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Université de Montpellier

Montpellier, France
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1. Introduction

When D is an elliptic operator on a manifold M preserved by a compact group K of

symmetry, one can understand the aim of “geometric invariant theory” as the realization

of the space of K-invariant solutions of D as the space of solutions of an elliptic operator

on a “geometric quotient” M0 of M .

The by now classical case is concerned with a K-action on a compact complex man-

ifold M : we may consider the Dolbeault operator D acting on sections of a holomorphic

line bundle L. When L is ample Guillemin–Sternberg [13] proved that the K-invariant

solutions of D can be realized on Mumford’s GIT quotient M0 :=Φ−1
L (0)/K: here ΦL is

the moment map associated with the K-action on the line bundle L. This result was

extended to other cohomology groups by Teleman in [32] (see also [31]).

In our article, we show that the same construction can be generalized to the differ-

entiable case if properly reformulated. We consider a compact connected Lie group K

with Lie algebra k acting on a compact, oriented and even-dimensional manifold M . In

this introduction we assume for simplicity that M carries a K-invariant spin structure:

the corresponding Dirac operator plays the role of the Dolbeault operator.

For any line bundle L we consider the Dirac operator D:=DL twisted by L. It acts

on sections of the Clifford bundle S=Sspin⊗L on M , where Sspin is the spinor bundle of

M . We are concerned with the equivariant index of D, that we denote by QK(M,S),

and we also say that QK(M,S) is the space of virtual solutions of D. It belongs to

the Grothendieck group of representations of K. More generally, we can consider any

irreducible equivariant Clifford module S over M , when M admits a spinc structure.

An important example is when M is a compact complex manifold, K a compact

group of holomorphic transformations of M , L a holomorphic K-equivariant line bundle

on M , not necessarily ample, and D the Dolbeault operator acting on sections on the

Clifford bundle S of L-valued differential forms of type (0, q). Then

QK(M,S) =

dimCM∑
q=0

(−1)qH0,q(M,L).
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Our aim is to show that the virtual space of K-invariant solutions of the twisted

Dirac operator D can be identified to the space of virtual solutions of a twisted Dirac

operator on a “geometric quotient” M0 of M , constructed with the help of a moment

map. To formulate a clean result in the context of Dirac operators is not obvious. Let

us first state the vanishing theorem (surprisingly difficult to prove) which will allow us

to do so.

We use Duflo’s notion of admissible coadjoint orbits (see §3) to produce unitary

irreducible representations of K. There is a map Qspin
K associating with an admissible

coadjoint orbit P a virtual representation Qspin
K (P) of K. By this correspondence, reg-

ular admissible coadjoint orbits parameterize the set K̂ of classes of unitary irreducible

representations of K. The coadjoint orbit of % is regular admissible and parameterizes

the trivial representation of K. However, if r is the rank of [k, k], there are 2r admissible

orbits P such that Qspin
K (P) is the trivial representation of K. We will say that such an

orbit P is an ancestor of the trivial representation.

For h a subalgebra of k, we denote by (h) the conjugacy class of h. If ξ∈k∗, we

denote by kξ its infinitesimal stabilizer. The set Hk of conjugacy classes of the algebras

kξ, ξ running in k∗, is a finite set. Indeed the complexified Lie algebras of kξ varies over

the Levi subalgebras of kC. For (h)∈H, we say that a coadjoint orbit Kξ is of type (h)

if kξ belongs to the conjugacy class (h). The semi-simple part of kξ is [kξ, kξ].

Let (kM ) be the generic infinitesimal stabilizer of the K-action on M . We prove the

following result.

Theorem 1.1. If ([kM , kM ]) is not equal to some ([h, h]), for h∈Hk, then for any

K-equivariant line bundle L, QK(M,S)=0.

We may thus assume that there exists (h)∈Hk such that ([kM , kM ])=([h, h]): this

class is unique and is denoted by (hM ). This condition on the K-action is always satisfied

in the Hamiltonian setting [21], but not always in the spin setting (see the case of spheres

in Example 4.23).

Consider our line bundle L. The choice of a Hermitian connection ∇ determines a

moment map

ΦL:M −! k∗

by the relation L(X)−∇XM =i〈ΦL, X〉, for all X∈k.
We now describe the geometric quotient M0. Let us first state the result, when the

infinitesimal stabilizer (kM ) is abelian. The corresponding (hM ) is the conjugacy class of

Cartan subalgebras, and we consider

M0 = Φ−1
L (K%)/K,
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where K% is the regular admissible orbit that parametrizes the trivial representation. In

the general case, we define OM=
⋃
P to be the union of the ancestors of the trivial rep-

resentation which are of type (hM ). Thus OM is a union of a finite number of admissible

coadjoint orbits, a number that might be greater than 1 (see the example in §6.3). We

then consider

M0 = Φ−1
L (OM )/K.

Then, we define by a desingularization procedure, a virtual vector space Qspin(M0),

which coincides when M0 is smooth to the space of virtual solutions of a twisted Dirac

operator on M0. We prove the following theorem.

Theorem 1.2.

[QK(M,S)]K = Qspin(M0).

This is an equality of dimensions. This equality also holds in the Grothendieck group

of irreducible representations of G, if G is a compact group of symmetry commuting with

the action of K.

Thus our space M0 plays the role of the geometric quotient in this purely differen-

tiable setting. The space M0 may vary dramatically with the choice of the connextion

∇, but not its quantized space Qspin(M0).

Let us recall that we did not make any assumption on the line bundle L. So this

equality is true for any line bundle L, and any choice ofK-invariant connection∇ on L. In

particular, the curvature of∇might be always degenerate, whatever choice of connection.

In §6, we raise a question on existence of “best connections”.

Let us recall the previous results on this subject. After their work [13] Guillemin–

Sternberg formulated the conjecture “Quantization commutes with reduction” denoted

by [Q,R]=0. This conjecture was proved in full generality by Meinrenken–Sjamaar [24],

following partial results notably by [12], [34], [35], [18], [23]. Later, other proofs by

analytic or topological methods were given by [33], [26].

After the remarkable results of Meinrenken–Sjamaar [24], it was tempting to find

in what way we can extend their results to the general spinc situation. In this general

context, our manifoldM is not necessarily complex, nor even almost-complex. So the only

elliptic operators which make sense in this case are twisted Dirac operators. We restrict

ourselves to line bundles, the case of vector bundles being obtained by pushforward of

index of line bundles.

When M is a spinc manifold, with an action of S1, a partial answer to the question

of quantization commutes with reduction in the spin setting has been obtained by [10],

[11], [30]. The case of toric manifolds and non ample line bundles has been treated

in [19]. These interesting examples (we give an example due to Karshon–Tolman in
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§6) motivated us to search for a general result. However, to formulate what should be

the result in the general non-abelian case was not immediately clear to us, although a

posteriori very natural. We really had to use (in the case where the generic stabilizer is

non-abelian) non regular admissible orbits.

Let us also say that, due to the inevitable %-shift in the spin context, our theo-

rem does not imply immediately the [Q,R]=0 theorem of the Hamiltonian case. Both

theorems are somewhat magical, but each one on its own. We will come back to the

comparison between these two formulations in future work devoted to the special case of

almost complex manifolds.

Recently, using analytic methods adapted from those of Braverman, Ma, Tian and

Zhang [33], [6], [22], [7], Hochs–Mathai [16] and Hochs–Song [17] have extended our

theorem to other natural settings where the group and/or the manifold are not compact.

Note that in their works, the authors have to use our result in the compact setting to

obtain these extensions.

1.1. Description of the results

We now give a detailed description of the theorem proved in this article.

LetM be a compact connected manifold. We assume thatM is even-dimensional and

oriented. We consider a spinc structure on M , and denote by S the corresponding spinor

bundle. Let K be a compact connected Lie group acting on M and S, and we denote by

D: Γ(M,S+)!Γ(M,S−) the corresponding K-equivariant spinc Dirac operator.

Our aim is to describe the space of K-invariant solutions, or more generally, the

equivariant index of D, denoted by QK(M,S). It belongs to the Grothendieck group of

representations of K:

QK(M,S) =
∑
π∈K̂

m(π) π.

Consider the determinant line bundle det(S) of the spinc structure. This is a K-

equivariant complex line bundle on M . The choice of a K-invariant Hermitian metric

and of a K-invariant Hermitian connection ∇ on det(S) determines a moment map

ΦS :M −! k∗.

If M is spin and S=Sspin⊗L, then det(S)=L⊗2 and ΦS is equal to the moment map ΦL

associated with a connection on L.

We start to explain our result on the geometric description of m(π) in the torus

case. The general case reduces (in spirit) to this case, using an appropriate slice for the

K-action on M .
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Let K=T be a torus acting effectively on M . In contrast to the symplectic case,

the image ΦS(M) might not be convex. Let Λ⊂t∗ be the lattice of weights. If µ∈Λ,

we denote by Cµ the corresponding 1-dimensional representation of T . The equivariant

index QT (M,S) decomposes as QT (M,S)=
∑
µ∈Λ mµCµ.

The topological space Mµ=Φ−1
S (µ)/T , which may not be connected, is an orbifold

provided with a spinc-structure when µ in t∗ is a regular value of ΦS . In this case we

define the integer Qspin(Mµ) as the index of the corresponding spinc Dirac operator on

the orbifold Mµ. We can define Qspin(Mµ) even if µ is a singular value. Postponing this

definition, our result states that

mµ = Qspin(Mµ), for all µ∈Λ. (1.1)

Here is the definition of Qspin(Mµ) (see §5.1). We approach µ by a regular value

µ+ε, and we define Qspin(Mµ) as the index of a spinc Dirac operator on the orbifold

Mµ+ε, and this is independent of the choice of ε sufficiently close. Remark here that µ

has to be an interior point of ΦS(M) in order for Qspin(Mµ) to be non zero, as otherwise

we can take µ+ε not in the image. In a forthcoming article, we will give a more detailed

description of the function µ!Qspin(Mµ) in terms of locally quasi-polynomial functions

on t∗.

The identity (1.1) was obtained by Karshon–Tolman [19] when M is a toric manifold,

by Grossberg–Karshon [11] when M is a locally toric space, and by Cannas da Silva–

Karshon–Tolman [30] when dimT=1. In Figure 1, we draw the picture of the function

µ 7!Qspin(Mµ) for the Hirzebruch surface, and a non ample line bundle on it (we give

the details of this example due to Karshon–Tolman in the last section). The image of Φ

is the union of the two large triangles in red and blue. The multiplicities are 1 on the

integral points of the interior of the red triangle, and −1 on the integral points of the

interior of the blue triangle.

Now consider the general case of a compact connected Lie group K acting on

M and S. So we may assume that ([kM , kM ])=([hM , hM ]) for (hM )∈Hk, as otherwise

QK(M,S)=0.

We say that a coadjoint orbit P⊂k∗ is admissible if P carries a spinc-bundle SP
such that the corresponding moment map is the inclusion P ↪!k∗. We denote simply by

Qspin
K (P) the element QK(P,SP)∈R(K). It is either zero or an irreducible representation

of K, and the map

O 7−!πO := Qspin
K (O)

defines a bijection between the regular admissible orbits and the dual K̂. When O is a

regular admissible orbit, an admissible coadjoint orbit P is called an ancestor of O (or a

K-ancestor of πO) if Qspin
K (P)=πO.
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Figure 1. T -multiplicities for non ample bundle on Hirzebruch surface.

Denote by A((hM )) the set of admissible orbits of type (hM ). If P∈A((hM )), we

can define the spinc index Qspin(MP)∈Z of the reduced space MP=Φ−1
S (P)/K (by a

deformation procedure if MP is not smooth).

We obtain the following theorem which is the main result of the paper.

Theorem 1.3. Assume that ([kM , kM ])=([hM , hM ]) for (hM )∈Hk.

The multiplicity of the representation πO in QK(M,S) is equal to∑
P

Qspin(MP),

where the sum runs over the ancestors of O of type (hM ). In other words,

QK(M,S) =
∑

P∈A((hM ))

Qspin(MP)Qspin
K (P).

When we consider the orbit K%, the multiplicity of the representation πK% in

QK(M,S) is the space of K-invariant virtual solutions of D and Theorem 1.3 implies

Theorem 1.2.

It may be useful to rephrase this theorem by describing the parametrization of

admissible orbits by parameters belonging to the closed Weyl chamber t∗>0. Let

Λ>0 := Λ∩t∗>0

be the set of dominant weights, and let % be the half-sum of the positive roots.
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The set of regular admissible orbits is indexed by the set Λ>0+%: if λ∈Λ>0+%,

the coadjoint orbit Kλ is regular admissible and πKλ is the representation with highest

weight λ−%.

Denote by F the set of the relative interiors of the faces of t∗>0. Thus t∗>0=
∐
σ∈F σ.

The face t∗>0 is the open face in F .

Let σ∈F . The stabilizer Kξ of a point ξ∈σ depends only of σ. We denote it by

Kσ, and by kσ its Lie algebra. We choose on kσ the system of positive roots compatible

with t∗>0, and let %Kσ be the corresponding %. When µ∈σ, the coadjoint orbit Kµ is

admissible if and only if λ=µ−%+%Kσ∈Λ.

The map F!Hk, σ 7!(kσ), is surjective but not injective. We denote by F(M) the

set of faces of t∗>0 such that (kσ)=(hM ).

Using the above parameters, we may rephrase Theorem 1.3 as follows.

Theorem 1.4. Assume that ([kM , kM ])=([hM , hM ]) with (hM )∈Hk. Let λ∈Λ>0+%

and let mλ∈Z be the multiplicity of the representation πKλ in QK(M,S). We have

mλ =
∑

σ∈F(M)

λ−%Kσ∈σ

Qspin(MK(λ−%Kσ )). (1.2)

More explicitly, the sum (1.2) is taken over the faces σ of the Weyl chamber such

that

([kM , kM ]) = ([kσ, kσ]), Φ(M)∩σ 6=∅, λ∈{σ+%Kσ}. (1.3)

In §6.3, we give an example of a SU(3)-manifold M with generic stabilizer SU(2),

and a spinc bundle S, where several σ contribute to the multiplicity of a representation

πKλ in QK(M,S). On Figure 2, the picture of the decomposition of QK(M,S) is given in

terms of the representations Qspin
K (P) associated with the SU(2)-ancestors P. All reduced

spaces are points, but the multiplicity Qspin(MP) are equal to −1, following from the

orientation rule. On the picture, the links between admissible regular orbits O and their

ancestors P are indicated by segments. We see that the trivial representation of K has

two ancestors P1 and P2 of type (h), so that the multiplicity of the trivial representation

is equal to

Qspin(MP1
)+Qspin(MP2

) =−2,

and comes from two different faces of the Weyl chamber.

1.2. Strategy

The moment map ΦS permits us to define the Kirwan vector field �S on M : at m∈M ,

�S is the tangent vector obtained by the infinitesimal action of −ΦS(m) at m∈M . Our
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%K

Figure 2. K-multiplicities and ancestors.

proof is based on a localization procedure using the vector field �S . Before going into

the details, let us recall the genealogy of the method.

In [2], Atiyah and Bott calculate the cohomology of moduli spaces of vector bundles

over Riemann surfaces by using a stratification defined by the Yang–Mills functional.

This functional turns to the be the square of a moment map (in a infinite-dimensional

setting). Their approach was developped by Kirwan in [20] to relate the cohomology

of the Mumford GIT quotient with the equivariant cohomology of the initial manifold.

Recall that in the symplectic setting the Kirwan vector field is the Hamiltonian vector

field of the square of the moment map.

In [36], Witten proposed a non-abelian localisation procedure on the zero set of the

Kirwan vector field for the integration of equivariant classes. This wonderful idea had

a great influence in many other contexts. For example, Tian and Zhang [33] gives an

analytical proof of the [Q,R]=0 theorem by deforming à la Witten the Dolbeault–Dirac

operator with the Kirwan vector field.

In this paper we use a K-theoretic analogue of the Witten non-abelian localization

procedure. Let us briefly explain the main lines of this powerful tool which was initiated

in [34], [35], [26] and developed in [28]. We use a topological deformation of the symbol of

the Dirac operator D by pushing the zero section of T∗M inside T∗M using the Kirwan

vector field �S .

In Witten non-abelian localization formula, computation of integrals of equivariant

cohomology classes on M reduces to the study of contributions coming from a neigh-

borhood of ZS , the set of zeros of the invariant vector field �S . Our K-theoretical
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non-abelian localization formula allows us to compute the index QK(M,S) as a sum

of equivariant indices of transversally elliptic operators associated with connected com-

ponents Z of ZS . We are able to identify them to some basic transversally elliptic

symbols whose indices were computed by Atiyah–Singer (see [1]). Although these indices

are infinite-dimensional representations, they are easier to understand than the original

finite-dimensional representation QK(M,S). The main difficulty is in estimating which

components Z contributes to the K-invariant part. We are able to do so, using a mirac-

ulous estimate on distance between admissible coadjoint orbits proved in [29]. As shown

by the final result, we have (in contrast to the Hamiltonian setting) to take in account

several components and to identify their contributions.

1.3. Outline of the article

Let us explain the contents of the different sections of the article, and their main use in

the final proof.

• In §2, we give the definition of the index of a spinc-bundle.

• In §3, we describe the canonical spinc-bundle on admissible coadjoint orbits (see

(3.12)). For a K-admissible coadjoint orbit P, we determine the regular admissible orbit

O such that if Qspin
K (P) is not zero, then Qspin

K (P)=πO (Proposition 3.6).

In Proposition 3.14, we state the “magical inequality” that will be used over and

over again in this article.

• In §4, we define the Witten deformation and recall some of its properties (proved in

[26], [28]). It allows us to reduce the computation of QK(M,S) to indices qZ of simpler

transversally elliptic operators defined in neighborhoods of connected components of

ZS={�S=0}.
We introduce a function dS :ZS!R. If dS takes strictly positive value on some

component Z of ZS , then the K-invariant part of the (virtual) representation qZ is equal

to zero (Proposition 4.17). This is a very important technical proposition.

If O is an admissible regular coadjoint orbit, the shifting trick leads us to study

the manifold M×O∗ with spinc-bundle S⊗SO∗ . We want to select the component Z of

ZS⊗SO∗ , so that [qZ ]K is not zero.

Here is where we discover that, for QK(M,S) to be non zero, it is necessary that

the semi-simple part of the generic stabilizer (kM ) of the action of K on M is equal to

the semi-simple part of a Levi subalgebra (h) of k. It follows that such a component Z is

described rather simply as an induced manifold K×H (Y ×o(h)), where Y is a H/[H,H]

manifold, and o(h) is the [H,H]-orbit of the corresponding %[H,H] element. Then we use

the fact that the quantization of the orbit of % is the trivial representation. In fact, to
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determine the contributing components Z, we study a function dO:ZS⊗SO∗!R relating

the representation of Km on TmM and the norm of ΦS(m). Here Km is the stabilizer

of m∈M . It relies on the “magical inequality” (Proposition 3.14) on distance of regular

weights to faces of the Weyl chamber proved in [29].

• In §5, we explain how to define indices on singular reduced spaces. The main

theorem is their invariance under small deformation. We then have done all the work

needed to be able to prove the main theorem.

• The last section is dedicated to some simple examples intended to show several

features of our theory.
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Notation

Throughout the paper:

• K denotes a compact connected Lie group with Lie algebra k.

• T is a maximal torus in K with Lie algebra t.

• Λ⊂t∗ is the weight lattice of T : every element µ∈Λ defines a 1-dimensional T -

representation, denoted Cµ, where t=exp(X) acts by tµ :=ei〈µ,X〉.

• We fix a K-invariant inner product ( · , ·) on k. This allows us to identify k and k∗

when needed.

We denote by 〈· , ·〉 the natural duality between k and k∗.

• We denote by R(K) the representation ring of K: an element E∈R(K) can be

represented as finite sum E=
∑
µ∈K̂ mµπµ, with mµ∈Z. The multiplicity of the trivial

representation is denoted by [E]K .

• We denote by R̂(K) the space of Z-valued functions on K̂. An element E∈R̂(K)

can be represented as an infinite sum E=
∑
µ∈K̂ m(µ)Vµ, with m(µ)∈Z.

• If H is a closed subgroup of K, the induction map IndKH : R̂(H)!R̂(K) is the dual

of the restriction morphism R(K)!R(H).

• When K acts on a set X, the stabilizer subgroup of x∈X is denoted by

Kx := {k∈K : k ·x=x}.

The Lie algebra of Kx is denoted by kx.
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• An element ξ∈k∗ is called regular if Kξ is a maximal torus of K.

• When K acts on a manifold M , we denote

XM (m) :=
d

dt

∣∣∣∣
t=0

e−tX ·m

the vector field generated by −X∈k. Sometimes we will also use the notation

XM (m) =−X ·m.

The set of zeros of the vector field XM is denoted MX .

• If V is a complex (ungraded) vector space, then the exterior space∧
V =

∧+
V ⊕

∧−
V

will be Z/2Z graded in even and odd elements.

• If E1=E+

1 ⊕E
−
1 and E2=E+

2 ⊕E
−
2 are two Z/2Z graded vector spaces (or vector

bundles), the tensor product E1⊗E2 is Z/2Z-graded with

(E1⊗E2)+ =E+

1 ⊗E
+

2 ⊕E
−
1 ⊗E

−
2 and (E1⊗E2)−=E−1 ⊗E

+

2 ⊕E
+

1 ⊗E
−
2 .

Similarly, the spaces End(Ei) are Z/2Z graded. The action of End(E1)⊗End(E2) on

E1⊗E2 obeys the usual sign rules: for example, if f∈End(E2)−, v1∈E−1 and v2∈E2,

then f(v1⊗v2)=−v1⊗fv2.

• If E is a vector space and M a manifold, we denote by [E] the trivial vector bundle

on M with fiber E.

2. Spinc equivariant index

2.1. Spinc modules

Let V be an oriented Euclidean space of even dimension n=2`. We denote by Cl(V ) its

Clifford algebra. If e1, ..., en is an oriented orthonormal frame of V , we define the element

ε := (i)`e1 ... en ∈Cl(V )⊗C

that depends only of the orientation. We have ε2=1 and εv=−vε for any v∈V .

If E is a complex Cl(V )-module, the Clifford map is denoted cE : Cl(V )!End(E).

We see then that the order-2 element εE :=cE(ε) defines a Z/2Z-graduation on E by

defining E± :=ker(IdE ∓εE). Moreover, the maps cE(v):E!E for v∈V interchange the

subspaces E+ and E−. This graduation will be called the canonical graduation of the

Clifford module E.

We follow the conventions of [4]. Recall the following fundamental fact.
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Proposition 2.1. Let V be an even-dimensional Euclidean space.

• There exists a complex Cl(V )-module S such that the Clifford morphism

cS : Cl(V )−!End(S)

induces an isomorphism of complex algebra Cl(V )⊗C'End(S).

• The Clifford module S is unique up to isomorphism. We call it the spinor Cl(V )-

module.

• Any complex Cl(V )-module E has the following decomposition

E'S⊗homCl(V )(S,E), (2.4)

where homCl(V )(S,E) is the vector space spanned by the Cl(V )-complex linear maps from

S to E. If V is oriented and the Clifford modules S and E carry their canonical grading,

then (2.4) is an isomorphism of graded Clifford Cl(V )-modules.

Let V =V1⊕V2 be an orthogonal decomposition of even-dimensional Euclidean spaces.

We choose an orientation o(V1) on V1. There is a one-to-one correspondence between

the graded Cl(V2)-modules and the graded Cl(V )-modules defined as follows. Let S1 be

the spinor module for Cl(V1). If W is a Cl(V2)-module, the vector space E :=S1⊗W is a

Cl(V )-module with the Clifford map defined by

cE(v1⊕v2) := cS1
(v1)⊗IdW +εS1

⊗cW (v2).

Here vi∈Vi and εS1∈End(S1) defines the canonical graduation of S1. Conversely, if E is

a graded Cl(V )-module, the vector space W :=homCl(V1)(S1, E) formed by the complex

linear maps f :S1!E commuting with the action of Cl(V1) has a natural structure of

Cl(V2) graded module and E'S1⊗W .

If we fix an orientation o(V ) on V , it fixes an orientation o(V2) on V2 by the relation

o(V )=o(V1)o(V2). Then the Clifford modules E and W carries their canonical Z/2Z
graduation, and E'S1⊗W becomes an identity of graded Clifford modules.

Example 2.2. Let H be a Euclidean vector space equipped with a complex structure

J∈O(H): we consider the complex vector space
∧
J H. Denote by m(v) the exterior

multiplication by v. The action c of H on
∧
J H given by c(v)=m(v)−m(v)∗ satisfies

c(v)2=−‖v‖2Id. Thus,
∧
J H, equipped with the action c, is a realization of the spinor

module for H. Note that the group U(J) of unitary transformations of H acts naturally

on
∧
J H. If one choose the orientation on H induced by the complex structure, one sees

that the canonical grading is (
∧
J H)±=

∧±
J H.
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Suppose now that we have another complex structure J ′∈O(H): the vector space∧
J′ H is another spinor module for H. We denote by εJ

′

J the ratio between the orienta-

tions defined by J and J ′. One can check that∧
J′

H ' εJ
′

J Cχ⊗
∧
J

H, (2.5)

as a graded Cl(H)-module and also as a graded U(J ′)∩U(J)-module. Here Cχ is the 1-

dimensional representation of U(J ′)∩U(J) associated with the unique character χ defined

by the relation χ(g)2=detJ′(g) detJ(g)−1, for all g∈U(J ′)∩U(J).

Example 2.3. When V =Q⊕Q, with Q being a Euclidean space, we can identify V

with QC by (x, y) 7!x⊕iy. Thus SQ :=
∧
QC is a realization of the spinor module for V .

It carries a natural action of the orthogonal group O(Q) acting diagonally. If Q carries a

complex structure J∈O(Q), we can consider the spin modules
∧
J Q and

∧
−J Q for Q.

We have then the isomorphism SQ'
∧
J Q⊗

∧
−J Q of graded Cl(V )-modules (it is also

an isomorphism of U(J)-modules).

2.2. Spinc structures

Consider now the case of a Euclidean vector bundle V!M of even rank. Let Cl(V)!M

be the associated Clifford algebra bundle. A complex vector bundle E!M is a Cl(V)-

module if there is a bundle algebra morphism cE : Cl(V)!End(E).

Definition 2.4. Let S!M be a Cl(V)-module such that the map cS induces an

isomorphism Cl(V)⊗RC!End(S). Then we say that S is a spinc-bundle for V.

As in the linear case, an orientation on the vector bundle V determines a Z/2Z
grading of the vector bundle S (called the canonical graduation) such that for any v∈Vm,

the linear map(1) cS(m, v):S|m!S|m is odd.

Example 2.5. WhenH!M is a Hermitian vector bundle, the complex vector bundle∧
H is a spinc bundle for H. If one choose the orientation of the vector bundle H induced

by the complex structure, one sees that the canonical grading is (
∧
H)±=

∧±H.

We assume that the vector bundle V is oriented, and we consider two spinc-bundles

S and S ′ for V, both with their canonical grading. We have the following identity of

graded spinc-bundles: S ′'S⊗LS,S′ , where LS,S′ is a complex line bundle on M defined

by the relation

LS,S′ := homCl(V)(S,S ′). (2.6)

(1) The map cS(m, ·):V|m!End(S|m) will also be denoted by cS|m .
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Definition 2.6. Let V!M be a Euclidean vector bundle of even rank. The determi-

nant line bundle of a spinc-bundle S on V is the line bundle det(S)!M defined by the

relation

det(S) := homCl(V)(	S,S),

where 	S is the Cl(V)-module with opposite complex structure.

Example 2.7. When H!M is a Hermitian vector bundle, the determinant line bun-

dle of the spinc-bundle
∧
H is det(H):=

∧maxH.

If S and S ′ are two spinc-bundles for V, we see that

det(S ′) = det(S)⊗L⊗2
S,S′ .

Assume that V=V1⊕V2 is an orthogonal sum of Euclidean vector bundles of even

rank. We assume that V1 is oriented, and let S1 be a spinc-bundle for V1 that we equip

with its canonical grading. If E is a Clifford bundle for V, then we have the following

isomorphism(2)

E 'S1⊗W, (2.7)

where W :=homCl(V1)(S1, E) is a Clifford bundle for V2. If V is oriented, it fixes an

orientation o(V2) on V2 by the relation o(V)=o(V1)o(V2). Then the Clifford modules

E and W carry their canonical Z/2Z grading, and (2.7) becomes an identity of graded

Clifford modules.

In the particular situation when S is a spinc-bundle for V, then S'S1⊗S2, where

S2 :=homCl(V1)(S1,S) is a spinc-bundle for V2. At the level of determinant line bundles,

we obtain det(S)=det(S1)⊗det(S2).

Let us end this section by recalling the notion of spin-structure and spinc-structure.

Let V!M be an oriented Euclidean vector bundle of rank n, and let PSO(V) be its

orthogonal frame bundle: it is a principal SOn bundle over M .

Let us consider the spinor group spinn which is the double cover of the group SOn.

The group spinn is a subgroup of the group spincn which covers SOn with fiber U(1).

A spin structure on V is a spinn-principal bundle Pspin(V) over M together with a

spinn-equivariant map Pspin(V)!PSO(V).

We assume now that V is of even rank n=2`. Let Sn be the irreducible complex

spin representation of spinn. Recall that Sn=S+

n⊕S−n inherits a canonical Clifford ac-

tion c:Rn!End(Sn), which is spinn-equivariant, and which interchanges the graduation:

c(v): S±n!S∓n . The spinor bundle attached to the spin-structure Pspin(V) is

S := Pspin(V)×spinnSn.

(2) The proof is identical to the linear case explained earlier.
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A spinc-bundle for V determines a spinc structure, that is a principal bundle over M

with structure group spincn. When V admits a spin-structure, any spinc-bundle for V is

of the form SL=Sspin⊗L where Sspin is the spinor bundle attached to the spin-structure

and L is a line bundle on M . Then the determinant line bundle for SL is L⊗2.

2.3. Moment maps and Kirwan vector field

In this section, we consider the case of a Riemannian manifold M acted on by a compact

Lie group K. Let S!M be a spinc-bundle on M . If the K-action lifts to the spinc-bundle

S in such a way that the bundle map cS : Cl(TM)!End(S) commutes with the K-action,

we say that S defines a K-equivariant spinc-bundle on M . In this case, the K-action

lifts also to the determinant line bundle det(S). The choice of an invariant Hermitian

connection ∇ on det(S) determines an equivariant map ΦS :M!k∗ and a 2-form ΩS on

M by means of the Kostant relations

L(X)−∇XM = 2i〈ΦS , X〉 and ∇2 =−2iΩS (2.8)

for every X∈k. Here L(X) denotes the infinitesimal action on the sections of det(S).

We will say that ΦS is the moment map for S (it depends however of the choice of a

connection).

Via the equivariant Bianchi formula, (2.8) induce the relations

ι(XM )ΩS =−d〈ΦS , X〉 and dΩS = 0 (2.9)

for every X∈k.
In particular the function m!〈ΦS(m), X〉 is locally constant on MX .

Remark 2.8. Let b∈k and m∈M b, the set of zeros of bM . We consider the linear

actions L(b)|Sm and L(b)|det(S)m on the fibers at m of the spinc-bundle S and the line

bundle det(S). Kostant relations imply L(b)|det(S)m=2i〈ΦS(m), b〉. The irreducibility of

S implies that

L(b)|Sm = i〈ΦS(m), b〉 IdSm .

Furthermore, the function m 7!〈ΦS(m), b〉 is locally constant on M b.

Remark 2.9. Notice that

• The closed equivariant form ΩS−〈ΦS , X〉 represents half of the equivariant first

Chern class of the line bundle det(S).

• In general, the closed 2-form ΩS is not symplectic. Furthermore, if we take any

(real valued) invariant 1-form A on M , ∇+iA is another connection on det(S). The

corresponding curvature and moment map will be modified in ΩS− 1
2dA and ΦS− 1

2ΦA,

where ΦA:M!k∗ is defined by the relation 〈ΦA, X〉=−ι(XM )A.



equivariant dirac operators 153

Let Φ:M!k be a K equivariant map. We define the K-invariant vector field �Φ on

M by

�Φ(m) :=−Φ(m)·m, (2.10)

and we call it the Kirwan vector field associated with Φ. The set where �Φ vanishes is

a K-invariant subset that we denote by ZΦ⊂M .

We identify k∗ to k by our choice of K-invariant scalar product and we will have

a particular interest in the equivariant map ΦS :M!k∗'k associated with the spinc-

bundle S. In this case we may denote the K-invariant vector field �ΦS simply by �S

(even if it depends of the choice of a connection):

�S(m) :=−ΦS(m)·m,

and we denote ZΦS by ZS .

As ΦS is a moment map, we have the following basic description (see [26] and [28]).

Lemma 2.10. If the manifold M is compact, the set ΦS(ZS) is a finite collection of

coadjoint orbits. For any coadjoint orbit O=Kβ, we have

ZS∩Φ−1
S (O) =K(Mβ∩Φ−1

S (β)).

Here we have identified β∈k∗ to an element in k still denoted by β.

Remark 2.11. A small computation gives 1
2d‖ΦS‖

2=−ι(�S)ΩS , hence the zeros of

�S are critical points of ‖ΦS‖2.

Remark 2.12. From the previous remark, we notice that any β in the image ΦS(ZS)

is such that ‖β‖2 is a critical value of the map ‖ΦS‖2. Although the map ΦS , as well as

the set, ZS vary when we vary the connection, we see that the image ΦS(ZS) is contained

in a finite set of coadjoint orbits that does not depend of the connection (see [28]).

Figure 3 describes the set ΦS(ZS) for the action of the diagonal torus of K=SU(3)

on the orbit K% equipped with its canonical spinc-bundle.

2.4. Equivariant index

Assume in this section that the Riemannian K-manifold M is compact, even-dimensional,

oriented, and equipped with a K-equivariant spinc-bundle S!M . The orientation in-

duces a decomposition S=S+⊕S−, and the corresponding spinc Dirac operator is a

first-order elliptic operator DS : Γ(M,S+)!Γ(M,S−) [4], [9]. Its principal symbol is the

bundle map σ(M,S)∈Γ(T∗M,hom(p∗S+, p∗S−)) defined by the relation

σ(M,S)(m, ν) = cS|m(ν̃) :S|+m−!S|
−
m.
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Figure 3. The set ΦS(ZS).

Here ν∈T∗M 7!ν̃∈TM is the identification defined by the Riemannian structure.

If W!M is a complex K-vector bundle, we can define similarly the twisted Dirac

operator DWS : Γ(M,S+⊗W)!Γ(M,S−⊗W).

Definition 2.13. Let S!M be an equivariant spinc-bundle. We denote

• by QK(M,S)∈R(K) the equivariant index of the operator DS ,

• by QK(M,S⊗W)∈R(K) the equivariant index of the operator DWS .

Let Â(M)(X) be the equivariant Â-genus class of M : it is an equivariant analytic

function from a neighborhood of 0∈k with value in the algebra of differential forms on M .

Berline–Vergne equivariant index formula [4, Theorem 8.2] asserts that

QK(M,S)(eX) =

(
i

2π

)(dimM)/2 ∫
M

e−i(ΩS−〈ΦS ,X〉)Â(M)(X) (2.11)

for X∈k small enough. Here we write QK(M,S)(eX) for the trace of the element eX∈K
in the virtual representation QK(M,S) of K. It shows in particular that QK(M,S)∈
R(K) is a topological invariant: it only depends of the class of the equivariant form

ΩS−〈ΦS , X〉, which represents half of the first equivariant Chern class of the line bundle

det(S).

Example 2.14. We consider the simplest case of the theory. Let M :=P1(C) be the

projective space of (complex) dimension 1. We write an element of M as [z1, z2] in homo-

geneous coordinates. Consider the (ample) line bundle L!P1, dual of the tautological

bundle. Let S(n) be the spinc-bundle
∧

C TM⊗L⊗n. The character QT (M,S(n)) is

equal to H0(P1,O(n))−H1(P1,O(n)), where O(n) is the sheaf of holomorphic section of

L⊗n. Then, for n>0,

QT (M,S(n)) =

n∑
k=0

tk.

Here T={t∈C:|t|=1} acts on [z1, z2] via t·[z1, z2]=[t−1z1, z2].
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3. Coadjoint orbits

In this section, we describe spinc-bundles on admissible coadjoint orbits of K and the

equivariant indices of the associated Dirac operators.

For any ξ∈k∗, the stabilizer Kξ is a connected subgroup of K with same rank. We

denote by kξ its Lie algebra. Let Hk be the set of conjugacy classes of the reductive

algebras kξ, ξ∈k∗. It contains the conjugacy class formed by the Cartan sub-algebras,

and it contains also k (stabilizer of 0).

We denote by Sk the set of conjugacy classes of the semi-simple parts [h, h] of the

elements (h)∈Hk. The map (h)!([h, h]) induces a bijection between Hk and Sk (see [29]).

We group the coadjoint orbits according to the conjugacy class (h)∈Hk of the stabi-

lizer, and we consider the Dixmier sheet k∗(h) of orbits Kξ with kξ conjugated to h. The

connected Lie subgroup with Lie algebra h is denoted H, that is if h=kξ, then H=Kξ.

We write h=z⊕[h, h], where z is the center and [h, h] is the semi-simple part of h. Thus

h∗=z∗⊕[h, h]∗, and z∗ is the set of elements in h∗ vanishing on the semi-simple part of

h. We write k=h⊕[z, k], so we embed h∗ in k∗ as an H-invariant subspace, that is we

consider an element ξ∈h∗ also as an element of k∗ vanishing on [z, k]. Let z∗0 be the set

of ξ∈z∗, such that kξ=h. We see then that the Dixmier sheet k∗(h) is equal to K ·z∗0.

3.1. Admissible coadjoint orbits

We first define the %-orbit. Let T be a Cartan subgroup of K. Then t∗ is embedded in

k∗ as the subspace of T -invariant elements. Choose a system of positive roots ∆+⊂t∗,
and let %K= 1

2

∑
α>0 α. The definition of %K requires the choice of a Cartan subgroup T

and of a positive root system. However a different choice leads to a conjugate element.

Thus we can make the following definition.

Definition 3.1. We denote by o(k) the coadjoint orbit of %K∈k∗. We call o(k) the

%-orbit.

If K is abelian, then o(k) is {0}.
The notion of admissible coadjoint orbit is defined in [8] for any real Lie group G.

When K is a compact connected Lie group, we adopt the following equivalent definition:

a coadjoint orbit O⊂k∗ is admissible if O carries a K-equivariant spinc-bundle SO, such

that the associated K-equivariant moment map is the injection O ↪!k∗ (by equivariance

the moment map is unique). If Kξ is an admissible orbit, we also say that the element

ξ is admissible. An admissible coadjoint orbit O is oriented by its symplectic structure,

and we denote by Qspin
K (O):=QK(O,SO) the corresponding equivariant spinc index.
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We have 〈ξ, [kξ, kξ]〉=0. The quotient space q=k/kξ is equipped with the symplectic

form Ωξ(�X,
Y ):=〈ξ, [X,Y ]〉, and with a unique Kξ-invariant complex structure Jξ such

that Ωξ( · , Jξ ·) is a scalar product. We denote by qξ the complex Kξ-module (k/kξ, Jξ),

and by TrCqξ : End(qξ)!C the complex trace.

Any element X∈kξ defines a complex linear map ad(X): qξ!qξ.

Definition 3.2. For any ξ∈k∗, we denote %(ξ)∈k∗ξ the element defined by

〈%(ξ), X〉= 1

2i
TrCqξad(X), X ∈ kξ.

We extend %(ξ) to an element of k∗, that we still denote by %(ξ).

If iθ: kξ!iR is the differential of a character of Kξ, we denote by Cθ the corre-

sponding 1-dimensional representation of Kξ, and by [Cθ]=K×KξCθ the corresponding

line bundle over the coadjoint orbit Kξ⊂k∗. The condition that Kξ is admissible means

that there exists a spinc-bundle S on Kξ such that det(S)=[C2ξ] (2iξ needs to be the

differential of a character of Kξ).

Lemma 3.3. (1) 〈%(ξ), [kξ, kξ]〉=0.

(2) The coadjoint orbit Kξ is admissible if and only if i(ξ−%(ξ)) is the differential

of a 1-dimensional representation of Kξ.

Proof. Consider the character k 7!detqξ(k) of Kξ. Its differential is 2i%(ξ). Thus

〈%(ξ), [kξ, kξ]〉=0.

We can equip Kξ'K/Kξ with the spinc-bundle Sξ :=K×Kξ
∧

qξ with determinant

line bundle det(Sξ)=[C2%(ξ)]. Any other K-equivariant spinc-bundle on Kξ is of the form

Sξ⊗[Cθ], where iθ is the differential of a character of Kξ. Then det(Sξ⊗[Cθ])=[C2ξ] if

and only if ξ−%(ξ)=θ. The lemma then follows.

In particular the orbit o(k) is admissible. Indeed if ξ=%K , then ξ−%(ξ)=0.

An admissible coadjoint orbit P=Kξ is then equipped with the spinc-bundle

S±P :=K×Kξ
(∧±

qξ⊗Cξ−%(ξ)
)
. (3.12)

Its spinc equivariant index is

Qspin
K (P) = IndKKξ

(∧
qξ⊗Cξ−%(ξ)

)
. (3.13)

See [28].

The following proposition is well known (see [29]).
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Proposition 3.4. • The map O7!πO :=Qspin
K (O) defines a bijection between the

set of regular admissible orbits and K̂.

• Qspin
K (o(k)) is the trivial representation of K.

We now describe the representation Qspin
K (P) attached to any admissible orbit P in

terms of regular admissible orbits.

Definition 3.5. With any coadjoint orbit P⊂k∗, we associate the coadjoint orbit

s(P)⊂k∗ which is defined as follows: if P=Kµ, take s(P)=Kξ with ξ∈µ+o(kµ). We call

s(P) the shift of the orbit P.

If P is regular, s(P)=P. If P={0}, then s(P)=o(k).

The following proposition summarises the results concerning the quantization of

admissible orbits.

Proposition 3.6. ([29]) Let P be an admissible orbit.

• P∗ :=−P is also admissible and Qspin
K (P∗)=Qspin

K (P)∗.

• If s(P) is regular, then s(P) is also admissible.

• Conversely, if O is regular and admissible, and P is such that s(P)=O, then P
is admissible.

• The following hold :

– If s(P) is not regular, then Qspin
K (P)=0.

– If s(P) is regular, then Qspin
K (P)=Qspin

K (s(P))=πs(P).

It is important to understand what are the admissible orbits P such that s(P) is

equal to a fixed regular admissible orbit O.

Definition 3.7. • For a conjugacy class (h)∈Hk, we denote by A((h)) the set of

admissible orbits belonging to the Dixmier sheet k∗(h).

• If P,O⊂k∗ are K-orbits, P is called an (h)-ancestor of O if P⊂k∗(h) and s(P)=O.

We make the choice of a connected Lie subgroup H with Lie algebra h and write

h=z⊕[h, h]. We denote by z∗0 the set of elements ξ∈z∗ such that Kξ=H. The orbit o(h)

(the %-orbit for H) is contained in [h, h]∗.

An orbit P is an (h)-ancestor of an orbit O, if and only if there exists µ∈z∗0 such that

P=Kµ and O=Kλ for λ∈µ+o(h). The following fact that is proved in [29, Theorem 4.4]

will be needed in the next sections.

Lemma 3.8. Let P be a (h)-ancestor of a regular admissible orbit O. Take µ∈P∩z∗0
and λ∈µ+o(h). Then the form λ−%(λ) is equal to µ−%(µ)∈z∗ and corresponds(3) to

the differential of a character of H.

(3) Modulo the “i” factor.
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Figure 4. H-admissible orbits.

Given a regular admissible orbit O, there might be several (h)-ancestors to O. There

might also be several classes of conjugacy (h) such that O admits an (h)-ancestor P. For

example, let O=o(k). Then, for any h∈Hk, the orbit K(%K−%H) is an (h)-ancestor to

O. Here we have chosen a Cartan subgroup T contained in H, H=Kξ and a positive

root system such that ξ is dominant to define %K and %H .

Example 3.9. Consider the group K=SU(3) and let (h) be the centralizer class of a

subregular element f∈k∗ with centralizer H=S(U(2)×U(1)).

We consider the Cartan subalgebra of diagonal matrices and choose a Weyl chamber.

Let ω1 and ω2 be the two fundamental weights. Let σ1 and σ2 be the half-lines R>0ω1

and R>0ω2. The set A((h)) is equal to the collection of orbits K ·
(

1
2 (1+2n)ω1

)
, n∈Z

(see Figure 4).

As −ω1 is conjugated to ω2, we see that the set A((h)) is equal to the collection of

orbits K ·
(

1
2 (1+2n)ωi

)
, n∈Z>0, i=1, 2. Here we have chosen the representatives in the

chosen closed Weyl chamber.

One has s
(
K ·
(

1
2 (1+2n)ωi

))
=K(%K+(n−1)ωi). Thus the shifted orbit is a regular

orbit if and only if n>0. For n=1, both admissible orbits K · 32ω1 and K ·
(
− 3

2ω1

)
=K · 32ω2

are (h)-ancestors to the orbit K%K=o(k).

Both admissible orbits P1=K · 12ω1 and P2=K · 12ω2 are such that Qspin
K (Pi)=0.

In Figure 5, we draw the link between H-admissible orbits and their respective shifts.
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%K

Figure 5. H-admissible orbits and their shifts.

3.2. Magical inequality

We often will use complex structures and normalized traces on real vector spaces defined

by the following procedure.

Definition 3.10. Let N be a real vector space and b:N!N a linear transformation,

such that −b2 is diagonalizable with non-negative eigenvalues.

• We define the diagonalizable transformation |b|=
√
−b2 of N .

• We define the complex structure Jb=b|b|−1 on N/ ker(b).

• We denote by nTrN |b|= 1
2TrRN |b|, that is half of the trace of the action of |b| in

the real vector space N . We call nTrN |b| the normalized trace of b.

If N has a Hermitian structure invariant by b, 1
2TrRN |b| is equal to the complex trace

of |b| considered as a Hermitian endomorphism of N . The interest of our notation is that

we do not need complex structures to define nTrN |b|.
If N is a Euclidean space and b a skew-symmetric transformation of N , then −b2 is

diagonalizable with non-negative eigenvalues. By definition of Jb, the transformation b

of N determines a complex diagonalizable transformation of N/ ker(b), and the list of its

complex eigenvalues is [ia1, ..., ia`] where the ak are strictly positive real numbers. We

have nTrN |b|=
∑`
k=1 ak>0.

Recall our identification k=k∗ with the help of a scalar product. When β∈k∗, denote

by b the corresponding element of k. We have defined a complex structure Jβ on k/kβ .

On the other hand, b defines an invertible transformation of k/kβ . It can be checked that

Jβ=Jb. If we choose a Cartan subalgebra containing b, then nTrk|b|=
∑
α>0 |〈α, b〉|.

For further use, we include a lemma. Let us consider kC, the complexified space of k.

Consider the complex space
∧
kC.



160 p.-e. paradan and m. vergne

Lemma 3.11. Let b∈k. Let x∈R be an eigenvalue for the action of b/i in
∧
kC.

Then x>−nTrk|b|.

Proof. Indeed, consider a Cartan subalgebra t containing b, the system of roots ∆

and an order such that 〈α, b〉>0 for all α>0. An eigenvalue x on
∧
kC is thus of the form∑

α∈I⊂∆〈α, b〉. Thus we see that the lowest eigenvalue is −
∑
α>0〈α, b〉=−nTrk|b|.

Assume now that N!M is a real vector bundle equipped with an action of a

compact Lie group K. For any b∈k, and any m∈M such that bM (m)=0, we may

consider the linear action L(b)|m which is induced by b on the fibers N|m. It is easy

to check that (L(b)|m)2 is diagonalizable with eigenvalues which are negative or equal to

zero. We denote by |L(b)|m|=
√
−(L(b)|m)2.

Definition 3.12. We denote by nTrN|m |b|:= 1
2TrRNm |L(b)|m| that is half of the trace

of the real endomorphism |L(b)|m| on N|m. We call nTrN|m |b| the normalized trace of

the action of b on N|m.

For any b∈k and µ∈k∗ fixed by b, we may consider the action ad(b):kµ!kµ and the

corresponding normalized trace nTrkµ |ad(b)| denoted simply by nTrkµ |b|.

Definition 3.13. A regular element λ∈k∗ determines a closed positive Weyl chamber

Cλ⊂k∗λ. We say that λ is very regular if λ∈%(λ)+Cλ.

Notice that regular admissible elements are very regular.

The following “magical inequality”, that is proved in [29], will be a crucial tool

in §4.5.

Proposition 3.14. (Magical inequality) Let b∈k and denote by β the corresponding

element in k∗. Let λ and µ be elements of k∗ fixed by b. Assume that λ is very regular

and that µ−λ=β. Then

‖β‖2> 1
2nTrkµ |b|.

The equality holds if and only if one of the following equivalent statements holds:

(a) λ∈µ+o(kµ);

(b) µ∈Cλ and λ−%(λ)=µ−%(µ).

3.3. Slices and induced spinc-bundles

We suppose here that M is a K-manifold and that Φ:M!k∗ is a K-equivariant map.

If O is a coadjoint orbit, a neighborhood of Φ−1(O) in M can be identified with an

induced manifold, and the restriction of spinc-bundles to a neighborhood of Φ−1(O) can

be identified to an induced bundle. To this aim, let us recall the notion of slice [21].
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Definition 3.15. Let M be a K-manifold and m∈M with stabilizer subgroup Km.

A submanifold Y ⊂M containing m is a slice at m if Y is Km-invariant, KY is a neigh-

borhood of m, and the map

K×KmY −!M,

[k, y] 7−! ky,

is an isomorphism onto KY .

Consider the coadjoint action of K on k∗. Let us fix µ∈k∗ and H :=Kµ. Let C be

the connected component of the open subset

h∗0 := {ξ ∈ h∗ :Kξ ⊂H} (3.14)

containing µ. The map K×HC!KC is a diffeomorphism. Thus C is a slice at µ for the

coadjoint action.

The following construction was used as a fundamental tool in the symplectic setting

[14].

Proposition 3.16. Let Φ:M!k∗ be a K-invariant map. Let µ∈k∗, and let C be

the slice at µ defined previously.

• YC=Φ−1(C) is a Kµ-invariant submanifold of M (perhaps empty).

• KC is an open neighborhood of Φ−1(Kµ) diffeomorphic to K×KµYC .

The manifold YC , when is not empty, is called the slice (of M) at µ∈k∗. Note that

YC can be disconnected.

Proof. Let us consider the H=Kµ invariant orthogonal decompositions k=h⊕q and

k∗=h∗⊕q∗: we denote ξ![ξ]q∗ the corresponding projection to q∗.

A point ξ is in h∗0 (see (3.14)) if and only if the map X 7!ξ�ad(X) is an isomorphism

from q to q∗. Thus, for any y∈YC , the linear map Πy :=[ · ]q∗ �TyΦ: TyM!q∗ is onto.

Indeed, the tangent space toKy projects onto the tangent space toKΦ(y), which contains

[q,Φ(y)]=q∗. Thus we obtain that YC is a submanifold with tangent space ker(Πy) and

furthermore TyM=TyYC⊕q·y.

The rest of the assertions follow from the fact that C is a slice at µ for the coadjoint

action.

Suppose now that M is oriented and carries a K-equivariant spinc-bundle S. Let us

explain how this data induces a spinc-bundle on the slice YC .

Any element ξ∈h∗0 determines a complex structure(4) Jξ=ad(ξ) |ad(ξ)|−1 on q:=k/h

which depends only of the connected component C of h∗0 containing ξ: thus we denote

(4) The element ξ is viewed as an element of h through the identification k'k∗.
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by JC the corresponding complex structure on q:=k/h. We denote by qC the complex

H-module (q, JC), and %C the element of z∗ defined by the relation

〈%C , X〉=
1

2i
TrCqCad(X), X ∈ h. (3.15)

Consider the H-manifold YC and the open subset KYC'K×HYC of M . At the

level of tangent spaces we have TM |YC =[q]⊕TYC . We orient the manifold Y through

the relation o(M)=o(JC)o(YC). The restriction of the spinc-bundle S to the submanifold

YC permits to define the unique spinc-bundle SYC on YC such that

S|YC =
∧

qC⊗SYC . (3.16)

This gives a bijection between the K-equivariant spinc-bundles on K×HYC and the H-

equivariant spinc-bundles on YC . If the relation (3.16) holds, we say that SYC is the

spinc-bundle induced by S. Notice that at the level of determinant line bundles we have

det(S)|YC = det(SYC )⊗C2%C .

Let us consider the particular situation where the slice YC is a compact submanifold

of M . It is the case when M=K×HYC , and in this setting we have a simple formula

that relate the spinc-indices on M and on the slice YC :

QK(M,S) = IndKH

(∧
qC⊗QH(YC ,SYC )

)
. (3.17)

See [28].

4. Computing the multiplicities

4.1. Transversally elliptic operators

In this subsection, we recall the basic definitions from the theory of transversally elliptic

symbols (or operators) defined by Atiyah and Singer in [1]. We refer to [5] and [27] for

more details.

Let M be a compact K-manifold with cotangent bundle T∗M . Let p: T∗M!M

be the projection. If E is a vector bundle on M , we may denote still by E the vector

bundle p∗E on the cotangent bundle T∗M . If E+ and E− are K-equivariant complex

vector bundles over M , a K-equivariant morphism σ∈Γ(T∗M, hom(E+, E−)) is called

a symbol on M . For x∈M , and ν∈T ∗xM , thus σ(x, ν): E+

x!E−x is a linear map from

E+

x to E−x . The subset of all (x, ν)∈T∗M , where the map σ(x, ν) is not invertible, is

called the characteristic set of σ, and is denoted by Char(σ). A symbol is elliptic if its
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characteristic set is compact. An elliptic symbol σ on M defines an element [σ] in the

equivariant K-theory of T∗M with compact support, which is denoted by K0
K(T∗M).

The index of σ is a virtual finite-dimensional representation of K, that we denote by

IndexMK (σ)∈R(K).

Recall the notion of transversally elliptic symbol. Let T∗KM be the following K-

invariant closed subset of T∗M

T∗KM = {(x, ν)∈T∗M : 〈ν,X ·x〉= 0 for all X ∈ k}.

Its fiber over a point x∈M is formed by all the cotangent vectors ν∈T ∗xM which vanish on

the tangent space to the orbit of x under K, in the point x. A symbol σ is K-transversally

elliptic if the restriction of σ to T∗KM is invertible outside a compact subset of T∗KM

(i.e. Char(σ)∩T∗KM is compact).

A K-transversally elliptic symbol σ defines an element of K0
K(T∗KM), and the index

of σ defines an element IndexMK (σ) of R̂(K) defined in [1].

We will use the following obvious remark. Let σ∈Γ(T∗M,hom(E+, E−)) be a transver-

sally elliptic symbol on M .

Lemma 4.1. Assume that an element b∈K acts trivially on M , and that E± are

K-equivariant vector bundles on M such that the subbundles [E±]b fixed by b are equal

to {0}. Then [IndexMK (σ)]K=0

Proof. The space [IndexMK (σ)]K is constructed as the (virtual) subspace of invariant

C∞-sections of the bundle E± which are solutions of a K-invariant pseudo-differential

operator on M with symbol σ. But, as the action of b is trivial on the basis, and

[E±]b={0}, the space of b-invariant C∞-sections of the bundle E± is reduced to zero.

Any elliptic symbol is K-transversally elliptic, hence we have a restriction map

K0
K(T∗M)!K0

K(T∗KM), and a commutative diagram

K0
K(T∗M) //

IndexMK
��

K0
K(T∗KM)

IndexMK
��

R(K) // R̂(K).

(4.18)

Using the excision property, one can easily show that the index map

IndexK : K0
K(T∗KU)−! R̂(K)

is still defined when U is a K-invariant relatively compact open subset of a K-manifold

(see [26, §3.1]).

In the rest of this article, M will be a Riemannian manifold, and we denote by

ν∈T∗M!ν̃∈TM the corresponding identification.
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4.2. The Witten deformation

In this section M is an oriented K-manifold of even dimension (not necessarily compact).

Let Φ:M!k∗ be a K-equivariant map. Let �Φ be the Kirwan vector field associated

with Φ (see (2.10)). We denote by ZΦ the set of zeros of �Φ: clearly ZΦ contains the set

of fixed points of the action of K on M as well as Φ−1(0)).

Definition 4.2. Let σ(M,S)(m, ν)=cSm(ν̃):S+

m!S−m be the symbol of the Dirac

operator attached to the spinc-bundle S, and let Φ:M!k∗ be an equivariant map. The

symbol σ(M,S,Φ) pushed by the vector field �Φ is the symbol defined by

σ(M,S,Φ)(m, ν) = cSm(ν̃−�Φ(m)):S+

m−!S
−
m

for any (m, ν)∈TM .

Similarly, if W!M is a K-equivariant vector bundle, we define

σ(M,S⊗W,Φ)(m, ν) =σ(M,S,Φ)(m, ν)⊗IdWm
.

Note that σ(M,S,Φ)(m, ν) is invertible except if ν̃=�Φ(m). If furthermore (m, ν)

belongs to the subset T∗KM of cotangent vectors orthogonal to the K-orbits, then ν=0

and �Φ(m)=0. Indeed �Φ(m) is tangent to K ·m, while ν̃ is orthogonal. So we note that

(m, ν)∈Char(σ(M,S,ΦS))∩T∗KM if and only if ν=0 and �Φ(m)=0.

For anyK-invariant open subset U⊂M such that U∩ZΦ is compact inM , we see that

the restriction σ(M,S,Φ)|U is a transversally elliptic symbol on U , and so its equivariant

index is a well-defined element in R̂(K).

Thus, we can define the following localized equivariant indices.

Definition 4.3. • A closed invariant subset Z⊂ZΦ is called a component if it is a

union of connected components of ZΦ.

• If Z⊂ZΦ is a compact component, andW is a K-equivariant vector bundle over M ,

we denote by

QK(M,S⊗W, Z,Φ)∈ R̂(K)

the equivariant index of σ(M,S⊗W,Φ)|U , where U is an invariant neighborhood of Z so

that U∩ZΦ=Z.

• If we make the Witten deformation with the map Φ=ΦS , then we denote the term

QK(M,S⊗W, Z,ΦS) simply by QK(M,S⊗W, Z).

By definition, Z=∅ is a component and QK(M,S⊗W,∅,Φ)=0.

When M is compact, it is clear that the classes of the symbols σ(M,S,Φ) and

σ(M,S) are equal in K0
K(T∗KM), thus we get the first form of the localization theorem.
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Theorem 4.4. Assume that M is compact. If ZΦ=Z1

∐
...
∐
Zp is a decomposition

into disjoint (compact) components, we have the following equality in R̂(K):

QK(M,S) =

p∑
i=1

QK(M,S, Zi,Φ).

Remark 4.5. Write ΦS(ZS)=
∐
j Oj as a disjoint union of a finite set of coadjoint

orbits. Then we obtain the decomposition

QK(M,S) =
∑
j

QOj ,

with QO=QK(M,S,Φ−1
S (O)∩ZS). As in [26], this decomposition is the main tool of

our study. However, in this work, we will need to introduce a further refinement of this

decomposition.

Example 4.6. We return to our basic example (Example 2.14). Let p+=[1, 0] and

p−=[0, 1] be the fixed points of the T -action on M=P1(C). The determinant line bundle

of S(n) is Ln=[C−1]⊗L⊗2n+2, where [C−1] is the trivial line bundle equipped with the

representation t−1 on C. We choose the moment map Φn associated with a connection

on the determinant bundle (see more details in §6):

Φn([z1, z2]) = (n+1)
|z1|2

|z1|2+|z2|2
− 1

2
.

Then, for n>0, ZS={p+}∪{p−}∪Φ−1
n (0), thus Φn(ZS)=

{
− 1

2

}
∪{0}∪

{
n+ 1

2

}
. Remark

that ZS is smooth: it has three connected components, the two fixed points, and Φ−1
n (0)

a circle with free action of T . Then we obtain the associated decomposition

QT (M,S(n)) =Q−1/2+Q0+Q1/2,

with

Q−1/2 =−
−∞∑
k=−1

tk, Q0 =

−∞∑
k=−∞

tk and Q1/2 =−
∞∑

k=n+1

tk.

Example 4.7. Take the product N=P1(C)×P1(C), with spin bundle S=S(0)⊗S(0),

moment map Φ0 and we consider the diagonal action of T with moment map

Φ(m1,m2) = Φ0(m1)+Φ0(m2).

As QT (P1(C),S(0)) is the trivial representation of T , QT (N,S) is still the trivial repre-

sentation of T .
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Figure 6. The graph of Q−1+Q1 and the graph of Q0.

We have Φ(ZS)={−1}∪{0}∪{1}. In this case Φ−1(±1)={(p±, p±)}, and Φ−1(0) is

not smooth.

Consider the associated decomposition of

QT (N,S) =Q−1+Q0+Q1.

We have

Q−1 =

−2∑
k=−∞

(−k−1)tk, Q0 =

−∞∑
k=−∞

(|k|−1)tk and Q1 =

∞∑
k=2

(k−1)tk.

We see that indeed Q−1+Q0+Q1=t0. Figure 6 shows the corresponding multiplicity

functions.

4.3. Some properties of the localized index

In this subsection, we recall the properties of the localized index QK(M,S, Z,Φ) that we

will use in this article.

4.3.1. Fixed point submanifolds and spinc-bundles

Let S be a K-equivariant spinc-bundle over the tangent bundle TM of a K-manifold M

(equipped with an invariant Riemannian metric). The manifold M is oriented and the

Clifford bundle S is equipped with its canonical Z/2Z-grading. Let b∈k be a non-zero K-

invariant element, and consider the submanifold M b where the vector field bM vanishes.

We have an orthogonal decomposition

TM |Mb =N⊕TM b.

The normal bundle N inherits a fibrewise linear endomorphism L(b) which is anti-

symmetric relatively to the metric.
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Definition 4.8. • We denote by Nb the vector bundle N over M b equipped with the

complex structure Jb :=L(b)|L(b)|−1.

• We take on N the orientation o(N ) induced by the complex structure −Jb. On

M b we take the orientation o(M b) defined by o(N )o(M b)=o(M).

For further use, we note the following positivity result which follows directly from

the definition of Jb.

Lemma 4.9. Let m∈M b.

• The endomorphism L(b)/i:Nb|m!Nb|m is C-linear, diagonalizable, with positive

eigenvalues.

• L(b)/i acts on the fibers of det(Nb)|m by multiplication by the positive number

nTrN|m |b|.

Now we explain how spinc structures are induced on fixed point submanifolds.

Proposition 4.10. Let det(S) be the determinant line bundle of the spinc bun-

dle S. There exists an equivariant spinc-bundle db(S) on the tangent bundle TM b with

determinant line bundle equal to

det(db(S)) := det(S)|Mb⊗det(Nb). (4.19)

Proof. The restriction S|Mb is a spinc-bundle over the tangent bundle

TM |Mb =N⊕TM b.

We denote �Nb the vector bundle N with the complex structure −Jb. Let
∧
�Nb be the

spinor bundle on N with its canonical grading: since o(N )=o(−Jb) we have(∧
�Nb
)±

=
∧±

�Nb.

Since
∧
�Nb is a graded spinc-bundle overN , we know that there exists an equivariant

spinc bundle db(S) over the tangent bundle TM b (with its canonical grading) such that

S|Mb =
∧

�Nb⊗db(S) (4.20)

is an isomorphism of graded Clifford modules. At the level of determinant line bundle,

we get det(S)|Mb=det(�Nb)⊗det(db(S)). The identity (4.19) then follows.

Consider the linear action L(b)|db(S) of b on the fibers of the spinc-bundle

db(S)−!M b.
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Lemma 4.11. We have L(b)|db(S)=ia Iddb(S), where

a(m) = 〈ΦS(m), b〉+ 1
2nTrTmM |b|

is a real-valued locally constant function on M b.

Proof. Due to Remark 2.8, we know that a(m) is equal to 〈Φb(m), b〉, where Φb

is a moment map attached to the line bundle det(db(S)). Due to (4.19) we see that

〈Φb(m), b〉=〈ΦS(m), b〉+ 1
2nTrN|m |b|. Here we use that inTrN|m |b| is equal to the com-

plex trace of L(b): det(Nb)|m!det(Nb)|m (see Lemma 4.9). The factor 1
2 is due to the

fact that ΦS is the moment map of “half” the line bundle det(S) (see Remark 2.9).

Also, nTrTmM |b|=nTrN|m |b| as well as 〈ΦS(m), b〉 are locally constant on M b.

The localization formula of Atiyah–Segal can be expressed in the following way (see

[28, §2.2]).

Theorem 4.12. Let b∈k be a non-zero K-invariant element and assume that M is

compact. For any complex K-vector bundle W!M , we have the following equalities in

R̂(K):

QK(M,S⊗W) =QK(M b,db(S)⊗W|Mb⊗Sym(Nb)).

Here Sym(Nb) is the symmetric algebra of the complex vector bundle Nb.

4.3.2. The localization formula over a coadjoint orbit

Let Φ:M!k∗ be an equivariant map. Let β∈k∗. We also consider β as an element of k

that we denote by the same symbol.

In this section we do not assume that the manifold M is compact but only that

Zβ=K(Mβ∩Φ−1(β)) is a compact component of ZΦ⊂M . The study of

QK(M,S⊗W, Zβ ,Φ)∈ R̂(K)

is thus localized in a neighborhood of Φ−1(Kβ), an induced manifold. Let us recall the

corresponding induction formula.

The restriction of Φ to Mβ is a Kβ-equivariant map taking value in k∗β . The subset

Z ′β=Mβ∩Φ−1(β) is a compact component of ZΦ|
Mβ

=ZΦ∩Mβ . We may then define the

localized index

QKβ (Mβ ,dβ(S)⊗W|Mβ , Z ′β ,Φ|Mβ )∈ R̂(Kβ)

where dβ(S) is the graded spinc-bundle on Mβ defined in Proposition 4.10.
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We consider the normal bundle N!Mβ of Mβ in M . Recall that Nβ denotes the

vector bundle N equipped with the complex Jβ . The following formula is proved in [26]

and [28]:

QK(M,S⊗W, Zβ ,Φ)

= IndKKβ

(
QKβ (Mβ ,dβ(S)⊗W|Mβ⊗Sym(Nβ), Z ′β ,Φ|Mβ )⊗

∧
(k/kβ)C

)
.

Remark 4.13. When K is abelian, this gives

QK(M,S⊗W,Φ−1(β)∩Mβ ,Φ)

=QK(Mβ ,dβ(S)⊗W|Mβ⊗Sym(Nβ),Φ−1(β)∩Mβ ,Φ|Mβ ),

which shows that the Atiyah–Segal localization formula (4.12) still holds for the Witten

deformation.

Thus we obtain the following proposition.

Proposition 4.14. Let S be a K-equivariant spinc-bundle over M , with its canoni-

cal grading. Let Φ:M!k∗ be an equivariant map. Let W!M be an equivariant complex

vector bundle. Assume that Zβ=K(Mβ∩Φ−1(β)) is a compact component of ZΦ⊂M .

Then

[QK(M,S⊗W, Zβ ,Φ)]K

=
[
QKβ (Mβ ,dβ(S)⊗W|Mβ⊗Sym(Nβ), Z ′β ,Φ|Mβ )⊗

∧
(k/kβ)C

]Kβ
.

(4.21)

This proposition will be used to obtain vanishing results, by studying the infinitesi-

mal action of β on the vector bundle dβ(S)⊗W|Mβ⊗Sym(Nβ).

The formula (4.21) can be specialized to each connected component of Mβ . For a

connected component X⊂Mβ intersecting Φ−1(β), we define the compact subset

Zβ(X ) =K(X∩Φ−1(β))⊂Zβ .

First we note thatQK(M,S⊗W, Zβ ,Φ) is equal to the sum
∑
X QK(M,S⊗W, Zβ(X ),Φ)

parameterized by the connected component of Mβ intersecting Φ−1(β) (they are finite

in number).

We have a localization formula for each term QK(M,S⊗W, Zβ(X ),Φ) separately

(see [26] and [28]):

[QK(M,S⊗W, Zβ(X ),Φ)]K

=
[
QKβ (X ,dβ(S)|X⊗W|X⊗Sym(Nβ)|X , Z ′β(X ),Φ|X )⊗

∧
(k/kβ)C

]Kβ
,

(4.22)

where Z ′β(X )=X∩Φ−1(β)⊂Z ′β .
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4.3.3. Induction formula

For the Witten deformation, we proved in [28, §3.3] the following variation on the invari-

ance of the index under direct images.

Let H be a closed subgroup of K, and consider an H-invariant decomposition

k= h⊕q.

Let Bq be an open ball in q, centered at 0 and H-invariant. Let N ′ be an H-manifold,

and consider N=K×H (Bq×N ′). Then N ′ is a submanifold of N , and the normal bundle

of N ′ in N is isomorphic to the trivial bundle with fiber q⊕q. Let Sq be the spinc module

for q⊕q (we can take
∧
qC as realization of Sq). Thus, if E is a K-equivariant graded

Clifford bundle on N , there exists an H-equivariant graded Clifford bundle E ′ on N ′ such

that

E|N ′ =Sq⊗E ′.

Let Φ′ :N ′!h∗ be an H-equivariant map, and let Φ:N!k∗ be a K-equivariant map.

We assume that these maps are linked by the following relations:
Φ|N ′ = Φ′,

Φ([1;X,n′])∈ h∗ if and only if X = 0,

(Φ([1;X,n′]), X)> 0,

(4.23)

for (X,n′)∈Bq×N ′.
Under these conditions, we see that the critical sets ZΦ⊂N and ZΦ′⊂N ′ are related

by ZΦ=K×H ({0}×ZΦ′).

Proposition 4.15. ([28]) Let Z be a compact component of ZΦ and Z ′ its inter-

section with N ′. Then Z ′ is a compact component of ZΦ′ and

QK(N, E , Z,Φ) = IndKH(QH(N ′, E ′, Z ′,Φ′)).

This leads to the relation [QK(N, E , Z,Φ)]K=[QH(N ′, E ′, Z ′,Φ′)]H .

4.4. The function dS

LetM be a compact oriented even-dimensionalK-manifold, equipped with aK-equivariant

spinc bundle S. Let ΦS be the associated moment map on M , and �S be the Kirwan

vector field. Let ZS be the vanishing set of �S :

ZS = {m∈M : ΦS(m)·m= 0}=
⋃
θ

(Mθ∩Φ−1
S (θ)).
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We now introduce a function dS :ZS!R which will localize our study of [QK(M,S, ZS)]K

to special components Z of ZS .

Define dS :ZS!R by the following relation

dS(m) = ‖θ‖2+ 1
2nTrTmM |θ|−nTrk|θ|, with θ= ΦS(m). (4.24)

Lemma 4.16. • The function dS is a K-invariant locally constant function on ZS

that takes a finite number of values.

• The subsets Z>0
S ={dS>0}, Z=0

S ={dS=0} and Z<0
S ={dS<0} are components

of ZS .

Proof. The K-invariance of dS is immediate.

The image ΦS(ZS) is equal to a finite union
⋃
j Oj of coadjoint orbits. For each

coadjoint orbit O=Kβ, the set ZS∩Φ−1
S (O) is equal to a finite disjoint union⋃

j

K(X j∩Φ−1
S (β)),

where (X j) are the connected components of Mβ intersecting Φ−1
S (β). Since the mapping

m 7!nTrTmM |θ| is well defined and locally constant on Mθ, the map dS is constant on

each component K(X j∩Φ−1
S (β)). This proves that dS is locally constant function that

takes a finite number of values.

The second point is a direct consequence of the first.

We now prove the following fundamental fact.

Proposition 4.17. Let Z>0
S be the component of ZS where dS takes strictly positive

values. We have [QK(M,S, Z>0
S )]K=0.

As QK(M,S)=QK(M,S, Z<0
S )+QK(M,S, Z=0

S )+QK(M,S, Z>0
S ) by Theorem 4.4,

note first the following immediate corollary.

Corollary 4.18. If dS takes non-negative values on ZS , we have

[QK(M,S)]K = [QK(M,S, Z=0
S )]K .

We now prove Proposition 4.17.

Proof. Consider a coadjoint orbit Kβ contained in ΦS(ZS). Let X be a connected

component of Mβ and let Z ′β(X ):=X∩Φ−1(β). Let Zβ(X )=KZ ′β(X ). Let us show that

[QK(M,S, Zβ(X ))]K=0 if dS is strictly positive on Zβ(X ).

As [QK(M,S, Zβ(X ))]
K

is equal to[
QKβ (X ,dβ(S)|X⊗Sym(Nβ)|X , Z ′β(X ),ΦS |X )⊗

∧
(k/kβ)C

]Kβ
, (4.25)
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by the localization formula (4.22), Lemma 4.1 tells us that the term [QK(M,S, Zβ(X ))]K

vanishes if the fibers of the vector bundles

dβ(S)|X⊗Symj(Nβ)|X⊗
∧

(k/kβ)C

do not contain non-zero vector killed by the infinitesimal action L(β).

We will prove this fact by showing that the infinitesimal action L(β)/i on the fibers of

the vector bundles dβ(S)|X⊗Symj(Nβ)|X⊗
∧

(k/kβ)C have only strictly positive eigenval-

ues. We establish this by minorizing the possible eigenvalues: they are sums of eigenvalues

on each factor of the tensor product.

We have

1

i
L(β)


= ‖β‖2+ 1

2nTrTM |X |β| on dβ(S)|X ,

> 0 on Symj(Nβ)|X ,

>−nTrk|β| on
∧

(k/kβ)C.

In the first equality, we have used Lemma 4.11: the function m 7!〈ΦS(m), β〉 is

constant on X , and as X contains a point projecting on β,

1

i
L(β)

∣∣∣∣
dβ(S)|X

=

(
‖β‖2+

1

2
nTrTM |X |β|

)
Iddβ(S)|X .

In the second inequality, we used Lemma 4.9, so that the action of L(β)/i on the

graded piece Symj(Nβ) is strictly positive for j>0 or equal to 0 for j=0.

In the last inequality, we have used Lemma 3.11.

If dS takes a strictly positive value on Zβ(X ), we see that L(β)/i>0 on

dβ(S)|X⊗Symj(Nβ)|X⊗
∧

(k/kβ)C.

This forces (4.25) to be equal to zero.

4.5. The Witten deformation on the product M×O∗

In this section, M is a compact oriented even-dimensional K-manifold, equipped with a

K-equivariant spinc bundle S. Let ΦS be the associated moment map on M . Our aim

is to compute geometrically the multiplicities of the equivariant index QK(M,S).

4.5.1. Vanishing theorems

Let Hk be the set of conjugacy classes of the reductive algebras kξ, ξ∈k∗. We denote by

Sk the set of conjugacy classes of the semi-simple parts [h, h] of the elements (h)∈Hk.



equivariant dirac operators 173

Recall that an orbit P is an (h)-ancestor of O if P belongs to the Dixmier sheet

k∗(h) and s(P)=O. Here s(P) is defined as follows: if P=Kµ with kµ=h, then s(P)=

K(µ+o(h)) (see Definition 3.5).

Recall that the map O7!πO :=Qspin
K (O) is a bijection between the regular admissible

orbits and K̂. If O is a regular admissible orbit, then O∗ :=−O is also admissible and

πO∗=(πO)∗. If we apply the shifting trick, we see that the multiplicity of πO inQK(M,S)

is equal to

mO = [QK(M,S)⊗(πO)∗]K = [QK(M×O∗,S⊗SO∗)]K . (4.26)

Let (kM ) be the generic infinitesimal stabilizer of the K-action on M . In this section,

we prove the following vanishing results.

Theorem 4.19. • If ([kM , kM ]) 6=([h, h]) for any (h)∈Hk, then

QK(M,S) = 0

for any K-equivariant spinc-bundle S on M .

• Assume that ([kM , kM ])=([h, h]) for (h)∈Hk. Then

mO = 0

if there is no (h)-ancestor P to O contained in ΦS(M).

We consider the product M×O∗ equipped with the spinc-bundle S⊗SO∗ . The

corresponding moment map is ΦS⊗SO∗ (m, ξ)=ΦS(m)+ξ. We use the simplified notation

ΦO for ΦS⊗SO∗ , �O for the corresponding Kirwan vector field on M×O∗, ZO :={�O=0},
and dO for the function dS⊗SO∗ on ZO. Theorem 4.19 will result from a careful analysis

of the function dO:ZO!R that was introduced in §4.4. Due to Proposition 4.17 and

Corollary 4.18, Theorem 4.19 is a direct consequence of the following theorem.

Theorem 4.20. Let O be a regular admissible orbit.

• The function dO is non negative on ZO.

• If the function dO is not strictly positive, then there exists a unique (h)∈Hk such

that the following conditions are satisfied :

(1) ([kM , kM ])=([h, h]).

(2) the orbit O has an (h)-ancestor P contained in ΦS(M).

Proof. Let P=M×O∗ and let us compute the function dO on ZO. Let m∈M and

λ∈O. The point p=(m,−λ)∈ZO⊂P if and only ΦO(p)·p=0. Let β=ΦO(p). This means

that β stabilizes m and λ, and if µ=ΦS(m)∈k∗, then β=µ−λ.

We write T(m,−λ)P=TmM⊕T−λO∗ and, since O∗ is a regular orbit, we have

nTrT−λO∗ |β|=nTrk|β|.
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We consider a Km-invariant decomposition TmM=k·m⊕Em where k·m'k/km, we

obtain nTrTmM |β|=nTrEm |β|+nTrk|β|−nTrkm |β|. Thus,

dO(p) = ‖β‖2+ 1
2nTrT(m,−λ)P |β|−nTrk|β|= ‖β‖2+ 1

2nTrTmM |β|− 1
2nTrk|β|

= ‖β‖2+ 1
2nTrEm |β|− 1

2nTrkm |β|> ‖β‖2+ 1
2nTrEm |β|− 1

2nTrkµ |β|.
(4.27)

In the last inequality, we used km⊂kµ as µ=ΦS(m). By Proposition 3.14, we have

‖β‖2− 1
2nTrkµ |β|>0 when β=µ−λ, as λ is very regular (being regular and admissible),

and β∈kµ∩kλ. Then the first point follows.

Assume now that there exists a point p=(m,−λ)∈ZO such that dO(p)=0. It implies

then that ‖β‖2= 1
2nTrkµ |β| and nTrEm |β|=0. The first equality implies, due to Proposi-

tion 3.14, that Kµ is an admissible orbit such that s(Kµ)=O, and that −β∈o(h)⊂[h, h]∗.

We write −β=%H . Now we have to explain why the condition nTrEm |%H |=0 implies

([kM , kM ])=([h, h]). Since ΦS(m)=µ, we have

(kM )⊂ (km)⊂ (h). (4.28)

Consider the H-invariant slice Y =Φ−1
S (Uµ) constructed in Proposition 3.16. The product

KY is an invariant neighborhood of m isomorphic to K×HY . The subspace Em can

be taken as the subspace TmY ⊂TmM . Now the condition nTrEm |%H |=0 implies that

%H acts trivially on the connected component Ym of Y containing m. Elements X∈[h, h]

such that XYm=0 form an ideal in [h, h]. Since the ideal generated by %H in [h, h] is equal

to [h, h], we have proved that [h, h] acts trivially on Ym. As KYm is an open subset of

M , we get

([h, h])⊂ (kM ). (4.29)

With (4.28) and (4.29) we get ([kM , kM ])=([h, h]). Finally we have proven that if dO

vanishes at some point p, then ([kM , kM ])=([h, h]) for some (h)∈Hk, and there exists an

admissible orbit Kµ⊂k∗(h)∩ΦS(M) such that s(Kµ)=O.

4.5.2. Geometric properties

We summarize here some of the geometric properties enjoyed by (M,Φ), with Φ=ΦS ,

when QK(M,S) is not zero.

Let (h)∈Hk. We choose a representative h. Let H be the corresponding group and

NK(H) be the normalizer of H in K. Consider the decomposition h=[h, h]⊕z, where z

is the center of h. Thus z∗⊂h∗. Consider the open set

h∗0 = {ξ ∈ h∗ : kξ ⊂ h}

of h∗. Let z∗0=h∗0∩z∗ be the corresponding open subset of z∗.

We first note the following basic proposition.
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Proposition 4.21. Let M be a K-manifold such that ([kM , kM ])=([h, h]) and let

Φ:M!k∗ be an equivariant map. Then

• Φ(M)⊂Kz∗.

• Assume that Y :=Φ−1(h∗0) is non-empty ; then

(a) Y is a submanifold of M invariant by the action of NK(H), and [H,H] acts

trivially on Y.

(b) The image Φ(Y) is contained in z∗0.

(c) The open subset KY is diffeomorphic to K×NK(H)Y.

Proof. Let us prove the first item. Using our K-invariant inner product, we consider

Φ as a map Φ:M!k. The condition on the infinitesimal stabilizer (kM ) gives that M=

KM [H,H]. If m∈M [H,H], the term Φ(m) belongs to the Lie algebra g of the centralizer

subgroup G:=ZK([H,H]). But one can easily prove that z is a Cartan subalgebra of g:

hence Φ(m) is conjugated to an element of z. This proves the first item.

If Y is non-empty, the proof that it is a submanifold follows the same line than

the proof of Proposition 3.16. The set KY is a non-empty open set in M : so on Y we

have (kM )=(ky) on a dense open subset Y ′. The condition ([kM , kM ])=([h, h]) implies that

dim[h, h]=dim[ky, ky] on Y ′, but as ky⊂kΦ(y)⊂h, we conclude that [h, h]=[ky, ky]⊂ky on Y ′:
in other words [H,H] acts trivially on Y, and [h, h]=[ky, ky] for any y∈Y. Furthermore,

if ξ=Φ(y), then [h, h] acts trivially on ξ. So ξ is in the center of h.

Let us prove that π:K×NK(H)Y!KY is one-to-one. If y1=ky2, we have ξ1=kξ2

with ξi=Φ(yi), i=1, 2. As Φ(Y)⊂z∗0, the stabilizers of ξ1 and ξ2 are both equal to H. It

follows that k belongs to the normalizer of H.

The following theorem results directly from Theorem 4.20 and Proposition 4.21.

Indeed, in the case where QK(M,S) 6={0}, then ([kM , kM ])=([h, h]) for some (h)∈Hk.

Furthermore, there exists at least a regular admissible orbit O such that mO is non-zero,

and consequently there exists orbit P⊂k∗(h)∩ΦS(M).

Theorem 4.22. Let M be a K-manifold and let S be an equivariant spinc-bundle

on M with moment map ΦS . Assume that QK(M,S) 6={0}. Then

(1) There exists (h)∈Hk such that ([kM , kM ])=([h, h]).

(2) If z is the center of h, then ΦS(M)⊂Kz∗ and the open set Φ−1
S (Kz∗0) is non-

empty.

(3) The group [H,H] acts trivially on the submanifold Y=Φ−1
S (z∗0).

This condition (1) on the K-action is always satisfied in the Hamiltonian setting

[21], but not always in the spin setting as can be seen in the following example.

Example 4.23. For n>2, the sphere Sn admits a unique spin structure, equivariant

under the action of the group K :=spin(n+1). The generic stabilizer for the K-action is
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isomorphic to the group KM :=spin(n), and we see that (kM )=([kM , kM ]) is not equal to

([h, h]), for any (h)∈Hk.

In the next sections, we will restrict the submanifold Y to a connected component

C of h∗0. We work with the H-invariant submanifold YC :=Φ−1
S (C)⊂Y: here the open

subset KYC is diffeomorphic to K×HYC .

We follow the notations of §3.3. We denote by qC the vector space k/h equipped

with the complex structure JC . There exists a unique H-equivariant spinc-bundle SYC
on YC such that

S|YC '
∧

qC⊗SYC . (4.30)

At the level of determinant line bundles we have det(SYC )=det(S)|YC⊗C−2%C , and the

corresponding moment map satisfies the relation ΦYC =ΦS |YC−%C .

We know already that the subgroup [H,H] acts trivially on the submanifold YC (see

Theorem 4.22). It acts also trivially on the bundle SYC since the moment map ΦYC takes

value in z∗ (see Remark 2.8).

4.5.3. Localization on Z=0
O

Let O be a regular admissible orbit. By Theorem 4.20 and Corollary 4.18, we know that

our object of study

mO = [QK(M×O∗,S⊗SO∗)]K

is equal to [QK(M×O∗,S⊗SO∗ , Z=0
O ,ΦO)]K .

Let us give a description of the subset Z=0
O of ZO⊂M×O∗, where dO vanishes. We

denote by q:M×O∗!k∗⊕k∗ the map given by q(m, ξ)=(ΦS(m),−ξ). If µ belongs to a

coadjoint orbit P, and ξ∈µ+o(kµ), then P is an ancestor to the orbit O of ξ.

Definition 4.24. Let P be a coadjoint orbit.

• Define the following subset of k∗⊕k∗:

R(P) = {(µ, ξ) :µ∈P and ξ ∈µ+o(kµ)}.

• Define ZPO=q−1(R(P))⊂M×O∗.

Proposition 4.25. Assume that M is a K-manifold with ([kM , kM ])=([h, h]). Let

S be a K-equivariant spinc-bundle over M with moment map ΦS . Let O be a regular

admissible coadjoint. Then

Z=0
O =

⊔
P
ZPO ,
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where the disjoint union is over the set of (h)-ancestors to O. Furthermore, if P=Kµ

a (h)-ancestor to O, the set ZPO is equal to

K(Φ−1
S (µ)×{−µ+o(kµ)∗}). (4.31)

Proof. In the proof of Theorem 4.20, we have seen that, if dO(m,−λ)=0, then the

element µ=ΦS(m) is such that (kµ)=(h) and λ=β+µ with β∈o(kµ). So Kµ is an (h)

ancestor of O and q(m,−λ)∈
⊔
P Z

P
O . This proves the inclusion Z=0

O ⊂
⊔
P Z

P
O .

Conversely, take now (m,−ξ)∈ZPO and define µ=ΦS(m). So Kµ is an (h) ancestor

of O and ξ=µ+β with β∈o(kµ). By K-invariance, we may assume that µ∈z∗0, so m∈Y.

We have TmM=k/km⊕TmY. So

dO(m,−ξ) = ‖β‖2− 1
2nTrkm |β|+ 1

2nTrTmY |β|.

Since β∈o(h)⊂[h, h] acts trivially on Y by Proposition 4.21, we have

dO(m,−ξ) = ‖%H‖2− 1

2
nTrkm |%H |.

But as [h, h]⊂km⊂h, and then 1
2nTrkm |%H |= 1

2nTrh|%H |=‖%H‖2, finally dO(m,−ξ)=0.

If Kµ is an ancestor of the regular admissible orbit O, then µ+o(kµ) is a Kµ-orbit

contained in O. It follows that the set

ZPO := {(m, ξ)∈M×O∗ : ΦS(m)∈P and −ξ ∈ΦS(m)+o(kΦS(m))}

is equal to (4.31).

At this stage we have proved that

mO =
∑
P

mPO, (4.32)

where the sum runs over the (h)-ancestor of O and

mPO = [QK(M×O∗,S⊗SO∗ , ZPO ,ΦO)]K .

In the next section we will go into the computation of the terms mPO. We finish this

section with the following important fact.

Proposition 4.26. Each individual term mPO is independent of the choice of the

moment map ΦS .
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Proof. Let ΦtS , t∈[0, 1] be a continuous family of moment maps for S. This gives a

family ΦtO(m, ξ):=ΦtS(m)+ξ for S⊗SO∗ .
Let �tO be the Kirwan vector field associated with ΦtO, and let ZO(t):={�tO=0}.

Recall that Z=0
O (t)=

⊔
P Z

P
O(t), where the union runs over the (h)-ancestors of O, and

ZPO(t) =K((ΦtS)−1(µ)×{−µ+o(kµ)∗}),

if P=Kµ.

We denote simply by σt the symbol σ(M×O∗,S⊗SO∗ ,ΦtO). For any t∈[0, 1], we

consider the quantity QPO(t)∈R̂(K) which is the equivariant index of σt|Ut , where Ut is

a (small) neighborhood of ZPO(t) such that Ut∩ZO(t)=ZPO(t).

Let us prove that the multiplicity mPO(t)=[QPO(t)]K is independent of t. It is suffi-

cient to prove that t 7![QPO(t)]K is locally constant: let us show that it is constant in a

neighborhood of 0. We follow the same line of proof that the proof of the independence

of the connection of the local piece QK(M,S,Φ−1
S (O)∩ZS) of QK(M,S) in [28].

Let U0 be a neighborhood of ZPO(0) such that


U0∩ZO(0) =ZPO(0). (4.33)

The vector field �0
O does not vanish on ∂U0: there exists ε>0 so that �tO does not vanish

on ∂U0 for t∈[0, ε]. The family σt|U0
, t∈[0, ε] is then a homotopy of transversally elliptic

symbols: hence they have the same equivariant index.

Lemma 4.27. For small t, we have

U0∩Z=0
O (t) =ZPO(t).

Indeed, by Proposition 4.25, Z=0
O (t) projects by the first projection ΦtS :M×O∗!

M!k∗ to a finite union of coadjoint orbits (the (h)-ancestors to O), and ZPO(0) projects

on P. So, for small t, U0∩Z=0
O (t) is the subset ZPO(t) of Z=0

O (t) projecting on P.

So, for small t, we have the decomposition U0∩ZO(t)=ZPO(t)∪Zt, where Zt is a

component contained in Z>0
O (t). Finally, for small t, we have

QPO(0) = IndexK(σ0|U0
) = IndexK(σt|U0

) =QPO(t)+QK(M×O∗,S⊗SO∗ , Zt,ΦtO).

As [QK(M×O∗,S⊗SO∗ , Zt,ΦtO)]K=0 by Proposition 4.17, the proof of Proposition 4.26

is completed.
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4.5.4. Computation of mPO

In this section we compute

mPO := [QK(M×O∗,S⊗SO∗ , ZPO ,ΦO)]K

for an (h)-ancestor P of O.

Let C be a connected component of h∗0 that intersects the orbit P. With the help

of Proposition 4.15, we will reduce the computation of mPO to a similar computation

where the group K acting on M is replaced with the torus AH=H/[H,H] acting on the

slice YC .

Let us recall the geometric property of the orbits P and O that we need for our

computation. Let µ∈P∩C be such that P=Kµ with Kµ=H. Let λ∈µ+o(h). Since

P is an ancestor of the regular admissible orbit O, we have O=Kλ and the weight

λ−%(λ)=µ−%(µ)∈z∗ defines a character of H (see Lemma 3.8).

Then ZPO is equal to K(Φ−1
S (µ)×{−µ+o(h)∗}). Here o(h) is the %-orbit for H, so

o(h)=o(h)∗ and Qspin
H (o(h)∗) is the trivial representation of H.

Let YC=Φ−1
S (C) be the slice relative to the connected component C (see §4.5.2).

Thus KYC is an open neighborhood of Φ−1
S (P) in M diffeomorphic with K×HYC . We

see that

ZPO ⊂ (K×HYC)×O∗
j
'K×H (YC×O∗),

where the isomorphism j is defined by ([k; y], [k′]) 7![k; (y, [k−1k′])].

We consider the H-manifold N ′ :=YC×o(h)∗ and the K-manifold

N =K×H (Bq×N ′) =K×H (Bq×YC×o(h)∗),

where Bq is a small open ball in q, centered at 0 and H-invariant.

Consider the map Ψ: (X, ξ) 7!exp(X)(−µ+ξ), from q×o(h)∗ into O∗. For any ξ∈
o(h)∗, its differential at (0, ξ) is the isomorphism (X,Y ) 7!−µ�ad(X)−ξ�ad(Y ) from

q⊕h/hξ into k/kξ. Hence, when Bq is small enough, the map Ψ defines a diffeomorphism

between Bq×o(h)∗ into an H-invariant neighborhood of the H-orbit −µ+o(h)∗.

Hence a K-invariant neighborhood of ZPO in M×O∗ is diffeomorphic to N . Under

this isomorphism, the equivariant map ΦO=ΦS+iO∗ defines a map Φ on N . For k∈K,

X∈Bq, y∈YC and ξ∈o(h)∗, we have

Φ([k;X, y, ξ]) = k(ΦS(y)+exp(X)(−µ+ξ)).

Under this isomorphism, the set ZPO becomes

Z :=K×H ({0q}×Φ−1
S (µ)×o(h)∗)⊂ZΦ.
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The map Φ:N!k∗, when restricted to N ′, is the H-equivariant map Φ′:N ′!h∗

defined by Φ′(y, ξ)=ΦS(y)−µ+ξ. Furthermore, if Bq is small enough, Φ([1;X, y, ξ])

belongs to h∗ if and only X=0. As X∈q, we also see that

(Φ([1;X, y, ξ]), X) = (ΦS(y), X)+(exp(X)(−µ+ξ), X) = (ΦS(y)−µ+ξ,X) = 0

for all (X, y, ξ)∈Bq×YC×o(h)∗. Conditions (4.23) are satisfied. Then Proposition 4.15

tells us that

mPO = [QH(N ′,S ′, Z ′,Φ′)]H ,

where Z ′ :=Z∩N ′=Φ−1
S (µ)×o(h)∗.

Now we have to explain the nature of the spinor bundle S ′ over N ′=YC×o(h)∗. Let

So(h)∗ be the canonical spinc-bundle of the orbit o(h)∗. Let SYC be the spinc-bundle on

YC defined by (4.30).

Proposition 4.28. We have S ′=SPYC�So(h)∗ , where SPYC =SYC⊗C−µ+%(µ) is a

spinc-bundle on YC . The determinant line bundle of SPYC is equal to det(S)|YC⊗C−2µ,

and the corresponding moment map is ΦPYC :=ΦS |YC−µ.

The subgroup [H,H] acts trivially on (YC ,SPYC ).

Proof. Let λ be an element of the H-orbit OP :=µ+o(h). The spinor bundle SO∗
on O∗=(Kλ)∗ is

K×Kλ
(∧

−Jλ
k/kλ⊗C−λ+%(λ)

)
.

We denote S1 the spinor bundle over O∗P defined by the relation SO∗ |O∗P'
∧

qC⊗S1.

If we use the identifications O∗P=(Hλ)∗'o(h)∗, we see that S1 is equal to

H×Hλ
(∧

−Jλ
h/hλ⊗C−λ+%(λ)

)
'
(
H×Hλ

∧
−Jλ

h/hλ

)
⊗C−λ+%(λ)'So(h)∗⊗C−µ+%(µ),

since λ−%(λ)=µ−%(µ)∈z∗ defines a character of H (see Lemma 3.8).

As the spinor bundle Sq is equal to the product
∧

qC⊗
∧

qC (see Example 2.3), we

know then that S ′'SYC�S1'SYC�So(h)∗⊗C−µ+%(µ).

The relation det(SPYC )=det(S)|YC⊗C−2µ comes from the fact that

det(SYC ) = det(S)|YC⊗C−2%C

and that %C=%(µ).

We consider now the H-manifold YC equipped with the spinc-bundle SPYC . Let

QH(YC ,SPYC , {0})∈ R̂(H) (4.34)
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be the equivariant index localized on the compact component {ΦPYC =0}={ΦS=µ}⊂YC .

Let AH be the torus H/[H,H]. Since [H,H] acts trivially on (YC ,SPYC ), we may also

define the localized index QAH (YC ,SPYC , {0})∈R̂(AH).

We can now prove the main result of this section.

Theorem 4.29. The multiplicity mPO is equal to

[QH(YC ,SPYC , {0})]
H = [QAH (YC ,SPYC , {0})]

AH .

Proof. Let Z ′ :=Φ−1
S (µ)×o(h)∗. The character QH(N ′,S ′, Z ′,Φ′)∈R̂(H) is equal to

the equivariant index of σ(N ′,S ′,Φ′)|U , where U⊂N ′ is an invariant open subset such

that U∩ZΦ′=Z
′. For (y, ξ)∈N ′=YC×o(h)∗ and (v, η)∈T(y,ξ)N

′, the endomorphism

σ(N ′,S ′,Φ′)|(y,ξ)(v, η) is equal to

c1(v+(ΦS(y)−µ+ξ)·y)⊗IdSo(h)∗ |ξ+ε1⊗c2(η+(ΦS(y)−µ+ξ)·ξ).

Here c1 acts on SPYC |y, c2 acts on So(h)∗ |ξ and ε1 is the canonical grading operator on

SPYC |y.

Since o(h)∗ is compact, we can replace the term c2(η+(ΦS(y)−µ+ξ)·ξ) simply by

c2(η). As [H,H] acts trivially on YC , and ξ∈[h, h], the vector field y 7!(ΦS(y)−µ+ξ)·y
is equal to y 7!(ΦS(y)−µ)·y. Thus our symbol is homotopic to the symbol

c1(v+(ΦS(y)−µ)·y)⊗IdSo(h)
|ξ+ε1⊗c2(η).

This last expression is the product symbol of the H-transversally elliptic symbol

c1(v+(ΦS(y)−µ)·y) on YC and of the elliptic symbol c2(η) on o(h)∗. The equivariant

indices multiply under the product (as one is elliptic) ([1],[27]).

Now the H-equivariant index of c2(η) acting on So(h)∗ is the trivial representa-

tion of H. Thus we obtain our theorem. We also have to remark that the identity

[QH(YC ,SPYC , {0})]
H=[QAH (YC ,SPYC , {0})]

AH follows from the fact that [H,H] acts triv-

ially on (YC ,SPYC ).

5. Multiplicities and reduced spaces

In this section, we interpret the multiplicity as an equivariant index on a reduced space.

LetO⊂k∗ be a regular admissible orbit, and (h)∈Hk be such that ([h, h])=([kM , kM ]).

In the previous section, we have proved that the multiplicity of πO in QK(M,S) is equal

to

mO =
∑
P

mPO,
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where the sum runs over the K-orbits P which are (h)-ancestors of O. Furthermore, we

have proved that mPO=[QAH (YC ,SPYC , {0})]
AH .

The aim of this section is to prove the following theorem.

Theorem 5.1. The multiplicity mPO is equal to the spinc index of the (possibly

singular) reduced space MP :=Φ−1
S (P)/K.

However, our first task is to give a meaning to a Qspin(MP)∈Z, even if MP is

singular.

5.1. Spinc index on singular reduced spaces

We consider a connected oriented manifold N , equipped with a spinc-bundle S. We

assume that a torus G acts on the data (N,S). An invariant connection on the determi-

nant line bundle det(S) defines a moment map Φ:N!g∗. We do not assume that N is

compact, but we assume that the map Φ is proper.(5) Thus, for any ξ∈g∗, the reduced

space Nξ :=Φ−1(ξ)/G is compact.

The purpose of this subsection is to explain how we can define the spinc-index,

Qspin(Nµ)∈Z, for any µ in the weight lattice Λ of the torus G.

Let gN be the generic infinitesimal stabilizer of the G-action on N : the image of N

under the map Φ lives in an affine space I(N) parallel to g⊥N . If ξ∈I(N) is a regular

value of Φ:N!I(N), the reduced space Nξ is a compact orbifold (as proved in [28]). We

can define spinc-bundles on orbifolds, as well as spinc-indices.

We start with the following basic fact.

Lemma 5.2. For any regular value ξ∈I(N) of Φ:N!I(N), the orbifold Nξ is ori-

ented and equipped with a family of spinc-bundles Sµξ parameterized by µ∈Λ∩I(N).

Proof. Let GN be the subtorus with Lie algebra gN . Let G′=G/GN . The dual of

the Lie algebra g′ of G′ admits a canonical identification with g⊥N .

We assume that ξ is a regular value of Φ:N!I(N): the fiber Z=Φ−1(ξ) is a sub-

manifold equipped with a locally free action of G′. Let Nξ :=Z/G′ be the corresponding

“reduced” space, and let π:Z!Nξ be the projection map. We can define the tangent

(orbi-)bundle TNξ to Nξ.

On Z, we obtain an exact sequence 0−!TZ−!TN |Z
dΦε−−−−!Z×(g′)∗!0, and an

orthogonal decomposition TZ=TG′Z⊕g′Z , where g′Z is the trivial bundle corresponding

to the subspace of TZ formed by the vector fields generated by the infinitesimal action

(5) We will sometimes use a slightly different hypothesis: Φ is proper as a map from N to an open
subset of g∗.
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of g′. So TN |Z admits the decomposition TN |Z'TG′Z⊕g′Z⊕[(g′)∗]. We rewrite this as

TN |Z 'TG′Z⊕[g′C], (5.35)

with the convention g′Z=Z×(g′⊗iR) and Z×(g′)∗=Z×(g′⊗R). Note that the bundle

TG′Z is naturally identified with π∗(TNξ).

If we take on g′C the orientation o(i) given by the complex structure, there exists a

unique orientation o(Nξ) on Nξ such that o(N)=o(Nξ)o(i).

Definition 5.3. Let S̃ξ be the spinc-bundle on the vector bundle TG′Z!Z such that

S|Z ' S̃ξ⊗
[∧

g′C

]
.

The Kostant relation shows that, for any X∈gN , the element eX acts on the fibers

of S̃ξ as a multiplication by ei〈ν,X〉, where ν is any element of I(N). Hence, for any

µ∈Λ∩I(N), the action of GN on the tensor S̃ξ⊗[C−µ] is trivial. We can then define a

spinc-bundle Sµξ on TNξ by the relation

S̃ξ⊗[C−µ] =π∗(Sµξ ).

The proof of the following theorem is given in the next subsection.

Theorem 5.4. For any µ∈I(N)∩Λ, consider the compact oriented orbifold Nµ+ε

associated with a generic(6) element ε∈g⊥N . Then the index

Q(Nµ+ε,Sµµ+ε)

is independent of the choice of a generic and small enough ε.

Due to the previous theorem, one defines the spinc-index of singular reduced spaces

as follows.

Definition 5.5. If µ∈Λ, the number Qspin(Nµ) is defined by the following dichotomy:

Qspin(Nµ) =

{
0, if µ /∈ I(N),

Q(Nµ+ε,Sµµ+ε), if µ∈ I(N) and ε∈ g⊥N is generic and small enough.

Remark 5.6. The invariant Qspin(Nµ)∈Z vanishes if µ does not belong to the relative

interior of Φ(N) in the affine space I(N). It is due to the fact that we can then approach

µ by elements µ+ε that are not in the image Φ(N).

(6) So that µ+ε is a regular value of Φ:N!I(N).



184 p.-e. paradan and m. vergne

Let us consider the particular case when µ∈I(N)∩Λ is a regular value of Φ:N!I(N)

such that the reduced space Nµ is reduced to a point. Let mo∈Φ−1(µ), and let Γ⊂G′

be the stabilizer subgroup of mo (Γ is finite). In this case (5.35) becomes TmoN'g′C,

and o(Nµ) is the quotient between the orientation of N and those of g′C. At the level of

graded spinc-bundles, we have

S|mo ' o(Nµ)
∧

g′C⊗det(S)|1/2mo ,

where det(S)|1/2mo is a 1-dimensional representation of Γ such that

(det(S)|1/2mo )⊗2 = det(S)|mo .

In this case Definition 5.5 becomes

Qspin(Nµ) = o(Nµ) dim[det(S)|1/2mo ⊗C−µ]Γ ∈{−1, 0, 1}. (5.36)

5.2. Proof of Theorem 5.4

In this subsection we work with a fixed µ∈I(N)∩Λ. For any ε∈g(N)⊥, we consider the

moment map Φε=Φ−µ−ε. We denote by � and �ε the Kirwan vector fields attached

to the moment maps Φ0 and Φε, respectively.

We start with the fundamental lemma.

Lemma 5.7. The map ε 7![QG(N,S,Φ−1
ε (0),Φε)⊗C−µ]G is constant in a neighbor-

hood of zero.

Proof. Changing S to S⊗[C−µ], we might as well take µ=0.

Let r>0 be smallest non-zero critical value of ‖Φ‖2, and let U :=Φ−1
({
ξ‖ξ‖< 1

2r
})

.

Using Remark 2.11, we have U∩{�0=0}=Φ−1(0).

We describe now {�ε=0}∩U using a parametrization similar to those introduced in

[25, §6].

Let gi, i∈I, be the finite collection of infinitesimal stabilizers for the G-action on the

compact set U . Let D be the subset of the collection of subspaces g⊥i of g∗ such that

Φ−1(0)∩Ngi 6=∅.
Note that D is reduced to I(N) if 0 is a regular value of Φ:N!I(N). If ∆=g⊥i

belongs to D, and ε∈I(N), write the orthogonal decomposition ε=ε∆+β∆ with ε∆∈∆,

and β∆∈gi. Let

Bε = {β∆ = ε−ε∆ : ∆∈D}

be the set of β so obtained.
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ε

Figure 7. The point ε and its projections ε∆.

We denote by Zε the zero set of the vector field �ε associated with Φε. Thus, if ε is

sufficiently small (‖ε‖< 1
2r),

Zε∩U =
⋃
β∈Bε

Nβ∩Φ−1
ε (β). (5.37)

With (5.37) in hands, we easily see that t∈[0, 1] 7!σ(N,S,Φtε)|U is a homotopy of

transversally elliptic symbols on U . Hence they have the same index

QG(U ,S,Φ−1(0),Φ) =QG(U ,S, Zε∩U ,Φε) =
∑
β∈Bε

QG(N,S,Φ−1
ε (β)∩Nβ ,Φε).

The lemma will be proved if we check that [QG(N,S,Φ−1
ε (β)X∩Nβ ,Φε)]

G=0 for any

non-zero β∈Bε.
We fix now a non-zero β :=β∆∈Bε. The Atiyah–Segal localization formula for the

Witten deformation (Remark 4.13) gives

QG(N,S,Φ−1
ε (β)∩Nβ ,Φε) =QG(Nβ ,dβ(S)⊗Sym(Vβ),Φ−1

ε (β),Φε)

=
∑
X⊂Nβ

QG(X ,dβ(S)|X⊗Sym(Vβ)|X ,Φ−1
ε (β),Φε),

where Vβ!Nβ is the normal bundle of Nβ in N and the sum runs over the connected

components X of Nβ that intersect Φ−1
ε (β). Like in the proof of Proposition 4.17, we will

show that the term [QG(N,S,Φ−1
ε (β)∩Nβ ,Φε)]

G vanishes by looking to the infinitesimal

action of β, denoted by L(β), on the fibers of the vector bundle dβ(S)|X⊗Sym(Nβ)|X .

Let n∈Φ−1
ε (β)∩X : we have Φ(n)=β+ε=ε∆, and therefore 〈Φ(n), β〉=〈ε∆, β∆〉=0.

Lemma 4.11 tell us that L(β)|db(S)|X=ia Iddb(S)|X , where

a= 〈Φ(n), β〉+ 1
2nTrTnN |β|= 1

2nTrTN |X |β|.
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We obtain

1

i
L(β)

{
= 1

2TrTN |X (|β|), on dβ(S)|X ,

> 0, on Sym(Nβ)|X .

So we have checked that L(β)/i> 1
2TrTN |X (|β|) on dβ(S)|X⊗Sym(Nβ)|X .

Now we remark that β does not act trivially on N , since β belongs to the direction

of the subspace I(N)=g⊥N : this forces TrTN |X (|β|) to be strictly positive. Finally, we

see that L(β)/i>0 on dβ(S)|X⊗Sym(Nβ)|X , and then

[QG(X ,dβ(S)|X⊗Sym(Vβ)|X ,Φ−1
ε (β),Φε)]

G = 0.

The Lemma 5.7 is proved.

The proof of Theorem 5.4 will be completed with the following lemma.

Lemma 5.8. If µ+ε is a regular value of Φ:N!I(N), the invariant

[QG(N,S,Φ−1
ε (0),Φε)⊗C−µ]G

is equal to the index Q(Nµ+ε,Sµµ+ε).

We assume that µ+ε is a regular value of Φ:N!I(N): the fiber Z=Φ−1(µ+ε) is a

submanifold equipped with a locally free action of G′=G/GN . Let Nµ+ε :=Z/G′ be the

corresponding “reduced” space, and let π:Z!Nµ+ε be the projection map. We have the

decomposition

TN |Z 'π∗(TNµ+ε)⊕[g′C]. (5.38)

For any ν∈Λ∩I(N), Sνµ+ε is the spinor bundle on Nµ+ε defined by the relation

S|Z⊗C−ν 'π∗(Sνµ+ε)⊗
[∧

g′C

]
.

The following result is proved in [28, §2.3].

Proposition 5.9. We have the following equality in R̂(G):

QG(N,S,Φ−1
ε (0),Φε) =

∑
ν∈Λ∩I(N)

Q(Nµ+ε,Sνµ+ε)Cν .

In particular [QG(N,S,Φ−1
ε (0),Φε)⊗C−µ]G is equal to Q(Nµ+ε,Sµµ+ε).
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5.3. [Q,R]=0

We come back to the setting of a compact K-manifold M , oriented and of even dimension,

that is equipped with a K-spinor bundle S. Let det(S) be its determinant bundle, and

let ΦS be the moment map that is attached to an invariant connection on det(S). We

assume that there exists (h)∈Hk such that ([kM , kM ])=([h, h]). Let z be the center of h.

We consider an admissible element µ∈z∗ such that Kµ=H: the coadjoint orbit

P :=Kµ is admissible and contained in the Dixmier sheet k∗(h). Let

MP := Φ−1
S (P)/K.

In order to define Qspin(MP)∈Z, we proceed as follows.

We follow here the notation of §3.3. Let C be the connected component of

h∗0 := {ξ ∈ h∗ :Kξ ⊂H}

containing µ. The slice YC=Φ−1
S (C) is an H-submanifold of M equipped with an H-

spinc bundle SYC : the associated moment map is ΦYC :=ΦS |YC−%C , where %C is defined

by (3.15).

The element µ̃:=µ−%(µ)=µ−%C belongs to the weight lattice Λ of the torus AH :=

H/[H,H], and the reduced space MKµ is equal to

(YC)µ̃ := {ΦYC = µ̃}/AH .

By definition, we take Qspin(MKµ):=Qspin((YC)µ̃), where the last term is computed

as explained in the previous section. More precisely, let us decompose YC into its con-

nected components Y1, ...,Yr. For each j, let zj⊂z be the generic infinitesimal stabilizer

relative to the AH -action on Yj . Then we take

Qspin(MP) = Qspin((YC)µ̃) :=
∑
j

Qspin((Yj)µ̃+εj ), (5.39)

where εj∈z⊥j are generic and small enough.

With this definition of quantization of reduced spaces Qspin(MP), we obtain the

main theorem of this article, inspired by the [Q,R]=0 theorem of Meinrenken–Sjamaar.

Let M be a K-manifold and S be a K-equivariant spinc-bundle over M . Let (h)∈Hk

such that ([kM , kM ])=([h, h]), and consider the set A((h)) of admissible orbits contained

in the Dixmier sheet k∗(h).

Theorem 5.10.

QK(M,S) =
∑

P∈A((h))

Qspin(MP) Qspin
K (P). (5.40)
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We end this section by giving yet another criterium for the vanishing of QK(M,S).

Consider the map ΦS :M!k∗. At each point m∈M , the differential dmΦS defines a

linear map TmM!k∗. Let k⊥m⊂k∗. From the Kostant relations, we see that dmΦS takes

value in k⊥m.

Proposition 5.11. • Suppose that the group K is abelian and that (kM )=0. Then

QK(M,S) 6=0 only if the image of ΦS contains an element of the weight lattice in its

interior.

• For a general group action, we have QK(M,S) 6=0 only if the subset

CM := {m∈M : Image(dmΦS) = k⊥m}

has non-empty interior.

Proof. If the group K is abelian, and (kM )=0, then the affine subspace I(M) is

equal to k∗. The first point follows then from Remark 5.6.

Let us prove the second point. If QK(M,S) 6=0, then Qspin(MP) 6=0 for an admis-

sible orbit P=Kµ of type (h). If we consider the decomposition of the slice YC=
⋃
j Yj

in connected components, then, for some j, Qspin((Yj)µ̃+εj ) 6=0 (see (5.39)). Thus, due

to Remark 5.6, we know that the image of ΦYj has non-empty interior in z⊥j , and there-

fore {y∈Yj :Image(dyΦYj )=z⊥j } has non-empty interior in Yj . By definition, zj is the

infinitesimal stabilizer of the action of H/[H,H] on Yj . Thus, z⊥j ⊂z∗ is equal to k⊥y for

generic y∈Yj . It follows that CYj :={y∈Yj :Image(dyΦYj )=k⊥y } has non-empty interior

in Yj . Finally, the set KCYj⊂CM has non-empty interior in M .

Corollary 5.12. If the K-action is non-trivial, we have QK(M,S)=0 if

(a) ΦS is a constant map, or

(b) the 2-form ΩS is exact.

Proof. If the K-action is non-trivial and ΦS is constant, the set CM=MK is a

closed submanifold of M with empty interior. Due to Proposition 5.11, we must have

QK(M,S)=0.

If ΩS=dα, by modifying the connection on det(S) by α, our moment map is constant,

and we conclude that QK(M,S)=0 by the previous case.

Note that Corollary 5.12 implies the well-known Atiyah–Hirzebruch vanishing theo-

rem in the spin case [3], as well as the variant of Hattori [15].

6. Examples: multiplicities and reduced spaces

In this last subsection, we give some simple examples in order to illustrate various features

of our result relating multiplicities and reduced spaces. An open question remains even
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for a toric manifold M equipped with a non ample line bundle L. The determinant line

bundle of the spinor bundle S :=
∧

C TM⊗L is equal to det(S):=detC(TM)⊗L⊗2. A

connection ∇ on det(S) determines a moment map Φ∇:M!t∗ and a curvature

Ω∇=
1

2i
∇2.

The push-forward of Ω∇ by Φ∇ does not depend on the choice of the connection:

it is a signed measure, denoted by DH(M,S), and called the Duistermaat–Heckmann

measure. The support of DH(M,S), which is contained in Φ∇(M), is a union of convex

polytopes. Can we find ∇ such that the image Φ∇(M) is exactly the support of the

Duistermaat–Heckman measure?

6.1. The reduced space might not be connected

We consider the simplest case of the theory. Let P1 :=P1(C) be the projective space of

(complex) dimension 1. Consider the (ample) line bundle L!P1, dual of the tautological

bundle. It is obtained as quotient of the trivial line bundle C2\{(0, 0)}×C on C2\{(0, 0)}
by the action u·(z1, z2, z)=(uz1, uz2, uz) of C∗. We consider the action of T=S1 on

L!P1 defined by t·[z1, z2, z]=[t−1z1, z2, z].

Let S(n) be the spinc-bundle
∧

C TP1⊗L⊗n. The character QT (M,S(n)) is equal to

H0(P1,O(n))−H1(P1,O(n)), where O(n) is the sheaf of holomorphic sections of L⊗n.

Note that the holomorphic line bundle L⊗n is not ample if n60. We have

• QT (M,S(n))=−
∑−1
k=n+1 t

k when n6−2,

• QT (M,S(−1))=0,

• QT (M,S(n))=
∑n
k=0 t

k when n>0.

The determinant line bundle of S(n) is Ln=[C−1]⊗L⊗2n+2, where [C−1] is the trivial

line bundle equipped with the representation t−1 on C.

Remark that P1 is homogeneous under U(2), so there exists a unique U(2)-invariant

connection on Ln. The corresponding moment map ΦS(n) is such that

ΦS(n)([z1, z2]) = (n+1)
|z1|2

|z1|2+|z2|2
− 1

2
. (6.41)

The image In=ΦS(n)(M) is

• the interval
[
− 1

2 , n+ 1
2

]
when n>0,

• a point
{
− 1

2

}
when n=−1,

• the interval
[
n+ 1

2 ,−
1
2

]
when n6−2.

It is in agreement with our theorem. Indeed all characters occurring in QT (M,S(n))

are the integral points in the relative interior of In, and all reduced spaces are points.
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Figure 8. The graph of Φ.

If we consider simply the action of T on P1, the choice of connection may vary. In

fact, given any smooth function f on R, we can define a connection ∇f on Ln such that

the corresponding moment map is

ΦfS(n)([z1, z2]) = ΦS(n)([z1, z2])+f

(
|z1|2

|z1|2+|z2|2

)
|z1|2|z2|2

(|z1|2+|z2|2)2
.

Let ΩfS(n) be one half of the curvature of (Ln,∇f ); then the Duistermaat–Heckman

measure (ΦfS(n))∗Ω
f
S(n) is independent of the choice of the connection ∇f and is equal to

the characteristic function of In.

Take, for example, n=4 and the constant function f(x)=−15. the corresponding

moment map is

Φ([z1, z2]) = 5
|z1|2

|z1|2+|z2|2
−15

|z1|2|z2|2

(|z1|2+|z2|2)2
− 1

2
.

Figure 8 is the graph of Φ in terms of

x=
|z1|2

|z1|2+|z2|2
,

varying between 0 and 1. We see that the image of Φ is the interval
[
− 13

6 ,
9
2

]
, but the

image of the signed measure is still
[
− 1

2 ,
9
2

]
: so for this choice of connection the image

of Φ is larger than the support of the Duistermaat–Heckman measure.

Above the integral points in
[
− 13

6 ,−
1
2

]
, the reduced space is not connected, it con-

sists of two points giving opposite contributions to the index. So our theorem holds.



equivariant dirac operators 191

6.2. The image of the moment map might be non-convex

Let M be the Hirzebruch surface. Represent M as the quotient of U=(C2\{(0, 0)})×
(C2\{(0, 0)}) by the free action of C∗×C∗ acting by

(u, v)·(z1, z2, z3, z4) = (uz1, uz2, uvz3, vz4),

and we denote by [z1, z2, z3, z4]∈M the equivalence class of (z1, z2, z3, z4). The map

π: [z1, z2, z3, z4] 7![z1, z2] is a fibration of M on P1(C) with fiber P1(C).

Consider the line bundle L(n1, n2) obtained as quotient of the trivial line bundle

U×C on U by the action

(u, v)·(z1, z2, z3, z4, z) = (uz1, uz2, uvz3, vz4, u
n1vn2z)

for (u, v)∈C∗×C∗. The line bundle L(n1, n2) is ample if and only if n1>n2>0.

We have a canonical action of the group K :=U(2) on M : g ·[Z1, Z2]=[gZ1, Z2] for

Z1, Z2∈C2\{(0, 0)} and the line bundle L(n1, n2) with action g ·[Z1, Z2, z]=[gZ1, Z2, z]

is K-equivariant.

We are interested in the (virtual) K-module

H0(M,O(n1, n2))−H1(M,O(n1, n2))+H2(M,O(n1, n2)),

where O(n1, n2) be the sheaf of holomorphic sections of L(n1, n2).

In this case, it is in fact possible to compute directly individual cohomology groups

Hi(M,O(n1, n2)). However, we will describe here only results on the alternate sum and

relate them to the moment map.

Let T=U(1)×U(1) be the maximal torus of K. The set

Y := {[z1, z2, z3, z4]∈M : z1 = 0}

is a T -invariant complex submanifold of M (with trivial action of (t1, 1)). The map

Y −!P1(C),

[0, z2, z3, z4] 7−! [z−1
2 z3, z4],

is a T -equivariant isomorphism and the map

K×Y −!M,

(g, y) 7−! g ·y,

factorizes through an isomorphism K×T Y 'M . Thus M is an induced manifold.
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For any (a, b)∈Z2, we denote by Ca,b the 1-dimensional representation of T asso-

ciated with the character (t1, t2) 7!ta1tb2. We denote by {e∗1, e∗2} the canonical basis of

t∗'R2. The Weyl chamber is t∗>0={xe∗1+ye∗2 :x>y}. The elements e∗1 and e∗2 are conju-

gated by the Weyl group.

Note that the line bundle L(n1, n2), when restricted to Y 'P1(C), is isomorphic to

L⊗n2⊗[C0,−n1 ].

We consider the line bundle L�=L(3, 2) obtained from the reduction of the trivial

line bundle
∧4 C4 with natural action of C∗×C∗. We denote SM :=

∧
C TM (resp. SY :=∧

C TY ) the spinc-bundle associated with the complex structure on M (resp. Y ).

We denote by ϕ:Y![0, 1] the map defined by

ϕ(y) =
|a1|2

|a1|2+|a2|2
if y' [a1, a2].

Proposition 6.1. • Let S(n1, n2) be the spin bundle SM⊗L(n1, n2) on M . Its

determinant line bundle is

Ln1,n2
= [Cdet]⊗L�⊗L(2n1, 2n2),

where [Cdet]!M is the trivial U(2)-equivariant line bundle associated with the character

det:U(2)!C∗.
• There exists a connection on Ln1,n2

such that the corresponding moment map

Φn1,n2 :K×T Y!k∗ is defined by

Φn1,n2([k, y]) =
(
−
(
n1+ 3

2

)
+(n2+1)ϕ(y)

)
k ·e∗2+ 1

2 (e∗1+e∗2).

Proof. For the second point, we construct a U(2)-invariant connection on Ln1,n2
by

choosing the T -invariant connection on (Ln1,n2
)|Y having moment map

(
−
(
n1+ 3

2

)
+(n2+1)ϕ(y)

)
e∗2+ 1

2 (e∗1+e∗2)

under the T -action (see equation (6.41)).

From Proposition 6.1, it is not difficult to describe the “Kirwan set”

∆(n1, n2) = Image(Φn1,n2
)∩t∗>0

for all cases of n1 and n2. It depends of the signs of n1+ 3
2 , n2+1, n1−n2+ 1

2 , that is,

as we are working with integers, the signs of n1+1, n2+1 and n1−n2. We concentrate



equivariant dirac operators 193

in the case where n1+1>0 and n2+1>0 (other cases are similarly treated). Then, we

have two cases:

• If n1>n2, then the Kirwan set ∆(n1, n2) is the interval

[
(n1−n2)+ 1

2 , n1+ 3
2

]
(−e∗2)+ 1

2 (e∗1+e∗2).

• If n2>n1, then the Kirwan set ∆(n1, n2) is the union of the intervals

[
0, n2−n1− 1

2

]
e∗1+ 1

2 (e∗1+e∗2)

and [
0, n1+ 3

2

]
(−e∗2)+ 1

2 (e∗1+e∗2).

If n1>n2>0, the curvature of the corresponding connection on

Ln1,n2 =L(2n1+3, 2n2+2)

(which is an ample line bundle) is non-degenerate, thus the image is a convex subset of

t∗>0 (in agreement with Kirwan convexity theorem), while for n2>n1 the image set is not

convex.

The character QK(n1, n2):=QK(M,S(n1, n2)) is equal to the (virtual) K-module

H0(M,O(n1, n2))−H1(M,O(n1, n2))+H2(M,O(n1, n2)), where O(n1, n2) is the sheaf

of holomorphic sections of L(n1, n2).

Let Λ>0={(λ1, λ2);λ1>λ2} be the set of dominant weights for U(2). We index the

representations of U(2) by %+Λ>0. Here %=
(

1
2 ,−

1
2

)
, and λ1 and λ2 are integers. We

then have

π(1/2,−k−1/2) =Sk(C2),

where Sk(C2) is the space of complex polynomials on C2 homogeneous of degree k.

If n2>0, we know that QT (Y,SY ⊗L⊗n2)=
∑n2

k=0 t
k
2 . From the induction formula

(3.17) (or direct computation via Cech cohomology!) we obtain the following:

• If n1>n2, then

QK(n1, n2) =

n1∑
k=n1−n2

π(1/2,−k−1/2).

• If n2>n1, then

QK(n1, n2) =

n1∑
k=0

π(1/2,−k−1/2)−
n2−n1−2∑
k=0

π(k+3/2,1/2).
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Figure 9. K-Multiplicities for QK(8, 5).

%K

Figure 10. K-multiplicities for QK(3, 6).

Let us check how our theorem works in these cases. First, we notice that we are in a

multiplicity free case: all the non-empty reduced spaces are points.

• Consider the case where n1>n2. We see that the parameter
(

1
2 ,−k−

1
2

)
belongs

to the relative interior of the interval ∆(n1, n2) if and only if n1−n26k6n1.

• Consider the case where n2>n1. We see that the parameter ( 1
2 ,−k−

1
2 ) belongs

to the relative interior of
[
−n1− 3

2 , 0
]
e∗2+ 1

2 (e∗1+e∗2) if and only if k6n1. Similarly, the

parameter
(
k+ 3

2 ,
1
2

)
belongs to the relative interior of

[
0, n2−n1− 1

2

]
e∗1+ 1

2 (e∗1+e∗2) if and

only if k6n2−n1−2.

In Figures 9 and 10, we draw the Kirwan subsets of t∗>0 corresponding to the values

(n1, n2)=(8, 5) and (n1, n2)=(3, 6). The points on the red line represents the admissible

points occurring with multiplicity 1 in QK(n1, n2). The points on the blue line represents

the admissible points occurring with multiplicity −1 in QK(n1, n2).

Consider now M as a T -manifold. Let ΦTn1,n2
:M!t∗ be the moment map relative
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Figure 11. T -multiplicities for QT (8, 5).

Figure 12. T -multiplicities for QT (3, 6).

to the action of T which is the composition of Φn1,n2
:M!k∗ with the projection k∗!t∗.

Thus, the image of ΦTn1,n2
is the convex hull of ∆(n1, n2) and its symmetric image with

respect to the diagonal.

Consider first the case where (n1, n2)=(8, 5). Thus our determinant bundle L8,5 is

ample. The image of the moment map ΦT8,5:M!t∗ is drawn in Figure 11. It is a convex

polytope with vertices
(
−3, 1

2

)
,
(

1
2 ,−3

)
,
(

1
2 ,−9

)
and

(
−9, 1

2

)
, the images of the four fixed

points [1, 0, 1, 0], [1, 0, 0, 1], [0, 1, 1, 0] and [0, 1, 0, 1].

We now concentrate on the case (n1, n2)=(3, 6). The line bundle L:=L3,6 is not

ample, so that its curvature ΩL is degenerate, and the Liouville form βL=ΩL∧ΩL is a

signed measure on M . Let us draw the Duistermaat–Heckman measure (ΦL)∗βL, a signed

measure on t∗. In red the measure is with value 1, in blue the measure is with value −1

(see Figure 12).
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We also verify that our theorem is true. Indeed, the representation QT (3, 6) is

1+t−1
1 +t−1

2 +t−2
1 +t−1

1 t−1
2 +t−2

2 +t−3
1 +t−2

1 t−1
2 +t−1

1 t−2
1 +t−3

2 −t1t2−t1t22−t21t2.

The λ∈Z2 such that tλ occurs in QT (3, 6) are the integral points in the interior of the

image of ΦL(M): they have multiplicity ±1, and the reduced spaces are points.

In this case, we verify thus that the image of the moment map is exactly the support

of the Duitermaat–Heckman measure, however, we do not know if (even in the toric case,

and non-ample lines bundles) we can always find a connection with this property.

6.3. The multiplicity of the trivial representation comes from two reduced

spaces

Consider C4 with its canonical basis {e1, ..., e4}. Let K'SU(3) be the subgroup of SU(4)

that fixes e4.

Let T=S(U(1)×U(1)×U(1)) be the maximal torus of K with Lie algebra

t= {(x1, x2, x3) :x1+x2+x3 = 0}

and Weyl chamber t∗>0 :={ξ1>ξ2>ξ3 :ξ1+ξ2+ξ3=0}. We choose the fundamental roots

ω1 and ω2 so that Kω1
=S(U(2)×U(1)) and Kω2

=S(U(1)×U(2)). Recall that ω1, ω2

generates the weight lattice Λ⊂t∗ so that Λ>0=Nω1+Nω2. Also note that %=ω1+ω2.

For any λ∈Λ>0+%, we denote by πλ the irreducible representation of K with highest

weight λ−%.

Let X={0⊂L1⊂L2⊂C4 :dimLi=i} be the homogeneous partial flag manifold under

the action of SU(4). We have two lines bundles over X: L1(x)=L1 and L2(x)=L2/L1

for x=(L1, L2).

Our object of study is the complex submanifold

M = {(L1, L2)∈X :Ce4⊂L2}.

The group K acts on M , and the generic stabilizer of the action is [Kω1
,Kω1

]'SU(2).

We consider the family of lines bundles

L(a, b) =L⊗a1 |M⊗L
⊗−b
2 |M , (a, b)∈N2.

Let SM :=
∧

C TM be the spinc-bundle associated with the complex structure on M . We

compute the characters

QK(a, b) :=QK(M,SM⊗L(a, b))∈R(K).
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Again,

QK(a, b) =

dimM∑
i=0

(−1)iHi(M,O(L(a, b))).

We notice that Kω1
corresponds to the subgroup of K that fixes the line Ce3. The

set Y :={(L1, L2)∈X :L2=Ce3⊕Ce4} is a Kω1
-invariant complex submanifold of M such

that the map K×Y 3(k, y) 7!ky∈M factorizes through an isomorphism K×Kω1
Y 'M .

Notice that [Kω1 ,Kω1 ] acts trivially on Y .

If we take a>4 and b>1, we get that

QK(a, b) =−
b−1∑
k=0

πkω1+%−
a−4∑
j=0

πjω2+%. (6.42)

In particular, the multiplicity of π% (the trivial representation) in QK(a, b) is equal to

−2.

We now verify the formula (5.40) in our case. The spinc-bundle SM is equal to

SKω1
⊗K×Kω1

SY . The corresponding determinant line bundle det(SM ) satisfies

det(SM ) =K×Kω1
C3ω1

⊗K×Kω1
det(SY ) =K×Kω1

C2ω1
⊗L⊗−2

1 .

Hence, for the spinc-bundle SM⊗L(a, b), we have

det(SM⊗L(a, b)) = det(SM )⊗L(a, b)⊗2 =K×Kω1
C(2b+2)ω1

⊗L⊗2(a+b−1)
1 .

The line bundle det(SM⊗L(a, b)) is equipped with a natural holomorphic and Hermitian

connection ∇. To compute the corresponding moment map Φa,b:M!k∗, we notice that

L1=K×Kω1
L−1, where L!P1 is the prequantum line bundle over P1 (equipped with

the Fubini–Study symplectic form). If we let ϕ:Y 'P1
![0, 1] be the function defined by

ϕ([z1, z2]) =
|z1|2

|z1|2+|z2|2
,

we see that

Φa,b([k, y]) = k[((b+1)−(a+b−1)ϕ(y))ω1]

for [k, y]∈M . In this case, the Kirwan set Φa,b(M)∩t∗>0 is the non-convex set

[0, b+1]ω1∪[0, a−2]ω2.

We know (see Exemple 3.9) that the set A((kω1
)) is equal to the collection of orbits

K
(

1
2 (1+2n)ωi

)
, n∈N, i=1, 2, and we have QK

(
K
(

1
2ωi
))

=0 and QK
(
K
(

1
2 (3+2k)ωi

))
=

πkωi+% when k>0.
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If we apply (5.40), we see that πkω1+% occurs in QK(a, b) only if 1
2 (3+2k)<b+1:

so k∈{0, ..., b−1}. Similarly πjω2+% occurs in QK(a, b) only if 1
2 (3+2j)<a−2: thus

j∈{0, ..., a−4}. For all these cases the corresponding reduced spaces are points and one

could check that the corresponding quantizations are all equal to −1 (see (5.36)).

In these cases, two orbits Pi=K
(

3
2ωi
)
, i=1, 2, are the ancestors of the trivial repre-

sentation in A((kω1
)), and the multiplicity of the trivial representation in

QK(M,SM⊗L(a, b))

is equal to

Qspin(MP1)+Qspin(MP2) =−2.
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