: ||| <T and y=g mod ¢}| = ——— +0(¢*T%°~51),
{ [l } Lo () ( )

establishing Theorem 1.3.

4. Shifts and thermodynamic formalism

When 6<1 the L? spectral theory of Lax and Phillips [18] is not available and we use
a symbolic dynamics approach, in particular the work of Lalley [16]. In this section we
review the key necessary notions and results pertaining to shifts of finite type.

A shift of finite type is defined as follows. Let A be an irreducible, aperiodic Ix1
matrix of zeros and ones, called the transition matriz. Define ¥ to be the space of all

sequences taking values in the alphabet {1,2,...,1} with transitions allowed by A, that is

Y= {xé H{l, woy i} A(Ty, pg1) =1 for all n}
n=0

The space ¥ is compact and metrizable in the product topology. Define the forward
shift o: X=X by (0x)p =41 for n>0.

Let C(X) be the space of continuous, complex-valued functions on . For feC(X)
and 0<p<1 define

vary, f =sup{|f(z)—f(y)|:z; =y; for 0<j<n},

ly=sup ),
Y

n=0

Fo={f€C(X):|flo <oo}.
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The elements of F, are called Holder continuous functions. The space F,, when
endowed with the norm || - ||,=|-[,+] - [|oc is a Banach space.
For f,geC(X) define the transfer operator LygeC(X) by

Efg Z ef(y)

Yy:oy=x

For each 9€(0,1) and feF,, L;: Fy—F, is a continuous linear operator. If f is real-
valued then L; is positive.
Denoting
Snf=f+fo+..+fo" 1,

we have

tg(z)= Y eSIWg(y).

y:oty=x
The following result is due to Ruelle, a proof can be found in [24] or [28].

THEOREM 4.1. Let feF, be a real-valued function.

(1) There is a simple eigenvalue >0 of Ly: F,—F, with strictly positive eigen-
function hy.

(2) The rest of the spectrum of Ly is contained in {z€C:|z|<Af—e} for some >0.

(3) There is a Borel probability measure vy on X such that Livy=Asvy.

(4) If hy is normalized so that [¢ hydvy=1 then for every geC (%),

s ([ro] o

(5) There exist constants C1 and €1 such that for all geF, and for all n,

HA;” ;zg—( / ngf>hf
>

The pressure functional is defined by

<Cr(1—¢1)"[lglle-
)

P(f) :sup/zfdz/JrHu(a),

where the supremum is taken over the set of o-invariant probability measures and H, (o)
is the measure-theoretic entropy of o with respect to v. We have (see [24] or [28])

P(f)=log Ar.
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A measure p is called the equilibrium state or the Gibbs measure with potential f if

/Z f dp+ Ho(o) = P(f).

For feF, the Gibbs measure py is the unique o-invariant probability measure on X for
which there exist constants 0<C; <Cy< oo such that

C

pr{yeX y;=a,; for 0<j<n}
1S

A;nesnf(x) < 02.

As will become clear in the next section, the analyticity properties of the map
2—L,5, z€C, will play a crucial role in the proof. For a fixed, real-valued function
f€F,, such that S, f is strictly positive for some m, the quantities £.¢, A;¢, h.¢ and
v, ¢ will be abbreviated by L., A., h. and v, respectively.

5. Resolvent of transfer operator and lattice count problem

Let A be a Fuchsian group with no parabolic elements (this condition is automatically sat-
isfied in the case 6(A)< 3, see [18]), generated by k elements g1, ..., gx CSL2(Z). We iden-
tify A with X, defined as the set of finite sequences in the alphabet {gl,gfl, ey Gk g,;l}
(I=2k) with admissible transitions. According to Series [34], this may be done so as to
obtain a shift of finite type.

Let weH, and suppose it is not a fixed point for any y€A. Let dyg denote hyperbolic
distance. For z=x1, ..., xm €X(=A) define

T(x)=dp (i, 21 ... tjmw) —d g (i, 23 ... Tpw). (5.1)

The left shift o on ¥ corresponds to the Nielsen map (see [34]) F: L— L, where L
denotes the limit set of A.
Recalling that

SpT=THT0+ .. AT,
we have

Spr(x)=dg(i,21 ... tpxps1 ... w)—dg (i, Tpiq ... w).

For aeR, zeX¥, and ¢: X, —R, let

o0

N(a7 LL‘) = Z Z ¢(y)1{SnT(y)<a}~ (52)

n=0 y:o"y=x
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Clearly
N<av 33) = Z ¢(yx)’ (53)

yeEA
du (t,yzw)—dg (i,2w)<a

where in the summation y is restricted so as to make yx admissible.

In particular, for ¢=1,
N(a,z)=|{veA:dy(i,yrw)—dy (i, zw) < a}|.
Returning to (5.2), one has the renewal equation (cf. [16, equation (2.2)])
N(a,z)= > N(a—7(2'),2')+¢(x)1{az0}- (5.4)
ooz )=

The link with the transfer operator comes by taking the Laplace transform of (5.4).
Defining, for Rez<—C,

F(zgm):/oo e**N(a,x)da, (5.5)

— 00

equation (5.4) gives the relation

F(z,x)= Z eZT(m/)F(z,x’)—&—@.

z':o(x’)=x

Thus we have

(I—£.)F(z2) = 2@ (5.6)

z

This leads us to the study of the resolvent (I—L,)~!. Before stating the results
of Lalley [16] and Naud [22] for L.|,(s) (Theorem 5.1 below) we recall the following
reinterpretation of the Hausdorff dimension of the limit set in terms of the pressure
functional (see [24] or [28]). Because 7 is eventually positive, the variational principle
implies (see [24] or [28]) that the pressure functional P(—s7) is strictly decreasing and

has a unique positive zero. Define § by P(—4d7)=0, that is,
A_s=1.

THEOREM 5.1. (1) There is €>0 such that for Rez<—d+¢, 2¢U (U being a suit-
able neighborhood of —§), we have

I1£2 17, llo S Tm 2 e ™", (5.7)
(2) For zeU decompose on Fy(X),

L.=X\(v.®h,)+LY, (5.8)
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where z— \,, z—h, and z—v, are holomorphic extensions to U satisfying

L.h,=Mh,, Liv,=Xv, and /hzduzzl.
)

z

Then
(L) o <e ™ for z€U. (5.9)

Part (1) follows from the discussion in Lalley [16, p. 25] (in the case when 7 is not a
lattice) and Theorem 2.3 in Naud [22] to provide (5.7) when |Im z| is large. Naud’s work
build crucially on the approach of Dolgopyat [7]. Note that Lalley does not give explicit
estimates on ||L7]| for Re z=—4§ and Im z— 00 and certainly no bound of the strength of
Theorem 2.3 in Naud [22].

Part (2) is Proposition 7.2 in [16].

6. Lattice count in congruence subgroups for 6<%

In this section we modify the setup discussed in the preceding two sections to the setting
of congruence subgroups of A—the modification is analogous to the one preformed in the
case 0> % :

Fix the modulus ¢ such that m;(A)=SLs(¢). Instead of considering functions on X
(as in Lalley [16]), we consider functions on ¥ x SLy(q).

For feC(XxSLa(q)) define

1/2
N S ST

g€SL2(q)

1/2
Varnfzsup{< > If(x;g)—f(y;g)|2> :xj=yjfor0<j<n},
g€SLa(q)
Var,
f1g=sup ~2nl),

Let Fp,=F,(XxSL2(q)) denote the space of p-Lipschitz continuous functions with

the norm
- le=1"lloot]lo-

Let 7:3,—R be given by (5.1) and consider the “congruence transfer operator”

M,=M,, on F,(XxSLa(q)):

l
M. f(z;9) = eI f((j, ); 9;9),
j=1
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where z€C and the summation is restricted so as to make (j, ) admissible.

Thus our M, differs from the one considered in [16] in that it acts on functions on
¥ xSLa(g) rather than on functions on ¥: the reason behind this difference is the same
as in the proof of the spectral gap when ¢(A)>1.

We have

l
M f(xig)=>_ eI M. f((ir,); 9i, 9)

i1=1
l
_ Z ez(‘r(h7x)+7(1271179¢))f((i2’ i1, 3;); gizgilg)7

i1,i2=1
and in general for the nth iterate we have

l
Mif(mig)= Y it @ ot in @ bk ) f (1, iy 2); 01, g1, 6),

01,00y in=1

(6.1)
where again the summation is restricted to admissible words.
From Ruelle’s theorem (Theorem 4.1) it follows that
!
Z eRe 2(T(inyeeey81,2) T (In—150081,2) + 7 (11,2)) ﬁez (62)
i1yeeyin=1
for large n.
Let ¢ be a function on SLy(g). Returning to (5.2) and (5.3), we let
N(a,z) = > p(mq(y))
yeA
du (0,yzw)—dm (0,z2w)<a
and F'(z,z) be its Laplace transform, defined by (5.5).
Then
F(z,2) = f((z,2); mq(2)), (6.3)
where f((z,2);g) satisfies
1®e
(1-M,)f= o (6.4)

and M is the congruence transfer operator introduced above (note that obviously 1®¢
is in F,(X xSLa(q))).

Our aim is to evaluate

N(a)= > ¢(mq(y)), (6.5)

yeA
dr (0,yw)—dp (0,w)<a
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which gives the sum of ¢ on the mod-¢ reduction of the hyperbolic ball
{yeA:du(0,yw)—dg(0,w) < a}.

Our goal now is to obtain the appropriate extension of Theorem 5.1 to the setting
of congruence subgroups. As is to be expected, it is at this point that the expansion
property will play a crucial role.

7. Expansion and L? flattening

Let p be a symmetric measure on G=SLa(p) (for the sake of exposition we first consider
the simpler case of prime p) and consider the convolution map T': L?(G)— L?(G), given by
p— pxp. Decomposing the regular representation of G into irreducible representations,
it follows from the result of Frobenius [8] that each eigenvalue A of the convolution
restricted to LZ(G) occurs with multiplicity at least (p—1). Trace calculation yields
therefore

Gl |ull3 =" (T26,,8,) > $(p—1)A%.
zeG

2
Ny il (7.1)

Recall also the L?-flattening lemma proven in [2]. Let u€P(G), a probability mea-

Hence

sure on G, satisfy
[12llco <p™" (7.2)

for some 7>0 and also
p(aGr) <p~" (7.3)

for all cosets of proper subgroups G; of G. Given s >0 there is I=I(7,2)E€Z, such that
1Dl <|G|71/2 . (7.4)
Set p/(z)=p(z~1). Since uxpu’ also satisfies (7.2) and (7.3), we have by (7.4) that
(') V2 < |G| ~H2,

Consider the convolution operator T=p* %@ and let A be an eigenvalue of T on L3(G).
Hence A is an eigenvalue of T! on L3(G) and applying (7.1) with p replaced by (/s u)®

2 2 _
Al < Vo1 (%) P2 1GI2 < Vo1 Gl <p~'/*

implies that
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if we take s< 1. Consequently,

|>\| <p71/4l.

This means that if o€ L3(G), then
' il <p~ 4 ll2,

and hence
lxell2 <p~ |2

We proved that if p€P(G) satisfies (7.2) and (7.3) for some 7>0, then
el <p7 llgllz, v € L3(G),

for some 7/>0. Therefore, if pe M. (G), a positive real-valued measure on G, satisfies

[illoe <P~ ll1lln (7.5)

and
w(aGr) <p~"lpll (7.6)

for cosets of proper subgroups G1, then
lxellz <p™ [l el ¢ € L3(G). (7.7)

We make next the following observation. Assume that B>0 and pe M, (G) satisfies

lulli <B,
[plloe <p~ 7B, (7.8)

and
w(aGy)<p "B (7.9)

for cosets of proper subgroups G1. Then
luxplla<p™" Bllpll2  for g € L§(G). (7.10)

Indeed, if ||p|l1>p~"/2B, then (7.5) and (7.6) hold with 7 replaced by i7 and (7.10)
follows from (7.7). If ||u||; <p~7/?B then obviously

ez < ullillellz <p™2Bll@]l2.

More generally, let pe€ Mc(G) satisfy ||p||1 <B,

oo <p™"B
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and
lul(aGr) <p™"B

for cosets of proper subgroups G;. Decompose

1= |pre| = (|re| = pre) + (| prm | = (|1 | — i) -
Each of the measures v=|uRe|, |ttRe| — LRe, |p1m| and |pmm|— piim obviously satisfies (7.8)
and (7.9). Hence
gl <p~™ Bl
Thus we obtain the following result.
LEMMA 7.1. Given >0, there is 5’ >0 such that if pe Mc(G) and B2 ||u||1 satisfy

lulloe <p™B  and |p|(aGy) <p™*B
for cosets of proper subgroups G1 of G, then

luxella <Cp Bllglls  for ¢ € L3(G).
Here p is assumed to be sufficiently large.

We have a similar result for G=SLy(¢) with ¢ square-free (see [3] and [36]). We
make the following decomposition of the space L?*(SLa(q)). For ¢i|q, define E,, as the
subspace of functions defined mod ¢; and orthogonal to all functions defined mod ¢s for
some g2 |q1, g27q1. Hence

L*(SLay(q)) =ReEP E,,, (7.11)

qilg
which is, in fact, the generalized Fourier—Walsh decomposition corresponding to the

product representation
SLa(g) = [ [ SLa(p)-
plg

Let P; (resp. P, ) be the projection operator on the constant functions (resp. Eq, ).

LEMMA 7.2. Let q be square-free and G=SLa(q). For ne Mc(G) and q1|q define
17, () loo to be the mazimum weight of |u| over cosets of subgroups of SLa(q1) that
have proper projection in each divisor of qi. Given »x>0, there is »' >0 such that if u
satisfies |pl|1 <B and

17, (llos <a™>B for ar|q, a1 >q"/*°, (7.12)
then
[uxplla <Cq™> Bllgllz  for ¢ € Eq. (7.13)

Remark. The assumption g€ E, is important in (7.13). The restriction ¢ >q'/10 in
(7.12) has to do with the fact that an irreducible representation of SLs(g) which does
not factor through SLy(¢") for some ¢’|¢ has dimension at least [, 1(p-1).
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8. Bounds for congruence transfer operator

Our goal is to obtain a bound for powers of transfer operator | MZ*|, for the family of
congruence subgroups. Here z denotes a complex number with Re 2 <0 which is bounded
in absolute value. Recall that M, acts on functions on X x G, so in order to apply
Lemma 7.2 we need to decouple the variables. Returning to (6.1), fix m<r<n such that
m=n—r~logq to be specified (we assume ¢ large enough). Write

ML f(z;9)
l

— Z eZ(T(i7l,...,i17I)+T(in_1,...7i1,£)+...+T(i1,:E))f((iru . in—r+1, O); Gi ... gzlg)
i
" ' +O( ﬁezl.ﬂQQT)?
where the error term refers to the L) (X)-norm.

Fix then the matrices corresponding to indices iy, ..., 4n—r+1 and consider the func-

tion ¢ on G defined by

©(g) = f((in, s in—rt1,0); Gip o Gir_ 1 9)-

We assume that f(z;-)€E, for each . Hence p€E,.
Our aim is to apply Lemma 7.2 with

w= Z ez(T(in,...,il,:c)+...+‘r(i1,ac))6gi

ilv'--ain—r

n—r9i1”

Thus, by (6.2), we have

H/j'”l 5 /\gezeRc z(‘r(in,...,in_r_,_l,O)+...+~r(in_r+1,0))e|Rc z| 7)o/ (1—0) = B,

where we used the inequality
[T(ny cos Tt 1y Brmry ooy 81, &) =T (s oy I g1, )| < |T]p0"
We now bound |||l oo, which amounts to estimating
S .= Z 6Re z(’r(im‘..,il,z)+...+‘r(i1,z))’
Girm -+ 9i; =9

where g is fixed. (We use here the fact that the relation g; . ... g;; =g mod q is equivalent
to gi,. ..-gi, =g because of the restriction on m.) Also because of the index restriction
on the transition matrix A, the condition g;,  ...g;, =g specifies (i, ...,i1)€X so that

estimating S amounts to bounding

T.— eRe 2(T(nseeyin, @)+ 47 (11,2)) < B)‘F_{m eRe 2(T(im - st1,2)+. 47 (41,2))
~ ez
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for fixed (iy,...,41,2)€X. Thus
BT = Ag s ME, 8. in o) (2) S ARCIME: .0l oo

with ¢ being any non-negative function on X satisfying ¢(iy,, ..., 41, 2)=1.
By Ruelle’s theorem (Theorem 4.1),

‘ AR M™ p— (/2 ¢du)h

)\R@Mm¢||oo<0( / ¢>du+<1—el>mn¢ng).

We may now choose ¢ suitably, so as to obtain an estimate

S (A=) ¢llos

[

implying that

Akez [MT oo S ™

~

Hence,

S, T<q ”B. (8.1)

More generally, we also need to evaluate |||mq, (1t)|||loo for ¢i|g. It turns out that the
issue reduces to the previous one, using the following observation (cf. [2]). Let H<G
and m,(H)<SLa(p) proper for each p|gi. Then we can assume the second commutator of
mp(H) to be trivial if p|q;, and hence the second commutator of H to be trivial (mod ¢).
Take my <m, my~log g1, so as to ensure that words of length 2m, have norm less than ¢; .
Using properties of the free group (see [2]), it follows from the preceding that the number
of (imy,-..,71) €Y such that g;, ...gi, €aH is bounded by O(mY’) for some constant C.
Hence we may invoke the estimate on T" with m replaced by m1, to obtain also that

g, ()llloe < a1 B

Applying Lemma 7.2, it follows that

lnxelle <q™ il llell2

< q—z/)\gbezeRe z(r(in,...,in,,url,0)+...+T(in,T+1,O))€|Re z||7|o/(1—0) Hf”ooa

or

l
Z GZ(T(i”V”’il)$)+W+T(i1)I))f((ina EES) in7T+17 0)7 iy --+ gi1g)

i1y nyin—pr=1

12(Q) (8.2)
< q—%’)\ﬁneZeReZ(T(im--~7in—r+1,0)+--~+T(in—r+1,0))e\ReZI I7le/(1=0)|| £| .
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Summing (8.2) over iy, ..., i,—r+1 implies by (6.2) again that

l

Z BZ(T(inw‘wil’m)“FT(inflg‘-wil»E)+~~A+T(i111))f((in, . in—r-&-l, 0), Gi o gilg)

12(G)
SN flloo-

Therefore it follows that, if n>>log q, then
IMZ Fllzss o 2 < Ao (477 | flloo 071 flo) < Afea ™ (1 flloo+2™1f15) (8.3)
for
fefézfgﬁCEq(Z),

where E, was defined just before (7.11). Note that in (8.3) there is no restriction on
Im z.

We also need to estimate |[M7 f|,.

Let z,y€X be such that z;=y; for 0<i<!l. Estimate

M f(z;9) =M f(y; 9)]

< Z eRe 2(T(in s esin, @)+ +7(i1,2))

Hetn X|f((Bny ooy 81, 2)5 Giry oo Gin §) — f (s ooy 81, Y); G4y o i1 9) |
+ Z (ez("—(in:---vil7$)+<~-+T(i17$)) _eZ(T(in,-~7i1,y)+.--+7'(i1,y)))
U1 yeenyln
X f((lnv (X2} ila y)a iy -+ 9119)
=:U+V.

Clearly for the first term we have
Ug)‘rfllcz‘f|99n+l' (84)

To estimate V we repeat the argument leading to (8.3). Thus we bound V as follows

Z (ez(’r(in,...,il,z)+m+'r(i1,93)) 7ez(T(in,..‘,il,y)+“.+’r(i1,y)))
X f((iny e Tn—r+1,0); Gip - Gir 9)

+0" £, Z |ez(f(in,..A,i17w)+...+f(i1,z)) _ez(r(imm,il,y)+...+r(i1,y))| = H+K.

1150 05tn
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Estimate

Z |(€z(7'(in ..... il,z)+...+'r(i1,x))_ez('r(in ..... il,y)+--~+7(ilay)))|
i1yeesin

< Z eRez(T(in ..... il,m)+r(i1,m))|1_ez(‘r(in ..... i1,y)+. . +7(1,y) =T (in,..s il,z)f.,.fr(il,x))|

’Ll,...,in
S M. (LH[Im 2))|7], (0" 40" )
n 1+ [Imz|
<Mea I7lo0"- (8.5)
Therefore 1 [m 2|
n + mz T
K< TW@QH | flo- (8.6)

To bound H we apply again the convolution estimate on G from §7. Consider the
measure

U= Z (ez(T(in,...,il,m)+...+7'(i1,.r))_ez('r(in,...,il,y)+...+7(1’1,y)))5

Gipy_yoee-Giq

i1yeensin—r
with 4y, ..., ip—rq1 fixed.
Repeating (8.5) gives (with m=n—r)
l .
||l/|| ,S/\m(1+|1m2’|)‘7|9 4 eRCZ(T(Zn ..... in—rt1,0)+...+7(in—rt1,0)) =B

1

Also, as above, we have
i”’/” — i|ez(‘r(im~~,i1,:r)+...+7'(i1,w)) 762(7'(%7",-..,i1,y)+...+r(i1,y))|
B pr

< )\*meReZ(T(im ..... i1,2)+...+7(i1,z)) (8<1) qfx

and

1 -
ilIma, W)lleo <ay™ for ai]g.

Therefore, by the results from §7, we obtain (with ¢ defined as in §7) that

lvsellizey <a™™ B'l| fll

l . .
<q )\m(1+|ImZ|)‘T|Q1QfgeReZ(T(lny...71n77‘+170)"1‘-.."1‘7’(171—1‘«#170))||f||oo.

Summation over i,, ..., i,—r41 gives then

1H 2y Sa N (14 Im 2] |70 £ | oo (8.7)
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From (8.4), (8.6) and (8.7) it follows that

[MEZf (@5 ) =MZf(ys iz o
SO N (0" f 1o+ 0" (LT 2])| £, ¢ (14 Im 2])| |-

Therefore, if n>>log ¢, we have
IMZ flo < CNe ot (1 flloo+ "] flo) (14 [Tm 2]). (8.8)

Take n such that
n~log ¢+C'log(1+|Im z|) (8.9)

for a suitable constant C'. It follows from (8.3) and (8.8) that
IMZ flloo 0" 2 IMEflo < N oa ™ (1f oo +2™*11,)- (8.10)
Iterating (8.10) shows that if f€F, then for all meZ,,
IMEZ™ flloo+ 0™ 2| M Flo NG | £ los

and hence
[MZ" fllo < AReg™ " q(1+Im2[)[| f]],,

where n is given by (8.9). Thus for m>1,
IMZ |75l < ARe g™ ™ /™ (q(1+[Im 2[))°.

We distinguish two cases: log(1+|Im z|)<log ¢ and log ¢<log(1+|Im z|). The con-

clusion is the following.

LEMMA 8.1. Notation being as above, there is €>0 such that
M5 llo <q%e Ay if [Tm 2| <g, (8.11)
and

IMZ |5l < [Im 2| Cememioea/ioaltm =l xm = if T 2| > . (8.12)

9. Resolvent of congruence transfer operator

We now use Lemma 8.1 to estimate the resolvent (I—M_)~! on F,. By (6.3) and (6.4),
this will provide us with bounds on F(z,z), assuming that ¢ € E,.
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Take Re z<—d+¢1 such that

A_(S_A'_El < 66/2

with £>0 from (8.11). If [Im z|<q, we obtain that

(o)
_ _ 1
IT=M) g <0 37 e oA, S <aC.

m=0
If |Im z|>¢, we impose the restriction

log q

Rez< —0+eg———
log |Im z|

with €2>0 small enough to ensure that

)\Rezefelogq/log |Im z| < efslogq/Z log |Im z| )

Under this restriction on z, we obtain from (8.12) that
(T =M2) "z || < [Tm 2]

In summary, we have proved the following result.

THEOREM 9.1. The resolvent (I—Mz)fl\}-é is holomorphic on the complex region
D(q) given by

: log ¢
R —d l, —————— 9.1
ez < —0+é&2 mln{ ’log(|Imz|+1)} (9.1)

(with 9 independent of q) and satisfies the estimate
(1 =M2) " |zl < (g+ [T 2]) .

Returning to (6.3) and (6.4), it follows that for p€ E, the Laplace transform F'(z,x)

of N(a,z) is bounded by
oy < a2
’ K

~

lell2 (9-2)

for z satisfying (9.1).

To extract information about N(a), we apply Fourier inversion to (5.5), following
the argument in [16, p.31] (but with a different class of functions k).

Specify some smooth and compactly supported bump function k£ on R. From (5.5)

we get
o0

I:= /Oo k(t)e ' N(a+t) dt:e5“/ e k(—i0) F(—6+i6) do, (9.3)

— 00 — 00
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where -
k(z)= / e k(t) dt

is an entire function.
Note that |k(i6)| is rapidly decaying since k is smooth.

In fact, proceeding more precisely, fix a small parameter v>0 (the localization of k)

- ts(2).

where K is a fixed smooth bump function such that
/ K(t)dt=1, (9.4)
suppK C [—3, 3]

KO <e M for |\ — oo

and consider functions

Hence
1/2

k(z)| S e NI=ll for |[Rez| =0(1). (9.5)
Returning to (9.3), modify the line of integration Re z=0 to the curve
z(0) =w(0)+10,
where

w(T) 16 ming 1 _logg__
T)==
277 "log(1+16]) J°

so as to remain in the analyticity region given by Theorem 9.1.
We obtain

e [ ORGP (-5+2(0) do

_oa / e~ (O30} (9 10) F (=5 +w(6) +i) b,
which is bounded by
J:= H(,OHQB&L/ e—aw(e)e—(fy|9|)1/2 (q+|9|)C d97

applying (9.5) and (9.2).
From the definition of w(#) it is clear that

1
I,J<eq% ¢ exp(—aag min{l7 qu}) lloll2-
log(a/)

This proves (replacing k(t) by e**k(t)) the following estimate.
PROPOSITION 9.2. Let peE, and N(a) be given by (6.5). Then

/7/2 ko ()N (a+1) dt| < g%~ ( £3 mi {1 _logq }) %]
a q~ v ~exp| —aezming 1, e““lelle-
—avz ’ log(a/7) ’
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10. Bound for the error term

Next consider the case where in (5.2), ¢=1 (the constant function).
Here we consider simply the action of £, on F,(X) exactly as in [16], but we use the
stronger estimates on (I—L,)~! following from (5.7), given by [22].
If Rez<—d+¢4 (with g4 small enough) and 2¢U (some complex neighborhood of
—§), (5.7) implies that
J(I=£2)74) S T 22, (10.1)

For seU, apply (5.8). Thus
L2 =N (v-0h:)+(£2)",

where [[(L])"||<e*™ by (5.9).
Hence for z€U,

—_ _1:
(L) =25

(v.@hy)+(I—L0)™ (10.2)
with (I—L”)~! holomorphic (this is Proposition 7.2 in [16]).
Combining (10.1) and (10.2), we get the following result.

PRrROPOSITION 10.1. Consider L, acting on F,(X). Then, for Rez<—{d+-¢s,

1
— _1 —
(I ‘CZ) Y (Vz@hz)
is holomorphic and bounded by C(|Im z|?+1).
Let p,=v,®h,. The function 1/(1—\.) has a pole at z=—¢ with residue

1 1
(dho/dz)]=s JyTdus

Consequently
_ _s®h_s 1
Y R e 10.3
( ) JeTdp—s 240 (10.3)
18 analytic for Rez<—d+e¢5.
Letting
N(a)= > 1 (10.4)
yeEA

dp (0,yw)—dg (0,w)<a

and

F(z) :/00 e**N(a) da,

— 00
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it follows from (5.6) and (10.3) that

1 _ hos(é=w) 1
Flz)=-(I-£.) 1= =0 ,
()= 1= "2 ot
where G(z) is analytic on Re z<—d+¢5 and bounded by C(|Im z|*+1).

As in §9 we have

/ (e N (1) dt

= o / ko (i0) F (=6 +i60)e~" d@ (10.5)

— 00

_ e (Oo PV—/ e*mel;:,y(iﬂ)% d0+/ e*iael%,y(iﬂ)G’(f5+i9) d9>,
i o

— 00

where
h_s(§=w)

- fZTdV,(; '
The second term in (10.5) is estimated by moving the line of integration Re z=0 to
Re 21%65. We obtain, by (9.5) and the assumption on G, that

Co

‘/ e—w%(ie))a(—éﬂ'a)de‘56—6sa/2/ (1+46%)e~ D" gg < cy=3e==32/2,

— 00 — 00

Also

PV—/ e’mel%,y(iﬂ),—ledé): / oy (t+a) dt 201,
—00 ? 0

Therefore we obtain the following result.

PROPOSITION 10.2. Let N(a) be given by (10.4). Then

/ ky(t)N(a+t)dt= Coe®@+o(y3eld=e0)a)

—0o0

for some €6>0. Here Cy s a fived constant.

11. Proof of Theorem 1.4

Let ¢ be a function on SLy(q) and let N(a,z) denote the counting function given as
above by

N(a,z)= > o(mq(y)).

yeEA
dp (0,yzw)—dp (0,2w)<a
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What we proved in Theorem 9.1 is that for p€ E, the Laplace transform of N(a,z) in a
(given by (5.5)) is holomorphic on D(q) given by

: logq
o — 1, o9
D(q) {z Rez< 5+52mm{ Tog(Tm | 1)}}

with 9 independent of ¢. Let us denote by £,(¢) the dynamical transfer operator on the
congruence subgroup A(g). Thus det(1—L,(q)) is the dynamical (Ruelle’s) zeta function
associated with the congruence subgroup A(g). Using (5.6) we have that the Laplace
transform of N(a,z) is also obtained as the inverse of 1—L,(¢). Now considering the
action of £,(g) on F,(X(g)), recalling the decomposition of L?(SLa(q)) given by (7.11),
and applying Theorem 9.1 to Ey,, for all ¢i|g, and Proposition 10.1 to the constant

function, we obtain that 1—L,(g) has a holomorphic inverse (apart from at z=—4) on
D=D(1)N() D(q),
ailg
where

D(1)={z:Rez< —d+e5}

by Proposition 10.1. Consequently D is given by

1
D= R —0 i 1, —
{Z e *56m1“{’log<|1mz|+1>}}

for some £¢ independent of ¢, implying that the dynamical zeta function det(1—L,(q))
has no zeros on D (apart from a simple zero at —¢).

Theorem 1.4 now follows from the equality of the dynamical zeta function and
Selberg’s zeta function (Theorem 15.8 in [1]), and the correspondence between the zeros

of Selberg’s zeta function and resonances (see [27] and Chapter 10 in [1]).

12. Proof of Theorem 1.5

Propositions 10.1 and 10.2 are our basic estimates used in the proof of Theorem 1.5.
Note that what comes out of Proposition 9.2 will only play the role of error terms.

Fix a modulus ¢, (q,q0)=1 (with g9 given by the strong approximation property)
and ¢ square-free.

For some element £ €SLy(q) we need to evaluate

N(a;q,8) =y e A:my(y) =€ and d (0, yw) < a}|

(replace a by a+dg (0, w) in (6.5)).
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Recall the decomposition of the space L?(SLz(q)) in (7.11). Writing

1
ly—g =+ P, (15=¢),
9=¢ ISLa(q)| Z q ( g f)

alq
@1 #1
we get
1
N(G;Qaf):SLi Z 1+Z Z ©q, (Tq, (y)) =2 S+T,
SL2(9)l 2 ppRY
da(0,yw)<a  q1#1 du(0,yw)<a
with
P = Plh (1925) € EQ1'
Thus,

[SL2(q1)|"/?
SL2(q)|
We use Proposition 10.2 to evaluate S and Proposition 9.2 to bound 7. Hence,

lPasll2 <

fixing some >0,

/ by ()N (a-+t; ) dt = L5 o(ySec0e0)

oo [SLa(q)]
_ . log g1 ISLa(q1)[*/? 5
+~7C¢ quXp<—camm{17 }) e’?.
! Z, 1 log(a/7) J ) SLa(g)]
@ #1

We estimate the last term above as

7C|a|C
v Z e—calog q1/log(a/~) e&z +,_ny'qu(670)¢1

SL
[SL2(9)] alq
1<qi<lal/~
and
Z e—calog q1/log(a/7) < H(1+e—calogp/log(a/’y))_1
qlq pla
q1#1 oo
“exp ( 3 ealos s/log(a/w) 1 < emealiog(a/m),
s=2
assuming
1
log — < a.
0

Therefore we have proved the following result, of which Theorem 1.5 is an immediate

consequence.
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PRrROPOSITION 12.1. Notation being as above, we have

e’} da
L/ k()N (artt:.¢,€) dt = o~ (Cy oy~ Cemea/108(@/M))) 43 =CCel6=0a,
o |SL2(q)|

where we assume that

We remark that what is really required for sieving applications is a bound for the

ratio oo
fioo ky(t)N(a+t;q)dt

[7° Ky (t)N(a+t)dt

—00

(12.1)

of the form

1
+O(e @ C
S T
or 1
140 —ca/loga +O(e~c )
‘%MM (e ))+0(e"q")

To bound the ratio (12.1) it suffices to use Proposition 9.2 (which builds crucially on the
generalized expansion result given by Lemma 7.2) combined with the result of Lalley [16].
Of course, the results of Dolgopyat [7] and Naud [22], [23] are necessary to establish
Theorem 1.4, which is of independent interest.

13. Proof of Theorem 1.6
13.1. Combinatorial sieve

As in [3], we will make use of the simplest combinatorial sieve which in turn is based
on the fundamental lemma in the theory of elementary sieves, see [12] and [13]. Our
formulation is tailored for the applications below.

Let A denote a finite sequence a,,, n>1, of non-negative numbers. Denote by X the

ZfanX-

n>1

sum

The sum X will be large, in fact tending to infinity. For a fixed finite set of primes B

let z be a large parameter (in our applications z will be a small power of X and B will

P:E:Hp

P2z

usually be empty). Let



286 J. BOURGAIN, A. GAMBURD AND P. SARNAK

Under suitable assumptions about sums of A over n’s in progressions with moderate-
size moduli d, the sieve gives upper and lower estimates which are of the same order of
magnitude for sums of A over the n’s which remain after sifting out numbers with prime
factors in P.

More precisely, let

S(A, P):= Z Q.
(n,P)=1

The assumptions on sums in progressions are as follows:

(Ag) For d square-free, and having no prime factors in B (d<X), we assume that

the sums over multiples of d take the form

> an=Bd)X+r(Ad),

n=0 (mod d)

where ((d) is a multiplicative function of d and, for p¢ B,

1
B(d)<1—— for a fixed ¢;.
C1
The understanding being that 3(d)X is the main term and that the remainder r(A, d) is
smaller, at least on average (see the next axiom).
(A1) A has level distribution D=D(X), D<X, that is

X
r(d,A)| <« ———= for all B>0.
I )< oy

(A2) A has sieve dimension ¢>0, that is for a fixed c2 we have

z
Z B(p) log p—tlog w < e

w<p<z
p¢B

for 2<w<z.
In terms of these conditions (Ag), (A1) and (As) the elementary combinatorial sieve

yields the following result.

THEOREM 13.1. Assume (Ao), (A1) and (Ay). For s>9t, z=D'* and X large we

have

X X
oz X)° <S(AP)< Tog X)°
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13.2. Applying the sieve

Now let A be a Zariski-dense subgroup of SL(2,Z) and let f€Z[z,;;] be weakly primitive
with ¢(f) irreducible factors. The key non-negative sequence a,, to which we apply the

combinatorial sieve is defined as follows: for n>0 we let

yEA
lvI<T

[f(M|=n

The sums on progressions are then, for d>1 square-free,

Yoo wm= > 1= > oL

n=0 (mod d) yEA 0€EA/A(d) ~v€EA(d)
vI<T f()=0(mod d) |v|<T
f(¥)=0 (mod d)
Consider the case when ¢ <%, the case when § >% is similar and simpler. According to
Theorem 1.5, we then obtain

T25 .
Z an(T): Z m(1+O(T_1/10g10gT))-i—O(dCT%_El)
n=0 (mod d) 0€EA/A(d) d
f(@)=0 (mod d)

|A£| |A§‘ 1—-1/26 loglog X f13C yv1—e1/26
:Xm+0 WX slog X ) L O(|AS|dC X 1—=1/%),
d d

where

X=) a(T)= > 1,

keN YEA
lyI<T

Ag4 is the reduction of A mod d, and Ag is the subset of A4 at which f(z)=0 mod d.

Using the strong approximation theorem [20] and Goursat’s lemma as in [3], we
obtain that outside of a finite set of primes S(A) we have A,~SLo(F,) and A—Ag, xAg,
is surjective for (di,ds)=1 and dyds square-free and coprime with S(A). Let

_ 1Al

ﬁ(d)—m~

Using the Lang—Weil theorem [17] as in [3], we obtain
IAS| < d?

and | f‘
Agl —t(f) _3/2
Al p +O0(p~/%). (13.1)
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Hence we have
Y. an(T)=B(d)X+r(4A,d),
n=0 (mod d)
with
T’(A d) < 1X1*1/25loglogX+dC+2X17€1/25
’ d .

Verification of (Ap) is completely analogous to Proposition 3.1 in [3]. Regarding the level
distribution (A;), we have that

X

A d X1—1/2510glogX DC+3X1—51/25
> (A d)| < + < loe X)7

d<D

for any B>0 as long as
20
DX withr<——-—.
sS4 VTS 013
Finally, to verify the third axiom concerning the sieve dimension, we have, using

(13.1), that

S B)logp= 3 (“(’gp+0(f§/§))=tlog2+0(l>,

w<p<: wep<e > P
which establishes (Ag) with the sieve dimension being ¢.

Note added in proof. The details of the extension of the proof of Theorem 1.3 to
higher-dimensional hyperbolic manifolds, outlined on page 263, have appeared in the
preprint [14] by I. Kim. Mention should also be made of the preprint [19] by M. Magee,
in which a quantitative spectral gap result for thin groups acting on higher-dimensional

hyperbolic manifolds is obtained, generalizing the result of [10].
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