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1. Introduction

1.1. The conjecture

Let A and B be two nxn Hermitian matrices and let B be positive semidefinite. In [1]

it has been conjectured that under these assumptions the function
f@):=Tre B t>0, (1.1)

can be represented as the Laplace transform

(@) :/e_ts dua p(s) (1.2)

of a positive measure p4 g on Ry =[0,00). In the present article we prove this conjecture
from 1975 and give a semi-explicit expression for the measure pa g (cf. Theorems 1.3
and 1.6 below).

Over the years different approaches and techniques have been tested for proving the
conjecture. Surveys are contained in [18] and [10]. Recent publications are typically con-
cerned with techniques from non-commutative algebra and combinatorics ([11], [12], [9],
(8], [10], [13], [14], [3], [6], [2]). This direction of research was opened by a reformulation
of the problem in [15]. Although our approach will follow a different line of analysis,
we nevertheless repeat the main assertions from [15] in the next subsection as points of

reference for later discussions.

After this paper was accepted, the author sadly passed away in April 2013.
Research supported by the grant STA 299/13-1 der Deutschen Forschungsgemeinschaft (DFG).
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1.2. Reformulations of the conjecture

Definition 1.1. A function feC>(R,) is called completely monotonic if
(=)™ M) >0 for allmeN and teR,.

By Bernstein’s theorem about completely monotonic functions (cf. [4] or [21, Chapter
IV]) this property is equivalent to the existence of the Laplace transform (1.2) with a
positive measure on R,. In this way, Definition 1.1 gives a first reformulation of the
BMV (Bessis-Moussa—Villani) conjecture.

In [15] two other reformulations have been proved. It has been shown that the
conjecture is equivalent to each of the following two assertions:

(i) Let A and B be two positive semidefinite Hermitian matrices. For each meN
the polynomial

t— Tr(A+tB)™

has only non-negative coefficients.
(ii) Let A be a positive definite and B a positive semidefinite Hermitian matrix. For
each p>0 the function
t— Tr(A+tB)™P

is the Laplace transform of a positive measure on R, .

Especially, reformulation (i) has paved the way for extensive research activities with
tools from non-commutative algebra; several of the papers have been mentioned earlier.
The parameter m in assertion (i) introduces a new and discrete gradation of the problem.
Presently, assertion (i) has been proved for m<13 (cf. [8] and [13]). The BMV conjecture
itself has remained unproven, even for the general case of matrices with a dimension as
low as n=3. In his diploma thesis G. Grafendorfer [7] has investigated very carefully the
case n=3 by a combination of numerical and analytical means, but no counterexample
could be found.

In [15] one also finds a short review of the relevance of the BMV conjecture in
mathematical physics, the area from which the problem arose originally.(!)

Among the earlier investigations of the conjecture, especially [17] has been very
impressive and fascinating for the author. There, already in 1976, the conjecture was
proved for a rather broad class of matrices, including the two groups of examples with

explicit solutions that we will state next.

(1) Meanwhile, in a follow-up paper [16] to [15], the reformulations of the BMV conjecture have
been extended, and the conjecture itself has been generalized by replacing the expression on the left-
hand side of (1.1) by elementary symmetric polynomials of order me{1,...,n} of exponentials of the n
eigenvalues of the expression A—tB. The expression in (1.1) with the trace operator then corresponds
to the case m=1.
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1.3. Two groups of examples with explicit solutions
1.3.1. Commuting matrices A and B

If the two matrices A and B commute, then they can be diagonalized simultaneously,
and consequently the BMV conjecture becomes solvable rather easily; the measure pua,p

in (1.2) is then given by
n
pap=» e, (1.3)
j=1

with aq,...,a, and by, ..., b, being the eigenvalues of the two matrices A and B, respec-
tively, and J, being the Dirac measure at the point z. Indeed, the trace of a matrix M
is invariant under similarity transformations M—TMT~!. Therefore, we can assume
without loss of generality that A and B are given in diagonal form, and the measure

(1.3) follows immediately.

1.3.2. Matrices of dimension n=2

We consider 2x2 Hermitian matrices A and B, with B assumed to be positive semi-
definite. In order to keep notation simple, we assume B to be given in diagonal form
B=diag(by, ba) with 0<by <bs.

If by =bo, then, without loss of generality, also the matrix A can be assumed to be
given in diagonal form, and consequently the case is covered by (1.3). Thus, we have to

consider only the situation that

A:<a11 a12> and B:(?)1 0>7 0< by <by <oo. (1.4)

a1z a22 2

PROPOSITION 1.2. If the matrices A and B are given by (1.4), then the function
t—Trexp(A—tB), teR,, in (1.1) can be represented as a Laplace transform (1.3) with

the positive measure
d,uA,B(t) Zea11d5b1 (t)+6a22d5b2 (t)+wA,B(t)X(b1,b2)(t) dt, teR,, (1.5)

where Xy, b,) denotes the characteristic function of the interval (by,bz), and the density

function wa B s given by

4 (an(bg—t)+a22(t—b1)>

wanl =g b—bs

bz—bl)’fr oxXp
w2l by by —2t

x/ COS(2;_1bu> sinh(y/]a12]? —u?) du.
0 2—b1

This density function is positive for all by <t<bsy.
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Proposition 1.2 will be proved in §7. In [17] an explicit solution has also been proved
for dimension n=2; there the density function looks rather different from (1.6), and has
the advantage that its positivity can be recognized immediately, while in our case of (1.6)

a non-trivial proof of positivity is required (cf. §7.2).

1.4. The main result

We prove two theorems. In the first one, it is just stated that the BMV conjecture
is true, while in the second one we give a semi-explicit representation for the positive
measure pt4 p in the Laplace transform (1.2). In many respects this second theorem is a

generalization of Proposition 1.2.

THEOREM 1.3. If A and B are two Hermitian matrices with B being positive semi-
definite, then there exists a unique positive measure pta, g on [0,00) such that (1.2) holds

for t=0. In other words, the BMV conjecture is true.
For the formulation of the second theorem we need some preparations.

LEMMA 1.4. Let A and B be the two matrices from Theorem 1.3. Then there exists a
unitary matrix Ty such that the transformed matrices fl:(&ij)::Tg‘ATo and E::T{)‘“BTO
satisfy

B=diag(by,...,bn) with 0<by <... <by, (1.7)

and
ajr=0 forall jk=1,...n, j#k, with bj=Dby. (1.8)

Proof. The existence of a unitary matrix Ty such that (1.7) holds is guaranteed by
the assumption that B is Hermitian and positive semidefinite. If all Bj are pairwise
different, then requirement (1.8) is void. If however several Bj are identical, then one can
rotate the corresponding subspaces in such a way that in addition to (1.7) also (1.8) is
satisfied. O

As the matrix A—tB is Hermitian for t€R,, there exists a unitary matrix 73 =T (t)
such that
T (A—tB)Ty =diag(A1(t), ..., An (). (1.9)

The n functions Aq, ..., A, in (1.9) are restrictions to R, of branches of the solution A of

the polynomial equation
g\ t):=det(A\[—(A—tB)) =0, (1.10)

ie., Aj, j=1,...,n, is a branch of the solution A if the pair (A, t)=();(¢),t) satisfies (1.10)

for each t€C. The solution A is an algebraic function of degree n if the polynomial
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g(A, t) is irreducible, and it consists of several algebraic functions otherwise. In the most
extreme situation, the polynomial g(\,t) can be factorized into n linear factors, and this
is exactly the case when the two matrices A and B commute, which has been discussed
in §1.3.1.

In any case, the solution A of (1.10) consists of one or several multivalued functions
of t in C, and the total number of different branches A;, j=1,...,n, is always exactly n.
In the next lemma, properties of the functions A;, j=1,...,n, are assembled, which are
relevant for the formulation of Theorem 1.6. The lemma will be proved in a slightly
reformulated form as Lemma 3.3 in §3.

LEMMA 1.5. There exist n different branches X;, j=1,...,n, of the solution A of
(1.10) which are holomorphic in a punctured neighborhood of infinity. They can be num-

bered in such a way that we have
S 1 .
)\j(t)—ajj—bjt—l—O(t) ast—oo, j=1,..,n, (1.11)

where the coefficients aj; and Bj, j=1,...,n, are elements of the matrices A and B

introduced in Lemma 1.4.
With Lemmas 1.4 and 1.5 we are ready to formulate the second theorem.
THEOREM 1.6. For the measure pa g in (1.3) we have the representation
dpa p(t) = Z 0 oy, (t)+wa,p(t)dt, teR,, (1.12)

j=1

with a density function wa, g that can be represented as

1
wap(t)=) %7{ MO de forteRy, (1.13)
Ej<t Cj
or equivalently as
1
wap(t) == 5 fc MO forteR,, (1.14)
Ej>t J

where each integration path Cj; is a positively oriented, rectifiable Jordan curve in C with
the property that the corresponding function A; is analytic on and outside of C;. The
values a;; and l~)j, Jj=1,...,n, have been introduced in Lemma 1.4, and the functions Aj;,

j=1,...,n, in Lemma 1.5.
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The measure p14 g is positive, its support satisfies

supp(pa,5) C [b1, bl (1.15)

and the density function wa g s a restriction of an entire function in each interval of
[01,b0]\{b1, ..., bp}. In general the density function wa g is not positive on each of the
intervals in by, bp]\{b1, ..., bn}, but the irreducibility of the polynomial g(\,t) in (1.10)
is sufficient for wa g(t)>0 for all t€[by,by]\{b1,...,bn}.

Obviously, the non-negativity of the density function w4, p is, prima vista, not evi-
dent from representation (1.13) or (1.14); its proof will be the topic of §5.

The semi-explicit representation of the measure y14 g in Theorem 1.6 is of key impor-
tance for our strategy for a proof of the BMV conjecture, but it possesses also independent
value. In any case, it already conveys some ideas about the nature of the solution.

1.5. Outline of the paper

Theorem 1.3 is practically a corollary of Theorem 1.6, and the proof of Theorem 1.6 is
given in §§2-6.

We start in §2 with two technical assumptions, which simplify the notation, but do
not restrict the generality of the treatment. After that, in §3 we compile and prove results
concerning the solution A of (1.10) and the associated complex manifold Ry, which is
the natural domain of definition for A.

In §4 all assertions in Theorem 1.6 are proved, except for the positivity of the measure
HA B-

The proof of positivity of pua p follows then in §5, and everything concerning the
proofs of Theorems 1.3 and 1.6 is summed up in §6.

The proof of Proposition 1.2 follows in §7.

2. Technical assumptions

Assumption 1. Throughout §§3-6 we assume the matrices A and B to be given in
the form (1.7) and (1.8) of Lemma 1.4, i.e., we have

B=diag(by,...,by) with 0<b; <...<by,, <00, (2.1)

and
ajr=0 forall jyk=1,...,n, j#k, with b; = by. (2.2)



PROOF OF THE BMV CONJECTURE 261

Assumption 2. Further, we assume that
0<by <... < by, (2.3)
i.e., the matrix B is assumed to be positive definite.
Assumption 1 has the advantage that in the sequel we can write a;, and b; instead
of ;i and b;.
LEMMA 2.1. Assumptions 1 and 2 do not restrict the generality of the proof of

Theorems 1.3 and 1.6.

Proof. In Lemma 1.4 it has been shown that there exists a similarity transformation
M—T§MTy,, with a unitary matrix Ty, such that any admissible pair of matrices A and
B is transformed into matrices A and B that have the special forms of (2.1) and (2.2).

Since the trace of a matrix is invariant under such similarity transformations, we have
f(t) — r]:‘r eAftB — Tr TO* eAftBTO — Tr eTU AToftTO BTy

for all t€R,, which shows that the function f in (1.1) remains invariant, and consequently

the generality of the proofs of Theorems 1.3 and 1.6 is not restricted by Assumption 1.
If (2.3) is not satisfied, then the matrix B:=B+ecl=diag (b, ..., b,) with £>0 satisfies

Assumption 2. We have I;j:bj +e, j=1,...,n, and it follows from (1.1) that

f(t):=Tr eA=tB o=t Ty gA—tE = e ' f(t) fort>0. (2.4)

From (2.4) and the translation property of Laplace transforms, we deduce that the
measure (14, g in (1.2) for the function f is the image of the measure p , 5 for the function
f under the translation t—t—e. Consequently, the proofs of Theorems 1.3 and 1.6 for the

matrices A and B carries over to the situation with the original matrices A and B. [

3. Preparatory results

In the present section we compile some results and definitions that are concerned with
the solution A of the polynomial equation (1.10), and in addition we introduce a complex

manifold R, which is the natural domain of definition of .

3.1. The branch functions A1, ..., A,

The solution A of the polynomial equation (1.10) is a multivalued function with n
branches \;, j=1,...,n, defined in C. Each pair (\,t)=();(¢),t) with teC, j=1,...,n,

satisfies the equation

0=g(\,¢) :=det(AT—(A—tB)) = g(1)(A, £) .- Gom) (A, 1), (3.1)
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which is identical to (1.10), with the difference that we now have added the polynomials
guy(M\t)€CIA t], I=1,...,m, which are assumed to be irreducible. If the polynomial
g(A,t) itself is irreducible, then we have m=1, g(\,t)=g(1)(A,t), and A is an algebraic
function of order n. Otherwise, in case m>1, A consists of m algebraic functions A,

[=1,...,m, which are defined by the m polynomial equations
g(l)(/\(l),t)zo, l=1,...,m. (3.2)

Hence, X consists either of a single algebraic function or of several such functions, depend-
ing on whether g(A, t) is irreducible or not. In any case, the total number of branches \;
is always exactly n.

Obviously, for each t€C, the numbers A; (%), ..., Ay (t) are eigenvalues of the matrix
A—tB, as has already been stated in (1.9). Since A—t¢B is a Hermitian matrix for t€R,
the restriction of each branch A;, j=1,...,n, to R is a real function.

From (3.1) and the Leibniz formula for determinants, we deduce that

g\ t)= ij(t)kj (3.3)
j=0
with p;eC[t], degp;<n—j for j=0,...,n, p,=1, and p,_1(t)=tTr B—Tr A. If m>1,

then we assume that the polynomials gy are normalized by
gay(A\t) = A" +lower terms in A, [=1,...,m, (3.4)

and we have nq +...+n,, =n. In situations where we have to deal with individual algebraic
functions A(;), =1,...,m, which will, however, not often be the case, we denote the
elements of a complete set of branches of the algebraic function A\, I=1,...,m, by A,

k=1, ...,n;. There exists an obvious one-to-one correspondence
J{lk) k=1, n,l=1,..m} —{1,..,n}

such that the set of functions {\; x:k=1,...,n;,[=1, ..., m} bijectively corresponds to the
set {A;:j=1,...,n}.

It is in the nature of branches of a multivalued function that their domains of
definition possess a great degree of arbitrariness. Assumptions for limiting this freedom
will be addressed in Definition 3.7 in the next subsection.

Since the solution A of (3.1) consists either of a single or of several algebraic functions,

it is obvious that A\ possesses only finitely many branch points over C.

LEMMA 3.1. All branches Xj, j=1,...,n, of the solution A of (3.1) can be chosen

such that they are of real type, i.e. any function \; which is analytic in a domain Dy CC,

is also analytic in the domain DoU{z:Z2€ Dy}, and we have \;(t)=\;(t) for all teDy.
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Proof. The relation \;(t)=X\;(t) follows from the identity

GO0 1) = det(M — (A—7B)) = det(\ — (A —iB)) = g(\, 9),

which is a consequence of A*=A*=A and of B being diagonal. Since the restriction of

A; to Ris real, \j(f) is an analytic continuation of \; across R. O
LEMMA 3.2. The solution A of (3.1) has no branch points over R.

Proof. The lemma is a consequence of the fact that the functions A;,j=1,...,n, are
of real type. We give an indirect proof, and assume that zg€R is a branch point of
order k>1 of a branch A;, j€{1,...,n}, which we may assume to be analytic in a slit
neighborhood V'\ (iR_+x¢) of xy. Using a local coordinate at z( leads to the function
g(u):=X\;(xo+u**1), which is analytic in a neighborhood of u=0. Obviously, the function
g is also of real type. Let lp€EN be the smallest index in the development g(u)=Y", cju!
such that ¢;,7#0 and lp#£0 (mod k+1), which means that there exists 0<l; <k with
lo=m(k+1)+11, meN. Like \;(2)=g((z—x¢)"**+1), so also the modified function

m

Aj(2) = 9((Z—Io)1/(k+1)) —Z Cz(k+1)(z—$o)l] (z—m0)™™
1=0

has a branch point of order k at xg, and is of real type. We have

2 (2) = ey (z—0)V/ D L O((z— o) DD/ DY a5 2 5 g,

and consequently for >0 sufficiently small we have

Iy

v
tl < for all 0 < t <,
el | Sakr) ° 0 T

arg S\j (zo —H“e“) —arg ¢y, —
which implies that

_1
2
+1

- - li+
7 < |arg Aj(zo+7r)—arg \j(zo—r)| < ;+127r<7r. (3.5)

l
0
<%
As the function ); is of real type, we have arg \; (zo+7)=0 (mod 7) and arg \; (xo—r)=0
(mod =), which contradicts (3.5). O

Lemma 3.2 is covered by a classical theorem by F. Rellich (cf. [19, Theorem XII.3]).
Next, we investigate the behavior of the functions A;, j=1, ..., n, in the neighborhood

of infinity.
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LEMMA 3.3. Let \j, j=1,...,n, denote n different branches of the solution X of
(3.1). This system of branches can be chosen in such a way that there exists a simply
connected domain Uy CC with co€Uy such that the following assertions hold:

(i) Each function X\, j=1,...,n, is defined throughout Uy, and none of them has a
branch point in Uy.

(ii) The n functions A\, j=1,...,n, can be enumerated in such a way that at infinity

we have

1
)\j(t)zajj—bjt—i—O(t) as t— oo, (3.6)

with aj; and b;, j=1,...,n, being the diagonal elements of the matrices A and B, re-

spectively, of (2.1) and (2.2) in Assumption 1.

Remark 3.4. Assumption 1 from §2 is decisive for the concrete form of (3.6), and
(3.6) is decisive for the verification of the representation of the measure p4 g in The-
orem 1.6, which will follow in §4.2 below. Notice that the similarity transformation
(4, B)|—>(/~1, E) from Lemma 1.4 in general changes the diagonal elements a;;, j=1,...,n,
of the matrix A, while it leaves the polynomial equation (3.1) and also the branches A;,
j=1,...,n, invariant. For an illustration of the changes of the a;;, j=1,...,n, one may

consult (7.4), where the simple case of 2x2 matrices has been analysed.

Remark 3.5. With Assumption 1 from §2 it is obvious that Lemma 1.5 in §1.4 is a

reformulation of Lemma 3.3.

Proof of Lemma 3.3. We first prove that the solution A of (3.1) has no branch point
over infinity, which then leads to a proof of assertion (i). The proof of assertion (ii) is
more involved.

(i) As in the proof of Lemma 3.2 we prove the absence of a branch point at infinity
indirectly, and assume that some function \;, j€{1,...,n}, has a branch point of order
k>1 at infinity. The function ); is of real type, and as a branch of an algebraic function

it has at most polynomial growth as t—oo. Hence, there exists my€N such that the

) =m0 ()

function

z

is bounded in a neighborhood of xg=0. The function )\ is again of real type, and it has
a branch point of order k>1 at xo=0.

After these preparations we can copy the reasoning in the proof of Lemma 3.2 line
by line in order to show that our assumption leads to a contradiction.

From equation (3.1) together with (3.3), we further deduce that all n functions JA;,

j=1,...,n, are finite in C.
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Since the solution A of (3.1) possesses only finitely many branch points and none at
infinity, the branches A1, ..., A,, can be chosen in such a way that there exists a punctured
neighborhood of infinity in which all n functions );, j=1,...,n, are defined and analytic,
which concludes the proof of assertion (i).

At infinity the functions A;, j=1,...,n, may have a pole. In the next part of the
proof we shall see that this is indeed the case, and the pole is always simple.

(ii) The proof of (3.6) will be done in two steps. In the first one we determine a
condition that has to be satisfied by the leading coefficient of the development of the
function A;, j=1,...,n, at infinity.

Let Ay denote one of the functions Aq,...,\,. From part (i) we know that there
exists an open, simply connected neighborhood Uy CC of oo such that )¢ is analytic in

Up\{oc} and meromorphic in Uy. Hence, Ay can be represented as
Ao =p+v (3.7)

with a polynomial p and a function v analytic in Uy with v(co)=0. We will show that

the polynomial p is necessarily of the form
p(t)=co—cit  with ¢1 € {b1,...,b,}. (3.8)
The proof will be done indirectly, and we assume that
degp#1 or p(t)=co—cit with ¢ ¢ {b1,...,b,}. (3.9)
From (3.9) and the assumption made with respect to v after (3.7), it follows that
Ip(t)+bjt—a;;+v(t)] o0 ast—oo foreach j=1,..,n. (3.10)

From the definition of g(A,t) in (3.1) and the Leibniz formula for determinants we
deduce that

g(o(®),t) = [ [ () +bjt—a;;+v(t)
i=0 (3.11)
—l—O( ‘max |p(t)+bt—ay; —|—v(t)|"_2) as t — 00.

j=1,....n

Indeed, the product in (3.11) is built from the diagonal elements of the matrix

Ao(H)—(A—tB),
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and any other term in the Leibniz formula contains at least two off-diagonal elements as
factors, which leads to the error term in the second line of (3.11). From (3.9), (3.10),
and Assumption 2 in §2 we deduce that

|p(t) +brt—arr+v(t)]

lim >0 foreachk=1,...,n,
t—o0 man:L___m \p(t)erjt—ajj +’U(t)

which implies that

max[p(t)+bjt—ag;+o(t)*" [T Ip(6)+bjt—az;+u(t)] = o (3.12)
Jj=1,...,n "
j=0

as t—00. From (3.11) together with (3.10) and (3.12) it then follows that g(Ag(t),t)—o0
as t—oo. But this contradicts g(Ao(t),t)=0 for t€Upy, and the contradiction proves the
assertion made in (3.8).

We now come to the second step of the proof of (ii). Because of (3.8) we can make

the ansatz
A =p;i+v; for j=1,...,n,
T . ’ (3.13)
pj(t):COj—Cljt with Cle{bl,...,bn},

where v; is analytic in a neighborhood Uy of infinity, and v;(c0)=0. We shall show that

the functions A1, ..., \,, can be enumerated in such a way that we have
c1j=0b; and cpj=a;; foreach j=1,..,n,

which proves (3.6).

A transformation of the variables A and ¢ into w and w is introduced by

1 1
= d = 3.14
u t an v )\—‘rblt—aoo7 ( )

with
aoo::min({cu,...,cln,bl,...,bn})—2. (315)
From (3.14) it follows that

1 1 b
A:——b1t+a()0=———1+ao(). (316)

w w u

There exists an obvious one-to-one correspondence between the n functions A;, for

j=1,...,n, and the n functions

1

wj(u) = N (/0) Ty Ju—aog’ s ey T (3.17)

j=1
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The functions wj, j=1,...,n, are meromorphic in a neighborhood Tj’o of the origin. From
(3.13) and (3.17) we deduce that

0 for C1j #bl,

. = 1 1 .
w;(0) RS S (3.18)
COj —apo 2

and therefore we can choose [70 so small that
0<|w;(u)| <1 for ueUp\{0}, (3.19)

which implies that all w;, j=1,...,n, are analytic in ﬁo.

By V(u), ueC\{0}, we denote the nxn diagonal matrix

V(u):=diag( 1, ..., 1, Vu, ... J/u), (3.20)
S—— ——

where m; is the number of appearances of by in the multiset {b1,...,b,}={b;:7=1,...,n},

and we define
G(w,u) = det(V (u)2+w(B—by I)—wV (u) (A—ago])V (u)). (3.21)
We then deduce that
G(w, u) = det (V(u) (I—i—%(B—bll)—w(A—aOOI))V(u)>

1 1
=w"u"" "™ det <I+(Bb1[) - (Aa001)>
w u

1 1 (3.22)
="y det((—bl—i—am)]— <A—B>)
WU u
1
_ wnun—mlg ()\7 ) ]
U

Indeed, the first equality is obvious if we take into account that
B—bll = diag(O, ceay 0, bm1+1 —bl, veny bn —bl)

with exactly mq zeros in its diagonal. The next three equations follow from elementary

transformations.
Directly from (3.21), but also from (3.3) and (3.22) together with (3.16), we deduce

that g(w,u) is a polynomial in w and u, and is of order n in w.
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From (3.21) together with the properties used in (3.22) and the Leibniz formula for

determinants it follows that, as u—0,

§(w»u)=H(1—w(aa‘j—a00)) [T (w—w(bj—b1)—wulaz;—a))(1+0(u)). (3.23)
j=1 j=mi+1

Indeed, the product in (3.23) is formed by the diagonal elements of the matrix
M =V (u)*+w(B—b 1) —wV (u)(A—ag )V (u),

and the error term O(u) in the second line of (3.23) follows from the fact that each other
term in the Leibniz formula includes at least two off-diagonal elements of the matrix M
as factors. Each off-diagonal element of M contains the factor y/u, or it is zero since from
Assumption 1 in §2 it follows that for all elements mjj of M=(mj) with j, k=1, ...,mq,
j#k, we have m;,=0.

With (3.23) we are prepared to describe the behavior of the functions wy, ..., w, near
u=0, which then translates into a proof of the first part of (3.6).

For each u€C the n values wy(u), ..., w,(u) are the zeros of the polynomial

9(w,u) € Clw].
From (3.23) we know that
ma n
g(w,u) = w"™™ H(l—w(ajj—aoo)) H (bj—b1) asu—0.
j=1 j=mi+1

Therefore it follows by Rouché’s theorem that with an appropriate enumeration of the

functions wj, j=1,...,n, we have

1
. —— forj=1,...m,
lim w;(u) =14 @;j—aoo (3.24)

w0 0 for j=my+1,...,n,

which is a concretization of (3.18). Since we know from (3.19) that all functions wj,
j=1,...,n, are analytic in a neighborhood Uy of the origin, it follows from (3.24) that

1
wj(u)=—4+0(u) asu—0 for j=1,....,mq. (3.25)
ajj —aoo
From the correspondence (3.17) between the functions w; and A;, it then follows
from (3.25) that, for j=1,...,mq,

1 1 1
Aj(t) = w; (L)1) —bit+ago = a;; —ago —bit+ag+0O <t> =aj;—bjt+0 (t) (3.26)
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as t—o0. The last equation is a consequence of b;=b; for j=1,...,m;. With (3.26) we
have proved relation (3.6) for j=1,...,m;.

By the definition of m; and the ordering in (2.3) we have
by +1 > by =... =1
Let now mgy denote the number of appearances of the value b, +1 in the multiset
{bj:5=1,...,n}.

In order to prove relation (3.26) for j=mj+1,...,m1+mq, we repeat the analysis from
(3.14) until (3.26) with b; replaced by by, +1 and my by mg, which then leads to the
verification of (3.26) for j=m+1,...,m1 +ma.

Repeating this cycle for each different value b; in the multiset {b;:j=1,...,n} proves
relation (3.26) for all j=1,...,n, which completes the proof of (3.6), and concludes the
proof of assertion (ii).

We would like to add as a short remark that if all b;, j=1, ..., n, are pairwise different,
then the analysis in these last cycles could be considerably shortened since in such a case

one could proceed rather directly from (3.18) to the conclusion (3.26). O

3.2. The complex manifold R

If the polynomial g(A,t) in (3.1) is irreducible, then the solution X of (3.1) is an algebraic
function of order n, and its natural domain of definition is a compact Riemann surface
with n sheets over C (cf. [5, Theorem IV.11.4]). We denote this surface by Ry.

If, however, the polynomial g(A,t) is reducible, then we have seen in (3.1) and (3.2)
that the solution A of (3.1) consists of m algebraic functions A\, [=1,...,m. Each X\
has a compact Riemann surface R, [=1,...,m, as its natural domain of definition, and

therefore we have the disjoint union
Ry:= R)\JU...U'R)\’m (327)

as the natural domain of definition for the multivalued function A. In each of the two
cases, R is a covering of C with exactly n sheets, except that in the latter case Ry is
no longer connected. Within each Ry, [=1,...,m, the different sheets are separated by
cuts in the plane. By my: Ry —C we denote the canonical projection of Ry.

A collection of subsets {S;j) CRx:j=1,...,n} forms a system of sheets on R if the
following three requirements are satisfied:

(i) The restriction 7T)\‘S§\j) : Sg\j)%(: of the canonical projection 7y is a bijection for

each j=1,...,n.
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(ii) We have Jj_, SV=R,.

(iii) The interior points of each sheet ng) CRy, j=1,...,n, form a domain. Different
sheets are disjoint except for branch points. A branch point of order k>1 belongs to
exactly k+1 sheets.

Because of requirement (i) each sheet S/(\j ) can be identified with C, however, formally
we consider it as a subset of R.

While the association of branch points and sheets is specified completely in require-
ment (iii), there remains freedom with respect to the other boundary points of the sheets.
We assume that this association is done in a pragmatic way. It is only required that each
boundary point belongs to exactly one sheet if it is not a branch point.

Requirement (i) justifies the notational convention that a point of Sij ) is denoted
by tU) if 7y (t0))=teC.

The requirements (i)—(iii) give considerable freedom for choosing a system of sheets
on Ry. In order to get unambiguity up to boundary associations, we define a standard
system of sheets by the following additional requirement.

(iv) The cuts, which separate different sheets Sg\j ) in R, lie over lines in C that
are perpendicular to R. Each cut is chosen in a minimal way. Hence, it begins and ends

with a branch point.

LEMMA 3.6. There exists a system of sheets S/(\j)CR,\7 j=1,...,n, that satisfies the
requirements (1)—(1v). Such a system is essentially unique, i.e., unique up to the associa-
tion of boundary points that are not branch points. The domain Uy from Lemma 3.3 can
be chosen in such a way that each sheet Sij), j=1,...,n, of the standard system covers
Uy, i.e., we have

ma(Int(57))) D U, (3.28)

Proof. From part (i) of Lemma 3.3 it is evident that there exist n unramified sub-
domains in R over the domain U); they are given by the set F;l(UA). We can choose
U, CC as a disc around co. Because of Lemmas 3.1 and 3.2 it is then always possible to
start an analytic continuation of a given branch A;, j=1,...,n, at oo and continue along
rays that are perpendicular to R until one hits a branch point or the real axis. The first
case can happen only finitely many times. Each of these continuations then defines a
sheet ng ). and the whole system satisfies the requirements (i)—(iv), and also (3.28) is
satisfied. O

Each system {ng)CT\’,)\:jzl, ...,n} of sheets corresponds to a complete system of
branches A;, j=1,...,n, of the solution A of (3.1) if we define the functions \; by

Nj=dom 1, j=1,..,m, (3.29)

27
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with 7'(';; denoting the inverse of m| (), which exists because of requirement (i). If we
’ A
use the standard system of sheets, then the branches \;, j=1,...,n, are uniquely defined

functions.

Definition 3.7. In the sequel we denote by A;, j=1,...,n, the n branches of the
solution A of equation (3.1) that are defined by (3.29) with the standard system of sheets
{Sf\j) :j=1..n}.

The next lemma is an immediate consequence of the monodromy theorem.

LEMMA 3.8. Let A;, j=1,...,n, be the functions from Definition 3.7. Then for any

entire function g the function

is analytic and single-valued throughout C.

With the functions A;, j=1,...,n, we get a very helpful representation of the function
f from (1.1) and also of the determinant det((I—(A—tB)).

LEMMA 3.9. With the functions A;, j=1,...,n, from Definition 3.7, the function f

from (1.1) can be represented as

ft)=TreA B = Z e fortecC. (3.30)

j=1
It follows from Lemma 3.8 that f is an entire function.

Proof. From (3.1) it follows that for any ¢t€C the n numbers A;(t),..., A, (t) are
the eigenvalues of the the matrix A—tB. Let VA CC be the set of all t€C such that
not all Ay(t),..., A\, (t) are pairwise different. This set is finite. For every teC\V, the
n eigenvectors corresponding to Aq(t),..., A\, (t) form an eigenbasis. The nXxn matrix

To=To(t) with these vectors as columns satisfies
Ty H(A—tB)Ty = diag( M (t), ..., \n(2)). (3.31)
Since the trace of a square matrix is invariant under similarity transformations, (3.30)
follows from (3.31) and (1.1) for t¢V,, and by continuity for all teC. O
LEMMA 3.10. With the functions Aj, j=1,...,n, from Definition 3.7 we have

((—=Aj(t))=det(¢I—(A—tB)) for(¢,teC. (3.32)

n
=1

J
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Proof. From (3.31) we deduce that
Ty (1= (A=tB))Ty = diag(C A1 (£), .. C = An (1)
for each (€C and t€C\V,, which then proves (3.32). O

In the last lemma of this section we lift the complex conjugation from C to R.

LEMMA 3.11. There exists a unique anti-holomorphic mapping o: Rx—Ry such that

mac0(z) =7ma(2z) for all z€ Ry (3.33)
and that Q|7T;1(]R) is the identity.

Proof. We start with the problem of existence. By requirement (i) of the standard
system of sheets {Sg\j):jzl ...n} on Ry, we can define ¢ on each S/(\j),jzl, .y, by a
direct transfer of the complex conjugation from C to S/(\j ). Note that each of the 7T)\(S§\j )),
j=1,...,n, is invariant under complex conjugation because of requirement (iv) and since
each \; is of real type. It is not difficult to see that this piecewise definition of o is well
defined throughout R, and possesses the required properties.

The uniqueness of ¢ is a consequence of the fact that g|7r;1(R) is the identity map.
Indeed, let o1 and g2 be two maps with the required properties. Then 1001 and 0102
are both analytic maps from Ry to Ry. On ﬂ';l(R) both maps are the identity, and

consequently p1001 and g;1°p02 are both the identity map on Ry, which proves o1 =9,. 0O

4. First part of the proof of Theorem 1.6

In this section we prove all assertions of Theorem 1.6 except for the positivity of the

measure (4, g, which will be the topic of the next section.

4.1. Equivalence of (1.13) and (1.14)

LEMMA 4.1. For each t>0 we have

ZTM?{ M HCaC =0 (4.1)
j=1 Ci

with C; and A; as specified in Theorem 1.6.

Proof. From Lemma 3.3 it is obvious that we can choose all C}, j=1,...,n, to be
identical to a single curve C'CC such that all Ay, ..., A, are analytic on and outside of C.
We interchange summation and integration in (4.1), and deduce from Lemma 3.8 that
Sy eOF =l | eAi(O) s an entire function, which proves (4.1). a
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From (4.1) it follows immediately that the representations (1.13) and (1.14) in The-

orem 1.6 for the density function w4 g are equivalent.

4.2. Proof of (1.12)—(1.14)

We use (1.12) and (1.13) in Theorem 1.6 as an ansatz for a measure 14 p and show by
direct calculations that this measure satisfies (1.2).

From (1.13) it is evident that wa p(t)=0 for 0<t<by; and since we know from the
last subsection that (1.13) and (1.14) are equivalent representations, we further deduce
from (1.14) that also w4, p(t)=0 for t>b,,. From (1.12) and (1.13) we then get

/ 3 dpa Z e%ii o~ tbs +Z I(t (4.2)

with
k

br+1 1
/ Z j{ A (Q)+s(C—t) d{ds k=1,...,n—1. (4.3)
= 211

As in the proof of Lemma 4.1, we assume again that all integration paths Cj, j=1,...,n,
in (4.3) are identical with a single curve C'CC such that all A1, ..., A, are analytic on and

outside of C with a simple pole at infinity. Because of Lemma 3.2 we may assume that
R, CExt(C). (4.4)

After these preparations we deduce from (4.3) that

S

—1

1 b
-3 77{ exk(o/ =€) ds d¢
2 e C br

n
k=1

n—

H
‘ =

_ dg
Ak (C) bn(( t) C t)
MO (e )=

DO
3

i (4.5)
1

™

M (0) ghi(c—1) S
C—t

i
T~ IO~

I\Eﬂi

>
Il
—

( Ak () _eakk—tbk )

p”qﬁ

—

/-\X‘
Il

Indeed, the first equality in (4.5) is a consequence of Fubini’s theorem and (4.3), the
second one follows from elementary integration, and the third one follows in the same
way as the conclusion in the proof of Lemma 4.1. We give some more details, and deduce

with the help of Lemma 3.8 that

v % MO ghatc-n 4C _ 1 f D P e S
b1 271 C <—t 271 C b1 C—t ’
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which then proves the third equality in (4.5). Notice that t€Ext(C). For a verification
of the last equality in (4.5) we define the functions ry, k=1, ...,n, by

)\k(z)—i—bkz = akk—i—m(z).

It then follows from (3.6) in Lemma 3.3 that r;(co0)=0 for k=1, ...,n, and obviously each
rk is analytic on and outside of C'. Since C' is positively oriented, it follows from Cauchy’s
formula that
1 % A (e 4C e ?{ e AC _em Tt ]{ (o) 46
2w Jo ¢—t 2mi Jo ¢—t 2mi C ¢—t
— Okk—tbk (erk(t) -1)= ek (t) _ park—tby

for each k=1, ...,n, which completes the verification of the last equality in (4.5).
By putting (4.2) and (4.5) together we arrive at (1.2), which proves that (1.12) and
(1.13) is a representation of the measure p4 p that satisfies (1.2). From §4.1 it then

follows that also (1.12) in combination with (1.14) defines the same measure pa p.

4.3. Proof of the inclusion (1.15)

Since before (4.2) we have verified that wa, p(t)=0 for 0<t<b; and for ¢>b,, inclu-
sion (1.15) in Theorem 1.6 follows from (1.12).

From (4.3) it is immediately obvious that the density function w4, g is the restriction
of an entire function in each interval of the set [b1, b,]\{b1, ..., b, }

4.4. Remark about the proof of (1.12)—(1.14)

In §4.2 the representation of the measure 14,5 in Theorem 1.6 has been proved with the
help of an ansatz. This strategy is very effective, but it gives no hints how one can sys-
tematically find such an ansatz. Actually, the expressions in (1.12) and (1.13) were only
found after a lengthy asymptotic analysis of the function (1.1) with a subsequent appli-
cation of the Post—-Widder formulae for the inversion of Laplace transforms. Interested

readers can find this systematic, but laborious, approach in [20].

5. The proof of positivity

For the completion of the proof of Theorem 1.6 it remains only to show that the measure
ta,B is positive, which is done in this section. The essential problem is to show that

the density function wa g given by (1.13) or by (1.14) in Theorem 1.6 is non-negative in
[b1,b0]\{b1, ..., O}
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5.1. A preliminary assumption

In a first version of the proof of positivity we make the following additional assumption,

which will afterwards, in §5.4, be shown to be superfluous.

Assumption 3. We assume that the polynomial g(\,¢) in equation (3.1), which is

identical to the polynomial in (1.10), is irreducible.

For the convenience of the reader we list the definitions from §3 that will be especially
important in the next subsection. Some of them now have special properties because of
Assumption 3.

(i) The solution A of equation (3.1) is an algebraic function of degree n (cf. §3.1).

(ii) The covering manifold Ry over C from §3.2 is now a compact Riemann surface
with n sheets over C. As before, by my: Ry—C we denote its canonical projection.

(ili) The n functions A;, j=1,...,n, from Definition 3.7 are n branches of the single
algebraic function A.

(iv) By Cj, j=1,...,n, we denote n Jordan curves that are all identical with a single
curve C'CC, and this curve is assumed to be smooth, positively oriented, and chosen in
such a way that each function Aj;, j=1,...,n, is analytic on and outside of C'

(v) The reflection function g: Ry—R from Lemma 3.11 is the lifting of the complex
conjugation from C onto Ry, i.e., we have mx(0(¢))=mr(C) for all CERy. By R, CRx
we denote the subsurface R, :={z€R :Im7)(z)>0}, and by R_CR, the corresponding

subsurface defined over base points with a negative imaginary part; R, and R_ are

bordered Riemann surfaces over {z:Im 2>0} and {z:Im z<0}, respectively.

5.2. The main proposition

The proof of positivity under Assumption 3 is based on assertions that are formulated

and proved in the next proposition.

PROPOSITION 5.1. Under Assumption 3, for any t€(br,br41) with I€{1,...,n—1}
there exists a chain ~y of finitely many closed integration paths on the Riemann surface
R such that

Im eMO+tmAC) — for all €, (5.1)
i % 6)\(()+th(0 dC <0, (52)
211 ~
I
1 A(Q)+tma (C) 1 j{ A ()
1 ” d _ L j z z d 5.3
5 %;6 q ]z:; 211 c; € Z, (5.3)
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and as a consequence of (5.2) and (5.3) we have
> QL]{ X (Hz g 50, (5.4)
bj<t 7TZ Cj

The definition of the objects wx, A, Aj, Cj, j=1,...,I, in (5.1)~(5.4) were listed in (i)—(iv)
in the last subsection.

The proof of Proposition 5.1 will be prepared by two lemmas and several technical
definitions. Throughout this subsection the numbers t€ (by,by4+1) and I€{1,...,n—1} are
kept fixed, and Assumption 3 is effective.

We define

D,:={(eRy:£Immy(¢) >0 and £Im(A(¢)+tmr(¢)) >0},

_ (5.5)
D:=Int(D,UD_).
The set DCR ) is open, but not necessarily connected. Since the algebraic function A is of
real type, we have o(D.)=D; and D.CR. with the reflection function ¢ and Riemann
surfaces Ry and R_ from (v) in the listing in the last subsection.
By CrCR, we denote the set of critical points of the function Im(A+¢my), which
are at the same time the critical points of Re(A+tmy), and the zeros of the derivative

(Atmy)’. Since Ry is compact, it follows that Cr is finite.

LEMMA 5.2. (i) The boundary 0D CRy consists of a chain

Y="+t. K (5.6)

of K piecewise analytic Jordan curves 7y, k=1,..., K. The orientation of each ~y,
k=1,...,K, is chosen in such a way that the domain D lies to its left. The curves g,
k=1, ..., K, are not necessarily disjoint, however, intersections are possible only at critical
points (€Cr.

(ii) The choice of the Jordan curves vy, k=1,..., K, in (5.6) can be done in such a
way that each of them is invariant under the reflection function o except for its orienta-
tion, i.e., we have o(vyg)=— for k=1,..., K.

(iii) Let 2sy be the length of the Jordan curve g, k=1, ..., K; with a parametrization
by arc length we then have vg: [0,2s;] 0D CRy. The starting point v(0) can be chosen

i such a way that
(0, 5)) CODN\THR)  and  vi((sk,2sx)) COD_\7y '(R). (5.7)
(iv) The function
Re(Aeyp+t(mrek))

is increasing on (0, sy), decreasing on (sk,2sy), and these monotonicities are strict at

each (€ \ (Crumy '(R)).



PROOF OF THE BMV CONJECTURE 277

Proof. The function Im(A+#y) is harmonic in Ry \ 7} ' ({oo}). As a system of level
lines of a harmonic function, 9D consists of piecewise analytic arcs, and their orientations
can be chosen in such a way that the domain D lies to the left of 9D. Since OD\Cr
consists of analytic arcs, locally each (€9D\ Cr touches only two components of Rx\0D,
and locally it belongs only to one of the analytic Jordan subarcs of 9D\ Cr. Globally, for
each (€0D there exists at least one Jordan curve 7 in 0D with ( €5, but this association is
in general not unique, different choices may be possible, and the cuts that are candidates
for such a choice bifurcate only at points in Cr. By a stepwise exhaustion it follows that

0D is the union of Jordan curves, i.e., we have
OD=v=~1+v2+.... (5.8)

Different curves v, may intersect, but because of the implicit function theorem, intersec-
tions are possible only at points in Cr.

After these considerations it remains only to show in assertion (i) that the number
of Jordan curves ~; in (5.8) is finite; basically this follows from the compactness of R .
If we assume that there exist infinitely many curves 7 in (5.8), then there exists at least
one cluster point z*€R ) such that any neighborhood of z* intersects infinitely many
curves y; from (5.8). Obviously, z*€m, *({oco}) is impossible. Let z:V—D be a local
coordinate of z* that maps a neighborhood V of z* conformally onto the unit disc D
with z(z*)=0. The function

g:=Tm(Atmy)oz™!

is harmonic in D and not identically constant. If g has a critical point of order m at the
origin, then, by the local structure of level lines near a critical point, small neighborhoods
of the origin can intersect only with at most m elements of the set {z(yx|v):k=1,2,... }.
If, on the other hand, g has no critical point at the origin, then it follows from the implicit
function theorem that small neighborhoods of the origin can intersect with at most one
element of the set {z(vx|v):k=1,2,... }. Hence, the assumption that z* is a cluster point
of curves v from (5.8) is impossible, and the finiteness of the sum in (5.8) is proved,
which completes the proof of assertion (i).
For each Jordan curve v, k=1,..., K, in (5.6) we deduce from (5.5) that

% Im(A(Q)+tma(¢)) >0 for each ¢ €y,N(R+\Cr), (5.9)

and since the orientation of D=+ has been chosen in such a way that D lies to the left
of each i, we further have

% Re(A(¢Q)+tmx(¢)) >0 for each ¢ €y, N(R,\Cr) (5.10)
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by the Cauchy—Riemann differential equations. In (5.9), d/0n denotes the normal de-
rivative on 7 pointing into D, and in (5.10), 9/0u denotes the tangential derivative. In

R_, we get the corresponding inequality

(,% Re(A(¢)+tmA(€)) <0 for each ¢ €vN(R_\Cr). (5.11)

Since A is a function of real type, we deduce with the help of the reflection function
o that
(Ae0)(€)+t(mre0)(¢) = A(Q) +ima(¢) for CERA,

and therefore also that
0(0D)=0D. (5.12)

As a first consequence of (5.10) and (5.11) we conclude that none of the Jordan
curves 7, in (5.6) can be contained completely in R, or R_. Indeed, if we assume that
some 1, is contained in R, then it would follow from (5.10) that Re(A+tmy) could not
be continuous along the whole curve .

Aseach v, k=1,..., K, in (5.6) intersects at the same time R, and R _, it follows that
all curves % can be chosen from 9D in the exhaustion process in the proof of assertion
(i) in such a way that o(vy;)=—y for each k=1, ..., K, which proves assertion (ii). We
remark that a choice between different options for a selection of the v, k=1, ..., K, exists
only if some points of the intersection 7 ﬂﬂ';l(R) belong to Cr.

From the fact that each v, in (5.6) is a Jordan curve, which is neither fully contained
in R, nor in R_ and that we have o(vy;)=—7x, we deduce that v,Nmy '(R) consists of
exactly two points. By an appropriate choice of the starting point of the parametrization
of vx in N7y ' (R) it follows that (5.7) is satisfied, which proves assertion (iii).

The monotonicity statements in assertion (iv) are immediate consequences of (5.10)

and (5.11), which completes the proof of Lemma 5.2. O

LEMMA 5.3. We have

L. }{ MO de <0 for each k=1,..., K. (5.13)
27 ),

Proof. We abbreviate the integrand in (5.13) by
g(¢) =MD Ce R\ ({o0}),

and assume k€{1,..., K} in (5.13) to be fixed.
From assertion (i) in Lemma 5.2 we know that Im ¢(¢)=0 for all { €y, from assertion
(iv) we further know that Re g(¢)=g({) is strictly increasing on ;N (R \Cr), from (5.7)
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that 7, NR, is the subarc Y |(o,s,), and from the proof of assertion (iv) it is evident that

also the following slightly stronger statement
(govk)' () >0 for 0<s<sy and yx(s) ¢ Cr (5.14)
holds. It further follows from (5.7) that we have
Immyoy,(0) =Immyoyi(sy) =0 and Immyeyi(s) >0 for 0<s < sp. (5.15)
Let the coordinates z, x and y and the differentials dz, dr and dy be defined by
m(()=z=a+iyeC, (€, and dz=dx+idy,

and let these coordinates and differentials be lifted from C onto Ry, where we then have
¢=¢&+in and d¢=dé+idn. Taking into consideration that o(yx)=—"x, 0(d¢)=d(, and
(9°0)(¢)=g({)=g(¢) for all (€7, we conclude that

L d gac=-L / N o(O)(detidn) + - /  g(Oe+idn)

2i ~a T omi 27
1
= / 9(¢) dn
T JwnDy (5.16)
1 [%*
— = [ (gom)s) (i) (s) ds
0
1

sk

= [ o) o) (o) (s) ds <o
0

Indeed, the first three equalities in (5.16) are a consequence of the specific symmetries

and antisymmetries with respect to ¢ that have been listed just before (5.16). From

the three equalities we consider the second one in more detail, and concentrate on the

transformation of the second integral after the first equality. We have

L / 9(O)(de-+idn) = — = 9(C)(de—idn) = —— / 9(C) (—dé +i dn),
YeND_ YeNDy

2mi 2mi Jynp, 2mi
which verifies the second equality. The last equality in (5.16) follows from integration by
parts together with the equalities in (5.15). The inequality in (5.16) is then a consequence
of (5.14) and the inequality in (5.15). O

Proof of Proposition 5.1. The chain v of oriented Jordan curves (5.6) introduced
in Lemma 5.2 is the candidate for the chain ~ in Proposition 5.1. Equality (5.1) and
inequality (5.2) have been verified by Lemmas 5.2 and 5.3, respectively. Identity (5.3)

and its consequence (5.4) remain to be proved.
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As integration paths C;, j=1,..., I, on the right-hand side of (5.3) we take the com-
mon Jordan curve C from (iv) in the listing in the last subsection. The set 7} ' (Ext(C))
consists of n disjoint components if C' is chosen sufficiently close to infinity; it then also
follows that all branch points of A are contained in Ry \7} ' (Ext(C)). Further, we have

>0 forall zeC with Imz>0,

Tm(\, (2)+# i=1,..,1, 5.17
m((2) Z){<O for all z € C with Im 2 <0, ’ o

and

<0 forall z€ C with Imz>0

Im(\;(2)+tz ’ j=I+1,...,n. 5.18
(=) ){>O for all z € C' with Im z <0, J ( )
A choice of C with these properties is possible because of (3.6) in Lemma 3.3 and the

assumption that b; <...<br<t<bry1<...<by.

Next we define

Dg:=D\7 "(Ext(C)) C Rx. (5.19)
From (5.17), (5.18) and (5.5) it follows that exactly I of the n components éj CRy,
j=1,...,n, of 7, ' (Ext(C)) are contained in D. Each 6j lies in a different sheet 55\7)7
j=1,...,n, of the system of standard sheets introduced in Lemma 3.6. The enumeration

of the sheets Sg\j) corresponds to that of the functions A; as stated in (3.29). Let CN'j CRa,
j=1,...,n, denote the lifting of the oriented Jordan curve C' CC onto ng) CRx. We then

have 75 (C;)=C;=C for j=1,...,n, and from (3.29) it follows that
AC) =\ (ma(Q)) for CeCy, j=1,...,n. (5.20)

Since 5j:86j for j=1,...,n, the open set Dy lies to the left of each CN'j. Together
with assertion (i) of Lemma 5.2, it follows from (5.19) that the chain

’Y+6’1+...+61:71+...+’7K+51+...+5[CRA (5.21)
forms the contour Dy with an orientation for which Dg lies everywhere to its left. By

Cauchy’s theorem we have

1

— ¢ _MOHTO) ge =, (5.22)
270 J oyt G4t

Identity (5.3) follows immediately from (5.22) and (5.20). Inequality (5.4) is a conse-

quence of (5.2) and (5.3), since we have

T

§ L% M (OFC e = E i?{ M O+ g = _i % MO ge > 0. (5.23)
2mi Jo, — 211 Jo. 2me

b]'<t J j=1 J Yy D
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5.3. A preliminary proof of positivity

With Proposition 5.1 we are prepared for the proof of positivity of the measure p14 p
in Theorems 1.6 under Assumption 3, which then completes the proof of Theorem 1.6

under Assumption 3.

Proof of positivity under Assumption 3. From representation (1.12) in Theorem 1.6

it is obvious that the discrete part
dug = Z e%ii (ng = Z eI (Sb]' (5.24)

of the measure p14 p is positive. From (5.4) of Proposition 5.1 it follows that the density
function wa g in (1.13) of Theorem 1.6 is positive on

[517 l;n]\{gh (XX} l;’ﬂ} = [blvb’ﬂ]\{blv '--7b’ﬂ}7

which proves the positivity of the measure pa p. Notice that the last identity holds

because of Assumption 1 in §2. O

Under Assumption 3, relation (1.15) in Theorem 1.6 is proved in a slightly stronger

form.

LEMMA 5.4. Under Assumption 3 we have wa g(t)>0 for all t€by,by)\{b1,...,0n}

and
supp(tea, ) = [by, bn] = [b1, bn). (5.25)

Proof. The lemma is an immediate consequence of the strict inequality in (5.4) in
Proposition 5.1. [

5.4. The general case

In this subsection we show that Assumption 3, which has played a central role in §5.3,
is actually superfluous for the proof of positivity of the measure y14 p in Theorems 1.6.
For this purpose we have to revisit some definitions and results from §3.1 and §3.2.

If the polynomial g(A,t) in (3.1) is not irreducible, then it can be factorized into
m>1 irreducible factors gq)(A,t), [=1,...,m, of degree n; as already stated in (3.1). For
the partial degrees n; we have ni+...+n,, =n. Each polynomial g(l)()\, t), 1=1,...,m, can
be normalized in accordance with (3.4).

The m polynomial equations (3.2) define m algebraic functions ), [=1,...,m, and

each of them has a Riemann surface Ry, [=1,...,m, with n; sheets over C as its natural



282 H. R. STAHL

domain of definition. The solution A of equation (3.1) consists of these m algebraic
functions, and its domain of definition is the union (3.27) of the m Riemann surfaces
R, 1=1,...,m.

Each algebraic function A, (=1, ..., m, possesses n; branches A\, x, k=1, ..., n;, which
are assumed to be chosen analogously to Definition 3.7, but with a new form of indices.
After (3.4) we have denoted by

J{k) k=1, n,l=1,...m}—{1,..,n}

a bijection that establishes a one-to-one correspondence between the two types of indices
that are relevant here. We may assume that this correspondence has been chosen in such
a way that

bj,1) <o <bjn,) foreachl=1,..,m, (5.26)

and in the new system of indices (3.6) in Lemma 3.3 takes the form

1
)\j(l,k)(t):)\l,k(t):aj(l,k),j(l,k)_bj(l,k)t+0(t) as t— o0 (5.27)
for k=1,...,ny, I=1,...,m.
We define
ny 1
t):= — Ak ge for [=1, ... 2
wA,B,l( ) I; 27ri él’k e C or y ey T (5 8)

ik <t

with Cyx=Cjq k). From (5.28) it follows that in (1.13) and (1.14) in Theorem 1.6 we

have

wA,B(t)=ZwA7B7l(t). (5.29)
=1

Under Assumption 3 the new definitions remain consistent in a trivial way with m=1.
In the general proof of positivity of the measure ;1 4, the next proposition will take

the role of Proposition 5.1.

PROPOSITION 5.5. (i) For each l€{1,...,m} with nj=1 we have
wa,pi(t)=0 forall teR,. (5.30)
(i1) For each le{1,...,m} with n;>1 we have

>0 fOT’ all t e [bj(l,l)a bj(lﬂll)] \{bj(l,l)a . bj(lﬂ’bl)}?

w t
A8 ){ =0 for all t€R\[bj1.1),bjrnn)-

(5.31)

Each function wa g, l=1,...,m, is the restriction of an entire function in each interval

of [0ja1,1),b5t,n) ] \{bjt,1)5 -+ Ojciny) }-
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Proof. Equality (5.30) and the equality in the second line of (5.31) follow from (5.28)
and the analogue of Lemma 4.1, which also holds for each complete set of branches \; 1,
k=1,...,n, of the algebraic function Ay, I=1,...,m. In the case of the second line in
(5.31) we have also to take into consideration the ordering (5.26).

For the proof of the inequality in the first line of (5.31) we have to redo the analysis
in the proofs of Lemmas 5.2 and 5.3, and of Proposition 5.1, but now with the role of
the algebraic function A, the Riemann surface R and the branches A;, j=1,...,n, taken
over by Ay, Ray and A g, k=1, ..., ny, respectively, for each =1, ...,m with n;>1. It is
not difficult to see that this transition is a one-to-one copying of all steps of the earlier
analysis, and we will not go into further details. The inequality in the first line of (5.31)
follows then together with (5.28) as an analogue of (5.4) in Proposition 5.1.

It follows from (5.28) that each w4 g is the restriction of an entire function in each
interval in [bj,1y, 050,n)] \{0j,1)5 -5 Oja,n } for I=1,...,m. O

5.5. General proof of positivity

With (5.28) and Proposition 5.5 we are prepared for the proof of positivity without

Assumption 3.

General proof of positivity. Since the discrete part (5.24) of the measure pa p is
positive, it remains only to show that the density function w4, g in (1.13) of Theorem 1.6
is non-negative in [by, bp]\{b1, ..., b } =[b1, bp]\{b1, ..., b }. But this follows immediately
from (5.31) and (5.30) in Proposition 5.5 together with (5.28). Notice that, because of

Assumption 1 in §2, we have i)j:bj for j=1,...,n. O

6. Summing up the proofs of Theorems 1.3 and 1.6

All assertions of Theorem 1.6, except for the positivity of the measure p14 5, have been
proved in §4, and after the proof of positivity in the last section, the proof of Theorem 1.6
is complete.

Theorem 1.3 is an immediate consequence of Theorem 1.6.

7. Proof of Proposition 1.2

The proof of Proposition 1.2 is given in two steps. In the first one, formulae (1.5) and
(1.6) are verified. After that, in §7.2, it is shown that the density function wa p(x) in
(1.6) is positive for by <x<by. In the last subsection, representation (1.6) of the density

function wa, p in Proposition 1.2 is compared with the corresponding result in [17].
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7.1. Proofs of representations (1.5) and (1.6)

Representation (1.5) of the general structure of the measure u4 p follows as a special
case from the analogous result (1.12) in Theorem 1.6. From (1.13) we further deduce

that the density function wa p in (1.5) can be represented as

1
wa,p(z) = 7,]{ eMOFTC e for by < x < b, (7.1)
27 Jo,
with A1 being the branch of the algebraic function A of degree 2 defined by the polynomial

equation
g()\, t) = det()\I—(A—tB)) = ()\+b1t—a11)()\+b2t—a22)—|a12|2 =0 (72)

that satisfies )
Al(t)a11b1t+0<t) as t — 00. (73)

Further, the integration path Cy in (7.1) is a positively oriented Jordan curve that con-
tains all branch points of the function A in its interior. From (7.2) and (7.3) it follows

that i is explicitly given by

A () = 3 [(a22+a11) = (ba4b1)t++/[(a11 —aa) + (ba—b1 )t]>+4a12? ],  (74)

with the sign of the square root in (7.4) chosen in such a way that Vv ...a(by—by)t for ¢
near co. Evidently, A; has the two branch points
 2|aqs|

a22 — @11
t10= +1 .
b2 by —by by —by

(7.5)

The main task is now to transform the right-hand side of (7.1) into the more explicit
expression in (1.6). In order to simplify the exponent in (7.1), we introduce a new variable

v by the substitution
a2 —a11 2
t(v) = :
= = T

veC, (7.6)

which leads to

(et (0)-+at(v) = Ll tamleby)  BooCath), | o op

ba—by b — b1 (7.7)
o an(bg —1‘)+a22(1‘—b1)
- +g(U),

ba—bq

with

22— (ba+b
ote) = 2 PP (739)
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Notice that if  moves between b; and by, then the first term in the second line of (7.7)
moves between a1 and ase, and the coefficient in front of v in the second term moves
between —1 and 1. The assumption made after (7.4) with respect to the square root
transforms into \/W ~wv for v near co. It is evident that g is analytic and single-
valued throughout C\ [~i|a12], i|a12|]. From (7.7) and (7.1) we deduce the representation

2 a11(by—x)+azy(x—b1)) 1 ?{ 9(v)
wa p(z)= T exp< by b1 2mi e\ dv, (7.9)

where again C} is a positively oriented Jordan curve, which is contained in the ring
domain C\[—i|a12]|,%|a12|]. Shrinking this curve to the interval [—i|aiz],%|a12|] yields
that

1 <a11(b2—x)+a22(;v—b1))

wA’B(x):(

by—bi)m by—by (7.10)
laiz] _ ]
X/ exp (Zb2+b12xv> (e\/\am\?fq)’z 767\/|a12‘2,1)2 ) dv,
—la1z] ba—by
and further that
_ 4 a11(ba—x)+aga(x—0b1)
oanlo) = g e (L (7.11)

ozl by —2
x/ cos<22_1bxv> sinh(\/ la1z|> —v? ) dv,
0 2—01

which proves formula (1.6).

7.2. The positivity of wa,B

Since Proposition 1.2 is a special case of Theorem 1.6, and since the matrices A and B
have been given in the special form of Assumption 3 in §5.1, the positivity of wa, p(x)
for by <z <bs has in principle already been proved by Proposition 5.1. However, the
prominence of the positivity problem in the BMV conjecture may justify an ad hoc proof
for the special case of dimension n=2, which is simpler than the general approach in §5,
and may also serve as an illustration for the basic ideas in this approach.

From (7.1) and (7.7)—(7.9), it follows that we only have to prove that

1 2 [
Ip:=— 9 dc=2= / cos(bv) sinh(v/a?—v?) dv >0 (7.12)
0

2w Jo, s
with the function g defined in (7.8), a and b being abbreviations for

2177([)2%’[)1)

a:=l|aj2] and b:=b(x)= by ,
—bi

(7.13)
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respectively, and C7 being a positively oriented integration path in the ring domain
C\[—ia,ia].

Obviously, we have —1<b(xz)<1 for by <x<by. The value Iy of the second inte-
gral in (7.12) depends evenly on the parameter b, and I is obviously positive for b=0.
Consequently, we can, without loss of generality, restrict our investigation to values of
z€(by, by) that correspond to values b€ (—1,0), and they are by < <3 (b1 +b2).

For a fixed value z€ (bl, %(bl +b2)) we now study the behavior of the function g of
(7.8) in C\[—ta,ia]. Because of the convention with respect to the sign of the square
root in (7.8), we have

9(z) = (14+b)z for z~o0. (7.14)

The function Im g is continuous in C, harmonic in C\[—ia, ia], we have

Img(z)=—Img(z) for zeC,

and
i ‘
Img(z):blmz{ <0 for ZG(O’_ML (7.15)
>0 for z €[—ia,0).
From (7.14), (7.15), 1+b>0 and the harmonicity of Im g, we deduce that the set
{#z:Img(z) =0} =RU~y (7.16)

implicitly defines an analytic Jordan curve «y, which is contained in C\[—ia,ia]. We
parameterize this curve by ~: [0, 27r] —C in such a way that it is positively oriented in C
and that

Y C{z:Imz>0}, ~(0)=:r0>0 and ~y(2r—t)=~(t) forte(0,x]. (7.17)
From (7.16) it follows that g is real on . Further, we have
(go7)'(t) <0 for te(0,m). (7.18)

Indeed, if we set D :=Ext(y)N{z:Im 2>0} and D_:=Int(y)N{z:Im 2 >0}, then it follows
from (7.14), 1+b>0, (7.15) and (7.16) that

>0 forzeD,,
<0 forzeD_,

Im g(Z){
and with the harmonicity of Im g we deduce that

0
(371 Im g> oy(t)<0 for t€(0,7),
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where 9/9n denotes the normal derivative on -y pointing into D_. The inequality in (7.18)
then follows by the Cauchy—Riemann differential equations and the fact that goy=Re goy.

With the Jordan curve v and the inequality in (7.18) we are prepared to prove the
positivity of the integral Iy in (7.12). Using v as integration path in the first integral in
(7.12) yields that

T omi

1 27
In=— / eI 7O (1) dt
0

1 us
== Im/ eIV (1) dt
T J (7.19)

1 1 4
= e O30t [ ger) (e Or(0
s s 0

1

T / (9°7)' (£)e?® Tm~(t) dt > 0.
0

Indeed, the second equality in (7.19) is a consequence of the symmetry relations

(g=n)(t) =(go7)(2m—t), y'(t)=—+'(27—1), and ~(t)=~(2r—1)

for t€[0,27). The next equality follows from partial integration, and the last equality
is a consequence of Im~(0)=Im~(7)=0 and Im(ge7)(t)=0 for t€[0,2n). Finally, the
inequality in (7.19) is a consequence of (7.18) together with Im~(¢)>0 for t€(0, 7).

With (7.19) we have verified that wa, g(x)>0 for all z€ (b1, b2), which completes the
proof of Proposition 1.2.

7.3. A comparison with the solution in [17]

In [17, Formulae (2.13)—(2.16)] an explicit representation for the measure p4 g has been

proved for the case of dimension n=2, in which the expression of the density function

wy, p differs considerably in its appearance from representation (1.6) in Proposition 1.2;

it reads(?) as

a11(by—x)+aga(x—0b1)
ba—b1

wa,B () exp( >G12(x) (7.20)

with

> ae|¥ (be—xz)"L(z—by )L
Glz(x)zzjl(;ﬂl)!(2 (b)gbl()%i) , b <z <by, (7.21)

j=1

(?) Formula (2.15) of [17], which is reproduced here as (7.21), contains a misprint; there is written
erroneously 2n+1 instead of 2n—1 in the exponent of the denominator. The correction can easily be
verified by following its derivation starting from [17, (2.11)].
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where we use the terminology from Proposition 1.2. The representations (7.21) and
(1.6) have not only a rather different appearance, they have also been obtained by very
different approaches. However, they are identical, as will be shown in the next lines. We
have to show that
Giz(x)= 4 /|a12| cos<b2+b1_2xu> Sinh(\/m) du (7.22)
(be—b1)7 Jo ba —bq
for by <z <bs.

We use the same abbreviations a and b as in (7 13). From

162 w2 (a2 —u?)k
cos(bu) sinh (/a2 —u?) Z k=T (e —u)
(25)!

2 — 2

and

u? (a® —u?)* du:az(j+k)r(j+%)r(k+%) — 20+ (25)!(2k)!
0o Va*-u? (J+k)! 220+k) (j+k)!jlk!

we deduce that

/ cos(bu) sinh(\/W) du=m Z Z(_l)jb2ja2(j+k)
0 ;

4—(+k)
(+k)151(k—1)!

Z4”n'n 1'2 (n—j— l)bQJ

b2 n—1
4 Z n‘ (n—1)! ( 4 )
|a12|2” "E)nil(x*bl)nil
=1 Z -

n' n 1 (b2_b1)2(n—1)

(7.23)

The last equality in (7.23) follows from

1-0* _1(, (batbi—2x 2\ (be—a)(z—by)
4 4 by —b1 I CEN
With (7.23), the identity (7.22) is proved.
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