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Introduction

Recall that a Poisson structure on a manifold M is a Lie bracket {-,-} on the space
C*° (M) of smooth functions on M which acts as a derivation in each entry, that is

{f,gh}y ={f,gth+{f.h}g, f,g,heC=(M).

A Poisson structure can also be given by a bivector 7€ X2 (M) satisfying [r, 7]=0 for the
Schouten bracket. The Lie bracket is related to m by the formula

(m.df ndg) ={f,g}, f,g€C™(M).
The Hamiltonian vector field of a function feC> (M) is

Xp={f,-}eX(M).
These vector fields span an involutive singular distribution on M, which integrates to

a partition of M into regularly immersed submanifolds called symplectic leaves. These

leaves are symplectic manifolds, the symplectic structure on the leaf S is given by
wg =75 € Q*(S).

The zero-dimensional symplectic leaves are the points x€M where 7 vanishes. At
such a fixed point x, the cotangent space g, =7, M carries a Lie algebra structure, called

the isotropy Lie algebra at x, with bracket given by

[dwf;da:g] ::da:{fag}’ fvgeCOO(M)'

Conversely, starting from a Lie algebra (g, [-, -]) there is an associated Poisson structure

mg on the vector space g*, called the linear Poisson structure, defined by

{f,9}e = (& ldef, degl),  f,9€C>(g").

So, at a fixed point x, the tangent space 1, M =g, carries a canonical Poisson structure
7y, Which plays the role of the first-order approximation of (M, ) around z in the realm

of Poisson geometry. We recall Conn’s linearization theorem [2].
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CONN’S THEOREM. Let (M,w) be a Poisson manifold and x€M be a fixed point
of w. If the isotropy Lie algebra g, is semisimple of compact type, then a neighborhood
of  in (M,n) is Poisson-diffeomorphic to a neighborhood of the origin in (g%, mg, ).

Conn’s proof is analytic, it uses the fast convergence method of Nash and Moser. A
new proof of Conn’s theorem, which uses Poisson-geometric techniques, is now available
in [6]. This geometric proof was adapted to the case of general symplectic leaves [7], and
the outcome will be explained in the sequel.

Recall that the cotangent bundle of a Poisson manifold (M, 7) is canonically a Lie

algebroid (T*M, [, -], 7*) with anchor given by the map

t T*M — TM,

ar—7(a,-), a€T*M,
and the Lie bracket given by the expression
[av ﬁ]ﬂ = Lﬂ'ﬁ(a)(ﬁ) _L'rrn(ﬁ) (O[) _dﬂ—(av 6)7 a, ﬁ € F(T*M)

Generalizing the isotropy algebra from the case of fixed points, one associates with
a symplectic leaf (S,wg) a transitive Lie algebroid Ag:=T*M]|s over S, which is the
restriction of T*M to S, and is called the restricted Lie algebroid.

Conversely, using the data of a transitive Lie algebroid (A, [-, -], 0) over a symplectic
manifold (S,wg), Vorobjev constructed in [23] a Poisson manifold (N(A),74) which
serves as the first-order local model of a Poisson structure around a symplectic leaf. The
space N(A) is an open set in g(A)*, where g(A):=ker(p) is the isotropy bundle. The
Poisson manifold (N(A),74) has (S,wg) (viewed as the zero section) as a symplectic
leaf, and A can be recovered as the transitive Lie algebroid corresponding to this leaf:
A= Ag. The construction depends on the choice of a linear left inverse to the inclusion
g(A)C A, but, up to isomorphisms around S, the outcome does not depend on this choice
(see §1.2 for more details).

In this setting, we recall the following normal form result (Theorem 1 in [7]).

THEOREM. (The normal form theorem from [7]) Let (M, w) be a Poisson manifold,
with (S,ws) a compact symplectic leaf. If the restricted Lie algebroid Ag:=T*M|g is inte-
grable and the 1-connected Lie groupoid integrating it is compact and its s-fibers have van-
ishing de Rham cohomology in degree 2, then a neighborhood of S in (M, 7) is Poisson-
diffeomorphic to a neighborhood of the zero section in the local model (N(Ag),may)-

In the case of fixed points this is equivalent to Conn’s result.
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The original goal of this research was to reprove this theorem with methods similar
to those of Conn’s original approach. The main incentive for this is that Conn’s analytic
techniques are apparently more powerful than the geometric ones from [7]; in particular,
as suggested to the author by Crainic, an analytic proof should imply rigidity of the
Poisson structure. This is indeed the case, and the precise rigidity property that we

obtain is the following:

Definition. A Poisson structure = on M is called CP-C'-rigid around the compact
submanifold N C M, if there are small enough open neighborhoods U of N, such that,
for all open sets O with NCOCOCU, there exist

e an open neighborhood Vo CX2(U) of 7|y in the compact-open CP-topology;

e a function 7%, which associates with a Poisson structure m€Vo a map
tz: O— M which extends to an embedding of a neighborhood of O,

such that 15 is a Poisson diffeomorphism

Q/Jﬁ.: (077T|O) L) (wﬁ(O)aﬁ—hﬂﬁ(O))a

and v is continuous at 7=7 (with ¥,=Idg), with respect to the CP-topology on the
space of Poisson structures and the C'-topology on C*= (O, M).

We prove the following improvement of [7], which also includes rigidity.

THEOREM 1. Let (M, ) be a Poisson manifold and (S,wg) be a compact symplectic
leaf. If the Lie algebroid Ag:=T*M|g is integrable by a compact Lie groupoid whose
s-fibers have vanishing de Rham cohomology in degree 2, then

(a) in a neighborhood of S, 7 is Poisson diffeomorphic to its local model around S;

(b) 7w is CP-C'-rigid around S.

Already in the case of fixed points, the first part of this theorem gives a slight
generalization of Conn’s result, which cannot be obtained by an immediate adaptation
of the arguments in [6] and [7]. Namely, a Lie algebra is integrable by a compact group
with vanishing second de Rham cohomology if and only if it is compact and its center
is at most 1-dimensional (see Lemma 2.3). The case when the center is trivial is Conn’s
result, and the 1-dimensional case is a consequence of a result of Monnier and Zung on
smooth Levi decomposition of Poisson manifolds [20].

However, the main advantage of the approach of this paper over [7] is that it allows
for a rigidity theorem around an arbitrary Poisson submanifold. Recall that a subman-
ifold N of (M,n) such that 7 is tangent to N is called a Poisson submanifold. The
symplectic leaves are the simplest type of Poisson submanifolds. The main result of this

paper is the following rigidity theorem for integrable Poisson manifolds.
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THEOREM 2. Let (M,n) be a Poisson manifold for which the Lie algebroid T*M
is integrable by a Hausdorff Lie groupoid whose s-fibers are compact and their de Rham
cohomology vanishes in degree 2. For every compact Poisson submanifold N of M we
have that

(a) 7 is CP-Cl-rigid around N;

(b) up to isomorphism, w is determined around N by its first-order jet at N.

We prove Theorem 1 by applying part (b) of this result to the local model.
In both theorems, p has the (most probably not optimal) value

p="7(|3dim M| +5).

In part (b) of Theorem 2 we prove that every Poisson structure 7, defined around
N, that satisfies ji7m|xy=7'7|y is isomorphic to 7 around N by a diffeomorphism which
is the identity on N up to first order.

The structure encoded by the first-order jet of m at IV can be organized as an

extension of Lie algebroids (see [15, Remark 2.2])
0—vy —T"M|y —T*N—0, (1)

where v3 CT* M|y is the conormal bundle and T* N is the cotangent Lie algebroid of the
Poisson manifold (N, 7|y ). With this, Theorem 1 follows easily from Theorem 2: if S:=N
is a compact symplectic leaf, then the Poisson structures (M, n) and (N(Ag),7a4) have
the same first-order jet around S (they induce the same exact sequence (1)); moreover,
the hypothesis of Theorem 1 implies that Theorem 2 can be applied to the local model
(N(Ag),mas) (see Lemma 1.3).

One might try to follow the same line of reasoning and use Theorem 2 to prove
a normal form theorem around Poisson submanifolds. Unfortunately, around general
Poisson submanifolds, a first order local model does not seem to exist. Actually, there
are Lie algebroid extensions as in (1) which do not arise as the first jet of Poisson
structures (see [15, Example 2.3]). Nevertheless, one can use Theorem 2 to prove normal

form results around particular classes of Poisson submanifolds.

The paper is organized as follows. In section §1, after recalling some properties
of Lie groupoids and Lie algebroids, we describe in detail the local model around a leaf
and a symplectic groupoid integrating it. We end the section by proving that Theo-
rem 2 implies Theorem 1. §2 is an extended introduction to the paper, we give a list
of applications, examples and connections with related literature. In §3 we prove Theo-

rem 2 by using the Nash—Moser method. The appendices contain three general results
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on Lie groupoids: existence of invariant tubular neighborhoods, integrability of the ad-
joint representation on a proper ideal, and the tame vanishing lemma. This last result
provides tame homotopy operators for Lie algebroid cohomology with coefficients and,
when combined with the Nash—Moser techniques, it is a very useful tool for handling

similar geometric problems (see the appendix in [16]).

About the proof. The proof of the rigidity theorem is inspired mainly by Conn’s
paper [2]. Conn uses a technique due to Nash and Moser to construct a sequence of
changes of coordinates in which 7 converges to the linear Poisson structure mg, . At
every step the new coordinates are found by solving some equations which are regarded
as belonging to the complex computing the Poisson cohomology of my . To account for
the “loss of derivatives” phenomenon during this procedure he uses smoothing operators.
Finally, he proves uniform convergence of these changes of coordinates and of their higher
derivatives on some ball around z.

Conn’s proof has been formalized in [18] and [20] into an abstract Nash—Moser
normal form theorem. It is likely that part (a) of our Theorem 2 could be proven using
[18, Theorem 6.8]. Due to some technical issues (see Remark 2), we cannot apply this
result to conclude neither part (b) of our Theorem 2 nor the normal form Theorem 1,
therefore we follow a direct approach.

We also simplified Conn’s argument by giving coordinate-free statements and work-
ing with flows of vector fields. For the expert: we gave up on the polynomial-type
inequalities using instead only inequalities which assert tameness of certain maps, i.e.
we work in Hamilton’s category of tame Fréchet spaces. Our proof deviates the most
from Conn’s when constructing the homotopy operators. Conn recognizes the Poisson
cohomology of 7y, as the Chevalley—Eilenberg cohomology of g, with coeflicients in the
Fréchet space of smooth functions. By passing to the Lie group action on the corre-
sponding Sobolev spaces, he proves existence of tame (in the sense of Hamilton [12])
homotopy operators for this complex. We, on the other hand, regard this cohomology as
Lie algebroid cohomology, and prove a general tame vanishing result for the cohomology
of Lie algebroids integrable by groupoids with compact s-fibers. This is done by further
identifying this complex with the invariant part of the de Rham complex of s-foliated
forms on the Lie groupoid, and by using the fiberwise inverse of the Laplace—Beltrami

operator in order to construct the homotopy operators.
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1. Proof of the normal form theorem (Theorem 2 = Theorem 1)

In this section, we first recall some basic properties of Lie algebroids and Lie groupoids,
next we describe the local model around a symplectic leaf from three different perspec-

tives, and we conclude by showing that Theorem 1 is a consequence of Theorem 2.

1.1. Lie groupoids and Lie algebroids

We recall here some standard results about Lie groupoids and Lie algebroids, for def-
initions and other basic properties we recommend [13] and [19]. To fix notation, the
anchor of a Lie algebroid A— M will be denoted by g, the source and target maps of a
Lie groupoid G=M by s and t, respectively, and the unit map by u.

A Lie groupoid G=M has an associated Lie algebroid A(G) over M; as a vector
bundle, A(G) is the restriction to M (i.e. pull-back by ) of the subbundle T°G of TG
consisting of vectors tangent to the s-fibers. The anchor is given by the differential
of t. The Lie bracket comes from the identification between sections of A(G) and right-
invariant vector fields on G.

A Lie algebroid (A,[-,-],0) is integrable if it is isomorphic to the Lie algebroid
A(G) of a Lie groupoid G=M. Not every Lie algebroid is integrable (see [3]). If a
Lie algebroid is integrable, then, as for Lie algebras, there exists, up to isomorphism, a
unique Lie groupoid with 1-connected s-fibers integrating it.

A Lie algebroid A— M is transitive if g is surjective. A Lie groupoid is transitive
if the map (s,t): G— M x M is a surjective submersion. If G is transitive then also A(G)
is transitive. Conversely, if A— M is transitive and M is connected, then every Lie
groupoid integrating it is transitive as well.

Out of a principal bundle ¢: P—S with structure group G one can construct a

transitive Lie groupoid G(P), called the gauge groupoid of P, as
G(P):=PxgP =S5,
with structure maps given by

s([p1,p2]):==q(p2), t([p1,p2]):=aq(p1) and [p1,p2][p2,ps]:=[p1,p3]
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The Lie algebroid of G(P) is TP/G, where the Lie bracket is obtained by identifying
sections of TP/G with G-invariant vector fields on P. Conversely, every transitive Lie
groupoid G is the gauge groupoid of a principal bundle: the bundle is any s-fiber of G and
the structure group is the isotropy group. So, a transitive Lie algebroid A is integrable
if and only if there exists a principal G-bundle P such that A is isomorphic to TP/G.
A symplectic groupoid (G,w)= M is a Lie groupoid G = M endowed with a symplectic

structure w€N?(G) for which the graph of the multiplication is a Lagrangian submanifold:

{(91,92,93) 19192 =g3} C (g><g><g’, pri (w)+prs(w)—pri(w)).

This condition has several consequences. It implies that the base carries a Poisson struc-
ture m such that the source map is Poisson and the target map is anti-Poisson; and
moreover, that G integrates the cotangent Lie algebroid T*M of w. Conversely, if for
a given Poisson manifold (M, 7) the Lie algebroid T*M is integrable, then the s-fiber

1-connected integration of T*M is canonically a symplectic groupoid [14].

1.2. The local model

Consider a Poisson manifold (M, 7) and let (S,wg) be an embedded symplectic leaf. The
local model of 7 around S, constructed first by Vorobjev in [23], is a Poisson structure
defined on some open neighborhood of S in M, which plays the role of a first-order
approximation of 7 around S.

The local model depends (up to diffeomorphisms around S that fix S) only on the
first jet of 7 at S, denoted by j'm|s. Consider the transitive Lie algebroid

AS = T*M|S

associated with S. Note that the anchor of Ag is given by the inverse of the symplectic
structure wg, and that the isotropy bundle of Ag is the conormal bundle v§ C Ag. In fact,
jlm|s encodes precisely the Lie algebroid structure on Ag (see [16, Proposition 4.1.13]).

PRrROPOSITION 1.1. Let m and mo be two Poisson structures defined around S, such
that S is a symplectic leaf for both. Then m and mo induce the same Lie algebroid

structure on As=T*M]|g if and only if j'mi|s=jlma|s.

We give three different descriptions of the local model, each of them bringing different
insight into the construction. All three constructions avoid the explicit use of Vorobjev
triples, by using instead Dirac geometric techniques. For the proofs of the claims made
here, we refer the reader to [16, §4.1 and §4.2].
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Description 1

Our first approach to the local model is a Dirac geometric interpretation of the lineariza-
tion procedure from [5]; and it is very useful for explicit computations of the local model.

Consider a tubular neighborhood

\I’:I/S*>M

of S'in M, where vg:=TM]|g/TS is the normal bundle to S. Set E:=¥(vg), denote by
i E—E the map corresponding to multiplication by t€R on vg, and by p: E—.S the

corresponding projection map. Consider the path of Poisson structures
=ty (e s)) e (0,1, (2)

where, for a closed 2-form 3, 7 denotes the gauge transform of 7 by 3 (i.e. the leaves
of @ are the leaves of 7, but the symplectic structures on them differ by the restrictions
of B). In fact, m; is well defined on the entire F only as a Dirac structure (see [1] for the
basics of Dirac geometry), which is given by
Ly =ty (LY @s)y c TEQT*E,

where L, is the Dirac structure corresponding to m, and, for a Dirac structure L and
AeR\{0}, we denote by AL the Dirac structure {A\X+&:X+£€L}. Now L; extends
smoothly at t=0, and we let Lg:=lim; ,o L;. On the other hand, we have that L; has
(S,ws) as a (pre)symplectic leaf, for all t€R, and therefore there is an open neighborhood
U of S such that L; corresponds to a Poisson structure m; on U for all ¢€[0,1]. The limit

Poisson structure

o := lim 7
t—0

defined on U, is the local model of 7w around S. We also have that
i'mils=j'rls, teR,

and in particular, by Proposition 1.1, the local model 7y induces the same Lie algebroid
structure on Ag=T*M|s.

Different choices of tubular neighborhoods of S give rise to local models that are
isomorphic around S by diffeomorphisms that fix S.

Note also that the Dirac-geometric nature of this construction allows one to define in
a similar fashion the local model of a Dirac structure around an embedded presymplectic

leaf; the outcome is a Dirac structure which is globally defined on E.
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Description 2

The second description comes closest to Vorobjev’s original construction [23]. The con-
struction uses the data encoded by the first jet of a Poisson structure at a leaf: a sym-
plectic manifold (S,wg) and a transitive Lie algebroid (4, [+, -], ¢) over S. Similar to the
linear Poisson structure on the dual of a Lie algebra, the dual vector bundle A* carries

a linear Poisson structure mm;,(A4), with Poisson bracket determined by

{p*(1):p"(9)} =0, {@p"(9)}=p"(Lyg) and {ap}=|a,b]a,
for all f,geC>(S) and all a, B€T(A), where p: A*— S denotes the projection, and &, 3
C>°(A*) denote the corresponding fiberwise linear functions on A*. Consider the gauge

transform of m;n(A) by p*(ws):

A priori, this gauge transform is defined only as a Dirac structure on A*, but because of
the particular structure of the linear Poisson structure, ﬂ'ﬁ;(wS) (A) is in fact a well-defined
Poisson structure on A*.

Let g(A):=ker(g) C A be the isotropy bundle. Consider a linear spitting o: A—g(A)

of the short exact sequence
0—g(d) —A2TS—0. (3)

Using the dual of o, we regard g(A)* as a subbundle of A*. An open neighborhood

p*(ws)
lin

N(A) of S in g(A)* is a Poisson transversal for m (A) (also called a cosymplectic

submanifold in the literature), i.e. for each symplectic leaf (L,wr,) of ﬂ'ﬁ:l(ws)(A), we have
that N(A) is transverse to L, and that LNN(A) is a symplectic submanifold of L. This
(ws)(A) to a Poisson structure w4 on N(A): the

leaves of 74 are (LNN(A),wr|rnn(a)), where, as before, (L,wr) is a leaf of ﬂ'ﬁ;(ws)(A).

property allows one to pull back Wﬁ

The Poisson manifold
(N(A4),7ma)

represents the second description of the local model. Also, (S,wg), identified with the
zero section, is a symplectic leaf of m4 and the induced transitive Lie algebroid Ag is
isomorphic to A via the maps

(w5 +a)

As=T"g(A)"|s 2T S@g(A) A

Different choices of the splitting o give rise to local models that are isomorphic

around S by diffeomorphisms that fix S.
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We now describe an isomorphism between the two Poisson manifolds resulting from
the two descriptions of the local model. Let (S, wg) be an embedded symplectic leaf of the
Poisson manifold (M, 7). Consider a tubular neighborhood of S, denoted by ¥:vg— M,
and let my be the corresponding local model from the first description. Note that the Lie
algebroid Ag:=T"M|g has isotropy bundle g(A)=v%, and that the dual of the differential
of U along S gives a splitting of the anchor for Ag:

o:=(d¥|s)*: Ag —> V§.

Consider the local model w4, on a neighborhood of S in vg=g(A)*, constructed with
the aid of . The map V¥ gives a Poisson diffeomorphism in a neighborhood of S between

the two descriptions of the local model:
\I/* (7TAS ) =T70-.

We remark that, in general, the submanifold g(A)*CA* is not Poisson transverse
everywhere. Nevertheless, one can always pull back the Poisson structure Wﬁ;(wS) (A)toa
globally defined Dirac structure on g(A)*, which is Poisson on N(A). Actually, also this
second construction works in the Dirac setting; and the outcome is a second description

of the local model of a Dirac structure around a presymplectic leaf.

Description 3

The third description works only when the restricted Lie algebroid is integrable, and as
remarked by Vorobjev in [23], the resulting Poisson manifold appeared already in the
work of Montgomery [21]. The construction is standard in symplectic geometry as it
represents the local form of a Hamiltonian space around the zero set of the moment map
(see e.g. [11]).

The starting data is an integrable transitive Lie algebroid A over a symplectic man-
ifold (S,wg). Since A is transitive, it is isomorphic to TP/G for a principal G-bundle
P—S. So, the relevant first-order data becomes a principal G-bundle p: P—S over a
symplectic manifold (S,ws). Let 0€Q' (P, g) be a principal connection on P, where g
denotes the Lie algebra of G. Consider the following closed 2-form on P xg*, which is

invariant under the diagonal action of G:

Q=p*(ws)—d(ulf), where u(p,€) i=¢.

The open set X, where €2 is non-degenerate, is G-invariant and contains P x{0}. The
action of G is Hamiltonian with G-equivariant moment map u: ¥ —g*. The local model
is obtained as the quotient Poisson manifold

(N(P),mp):=(%,Q)/G,
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where N(P):=X/G is an open neighborhood of the zero section in the associated coad-
joint bundle P[g*]:=(Pxg*)/G. The resulting Poisson structure mp has (S,ws) (re-
garded as (Px{0})/G) as a symplectic leaf, and its restricted Lie algebroid T*N(P)|s
is isomorphic to TP/G.

To relate this construction to the second, note that the isotropy bundle of A=TP/G
can be identified with the quotient g(A)=(P x g)/G, and so g(A)*=P[g*]. Also, note that
there is a natural one-to-one correspondence between

e connection 1-forms §€Q!(P,g) on P, and

e linear splittings o: A—g(A) of the sequence (3).

Now, under these isomorphisms and this correspondence, the Poisson manifold
(N(P),np), constructed with the aid of 8, and the Poisson manifold (N(A),74), con-
structed using the corresponding o, coincide.

The Poisson manifold (N (P),7p) is integrable, and we describe below a symplectic
groupoid integrating it. Since this result fits into a more general framework, we state the

following lemma, which is a direct consequence of results in [9].

LEMMA 1.2. Let (X,9Q) be a symplectic manifold endowed with a proper, free Hamil-
tonian action of a Lie group G, and equivariant moment map p: X—g*. Then the Poisson

manifold /G is integrable, a symplectic Lie groupoid integrating it is

(Ex,%)/G=X%/G,
and the symplectic structure pulls back to ¥x, % as (s*(2)—t*(Q))|zx,=-

Proof. Consider the symplectic groupoid ¥ x ¥ =3, with symplectic structure
s*(Q)—t* ().

Then G acts on X x ¥ by symplectic groupoid automorphism with equivariant moment
map J:=s*pu—t*u, which is also a groupoid 1-cocycle. By [9, Proposition 4.6], the

Marsden—Weinstein reduction
(ExX%)//G=J"0)/G

is a symplectic groupoid integrating the Poisson manifold ¥/G. In our case J~!(0)=
Y%, %, and the symplectic form pulls back to ¥x, 3 as s*(2) —t*(Q)[sx,= O

In our setting, the lemma shows that the groupoid integrating the local model
(N(P),mp) is just the restriction to N(P) of the action groupoid

G:=(PxPxg")/G =t Plg"],
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corresponding to the representation of PxgP on P[g*]. If P is compact, note that
N(P) contains arbitrarily small open sets of the form P[V]:=(PxV)/G, where V is
a G-invariant neighborhood of 0 in g*. These neighborhoods are G-invariant, and the
restriction of G to P[V] is (PxPxV)/G. In particular, all its s-fibers are diffeomorphic
to P. This proves the following result.

PROPOSITION 1.3. The local model (N(P),7p) associated with a principal bundle P
over a symplectic manifold (S,wg) is integrable by a Hausdorff symplectic Lie groupoid.
If P is compact, then there are arbitrarily small invariant open neighborhoods U of S,

such that all s-fibers over points in U are diffeomorphic to P.

1.3. Proof of Theorem 2 = Theorem 1

Consider a tubular neighborhood ¥:vg— M of S in M, and denote by 7y the resulting
local model constructed using the first description. So 7 is a Poisson structure on some
open neighborhood of S, which coincides with 7 up to first order. On the other hand, m is
isomorphic around S to the local model 744 corresponding to the transitive Lie algebroid
Ag:=T*M]|s. By assumption, Ag is integrable, and so there is a principal G-bundle
P— S such that Ag=TP/G. Moreover, we can choose P to be compact with vanishing
second de Rham cohomology. By Proposition 1.3, for arbitrary small open neighborhoods
U of S in N(P), we have that (U, 7p|y) satisfies the assumption of Theorem 2. Since mp
is isomorphic to 74, around .S, and also 74, is isomorphic to mp around S, we conclude
that S has arbitrary small neighborhoods U in M for which (U, mg|y) also satisfies the
hypothesis of Theorem 2. By part (a), my is CP-C'-rigid around S, and by part (b), 7
and 7 are Poisson diffeomorphic around S. Thus 7 is also CP-C*-rigid around S.

2. Remarks, examples and applications

In this section we give a list of examples and applications for our two theorems and we

also show some links with other results from the literature.

2.1. A global conflict

Theorem 2 does not exclude the case when the Poisson submanifold S is the total
space M. In conclusion, a compact Poisson manifold (M, 7) for which T*M is integrable
by a compact Lie groupoid whose s-fibers have trivial second de Rham cohomology is
globally rigid. Nevertheless, this result is useless, since no such Poisson manifolds exist

in dimension greater than 1. In the case when the groupoid has 1-connected s-fibers,
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this conflict was pointed out in [4], and we explain below the general case. In symplec-
tic geometry, this non-rigidity phenomenon is expressed by the fact that, on a compact
symplectic manifold (M, w), the symplectic structure allows the smooth deformation tw,

for t>0, which is non-trivial because the symplectic volume changes.

PROPOSITION 2.1. Consider a compact connected Poisson manifold (M, ) for which
T*M is integrable by a compact Lie groupoid G whose s-fibers have trivial second de Rham

cohomology. Then M is at most 1-dimensional.
In the proof of the proposition we will use the volume-function vh given below.

LEMMA 2.2. Consider the setting of Proposition 2.1. The set M*® where m has
maximal rank is open and dense. FEvery regular symplectic leaf (S,ws)CM™8 has a
finite holonomy group, which we denote by Hol(S), and a finite symplectic volume, which
we denote by Vol(S). The function

vh: M — R,

. reg
. { Vol(S,)| Hol(S,)|, if =€ M es,
0, if ©¢ MvE,

where S, denotes the symplectic leaf through x, is continuous.

Proof of Proposition 2.1. By Lemma C.1 in the appendix, the second Poisson co-
homology of (M,7) vanishes. In particular, the class [r] is trivial, so there exists a
vector field X such that Lx(m)=n. This implies that the flow of X gives a Poisson
diffeomorphism

O (M, ) = (M, e "r). (4)

This and the Poisson geometric description of vh imply that vh o<th:etk vh, where 2k
denotes the maximal rank of 7. By Lemma 2.2, vh is bounded, and hence 7=0. If 7=0,
then G— M is a bundle of tori, so by the cohomological condition its fibers are at most

1-dimensional. Hence M is at most 1-dimensional as well. O

Proof of Lemma 2.2. Clearly, M"™* is open. To show that M™# is dense, by con-
nectedness of M, it suffices to show that its closure A/™® is open. This follows from the
following property of 7, which we prove below: every leaf has a saturated neighborhood
U, such that U™ (i.e. the regular part of (U, n|y)) is dense in U.

Let (S,wg) be a symplectic leaf of M. Since G|s integrates Ag, by Theorem 1, the
local model holds around S. So, for a compact, connected principal G-bundle P, we have

that (M, ) is Poisson isomorphic around S to an open set around S in

(N(P),mp)=(%,Q)/G,
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where Y CPxg*, Q=p*(ws)—d(u|d), 6 is a principal connection on P, and p:3— g*,
where p(p, £)=¢, is an equivariant moment for the action of G. The symplectic leaves of
mp are of the form

(Og,wg), Og :=P><G(G-f)7 ng*,

and hence they are the base of the principal G¢-bundle
pe: Px{&} — O,
where G¢ is the stabilizer of £, and the symplectic structure is determined by

Pe(we) =Qpx (e} (5)

This last equation follows from the fact that the action is Hamiltonian, and therefore,

the symplectic leaves are canonically isomorphic to the reduced spaces

pH(€)//Ge= (P x{&})//Ge.

We will show that vh extends to a continuous map on Pxqgg*. Let T be a maximal
torus in G and let t be its Lie algebra. By compactness of G, we can consider an invariant
metric on g. This metric allows us to regard t* as a subspace in g* (i.e. the orthogonal
to t°), and it gives an isomorphism between the adjoint and the coadjoint representation
which sends t to t*. For the adjoint representation it is well know (see e.g. [8]) that every
orbit hits t, and hence also every orbit of the coadjoint action hits t*. An element £t*
is regqular if ge=t, where g¢ is the Lie algebra of G¢. Denote by t*'°® the set of regular
elements. Then t*"°® is open and dense in t* and it coincides with the set of elements &
for which G¢/T is finite (see e.g. [8]). Thus, for £€t¥, a leaf O¢ has maximal dimension

if and only if £€t*°8  and hence the regular part of mp equals
N(P)™ =(PxgG-t""8)NN(P).

This implies also the claims made about M"™# at the beginning of the proof.

Now, we fix £et**8. By [8, Theorem 3.7.1] we have that (G°)¢=T. Therefore also
(G¢)*=T. Since P is connected, the last terms in the long exact sequence in homotopy
associated with p are

=71 (O) 25 o (Ge) — 1. (6)

Thus we obtain a surjective group homomorphism ©:m(O¢)—Ge/T. Explicitly, let
[q,€]€0¢ and () be a closed loop at this point. Consider a lift ¥(t) of v to P, with
7(0)=g. Since pe(7(1),€&)=lg,&], it follows that Y(1)=gqg, for some geG¢. The map in
(6) is given by ©(v)=[g]€G¢/T.



152 I. MARCUT

Next, we compute the holonomy group of O¢. Notice first that
Te(G-&)=ge=t Cg"=Teg",

and, since t*=(t")*, it follows that {+t* is transverse at ¢ to the coadjoint orbit. Hence
also the submanifold
T:={g}x({+t") C Pxgg"

is transverse to O¢ at [g,&]. Let v be a loop in O¢ based at [g,¢], and 7 be a lift to P.
Observe that, for net*, the path

t— [J(t),E+n) € Pxgg”

stays in the leaf O¢, and therefore the map [¢, {+n]—[¥(1), {+n] is the holonomy action
of v on 7. Writing 7(1)=qg, for g€ G, it follows that the holonomy of v corresponds to
the action of g=©(v) on t*. This and the surjectivity of © imply that

Hol(O¢) 2 G¢/Za(T), (7)

where Z(T) denotes the set of elements in G which commute with all elements in 7. In
particular, the holonomy groups are finite.
Since every coadjoint orbit hits t*, it follows that the map P xt*— P xgg®* is onto.

As this map is T-invariant, the induced map
pr: (P/T)xt* — Pxgg"

is smooth and onto. Clearly, pr is a proper map. Therefore, to show that vh is continuous,
it suffices to show that vhopr extends continuously. Note that, for £€t**°8, the map pr

restricts to a |G¢/T'|-covering projection of the leaf
Pe: (P/T)x{§} — P/Ge = Ok.

Thus, using also (7), we have that

VI (P/7) {672 w6)) = G/ T Vol O o0) = 115 vhi0%)

=1Za(T)/T|vh(O¢).

Hence it suffices to show that the map

3 &— Vol((P/T) x{&}, pg (we)) (8)
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is continuous. By (5), we have that the pull-back of pf(w¢) to Px{{} is given by

Qlpxey =" (ws)— (&, db),

in particular it depends smoothly on &. Hence also ﬁg (we) depends smoothly on &, and
so the map (8) is continuous. To conclude the proof, we have to check that this map
vanishes for {¢t*"°8. For such &, since dim(G¢/T) >0, we have that

21 = dim(O¢) = dim(P/Gy) < dim(P/T) = 2k.

This finishes the proof, since

k

/\kﬁg(wg) =D (/\ W&) =0. O

2.2. CP-C'-rigidity and isotopies

In the definition of CP-C'-rigid, we may assume that the maps 1z are isotopic to the
inclusion Idg of O in M, through a path of maps in C>°(O, M) that extend to embeddings
on some neighborhood of O. This follows from the CP-C'-continuity of ¢ and the fact
that Idy has a path-connected C*-neighborhood in C>(O, M) consisting of such maps.

2.3. A comparison with the local normal form theorem from [7]

Part (a) of Theorem 1 is a slight improvement of the normal form result from [7]. Both
theorems require the same conditions on a Lie groupoid, for us this groupoid could be
any integration of Ag, but in [7] it has to be the s-fiber 1-connected integration. In
§2.4, resp. §2.7, we will study two extreme examples which already reveal the wider
applicability of Theorem 1: the case of fixed points and the case of regular Poisson

structures whose underling foliation is simple.

2.4. The case of fixed points

Consider a Poisson manifold (M, n) and let x€M be a fixed point of 7. In a chart

centered at x, we write

1 o 0 ,
w:zim,j(:ﬂ)@%—%, with 7; ;(0) =0. )
’L’J

The local model of 7 around 0 is given by its first jet at 0,

167@-7]- 8 8
Z 2 Oxp (0) 0x; 4 Oxj’

.9,k
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The coefficients
- 87ri,j

k.
Ci,j . 8(ka (O)

are the structure constants of the isotropy Lie algebra g, (see the introduction). To apply
Theorem 1 in this setting, we need that g, be integrable by a compact Lie group with

vanishing second de Rham cohomology. Such Lie algebras have the following structure.

LEMMA 2.3. A Lie algebra g is integrable by a compact Lie group with vanishing
second de Rham cohomology if and only if it is of the form

g=%¢t or g=toR,

where  is a semisimple Lie algebra of compact type.

Proof. 1t is well known that a compact Lie algebra g (i.e. a Lie algebra that is
integrable by a compact Lie group) decomposes as a product g=€¢®3, where £=[g, g| is
semisimple of compact type and 3 is the center of g. Hence, the Eilenberg—Chevalley
complex of g is the tensor product of the respective complexes of £ and 3. Therefore,
by the Kiinneth formula, H*(g)=H"(¢)®@H"(3). Since ¢ is semisimple, by Whitehead’s
lemma, H'(£)=0 and H?(£)=0, and since 3 is abelian, H*(3)=/"3*. Thus, we obtain
that

H(g)= N\ 5. (10)

Consider now any compact connected integration G of g. The cohomology of G
can be computed using left-invariant differential forms, and therefore H*(G)~H*(g). By
(10), we obtain that H?(G)=0 is equivalent to dim(3)<1. O

So, for fixed points, Theorem 1 gives the following consequence.

COROLLARY 2.4. Let (M,7) be a Poisson manifold with a fized point x for which
the isotropy Lie algebra g, is compact and its center is at most 1-dimensional. Then w
s rigid around x, and an open set around x is Poisson diffeomorphic to a neighborhood

of 0 in the linear Poisson manifold (g5, mg, ).

The linearization result in the semisimple case is Conn’s theorem [2] and the case
when the isotropy has a 1-dimensional center is a consequence of the smooth Levi de-
composition theorem of Monnier and Zung [20].

This fits into Weinstein’s notion of a non-degenerate Lie algebra [24]. Recall that a
Lie algebra g is non-degenerate if every Poisson structure which has isotropy Lie algebra
g at a fixed point z, is Poisson-diffeomorphic around z to the linear Poisson structure

(g*,mg) around 0.
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A Lie algebra g, for which 7y is rigid around 0, is necessarily non-degenerate. To
see this, consider a Poisson bivector m given in local coordinates by (9), and whose
linearization at 0 is mg. The path of Poisson bivectors 7, from the first description of the

local model (2) satisfies my=m and my=mg, and for t>0 is given by

1 0 0
=tuy(m)= =T, (tx) 57— N 5—,
Ty p () sz: 2t7r () 0z; ' Oz
where p; denotes multiplication by ¢>0. If 7 is rigid around 0, then, for some >0 and

some t>0, there is a Poisson isomorphism
(VR (Brv 7Tt) — (w(Br)v 7Tg)'

Now &:=1(0) is a fixed point of 7y, which is the same as an element in (g/[g, g])*. It is
easy to see that translation by ¢ is a Poisson isomorphism of 7y, and thus, replacing
by ¥—¢, we may assume that ¢(0)=0. Linearity of my implies that puj(mg)=m4/t, and

therefore ) )
™= ;MT/t(Wt) = g/ﬁ/t(iﬁ*(ﬂg)) = i1 o oy (mg)-

Hence, 7 is linearizable by the map

Mtowoﬂ‘l/t: (Bt’ra ﬂ-) — (tw(BT')? 71—9)7

which maps 0 to 0. This shows that g is non-degenerate.

2.5. The Poisson sphere in g*

Let g be a semisimple Lie algebra of compact type and let G be the compact, 1-connected
Lie group integrating it. The linear Poisson structure (g*,my) is integrable by the sym-
plectic groupoid (T*G,wean)=2g*, with source and target maps given by left and right
trivialization. All s-fibers of T*G are diffeomorphic to G and, since H?(G)=0, we can
apply Theorem 2 to any compact Poisson submanifold of g*. An example of such a
submanifold is the sphere S(g*)Cg* with respect to some invariant metric. We obtain

the following result, whose formal version appeared in [15] and served as an inspiration.

PrOPOSITION 2.5. Let g be a semisimple Lie algebra of compact type and denote
by S(g*)Cg* the unit sphere centered at the origin with respect to some invariant inner
product. Then my is CP-C'-rigid around S(g*) and, up to isomorphism, it is determined

around S(g*) by its first-order jet.
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Using this rigidity result, one can describe an open set around ms:=m7gg(g+) in the
moduli space of all Poisson structures on the sphere S(g*). More precisely, any Poisson
structure on S(g*) that is CP-close to 7s is Poisson diffeomorphic to one of the type
fms, where f is a positive Casimir function. If the metric is Aut(g)-invariant, then two
structures of this type fims and fows are isomorphic if and only if fi=fyox™ for some

outer automorphism x of the Lie algebra g. The details are given in [17].

2.6. Relation with stability of symplectic leaves

Recall from [5] that a symplectic leaf (S,wg) of a Poisson manifold (M, r) is CP-strongly
stable if for every open set U containing S there exists an open neighborhood VCX2(U)
of 7|y with respect to the compact-open CP-topology, such that every Poisson structure

in V has a leaf symplectomorphic to (S,wg). Recall also the following result.

THEOREM. ([5, Theorem 2.2]) If S is compact and the Lie algebroid Ag:=T*M|s
satisfies H?(Ag)=0, then S is a strongly stable leaf.

If 7 is CP-C'-rigid around S, then S is a strongly stable leaf. Also, the hypotheses
of our Theorem 1 imply those of [5, Theorem 2.2]. To see this, let P—.S be a principal
G-bundle for which Ag=TP/G. Then

H*(Ag)= H*(Q(P)%).

If G is compact then, by averaging primitives, one easily shows that the inclusion
Q*(P)¢cQ*(P) induces an injection H*(Q(P)%)—H*(P). So H?(P)=0 implies that
H?(Ag)=0.

On the other hand, H?(Ag)=0 does not imply rigidity, counterexamples can be
found even for fixed points. Weinstein [25] proves that a non-compact semisimple Lie
algebra g of real rank at least 2 is degenerate, so 74 is not rigid (see §2.4). However, 0 is

a stable point for 7y, because by Whitehead’s lemma H?(g)=0.

According to [5, Theorem 2.3], the condition H?(Ag)=0 is also necessary for strong
stability of the symplectic leaf (S,wg) for Poisson structures of “first order”, i.e. for
Poisson structures which are isomorphic to their local model around S. So, for this type

of Poisson structures, H2(Ag)=0 is also necessary for rigidity.

For regular Poisson structures whose underlying foliation is simple, we will prove

below that the hypotheses of Theorem 1 and of [5, Theorem 2.2] are equivalent.
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2.7. Simple symplectic foliations

We will now discuss rigidity and linearization of regular Poisson structures 7 on S xR"

with symplectic leaves
(Sx{y},wy = 7r|§i{y}), yeR™,

where {wy}yern is a smooth family of symplectic forms on S. Let (S,wg) be the sym-
plectic leaf for y=0. To construct the local model around S, we use the first description.
The path of Poisson structures m; from (2), for t£0, corresponds to the family of 2-forms
on S,

wh i=ws+ i t—ws

Therefore, the local model around S corresponds to the family of 2-forms

jé(w)y ‘=wg+ 05wy,

where dswy is the “vertical derivative” of w at S, that is

dsWy 1= —Wegy =y1w1+t -+ Ynwnp.

a
de e=0

The local model is defined on an open set UCSxR" containing S, such that j&(w), is
non-degenerate along UN(Sx{y}). Using the splitting 7*(S xR")|s=T*S xR"™ and the
isomorphism of wg: TS =5T*S, we identify Ag=TS xR". Under this identification, the

Lie bracket becomes

[(X, f17 ceey fn)a (K g1, -~-7gn)]

(11)
= ([X, Y],X(gl)—Y(f1)+w1(X7Y), "‘7X(gn)_y(fn)+wn(X7Y))'

The conditions in Theorem 1 become more computable in this case.

LEMMA 2.6. If S is compact, then the following are equivalent:
(a) Ag is integrable by a compact principal bundle P, with H*(P)=0;
(b) H?(Ag)=0;
(c) the cohomological variation [5sw]: R™— H?(S), y—[dsw,], satisfies the following
properties:
(c1) it is surjective;
(ca) its kernel is at most 1-dimensional;
(c3) the map H'(S)@R"— H3(S), n@y—nA[dsw,], is injective.

Proof. The complex computing H*(Ag) can be identified with

2 (As):= P @SN\ R,

pt+q=k
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endowed with the differential
das(@®@w) = (da)@w+(—1)PHaAdsw(w),
for «€QP(S) and we A\’ R, where the map
9 mon 2 q-1 n
Jsw: \ R"—Q*(S)e /\ R

is induced by the vertical derivative of w:

q
dsw(y1 A...AYq) Z l 165wyi®y1/\.../\yi_1/\yi+1/\.../\yq.

i=1

Consider the filtration FPQ*(Ag):=QP(S)AQ*"P(Ag) of this complex, and the corre-
sponding spectral sequence (for general constructions of spectral sequences for computing
Lie algebroid cohomology see, e.g., [13]). We have that

Ept=H?(S)o \' R" = HP*9(4s),
and the differentials on the second page E5 are given by
osw): HP ()2 N' R — HPF2(S)o N\ R,
[ @w+— (—=1)PT [aASsw(w)].
In total degree 2, the cohomology of Fs is given by

E°? = coker([0sw]: R™ — H?(S9)),
Ey' :=ker([0sw]: H(S)®R"™ — H*(S)),

2
EY? = ker([égw]: /\ R"™ — HQ(S)®R”>.
We claim that the last group is also given by
2
E3? = N\ ker([0sw]: R" — H*(S)). (12)

This is based on a simple result from linear algebra: namely, if A:V —W is a linear map

between finite-dimensional vector spaces, then the kernel of the map

/\ZV—>W®V,

V1 Avg —> A(v1) Qua— A(v2) @1,
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is given by A”ker(A).

Next, we claim that the cohomology can be read from the third page:
H?*(As)=E3°oEy o Ey?. (13)

Since Eg’O:Eiz)O and E;,’l:Eéél, this is equivalent to the edge morphism ep: ngaEg’2
being an isomorphism, or to surjectivity of the map
H?*(Ag) — E37, (14
14
[a] — [a"7],
where a2 denotes the component in A R™ of the closed form a€Q?(Ag). By (12), it
suffices to show that every element of the form vAw, with [dsw,]|=[0sw,]|=0 is in the
range of this map. Writing dsw,=dn and dsw,, =df, for n,0€Q(S), one easily checks
that
£:= (A0, nRw—0Rv,vAw) € Q*(Ag)

is closed. Thus, the map in (14) maps [¢] to vAw, which proves that it is surjective.
Hence (13) holds.

The three conditions in (c¢) are equivalent to the vanishing of the three components
of E2. So, by (13), (b) and (c) are equivalent.

The fact that (a) implies (b) was explained in §2.6.

We prove now that (b) and (c) imply (a). Part (c;) implies that, by taking a different
basis of R", we may assume that [w1], ..., [w,]€H?(S,Z). Let P—S be a principal T"
bundle with connection form (64, ...,6,) and curvature form (—ws, ..., —w,). We claim
that the Lie algebroid TP/T™ is isomorphic to Ag. A section of TP/T™ is the same as

a T™-invariant vector field on P, and as such, it can be decomposed uniquely as
_ n
X+ fide,,
i=1

where X is the horizontal lift of a vector field X on S , f1,..., fn are smooth functions on

S, and 0Oy, is the unique vertical vector field on P which satisfies
0;(06,) =i 5-

Using (11) for the bracket on Ag and that df;=—p*(w;), it is straightforward to check
that the map

TP/T" =% Ag,
)?_Fz.fta@z '_)(Xv fla '-'afn)v
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is a Lie algebroid isomorphism. Since T" is compact and connected, using averaging, one

shows that the complexes
(@ (P)",d) and (Q'(P),d)

are quasi-isomorphic; in particular H*(P)~H?(Ag). By (b), H*>(P)=0, and so P satisfies
the conditions from (a). This finishes the proof. O

So, in the case of simple foliations, Theorem 1 becomes the following result.

COROLLARY 2.7. Let {w, €Q2(S)}yern be a smooth family of symplectic structures
on a compact manifold S. If the cohomological variation at 0,

[6sw]: R™ — H*(S),

satisfies the conditions from Lemma 2.6, then the Poisson manifold with leaves

(SxR™, {Wy_l}yeRn)

is isomorphic to its local model at Sx {0}, and is CP-C'-rigid around this leaf.

For simple symplectic foliations Lemma 2.6 shows that the condition in Theorem 1
is equivalent to the vanishing of H?(Ag). This is precisely the assumption of the stability
result from [5, Theorem 2.2]. In [5], it is also proven that under this assumption there
exists a smoothly parameterized family of symplectic leaves near S that are symplecto-
morphic to (S,wg). To describe the parameter space, consider the cohomology H*(Ag; S)

of the quotient complex (here we use the notation from the proof of Lemma 2.6)
0 (As; 5) = (As) /2°(9),
and consider the canonical map induced by the quotient map
O: H*(As) — H*(As; S).

Theorem 2.2 in [5] states that every Poisson structure near 7 has a family of symplectic
leaves symplectomorphic to (S,wg), which is smoothly parameterized by the image of
the map

O: H'(Ag) — H'(As; 9).

Applying the same techniques as in the proof of Lemma 2.6, this map can be computed

as follows.
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LEMMA 2.8. With the notation from the proof of Lemma 2.6, we have that
H'(Ag) = H'(S)@ker([6sw]:R™ — H?(S)) and H'(Ag;S)=R".

Under these isomorphisms, the map ®: H'(Ag)— H'(Ag;S) becomes ([n],v)—v.

So, under the assumptions from Corollary 2.7, the space of leaves symplectomorphic

to (S,wg) is parameterized by
ker([6sw]: R™ — H?(S)). (15)

Of course, using the local model, this can be checked directly. By Lemma 2.6, this space
is at most 1-dimensional. An example where the space (15) is indeed 1-dimensional,
can be constructed as follows: consider the 2-sphere S:=S2, endowed with a symplectic

structure wg. Then the Poisson structure on SxR? with symplectic foliation given by

(Sx{(y1,92)}, " ws),  (y1,42) €R?, (16)

satisfies the conditions of Lemma 2.6. Note that every leaf Sx{(y1,y2)} is part of a
1-parameter family S x{(y1,y2+t)}, tER, of symplectomorphic leaves.

We remark that the Poisson structure in this example is isomorphic to the regular
part of the linear Poisson structure corresponding to the Lie algebra g=su(2)®R. In fact,
for a semisimple Lie algebra of compact type £, the linear Poisson structure my of the
product g:=t®R is rigid (cf. Corollary 2.4), and the Poisson structure has a 1-parameter
family of isomorphisms that do not preserve leaves: the translation by elements in £°.
Thus, any leaf has a line of symplectomorphic leaves nearby.

In the case of simple symplectic foliations, we also have an improvement compared
to the result of [7]; the hypothesis in there can be restated as follows (cf. [16, Corol-
lary 4.1.22]):

e S is compact with finite fundamental group,

e the map p*o[dsw]: R"— H? (5) is an isomorphism,
where p: S-S is the universal cover of S. So, for example when S is simply connected,
the difference between the assumptions is that, in our case, the map [dsw] might still have
a 1-dimensional kernel, whereas in [7] it has to be injective. In particular, the example
(16) above falls out of the framework of [7].

3. Proof of Theorem 2

We start by preparing the setting needed for applying the Nash-Moser method: we

fix norms on the Fréchet spaces involved, we construct smoothing operators adapted
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to the problem and we recall the interpolation inequalities. Next, we prove a series of
inequalities which assert tameness of some natural operations such as: the Lie derivative,
the flow of a vector field, and the pull-back; and then we prove some inequalities for the
composition of local diffeomorphisms. We end the section with the proof of Theorem 2,

which is mostly inspired by Conn’s proof [2].

Remark 1. A usual convention when dealing with the Nash—Moser techniques (see
e.g. [12]), which we also adopt, is to denote all constants by the same symbol. In the
series of preliminary results below we work with “big enough” constants C' and C,,, and
with “small enough” constants 6>0; these depend on the trivialization data for the vector
bundle E and on the smoothing operators. In the proof of Proposition 3.12, C,, depends

also on the Poisson structure .

3.1. The ingredients of the tame category

We borrow the terminology from [12]. A Fréchet space F' endowed with an increasing
family of seminorms {|| - ||»}n>0 generating its topology is called a graded Fréchet space.
A linear map T: F1 — I between two graded Fréchet spaces is called tame of degree d

and base b, if it satisfies inequalities of the form
ITflln <Cullfllnta foralln>=band f€Fy.

Let E— N be a vector bundle over a compact manifold N and fix a metric on FE.

For >0, consider the closed tube in E of radius r,
E..={veE:|v|<r}.

The space of multivector fields on E,, denoted by X°(E,), when endowed with C"-
norms becomes a graded Fréchet space. We recall here the construction of such norms.
Fix a finite open cover of N by domains of charts {x;: O;—R%}!_, and vector bundle
isomorphisms

Xi: Elo, = R4xRP

covering x;. We will assume that Y;(E,|o,)=R%x B, and that the family
{0 :==x;"(Bs)} -,
covers NN for all §>1. Moreover, we assume that the cover satisfies

it 0Y2N0%?#@  then O} C OL. (17)
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This holds if x; 1| B,: B4—O; is the exponential corresponding to some metric on NV, with
injectivity radius lager than 4.

For WeX*(E,), denote its local expression in the chart X; by

7] AA 0
8Zi1 8zip’

Wim)= Y W)

1<i1<...<ip<d+D

and let the C™-norm of W be given by

olel i
W = p{ Wi ()

.. a
ST P 0z

12 € By x B, and 0§|0¢|§n}.

For s<r, the restriction maps are norm decreasing

X(E) W W =W

Es Ex.(ES)v HW|5H < ||W||n’r

n,s

We will work also with the closed subspaces of multivector fields on E, whose first

jet vanishes along N, which we denote by
2BV = (W exF(E,):j'W|y =0}.

The main technical tool used in the Nash—Moser method are the smoothing opera-
tors. We will call a family {S;: F'— F'};+~1 of linear operators on the graded Fréchet space
F smoothing operators of degree d>0, if there exist constants C), ,,, >0 such that, for all

n,m>=0 and f€F, the following inequalities hold:

HSt(f)Hn-i-m < tm+dcn,m||f”n and HSt(f)_an < t_mcn7m||f||n+m+d- (18)

The construction of such operators is standard, but since we are dealing with a
Fréchet space for each re(0,1], we give the explicit dependence of the constants Ci, .,
from (18) on the parameter r.

LEMMA 3.1. The family of graded Fréchet spaces {(X¥(E,),| " |ln.r)}re0,1] has a

amil 0J smoothin oper ators Of degree d—O,
f Y g g
{Str %k (ET) — %k (Er)}t>1,0<r§17

which satisfy (18) with constants of the form Cy p(r)=Chy yr~ M),
Similarly, the family {(X*(E,.)MW,||- lln,r) }re(o,1) has smoothing operators

syt 28 (E)W = 2M(E) Vs 0er<a,

of degree d=1 and constants C’nvm(r):Cmmr*(”erJrk*l).
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Proof. The existence of smoothing operators of degree zero on the Fréchet space of
sections of a vector bundle over a compact manifold (possibly with boundary) is standard
(see [12]). We fix such a family {S;: X*(E;)—X*(E1)}s>1. Denote by

Ho: ER — EQR)

U 0V,
the rescaling operators. For r€ (0, 1], define S} by conjugating Sy with p,
Sy =t oSt XF(E,) — XM (E,).
Using the straightforward inequality
15 (W)l < mac{o™, "} [Wllaon Tor all W € X5 (E,p),

we obtain that SJ satisfies (18) with Cy, ,, (1) =Ch, r~ (PFm+E),

To construct the operators S} ’1, we first define a tame projection
P:x*(E,) — x*(E,)®.

Choose a smooth partition of unit {\;}/_; on NN subordinated to the cover {O}}/_;, and
let {\i}/_; be the pull-back to E. For WeX*(E,), denote its local representatives by
Wi::%i,*(W|ET|Oi)G%k(Rder). Define P as

I
P(W):= Z AiXi s (Wi =T (W;)),

where T, (W;) is the degree-1 Taylor polynomial of Wj in the fiber direction

OW;
z,0).
dy; (#:0)

D
Ty (W) (@, y) :=Wi(x,0)+>_y;
j=1
If Wex*(E,)®, then T, (W;)=0; so P is a projection. It is easy to check that P is tame
of degree 1, that is, there are constants C}, >0 such that
HP(W>||7W < CnHWHn-‘rl,T'
Define the smoothing operators on X*(E, )" as
Spti=PoSy X (B, — xF(E,)D.

Using tameness of P, the inequalities for Sj 1 are straightforward. O
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The norms || - ||, satisfy the classical interpolation inequalities with constants which

are polynomials in .

LEMMA 3.2. The norms || - ||n,r satisfy

Wl < Cor® U W | R SRR for e (0,1,

n,r

for all 0<k<LI<n, not all equal, and all WeX°(E,).

Proof. By the interpolation inequalities from [2], it follows that these inequalities
hold for the C™-norms on the spaces C*°(B; x B,.). Applying these to the components of
the restrictions to the charts (Ey[o1,X;) of a multivector field in X*(E,), we obtain the

interpolation inequalities on X*(E,). O

3.2. Tameness of some natural operators

In this subsection we prove some tameness properties of the Lie bracket, the pull-back
and the flow of vector fields.

The tame Fréchet Lie algebra of multivector fields

We prove that

(X (Er), [ 1Al lnr bnzo0)

is a tame Fréchet graded Lie algebra.

LEMMA 3.3. The Schouten bracket on X°(E,.) satisfies

W, V]l < Crr™ 0 (W

0,T||V||n+17r+HWHn—l-l,T”VHO,T) for all r € (0, 1]'

Proof. By a local computation, the bracket satisfies inequalities of the form

lirllV

Jsre

W,V e <Co > IV
i+j=n+1

Using the interpolation inequalities, a term in this sum can be bounded by

”WHLTHVHJ»T < Cnri(n+1) (”W||0,T|‘V‘|n+1,r)j/(n+1)(HV |0,r||W||n+1,r)i/(n+1)'

The following inequality, which will be used again later, implies the conclusion

2y A <ax4y for all 2,5 >0 and all A€ [0,1]. (19)
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The space of local diffeomorphisms

We now consider the space of smooth maps E,—F which are C'-close to the inclusion
I.:E.—FE. We call a map ¢: E.—FE a local diffeomorphism, if it can be extended on
some open set to a diffeomorphism onto its image. Since E,. is compact, this is equivalent
to injectivity of dy: TE,—TE. To be able to measure C™-norms of such maps, we work
with the following open neighborhood of I,. in C*(E,; E):

Denote the local representatives of a map p€l,. by
(piigl XET —)RdXRD.

Define C™-distances between maps @, €U, as

]
et = sup {25 om0

1<i<I

:2€ B1 x B, and 0§|0¢|§n}.
To control compositions of maps, we will also need the following C™-distances

Hled
e thnrsi= s {50 00(c)

1<i<I

1z € Bsx B, and 0<|o¢|§n},

which are well-defined only on the open set
U= {x €lr: x(E|55) C Elo,}.

Similarly, we define also on X*(E,) norms || - |/n,rs (these measure the C™-norms in all
our local charts on Bsx B,.).

These norms and distances are equivalent.

LEMMA 3.4. There exist C,>0 such that, for all r€(0,1] and all §€[1,4],

d(@a ¢)n,r < d(@a ¢)n,r,6 < Cnd(<p7 w)n,r fO’I‘ all (2 '(/) € Uf«s

and
Wl <NIW lnirs KCillWlln  for all W € X°(E,.).

We also use the simplified notation

d(w)n,T = d(% IT)’!L,T and d(w)n,r,é = d(w7 IT')n,T,(S-

The lemma below is used to check that compositions are defined.
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LEMMA 3.5. There exists a constant >0 such that, for all r€(0,1], all e€(0,1], all
0€(1,4] and all peU, satisfying d(p)o,»<e0,
‘P(Er|5;‘) C Er+s‘of+f~
We now prove that I, has a C'-neighborhood of local diffeomorphisms.

LEMMA 3.6. There exists a constant >0 such that, for all r€(0,1], if YEU, sat-
isfies d(¥)1,-<0, then ¢ is a local diffeomorphism.

Proof. By Lemma 3.5, if we shrink 6, we may assume that
(Erlgr) CElga2 and  ¢(Er|g:) C Elo,- (20)
In a local chart, we write ¢ as
s :=1d +¢;: By x B, — RIxRP.

By Lemma 3.4, if we shrink 0, we may also assume that
dg; 1 = =

———— forall By x B,.. 21
azj(z)'<2(d+D) or all z€ By x B, (21)
This ensures that Id +(dg;) . is close enough to Id so that it is invertible for all 2€B1 X B,.
Thus, (dv), is invertible for all pe E,..

We now check the injectivity of 1. Let piEEr|O} and PjGEr|o]1 be such that
(') =q=1(p?).
Then, by (20), q€E|O§/z OE|O?/2, s0, by the property (17), we know that O}CO?, and
hence p?, p’ €E,|ps. Setting w':=x;(p') and w’:=x;(p?) we have that w', w/ € Byx B,.

Since w'+g;(w')=w’ +g;(w’), using (21), we obtain that
1D+4d g

0 — 1w | = | gs (1) — g () —‘/ Za! (1 (1) )~ ] < 2 =],

Thus w®=w’, and so p'=p’. This finishes the proof. O
The composition satisfies the following tame inequalities.

LEMMA 3.7. There are Cp, >0 such that, for all 1<6<o<4 and all 0<s<r<1, we
have that, if peUs and YU, satisfy

¢(Eslgs) C Erlog and ¢(E;|gs) C Elo, for all 1<i< I,
and d(p)1,s<1, then the following inequalities hold:
d(Yo)n,s.6 < AWY)nro+A()ns,51Cns " (A(W) o d(9)1,5,5+A(P)n,s.6d(Y)1,r0),
Ao, V)n,s,6 < A(P)n,s,6+Cns™ " (A Y)n41,r,0d(P)1,5,6 +A(P)n,s,6d(V)1,0,0)-
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Proof. Denote the local expressions of ¢ and 1 as
@i :=1d+g;: Bsx By — By x By,
¥; :=1d +fi: By x B, — R4xRP.
Then, for all z€ Bs x B, we can write
Vilpi(2) =2 = filz+0:(2) +:(2).

By computing 9% /92 of the right-hand side, for a multi-index o with |o|=n, we obtain

an expression of the form

dlalg, olal f, o8l ¢, gl gi BRAPE

9z T g aﬂ Pi(2) =g (2) 5 (),

BsV15e-5Yp

where the multi-indices in the sum satisfy

1<p<n, 1<), lyl<n and |ﬂ\+Z (lyl-1)=n (22)
j=1

The first two terms can be bounded by d(¢)p r,o +d(¢)n,s,s. For the last term we use the

interpolation inequalities to obtain that

n n— 1 n—
1£illi1.re < Cus™ P fill 2D/ 020 g 0BIZ 0/ (1)
(n— \%I)/(n—l)”ng(lwl 1)/(n— 1)

tlll,s,0 n,s,0

9ill1vi),s,8 < Cpst—1i

Multiplying all these, and using (22), the sum is bounded by

Solllf
By Lemma 3.4, it follows that Hgi||1’s,5<C, and dropping this term, the first part follows

n— Iﬁl)/(n—l)(

Crs* " gil|? 7 )(IBI=1)/(n=1)

lln.s.6)" [l filln.r.ollgi

using inequality (19).
For the second part write, for z€ B; x B,
Vi(i(2)) —vi(2) = fi(z+gi(2)) = fi(2) +9:(2).
We compute 9% /9z* of the right-hand side, for a multi-index o with |o|=n,

plel f, ol f, alalg, o8l f; il gl ahwlgl»
Oz Yilz aza z)+ 9z (Z)+ Z 67 ©YilZ Gy zZ) ... o

z b
BsV1se-5p

where the multi-indices in the sum satisfy (22). We bound the last term as before, and
the third by d(¢)n,s,s. Writing the first two terms as

d+D || +1
Z/ I et el ()

they are less than Cd(¢)n41,r0d(¢)0,s,5. Adding up, the result follows. O
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We now give conditions for infinite compositions of maps to converge.
LEMMA 3.8. There exists 0>0, such that for all sequences
{ok €U tiz1, ort Bry — By,

where 0<r<rp<rp_1<ro<l, which satisfy

0p 1= Z d(er)or, <0 and op:= Z d(Pk)nr, <00 for all m>1,
k>1 k=1

the sequence of maps

Y =100k ETk: —>ET0

converges in all C™-norms on E, to a map ¢: E,.—E, , with Y€U,. Moreover, there
are Cp>0 such that, if d(ok)1,r, <1 for all k=1, then

d(i/})n,r < eCnr_"an O7l7'7no'n-

Proof. Consider the sequences of numbers

d(er) -

k O,Tk

£k = and 0 :=2— E 1.
2121 d(er)o,r, =1

We have that d(¢k)o,r, <ek0. So, by Lemma 3.5, we may assume that

‘Pk(Emb?) CEr_,lo, and ¢ (Erk|5‘?k) - Erk—l‘o§k—1’

and this implies that
wk—l (E’I‘k71 |6‘_5k-—1 ) - ETQ ‘Ol'

So we can apply Lemma 3.7 to the pair ¢;_1 and ¢y for all k>kqy. The first part of

Lemma 3.7 and Lemma 3.4 imply an inequality of the form

1+d(17[}k)n,7"k75k < (1+d(¢k—l)nmk71,6k71)(l*‘cnrind(‘;ﬁk)n,m)-

Iterating this inequality, we obtain that

k

1+d(wk)nﬂ“k~75k <(1+d(wk0)n»rk076ko) H (1+Cn7ﬂind(sol)nﬂ”z)
l=ko+1

(1+d(1/)k0)n7rk0 kg )ecﬂr* Diskg Ae1)nry

S (UHd(Wkg iy b0, )

N
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The second part of Lemma 3.7 and Lemma 3.4 imply that

d(¢k, ¢k—1)n,r < (1+d(¢k‘—1)n+l,rk,1,6k,1 )Onrind(@k)nmk,ék

< (1+d(¢ko)n+1,rko 10k )EC"Jr“ﬁ Tlon Cnrind(wk)n,m .

This shows that the sum Zk>l (Y, Yr—1)n,r converges for all n, and hence the sequence
{¥r|E, }k>1 converges in all C"™-norms to a smooth function ¢: E, = E,..
If d(pg)1,r, <1 for all k>1, then we can take ko=0. So, we obtain

k
—n k —n
LA, <[]+ Cor () p) < O Ehes dlenn (oo,
=1

Using the trivial inequality e” —1<ze”, for >0, the result follows. O

Tameness of the flow
The C%-norm of a vector field controls the size of the domain of its flow.

LEMMA 3.9. There exists >0 such that for all 0<s<r<1 and all X €X' (E,) with
| X |lo.r<(r—s)0, we have that @Y, the flow of X, is defined for all t€[0,1] on Es and
belongs to Us,

@}: E,_.—FE,..

Proof. We denote the restriction of X to a chart by X;€X'(R?x B,). Consider
p€ By x By. Let t€(0, 1] be such that the flow of X; is defined up to time t at p and such
that for all 7€[0,1) it satisfies ¢’ (p)€ B2 x B,. Then we have that

t t
o == [ e o) € [ X%, 0Dl dr < 1l <X

where for the last step we used Lemma 3.4. Hence, if || X||o,»<(r—s)/C, we have that

©%, (p)€ B2 x By, and this implies the result. O

We now prove that the map which with a vector field associates its flow is tame (this

proof was inspired by the proof of [18, Lemma B.3]).

LEMMA 3.10. There exists 0>0 such that for all 0<s<r<1, and all X €X' (E,)
with
1 X0 <(r—s)8 and |X|1.,<8,

we have that px:=p% belongs to Us and satisfies

d(ex)o,s <CollX|lo,r and d(ox)n,s < ri=rc, | X || n,r for all n>1.
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Proof. By Lemma 3.9, for t€[0, 1], we have that % €Uy, and by its proof that the

local representatives take values in By x B,
¢, :=Id+g;: B1 x By — By X By..
We will prove, by induction on n, that g; ; satisfies inequalities of the form
gitlln.s < CnPr(X), (23)

where P, (X) denotes the following polynomials in the norms of X:

Po(X)=|Xlos PX)= X[, and Pu(X)= Y [|X[j510 o [ X[]ps1
it ip=n—1
1<jr<n—1

Observe that (23) implies the conclusion, since by the interpolation inequalities and the
fact that || X||1,»<6<1 we have that

X N jer1,r < Cor =2 [ X |1, 74 D X0/ =D L O I0 | X |2/,

and hence
P (X)< Cnrl_nHX”n,r-

The map g;+ satisfies the ordinary differential equation

it d t v ,

Since g¢;,0=0, it follows that

t
(e) = [ Xilegir () dr (24
0
Using also Lemma 3.4, we obtain the result for n=0:
g:tllo,s <[ XTlo,r2 < Coll X0

We will use the following version of the Gronwall inequality: if u: [0, 1] —R is a continuous

map and there are positive constants A and B such that
t

u(t) <A+B/ u(r)dr,
0

then u satisfies u(t) < AeB.
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Computing the partial derivative 0/0z; of equation (24), we obtain
D+d o

%g;t ('Z)/t@i +Z 7 X gin (2 ))agi’ (z)> dr.

Therefore, using again Lemma 3.4, the function

agi,t
’ 9z; (z)‘
satisfies
agi t / agz T
: <O X1 )| dr.
Bt )] <l yn ()| ar
The case n=1 now follows by Gronwall’s inequality:
Hag"t SCYX 1T <O X1
azj 0,s
For a multi-index «, with |a|=n>2, applying 0!*//92* to (24), we obtain
0lgir 0191X; onlgr  ovlgr
0 /o 525 (z4+gi-(2)) Fyen Y (z)dr
2<18I< e (25)
t D+d 8‘O‘|g]
1,7 d
/ g () ()
where the multi-indices Satisfy
1<l <n—=1 and  (Inl=1)+..+(lpl-1)+[8=
Since |y;|<n—1, we can apply induction to conclude that
al')’k‘g:k‘r
H az%’ < Py (X)-
So, the first part of the sum can be bounded by
Co > IXljor11Pjysr(X) o Py a (X). (26)
Jjot...+jp=n—1
1<jr<n—1
It is easy to see that the polynomials P (X) satisfy
Pu+1(X)Pv+1(X) < Cu,quJerrl(X)' (27)

Therefore (26) can be bounded by C,, P, (X). Using this in (25), we obtain

dr.

91l gi v "19!lg; ,
0z% 0z° ()

Applying Gronwall’s inequality again, we obtain the conclusion. O

(z)\ < CuPu(X)+ (D4 d)|X ],
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We now show how to approximate pull-backs by flows of vector fields.
LEMMA 3.11. There exists >0 such that, for all 0<s<r<1 and all XX (E,)
with || X |lo.r<(r—s)8 and || X|1,»<0, we have that
lex W)ln,s < Crr™ " ([ Wl +[1W o, [ X Ml n41,),
ek W) =WIs[,, , < Cor ™" UX 1o W e AN X e W e 1,0),
lox W) =W =% (X, W], , < Coar "2 |1 Xlo,r
X (I X [z W 2,0+ 1 X

|20 [Wlln+2.r)

for all WeX*(E,), where C,,>0 is a constant depending only on n.

Proof. As in the proof above, the local expression of ¢x is defined as
Yx; =1Id +3i: El XES — By x B,

Let WeX*(E,), and denote by W; its local expression on E,.

(%)
W, = § Wf’(z)iA...Aiex'(szR).
. . ¢ 62’]‘1 aij
J={j1<...<jr}

The local representative of ¢% (W) is given, for z€ By x B, by

Zj1 azjk

9
(W), :Z Wi (z4gi(2))(1d +dzgi)*18—A...A(1d +d,g;) !
J

By the Cramer rule, the matrix (Id +d.g;)~! has entries of the form

l
v (ggi (z)> det(Id +d.g;) ",

Zj
where ¥ is a polynomial in the variables le, which we substitute by

dg!
92, (2).

Therefore, any coefficient of the local expression of ¢% (W); will be a sum of elements of
the form

!
W (24gi(2))¥ (gii (z)) det(Id +d.g;) 7.

When computing 9% /92 of such an expression, with |a|=n, using an inductive argu-
ment, one proves that the outcome is a sum of terms of the form

3Iﬁ|WiJ 3|mg;¢1 3\%\9;’?

5.5 (z49:(2)) e O i e (z) det(Id +d,g;) M, (28)
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with coefficients depending only on « and on the multi-indices, which satisfy
p20, M0, |yl>1 and |81+ (-4 +(ll—1) =n.
By Lemma 3.10, ||g;||1,s <C#9, so, if we shrink 0, we find that
det(Id +d.g;)"* <2 for all z€ By x B,.

Using this, Lemma 3.4 for W and

gt
8Zj

<z>‘ <c,

we bound (28) by
Co Y AWl llgillja s - Igilljp1,60

J5J15--3dp

where the indices satisfy
720, jr=0 and j+ji+..+jp=n.

The term with p=0 can simply be bounded by C,||W ||, . For the other terms, we will
use the bound |[|g;||;,+1,s <Pj,+1(X) from the proof of Lemma 3.10. The multiplicative
property (27) of the polynomials P;(X) implies that

n
o3 (W)llns < Co D IW [ P (X)-
j=0

Applying interpolation to W;, and to a term of P,_;11(X), we obtain

g 1—j5/n i/n
W [0 < Cor =W g™ W11/

n,r

—q 1—9 1 —q ]
X N o1, < Cor 5 [ X2 X < Cr 0| X124

Multiplying all these terms and using (19), we conclude the first part of the proof:

W 5 1 X s o X 1 yt1,0 < Conr ™ (W o, [ X lmngea,r) =7 W1
< Cnr_n(HW”n,r"‘”WHO,THXHnJrLT)’

For the second inequality, set

Wyi= g (W) =W, € X (E,).
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Then Wy=0, Wy =¢% (W)—-W]|s and

d tx
LW, =g (X, W),

and therefore .
e W)=l = [ xwpae
By the first part, we obtain

3 (W) =Wsl|,, , < Cor™(I[X, W]]

nrH[[X, W]

0.1 X l[nt1.m)-
Using now Lemma 3.3 and that || X||;,,-<6, we obtain the second part:
[ex W) =WIs[,, , < Cor ™" M UX I 1 [[W e HIW 1 X g 1,0)-
For the last inequality, set
Wy = oK (W) =W s — o (X, W)).
Then we have that Wo=0, Wi =% (W)—-W|s—¢% ([X, W]) and

d y
aWt = —t(pgg([X, [Xv W]])7
and therefore

W = / 1t (1, (X, W) d.

Using again the first part, it follows that

Wi lln,s < Crr ™" ([I[X [X, W[l r+[I[X [X, W]

O,T”XHTH-I,T)' (29)
Applying Lemma 3.3 twice, for all k<n, we obtain that
10X 26 Wl < Coa ™ S X e (X o, W+ 1 X e W o, )
™ X o (1X N0, W ([t 2,0+ 1 X 2,0 W [l0,r)
< Cor™ B X o, (1W (2, [ X [lo,r 4+ W]

2. || X[ k+2,)s
where we have used the interpolation inequality
X N1, X N1, < Cor ™ F 2 X 0,0 | X [ 2,

The first term in (29) can be bounded using this inequality for k=n. For k=0, using
also that || X|1,»<6 and the interpolation inequality

X 21X [l 1.0 < Cor ™ DX N1 I X (p2rs

we can bound the second term in (29), and this concludes the proof:

11X 1 Wllor | X lnga,r < Cor ™ O W

2,0 [ X0, 1 X lrnt2,7- O
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3.3. An invariant tubular neighborhood and tame homotopy operators

We now start the proof of Theorem 2. We will use two results presented in the appendix:
existence of invariant tubular neighborhoods (Lemma A.1) and the tame vanishing lemma
(Lemma C.1).

Let (M, ) and NCM be as in the statement. Let G=M be a Lie groupoid inte-
grating 7% M. By restricting to the connected components of the identities in the s-fibers
of G [19], we may assume that G has connected s-fibers.

By Lemma A.1, N has an invariant tubular neighborhood E=vy endowed with a
metric, such that the closed tubes E,:={ve E:|v|<r}, for >0, are also G-invariant. We
endow E with all the structure from §3.1.

Since F is invariant, the cotangent Lie algebroid of (F, m) is integrable by G|g, which
has compact s-fibers with vanishing H2. Therefore, by the tame vanishing lemma and

Corollaries C.2 and C.3 from the appendix, there are linear homotopy operators
xN(B) & x2(B) L2 23(B),

with
[, h1 (V)] +ho([r,V]) =V for all V € X2(E),
which satisfy the following properties:

e they induce linear homotopy operators h} and h} on (E,, «|.);
e there are constants C,, >0 such that, for all (0, 1],

121 (X)]

o SCn[[ Xt and [R5 (Y) [0, SCullY[lnps,r

for all X€X?(E,) and all Y €X3(E,), where s=| 3 dim(M)|+1;
e they induce homotopy operators on the subcomplex of vector fields vanishing

along N.

3.4. The Nash—Moser method

We fix radii 0<r<R<1. Let s be as in the previous subsection, and let
a:=2(s+5) and p:=T7(s+4).

Then p is the integer from the statement of Theorem 2. Consider a second Poisson
structure 7 defined on Er. With © we associate the following inductive procedure.

Procedure Py. Consider

e the number
~ ~n—1
t(7) = |~ 5,
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e the sequences of numbers

1 o (A
60.—Z(R77"), T'o.—R, to.—t(’fr),
3/2 3/2
Ert1:=EL Tk4+1:=Tp —Ek, lpr1:=1 ",

e the sequences of Poisson bivectors and vector fields
{me € X*(Er) ko and  { X € X1(E,,) }rso,
defined inductively by
T =7, Tpy1:=@x, (k) and X =S (R (T —7],)), (30)
e the sequence of maps
Y =px,0.00x, Er, — ER.

By our choice of g, observe that r<riy <R for all k>1:

o0 o0 & o0 c

_ (3/2)" 1+k/2 _ €0 _
E Ek—E o <E € =1- €0<R T,
k=0 k=0 k=0 Vv

For procedure Py to be well defined, we need that
(Ck) the time-one flow of X}, is defined as a map

@Xk:Eerl E,,.

For part (b) of Theorem 2, we consider also the procedure P;, associated with 7
such that j'7|y=j'n|n. We define procedure P; the same as procedure P, except that

in (30) we use the smoothing operators S;f’l

To show that procedure P is well defined, in addition to (Cy), we need that
hqk (//Tk'_ﬂ-‘rk) € }:1(E7’k)(1)

Since the operators hi* preserve the space of tensors vanishing up to first order, it suffices

to show that j!(m—|., )|x=0. This is proven inductively: by hypothesis,
jl(ﬂ'o—ﬂ'|R)|N =0.

Assume that j'(m, —7|,, )|y =0, for some k>0. Then, as before, also XX (E,, )™M,
Hence the first-order jet of ¢ x, along N is that of the identity, and so

3 (1) | v =3 (k) v =5 () | v

Therefore jl(ﬂk+1 *7T|rk+1)|N:0'

Procedure Py produces the map 1 from Theorem 2.
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PRrROPOSITION 3.12. There exists 6>0 and an integer d>0 for which procedure Py

1s well defined for every Poisson bivector T satisfying
|17 =lp,r < 8(r(R—7))". (31)

If, in addition, jin|ny=j'7|n, then Py is also well defined for 7. In both cases, the
resulting sequence |, converges uniformly on E,. with all its derivatives to a local

diffeomorphism 1, which is a Poisson map
¢5 (E’r'a 7T|7') — (ER7 ﬁ-)a

which satisfies

d()1,, < |lm—7[|)/ (32)

In the case of Py, the map 1 is the identity along N up to first order.

Proof. We will prove the statement for the two procedures simultaneously. We
denote the used smoothing operators by Sg, that is, in Py we let Sy.:=S;* and in P, we
let Skzzsgf’l. In both cases, these satisfy the inequalities

15 (X) lm,rie < Conr™ ™ i X (ot
19k(X) = X |lm—1,m, < Cmricmtlzl ||XHm+177'k'

For the procedures to be well defined and to converge, we need that to=t(7) is big

enough, more precisely it will have to satisfy a finite number of inequalities of the form
to=t(w)>C(r(R—r))~¢. (33)

Taking 7 such that it satisfies (31), it suffices to ask that § is small enough and d is big

enough, such that a finite number of inequalities of the form

5((R—T)T)d < %(T(R—T))C

hold, and then ¢, will satisfy (33).
Also, since tg >4(R—r)_1:561, it follows that

tr >5,:1 for all £>0.
We will prove inductively that the bivectors

Zy =T —T|r, € x2(Erk)
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satisfy the inequalities

1 Zklls,m <t 7, (ar)

1 Zkllpre <ti- (br)

Since t, “=|Zo||p,r, (a0) and (by) hold. Assuming that (ax) and (by) hold for some k>0,
we will show that condition (Cy) holds (i.e. the procedure is well defined up to step k)
and also that (ag+1) and (bg11) hold.

First we give a bound for the norms of X} in terms of the norms of Zj,

”Xka,m = ||Sk(hqlC (Zk))”m,rk < Cmr_cmtll:rl||h71ﬂlC (Zk)”m*l""k

< Cmr_c’"t,ljl | Zse |l mts—1,m forall 0<I<m. 3
In particular, for m=I, we obtain
Xl < Conr ™y 7 (35)
As a>4 and t; >8;1, this inequality implies that
[ X510 <Cret3 < Cr <ty 't < Crty tey. (36)

Since to>Cr~¢/0, we have that || X||1,-, <0ck, and so by Lemma 3.9 (C) holds. More-
over, X}, satisfies the inequalities from Lemmas 3.10 and 3.11.

We now deduce an inequality for all norms || Zy11(/nr,.,, With n>s,

12kt 1llmrin = 105, (Z0) + 0%, (1) = Tlln i1
S Cor™ (|| Zi
< Cpr™ (| Zk|

nyry T ||Xk ||n+1,rk HZkHO,Tk + HXanJrl,rk ||7T||n+1,rk)
n,re T+ ”Xk ||n+177"k)

SCur ™72 Zill e

(37)

where we used Lemma 3.11, the inductive hypothesis and inequality (34) with m=n+1
and I=s+1. For n=p, using also that s+2+a<2a—1, this gives (by+1):

_ ¢,3a/2-1 ey
1 Zhi1 lpresr S Crctst2ra <ored™ >t < Oretg g, <ty
To prove (ag+1), we write Zi11=Vj +¢%, (Uk), where

Vi ::go}k (w)fwfcp}k([Xk,w]) and Uy :=Zp—[m, Xg].
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Using Lemma 3.11 and inequality (35), we bound the two terms by

[Vills,riin < CT™°lmlls2,m [ Xk llo,r | Xk ls42,m, < CT_CtZ+472a’
1%, (Uk)ls,rier SCT™ Uk lls,ric 11Uk Mo, [| Xk s 41,.)
SCr*(|0kll s 852~ Ukllo,r)-
To compute the C*-norm for Uy, we rewrite it as
Uk = Zi—[m, Xp] = [, h* (Zy) ]+ ha ([, Ze]) = [, Xi]
= [m, (I=Su)hi* (Zi)| = 5h3* ([ 2k, Zi)-
By tameness of the Lie bracket, the first term can be bounded by
[, (1= Sk)hi* (Zi)lls.rie < O™ N1 =Sk )Py (Zi) | s,
—cy2—p+2s r
<Cr rr 171" (Zk) lp—s,r+
—cy2—p+2s
<Cr Ctk e HZk”p,Tk
—cy2—p+2s+a
<COr—“t, p
_ —ep—3a/2-1
=Cr™ %, “ ,
and using also the interpolation inequalities, for the second term we obtain
13055 (1Ze, ZiD, .. <CNZk Zelll2sme
SO Zkllo.r | 2kl 251
< Crme 2|07 O =) 23 =)
< Orfct;a(lﬂp—(3s+2))/(p—8))'
Since —a(14(p—(35+2))/(p—s))<—32a—1, these two inequalities imply that
2
1Ukll o, < Crmet ™27,
Using (35), we bound the C%-norm of Uy by
1Ukllo.re <UZkllo,re + N, Xidllor, <8 +Cr 1 Xp 1, < Crmetg™.
By (38)—-(41) and s+4—2a=—32a—1, (aj41) follows:
X _3a/2— _3a/2— Or—ct; 32
1Zksallmes S COrme(H 20,202 < Ormeg 0P g b —

to

—Q
St
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This finishes the induction.
Using (37), for every n>1, we find k,, >0 such that
| Zks1lln,riss <t Zilln,  for all k> ki,
Iterating this, we obtain
21 Zelln e < ittt )" 21 Zk, L, -
On the other hand, we have that
tith_1 . th :ti:3/2+...+(3/2)’€*kn gtif/z)Hukn :ti.

Therefore, we obtain a bound valid for all k>k,,

1Zk e, <82 2, |

NTky
Consider now m>s and set n:=4m—3s. Applying the interpolation inequalities, for
k>k,, we obtain

1 Zkllm,ric < Conr ™ | Z1 ST =N Zi |72V =) = Cor ™ | Z 331 2 137,
< CmT—C77Lt];3(¥/4+2(3+3)/4||an ||'}7«{;}kn _ mr—cmt;(s—&-ﬁ) ”an H}l/fkn
Using also inequality (34), for [=s, we obtain
X5 llm,rie < Conr ™ 5| Z e <t *(Conr ™™ | Z, 01

This shows that the series >, || Xkl[m,r, converges for all m. By Lemma 3.10, also
> k0 A(®x,)m,ryy, converges for all m and, moreover, by (36), we have that
o1:= Z d(@x,)1rps, SCr° Z | X510, <Crcty? Z ep <t P
k>1 k>1 k>1
So, we may assume that o1 <6 and d(yx, )1,r,, <1. Then, by applying Lemma 3.8, we
conclude that the sequence |, converges uniformly in all C™-norms to a map ¢: E,.— Eg

in U, which satisfies
—c —2
d()1,, <" TCr oy <elo ;2 <Oty <ty

So (32) holds, and we can also assume that d(t);,<6, which, by Lemma 3.6, implies
that ¢ is a local diffeomorphism. Since 1|, converges in the C'-topology to 1 and
Vi (7)=(dpk) " (Fyy ), it follows that ¢} (7)|, converges in the C%-topology to 1* (7). On
the other hand, Z |, =} ()|, — |, converges to 0 in the C°-norm, and hence ¢*(7)=7|,.

So v is a Poisson map and a local diffeomorphism
Y: (Ep,w|.) — (ER, 7).

For procedure P;, as noted before the proposition, the first jet of ¢x, is that of the
identity along N. This clearly holds also for %y, and since |, converges to ¢ in the
C'-topology, also 1 is the identity along N up to first order. O

We are now ready to finish the proof of Theorem 2.
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3.5. Proof of part (a) of Theorem 2

We have to check the properties from the definition of CP-C!-rigidity. Consider U:=
int(E,), for some p€(0,1), and let OCU be an open set such that NCOCOCU. Let
r<R be such that OCE,CErCU. With d and § from Proposition 3.12, we let

Vo = {W eX2(U): |W|r—nla|| ,<5(r(R-r)"}.

For 7€Vy, define 9 to be the restriction to O of the map 1, obtained by applying
procedure Py to 7|g. Then ¢ is a Poisson diffeomorphism (O, 7|o)— (U, 7), and by (32),
the assignment 71 has the required continuity property.

3.6. Proof of part (b) of Theorem 2

Consider a Poisson structure 7 on some neighborhood of N with j'7|y=j!m|y. First we
show that 7 and 7 are formally Poisson diffeomorphic around N. By [15], this property
is controlled by the groups H%(An,S*(v%)). The Lie groupoid G|y =N integrates Ay
and is s-connected. Since v C Ay is an ideal, by Lemma B.1 below, the action of Ay on
v (and hence also on S*(vj)) also integrates to G|n. Since G|y has compact s-fibers
with vanishing H?, the tame vanishing lemma implies that H2(Ax,S*(vi))=0. So we
can apply [15, Theorem 1.1] to conclude that there exists a diffeomorphism ¢ between
open neighborhoods of IV, which is the identity on N up to first order, and such that
et (Rl =

Let Re(0,1) be such that ¢*(7) is defined on Fr. Using the Taylor expansion up
to order 2d+1 around N for the bivector m—¢*(7) and its partial derivatives up to order
p, we find a constant M >0 such that

H‘P*(ﬁ)|T_7r|THp,r < M2 for all 0<r < R.

2
Proposition 3.12, and procedure P; produces a Poisson diffeomorphism

If we take r<27%§ /M, we obtain that ||¢* (fr)|r—7r|r”p 7a<5(r(r—lr) )d. So, we can apply

T: (Er/Zvﬂ—‘r/Q) — (Erv (P*(ﬁ-”r)a

which is the identity up to first order along N. We obtain (b) with ¢p=¢o7.

Remark 2. As mentioned already in the introduction, Conn’s proof has been for-
malized in [18] and [20] into an abstract Nash-Moser normal form theorem, and it is
likely that one could use [18, Theorem 6.8] to partially prove our rigidity result. Nev-

ertheless, the continuity assertion, which is important in applications (see [17]), is not a
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consequence of this result. There are also several technical reasons why we cannot apply
[18]: we need the size of the CP-open set to depend polynomially on 7~ and (R—r)"1,
because we use a formal linearization argument (this dependence is not given in [18]); to
obtain diffeomorphisms which fix NV, we work with vector fields which vanish along N
up to first order, and it is unlikely that this Fréchet space admits smoothing operators
of degree 0 (in [18] this is the overall assumption); for the inequalities in Lemma 3.7 we
need special norms for the embeddings (indexed also by “6”), which are not considered
in [18].

Appendix A. Invariant tubular neighborhoods
In the proof of Theorem 2, we have used the following result.

LEMMA A.1. Let G==M be a proper Lie groupoid with connected s-fibers and let
NCM be a compact invariant submanifold. There exists a tubular neighborhood EC M
(where E=TNM/TN) and a metric on E such that, for all r>0, the closed tube E,:=
{veE:|v|<r} is G-invariant.

This lemma follows from results in [22]; in particular we will use the following lemma.

LEMMA A.2. ([22, Propositions 3.14 and 6.4]) On the base of a proper Lie groupoid
there exist Riemannian metrics such that every geodesic which emanates orthogonally

from an orbit stays orthogonal to any orbit it passes through. Such metrics are called

adapted.

Proof of Lemma A.1. Let g be an adapted metric on M and let E:=TN+cTyM
be the normal bundle. By rescaling g, we may assume that

(1) the exponential is defined on E5 and on int(E>) it is an open embedding;

(2) for all r€(0,1] we have that

exp(E,) ={pe M:d(p,N)<r},

where d denotes the distance induced by the Riemannian structure.
Let ve Fy with base point z, and denote by r:=|v|. We claim that the geodesic
~(t):=exp(tv) at t=1 is normal to exp(0E,) at vy(1):
T, exp(9E,) =4(1)*.

Let S, (x) be the sphere of radius r centered at z. By the Gauss lemma,

(1) =Ty 1) S (2),
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and by (2), B,.(z)Cexp(FE,), where B,(z) is the closed ball of radius r around z. Since
B,(x) and exp(E,) intersect at v(1), their boundaries must be tangent at this point, and
this proves the claim.

By assumption, N is a union of orbits. Therefore the geodesics «(t):=exp(tv), for
veE, start normal to the orbits of G, and thus, by the property of the metric, they
continue to be orthogonal to the orbits. Hence, by our claim, the orbits which intersect
exp(0FE,) are tangent to exp(0F,). By connectivity of the orbits, exp(9E,) is invariant,
for all r€(0,1). Define the embedding E< M by

o—exp( 1),

where A: [0, 00)—[0,1) is a diffeomorphism which is the identity on [0, 3). O

Appendix B. Integrating ideals

Representations of a Lie groupoid G can be differentiated to representations of its Lie
algebroid A but, in general, a representation of A does only integrate to a representation
of the s-fiber 1-connected groupoid of A, and not necessarily to one of G. In this subsec-
tion, we prove that representations of A on ideals can be integrated to representations of
any s-connected integration. This result was used in the proof of part (b) of Theorem 2.

Let (A,[-,],0) be a Lie algebroid. We call a subbundle ITCA an ideal of A, if
o(I)=0 and I'(I) is an ideal of the Lie algebra I'(A). Using the Leibniz rule, one easily
sees that, if I#£ A, then the second condition implies the first. An ideal I is naturally a
representation of A, with A-connection given by the Lie bracket

Vx(Y):=[X,Y], XeT(A) andY el(I).

LEMMA B.1. Let G=M be a Hausdorff Lie groupoid with Lie algebroid A and let
ICA be an ideal. If the s-fibers of G are connected, then the representation of A on I
given by the Lie bracket integrates to G.

Proof. First observe that G acts on the possibly singular bundle of isotropy Lie
algebras ker(gp)— M via the formula

d _
g-Y= d—(g exp(eY)g ™) for Y € ker(0)s(g)- (42)
€ e=0
Let N(I)Cg be the subgroupoid consisting of elements g which satisfy g-I;(4) CI;(4). We
will prove that N(I)=G and that the induced action of G on I differentiates to the Lie
bracket.
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Recall that a derivation on a vector bundle E— M (see [13, §3.4]) is a pair (D, V),

where D is a linear operator on I'(E) and V is a vector field on M, satisfying
D(fa)=fD(a)+V(f)a for all «eT'(E) and all fe C>(M).

The flow of a derivation (D, V), denoted by ¢!, is a vector bundle map covering the
flow ¢}, of V, iyt By — Et (1) (whenever ¢f, () is defined), which is the solution to the

differential equation

4 () (@)= ()" (Da), ) =1dg.

where (¢5)*(@)e=¢p" (gt (2))-
For X €T'(A), denote by ¥(X, g) the flow of the corresponding right-invariant vec-
tor field on G, and by ¢'(X,z) the flow of o(X) on M. Conjugation by ¥*(X) is an

automorphism of G covering ¢*(X), which we denote by
C(V'(X)):G—G,
g — V' (X, t(9))gP" (X, 5(9)) "

Since C'(P*(X)) sends the s-fiber over z to the s-fiber over ¢!(X, z), its differential at

the identity 1, gives an isomorphism

Ad(TH(X)): Ag — Age(xay,  Ad(WH(X)), 1= dC (W (X)) 4.

x

On ker(p),., we recover the action (42) of g=V¥*(X,x). We have that
d t *
LA X))V ),

d
= pn Ad(\Ifit(X, (pt (X, x)))th(Xx)

= (AT (X, (X, ) A (X, (X, ) Vs x,0)

= Ad(T (X, 0" (X, 2)))[X, Y]t (x.0)
= Ad(T'(X))"([X, Y])x

s=0

for Ye€TI'(A), where we have used the adjoint formulas from [13, Proposition 3.7.1]. This
shows that Ad(¥!(X)) is the flow of the derivation ([X, -], 0(X)) on A. Since [ is an
ideal, the derivation [X, -] restricts to a derivation on I, and therefore I is invariant under
Ad(¥!(X)). This proves that, for all Y eI,

Ad(V! (X, 2))Y =U(X,2)-Y €.
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So N(I) contains all the elements in G of the form ¥*(X,z). The set of such elements
contains an open neighborhood O of the unit section in G. Since the s-fibers of G are
connected, O generates G (see [13, Proposition 1.5.8]). Therefore N(I)=G and so (42)
defines an action of G on I.

Using that U—4(X, (X, z))=V!(X,z)~!, equation (43) gives

d _
a(\Iﬂ(X, )" Yo (x.0) o [X,Y], forall Xel'(A)and all Y €T'([).
Thus, the action differentiates to the Lie bracket (see [13, Definition 3.6.8]). O

Appendix C. The tame vanishing lemma

In this subsection we prove the tame vanishing lemma, an existence result for tame homo-
topy operators on the complex computing Lie algebroid cohomology with coefficients. In
the proof of Theorem 2, this lemma was applied to the Poisson complex. In combination
with the Nash—Moser techniques, the tame vanishing lemma is very useful when applied
to various geometric problems (see the appendix in [16]).

C.1. The weak C°°-topology

The compact-open C*-topology on the space of sections of a vector bundle can be gen-
erated by a family of seminorms, and we recall here a construction of such seminorms,
generalizing the construction from §3. These seminorms will be used to express the
tameness property of the homotopy operators.

Let W—M be a vector bundle. Consider a locally finite open cover U:={U,};cr
of M by relatively compact domains of coordinate charts {x;: UilﬂRm}ie 1 and choose
trivializations for W|y,. Let O:={O;}iesr be a second open cover, with O; being com-
pact and O; CU;. A section o €T'(W) can be represented in these charts by a family of
smooth functions {Ui:Rm%Rk}iej, where k is the rank of W. For UCM, an open set
with compact closure, we have that U intersects only a finite number of the coordinate
charts U;. Denote the set of such indices by Iy CI. Define the nth norm of o on U by

8‘0"0'1‘

ol i=sunf | G )

Hal<n, zex;(UNO;) and iEIU}.

For a fixed n, the family of seminorms || -[[,, 7, with U being a relatively compact
open set in M, generate the compact-open C"-topology on I'(W). The union of all these
topologies, for n>0, is the weak C*-topology on T'(W). Observe that the seminorms

{IlIl5.,7 }n>0 induce norms on I'(W|z).
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C.2. The statement of the tame vanishing lemma

LeEMMA C.1. (The tame vanishing lemma) Let G=M be a Hausdorff Lie groupoid
with Lie algebroid A and let V' be a representation of G. If the s-fibers of G are compact

and their de Rham cohomology vanishes in degree p, then
HP(A,V)=0.
Moreover, there exist linear homotopy operators
QA V) 2 QP (A, V) L et (A, V),
with
dvhi+hady =1d,

which satisfy

(1) (invariant locality) for every orbit O of A, they induce linear maps

hl,O h2,0

QP (Alo, Vo) += QP (Ao, V]o) +—— Q! (Alo, V]o),
such that, for all weQP(A,V) and all neQP1(A, V), we have that

hio(wlo)=(hMw)lo and h2o(nlo)=(hn)lo,

(2) (tameness) for every invariant open UC M, with U compact, there are constants
Ch,u>0 such that

171 ()ln,o S Crullwlnrso  and  [lh2(M)llno < Coullnllngs,o
for all weQP(A|g,V|g) and all neQPH(A|g,V|g), where

s= |3 rank(A)|+1.

We also note the following consequences of the proof.

COROLLARY C.2. The constants Cp  can be chosen so that they are uniform over
all invariant open subsets of U. More precisely, if VCU is a second invariant open set,
then one can choose Cy, v :=C) y, assuming that the norms on U and V are computed

using the same charts and trivializations.

COROLLARY C.3. The homotopy operators preserve the order of vanishing around
orbits. More precisely, if O is an orbit of A, and weQP(A,V) is a form such that
j*w|o=0, then j*hi(w)|o=0; and similarly for hs.
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C.3. The de Rham complex of a fiber bundle

To prove the tame vanishing lemma, we first construct tame homotopy operators for the
foliated de Rham complex of a fiber bundle. For this, we use a result on the family of
inverses of elliptic operators (Proposition C.7), which we prove at the end of the section.

Let m: B—M be a locally trivial fiber bundle whose fibers B,:=m"1(x) are diffeo-
morphic to a compact, connected manifold F' and let V—M be a vector bundle. The
space of vertical vectors on B will be denoted by 77 and the space of foliated forms
with values in 7*(V) by Q"(T"B,7*(V)). An element weQ*(T"B,7*(V)) is a smooth

family of forms on the fibers of 7 with values in V,
w={wztrenm, wz€Q(By, Va).
The fiberwise exterior derivative induces the differential
d@Iy: Q(T™B,7*(V)) — QYT B, 7*(V)),

defined by
A8 Iy (W) = (A2 Iy, ) (wa), 7€ M.

We construct the homotopy operators using Hodge theory. Let m be a metric on
T7™B, or equivalently a smooth family of Riemannian metrics {m; }.cas on the fibers of .

Integration against the volume density gives an inner product on Q°(B3,),

(0):= [ . 0)ldVol(m,)l, 0.0 €9 (B,).
Let 6, denote the formal adjoint of d with respect to this inner product
8. U THB,) — Q(B,),
i.e. 0, is the unique linear first order differential operator satisfying
(dn,8) = (n,6,0) for all ne€Q*(B,) and all § € Q*T1(B,).
The Laplace—Beltrami operator associated to m, will be denoted by
Ay i=doy+0,d: Q(By) — Q°(By).
Both these operators induce linear differential operators on Q*(T"B,7*(V)),

SIy: QTN T B, 7*(V)) — Q(T™B, 7*(V)), 0TIy (w)y = (0, @1y, ) (wy),
AQIy: Q' (T"B,n*(V)) — Q(T™B,7*(V)), AIy(w),:=(A, @Iy, )(ws).

By the Hodge theorem, if the fiber F' of B has vanishing de Rham cohomology in
degree p, then A, is invertible in degree p.
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LEmMA CA4. If HP(F)=0 then the following hold:

(a) A®Iy is invertible in degree p and its inverse is given by

G Ty: (T B, 5 (V) — (B, x*(V),
(GoIy) (W)= (A @Iy, )(we), x€M;

(b) the maps H1:=(0®Iv)(GRIy) and Hy:=(GRIy)(d®@1Iv),
QP YT B, 7% (V) <22 QP(T™ B, 7% (V) 22— QP (T B, n* (V)

are linear homotopy operators in degree p;
(¢) Hy and Hy satisfy the following local-tameness property: for every relatively
compact open UCM there are constants Cp >0 such that

[Hy()lln.815 < Cnvllnllntsply — for all ne QP(T7Blg, 7 (Vig)),
1H2(@)lln,Blp < Crvllwlntss, — for all we QT Blg, 7 (Vg)),

where s=| 3 dim(F)|+1.
Moreover, if U'CU, then one can take C, y:=Cyp .

Proof. In a trivialization chart the operator A®Iy is given by a smooth family of

Laplace—Beltrami operators
Ay QP(F)E — QP (F)E,

where k is the rank of V. These operators are elliptic and invertible, and therefore, by
Proposition C.7, A;l(w,) is smooth in x, for every smooth family w,€QP(F)*. This
shows that G® Iy, maps smooth forms to smooth forms. Clearly G® Iy is the inverse of
A®Iy, so we have proven (a).

For part (c), let UCM be a relatively compact open set. Applying part (2) of
Proposition C.7 to a family of coordinate charts which cover U, we find constants Dyu
such that

G Iy (0)lIn.B15 < Dnulnllnts—1.5, forall n € Q(T™Bly, = (V|y))-

Moreover, the constants can be chosen so that they are decreasing in U. Since H; and
Hy are defined as the composition of G®Iy with a linear differential operator of degree
1, it follows that we can also find constants C,, iy such that the inequalities from (c) are

satisfied, and which are also decreasing in U.
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For part (b), using that 62=0, we obtain that A, commutes with dd,:

A, db, = (6, +06,d)d6, = d5,dS, +0,d*6, = db,dd,,
do, Ay = d, (A6, +06,d) = dS,dd, +dé2d = db,d,.

This implies that A® Iy commutes with (d® Iy )(0®Iy ), and thus G® Iy, commutes with
(d®1Iy)(d®1y). Using this, we obtain that H; and Hs are homotopy operators:

1

Golv)(AxIy)

GRIv)(doIy)(691Iy)+ (0 Iy) (de Iv))
doIv)(0@1Iv)(Galy)+(Galy)(0@1y)(dR1y)
deIy)Hy+Hy(d®Iy). O

(
(
(
(

C.4. Proof of the tame vanishing lemma

Let G=M be as in the statement. By passing to the connected components of the
identities in the s-fibers [19], we may assume that G is s-connected. Then s:G—M is a
locally trivial fiber bundle with compact fibers whose cohomology vanishes in degree p.

We will apply Lemma C.4 to the complex of s-foliated forms with coefficients in s*(V),
(Q(T°G,s"(V)),d1y).

Recall that the right translation by an arrow g€gG is the diffeomorphism between
the s-fibers above y=t(g) and above z=s(g), given by

~Y
7ﬁg:gy — G,

h— hg.
A form weQ(T4G, s*(V)) is invariant if it satisfies
(1;®9)(whg) =wp for all h,g€G with s(h) =t(g),

where 77 ®g is the linear isomorphism 7+ g-nedry. Denote the space of invariant V-
valued forms on G by Q*(T°G, s*(V))“.
It is well known that forms on A with values in V' are in one-to-one correspondence

with invariant V-valued forms on G; this correspondence is given by

T (A V) —Q(T°G,s"(V)),  J(n)g:=(ry- @97 ") (iy))-
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The map J is also a chain map, and thus it induces an isomorphism of complexes (see
[26, Theorem 1.2] and also [16, §2.3.2] for coefficients)

@A, V), dy) = (1 (T°G, 5" (V)% d Iy ). (44)
A left inverse for J (i.e. a map P such that PoJ=Id) is given by
P (T°G,s"(V)) — Q(A,V), P(w)s:=Wy(a)-
Let (-, ) be an inner product on A. Using right translations, we extend (-, -) to an
invariant metric m on 179G,
m(X,Y)g:=(drg-1X,drg-1Y ), forall X,Y eT;G.

Invariance of m implies that the right translation by an arrow g:x—y is an isometry
between the s-fibers
791 (Gyymy) — (Guy M)

The corresponding operators from §C.3 are also invariant.

LEMMA C.5. The operators 6®1Iy, ARIy, Hi and Hs, corresponding to m, send

invariant forms to invariant forms.

Proof. Since right translations are isometries and the operators J, are invariant
under isometries we have that rj<d,=d,°ry, for all arrows g:z—y.
For n€Q*(T%G,s*(V))Y we have that
(ry®9)(6@1v(n))lg, = (rged:®9)(nlg,) = (6,°r;®9)(nlg. )
= (0,®1y,)(ry@9)(nlg,) = (6,®1v,)(nlg,) = (6&@1v)(n)lg,-
This shows that d®1Iy(n)€Q(T°G,s*(V))9. The other operators are constructed in
terms of 6@ Iy and d® Iy, and thus they also preserve Q*(T°G, s*(V))9. O
This lemma and the isomorphism (44) imply that the maps
QP LA, V) L QP(A, V) L2 qrtl(4, V),
defined by
hl I:P0H10J and hQI:POHQOJ,

are linear homotopy operators for the Lie algebroid complex in degree p.

For part (1) of the tame vanishing lemma, let weQ?(A,V) and OCM be an orbit
of A. Since G is s-connected we have that s='(0)=t"'(0)=G|o. Clearly J(w)|s-1(0)
depends only on w|p. By the construction of Hi, for all z€O we have that

hi(w)e = Hi(J (@)1, = (02287 &Ly, ) (J(@)]s-2(2))1, -

Thus h;(w)|o depends only on w|p. The same argument applies also to hs.

Before checking part (2), we give a simple lemma.
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LEMMA C.6. Consider a vector bundle map A: F1— F5 between two vector bundles
Fy— My and Fy— Ms, covering a map f: Mi—Ms. If A is fiberwise invertible and f is
proper, then the pull-back map

A%T(F) —T(F), A(0)s:=A; (0f@),

satisfies the following tameness inequalities: for every open UCMa, with U compact,
there are constants Cp y >0 such that

|A* (0)]| Crullollnu  for all o eT(Fy|g).

n,f~H(U) S

Moreover,

(a) of U'CU is open, and one uses the same charts when computing the norms, then
one can choose Cy, y:=Ch, ;

(b) if NCMs, is a submanifold and o €T'(F,) satisfies j*(o)|n=0, then its pull-back
satisfies j*(A*(0))] y-1(n)=0.

Proof. Since A is fiberwise invertible, we can assume that Fy=f*(Fy) and A*=f*.
By choosing a vector bundle F’ such that Fo® F’ is trivial, we reduce the problem to the

case when F is the trivial line bundle. So, we have to check that f*: C°°(Mz)—C> (M)
has the desired properties. But this is straightforward: we just cover both f~1(U) and

U by charts, and apply the chain rule. The constants Cp,u are the C"-norms of f over
f71(U), and therefore are getting smaller if U gets smaller. This implies (a). For part
(b), just observe that j’;(w)(a):() implies j* (oo f)=0. O

Part (2) of the tame vanishing lemma follows by Lemma C.4 (¢) and by applying
Lemma C.6 to J and P. Corollary C.2 follows from Lemma C.6 (a) and Lemma C.4 (c).
To prove Corollary C.3, consider a form w with j*w|o=0, for an orbit O. Then, by
Lemma C.6(b), it follows that J(w) vanishes up to order k along t~}(0)=G|o. By
construction, we have that H; is C°°(M) linear, and therefore also H;(J(w)
up to order k along G|p; and again, by Lemma C.6 (b), hy(w)=u*(H1(J(w))
along O=u"1(G|o) up to order k.

vanishes

)
) vanishes

C.5. The inverse of a family of elliptic operators
This subsection is devoted to proving the following result.

ProroSITION C.7. Consider a smooth family of linear differential operators

P T(V)—T(W), zeR™,
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between sections of vector bundles V- and W over a compact base F. If P, is elliptic of
degree d>=1 and invertible for all x€R™, then

(1) the family of inverses {Q,:=P; '} ,erm induces a linear operator
Q:T(p"(W)) — L (p*(V)),
{wx}xeRm — {waa:}xE]Rma
where p*(V):=VxR™—FXxR™ and p*(W):=W xR™— F xR™;
(2) Q is locally tame, in the sense that for all bounded open sets UCR™, there exist
constants Cp >0 such that the inequalities
1Q)ln,rxt SCrnullwllnys—1,rxo  for allw €T (p*(W)|pxi),

hold, with s=|% dim(F)|+1. If U'CU, then one can take Cy, yr:=Cyp.

Fixing C™-norms || - ||, on I'(V), we induce seminorms on I'(p*(V)),
o O
w g:= sup sup
n,FxU 0<kt|o|<n 2€U O 5

where wel'(p*(V)) is regarded as a smooth family w={w, €T'(V)},erm. Similarly, fixing
norms on I'(W), we define also norms on I'(p*(W)).

Endow I'(V) and I'(W) also with Sobolev norms, denoted by {|-|,}n>0. Loosely
speaking, |w|, measures the L2-norm of w and its partial derivatives up to order n (for a
precise definition, see e.g. [10]). Denote by H, (I'(V')) and by H,(I'(W)) the completion
of T'(V'), respectively of I'(W), with respect to the Sobolev norm |- |,.

We will use the standard inequalities between the Sobolev and the C™-norms, which

follow from the Sobolev embedding theorem:
[wlln < Cnlwlnts and  |wln < Cpllw]ln, (45)

for all wel'(V) (resp. I'(W)), where s=|1 dim(F)|+1 and C,, >0 are constants.
Since P, is of order d, it induces continuous linear maps between the Sobolev spaces,
denoted by
(Pre)n: Hnta(D(V)) — Hp (D(W)).

These maps are invertible.
LEMMA C.8. If a degree-d elliptic differential operator
P:T(V)—T(W)
is invertible, then for every n>=0 the induced map
[Pln: Hnta(D(V)) — Hp(T'(W))

is also invertible and its inverse is induced by the inverse of P.
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Proof. Since P is elliptic, it is invertible modulo smoothing operators (see [10,

Lemma 1.3.5]), i.e. there exists a pseudo-differential operator
U:IN(W) —T(V),

of degree —d such that YP—-Id=K; and PV —Id=Kj,, where K; and K5 are smoothing

operators. Since V¥ is of degree —d, it induces continuous maps
[\I’]n: Hn(F(W)) — Hn+d(r(v))a
and since K7 and K5 are smoothing operators, they induce continuous maps
[K1]n: Hy(T(V)) — T(V) and  [Ks),: Hy(T(W)) — T(W).
We now show that [P],, is a bijection.
Injectivity. For ne Hy+q(T(V)), with [P],n=0, we have that
n=(d—[¥]n[Pln)n=—[Ki]an e I(V),

and hence [P],n=Pn. By the injectivity of P, we have that n=0.

Surjectivity. For 6€ H, (I'(W)), we have that

([P]n[¥]n —=1d)0 = [K3]n0 € T(W),
and, since P is onto, [K3],0=Pn for some n€l'(V). So 6 is in the range of [Py,
0= [Pln([¥]n0—n).

The inverse of a bounded operator between Banach spaces is bounded, and therefore

-1

~1 coincides with P~1, and since the

[P];;! is continuous. Since on smooth sections [P]
space of smooth sections is dense in all Sobolev spaces, it follows that P~! induces a

continuous map H,, (T'(W))— H,+4(T'(V)), and that this map is [P], . O

For two Banach spaces B; and B, denote by Lin(Bj, Bz) the Banach space of
bounded linear maps between them, and by Iso(Bj, By) the open subset consisting of

invertible maps. The following proves that the family [P,],, is smooth.

LEMMA C.9. Let {P,}zerm be a smooth family of linear differential operators of
order d between the sections of vector bundles V' and W, both over a compact manifold F.
Then the map induced by P from R™ to the space of bounded linear operators between

the Sobolev spaces
R™ 3z +— [Pyln € Lin(Hp4.q(I'(V)), Ha (T'(W)))

18 smooth and its derivatives are induced by the derivatives of P,.
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Proof. Linear differential operators of degree d from V to W are sections of the
vector bundle Hom(J4(V); W)=J%(V)*®@W, where J4(V)—F is the dth jet bundle of

V. Therefore, P can be viewed as a smooth section of the pull-back bundle
p*(Hom(J(V); W)) := Hom(J*(V); W) x R™ — F xR™.

Since F' is compact, by choosing a partition of unity on F with supports inside some
open sets on which V and W trivialize, one can write any section of p*(Hom(J4(V'); W))
as a linear combination of sections of Hom(J(V); W) with coefficients in C>°(R™ x F).
Hence, there are constant differential operators P; and functions f;€C*°(R™ x F'), for
1=1,2,..., N, such that

N
P,=Y fix)P:.
=1

So it suffices to prove that for f€C>(R™ x F'), multiplication with f(z) induces a smooth
map
R™ 3 x+—— [f(z)Id], € Lin(H,(T'(W)), H,(T'(W))).

First, it is easy to see that for any smooth function g€ C>*(R™ x F') and every compact
K CR™, there are constants Cy, (g, K) such that |g(x)o|, <Cy(g, K)|o|, for all z€ K and
o€ H,(I'(W)); or equivalently that the operator norm satisfies |[g(z)Id]y|op <Ch (g, K)
for xe K.

Consider feC®(R™x F), let ZeR™ and K be a closed ball centered at Z. Using

the Taylor expansion of f at Z, write

and

@ —I@-Y ) gl @ = Y (i) (-7 @),

i=1 1<i<i<m

where T, T27 € 0O (R™ x F). Thus, for all z€ K, we have that

m

1 (@) 1]~ [f (@) Idlalop < |2 =] Y Cu(T3, K),

) 1@) Tl =3 (o2 | 22 (01

i=1
The first inequality implies that the map z+[f(z)Id], is C° and the second that it is

<|(£—i'|2 Z Cn(Ta'ﬁ’jaK)

op 1<i<i<m

n

C!, with partial derivatives given by
0 of
1d],, = Id| .
6$i [f d] ! {8% d:|n

The statement now follows inductively. O
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Proof of Proposition C.7

By Lemma C.8, Q, =P, ! induces continuous operators
[Qaln: Hn(T(W)) — Hpa(D(V))-
We claim that the following map is smooth
R™ 50— [Quln € Lin(Ha(T(W)), Hosa(D(V))).
This follows by Lemmas C.8 and C.9, since we can write
[Qaln =[Py T =[Pal " = t([P2]n),
where ¢ is the (smooth) inversion map
5 150( o .a(T(V)), H(T(W))) — Tso(H (T(W)), Hos a(D(V))).
Let w={wy}zerm €T'(p*(W)). By our claim and Lemma C.9, it follows that
2+ [Qaln[wa]n = [Qowaln+d € Hnra(T(V))

is a smooth map. On the other hand, the Sobolev inequalities (45) show that the inclusion
I'(V)—=T™(V), where I (V) is the space of sections of V of class C™ (endowed with the

norm || - ||,), extends to a continuous map
Hyyo(D(V)) — (V).
Since also evaluation ev,: I (V)—V, at p€F is continuous, it follows that the map
T— Quwy(p) €V

is smooth. This is enough to conclude the smoothness of the family {Q,w;}zerm, so
Q(w)€T(p*(V)). This finishes the proof of the first part.

For the second part, let UCR™ be an open set with U compact. Since the map
x> [Qy]n is smooth, it follows that

@[Qx]n <00, (46)

op

‘aal

Dy, .,y :=sup sup
z€U |a|<m

where | - |op denotes the operator norm. Let w={w;},cp be an element of I'(p* (W) |y 5)-

By Lemma C.9, also the map z— [wy], € H, (I'(W)) is smooth and for all multi-indices -,

oh :[am }

— W —w
Y xin e x
n
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Let k and o be such that |o|+k<n. Using (45) and (46), we obtain

olel glel
ﬁ(Qmwx) < Ha(Qrwﬂﬂ)
H@x k Ox k+d—1
Cerar| 2 (@)
S Chyd—1| 75 (Qaw
Ox o kds+d—1
a \|olsl ol
<Ck+d71 ( ) A gWe g o We
PIRCE it W
a ol
< Chtd—1 ( )Dk-f—s—l,ﬁ U| o We
[34;—04 B L7 0 k+s—1
o 1kl
<Crid—1Ck4s5-1 < )Dk+sl,ﬁ,U oWy
Z By i e k4s—1

B+y=a

< Cn7U||w||n+s—l,F><U'

This proves the second part

1@l rxt < Cnvllwllngs—1,pxo-

The constants D, ,, v are clearly decreasing in U, and hence for U’ CU we also have that
Cp,u'<Cyp . This finishes the proof of Proposition C.7.
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