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ABsTrACT. We propose a concept of half integral weight in the global function field
context, and construct natural families of functions with given weight. An analogue of

Shimura correspondence (between weight 2 functions and weight % functions) via theta

series from “definite” quaternion algebras over function fields is then established. From the
study of Fourier coefficients of these theta series, we arrive at a Waldspurger-type formula.
This formula is then applied to L-series coming from elliptic curves over function fields.
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INTRODUCTION

Let k be the rational function field F,(¢) with odd characteristic. Fix the infinite place
oo of k, and denote by k., the completion of k at co. The Kubota 2-cocycle on GLa(kso),
which is defined via Hilbert n-th symbol for n | ¢ — 1, gives non-trivial central extension of
GLa(kso), called metaplectic group. The aim of this paper is to study families of functions on
the metaplectic group G, so-called metaplectic forms. We focus on the case when n = 2 and
present an analogue of classical theory of half integral weight modular forms.

In the function field context, we take the Iwahori Hecke operator at oo to be our “non-
Euclidean Laplacian.” Functions on G of weight § are the eigenfunctions of this operator with
eigenvalue ¢' ~%. From the norm form on lattices of pure quaternions in “definite” quaternion
algebra over k (i.e. ramified at oo), we construct theta series which are functions on G of
weight % The action of Hecke operators on these theta series can be expressed by so-called
Brandt matrices. As in Eichler’s theory, these integral matrices are in fact representation of
Hecke operators on the space of Drinfeld type “new” forms. This allows us to define a Shimura
map Sh in from Drinfeld type “new” forms to functions of weight %

From knowledge about central critical values of L-series, we arrive at the following main
theorem, which gives a function field analogue of Waldspurger’s formula (cf. for further
details):

Theorem 0.1. Let Ny be a square-free ideal of A with odd number {y, of prime factors.
Given a “normalized” Drinfeld type newform f for T'o(Ny). Suppose for each prime factor
P of Ny, the eigenvalue of the Hecke operator Tp on f is one. Then given any irreducible
polynomial D in A — k2 satisfying Legendre symbol (%) = —1 for all primes P dividing Ny,
we have

coteto B ()" - (f.6)
2.|D|z - 4tno=1)
Here L(f,s) is the L-series attached to f, L(f ® €p, s) is its twist by the quadratic character

ep; (+,+) denotes Petersson inner product on the space of Drinfeld type cusp forms; and
m(f, D) is the (—D)-th Fourier coefficient of the weight 3 function Sh(f).

With suitable choice of D, the Fourier coefficient m(f, D) determines the non-vanishing of
the above central critical value of L-series. This theorem can be applied to L-series coming

L(f,0)L(f ®€p,0) = (¢ -m(f,D)>.

IThis research was partially supported by National Science Council.
1



2 WEI

from elliptic curves over k having split multiplicative reduction at an even number of places
(including co) and with good reduction elsewhere.

The contents of this article are as follows. We first pick the automorphy factor from the
transformation law of a specific theta series in §I.1] After a brief review of the metaplectic
group G, the Iwahori Hecke operator at oo is introduced in Similar to the classical case,
integral weight functions on G are comes from functions on GLg (ko).

In §2] we study examples of functions having integral or half integral weight. Theta series
from “imaginary” (with respect to oo) quadratic extensions over k are of weight 1. Auto-
morphic forms of Drinfeld type, which can be viewed as an analogue of classical weight 2
modular forms (cf. [2] and [I]), are functions of weight 2. Furthermore, Eisenstein series
give us examples of higher integral weight functions. The theta series of weight % from defi-
nite quaternion algebra over k are introduced in The Fourier coefficients of these series,
which can be viewed as representation numbers of “three squares,” are expressed explicitly
in terms of numbers of optimal embeddings of quadratic orders into the definite quaternion
algebra in question.

In §3{we introduce Hecke operators Tpz = for finite primes P on functions f of half integral
weight 5 with £ odd. The Fourier coefficients of T2 « f can be computed as in classical theory.
The Brandt-matrix representation for the action of Hecke operators on the above theta series
of weight % is established at the end of In we recall briefly properties of the so-called
definite Shimura curves over k. The construction of the Shimura map Sh is in §4.2, and the
proof of our main theorem is given in Finally we apply our theorem to families of elliptic
curves over k in §4.4]

NOTATION

We fix the following notations:

the rational function field F,(t), ¢ = p‘ where p is an odd prime.

k

A:  the polynomial ring F,[t].
oo : the infinite place, which corresponds to the degree valuation va.

| : the absolute value on keo: for a € kyo, |a| := g~ (),
Too : t 1, a fixed uniformizer of oco.

koo : Fy((t71)), i.e. the completion of k at co.
Ouo i Fy[[t71]], i.e. the valuation ring in keo.

P : a finite prime (place) of k.

kp : the completion of k at the finite prime P.

Ap : the closure of A in kp.
k: [Ipkp, the finite adele ring of k.
A: TlpAp.

oo+ a fixed additive character on ko: for y = >, a;ml, € koo, we define
Goo(y) = exp (2L Trg, s, (1) )

We identify non-zero ideals of A with the monic polynomials in A by using the same
notation.
1. HALF INTEGRAL WEIGHT

In the classical case, the theta series

Z exp(2myv/—1n?2)

neE”Z
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is a modular form of weight § for the congruence subgroup I'¢(4). Shimura ([12]) uses the
automorphy factor of this theta series to develop the theory of half integral weight modular
forms. In this section, starting from an explicit theta series, we propose a concept of half
integral weight in the function field setting which has direct applications to arithmetic of
function fields.

1.1. Theta series. For (z,y) € kX X koo, define
0(x,) =Y doo(b?t?)thoo (b*y)

beA

Here ¢ is the characteristic function of Ou. Given (z,y) in kX X ko and v = (a Z) in
c

GLy(A) with cy +d # 0. The Mébius transform
(ad —bc)x ay+b
voen = (e ea)
To state the transformation law of 8, we recall the following symbols:

1. For 8 € kX, the root number of

1 if v (B) is even,
€- Sgn(b’)% if voo (B) is odd.

Here sgn is a sign function on kX (with respect to m): for y € kX

w(pB) :=

y = sgn(y) - u- iz
where u € 1 + 7o Ooo, sgn(y) € F; € is the sign of the following Gauss sum:
1 g—1 2’/T\/ -1
g:=q 2 €7 exp < Tr]Fq/Fp(e)).

We point out that w(—8) = w(B)~! and w(B)? = (—1)"z v=F),

2. For a, 8 € kX, the Hilbert quadratic symbol

1 if aX? + BY? = Z? has a non-trivial solution,

(a7ﬁ)oo =

—1 otherwise.

It can be checked that for a, 8 € kX, (o, 8) oo = w(a)w(B)/w(af).

c

3. Given v = (a Z) € SLa(A), the Kubota symbol of

(4) ifed#0,

1 otherwise.

u(v) =
Here (,) is the Legendre quadratic symbol.

Basing on Poisson summation formula, the transformation law of 8 is worked out:

Proposition 1.1. (cf. [16] IV.2.1) Let x € kX and y € koo. For any v = (a
c

b
in SLa(A
9w
with veo (cT) > Voo (cy + d), one has
6y 0 (2,9)) = ley + dl ¥ e(3,2,)6(x,y)
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with
p(yw(cy +d)(c,cy +d)os, if c#0,
1

e(v,z,y) =
otherwise.

)

This leads to a function on the metaplectic cover G of GLa (ko).

1.2. Extension G of GLy (ko) by the circle group S'. Given g = “ Z in GLa(koo)-
c

Let X(g) := c if ¢ is non-zero and d if ¢ is zero. Kubota (cf. [8]) introduced a 2-cocycle
0 : GLa(koo) X GLa(koo) — {£1} which is defined by

X(gg") _ X(99") )
/
09,9 )= )
)= (Xt ).
This gives us an extension G of GLa (ks ) by S

1 — 8" — G — CGla(ks) — 1
where S* = {2 € C, |z| = 1}.

The map fi : SLy(A) — G given by v — 5 = (7, (7)) is a group monomorphism (cf. [6]).
The group GL2(Oy,) also can be embedded into G by the homomorphism g : GLy(Os) = G

mapping Yoo t0 Yoo = (Yoo, 0(Veo)) Where for vo, = (a Z) € GL2(Ox),
c

(c,d/det vo0)oo, 10 <] <1,
1

0(Ve0) =
otherwise.

)

Furthermore, since o(z1, 22) = (21, 22)00 for 21,20 € kX, we embed k% into G via the homo-
morphism @ : kX — G defined by z — Z = (z,w(z)!). Note that @(kX) is not in the center
of G.

For any congruence subgroup I' = I‘él)(N ) in SLg(A) where N is a non-zero ideal of A and

r{V(N) = {(Z Z) € SLy(A) : ¢ = 0 mod N},

one has GLa(koo) =T+ Ho - TL - kX, where

r
X
=< b € GLy(Ox):c=d—1=0mod 7cOx ¢ , Hoo 1= ko hoo) |
c d 0 1

Let k% = G(k%), T = (D), T = a(TL), Ha == {(h&) : h € Hoe, € € S'}. Then
Gk T H TL.

Back to the theta series # in Given g € G, write g as 2%(h,£)Ys0, where z € kX,

v € SLy(A), Yoo €TL, h = (”C Y

- 1
0(9) == |z|16(z,y) - €.
The transformation law of 6 implies that © is a well-defined function on G, and for z € kX,
7 €SLa(A), 7o €5, £ € S

O(2%(1,£)§Vs0) = £O(9).
This leads to a concept of half integral weight in the function field setting.
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1.3. Half integral weight and weight operators. Here we are interested in functions f
on the coset space G/T'L,. For x € N, define

T f@) =a"" ) f<g( (WSO 1) ’1>>'

velF,
) ,1) oy

Too,% f is also a function on G/ 1:; The metaplectic form O is of weight % under the following
definition:

Since

<

(7)) en

—_

Definition 1.2. f is of weight % if for all £ € S* and g € G,
f((1,8)9) =€°f(9) and Too 5 f = f.
1.3.1. Fourier expansion. Suppose f is a function on G/fg satisfying that for z € kX

f(29) = Xoo(2) f(9)

where o is a character yoo : kX — C* trivial on 1 4+ 7cOs. We call xo the “central”
character of f.

Given a weight 5 function f on G/f‘\g with “central” character yo.. Suppose there exists

a Dirichlet character xyy : (A/NA)* — C* such that for all v = <a Z) € Fgl)(N),

c
f(33) = xn(d)f(g) . Then for r € Z and u € ks, the Fourier expansion of f is:

([ 9))- % roamn

deg A\ +2<r

fr(r, ) = /A\km f (( SO 1) ,1) Yoo (—Au)du.

The Haar measure taken here is normalized so that [ Ak du = 1. Since f is of weight 7,
one has f*(r +1,\) = ¢~ % f*(r, \) for all A € A with deg\ +2 < r.

where

Define function ¢f on k% X ks by

w(:c,y)::mrif((g ?1/>,1>: 3 05 (N tes (Ay)

A€A,deg A\ +2<v ()

where @}()\) :=q¢T f*(r, \) for any r > deg A+ 2. Then we have the following transformation

law for ¢;: given (z,y) € kX X koo and v = <a Z) in Fél)(N) with ve (cx) > Voo (cy + d),
c

or(vo (z,9) = xn(d)xoo(cy +d) ™ (Jey + d|Z e(y,2,9)") - 0 (2, y).

1.3.2. Integral weight. When & is even and h is a weight § (=: v) function on G/ﬁ; with
“central” character xoo, let

h'(g) == h(g,1) for g € GLa(ku).
Then // is a function on GLa (ks )/TL, such that for 2z € kX and g € GLa(koo)

(g=Dv

W(zg) = (=1) = "= . xo(2)h(g),
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and
Too,uh/(g) = qgil Z n g foe ¥ = h,(g)'
velF, 0 1
Conversely, given a function f on GLg(kso)/T'L, such that f(zg) = xe(2)f(g) for z € kX,
g € GLa(koo) and Too  f = f. Let
f'(9,6) = €"f(g) for all (g,&) € G.

Then f’ is a weight v function with “central” character xoo - (—1) “520 ()| This tells us that
functions of weight v on G/T'L are in fact induced from functions on GL2 (ks )/TL, fixed by
the “integral weight” operator T, , .

2. NATURAL FAMILY OF FUNCTIONS HAVING WEIGHT

In this section we give examples of functions having weight. A function f of integral weight
v can be viewed as a function on GLa(koo)/I'}, which is fixed by the operator T, in §1.3.2]
We start with integral weight examples.

2.1. Functions of integral weight. 1. Theta series of imaginary quadratic function fields.
Given a square-free polynomial D in A such that K = k(v/D) is “imaginary” quadratic field
(i.e. 0o does not split in K). Let ag be a fractional ideal in K such that the ideal norm
Nk /i(a0) = (Ao) for Ag € £*. The theta series 0, x, on k%, X koo introduced by Riick [10] is:

agno (7:) = 3 MW%?)MW@.

HEag

For any g € GLa(ks), write g as (I y> Yooz Where v = (a
0 1 c

Z) in F((Jl)(D), (z,y) in

kX X koo, Yoo in TL , and z in kX . Let

1 d
Ouna(a) i= b+ (5 ) i) ..

Here § : kX — {£1} is the local norm symbol at oo, i.e. 6, = 1 if z € kX is a norm of
an element in Ko = koo(v/D) and —1 otherwise. Then from the transformation law of
Ba.no (cf. [I0] Proposition 5.1), O, 5, is a weight 1 function on GLa(ks) satisfying that for

v= Z eT{N(D), 2 € kX, g € GLa(kso), Yoo € TL,
C

d
Oun 3 (1972) = 15 ) Oun 01

2. Automorphic forms of Drinfeld type. Given a non-zero ideal N of A. Let
a b
I‘O(N)::{< d)GGLQ(A)ZCEOHlOdN}.
c

An automorphic form f of Drinfeld type for T'o(IN) is a C-valued function on the double coset
space ['og(N)\ GLa (ko) /T oo kX, satisfying the following harmonic property: for any element g

in GLQ(kOO)7
f(g(o (1)>>=—f(g) and S flgu) =o.

Moo HEGL(On0)/T oo
Here ' is the Iwahori subgroup

{ (a Z) € GL3(Oy) : ¢ =0 mod TI'OOOOO} .
c
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The harmonicity implies that f is of weight 2.

Remark. The space of weight 2 functions on I'g(INV)\ GLa(kso)/T'ac kX is generated by auto-
morphic forms of Drinfeld type for I'o(N) together with a “non-harmonic” function £ on the
double coset space GLa(A)\ GLa (koo )/TookX satisfying that for g € GLa(koo)

E(g) +E(g <7TO é)) -1

and the Fourier expansion of & is:

T 1
T M) =g 2 + 0 (AN Voo (A1
(0 1) Tt X o)

deg A<r+2

where r € Z and u € koo. Here o is the divisor function o(X\) := >  |m|. Restricting £
monic m|\

to the subgroup Hy, it agrees with the improper Eisenstein series of Gekeler (cf. [I] 5.5).

3. Principal series and Fisenstein series. Given an integer v. Consider the principal series

v—1 1—v
(-]

z ) (cf. [7] Chap. I §3), which is the space of smooth functions f on GLg(koo)
satisfying that for any element g.. € GLa(koo), @ and d € k%, b € koo,

a b — lal5 -7
f((o d>goo>_| |d| 2" f(goo)-

The subspace of functions f in (] - \VT_l, | - |1_TV) such that

F(gooYoo) = f(9goo) for all yo0 € GL2(Ox)

is spanned by the function ¢, where for z and w in kX, y in koo, Yoo in GL2(Ox),

r Yy v —x
v ~ | = lz|Z|w|" 2.
@ ((0 w)v ) |2|* |w]
1 1 0
‘PV(goo (0 7Too>)

for any go, € GLa(ks). Then @, is a function of weight v (with trivial central character)
with

o (7 Y) pelfa-ghad e, (V) (7)) = lfE -t ).
0 1 0 1 Too 0O

Fix an integer v > 2. Let

B(A) := {(Z Z) € GLy(A):c= O}.

Then for any v € B(A) and g € GLa(kso), one has
P, (79) = Pu(goo)-

Define

(M

@, (goo) == Pu(900) — ¢

Consider the Eisenstein series

Eu(goo) = Z ¢V(79m)7 for Joo € GL2(koo)
YEB(A)\ GL2(A)

Then E, is a well-defined weight v function on GLa(A)\ GLa(koo)/TookX .
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2.2. Functions of half integral weight. In we note that © is a function of weight %
Here we give weight % functions via theta series from reduced norm form on lattices of pure
quaternions inside quaternion algebras.

Let D = Dy - be a “definite” quaternion algebra over k (i.e. D is ramified at co) where N~
is the product of finite ramified primes of D. Choose an ideal N+ of A which is prime to N ™.
An Eichler order Ry+ n- of type (NT,N7) is an (A-)order in D such that the (Ap-)order
(Ry+ n-)p = Ry+ ny- ®a Ap is maximal in Dp := D ®y, kp for all Pt N*t, and for P | N
there exist an isomorphism ¢p : Dp = Mato(kp) such that

@p((RNth)p) = {(Z Z) € Mats(Ap) : ¢ = 0 mod N*Ap}.

A left ideal I of Ry+ y- is a rank 4 A-lattice in D such that for all finite primes P,
Ip:=1®4 Ap = Ry+ n- - gp for some gp € Dj.

Let Iy, ..., I, be representatives of left ideal classes of R. For each i, let R; be the right
order of I;. Consider the A-lattice S; of pure quaternions in R;, i.e. S; := {b € R; : Tr(b) = 0}.
For (z,y) € kX X koo, define the following theta series for S;:

0i(2.9) = 5 3 oe (N1t (NE())

bes;

Proposition 2.1. (cf. [I7] Proposition 3.1) Let Ng = NT-N~. Fory = <a Z) € F(()l)(NO)
c
With Voo (c) > Voo (cy + d), we have
Dily o (2,9)) = ley + d|Fe(v,2,9)*Di(x.y).

Given g € G. Write g as 2(h, §)Joo, where z in kX, 7 in Fgl)(No), Yoo N TL b= (:(z): ?)

in H,., and £ in S!. For each i, we extend ¥; to a function ©; on G:
0:(9) = |l * V() €.
Then ©); is of weight 3 and for z € kX, v € I’(()l)(NO), Yoo ETL, £ € St
0i(27(1,€)37e) = £70:(9)-
Given A € A with A # 0, the Fourier coefficient
0 if degA+2>7ror —\ € (kX)?,
Log 3 #{be S, :Nr(b) = A} ifdegA+2<rand —\¢k%.

When deg A2 < r and —\ ¢ k2, ©%(r, ) can be expressed by number of optimal embeddings
into R;. Let d € A— k2. An optimal embedding of the quadratic order O, := A[V/d] into R;
is an embedding ¢ of k(v/d) into D so that

L(k(\/g)) N RZ = L(Od).

For any o € R}, a™ 1 is also an optimal embedding of Og4 into R;. Let w; := #(R /Fy),
u(d) = #(O; /Fx), and hi(d) denote the number of optimal embeddings of Oy into R;
modulo conjugation by elements in R;. We have

01 (r.)) =

Proposition 2.2. For 0 # X € A with degA+2 <,

% _3, Wi h,’ d
Oj(r,\)=q¢ 1 Y Z u((d))
—A=df2,f monic
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3. HECKE OPERATORS

Here we assume x = 2v + 1 where v € Z>( and study Hecke operators on weight
functions.

For 0 # m € A, consider the double coset I‘/l(\JV) (((1) O) , 1) F/(\]V) in G where

W=

m

Iy (N) = {7 € SLy(A) : 7 = ((1) ’1*> mod N} .

w5 (s ) ne ()

—~—

One has

where 4; are right coset representatives of the following subgroup in I'; (NV):

Let f be a weight 5 function f on G/f‘g with “central” character x., on k% . Suppose
f(3g) = f(g) for all ¥ € T'1(N). For each monic polynomial m in A, define

(s ) o) = (G )) o)

Lemma 3.1. Let m be a monic polynomial in A. Suppose the prime-to-N part of the ideal
(m) is not a square ideal of A, then for all g € G

(o (s )

Definition 3.2. Let f be a weight 5 function f on G/f‘\l; with “central” character ys, on
kX . Suppose f(7g) = f(g) for all v € T'1(N). Given any prime P of A. We define for § € G

Tpa s () = |P|52) - f <F/1(VN> <<; ;) ,1> F1<N)§> .

As in the classical case, we have

Proposition 3.3. Let xn : (A/NA)* be a Dirichlet character. Given a weight § function f
on G with “central” character X such that f(7g) = xn(d)f(g) for v = (a Z) € Fél)(N)
c

and g € G. Then for each prime P,

Tp2,3f<<”§° ?),1): > (Tpes )7 (r oo (M)

deg A +2<r

where

(Toes )7 N) = xoulP?)- [|P|3f*<r+2degP,P2A>}

sovPrea(P) (S2) 17100 [ 100

K )\
+xn(P?)|P|"2. [|P|2f*(r —2deg P, P?)] .

Here we set f*(r —2deg P, %5) = 0 if P2{ X\ and xn(P) =0 if P|N.
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Proof. For sake of completeness we sketch the argument.
Consider the double coset T'y (N) <(1) 182> I'1(N), which is equal to

U TiV)ay if P|N,

degv<2deg P

( U FI(N)%> U ( U Fl(N)bh> UTy(N)r if P} N.
h#0,deg h<deg P

degv<2deg P

2
Here a, = v , b =<p L , T =Gp2 L , Sm is an element in SLy(A) such
0 P? P 0 1

m~t 0 N .
mod N. The contribution of a,, is:

pE Y f(((é p>1)<<ﬂgo 16)’1))

degv<2deg P
= Z Xoo(P?) - {|P|3f*(r + 2deg P, PQA)} Yoo (Aw).

that ¢, =

deg A +2<r

When P divides N, xny(P) = xn(P?) = 0 and so the formula holds.

Assume P is prime to N. The contribution of 7 is:

|P|(g_2)f<§~p2 ( (TFQO—QdegP P2u> 71)
0 1
P om0,

S (PP |IP - 2

deg A +2<r
For the contribution of b, with A # 0 and degh < degP, let v4,v;, € I'i(IN) such that

= [orr ()iPrteap)
deg A 2<r
Since w(P)? = ((_Fl,)u) and |P|~= h;éO,degX};<degP (%)1%0(%) = (%)W(P)_l,

HEDY f(((é ;)2)’1)%((? ?)1>>

h#0,deg h<deg P
v— —1)" A *
= T el (SR [ e
deg A\+2<r
Combining these we get the formula for the Fourier coefficients of Tp2 « f.
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From lattices of pure quaternions in the right orders of left ideals I, ..., I,, of Eichler order
Ry+ n- in Dy~ we have introduced weight % theta series ©; for 1 <i < nin Suppose
Nt =1,ie. R= Ry+ n- is a maximal order (and No = N ). The action of Hecke operators
on ©; can be expressed by so-called Brandt matrices.

Given a left ideal I of Ry+ y-, theset I™! = {b € D : Ibl C I} is aright ideal for Ry+ y-
whose left order is the right order of I. The reduced ideal norm of I is denoted by Nr([),

which is the fractional ideal of A generated by the reduced norm of elements in I. For each

monic polynomial m in A, the m-th Brandt matriz B(m) = (Bz-j (m))K‘ g in Mat,,(Z)
<ij<n

where

#b € 7L (Nr)/Ny) = (m)}
Bilm) = (— D, |

Here N;; is the monic generator of the reduced ideal norm Nr(I;)~!Nr(Z;) of Iflli, and
w; = #(R /F) where R; is the right order of I;.

Proposition 3.4. For every prime P of A,
1
TPZ,%@i = Z BZJ(P)@] = Ww; Z B]Z(P)(’u?@])
J J

Proof. For each monic polynomial m in A, w;B;;(m) = w; Bj;(m) and so the second equality
is clear. We only need to show the first equality.

When P | No, Tp2 30;(r,A) = |P|20;(r + 2deg P, P?)) for A € A with degA+2 < 7.
By Proposition 2.2 and the fact that h;(P?d) = 0 for any d and prime P | Ny, we get
|P120;(r + 2deg P, P?\) = ©;(r, A) and so Tp2 30, = ©;.

On the other hand, B(P) is a permutation matrix of order 2, and the entry B;;(P) =1
implies R; = R;. Therefore the proposition holds for P | Ny.

Suppose P f No. For A € A and r > deg A + 2, let ¢;(\) =: ¢i70;(r,\). To prove this
proposition, we need to show

(P + (3 )eil) + [Plei( ) = 3 By (Phes ).
J
For each j, consider the map
{a € Ij_lli : (Nr(a)/Nij) = (P)} x {ea:a € Sj,Nr(a) = N\, e e F '} — S;
which is defined by
(a,ea) —> b=a" -ea - .
Here o := @Ny;. Then Nr(b) = AP?¢”? for some €’ € F)*. Note that

#{a € Ij_lfi : (Nr(a)/Nij) = (P)} = (¢ — Dw;B;;(P), and

#{ea:a € S;,Nr(a) =\ e € Fy} = (g —1)c;(N).

Given b € S; with Nr(b) = AP?¢? for e € F)*. First, we consider the case when P { b,
i.e. b # Pa for any a € S;. Then there exists a unique o € Ij_ll,; for some j, up to ij,
with (Nr(a)/N;;) = (P) such that b = Ba where 8 € I; 'I;. Since Tr(b) = b+ b = 0,
b= —af = —a*f* and so f* = eacr with a € S;, Nr(a) = X and € € Fy. Therefore in this
case, b = a*(—ea)a for a unique a € Ij_lh up to R

Now, we suppose P | b and consider the following two cases:
(1) Assume P | A\. Write b as P - ea for some a € S; with Nr(a) = A. If P { a, there exist
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an element o € I{lli for some j, up to R, such that (Nr(a)/Ny;) = (P) and a = o with
B e Ii_llj. Therefore
b=P-eca=a"(acf) - a.
If P | a, then a = a'P for some a’ € S; with Nr(a’) = 5 and so
b= Ped' P =o* - (ae'd'a*) -«

for any j and any « € Ij_lh with (Nr(«)/N;;) = (P). Hence we obtain

3 BPe () = (@OP?) = ) + () — () + 1P+ Deal )

A
= ci(AP?) + [Plei(53)-

(2) Assume P { A\. Write b as eaP where a € S; with Nr(a) = A. If b = a*¢a’a where
a € Ij_lli with Nr(a) = A and € € F, then

a*da'a = Pea = a*(aea).

Let I = I; 'I;a. Then I C R; with Nr(I) = (P) and I -a C I. We deduce that there exist
a unique prime ideal p of the quadratic order Aa] so that I = R;p. Since there are only
1+ () ideals of Ala] whose ideal norm is P, b can be written as a*¢’ac with Nr(a) = X in
1+ (%‘) ways, up to ij ifa € I;lli. Combining these we have that when P { A

3 Bi(P)es(N) = (@) — ) + (14 (5 D) = 0P + ().
By (1) and (2) the proposition holds. O

4. SPECIAL VALUES AND AN ANALOGUE OF WALDSPURGER'S FORMULA

In this section we present a function field analogue of Waldspurger’s formula.

4.1. Definite Shimura curves and automorphic forms. Let D = Dy- be a definite
quaternion algebra over k and let N~ be the product of finite ramified primes of D. Choose
an ideal N of A prime to N~. The definite Shimura curve X = Xy+ n- of type (NT,N7)
is
Ry v \(D* xY)/D*.
Here D := D ®, I%; ]%N+7N_ = Ry+ n- ®a A where Rpy+ n- is an Eichler order of type
(NT,N7); Y is the curve of genus zero such that for each k-algebra M,
Y(M):={zeD®,M:z+#0,Tr(x) = Nr(z) =0}/ M*.

The (right) action of D* on Y is by conjugation. It is known that X is a disjoint finite union of
genus zero curves, and the components correspond canonically to left ideal classes of R+ n-.

From now on we assume N = 1, i.e. Ry+ y- = R is a maximal order and Ny = N ™.
Let Iy,..., I, be representatives of left ideal classes of R, and let X; be the component of X
corresponding to I;. Denote e; to be the divisor class in Pic(X) corresponding to X;. Then
Pic(X) = @Ze;. The Gross height pairing on Pic(X) is defined by

<eie; >= 0 ifi £ 4,
wi = #(R]/Fy) ifi=j,

and extending bi-additively.
As in the case of definite Shimura curves over Q (cf. [4]), we have Hecke correspondence
tm, on X for each monic polynomial m in A which satisfies
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Proposition 4.1. Fori=1,2,...,n,
n
tmei = ZBij(m)ej.
j=1
Here B(m) = (Bij(m))lgi,jgn is the m-th Brandt matriz.
We point out that the Hecke correspondences are self-adjoint with respect to the Gross
height pairing.
Function field analogue of Eichler’s theory. Recall that an automorphic form f of Drinfeld

type for I'o(N) is a C-valued function on T'o(N)\ GLa (ks )/T ook satisfying the harmonic
property in We say [ is a cusp form if for all go, € GLa(ks) and v € GLo(A),

/ f (v (1 h””) goc) du = 0.
A\koo 0 1

Here the Haar measure du is normalized so that [ Ak 1du =1, and h. is a generator of the
ideal of A which is maximal for the property that

v <1 h”A> vt C To(N).
0 1

For each non-zero ideal N of A, the Petersson inner product on the C-vector space
S(To(N)) of Drinfeld type cusp forms for T'o(N) is a non-degenerate pairing

(f,9):= /GO(N)ﬁg-

Here Go(N) = T'o(N)\ GL2(kso ) /T'ookZ,. The measure of each double coset [e] in Go(N) is

normalized to be 1 1
q—
d(le]) := . .
([ ]) 2 #(Stabro(]\]) (6))
Definition 4.2. A Drinfeld type cusp form f for I'o(N) is a new form if, with respect to
Petersson inner product, f is orthogonal to functions

()

for all Drinfeld type cusp form g for T'o(M) where M | N and d | (N/M). We call f a
newform if f is also a Hecke eigenform.

Let M™% (T'o(Ny)) = SV (I'o(No) ® CEn,, where SV (I'o(Ny) is the space of Drinfeld
type new forms and £y, is an analogue of Eisenstein series with Fourier expansion given by:
for r € Z and u € ks

0 1

PINo eg st e€Fg
Here oy, (m) is the divisor function on,(m):= >,  |m/|.
m/|m, monic
(Ng,m/)=1

As in classical Eichler’s theory, one can establish an isomorphism (cf. [I8] Theorem 2.5)
M™% (Ty(Ng)) — Pic(X)®zC
f — ef

such that 75, f +— tmnes for all monic polynomials m in A, and < ef,ey >= 1 for each
newform f normalized so that the “first” Fourier coefficient f*(2,1) is one. Here the T, are
Hecke operators on automorphic forms for T'g(Np).
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4.2. The Shimura map Sh. Consider the definite Shimura curve X = X; y- (i.e. Nt =1
and Ny = N7). For any element e = ), a;e; € Pic(X) ®z C, define

@e = Z ai@i

where ©; are weight 2 function introduced in For each a € A — k2%, let

€q i — Z Z hl(d) e; € PIC(X) X7z Q

i=1 \a=df?,f monic 2u(d)
From Proposition 2.2, the Fourier coefficients of O, are
Or(r,\) = i <ee_y >
for =\ #£0 € A— k2 with deg A +2 <r, and ©%(r,0) = ¢ %" - dege/2.
Given any prime P of A, Proposition 3.4 and Proposition 4.1 tells us that

sz’%@e = O(tpe)-

Let M (F(()l)(NO)) be the space of weight 2 functions on the double coset space

VT (Vo)\ 6 /T

Since Pic(X) ®z C and the space M™% (I'g(Ny)) of automorphic “new” forms of Drinfeld type
for I'g(Ny) are isomorphic Hecke modules, we have the following map

Sh: M™¥(o(Nog)) = Pie(X)@zC — M (D5 (No))
f — ef > O, =: Sh(f)

such that for all prime P of A
Sh(Tr f) = Tps 3 Sh(f).

This map Sh can be viewed as an analogue of Shimura correspondence. Let M™*¥(T'o(Np))™
be the eigenspace of Tp with eigenvalue 1 for P | Ny, and let M™% (I'y(Ng))~ C S™%(T'y(No))
be the orthogonal component (with respect to Petersson inner product). Then the kernel of
Sh contains the subspace M™*V(T'o(Ny)) ™.

For each f € M™% (I'y(No)), let ey € Pic(X) ®z C be the corresponding divisor from the
Hecke module isomorphism as in Then

gi" - Sh(f)*(r,\) =< es,e_y >

is independent of r, for —\ € A — k2, with deg A + 2 < r. This value is denoted by m(f, —\)
(i.e. the A-th Fourier coefficient of the weight 2 function Sh(f))).

Suppose f is a normalized Drinfeld type newform for I'g(Ny). Let D be an irreducible
polynomial in A — k2, satisfying ( %) = —1 for all prime factors P of Ny. Set the divisor ef p
to be < ey,ep > -ey. Summarizing, we have

Theorem 4.3. The Gross height < ey p,esp > of the divisor ey p is exactly m(f, D)?.



ON METAPLECTIC FORMS OVER FUNCTION FIELDS 15

4.3. Function field analogue of Waldspurger’s formula. Let Ny be a square-free ideal
of A with odd number ¢y, of prime factors. To an automorphic cusp form f of Drinfeld type
for T'o(Np) one can attach an L-series L(f,s): let m be an effective divisor of k written as
div(A)p + (r — deg A)oo for a nonzero polynomial A (= A(m)) in A, with

div(\)o:= Y ordp(M)P.

finite prime P

Set

wrn i w B e
fr(m) = /A\kmf< 0 1) Voo (=Au)du = f*(r +2,N).

The L-series L(f,s) attached to f is

L(f,s) := Z fr(m)g~ 8™ Res > 1.

m>0

Given a square-free D € A — k2 . Let ep be the following quadratic character on divisors
of k:

—1 if deg D is even,

D
ep(P) = (P) and ep(o0) =
0 if deg D is odd.

The twisted L-series of f by ep is:
L(f @ ep,s)i= S 1 (m)ep(m)g—do=m,

m>0

Note that L(f,s) and L(f ® ep,s) have analytic continuation to s-plane with functional
equation for s — —s (cf. [19] Chap. VII Theorem 2).

Suppose f is a normalized Drinfeld type newform for I'g(Ny) and Tpf = f for all prime
factors P of Ny. If D € A— k2, is irreducible and satisfies (%) = —1 for all prime P | Ny, the
central critical value L(f,0)L(f ® ep,0) can be expressed by the Gross height of ef p times
a “period” constant related to f, Ny, and D. More precisely, let

Py (3 (D)) (1.]),

C(N, D) = .
( 07f7 ) (q 2-‘D‘%~4(6N0_1)

Then
L(f,0)L(f ® ep,0) = C(No, f, D)- < ef,p,esp > .

This formula can be obtained by Rankin’s method (cf. [I8] Theorem 3.3). Therefore Theorem
4.3 leads to our analogue of Waldspurger’s formula in Theorem 0.1:

Corollary 4.4. Let Ny be a square-free ideal of A with odd number £y, of prime factors. Let
f be a normalized Drinfeld type newform for T'o(Ny). Suppose Tpf = f for all prime factors
P of Ng. Then for any irreducible polynomial D in A — k2, with (%) = —1 for all prime
factors P of Ny, we have

L(fao)L(f®€D70) = C(N07f7D) : m(va)Q
Remark. Recall that for each prime P of A and f € M™% (T'y(Ny)),

To know the dimension of the image of Sh, it suffices to determine which normalized newforms
f fixed by Tp for all P | Ny satisfy Sh(f) # 0. By Corollary 4.4, Sh(f) # 0 if there exists
an irreducible polynomial D in A — k2 such that (%) = —1 for all P | Ny and the central
critical value L(f,0)L(f ® €p,0) is non-zero. Adapting methods in [5] Theorem 1, it can
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be shown that for each normalized newform f, it is always possible to choose an irreducible
polynomial D in A — k2, so that

P

Therefore the condition reduces to L(f,0) = 0 and we claim that the dimension of the image
of Sh is equal to the number of newforms f with L(f,0) # 0 plus one (the image of “Eisenstein
series” Eny, ).

D
<> =—1forall P| Ny and L(f ® ep,0) # 0.

4.4. Application to elliptic curves. Let F be an elliptic curve over a global function field
F. Mordell-Weil theorem tells us that the abelian group E(F') of F-rational points of E is
finitely generated. The Birch and Swinnerton-Dyer conjecture is the following equality:

R
ords—1 L(E/F, s) = rankz E(F).
Here L(E/k,s) is the Hasse-Weil L-series of E over k. It is known that (cf. [I3])
ords—1 L(E/F,s) > rankz E(F).
We focus on the case when E is defined over k. From the work of Weil, Jacquet-Langlands,
and Deligne, one knows that there exists an automorphic cusp form fg such that
L(E/k,s+1)=L(fg,s).

Suppose the conductor of F is Nyoo and E has split multiplicative reduction at co. Then the
automorphic form fg is of Drinfeld type for I'g(Np), which is a normalized newform (cf. [2]
§8.3).

Assume Ny is square-free with odd number of prime factors. Given an irreducible polyno-
mial D in A — k% such that (%) = —1 for all prime factors P of Ny and let K = k(\/ﬁ)
Then

L(E/K,s+1) = L(fp,s)L(fr ® ep, 5).
From Corollary 4.4 above, we have

Proposition 4.5. E(K) is a finite abelian group if m(fg, D) # 0.

Remark. 1. Let EP be the twist of E by D. Suppose the Weierstrass equation of E is
y? = 2% + ax® + bx + ¢ where a,b,c € k, then the Weierstrass equation of the twist EP is
y? = 23 + aDx? 4+ bD?z + c¢D?. Note that E and EP are isomorphic over K via the map
(xay) = (%’ Di\y/ﬁ)a and

L(E/K,s) = L(E/k,s)L(E" /k,s).
Therefore when m(fg, D) # 0, the conjecture of Birch and Swinnerton-Dyer is true for E
and EP over k and so both of E(k) and EP (k) are finite abelian groups.

2. When m(fg, D) # 0, the special value of L(FE/K,s) at s = 1 can be expressed in terms
of invariants of E:
#(UL(E/K)) - 7

i (E(K)tors) ’
Here HI(E/K) is the Tate-Shafarevitch group of E/K, and 7 is a Tamagawa number (an
analogue of period). Comparing this formula with our result, the constant m(fg, D) contains
information of #(III(E/K)) and #(E(K )tors)-

Note that the divisor ey, is in Pic(X) ®z Q. Let cg be the minimal positive integer so that
cg - efy € Pic(X). Then cg - m(fg, D) € Z. In the special case when Ny is a prime and E is

L(E/K,1) =

a strong Weil curve, let Ey, be the reduction of E at Ny. Then 2 is equal to degnp - e,
where e is the number of components of E N, and 7 is the strong uniformization from the
Drinfeld modular curve Xo(Ng) to E. Also in this special case, the relation between the value
m(fg, D) and the cardinality of HI(E/K) is given explicitly in [9] §4. We expect this should
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holds for general Njy.

3. Note that E(K) ®z Q is a Gal(K/k)-module. Let ¢ be the nontrivial element in
Gal(K/k). Then E(K)®zQ decomposes to a direct sum of eigenspaces for « with eigenvalues
+1. It is easy to see that F(k) ®z Q is the eigenspace for ¢ with eigenvalue 1. From the
isomorphism (z,y) — (Dz, D\v/Dy), we identify EP (k) ®z Q with the eigenspace for ¢+ with
eigenvalue —1. Hence

E(K)®zQ = (E(k) 2z Q) @ (EP (k) ®2 Q).

Assume further that E has split multiplicative reduction at all bad primes, i.e. fg is in
M ¥ (T'(No))*. Then when m(fg, D) =0, we have

ord,—; L(E/K,s) = ords—; L(E/k,s) 4+ ords—y L(E” /k,s) > 1.

Therefore if L(EP /k,1) = L(fr ® ep,0) # 0, E should have a k-rational point of infinite
order according to Birch and Swinnerton-Dyer conjecture.
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