ON DERIVATIVES OF SIEGEL-EISENSTEIN SERIES OVER GLOBAL
FUNCTION FIELDS

FU-TSUN WEI

ABSTRACT. The aim of this article is to study the derivative of “incoherent” Siegel-
Eisenstein series on symplectic groups over function fields. By the Siegel-Weil formula
for “coherent” Siegel-Eisenstein series, we can relate the non-singular Fourier coefficients
of the derivative in question to the arithmetic of quadratic forms. Restricting to the spe-
cial case when the incoherent quadratic space has dimension 2, we explicitly compute all
the Fourier coefficients, and connect the derivative with the special cycles on the coarse
moduli schemes of rank 2 Drinfeld modules with “complex multiplication.”

INTRODUCTION

The Siegel-Eisenstein series on symplectic groups are closely related to the arithmetic of
quadratic forms. By the Siegel-Weil formula (cf. [22], [I1], and [20]), certain special values
of “coherent” Siegel-Eisenstein series are expressed in terms of the theta series associated
with coherent quadratic spaces. This can be applied to the special values of automorphic L-
functions via integral representations, e.g. Rankin-Selberg method or the Garrett-type repre-
sentation for triple product L-functions (cf. [24], [6], and [19]). Using the Siegel-Weil formula,
the central critical derivatives of “incoherent” Siegel-Eisenstein series can be also understood
by theta series. Furthermore, in the number field case, the work of Kudla, Rapoport, and
Yang (cf. [8], [9], and [I3]) provides evidences of the relations between the derivatives in
question and arithmetic cycles on Shimura varieties of orthogonal type. More precisely, the
non-singular Fourier coefficients of such derivatives are essentially the “degree” of the corre-
sponding cycles. This observation can be viewed as an analogue of the Siegel-Weil formula
for the derivatives, which is a key ingredient in the work of Yuan-Zhang-Zhang [23] on the
central critical derivatives of triple product L-functions. The aim of this article is to study
the derivatives of incoherent Siegel-Eisenstein series over function fields, and connect the non-
singular Fourier coefficients with arithmetic cycles on the moduli space of Drinfeld modules
in a simple case. The result obtained in this paper provides an evidence in the function field
setting of the phenomenon first observed by Kudla.

Let k be a global function field with constant field F,. Suppose g is odd. Take a positive odd
integer n and let C = {C,}, be an incoherent quadratic space over k (defined in Section
with dimension n + 1. For each Schwartz function ¢ on C”, the associated Siegel-Eisenstein
series E(-,s,®,) on the symplectic group Sp,,(A;) (where Ay is the adele ring of k) always
vanishes at the central critical point s = 0 (cf. Theorem [3.2)). To explore the central critical
derivative, we first restrict ourselves to the special case when n = 1. Then the associated
quadratic character x¢ of C on k*\A;* must be non-trivial. Let K be the quadratic extension
of k corresponding to the kernel of x¢ via class field theory. We take a place co of k not split
in K and o € £* such that C, is isomorphic to (K,,a - N ;) for every place v # oco. Here
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K, = K®k, and k, is the completion of k at v; N, is the norm form of K over k. Choose
a particular Schwartz function ¢(®) € S(C(Ay)) so that the associated “Siegel section” D (0
is a “new” vector in the space R;(C) consisting all of the sections ®, for ¢ € S(C(Ay)) (see
for the precise definition of ¢(®)). We are interested in the central critical derivative

0 ~

n(a) — %E(" s, q>¢(u>) Ly
where E (-8, @, ) is the Siegel-Eisenstein series associated with (@) modified by the Hecke
L-function of x¢ (see ) Via Rankin-Selberg method, E(-, s, ® (o)) shows up in the study
of Rankin-type L-functions associated with “Drinfeld type” automorphic forms on GLo(Ag)
(cf. 2]). This is our motivation to first target at this particular function 1(®). For each
B € k*, we show that the B-th Fourier coefficients of 7(® are expressed by representation
numbers of § as the corresponding norm forms (cf. Proposition . In particular, these
non-zero Fourier coefficients of 1(®) are related to special cycles on the “compactification”
Xo, of the coarse moduli scheme of rank one Drinfeld Og-modules (where Ok is the ring of
functions in K regular outside co). To be more concrete, the main result of this paper is in
the following.

Theorem 0.1. (cf. Theorem [7.14) For each y € A} and B # 0, there exists an algebraic

0-cycle z(y, B) on Xo, such that the Fourier coefficient néa)’*(y) is equal to:

~ Xe@)lYla,
where fu is the residue degree of 0o in K/k, and A is the ring of functions in k regular
outside co.

: degz(y, 6)7

The above theorem can be viewed as a function field analogue of Kudla-Rapoport-Yang’s
result in [I3]. The moduli problem of Drinfeld modules are recalled in Section and we
refer the readers to [3] and [14] for further details. The algebraic cycle z(y, 8) is constructed
via “special morphisms” defined in the following. Let (L, ¢) and (L', ¢’) be rank one Drinfeld
Og-modules over a scheme S. Then ¢ (resp. ¢') induces a left action of Mats(Ox) on L%?
(resp. L'®?). Let D, be the quaternion algebra K + K j, over k where j2 = —a and j,a = @j,
(here (a +— @) is the non-trivial automorphism on K over k). The reduced norm form on D,
can be expressed by Nk, ® (- Ng ). We fix a K-algebra isomorphism K ®;, D, = Maty(K)
defined by:

(6 )
a®l — , Va € K,
0 a
ay ag

__ ), Vay + a2jo € Dqy.
—Qas ap

1® (a1 + agja) +— (
A special morphism f : (L®2,¢) — (L'®%,¢') is a morphism from L®? to L'®? (as group
schemes over ) satisfying
[o10d = Pigaf and  foagr = dsgif, Va € Ok and d € Op,, := D, N Maty(Ok).
When D, splits at co (i.e. Dy @k koo = Mata(koo)), one can associate (LP2 ¢) (resp.
(L'®2,¢")) a D,-elliptic sheave £4 (resp. Ey) with “complex multiplication” by Of via ¢
(resp. ¢/, cf. [I5] and [TI6]). Then the set of special morphisms can be identified with

{fGHom(€¢,5¢/) :f¢a:¢ﬁfa V(ZEOK}~

Here the homomorphisms between D,-elliptic sheaves is allowed to “shift the indices” (cf. [16]
Definition 4.2). Moreover, when S = Spec(x) where  is a perfect field, (L®?, ¢) and L'®2, ¢)
are Anderson’s “pure abelian A-modules” (cf. [1]) with Ok ® 4 Op, multiplication, which can
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be viewed as analogue of abelian surfaces with quaternion and complex multiplication. In
particular when o = —1, we have D, = Mats(k) and the set of special morphisms can be
realized by

{f € Homa ((L,9),(L",¢")) | fPae1 = dze1f, Va € Ok}

We remark that the constant Fourier coefficient néa)’*(y) are related to the “Taguchi

height” of rank 2 Drinfeld A-modules with “complex mulitplication” by Og. The Taguchi

height of a Drinfeld module (cf. [I8] and [21]) is viewed as a natural analogue of the Faltings

height of abelian varieties over number fields. Let ¢ be a Drinfeld module over k of rank 2
(a),*

with complex mulitplication by O. Comparing the formula of 75 " (y) in Lemma and
the Taguchi height of ¢ in [2I], Corollary 0.2], we then express néa)’*(y) as (cf. Lemma[7.15)):

()% ~ 2xk(y)|yla, # Pic(Ok)
Mo (y) = Foo# Pic(A)
~ ! _ 1\ foo ,deg oo _ 9feo
(I fyla, — 2PTag(®) — (g — 1) Ing — g‘:ggi + ( 1)f ?qdegoo—:_ll) 2 -degoolnq} .

Here Ca(s) == [],200(1 — g9 v)~1 i5 the zeta function of A. This provides a geometric

intepretation of the constant Fourier coefficient n(()a)’*(y).

The description of the non-zero Fourier coefficients of n(®) in Proposition is in fact
derived from a general pattern in Theorem We give a short discussion in the following.
Let n be an arbitrary positive odd integer and C be an incoherent quadratic space with
dimension n + 1. for each 8 € Sym,, (k) (i.e. 5 is symmetric) with det 5 # 0, let

Diff(3,C) := {place v of k | Hasse,(C) # xc, (det 3) - (det 3, — (=) D72y - Hasse, (8)},

where Hasse, (C) (resp. Hasse,(8)) is the Hasse invariant of C (resp. ) at the place v of k,
and (-, ), is the local Hilbert quadratic symbol at v. It can be shown that the cardinality
of Diff(8,C) provides a lower bound for the vanishing order of S8-th Fourier coefficient of
E(-,5,®,) at s = 0 (cf. Proposition [£.6). When Diff(8,C) = {uvo}, let V be the coher-
ent quadratic space over k£ whose associated character xv, = xc¢ and the Hasse invariant
Hasse, (V) = Hasse,(C) for every place v # vg. Then the S-th Fourier coefficient of the
central critical derivative can be understood by the theta series associated with V:

Theorem 0.2. (cf. Theorem Let C be an incoherent quadratic space over k with even
dimension m and take n = m—1. For 8 € Sym,,(k) with det 8 # 0, suppose Diff(3,C) = {vo}
and the associated quadratic space Vg is anisotropic. Then for each pure-tensor Schwartz
function ¢ = Ry, € S(C(Ar)™) and a € GL,(Ay), the Fourier coefficient

0 W{)O,avo *3 (Ov (I)UO#PUO )

%E;(avqu)w) =2

O (a, SZ)’
s=0 Wvo,avo *3 (0, (I)vo,%o ) ?
where ayy * B = tay,Bayy, ¢ = @u@y € S(Vg(Ar)"™) is any pure-tensor Schwartz function so
that:

(1) for v # wvo, @y = @y (here we identify Vs, with Cy);
(i) the Whittaker function Wy, a, +5(S, Puy.z,,) associated with ¢, € SV, ) does not
vanish at s = 0;

and ©%(a, ) are Fourier coefficients of the theta series ©(g, p) introduced in Theorem B.1

We refer the readers to Section [5| for further details. The flexibility of the choice of @, is
beneficial to the calculation of the values Wy, 4, +(0, Py 5,,) and O3(a, @). Moreover, one
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has
* ~ = ~(1,—1
O%(a,p) = xc(det a)| det al > / Z p(h™ za)dh,
O(Vg)(k)\ O(Vg)(Ak) wevy,
Qu, (@)=5

where O(Vjp) is the orthogonal group of Vg, Qy, denotes the quadratic form on Vg, and dh
is the O(Vp)(Ag)-invariant measure having total mass 1. This observation says that the 5-th
Fourier coefficients of the central critical derivative is essentially the representation number of
B as the quadratic form Qv,. The assumption of Vs being anisotropic in Theorem is due
to the restriction of the function field analogue of Siegel-Weil formula in [20]. We can remove
this assumption if a stronger version of Siegel-Weil formula over function fields is verified,
which will be explored in a future work.

The structure of this article is organized as follows. We fix our basic notations in Section 1]
and review the concept of the incoherent quadratic spaces in Section In Section |2, we
recall the Weil representation on the spaces of Schwartz functions on quadratic spaces over
k and the relevant results we need. In Section [3| we introduce the Siegel-Eisenstein series
on symplectic groups, and recall their analytic properties. Also included in Section [3|is the
Siegel-Weil formula for the anisotropic case over function fields. In Section [4] we focus on the
non-singular Fourier coeflicients of incoherent Siegel-Eisenstein series, and determine their
vanishing order at the central critical point by Whittaker functions. In Section [5] we study
the derivative of the non-singular Fourier coefficients of incoherent Siegel-Eisenstein series,
and prove Theorem via the Siegel-Weil formula. In Section [6] we concentrate on the
special case when the incoherent quadratic space C has dimension 2, and compute explicitly
all the Fourier coefficients of n(®). Finally, the algebraio-geometric aspects of n(® is discussed
in Section[7] We recall the moduli problem of Drinfeld modules in Section [7.1] and introduce
the special morphisms between Drinfeld modules in Section [7.:2} The proof of Theorem [0.1]
and the formula of the constant Fourier coefficient n(()a)’*(y) are given in Section

1. PRELIMINARY

1.1. Basic setting. Let I, be the finite field with ¢ = p™ elements. Let k be a global
function field with constant field F,, i.e. k is a finitely generated field extension over [, with
transcendence degree one and I, is algebraically closed in k. In this article we always assume
that ¢ is odd. For each place v of k, let k, be the completion of k£ at v, and O, denotes the
valuation ring in k,. Choosing a uniformizer m, in O,, we set F, := O, /m,0,, the residue
field at v, and ¢, to be the cardinality of F,,. Put degv := [F, : Fy], called the degree of v.
The absolute value on k, is normalized to be:

Iavlv — qv—ordw(av) =q degvordv(au)7 Va, € k.

Let Ay be the adele ring of k and set Oa, := [], O,, the maximal compact subring of Ag.
For each element a = (a,), in the idele group A, the norm |a|s, is defined as:

|a’|Ak = H |av‘v-
v

Embedding k (resp. k) into A, (resp. A}") diagonally, we have the product formula: |a|s, =1
for every a € k*. Throughout this article, fix a non-trivial additive character ¢ : A — C*
which is trivial on k. For each place v of k, let ¢, be the additive character on k, defined by
Py(ay) == (0, ...,0,a,,0,...) for each a, in k,. We denote §, to be the “conductor of i) at

b

v,” i.e. the maximal integer r such that 7, "0, is contained in the kernel of v,. It is known
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that ) 0, degv = 2g, — 2, where g;, is the genus of k.

Take a place v of k. Let (V, Qv ) be a non-degenerate quadratic space of dimension m over
k,. The bilinear form on V' x V is

(T, y)v = Qv(z+y) — Qv(z) — Qv(y), Va,yeV.

The associated quadratic character xy on k. is defined by

m(m+1)

xv(ay) = (ap, (1) 2 detV),, Vo, €k).
Here (-,-)y : kS /(kX)? x kX /(kX)? — {£1} is the Hilbert quadratic symbol, i.e.

(g, by) {1, if a, X2 + b,Y? = Z2 has non-trivial solutions,
Ay, Oy )y =

—1, otherwise;
and det V € kX /(k))? is the discriminant of V, i.e.
det V :=det({z;, xj)v)1<ij<m for every basis {z1,...,z} of V.

Take a basis {1, ..., } of V such that the quadratic form becomes

m

m
Qv(x) = Zcia?, Ve=) ax; €V,
i=1 i=1

where ¢; € k) for i = 1,...,m. The Hasse invariant of V is:

Hasse, (V) := H (cir¢j)o-

1<i<j<m

For a global non-degenerate quadratic space W over k, set xw = ®@xw, : k*\A; — {£1},
where W, = W ®y, ky,, and call Hasse,(W,) the Hasse invariant of W at v.

1.2. Incoherent quadratic spaces. Fix a character x = ®,x» : K*\A; — {£1}. An
incoherent quadratic space C = {Cy}, over k of dimension m with character x is a collection
of non-degenerate quadratic spaces C, over k,, indexed by the places of k, such that

(i) dimyg, C, = m and x¢, = xo for every place v.
(ii) There exists a global non-degenerate quadratic space W of dimension m over k with
character yyw = x such that W, = C, for almost all v.
(iii) (Incoherence condition) The product formula fails for the Hasse invariants:

H Hasse, (C,) = —1.

Remark 1.1. Let C be an incoherent quadratic space over k. Due to the incoherence condi-
tion, there is no quadratic spaces W over k satisfying that W, = C, for all v. Conversely,
suppose a “coherent” collection C of quadratic spaces is given, i.e. C satisfies (i), (ii), and
I, Hasse,(C,) = 1. Then we can find a unique (up to isomorphism) quadratic space W over
k such that W, = C, for every v. Thus a non-degenerate quadratic space over k is also called
a coherent quadratic space.
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2. WEIL REPRESENTATION ON SCHWARTZ SPACES

Given a positive integer n, let Sp,, be the symplectic group of degree n, i.e.

L (0 L\ [0 I,
I\=1, 0)97\=1, o) ("

We view Sp,, as an affine algebraic group over F,. The Siegel-parabolic subgroup P, is the
parabolic subgroup M,, - N,,, where

M, = {m(a) = (8 tao_1> ac GL,L} and N, := {n(b) = (Ig ;;) ’ b="be Matn}.

Set Sym,, := {b = ‘b € Mat, }. By the map m and n, GL,, and Sym,, are isomorphic to M,
and N,, respectively.

Sp,, = {g € GLa,

Take a place v of k. Let (V,Qy) be a non-degenerate quadratic space over k, with even
dimension m. The orthogonal group of V is denoted by O(V), i.e.

O(V) = {h € GL(V) | Qv (ha) = Qv (), Ve V}.

Let S(V™) be the space of Schwartz functions on V™, i.e. the space of C-valued functions
on V™ which are locally constant and compactly supported. The (local) Weil representation
Wy (= Wy 4, ) 0f Sp,, (ky) xO(V') on S(V™) is determined by the following: for every ¢, € S(V")
and x € V",

(wo(h)@u)(®) = @u(h a1,.... h ), Yh € O(V);

xv (deta)| det a|™? - @, (z - a), Ya € GL,(k,);

O
i

|
pu) @) = b (Trace(s: QI @)) -l W0 € Syim, ()
)

(« (5, §)e)@ = amr-aw.

Here:

. Q%}l) : V™ — Sym,, (ky) is the moment map, i.e. for any z = (z1,...,x,) € V",

n 1
P = (jlean)
1<i,j<n

e 0, is the Fourier transform of ¢,:

n

Bule) = [ oul) (3w Iy, Vo= (o) €V

i=1

The Haar measure dy = dy; - - - dy, is chosen to be self dual, i.e.
@v(m) = @,(—x), VzelV™
e £,(V) is the Weil index of V, i.e.
en(V) = / o (Qu () da
L

for any sufficiently large O,-lattice L in V. The Haar measure dzx is also chosen to
be self dual with respect to the pairing ¥, ({,)v).
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Given a character x, : kX — C*, let I,(s, x») be the space of locally constant C-valued
functions f, on Sp,, (k,) satisfying that

fo(n(b)m(a)g) = xo(det a)|a‘fj+nT+lfv(9)a Va € GLy(ky), b € Sym, (ky), g € Sp,(kv).

The action of Sp,,(k,) on I(s,X,) is defined by right translation. Let ®, be the following
Sp,, (ky)-equivariant homomorphism from S(V™) to I,((m —n —1)/2, xv):

oy — Py, = (9 = (Wv(g)%))(o))-
Denote by R, (V) the image of ®,. We then have:

Theorem 2.1. (1) Let V be a non-degenerate quadratic space over k, with even dimension.
Then R, (V) is isomorphic to S(V§'), where V§* = {x € V" : g/n) (x) = 0}. Moreover, the
isomorphism is induced from the restriction of ®, on S(VJ).
(2) Let xy : kX — {£1} be a quadratic character and n is a positive odd integer. Then

Iv(oa Xv) = Rn(v+) @ Rn(vi)

where V* is the non-degenerate quadratic space over k, of dimension n+1 such that x, = Xy +
and Hasse, (V*) = +1.

Proof. (1) follows from [20, Proposition B.1] and (2) follows from [I0, Corollary 3.7]. Although
the characteristic of the base local field is assumed to be 0 in [10], the argument actually works
for the case of odd characteristic. We recall the steps of the proof for (2) in the following.

By the Frobenius reciprocity theorem, we know dime Ends;, (1,) ((0,xv)) < 2. In par-
ticular, dimc Endg, (x,) (I(O, Xv)) =1if x, =1 and dimV = 2. Using the twisted Jacquet
functor on R, (V') and R,(V ™), we obtain that R, (V™) and R, (V™) are inequivalent sub-
modules of I(0, x,) and

Ro(VF) & Ro(V7T), Ra(V7) & Ra(VT).

Moreover, using the inner product

(f1, f2) 1:/ J1(9) f2(9)dg
n(k?v)\ SPW,(k’v)

on I(0,x,), we obtain that I(0, x,) is completely reducible. Therefore the result holds. O

Now, let W (resp. C) be a coherent (resp. incoherent) quadratic space over k with even
dimension m. We have the global Weil representation w := ®,w, on the Schwartz space
S(W (Ag)™) (resp. S(C(Ag)™)). Here W(Ay) := W @4 Ay = [[, W, and C(Ay) =[], Cy. Let
x = xw (resp. xc¢) and I(s,x) denotes the space of locally constant C-valued functions f on
Sp,,(Ay) satisfying that

sy ntl
f(n(b)m(a)g) = x(deta)lal; > f(g), Va € GLy(Ax), b€ Sym,(Ar), g € Sp,(A).
Let ® be the Sp,(Ag)-equivariant homomorphism from S(W(Ag)™) (resp. S(C(Ax)™) to
I,((m —n—1)/2,x) defined by:
pr— ®, = (g — (w(g)e) (0))
Denote by R, (W) (resp. R,,(C)) the image of ®. Then Theorem (2) implies that

Corollary 2.2. Let x : k*\A; — {£1} be a quadratic character and n is a positive odd

integer. Then
1(0,x) = (@ RAW)) @ (@Rn(@) :
w c
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where W (resp. C) runs through all the coherent (resp. incoherent) quadratic spaces of dimen-
sion n+ 1 over k with x = xw (resp. Xxc)-

3. SIEGEL-EISENSTEIN SERIES

Fix a quadratic character x : k*\A; — {£1} and a positive integer n. Let f(-,s) € I(s, x)
be a flat section, i.e. for every x € Sp,(Oa, ), f(k,s) is independent of the chosen s. The
Siegel-Fisenstein series associated with f is defined by the following:

E(g,s,f):= >,  f(19,5), Vg€Sp,(Ax).
7P, () Sp,, ()

It is known that this series converges absolutely for Re(s) > (n + 1)/2 and can be extended

to a rational function in ¢~° . Moreover, we have the following functional equation

E(g,s,f) = E(g,—s,M(5)(f)), Vg € Sp,(Ar).

Here M (s) : I(x,s) — I(x,—s) is the following intertwining operator:

MW@ = [ st = (),

n(n+1)

and the Haar measure db is “self-dual with respect to ¢,” i.e. viewing Sym,,(A;) as A, 2
and write db as [[,<;<,<,, dbi;, the Haar measure db;; on Ay for each pair (i, j) is self-dual
with respect to 1. Detecting the possible poles of E(g, s, f) (cf. [7]), we have that E(g,s, f)
is always holomorphic at the central critical value s = 0.

Let W be an anisotropic quadratic space over k with even dimension m (then m < 4). Let
X = xw and n = m — 1. For each Schwartz function ¢ € S(W(Ay)"), we extend @, € I(0, x)
to be a flat section ®,(-,s) € I(s,x) (called the Siegel section associated with p) by setting

Py (g,5) = |detalf, Py(g)

for every g = n(b)m(a)r where a € GL,,(Ay), b € Sym,,(Ay), and s € Sp,,(Oa,). The Siegel-
Weil formula connects the central critical value E(g,0, ®,) with the theta series associated
with the quadratic form on W:

Theorem 3.1. (cf. [20]) For every Schwartz function ¢ € S(W(Ar)™) where W is an
anisotropic quadratic space over k with even dimension m =n+ 1, set

(w(g, h)(p) (z)dh.

zeWn
The measure dh is normalized so that vol(O(W)(k)\ O(W)(Ag),dh) = 1. Then

E(g,0,®,) =2-0(g,9) Vg€ Sp,(Ar),

where @, (-, 5) € I(s,xw) is the Siegel section associated with ¢.

(g, ) == /
O(W)(k)\ O(W)(Ay)

On the other hand, let C be an incoherent quadratic space over k with even dimension
m. For every ¢ € S(C(A)"), by the same way we can also extend ®, to a flat section

Dy (-,5) € I(s, xc)-

Theorem 3.2. For every Schwartz function ¢ € S(C(Ag)™) where C is an incoherent qua-
dratic space over k with even dimension m = n + 1, we have

E(ga 07 q)tp) = Oa Vg € Spn(Ak)
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Proof. Note that (¢ — E(-,0,®,)) is a Sp, (Aj)-equivariant homomorphism from R, (C) to
the space of automorphic forms on Sp,,(Ax). In the next section, we show that every non-
singular Fourier coefficients of E(g,0, ®,) must be zero (see Proposition [4.6). Therefore the
result follows from a similar argument of [I2] Lemma 2.5]. O

4. FOURIER COEFFICIENTS OF SIEGEL-EISENSTEIN SERIES

Take a positive integer n and a character x : k*\A; — {£1}. Let f(-,s) € I(s,x) be a
flat section. Consider the Fourier expansion of E(g, s, f):

E(g,s,f)= >, Eslg,sf),
BeSym,, (k)
where E3(g, s, f), called the 8-th Fourier coefficient of E(g, s, f), is defined by
Es(g.s.f) = | E(n(b)g. s, /)( ~ Trace(b)) db.
Sym,, (k)\ Sym,, (Az)

The Haar measure db is normalized so that vol( Sym,, (k)\ Sym,, (Ax), db) = 1. We can choose
db to be induced from the Haar measure on Sym,,(Ay) which is self-dual with respect to .
It is clear that

Eﬁ(n(b)g757f) :wﬁ(b)Eﬂ(gaSaf)7 Vbesymn(Ak)v
where 3(b) := 1 (Trace(b3)).
Lemma 4.1. (cf. [20, Lemma A.3]) Given § € Sym,, (k) with det  # 0,
Bslg.sf)= [ fwan(b)g.s)s(-bidb
Sym,, (Ax)

Note that Sp,, (k)P (Ag) is dense in Sp,,(Ax). For g = n(b)m(a) where a € GL,,(Aj) and
b € Sym,, (A),

E(gvsvf) = Z Eﬁ(m(a)’saf)wﬁ(b)

peSym,, (k)
We can focus on the Fourier coefficients Ef(a, s, f) := Eg(m(a), s, f) for a € GLy(Ag) and
B € Sym,, (k). It is clear that

E;(aa S, f) :E;g*ﬁ(a_laasaf)a VOZ S GLn(k)a
where a % 8 := 'afa.
4.1. Whittaker functions. Fix a place v of k and a quadratic character x, : kX — {+1}.

Take a flat section f,(-,s) € I,(s,x»). For B, € Sym,,(k,), the local Whittaker function
Wy 8, (s, fv) is defined by

WU,,HU (Sva) = / fv(wnn(bv)aS)Q/JU,ﬁrv(_bv)dbv'
Sym,, (k)
Here the Haar measure db, is self-dual with respect to v, and ¢, g, (by) := 1y (Trace(bl, 51,)).

Let p, be the left action of Sp,,(k,) on I, (s, x») by right translation. Then it is clear that

Wvﬁu (57 pv(n(bv))fv) = wv,ﬂv (bv) : Wv,ﬂu (57 fv)a Vb, € Symn(kv)-

Proposition 4.2. (cf. [I7, p. 102)) Let 8, € Sym,,(k,) with det 3, # 0 and take a flat section
fv('v S) € Iv(sa Xv)'

(1) Wy, (s, fv) can be extended to an entire function on the whole s-plane.
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(2) When v is “good”, i.e. X, is unramified, 5, € Sym,, (k,) NGLy(O,), the conductor of
¥y 18 trivial, and f,(ky) = 1 for every k, € Sp,,(O,), we have

R
L,(s+(n+1)/2,xv)" H CG(2s+n+1-2i)7"Y,  ifn is odd,
W5, (s, fo) = n/2 =
HCU(QS +n42-2i)7 if n is even.

i=1
Here

1

(1= xo(m)*) ™" if Xo is unramified,

1 otherwise.

Cv(s) = (]— — q;s)*l and LU(S,Xv) = {

Let x : k“\A; — {£1} be a quadratic character. Given by € Sym,,(Aj) and a flat section
f(-,8) € I(s,x), the global Whittaker function Wy, (s, f) is defined by

Wi (s, f) i= /S o ), ), (D)

Suppose by is also in GL,(Ay) and f is a pure-tensor, i.e. f = ®,f,. Let S = S(x, ¥, bo, f)
be the finite subset of places of & minimal so that v is “good” for v ¢ S (i.e. when v ¢ S, x,
is unramified, the conductor of v, is trivial, by ,, € Sym,, (k,) N GL,(O,), and f,(k,) =1 for
every ky € Sp,,(0y)). Define

(=12
Lo(s+ (n+1)/2,x)" H CS(2s4+n+1-2)"Y ifnis odd,

A'rsz'(&X) = n/2 =t
HCS(23+n+2—2i)_l, if n is even,

i=1
where

L%(s,x) : HL (5,x0) and ¢%(s) HQ,

vgS vgS
Then AZ (s, ) is holomorphic at s = 0 and non-vanishing unless n = 1 and y = 1. Moreover,

(41) Wbo (87 f) = Ag(s, X) H Wﬂ,bo,v (8 f )
veES

This gives the meromorphic continuation of the Whittaker function Wy, (s, f).

Given 8 € Sym,, (k) and a € GL,(Ay), we set ax 3 := taBa. Lemma|4.1]tells us that when
det 8 # 0, the Fourier coefficient

Ej(a,s.f) = xe(deta)|detal,” "% - /S o wan )5 ()
ym,, (Ag

(4.2) = Xc(det a)l deta|AS+ S Woas(s, 1),
Therefore the equations (4.1)) and (4.2)) implies the following.

Proposition 4.3. Let n be positive integer and x : k*\A; — {£1} a quadratic character.
Given a pure-tensor flat section f = ®,f, € I(s,x), we have that for 5 € Sym,, (k) with
det 5 # 0 and a € GL,,(Ag),

ords—g E; (a, S, f) = Z ords—o Wv,ay*ﬁ(sv fv) + €n,x>»
veS
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where S = S(x,¥,ax B, f) is the finite subset of places of k minimal so that v is “good” for
vgS;eny=1ifn=1and x =1, and €, = 0 otherwise.

4.2. The vanishing order of non-singular Fourier coefficients at s = 0. Take a place
v of k. Let V be a non-degenerate quadratic space over k, with even dimension, and take
n = dimg (V) — 1. For B, € Sym, (k,), we set

Qp, (V) i={z e V" : Q" (z) = 8.},
where Qi}l ) is the moment map introduced in Section

Lemma 4.4. (cf. [20, Lemma A.1])
(1) For B, € Sym,, (k,) with det 8, # 0, we have W, g, (0,®, ) =0 for all p, € S(V™)
unless Qg, (V') is non-empty.
(2) When Qg, (V) is non-empty, O(V) acts on Qp, (V) transitively, and there exists a
constant ¢ such that for ¢, € S(V"),

Wy 6,(0,@4,5,) =c- / Po(@y)dzy,
Qs, (V)
where dzx,, is an O(V)-invariant measure on Qg (V).
The following ”dichotomy” plays a fundamental role.
Lemma 4.5. (cf. [8, Proposition 1.3]) For 8, € Symy,(k,) with det B, # 0, we have that
Qg, (V) is non-empty if and only if
(4.3) Hasse, (V) = v (det 3,) - (det 8,, —(—=1)TY/2) . Hasse, (8,).
Here Hasse, (8,) is the Hasse invariant of the quadratic space over k, associated to (3,.

Let C be an incoherent quadratic space over k with even dimension and n = dimy(C) — 1.
For 8 € Sym,, (k) with det 5 # 0, We set

Diff(3,C) := {place v of k | Hasse,(C) # xc, (det B) - (det 8, —(—=1)("+1)/2), . Hasse, (8)}.
The incoherence of C implies that the cardinality of Diff(3,C) must be odd. Moreover, by
Proposition Lemma [4.4] and [4.5] we have

Proposition 4.6. Let C be an incoherent quadratic space over k with even dimension and
n = dimg(C) — 1. Given a € GL,(Ax) and 8 € Sym,, (k) with det 8 # 0, we have that for
every Schwartz function ¢ € S(C(Ag)™)

ords—g E;(a,s,q)g,) > #Diff(p,C) > 1.
5. DERIVATIVES OF NON-SINGULAR FOURIER COEFFICIENTS

Let C be an incoherent quadratic space C over k with even dimension and n = dimy(C) — 1.
Given § € Sym,, (k) with det 8 # 0, by Proposition we know that for a € GL,(Ax) and
¢ € S(C(AK)"),

%E;(a,s,(bcp) » =0 if #Diff(8,C) > 1.
Suppose Diff(8,C) = {vwo}. Let Vg be the non-degenerate quadratic space of dimension m
over k such that xv, = xc and

0 (Vi) Hasse, (C), if v # v,
asse, =
g — Hasse, (C), if v =vp.

Then for every place v of k different from vy, we have V3, = C,. Moreover, Hasse-Minkowski
principle and Lemma imply that Vg represents (3, i.e. Qg(Vp) is non-empty.
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Theorem 5.1. Let C be an incoherent quadratic space over k with even dimension m and take
n=m—1. Given § € Sym,, (k) with det 8 # 0, suppose Diff(5,C) = {vo} and the associated
quadratic space Vg is anisotropic. Then for each pure-tensor ¢ = ®,p, € S(C(A)™) and
a € GL,(Ag), we have

_ 9. I/Vql;o,avo*,ﬁ(oa q)vo,s%o>
=0 Wogsauy#8(0, Pog.3,,)

where ayy *x B = 'ay, Bay,, p = @pPy € S(Vg(Ag)™) is any pure-tensor so that:

9
7E6(a’7 S, Cbtp)

ds '@ﬁ(avw)a

(i) for v #wvo, @y = @y (here we identify Vs, with Cy);
(i) @uv, € S(V,,) 18 a Schwartz function satisfying that Wa, a, «5(0, Pu, 5, ) # 0;
and
03(a.7) = [ O (n(b)m(a), 5)s(~b)db,
Sym,, (k)\ Sym,, (Ax)
where O(g, @) is the theta series introduced in Theorem B.11

Proof. Take a pure-tensor ¢ = ®,9, € S(Vz(Ay)™) satisfying (i) and (ii). By the Siegel-Weil
formula (Theorem we have

Then from the equation (4.2]) we obtain that for a € GL,,(Ag)

9 .
%Eﬁ (a, S, ¢Lp)

s=0

gyl W (0, P5)
= xc(deta)|detal, "% W/ 0, g p,) - T
xc(det a)| de a’|Ak vo,aUD*B( ) 07%;0) (Wvo,av0*5<0’¢”0’5vo)

Wéovavo *f o, (I)Uoﬁauo )

_ CE3(a,0,5)
WUO7aU0*B (07 (I)UO,@W,@UO) b v
W (0, By 0. )
VO,Ay,*x B\ T V0,Py % ~
= 9.2 2. O5(a, ).

W’Uo,a,,,o *f (0’ ®’U07(ZUO )
]

Remark 5.2. The assumption on V3 being anisotropic is due to the restriction of Theorem (3.1
which can be removed as long as a stronger version of the Siegel-Weil formula is verified.

In the remaining sections, we concentrate on the special case when the incoherent quadratic
space C has dimension 2, and explore the geometric interpretation of the central critical
derivative of the Siegel-Eisenstein series on SLa(Ay).

6. SPECIAL CASE: dimy(C) =2

Fix a place oo of k, referred as the place at infinity, and other places are called finite places
of k. Let K be a quadratic field over k which is “imaginary,” i.e. co does not split in K.
Take D € k such that K = k(v/D). Choose €, € k% so that the Hilbert quadratic symbol
(€cos D)oo = —1, and put €, := 1 for every finite place v of k. For each a € k*, the collection
Cﬁ?) = {Cﬁ?,l}v, where C;?L := (Ky,e,aNg/y), is an incoherent quadratic space over k with
dimension 2. It is clear that

xe(a) = xx(a) = [[(av, D)v, Va = (ay), € Af,
v

and Hasse, (C,) = (e,a, D), for every place v of k. We point out that given an arbitrary
incoherent quadratic space C over k with dimension 2, there always exists a triple (K, oo, @)
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such that € = €\,

Let A be the ring of functions in k regular away from oo, and Ok be the integral closure
of A in K. For each place v of k, set Ok, := Ox ®4 O, when v # oo0; and Og_ denotes
the integral closure of O, in K. If v is ramified or split in K, we assume that the chosen
uniformizer 7, is in Nk (K, ), and pick II, € K, such that Ng/,(Il,) = 7, once and for all.
For each place v of k, set

ey = eyp(a, ) := =0, — ord, (ae,),

where §, is the “conductor” of ¢ at v introduced in Section[I.I] Choose a particular Schwartz
function 901(10‘) es (C%L) which is the characteristic function of the following O,-lattice:

1 Ok, if v is ramified or split in K,
(6.1) lew/2] e .

To Ok,, if v isinertin K.
Here [A] := min{m € Z : m > A} for A € R.

b

Lemma 6.1. For every k, = (Z d

) € SL2(0,) with ¢ = 0 mod 7,0,

Wy (“v)%()a) = XFyw (d) 905;0() .

In particular, suppose (i) v is inert in F and e, is even; or (ii) v splits in F, we get further
that

wolk)pl = o, Vi, € SLa(0,).
Proof. One observes that the Fourier transform of <p£,o‘) is
lncvop, s if v is split in k,
@f}o‘) ={qg 2. lyen-1g Om, if v is ramified in k&,

(= =172, 1 ieor2) Or, if v is inert in k.

Here |A] := max{m € Z : m < A} for A € R. By the decomposition

(7::0 Z) - ((1) bdl_l) <Gl(_)1 2) (—01 é) ((1) _mld_lc) <(1) _01> € SL2(0y),

the result is then straightforward. ([l

Let ¢(®) be the pure-tensor ®,p\™ € s(c O‘)(Ak)). By the above lemma, ® ) is viewed
as a “new vector” in the representation Rl(Cﬁg)) of SLo(Ag). Denote by Fg and g the
constant field and the genus of K respectively. Set

L(s, xk) HL sixke)  and L, xx) = qUEEFala—D=(o=1)s g ).

which are extended to rational functions in ¢~° with the functional equation
E(S,XK) = z(l — 8, XK)-

Consider the following (modified) Eisenstein series:

(6.2) E(g,5, @) == L(s + 1, xr) - B(g, 5, D).

It is observed that for g € SLy(Ag), E(g, s , @) is a rational function in ¢~* satisfying:

jog — Lv(1+37XFv)
E(g,8,® ) = —FE(g, —5,® ) - e oo T S ARy,
grp =B sosor (T wrphte

v is inert
and ey is odd
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We are interested in its central critical derivative

0 ~
T](a)(g) = %E(ga S, (I)SO(fU) < ) Vg S SLQ(Ak)

Let 91 = MN(¢, K, ) be the positive divisor of k such that

1, if either v is ramified in k or v is inert in k and e, is odd,

0, otherwise.

ord,(N) = {

Lemma implies that 7(®) is uniquely determined by its values on the representatives of
the double cosets in SLa(k)\ SL2(Ax)/Ko(N), where

Ko(9) = {(Z Z) € SLy(O4,)

¢y, = 0 mod Wgrd”(m)Ov for all v} .

Let B be the standard Borel subgroup of SLs, i.e.
B=P ={n(x)m(y) |z € G,, y € GL1}.

The canonical map from B(Ay) to the double coset space SLa(k)\ SLa(Ag)/Ko(MN) is surjec-
tive. Therefore to explore the derivative n(®), it suffices to compute the Fourier coefficients
nl(ga)’*(y) for y € A} and § € k.

6.1. The constant term n(()a)’*. We first compute the constant term 77((,@)’* in the following:

Lemma 6.2. Fory e A, we have

@) = 2k W) [y]as L0, xk)

, L'(0,xkx) | 1 g — 1
In ‘y|Ak - ([]FK : ]Fq](gK - 1) - (gk - 1)) Ing — m + 5 Z p In g,

v is inert
and ey is odd

Proof. For y € A}, we claim that the constant term Eg (y, s, (I)w‘”)) is equal to

H 75Lv(1+s»XK,v)

(6.3)  xx@ylay | [yla, L(=s,xx) — |yl L(s, xx) - O T —

v is inert
and ey is odd

Then the result follows.
To prove the equality (6.3]), we recall the fact that

0 1\/1 b\ [y 0
B (125, Do) = o (m ,5+/<pa(( )( )( _>,s)db.
0,8, @) = Poier (M(y), 5) L e\l o) o 1) oy

The Haar measure db is normalized to be self-dual with respect to ¥. More precisely, if
we write db as [], db,, the Haar measure db, on k, for each place v is choosed so that

vol(O,, db,) = ¢ °/*. One observes that D0 (M(y), 5) = XK(y)|y|§:1, and for each place v
of k, the local integral

0 1 1 b, Yy O
foe (o) @ D)6 5) )
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is equal to

(Ju_l/Q, if v is ramified in K,

50/2 s+l (el . Ly(s,XKv) . L.
05 sy €A - § oeleace) i splits in K.

qqi_lifv_l Lo(s, Xrc)
Lo(s + (=1, XK)’

Since C}?) is incoherent, Weil’s reciprocity (cf. [22]) implies that
[T=c) =~

Recall that ), d,degv = 2g, — 2, where g, is the genus of k. By Hurwitz formula we get
(gr — 1) + > degv/2 = [F : Fol(gx — 1) — (gi — 1).

v is ramfied in K

if v is inert in K.

Hence the constant term E(y, s, <D¢<a)) is equal to

_ _ _n L(s,xxk) ~1Lo(s+ 1 xk)
s+1_ s+l =FreFol(gr —D+(gn—1) LD XK A S R
X (WA —xrW)yl) L5+ 1, vx) I Lo(s—1,xk)

v is inert in K
and ey is odd

The equality (6.3]) holds immediately. O

Remark 6.3. 1. The “symmetry” of the constant term described in the equality agrees
with the functional equation of E(g, s, @W(Q)). In particular, when e, is even for every inert
place v and K/k is not a constant field extension, E(g, s, <I>¢(a>) is actually a polynomial in
Clq®, ¢ *] satistying B B

E‘(g7 S, @w(a)) = —E‘(g7 —S, ¢LP(O‘) )
2. Let fo be the residue degree of oo in K/k. The following equality
# PiC(OK>
L0, xx) = foo - #Pic(A)
will be used later.

6.2. Non-constant Fourler coefficient né . Given 8 € k*, we know that (by Proposi-

t1on when #lef(,@, P ) > 1,
néa)’*(y) =0 VyeA].

Suppose Diff (ﬁ,CE?)) = {vp}. Then vy must be ramified or inert in K. The quadratic space
Vs := (K, BNk i) over k represents 3, i.e. Q5(Vp) is non-empty. Moreover, xy, = xx and

Hasse, (Cé?l), if v # v,

Hasse, (Vz.,) = o
V3.0) {—Hassev(C%l) if v = vg.

For each place v of k, let e/, = —6, — ord,(B). Take p(#) = ®U(pu € S(Vz(Ay)) where for

every place v of k, gp(ﬁ ) is the characteristic function of the O,-lattice
1" OF,, if v is ramified or split in F,
Wqu“/ﬂ Opr,, ifwvisinertin F.

For v # vy, one observes that @Sﬁ ) = gog,a) (

m(aa),*(y% by Theorem it suffices to compute W, v2, 5(0,®, ~<B>), w' B(O e, (a>),
Pug Pug

V0,Y5,

when identifying Vg, with C(a) »)- To know
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and O}(y, o).

Note that

0 1 1 b
Warazyp(o: ) = [ q)vwiﬁ)(<—1 o) (o 1)) v

vo

(6.4) = ey (Vo) 3D / o(—y2, Bb)db

30 o)) [ W00, B )

r=1 v

It is clear that

otherwise.

/ bo(—y?. Bb)db {vol( vy if ordy, (32, 8) + 8y, >0,

6.2.1. The case when vy is inert in K. One has

(1— %_01)7 if r < ord,, (ygoﬁ) + Ouy 5
/ Uy yvgﬁﬂvo w)d*u = vol(O,) - ,q;()l’ if 7 = ord,, (ygoﬂ) + 0y, + 1,
O3y 0, if 7 > ordy, (y2,8) + v, + 1.

Since

~3 1, if e} is even,
€0 (VB.vg ) 0oy (0) =
o (VB,00) @ (0) {QU17 it ! s odd,

we obtain the following result.

Lemma 6.4. Suppose vg is inert in K. vaygoﬁ(s, <I>UU {ﬁ(ﬁ)) = 0 if ordy, (ygoﬂ) + 6y, < 0.
By

When ord,, (ygoﬁ) + 0y > 0, vaygoﬁ(s, (I)vo,ﬁffé)) 18 equal to

(1 _ (7qv—os)ordvo (y306)+6v0+1> %,IXKX))7 if 6;)0
. Vo y XK
VOI(Ovo) —s —syordy, (¥2. B)+8u, -1 —syordy (¥2 B)+8u+2
q’t)o 1 - (_q’Uo ) 0 + q’Uo 1 - (_q’Uo ) 0 f ’
> U €y,

1+ qv_os
In particular, when ord,, (ygoﬁ) + 0y > 0, WUO:ZI%OB(O’ (I)vo,cﬁ,ﬂﬁ)) = qu, v0/2( 1)620 (1+ qqfol)'

When vy is inert in K, by our assumption we have

(aevoa ) (ﬁ» )U()’

which means that the parity of e,, and e}, must be different. Similarly, we can get:

s even,

is odd.

Lemma 6.5. Suppose vg is inert in K, W, 9505(8’(1)710 Sa(a)) = 0 if ordy, (y2,8) + 6u, < 0.
»Pug

When ordy, (y2,8) + 6u, > 0, Wy, V2, 5(s, @, 5%)) is equal to

s Ly (8, XK) .
1 — (—g—S$ Ofdvo(y,lz, ﬂ)+5v0+1) vo \ Sy XK ’
vol(O,,)- (1) i Lug(s + 1, XK)’ ¥
v - —syordu (y5, 8)+8s - —syordu (y5, 8)+8s
QUOS (1 - (7qvgs)ord 0(y1;06)+ 0) + qvol (1 - (7qvos)0rd O(y”oﬁ)jL 0+2) L
- ’ Zf €0

1+4q,°

is odd,

1S even.
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In particular, when ordy, (y2 ) + 64, > 0,

(e, —1)
5, /2 —1)‘"vo
(a)) = Qu 0/ %

V0,Pvq

w! (0, ®

Uo’yﬁoa

14 (—1)%o )

1nqvo : [(Ordvo(ygoﬁ) + 61}0 +1- 2

14 (=1)% )} .

i ((ordy (42, 8) + 60, + 1+ ——

6.2.2. The case when vy is ramified in K. By our assumption we have X 4, (my,) = 1. One
observes that

/ X (W52, BT u)du = vol(Oyy )-
OX

vo

—1/2 .
5v0(vﬁ,vo)qvo / ? lf r= Ordvg (ygoﬂ) + 51)0 + 13
0, otherwise.
Moreover, @Sf)(o) = q,;}/ ?. Therefore from the equation 1) we get:
Lemma 6.6. Suppose vy is ramified in F, WUOvygoﬂ(S’ <I>UO 55(/3)) =0 if ordy, (ygoﬂ) + 6y < 0.
&0
When ordy, (y2,8) + 0y, > 0, Wvo,y,"joﬁ(sv (I)vo,@&?) is equal to

—(ord, 3, +0,,+1)s
VOl(Ouy) + € (Vi a2 (1 + g w0 o0V H00 )

(6o +1)/2

).
In particular, Wy, 42 5(0, (I)UU,@S‘;)) = 2e4, (V3,00) quo

Since €y, (Cé?lo) = —&y,(V3,1,), We obtain that:

Lemma 6.7. Suppose vg is ramified in K, Wvo’ygoﬂ(s, e (p(a)) =0 if ordy, (y2,8) + 6, < 0.
R
When ordy, (y2,3) + v, > 0, Wvo,y?,oﬁ(sv (I)vo,wi‘g)) is equal to

_ —(ordyy (Y2 B)+duy+1)s
—vol(Oy,) 'Evo(VB,vo)qvol/Q(l — Qoo o Wa, 0 ).

In particular, W), 12 5(0,®, ) = —€uy(Viuo)gmo " In gy, (0rdu, (42,8) + 6, + 1)
’ 'UO 9 ‘L)O
6.2.3. Computing @Z(y,@(ﬂ)). Note that
05(y, 37 =xF(y)|y|Ak-/ > @ (h ay)dh.
O(Ve)(K\O(Ve)(Ax)  zer,
Np/p(@)=1

For each place v of k, we identify O(Vj)(k,) with K} x (r,), where 7, is the non-trivial
k,-automorphism on K, and K = {z € K, : Ng/,(z) = 1}. By Hilbert’s theorem 90, the
map (a — a/7,(a)) : K — K is surjective. It is clear that 7P (h1zy) = 3 (zy) when
h is of the form u/7,(u) for u € O;. Moreover, when v does not split in K, @(f’ ) is fixed by
the action of 7,. Hence we can express ©%(y, ) as follows.

Lemma 6.8. Suppose ord,(y23) + 6, > 0 for every place v of k. Then

o =)y — XE@)|Ylay S-lo-lo-1. N _1
O5(y, ") £Pic(Ox) [m]epz*:(o )#{1‘69191 D D5 Ngr(z) =1}

Here v is the ideal of Ok such that v, = y,Ok, for every finite place v of k; and Dg is the
ideal of Ok such that for each finite place v of k,

Hﬁ”‘”dv(ﬁ)OK,,, if v is ramified or split in K,
Do =954 0, = | Sutordy(8) | o '
Ty Ok,, ifvisinertin K.

We summarize what we got so far in the following.
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Proposition 6.9. Let § € k* with Diff(3,C)) = {vo}. Fory € AL, 15" (y) = 0 if there
exists a place v such that ord,(y2B) + 6, < 0. Suppose ord,(y23) + 8, > 0 for every place v

of k.
(1) When vg is inert in K, néa)’*

Xk W)yl ( In gy, )
foo# Pic(A) \1 + qu,

(y) is equal to

/ ’

L4 (<1 L+ (<1)f%

. 2 _—,—_————— 2 A —

{qvo (ordug (42,8) + 00y +1 ) + (orduy (42,8) + 80y + 1+ ———>—)
> #rewd D" Ngyla) = 1}

[2]€Pic(OK)

(2) When v is ramified in K, néa)’*(y) is equal to

In gy, A n 1D~
_Xl}(yiyﬁﬁm)q (orduy (47, 8) 400 +1) - D0 #{a € WAy TIDF: Nygyp(a) = 1}
oo [R]ePic(OK)

Here vy and Dg are the ideals of Ok introduced in Lemma [6.8]

Remark 6.10. For our purpose in the next section, we shall express the counting number
#{x € QlQ_l_ll)_lngl : Ngyp(xz) = 1} by a different form. Given an arbitrary v € k%,
consider the quaternion algebra D, := K + Kj, over k, where j?{ = —v and j,a = aj, for
every a € K. Then D, splits at v if and only if xx . (—y) = 1. Moreover, the reduced norm
form on D, is Nk, @ (7K pyi). For each finite place v of k which is ramified in K, let B,
be the prime ideal of Ok lying above v. Set

DK,V = H Y,Bv.

v#oco,v is ramified in K,
XK,v(=7)=1

Take an ideal € of O such that for each finite place v of k,

ord, (), if v is ramified or split in K,
ord, (NK/k(Qj)) = {2 ) Lordv('y)J
2

For each place v of k where x »(—7) = 1, take §, € K such that Ng /(&) = —v. Set

, if visinert in K.

RO = {a+bj, |ac Dl_(}w be Dj_(’ln/(’l_l, a = &b mod Ok, Vv ramified in K and xx(—7) = 1}.

It is observed that R() is a maximal A-order in D., (by computing the discriminant of RM
over A).

(1) Given S € k* with Diﬂ(ﬂ,C}?)) = {vo} and vy # o0, take v = vy(a, B) = —f/a.
Then D, is ramified precisely at vy and co. Moreover, we have the following isomorphism (of
central simple algebras over k):

Dﬁ ®k Da =~ Matg (D’Y)

. al ag
(65) L (ot aad) (—aag a1>
as a4j7

az3+ asjg) 1 +— .
(a5 + asjs) —aayj, ag

Viewing D, and Dg as subalgebras in Maty(D.,) via the above isomorphism, let
R:={M € Maty(R")) : Mu = uM, Yu € D,} = Maty(R") N Ds C Ds.
Set ﬁgl = ARA~! for each fractional ideal A of Ok.
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Without loss of generality, assume o € A. Choose a suitable additive character v so that
ord,(a) + d, is even for every place v of k inert in K. Then sending x to zjs for x € K
induces a bijection between {z € Q(Qlflt)ﬂ@gl : Ngji(r) = 1} and

(M€ Roy '@, : Mu=uM, Yu€eDo; M-a=a-M, Ya € K; and M? = —j).

Here we embed K — D, — Maty(D,).
(2) When Diﬂ(ﬁ,Cﬁ?)) = {oo}, we have 3/a € Nk, (K*) and a bijection

{zeAA "D Ngjp(z) =1} = {zeAA 'y 1D 1 : Ny = B/al}.

7. ALGEBRO-GEOMETRIC ASPECTS

In this section, we assume (without loss of generality) o € A with ord,(a) + &, is even for
every place v of k inert in K, and connect the non-zero Fourier coefficients of n(®) with the
degree of special cycles on the coarse moduli scheme of rank one Drinfeld Ogx-modules.

7.1. Drinfeld modules and the moduli schemes. First of all, we recall briefly the prop-
erties of Drinfeld modules which we need, and refer the readers to [3] and [14] for further
details. Fix a place oo of the global function field k (with odd characteristic p). Denote by
A the ring of functions in k regular outside co. Let F' be an A-field, i.e. F' is a field together
with a ring homomorphism ¢ : A — F. We can identify End(G,,r) with the twisted polyno-
mial ring F{r}, where 7 : G,/p — G,/ is the Frobenius map (z + 2?) and 7a = aP1 for
every a € F. We have two homomorphisms € : F — F{r}, €(a) := a, and D, : F{r} — F,
DT(Z@ aﬂi) = ag.

Definition 7.1. Suppose an A-field F' and a positive integer r is given.

(1) A Drinfeld A-module over F' of rank r is a ring homomorphism ¢ : A — F{7} such that
t=D;0¢, ¢p+#eor, and pier e = |q|", for every a € A.

(2) Let S be a scheme over A. A Drinfeld A-module over S of rank r is a line bundle L over S
together with a homomorphism ¢ : A — End(L) (where End(L) is the ring of endomorphisms
of L as a group scheme over S) such that

(i) for any a € A the differential of ¢, is multiplication by a;
(ii) given a field F' with a morphism Spec(F) — S, the corresponding homomorphism
A — F{r} is a Drinfeld A-module over F of rank r.
(3) A morphism f : (L,¢) — (L', ¢’) is a homomorphism from L to L’ (as group schemes
over S) satisfying that f - ¢, = ¢/, - f for every a € A.

Let (L, ¢) be a Drinfeld A-module over S of rank r. For a non-zero ideal I < A, let
1] := [ ker (¢a),
acl

which is a finite flat group scheme over S. Let chars(S) be the image of S in Spec(A)
(called the A-characteristic of S). Then ¢[I] is étale over S if char4(S) does not intersect
V(I):= {prime p<<A|p DI}

Definition 7.2. Given a Drinfeld A-module (L, ¢) over S of rank r, a structure of level I on L
is an A-module homomorphism ¢ : (I71/A)" — Mor(S, L) such that for every p € V(I), ¢[p]
(as a divisor of L) coincides with the sum of the divisors £(a), a € (p~1/A)".

Remark 7.3. If char 4 (S) does not intersect V(I), then a structure of level I gives an isomor-
phism from the constant group scheme (I=1/A)" over S to ¢[I].
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Fix a positive integer 7 and a non-zero ideal I of A. For each scheme S over A, let M, ;(5)
be the category whose objects are the triples (L, ¢,¢), where (L, ¢) is a Drinfeld A-module
over S of rank r and /¢ is a structure of level I on L, and the morphisms are the isomorphism
between triples. We then obtain a fibered category M, ; over the category Sch,a of schemes
over A.

Theorem 7.4. (cf. [3] and [14]) (1) When 0 # I and V(I) contains more than one element,
M) | is represented by a scheme of finite type over A.

(2) My 4 is representable by a Deligne-Mumford algebraic stack of finite type over A.

(3) Denote by M} the corresponding set-valued functor of isomorphism classes of objects of
My 4. Then M} has a coarse moduli scheme My = Spec(Op,), where Hy is the Hilbert
class field of A (i.e. H 4 is the mazimal unramified abelian extension over k in which oo splits
completely) and Oy, is the integral closure of A in Ha.

7.2. Special morphism. Let K be an imaginary (with respect to oo) quadratic field over k
and O denotes the integral closure of A in K. Let S be a scheme over Og. Given a Drinfeld
Og-module (L, ¢) over S of rank one and a non-zero ideal J of Ok, one can associate a rank
one Drinfeld O g-module structure ¢” on L? := L/¢[J] such that the canonical homomorphism
uy : L — L7 is a morphism of Drinfeld modules (i.e. us - ¢, = ¢3J - uy for every a € A).
Note that ¢ and ¢” can be viewed as Drinfeld A-modules of rank 2 over S “with complex
multiplication by Og.”

Recall that D, = K + Kj, where j2 = —a and j,a = aj, for every a € K. Fix an
embedding D,, — Matq(K) defined by

. ap a9

(7.1) a1 + agjo — (_a@ Ch) .
Let

O’Da =Dy N Matg(OK).
We extend ¢ (resp. ¢”) to a homomorphism from Mat, (O ) into End(L%2) (resp. End(L”%2))
in the canonical way, and set

Homp, ((L™%%,67), (L%%,¢)) := {f € Hom(L"%%, L%%) : f¢3 = ¢af, Vd € Op, }.

Every f € Homp, ((L%®2,¢7), (L®2,¢)) is called a D-morphism from (L7>%2, ¢7) to (L®2, ¢).

Definition 7.5. A D,-morphism f : (L7%2 ¢7) — (L®2, ¢) is called special if f-¢3 = ¢q - f
for every a € Ok, where a — a is the non-trivial automorphism of K over k, and Ox embeds

into Maty(Ok) by a — (8 2)

Remark 7.6. Given a Drinfeld Og-module (L, ¢) over S of rank one and a non-zero ideal J of
O, let SPga)(L, #,7) be the set of special D,-morphisms from (L7%2 ¢7) to (L2, ¢). Let
uP? : L®2 — L7®2 be the morphism induced by uy. Then SP(Sa) (L, ¢,3) - u? is contained
in the ring Endp,_ (L®?, ¢) of D,-endomorphisms of (L®2, $) and
(f - uS?) - ¢a = da- (f-u3?
for every f € SP(SQ) (L,¢,7) and a € Og. Take S = Spec(k) where « is an algebraically closed
OK—ﬁeld.
(1) When chary(k) = (0), it is known that Enda(L,¢) = Og. Therefore we get
Endp, (L®2,¢) = O and SP*)(L, $,7) = 0.
(2) Suppose char (k) = p splits in K. Then (L, ¢) is not supersingular (as a Drinfeld
A-module over k). Therefore Enda(L,¢) ®4 k = K (cf. [4], also see [3, Proposition
1.7]) and SP™ (L, ¢,3) = 0.
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(3) When char 4(k) = p does not split in K, (L, ¢) is supersingular and End4 (L, ¢) = R
is a maximal A-order of the quarternion algebra D, over k ramified precisely at p and
oo. Write Dy, = K + Kj where j2 € k* and ja = aj for every a in F. We embed
Matg(K') into Maty(D,) via K — K + Kj = D,,. Together with , we obtain an
embedding from D, into Maty(Dy). Let

D := {M € Maty(Dy) : Md = dM, ¥d € D,} and R := Maty(R) N D.
Writing D=K+ Kj where j2 € k* and ja = aj for every a € F, we then have
SP(L,¢,7) - u$? = RIN KJ.
Moreover, for every non-zero ideal 2 of Ok,
Endp (L%92,¢*) = ARA ' (=: Ry)
and
SPW)(L™92 ¢2,3) - uy®® = Ry N K,
where u¥ is the canonical morphism from (L%, ) to (L??, ¢%7).

Definition 7.7. Given a non-zero ideal J<1Og and 0 # 5 € A, we define the fibered category
Z(J,B) over Sch, as follows: for each scheme S over A, Z(J, 3)(S) is the category of triples
(L, ¢, b) where (L, ¢) is a Drinfeld Ox-module over S of rank one and b € SP (L, ¢, 3) such
that

b? =¢_p € Enda(L,¢), where Ezzb-u?Q.
The morphisms in the category Z(J, 5)(S) are the isomorphisms between triples. We denote
by pr: Z(J3,8) — M%)K,OK the forgetful functor.

Proposition 7.8. The forgetful functor pr: Z(3,5) — Mlox’oK is relatively representable,
finite, and unramified.

Proof. Given a scheme U over Ok and a Drinfeld Ox-module (L, ¢) over U of rank one, we
consider the set-valued functor Fy on the category Schy of schemes over U defined by
(7.2)

(f:5=U)— {(L’,¢’,b; A | (L, ¢',b) € Ob (Z(lﬁ)(S)), A (f*L, f*p) = (L’,qﬁ')}/ ~,

where f*L := LxyS, f*¢: Ox — End(L) — End(f*L), and (L7, ¢, b1; A1) ~ (L5, ¢, ba; A2)
if and only if there exists an isomorphism & : (L}, ¢],b1) = (Lh, ¢h,b2) over S such that
& o A1 = Ag. The right-hand-side of ((7.2)) can be identified with

{be SPY(f L, f¢,9) | > = —8}.
Hence it can be shown that Fy is representable (by a scheme Sz, over U), which says that
pr is relatively representable.

To prove that pr is finite and unramified, it is equivalent to show fy : Sz, — U is finite
and unramified for every scheme U over Ok. First of all, we observe that fi; is locally of
finite presentation, quasi-finite, quasi-separated, and quasi-compact. By the rigidity theorem
(cf. [3l Proposition 4.1]), the sheaf of relative differentials Qs /v = 0. Moreover, from
the discussion in Remark we are able to show that fy satisfies the existence and the
uniqueness of valuative criterion. Therefore fy is finite and unramified. O

The above proposition implies that Z(3J, ) is representable by a Deligne-Mumford alge-
braic stack. Moreover, let Z(J, ) be the corresponding set-valued functor of isomorphism
classes of objects of Z(J,5). Then Z(J, /) has a coarse moduli scheme Z(J, ). In fact, if
we let U = Mo, = Spec(Opn,, ) and take a Drinfeld Ox-module (L, ¢) over Op,,  of rank
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one, then Z(J, B) is exactly the scheme Sz, in the proof of Proposition and the induced
morphism pr : Z(J, 3) = Mg, is finite and unramified.

Proposition 7.9. Let k be an algebraically closed field together with a ring homomorphism
t:A— K.

(1) When ker(¢) = (0), Z(3,8)(k) is empty. In particular, Z(3,B) is an artinian scheme.
(2) When ker(r) = p where p is a prime ideal of A split in K, Z(3J, B)(k) is empty.

(3) When ker(¢) = p where p is a prime ideal of A non-split in K,

#(2(3,8) (k) = Y #{beSP(LY 6%,3) | > = ¢%,},

[A]ePic(Ok)

A

A,D2

where (L, $) is a (any) chosen Drinfeld O -module over k of rank one, b:=b- Uy and u¥

is the canonical morphism from (L, %) to (L¥7,¢%7).

Proof. Take a Drinfeld Og-module (L, ¢) over & of rank one. We can identify Mo, (k) with
the set {(L¥,¢%) | 2 € Pic(Ok)}, and the fiber of pr : Z(7J, 8)(k) — Mo, (k) of the point
corresponding to (L*, ¢®) can be identified with

{be SPL(L¥,0%,0) |1 = ¢4}
Therefore the result follows from Remark [Z.6l O

Let p be a prime ideal of A which does not split in K. Let F, be an algebraic closure of
F,. For £ € Mo, (F,), it is known that (cf. [3, Proposition 4.2]) the local ring @MoKaﬁ (with
respect to the étale topology) is isomorphic to the ring W (F,) of Witt vectors.
Proposition 7.10. Let J be a non-zero ideal of Ox and 0 # 3 € A. Let p be a prime ideal
of A which is not split in K. For each point & € Mo, (Fy) and & € Z(3,8)(=: Z) with
pr(§) =&, we have

Oz.e = W(Fy)/(wy),
where @, is a uniformizer in W(F,), v = vy := (ordp(8/aNk/(3)) + 1)/ fp, and f, is the
residue degree [Fos : Fy] of the unique prime B of Ok lying above p.

Proof. Proposition (1) says that O, ¢ Is an artinian local ring. Since pr : Z(J, 8) — Mo,
is finite and unramified, we must have

Ope=W(Fy)/ (=),

and v can be determined by [5, Proposition 4.3]. O
Define the degree of Z(3J,3) as: degZ(J,5):= >, In (#((’)ng)). Then Proposition
€€Z(3,6)

and [7.9] lead us to the following result.
Theorem 7.11. For each non-zero ideal J of Ok and 0 # 8 € A, degZ(3T, ) is equal to

> Ingy - (ordy(B/aNk/(3) +1) - > #{beSPg (L¥,6%,9) | 1> = 6%}

0#p€eSpec(A) [A]ePic(Ok)

Remark 7.12. degZ(J,8) = 0 unless there exists a finite place vy of k non-split in K such
that Xk v, (8/a) = —1 and xk »(8/a) =1 for every v # vy, 00. In this case,

deg Z(3, B) = In qu,(ordy, (B/aNg/u(3)+1)- > #{beSP(a) (L™, 6%, 7) | B2 = ¢%4).
[A]€Pic(Ox)
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7.3. Geometric interpretation of the Fourier coefficients of 7(®). Recall that in the
beginning of this section we assumed that the additive character ¢ : Ay — C* is chosen so
that ord, («) + d, is even for every place v inert in K. By Proposition we know that for
y € A and 0 # 8 € k with ord,(y28) + §, > 0, the Fourier coefficient nga)’*(y) vanishes

unless there exists a place vy of k such that Diff (5, C}?)) = {vo}.

Suppose vy # co. We then have yg, 1,0(—7) = —1 and xg.(—y) = 1 for every place
v 7£ Vg, 00. Smce 77( ) (y) = 77(3)’ (aty) for every a € kx, it suffices to consider that

=9y CD (Where n and ®, are introduced in Lemm and Remark 6 10 respectively)
is an 1ntegral 1deal of Ok and g € A. Then Pr0p081tlon 6.9 and Remark [6.10[ imply that

(a),* _ XF(y)|y|A hl% 2
ng o (y) = _WPEC(A)O - (ordy, (Y5, 8) + 6u, + 1)
> {beRyJ,NFj|b =-p5}.
[A]ePic(OF)

Therefore by Remark [7.6] and Theorem [7.11] we have:

Corollary 7.13. Take 0 # 8 € A with Diff(ﬁ,CE?)) = {wo}, vo # o0, and y € Ay such that

ord, (y28) + 8, > 0 for every place v of k. Suppose further that J, = 1)’15(;1) is an integral
ideal of Ok . Then

(@) v XE@Ylar

where foo is the residue degree of oo in K/k.

Let Xo, be the “compactification” of Mo, , that is, Xp, is the projective smooth model
of the function field Ho, . In particular, Mo, = Spec(Opn,,_) is an affine piece of Xo,, and

XOK\MOK = {OO/Q[ : [52[] S PiC(OK)},
where ooy, [2] € Pic(Og), are the closed points lying above oco.

Now, given a pair (y, ) where y € A} and S € k*, we define the special cycle z(y, §) on
Xo, as follows:

e When (y, 3) satisfies the assumption in Corollary [7.13 we let z(y, 8) := Z(Jy, 5).
e When vy = oo, we have 3/a € Nk, (K*). Set

(34 (—1)7> + goo (1 — (—1)7=))

Ao i 2(1+ g0)
and
2(y,8) = fx' (ordec(¥3f) + doo + o)
Z #{x € AAT'T, : Ngjp(2) = B/a} - ooy,
[2]€Pic(Ok)

which is a divisor (with rational coefficients) on Xp,. .
e For a general pair (y, 8) where y € A} and 8 € k*, put z(y, 3) := 0 if there exists a
place v of k such that ord, (y23) +d, < 0. Suppose ord, (y23) + 4, > 0 for every place
v, choose a € k* such that 3’ := a?B € A and J,/, where y := ya™!, is an integral
ideal of Ok. Thus (y', ') satisfies the assumption in Corollary We then put
z(y, B) =z(y', B').
Finally, by Remark (2) and Corollary we arrive at:
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Theorem 7.14. For every y € A} and § € k™, we have

@y - XE@la
7.3.1. Geometric interpretation of noa)’*(y). Under the assumption that ord, («) + &, is even

for every place v of k, the formula of néa)’*(y) in Lemma [6.2) becomes:

7 (y) = 2xk (W)|yla, L0, xx)

! (fo=1) _
. [ln|y|Ak - ([IB‘K P9 — 1) — (gr — 1)) Ing— L'(0,xk) | g5 1

L(0, xk) doo +1

In ¢oo

On the other hand, let ¢ be a Drinfeld A-modules over k of rank 2 with complex multiplication
by Ok. The logarithmic derivative of L(s,xx) at s = 0 is connected with the “Taguchi
height” Arag(¢) of ¢ (cf. 21, Corollary 0.2]):
L'(0,xK)
L(O’ XK)
Here (a(s) is the zeta function of A:

Ca(s) = H %, Re(s) > 1.

¢4(0)

Ca(0) 2l @)

degoo] Ing —

:mq.[2<gkf1)f[FK:Fk](gK—1>+ 7

vF#00 v
Recall the formula of L(0, xx) in Remark (2):
# PiC(OK)
L =—————=,
Oxi0) = 7 P )

Therefore we obtain that

Lemma 7.15.

77(()06)7*(y) _ 2XK(y)|y|Ak#P1C(OK)

foc#t Pic(A)

| |yla, — 2hTag(¢) — (gx — 1) Ing —

C4(0) | (D g 12>
a0 T felamt D) Goo
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