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tion of these L-functions is deduced from a Garrett-type integral representation and the functional
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INTRODUCTION

The purpose of this manuscript is to explore the Rankin triple product L-functions associated
to automorphic cusp forms of Drinfeld type. These automorphic forms can be viewed as function
field analogue of classical weight 2 modular forms (cf. [7] and [25]). Let Ny be a square-free ideal
of F,[t] (with ¢ odd). Let F = f1 ® fo ® fs, where f1, f2, and f3 are normalized Drinfeld type
newforms for the congruence subgroup I'g(Ny) of GLy(F,[¢]). The Rankin triple product L-function
L(F,s) is defined by a convergent Euler product in the half-plane Re(s) > 5/2 (cf. §2). Following
idea of Piatetski-Shapiro and Rallis [16], we have a Garrett-type integral representation of L(F),s),
i.e. L(F,s) can be expressed essentially by an integral of F' times the Eisenstein series associated
to a suitable section in the Siegel-parabolic induced representation of GSp;. From the functional
equation of Eisenstein series, we get (cf. Theorem 2.1):

L(F,s) =g q? 9 GdeaNo=l) . [(F 4 — 5).

Here ¢ = e(F) = — [l 1ime pn, €P 18 called the root number, where ep = —cp(f1)cp(f2)ep(fs)
(€ {£1}) and cp(f;) is the eigenvalue of the Hecke operator T associated to f;.

The root number ¢ determines the parity of the vanishing order at the central critical point s = 2.
It is natural to study first the central critical value L(F,2) when the root number ¢ is positive. The
main result of this article is the following analogue of Gross-Kudla formula:

Theorem 0.1. Let Ny be a square-free ideal of Fy[t] and let yn, be the number of prime factors
of Ng. Let F = f1 ® fa ® f3, where f; is a normalized Drinfeld type newform for T'o(Ny) for each
i. Suppose the root number e(F') = 1. Let Ny =[[.,__, P and N = No/Ni . Then the central
critical value L(F,2) is equal to
(£, F)®?

q|Noloo27%0 1
Here (F,F)®3 is the "Petersson norm" of F; Ap is the F-component of the "diagonal cycle” in
PiC(XN;7N5)®3; Xz vy 08 the "definite" Shimura curve of type (Ni™, Ny ); and < -,- >®3 is the
Gross height pairing on Pic()(’]\,JrJ\[O_)®3

- < Ap,Af >®3 .

Each object in the above formula is defined in §3.4. One ingredient in the proof is a Siegel-Weil
formula over function fields. This formula connects the Eisenstein series appearing in the integral
1
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representation of L(F,s) and theta series from the associated definite quaternion algebra B. By
strong multiplicity one theorem and Jacquet-Langlands correspondence between GLy and B* (cf.
[24]), the integral representation of L(F,s) is then expressed in terms of the "periods" coming from
I and the Gross height of the corresponding cycle Ap in the definite Shimura curves X NF NG
An immediate consequence from the above formula is that L(F,2) is always non-negative, and the
Gross height of Ap determines the non-vanishing of L(F,2). In the case when the root number ¢ is
negative, the central critical derivative L'(F,2) will be treated in a subsequent paper.

Let E be an elliptic curve over F,(¢) which is of conductor Ngoo and has split multiplicative
reduction at co. From the works of Weil, Jacquet-Langlands, and Deligne, it is well known that
there exists a normalized Drinfeld type newform fg for T'g(Ng) such that the Hasse-Weil L-function
L(E,s) is equal to L(fg,s — 1). Let Fg = fp ® fg ® fg. Then we have

L(Fg,s) = L(E,s —1)? - L(Sym®E, s),

where L(Sym3E ,8) is the L-function associated to the symmetric cube representation Sym®E. The
works of Deligne [3] and Lafforgue [14] implies that L(Sym®E, s) is entire. Suppose the root number
e(Fg) is positive. Then the non-vanishing of the Gross height of Ag,, guarantees the non-vanishing
of L(E,1). Note that the Gross height of Ap, is only determined by the elliptic curve E. We
expect that, after further works, the value < Ag,, Ap, >%2 could be interpreted geometrically by
the invariants of E.

The structure of this article is organized as follows. We set up the general notation in the first
section, and review basic facts about automorphic forms of Drinfeld type which are needed for our
purpose. The second section consists of analytic properties of the Rankin triple product L-functions
associated to Drinfeld type newforms with square-free level. The functional equation is formulated
in §2.1, and the proof is given at the end of §2 by using the local results in §2.2 and §2.3. In §3,
we establish the analogue of Gross-Kudla formula for the central critical value. After a brief review
of the Weil representation in §3.1, we recall the Siegel-Eisenstein series and state the Siegel-Weil
formula in §3.2. The central critical value L(F,2) is then expressed as an integral of F times a
theta series in §3.3. In §3.4, we introduce a Hecke module homomorphism from the Picard group
of definite Shimura curves to the space of Drinfeld type automorphic forms. This homomorphism
relates the theta series to the diagonal cycle of the associated definite Shimura curve X N NG which
leads us to the main result in Theorem 3.10. An application to the non-vanishing of Hasse-Weil
L-values associated to elliptic curves is given in §4. Finally, two examples from the elliptic curves is
given in §4.1.

1. PRELIMINARY

In this section, we start with the general setting, and give a brief review of Drinfeld type auto-
morphic forms. For further details, we refer to Gekeler-Revesat [7], also Weil [27].

1.1. Notation. Let IF; be the finite field with ¢ elements and the characteristic of F, is denoted by
p. We always assume that p is odd. Let k be the rational function field F,(¢) with one variable ¢,
and denote by A the polynomial ring F,[t]. We denote by oo the place of k at infinity, i.e. the place
corresponding to the degree valuation. Recall the degree valuation ordy(a) of any element a in A is
—dega. Let ko be the completion of k at co and O, the valuation ring in k... Set 7 to be ¢~ 1,
which is a uniformizer in Oy. Then O = Fy[[1]] and koo = Fy((7a0)). For any element o € koo,
the absolute value |a|s = ¢~ °"=(®), We fix the following additive character ¥, from ko, to C*:

wooQij a;mh,) i= exp (zmp_ﬁ Tqu/Fp(—al)) :

1.2. Automorphic forms of Drinfeld type. Let K, be the Iwahori subgroup of GL2(O), i.e.

Koo = {(Z Z) € GL3(Ow) | ¢ =0mod 71'00000}.
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For each non-zero ideal N of A, let

To(N) := {(Z‘ Z) € GLy(A)
An automorphic form of Drinfeld type for I'o(N) is a C-valued function f on the double coset space
Yo(N) :=To(N)\ GL2(koo)/Z (koo) Koo
(where Z is the center of GLs) satisfying the so-called harmonic property: for g € GLa(koo),

flg)+ f <g <7r20 é)) =0 and > f(gr) = 0.

KEGL2(0x) /Ko

CEOmOdN}.

Let T be the Bruhat-Tits tree corrsponding to the equivalent classes of rank 2 lattices in the
vector space k2, (cf. [20] or [7] (1.3)). Then the double coset space Yo(IN) can be identified with
the set of oriented edges in the quotient graph I'g(N)\75. Under this identification, automorphic
forms of Drinfeld type for I'g(N) are also called C-valued harmonic cochains on I'o(N)\To (cf. 7]

§3).
1.3. Petersson inner product. An automorphic form f of Drinfeld type for I'g(V) is called a
cusp form if f is compactly supported modulo Z(ks) - To(NN), i.e. f vanishes except for finitely

many double cosets in Yo(N). Suppose two Drinfeld type automorphic forms f; and fo for To(N)
are given. If one of them is a cusp form, the Petersson inner product of f1 and fa is

(s fo) = / W= YRR

[9]€Yo(N)
Here the measure p([g]) for each g € GLa (ko) is defined by
_gqg-—1 1
D= T T g K
A Drinfeld type cusp form f for T'g(N) is called an old form if f is a linear combination of the

forms
(1))

for goo € GLa(kwo), where f’ is a Drinfeld type cusp form for I'o(M), M|N, M # N, and d|(N/M).
A Drinfeld type cusp form f for T'o(V) is called a new form if f is orthogonal (with respect to the
Petersson inner product) to any old form for I'o(N).

1.4. Fourier expansion and L-functions. Let f be an automorphic form of Drinfeld type for
To(N). For r € Z and u € ko, recall the Fourier expansion

(75 1) = X e

A€A

where
-

Fr(r,A) :/ f (“80 11‘) Yoo (—Au)du.
A\koo
Note that f*(r,\) = f*(r,e)) for any ¢ € FX and f*(r,\) vanishes when deg\ > r + 2. If
deg A < r + 2, the harmonic property of f implies that f*(r +1,\) = ¢~ 1. f*(r, \).
Suppose f is a cusp form. The L-function associated to f is

L(fs)im (g0t 3 SUeemadm) ooy

Iml3e

mEA, monic

This L-function can be extended to an entire function on C (which is in fact a polynomial in ¢—*).
Moreover,
L(f, S) _ _q(S—degN)s . L(f/, —S),
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where f is the Drinfeld type cusp form for I'g(N) defined by f'(g) := f ((](\)] (1)> g) .

1.5. Hecke operators. Let f be an automorphic form of Drinfeld type for I'q(V). For each monic
irreducible polynomial P of A, the Hecke operator Tp is defined by:

1 u P 0
Tpflg) = > f g | +un(P)-f ‘g
degu<deg P 0 P 0 1
Here pun(P) =11if P4 N and 0 otherwise. It is clear that T’ f still satisfies the harmonic property,
and the Fourier coefficients of Tp f are of the form:

(Tpf)*(r,A) = |Ploo - f*(r +deg P, PX) + un(P) - f*(r — deg P, \/P).

Here f*(nl,,A\/P) = 0if Pt A. Note that Tp and Tps commute to each other, we define the
Hecke operator T, for each monic polynomial m in A as follows:

T = T T if m and m’ are relatively prime,
sz = TPK—ITP - /J,N(P) : |P|00Tp272.

Now, suppose f is a cusp form. We call f a Hecke eigenform if T,,, f = ¢ (f) - f where ¢,,,(f) € C
for all monic polynomial m in A. In this case, we must have

em(f) - f7(2,1) = |mloo - f7(degm + 2, m).
Since Tp is self-adjoint with respect to the Petersson inner product for P t N, we have cp(f) € R

for P+ N. If f is normalized, i.e. f*(2,1) = 1, then L(f,s) can be written as the following Euler
product:

(1— g ()1, 11 (1= ep(NIP|ZIH) + pun(P)| P20+ L,

monic irrducible P of A
Suppose the Hecke eigenform f is a new form (called a newform). It is known for a newform f that:

(1) For P | N, cp(f) € {£1} if P || N and 0 otherwise. Therefore ¢,,(f) € R for all monic
polynomials m, which implies that f is an R-valued function if f is normalized.

(2) f'=en(f) f where en(f) € {£1}.

(3) For P{ N, the quadratic polynomial X2 — cp(f)X + |P|s has two complex conjugate roots
(i.e. cp satisfies the so-called Ramanujan bound: |cp(f)| < 2|P|<1,42).

1.6. Adelic language. For each place v of k, the completion of k at v is denoted by k,, and O,

is the valuation ring in k,. We call v a finite place of k if v # oo. For any finite place v, there

exists a unique monic irreducible polynomial P, in A which is a uniformizer in O,. We set m, := P,

and F, := O, /m,0,. The cardinality of I, is denoted by ¢, (which is equal to |P,|«). For each

a € ky, laly = qu °rdu(®) For the infinite place oo, we have chosen a uniformizer 7o, = ¢!, and the

cardinality g.o of the residue field F, := Ouo /O is equal to g. The adele ring of k is denoted
by Ay, with the maximal compact subring [[, O, =: Oy, .

Consider the compact subgroup KCo(Noo) := [], K, of GLa(Ay), where for v = oo, we have
defined Ko, in §1.2; for v { Noo, K, := GL2(O,); for v | N,

Ky = {(‘CL Z) € GLy(0,)

The strong approximation theorm (cf. [23] Chapter III Theorem 4.3) tells that the natural map from
the double coset space Yo(N) to GLa(k)\ GLo(Ag)/Z(Ar)Ko(Noo) is a bijection. Therefore every
automorphic form f of Drinfeld type for T'o(/N) can be viewed as a function on the double coset
space GLa(k)\ GL2(Ag)/Z(Ak)Ko(Noo). The harmonic property of f is equivalent to say that (cf.
[7] §4) the space generated by fq(-) := f(-g) for all g € GLa(ks) is isomorphic (as a representation

of GLa (ko)) to the special representation o(] - e | - 501/2).

¢ = 0 mod ﬂgrd”(N)Ov} .
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1.6.1. Whittaker functions. Fix the additive character ¢ on Ay defined by ¥(a) := [], ¥u(a,) for
a = (ay)y € Ay, where for each place v of k,

2w/ —1

Pola) = exp (

For each Drinfeld type cusp form f for I'o(NNV), the Whittaker function W; associated to f is the
following function on GLa(Ay):

Wi(g) = /Mk f <((1) ﬁ‘) g) W(—u)du.

Here the Haar measure is normalized so that fk\ Ar 1du = 1. The adelic version of the “Fourier

=y Wf<<(0)‘ (1)) g) Yg € GLo(Ay).

ackX

Trg, /¥, (Resv(avdt))> .

expansion” of f is

Suppose [ is a newform. Let Wy, := W} |qr,(k,). Then

(9) = Hwau(gv) Vg = (9v)0 € GLa(Ag).

2. RANKIN TRIPLE PRODUCT

Let Ny be a square-free ideal of A. Given fi, fo, and f3 be three normalized Drinfeld type
newforms for T'o(Np), let F' = f1 @ fa ® f3 be the function on GLa(koo)? defined by

F(91,92,93) :== f1(91) f2(92) f3(9g3)-
The triple product L-function L(F,s) associated to f1, fa, and f5 is the Euler product

L(F,s) := Loo(F,s) - 11 Lp(F,s),

monic irreducible P in A
where each local factor is defined by the following;:

(1) Loo(F,s) :=(1—q~*) (1 —¢" )72
(2) For P | Ny, we set ep := —Cp(fl)Cp(fQ)Cp(fg,) € {£1} and

Lp(F,s) = (1+ep|PI0) T (1 +ep|Plg®) 72

(3) For Pt Ny, let agp)l and a P) be two complex conjugate roots of the quadratic polynomial
X?% —¢p(fi)X + |Ploo. Then we set

Le(Fs)i=  [[  (1-efYeldalidiPi)
1<j1,52,J3<2

The Ramanujan bound of c¢p(f;) implies that L(F,s) converges absolutely for Re(s) > 5/2. We
remark that the local L-factor L,(F,s) for each place v is in fact the local L-function associated to
P ® Pfrw® psyy. Here for 1 <i < 3, py, o, is the Weil-Deligne representation corresponding to f;
at v via local Langlands correspondence (cf. [2] Chapter 7, 8).

We set €4, := —1. The root number of L(F, s) is, by definition, equal to € := e - HP‘NO ep. Let
A(F,s) :=q86=3) . L(F,s). Then

Theorem 2.1. The function A(F,s) can be extended to an entire function (in fact, a polynomial
in q—%), and satisfies the following functional equation:

AF,s) =¢-(|Noloo - )72 - A(F, 4 — s).
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Remark. The functional equation implies that L(F, s) is a polynomial in ¢~* of degree 5deg Ny — 11
and the constant coefficient is 1. Moreover,
e = (—1)ords=2 L(Fs),
which means that the root number ¢ tells us the parity of the vanishing order of L(F,s) at s = 2.

The proof of Theorem 2.1 is in §2.3, by using the local results in §2.1 and §2.2.

2.1. Zeta integrals. Let G := GSps, i.e. the set of R-points of G for any algebra R is

t . O 13 . _ . 0 13 X
g (_I3 0) g=1g <—-73 0) for some £, € R ¢ .

The center Zg of G consists of scalar matrices in GLg. There is a canonical embedding from

H :={(91,92,93) € (GL2)? | det g; = det go = det g3}

CSpy(R) = {g € GL(R)

into G:
a by
a2 ba
a; b az by az b3 as bs
()@ a) @ o=l “a
C2 da
3 ds
Let P = Ng - Mg be the Siegel parabolic subgroup of G, where the set of R-points of Ng is

No(R) = {n(b) - <€3 IZ) ’ b="the Matg(R)};

the set of R-points of Mg is

Mo(r) = {mia.t) = (§ ,.00)

Let K¢ := G(Oy, ). The Bruhat decomposition of G says that
G(Ax) = P(Ag) - Kg.

For s € C, let Iy, (s) be the representation of G(Ay) consisting of smooth functions ® on G(Ay)
such that

a € GL3(R),{ € RX}.

O(n-m(a,0) - g) = | detal2 - £;(g)
for all g € G(Ag), n € Ng(Ay), and m(a,£) € Ma(Ay). Here |als =[], |ayy for all o = (o) € AJS.
Let ¢ be a function on K¢ such that
d(n-m(a,l)-g) =d(g), for all g € Kg, n € Ng(Oa, ), m(a,£) € Mg(Oy,).

Then ¢ gives us a flat section ®4, i.e. for each s € C, ¢ can be extended uniquely to a function
®y(-,s) in Ia,(s) such that @4 |g(o,, )= ¢ We call & a meromorphic (respectively, holomorphic)
section if ® is a linear combination of flat sections where the coefficients are rational functions in
q~* (respectively, the coeflicients are in C[g—*, ¢°]).

Let ® be a meromorphic section. The Eisenstein series E(®,s,-) on G(Ay) is defined by:

E((I)737.g) = Z ¢(7'973)7 VQEG(AJC)
YEPc(k)\G (k)

It is well-known that this series converges for Re(s) sufficiently large. Moreover, E(®, s, g) has a
meromorphic continuation in s € C (in fact, a rational function in ¢~?, cf. [15] IV.1.12).

Definition 2.2. The (global) zeta integral associated to F' and a meromorphic section ® is:
Z(F,®,s) := / F(h)- E(®,s,h)dh.
Zg(Ap)H (K)\H (Ak)

Here F is viewed as a function on GLg(A)?, and the measure dh is induced from the Haar measure
on Zg(Ar)\H(Ay) normalized so that the volume of Zg(Ar)\Za(Ar)H (O, ) is 1.
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Let Uy be the following algebraic subgroup of H:

=6 0)- 6 1) ) e

Following Garrett and Harris [6], we choose a particular element

U1+uQ—|—U3=0}.

111 -1 00
01 0 -1 10
001 -1 01
§:= 111 0 o0 ol¢€ GSp; .
000 -1 10
0 00 -1 01
Then we have
Proposition 2.3. (cf. [16]) For Re(s) sufficiently large,
Z(F,®,s) = g2 / We(h) - (- h,s)dh
Za(Ar)Uo(Ar)\H (Ar)

where Wg(ha, he, hs) = Wy, (h1) - Wy, (ha) - Wy, (hs) for any h = (h1, he, hs) € H(Ay), and Wy, is
the Whittaker function associated to f; for 1 <i < 3 intoduced in §1.6.

For each place v of k, we set I,,(s) to be the space of smooth functions ¢ on G(k,) satisfying that

o(nym(ay, £y)gy) = | det av|1213+2 ) |£v|v_38_3 - 0(g0)

for all n, € Ng(ky),m(av,by) € Mg(ky),go € G(ky). Let @4, (+8) € Iy(s) be the flat section
associated to dg(o,) where ¢go,) = 1 on G(O,). Then I, (s) is the restricted tensor product
@y Lo () (W. 1. t. {Ppg0,, }v). We call a meromorphic section ® € Iy, (s) is a pure-tensor if & = @,®,
where for each v, ®,(-,s) € I,(s) is a meromorphic section, and @, = @4, = for almost all v.

Lemma 2.4. For any pure-tensor ® = ®,®, € I, (s), we have Z(F,®,s) = ¢~ 2 -], Z,(F, @y, s),
where

Zy(F, ®,,8) := Wy (hy) Py (6hy, s)dhy

/%G(kir)UO(k1r)\H(k1r)
and WF,’U(h’U,17 hv,Qu hv 3) = Wfl,v(hv,l)sz,v(hv,Q)Wf3,v(h’U,3)‘

)

2.2. Local factors. When v 1 Nyoo, the conductor of the fixed additive character 1, is trivial.
Take ¢, = ¢g(0,) Where ¢go,) =1 on G(O,). Then (cf. [16] Theorem 3.1)

Zy(F, ®y,,s) = Wey(hy) - g, (0hy, $)dhy = - L,(F,s+2)

/zcm)Uo(kU)\H(kv) by(s)

where b,(s) := (1 — ¢;272)7 (1 — ¢, 4572)7L.

Now, suppose v | Ngoo. Let Ky(v) be the following compact subgroup in G(k,):

Ky(v) := {(é [B)) € G(0Oy) | A,B,C,D € Mat3(0,) and C' = 0 mod Fqu,} .

For 0 <i <3, let

Iy 0 0 0

| O 0 0 L
Tl o 0 I 0
0 -I, 0 0

Then the Iwasawa decomposition of G implies

G(0,) = [] Ko(v)wiKo(v).

0<i<3
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For 0 < i < 3, we set ¢Sf) to be the characteristic function of Ky(v)w;Ko(v) on G(O,). Then

> ¢£f> = ¢ (o,)- These four functions <I>¢m (-,5), 0 <1i < 3, form a basis for the space I,,(s)%0(®)
0<i<3 v
of Ko(v)-fixed functions in I,(s).

For each ® € I,(s)%0() we define (w,®)(g) := ®(gn,), where

(0 I
T ‘= <_7Tv13 0> S G(kv)

It is observed that wU(I>¢(1-> = q1(12i73)(s+1)q)¢(37i). Set EIV>¢<¢)(-, s) = q;i(sﬂ) . <I>¢<¢>(-, s) € I,(s), then

one has wv(IDd)(i) = (I>¢<3_i>. Note that

_ i(s+1) & / o _ 3—i)(s+1) 7
Psii0,) = Z qz(g iz q)@(f) and (I)¢c(ov) = wePoco,, = Z qf, Dy '(I)@(f)'
0<i<3 0<i<3

We choose two more functions ®F (-, s) in I,(s)%°(*) which are defined by

Oy ()= Y (FD'D 0 ().

0<i<3

Then w, ®F = £®F. Suppose s # —1. Then {<I>¢G(()U),<I>;5G(Ov
Next, we calculate the local zeta integral associated to these four functions.

),@f} also form a basis of I,,(s)%0(®),

For each h, € H(k,), we have w,Wg ,(hy) := Wg,(hyny) = €,Wg(hy). Therefore
Zy(Fwy®,5) = £, Z,(F,®,5) Y& e I,(s)Ko®),
This tells us that Z,(F, ®,°,s) = 0. we also deduce that
Zo(F, ®ps0,58) = Zo(F, P ) = 0.

bG(0)?

The remaining case is the zeta integral Z,(F, ®Sv, s). Since wp® ) = P -0, we get

Z,(F, @57, s) = —2e,¢5T (1 — equ_(SH))Q - Zy(F, E>¢<o),s).

Proposition 2.5. If v | Ngoo, then we have
Zo(F, @ y0,8) = =y ™% (o +1)72 g, 72 (L e0q,* ) 71 (L 20g, ) 72

1)

dv 4s the conductor of the additive character 1,.

where

Remark. The conductor of ¥, is not trivial. Hence this result is not covered by Proposition 4.2 in
[8]. We rework the proof here accordingly.

Proof. Let
{6 3)- 6 8) 6 ) e
(G NCHANCH) =

Fix a place v | Ngoo. Let Kp, := G(O,) N H(k,), and

HY :={h € H(k,) : ord,(det h) is even}.
Then Zg(k,),U(ky), T(k,), K, are subgroups in H. Let d*z be the Haar measure on Zg(k,)
normalized such that vol(Z5(0,)) = 1, du be the Haar measure on U(k,) normalized such that

vol(U(Oy)) = 1, d*a(= d*a; - d*ag - d*a3) be the Haar measure on T'(k,) normalized such that
vol(T'(O,)) = 1, and dk be the Haar measure on Ky, such that vol(Kg,) = 1. Then clxz‘ff—‘“?dX adk

and
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is a Haar measure on Hg, where |a|, := |ajaza3],. We can extend this measure to a Haar measure
on H(k,), as

H(k,) = HOU (”1613 ?3) HY.

Now, we embed k, into U(k,) by z — u(z) := ((é T

) , 1o, Ig). Then the invariant measure
dh on Zg(k,)Uo(ky)\HY is
1

lal?

dhg = dzd™ adk,

and on Zg(k,)Uo(ky)\ <7T”OIS 103) HY is q2dhg. Hence ZU(F,©¢50),5) = Z1 + Zy, where

Z Wp(ho)q)qbgo)((sho,s)dho,

/Zc(kv)Uo(kv)\Hg

Zy = q?,/ W <(7T“OI3 19) h0> @0 (5 (”613 ?) ho,s) dhe.
Za(ky)Uo(ko)\HY 3 v 3

Since (I>¢(o) is right invariant by Ky (v), Z; is equal to

vol(Ko(v) N H(k,)) - > Z1(k),

REKm, /Ko(v)NH (ky)

and

where

Zi(k) == /(kx)3/k Wp(u(x)a/i)@&m (5u(x)zm,s)d—xdxa.

lal?
Choose the following coset representatives of Ky, /Ko(v) N H(ky):

1 0 1
13 H(Il) = (O 1/:.[1> <_1 O> 312712 ’

L 1 T2 0 1
K(£2) = 127 (O 1) -1 0) 7-[2 5

1 0 1
Kk(x3) = <12J27(0 zlg (_1 0)

a2 - 272572 i faly > fagf? for 1 <@ <3,

0 otherwise.

21,%2,23 € Fy

When k =1,

® 0 (ou(z)akr, s) = {

We then deduce that Z;(1) is equal to
(—e0) s (1= g, 2) (1 — g2 7!

v

|: _ qgv (25+1)q;2372q1(}76576) [8,/2] (1 _ q;2574)
+(1 _ qgl)q;6576q1()72574) [8,/2]
+(1 _ qvfl)q;4sf5q1()72sf4) 18,/2]

When k = k(z;) for some z; € F,,

la2T2]a;| 7257 if |a;]2 > |z + a2, and |a;|, > |ajl, for j # i,
0 otherwise.

O (ou(z)akr, s) = {

Therefore we get

Zl(li(.%‘i)) _ —q;l(—sv)é”qgé“q;4s_5(1 _ q—zs—z)—2<1 - Clu_2s_4)_1 .q1()—2s—4)L6w/2J_

v
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Since the volume vol(Kq(v) N H(k,)) is (g, +1)73, Z; is equal to
(—e0)™ 2% (g + 1) P, 2 (1 — g, > %) (1 — g7}
_3. q;2573q1(]72sf4)|_5v/2j (1 o q;2sf2) + (71)q§28+1)6”q£76876) [6,/2] (1 . q;2574)

_|_(1 _ q’;l)q74574q1(172sf4) [6,/2] + (1 _ qvfl)q;2573q(72574) 16,/2]

v v

Next, we consider Zs. It is clear that

A .
® 0 (5 (”03 13) ho,s) = ¢, ® ) (dho, 5).

Note that [(6, —1)/2] = |6,/2] — w By the same argument, we obtain that Zs is equal to
(_Ev)évqgév ((Zv + 1)—3q—25—2(1 _ q—2s—2)—3(1 _ (];23_4)_1%(,_28_4) [6,/2]

v v

o o 2544 14+(=1)%v
((—EU)QUB'QUS 1-q§-q1(,8 (=)

{ 2q, 2% 4 gyt <q,§485><”<2”5’”> _ 1) + q;4sf4q572874><%>

+q, %75 (3 _ qg—28—4><1+<;>“">> B q5—4s_5><w2n%)] .
Therefore

Zi+ Zo = —(qu+ 1) ¢ % g2 2 (14 £0q, " %) T (1 4 £0g, 1) 72

v
where 79 is the conductor of the additive character 1,, which is the desired conclusion. O
For v | Nyoo, let

fv(s) = 2311((111 + 1)_3 : q’[}_s_l : (1 - 511%_5_1)2 : bv(s)-
Moreover, we set b(s) := [], by(s), and b*(s) := ¢=%%~* - b(s). Then one has
Corollary 2.6. (1) When v | Nyoo,
1

Zv(Fa q)quvas) = qqglis)év : §U(s) ! b (S)

: LU (F7 s+ 2)a
where 70 is the conductor of the additive character i, .
(2) Take ®% = ®,99 € I, (s), where

O =Dy, for v { Nyoo;
Pl =&, (s)71 - @ for v | Nyoo.

Then 1
Z(F,®% s) =q 2. ¢~ %+2. CL(F,s+2) = A(F, s+ 2).
( ) ?S) q q b(S) ( 7S+ ) b*(S) ( 75+ )
Proof. For v { Nyoo, we have mentioned that
1
Zy(F, (I)¢G(ou>a5) = m < Ly(F, s+ 2).

Therefore (2) follows from Proposition 2.3, Lemma 2.4 and (1). For v | Nyoo, recall that
Zy(F, &7, 8) = =2e,q5 " - (1 — £y, 0T))? - Z,(F, @ ), 9).
Therefore (1) follows from Proposition 2.5. O

Remark. We point out that the zeta integral Z(F,®",s) can be extended to a rational function
in ¢~*. Thus the above corollary gives us immediately the meromorphic continuation of L(F, s).
In fact, by the main theorem of [10], the triple product L-fucntion L(F,s) is entire. In the next
subsection, we shall give the functional equation of L(F,s).
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2.3. Intertwining operator M(s) and the functional equation. For Re(s) > 1, the global
intertwining operator M(s) : Ip, (s) — I, (—s) is given by the following integral

M(s)®(g) := /N " )@(wgng)dn.

The Haar measure dn is normalized so that vol(Ng(k)\Ng(Ax)) = 1. It is known that (cf. [16]
§4) this integral operator has a meromorphic continuation to the whole s-plane, and it gives the
following functional equation of the Eisenstein series E(®, s, g) (cf. [15] IV.1.10):

Replacing ® by the function ®* in Corollary 2.6 (2), the above functional equation implies
Z(F,®% 5) = Z(F, M(s)®", —s).
Since ®% = ®,®% where ®f € I,(s), it is clear that for Re(s) > 1, M(s)®% = ®,M,(s)®% where
M,(s) : I,(s) = I,(—s) is defined by
M?)(S)(pv(gv) = / q)v(w3n1;g1))dnv7 V(I)v S I1J(S)~
N (kv)

For each place v, the Haar measure dn,, can be normalized so that vol(Ng(O,)) = ¢2%.

For each place v of k, let a,(s) := (1 — ¢y 2TH)~1. (1 — ¢g;**1)~1. Note that for v { Nyoo,
% =, . Hence (cf. [16] §4)

ay(s
M0 (5) = T8 (o),
Since M, is G(k,) intertwining, it carries I,(s)%°() to I,(—s)%0(), Thus when v | Nyoo,
Zy(F, M, (5)D57, —s) = ay(s) - Z,(F, PS5, —s)
where «,(s) is a meromorphic function. By the same argument in [8] Proposition 5.1, one gets

Proposition 2.7. When v | Nyoo,

_ 35, —3s2 (1—cuq, ) (140 %) (1 + ¢, %)
Oév(S) =& q "Gy : 1—s 1—4s ’
(1—evqp )1 —qu %)

v 4s the conductor of the additive character ,,.

1

where 5

For each place v of k, we set

1 if vt Nyoo;
UU(S) - —30, gv(_s) bv(s) — —5s :
R T ORRE) ay(8) = e, if v | Nooo.
Then
Corollary 2.8. For each place v of k, we have
ZoF ML 6)8h, ) = 20 ) 5003 2, (P23 )

Proof of Theorem 2.1. The remark at the end of §2.2 has already told us that A(F,s) can be
extended to a polynomial in ¢=°. Let 1(s) := [[,|n,00 () (Which is equal to e - (|Nolooq)~%%) and
a(s) :=[], av(s). By Corollary 2.6 and 2.8, we obtain that

1 a(s) 1
A(F,s+2)=q¢%-0(s) - = A(F,—s+2).
Let ¢i(s) == ¢ *I[,(1 — gy *)~". Then the functional equation (j(s) = ¢j(1 — s) implies that
6 al(s) 1 1

b(s) b (=s)  b*(s)
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Therefore we get the functional equation of A(F,s) in Theorem 2.1:

A(F,s+2) =0(s) - A(F, —s +2) = ¢ - (| No|ooq) > - A(F, —s + 2).

3. FUNCTION FIELD ANALOGUE OF GROSS-KUDLA FORMULA

From now on, we assume the root number ¢ is positive, i.e. L(F, s) does not vanish automatically
at s = 2. In this section, we explore the central critical value L(F,2) and present an analogue of
Gross-Kudla formula.

3.1. Weil representation. For convenience, we set £, = 1 for v { Nyoo. Let S be the set consisting
of the places v of k such that €, = —1. Then the cardinality of S is even. Let B be the unique
quaternion algebra over k which is ramified at the places in S and unramified elsewhere. Let (V, Qv )
be the quadratic space (B, Nrg) over k where Nrg = Nr is the reduced norm form on B. For z,y in
V, the bilinear form < z,y >y associated to Qv is Trp(zy), where Trp = Tr is the reduced trace
on B and § := Tr(y) — vy is the main involution of B. We denote by O(V') the orthogonal group of
V. Let G' := Sps, i.e. the following algebraic subgroup of G:

t . 0 I3 . _ O 13
e o (5 )o- (5 )

For each place v of k, we have fixed an additive character v, on k, in §1.6. Let V(k,) :=V Q4 ky
and let S(V(k,)) be the space of Schwartz functions on V(k,), i.e. the space of functions on V' (k,)
which are locally constant and compactly supported. The (local) Weil representation wy,(= wy ., )
of GY(k,) x O(V)(k,) on the space

S(V (k) ®c S(V(ky)) @c S(V (k) = S(V (k0)?)
is defined by the following: for ¢ = 1 ® p2 ® @3 € S(V(k,)?) and = = (21,72, 23) € V(ky)3,

(@o(h)p)(x) = @(h ™ wr,h™ aa, k™ as), Yh€ O(V)(ky),;
<w” <8 tao_l) <‘0> (x) = |detal?-((x1,22,23) - a), Ya € GLy(ky);

(or(§ 7))@ = w20 Qu) - ola). 0= & Matali)

wo(wip == () P1® @3 @P3_iy1 @ Pz, 0<0 < 3.
Here Q(xz) is the 3-by-3 matrix whose (4, j)-entry is % < z;,x; >v; and @; is the Fourier transform
of ¢; (with respect to 1,)
Bile) = [ )< oy >y
V (k)

The Haar measure dy is chosen to be self dual, i.e. ;5\1(901) = pi(—xz;). Let V(Ag) =V @ Ay
and let S(V(Ag)) be the space of Schwartz functions on V(A). Then we have the (global) Weil
representation w = ®,w, of G1(Ag) x O(V)(Ay) on the space

S(V(Ar)) ®c S(V(Ay)) ®c S(V(Ar)) = S(V(Ag)?).

Let N; be the product of primes P of A with ep = —1, and N := No/N; . Let R be an Eichler
A-order of B of type (N, Ny ), i.e. for each finite place v, R, := R®4 O, is a maximal O,-order
in B, := B®y, ky, iva(NJ; and

N a b
R, = {(C d) S GLQ(Ov)
Let ¢ = ®,¢p, be the Schwartz function in S(V(A)) where for each v # oo,

c:OmodNJOv} if v | Ny

@, = the characteristic function of R,;
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oo = the characteristic function of 7,,Op_,
where Op__ is the maximal Oy-order in By := B ®p, koo. Let
¢ =pRp@¢eS(V(AL)?).
For s € C, g = nm(a,l)k € GSps(Ay) where n € Ng(Ag), m(a,f) € Mg(Ak), k € Kg. We define
Dy(g,5) = 0,277 - |detal 2 - (w(g1)$)(0)

I3 0

0 6_1[3
| det a|a, is uniquely determined by g. Therefore ®5(g,s) is well-defined. It is clear that ®5(-,s) is
in Iy, (s), and @3 = ®,Py, with &5 € I,(s).

where g1 = ) - g. Although the expression of g as nm(a, ) is not unique, |[¢|4, and

Po

Proposition 3.1. (1) Suppose v { Ngoo. Then for g € G(k,), we have
Pg, (ga O) = ‘I)¢G(ov) (gv O)

(2) If v | Nyoo, we get

(I)¢v (gv 0) = (I)iu (gv 0)'

Here @4, , and v are introduced in §2.2.

Proof. Recall that @4, , , and ®7* are in I,(5)%0(®) and Ppio,, (Wiys) =1, e (w;, s) = giq;i(sﬂ).
It is easy to check that

Lemma 3.2. (1) For each place v # oo,

B, = q; '+ characteristic function of II;' R,  if v | No,
v T .
Po Zf v J[ No.

Here when v | Ni, 11, is a generator of the mazimal ideal of R,; when v | Ny, I, is the element
. 0 1

of R, corresponding to (7% O)'

(2)

Poo = G - characteristic function of I} o,Op.. .

Here Il is a generator of the mazimal ideal of Op_ .

For each function ¢, € S(V (ky)3) with ¢y = ¢.1 @ ¢u2 @ ¢, 3, we have that for 0 < i < 3,

w(w;) g, = 62 P 1 R ®Py3—; $U,3—1‘+1 Q.- $U,3.

Therefore by Lemma 3.2, @5, (w;,0) = w(w;)$,(0) = & - vi, where v, := ¢;' if v | Ny and 1

v
otherwise. Moreover, it is observed that ®; is in IU(S)KO(U). Therefore the proposition holds. O

3.2. Siegel-Eisenstein series. The Siegel-Fisenstein series associated to ¢ is the Eisenstein series
E(g,s,®5) on GSps(Ay) associated to the section ®g. Let

£s) = [ &)
v|Nooo
where &,(s) is the rational function in ¢~ defined in §2.2. Then by Proposition 3.1, we have
Proposition 3.3.
E(g, 5, ®%)]s=0 = £(0)™" - E(g,5, ) =0-
For each g; € G'(Ay) and h € O(V)(Ay), the theta series
0(g1,m,9) = Y (wg)@)(r 'a)

z€V (k)3
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is left G1(k) invariant as a function of g; € G'(Ay) and left O(V)(k) invariant as a function of
r € O(V)(Ag). We define

I(gl;@) = e(glara @)d'f‘

/O(V)(k)\O(V)(Ak)

This integral is absolutely convergent, as O(V)(k)\O(V)(A) is compact. We normalized the mea-
sure dr so that the total mass is 1. Then the following result, which is called the Siegel-Weil formula
for the quadratic space V' and Sps, connects the Siegel-Eisenstein series associated to E(gi,s, ®y)
and I(g1,9):

Theorem 3.4. For every element g; € G'(Ay), we have
E(gla S, (PL,ZJ)‘S:O =2. I(gl, SB)

This result follows from arguments similar to that given in Kudla-Rallis [13], details will be shown
in a forthcoming paper [26].
Recall that from Corollary 2.8 (2) and Proposition 3.3, one has

LE2) = b0 [

F(h) (E(h, s, <I>¢,)|5:0)dh.
Zg(Ar)H(K)\H (Ak)

Moreover, the strong approximation theorem for GLy and Theorem 3.4 tell us that

Proposition 3.5.

L(R.2) = g > )T Do)
’ (e (D69 (No)\ SLa (ko) /KL )

where

2
hl) =
po([h]) 19113 (T (NoYhn 1 Koo)

?

, Vh= <h17h27h3> S SLQ(koo)g

Here Ko is introduced in §1.2 and F((Jl)(No) =Ty (Ng) N SLa(A), IC(()? = Koo NSLa(koo)-

3.3. Theta series. Recall that R is a fixed Eichler A-order of type (Ngr ,Nj ) in the definite quater-
nion algebra B over k. Let Iy, ..., I, be representatives of locally-free right ideal classes of R. For
1 <4, <n,let N;j € k™ be the monic generator of the fractional ideal

<Nr(b):be LI ' >4.

The theta series 0;; associated to Iiljfl is a function on kX X koo defined by:

Nr(b Nr(b
0ij(y,x) = Z lo. (;[(”)yt2> Yoo (;f()x) . Y(y,x) €k X koo
bel I} ! ’

Here 1o, is the characteristic function of O. It is known that (cf. [24] §2.1.1) 6;; can be extended
to a function 6;; on Y((Jl)(No) = ]."él)(No)\ GL2(kso)/Z (koo ) Koo by setting

~ X
b (5 7) = ol 500

Moreover, §;; are harmonic, i.e. for g € GLa(koo),
_ 0 1 . ~
bij | g re 0)) = —055(g) and > 0:5(97) = 0.
Yoo €EGL2 (000 ) /Koo

For 1 <i < n, let R; be the left order of I; and w; := #(R;/F*). We have
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. -1
Proposition 3.6. For h; = <%l y;_?) where y; € kX and x; € koo, 1 <7 <3,
3

-2
= 1 SR = -
I 5) = = . y iy g
((h1, h2, hs), ¢) <Z wi> > ey 01 (1035 (h2)0s (hs)
i=1 1<i,5<n
Proof. Set A9 := H;;ﬁoo k., the finite adele ring of k. Let R = [[, R®a O,, and B:=B Qp Ag.
The double coset space B*\B*/R* is conanically identified with the set of right ideal classes of R.

Here B is embedded into B diagonally. More precisely, let by, ..., b, € BX be representatives of the
double cosets. Then 14, ..., I,,, where I; := B N b; R are representatives of right ideal classes of R.
n

Write BX as [[ B*b;R*. We can choose b; such that Nr(b;) = 1, as the reduced norm map
i=1

from B to k is surjective. Take e € B* such that Nr(e) € F) — (FX)? and v € R* such that
Nr(y) = Nr(e) L. Let
BX , :={be€ B}, = (B ® ko)™ : Nr(b) is monic with respect to oo }.
Then R N ~
B*BY . (1,b)R* = B*BX, ,(1,eby)R* & RS =B*NbR*b; ' =FJ.

Here we embedded B into By, diagonally, (1,b;) and (1,eb;y) are elements in B X B = By .
Therefore N
BY =[] B*BX . (bR

i,Vi

Lol R T
"T{1,2) if R =T,

where

bgl) =0, b§2) = eb;7y. Moreover,
F’./i p— B>< N (BX X b(Vi)§X(b(Vi))71) — {a € F;’A’ : Nr(a) = 1} lf sz = F;%
’ ot ’ {+1} if R = FY.
Let M be the algebraic group defined over k whose S-points for every k-algebra S are
{(bl,bg) S (B R S)X X (B Rk S)X : Nr(b1> = Nr(bg)}
Then we have

Lemma 3.7.
MA) = T ME)M(k)mdT Ky
iGviv;
where M (koo )+ := M (koo) ﬂ(B;7+ X B;7+), m
Ky = M(AY) N (R* x R*). Moreover,
P i M) 0 (M (o) 4 ml ™ Koy ()71 ) = T 1),

1,7 ,J

(vivg) . (vi) (v5)
i = ((1,5;7), (l,bj 77Y), and the compact group

We define an involution 7 : M — M by
7(B1, B2) — (B2 - Nr(B2) ™", B1 - Nr(Br) ™).
There is then a surjective homomorphism p : Mx < 7 >— O(V) where for each z € V = B,
p(B1, B2)(x) == BiaxfByt; T(x) := & = Tr(zx) — .
This yields the following exact sequence
0—Zy — Mx<7>—0(V)—0,

where Zj; the algebraic subgroup of M whose S-points are {(z,z) € S* x S*}. This exact sequence
is an extension of the isomorphism M/Z); = SO(V) by the involution 7.
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For each place v of k, let 7, : M(k,) — M(k,) be the involution which extends 7. Let
C = Cyx x C9 where Csy =< 7o > and CY := Hvim < T, >. We note that Kj; is pre-
served by the action of elements in C°. The homomorphism p injects C into O(V)(Ag), and C is
compact with respect to the relative topology.

Now, we fix a measure of M (Ay) x C as follows. First, we normalize the Haar measure on M (AY)
for which Kj; has volume 1. On M (ks), we fix the Haar measure for which M (keo)+/Zn (koo)+
has volume 1. Here Zps(koo)+ = Zpr(koo) N M (koo)+. Finally, we normalize the measure on the
compact group C' to have volume 1. The homomorphism p induces a map

Zn (Koo )+ M(E)\M (Ag) x C — O(V)(Ag),

and the measure on M (Ay) x C induces an invariant measure d'r on O(V)(Ay). In particular, the
volume of (O(V')(k)\O(V)(Ay) with respect to d'r is equal to the volume of Zps (koo )+ M (k)\M (Ay),

W hiCh iS
Z
(V,L' }Vx) .

1,0,Vis V5 1,g

Here w7 .= #(Fg?j’yj)). This is from Lemma 3.9, and the volume of M(k)M(koo)+mE7yj’”'7)KM

0,J
in Znr(koo)+ M (K)\M (Ag) with respect to d'r is —i—. Let w) = #(T")). Then we have

@5

1 1
2 T

v, W,

where w; = #(R;* /FX). Therefore the volume of (O(V)(k)\O(V)(Ay) with respect to d'r is

2

>

— W
1<i<n

Note that the function @ is invariant under Ky, C, and M (koo )+. So for g1 € G1(Ay),

—2
"1
<Z > . / 9(917 T, (ﬁ)d/r
— w; O(V)(B)\O(V)(Ak)

i=1

—2
n 1 .
<Z > ' / 0(g1, p(m), p)dm
; g Zn (koo)+ M (K)\M(Ak)

i=1
. - . (V?,Vj) ~
) (T ek sty

<i 4,9,Vi V5 i J

-1
_ _(ye y; me\ _ (1 me\fye O\ . x
Suppose g1 = (h1, ho, hs), where hy = (0 ye,l ) = (O 1) (0 y[1> with y, € k% and
Ty € koo for 1 < £ < 3. We have

B(g1, p(m7)), 3)

I(g1, %)

NE
5|~

1

ly1y2ys |2 > I tros.. WeBi) oo (Nx(Bi)2e)

(B1,B2,83)€(BNb; Rb; )3 \1==3

= eij(hl) . 6ij(h2) : eij(hS)a

which is independent of (v;, ;). This completes the proof. O
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Let 0 := > L éij ® éij ® éij, which is a function on (Y(()l)(NO))g. The harmonic property

wi; W4
1<igj<n '’

of éij and f; leads to

L(F.2) = OO 1-(2?) S S (O]

2o (@0 1 25

For h € GLa(ko) and 1 < 4,5 < n, we define

=32 (5 90)

ozG]F(;<

Then ©;; are Q-valued Drinfeld type automorphic forms for I'y(Ng). Set

~ 1
O .= Z 7_@1']' &® @ij X 613

w;w
1<ij<n 7Y

Then O is a function on (YO(NO))3 and

-2
~ b(0)g(0)t 1 (-1 2 5
B | R T @w) 'q?"[h] (YZ(N ))3F<h)@(h)“1([h”

where for h = (hy,ha, h3) € GLa(koo)?, p1([h]) := p([h1]) - p([h2]) - u([h3]) and the measure u on
Yo(No) is introduced in §1.3. Note that

(@ N L (qo + 1)3(g2 — 1)
b<o>—((q2_ >) 0= ] ,

1)(q —1 QQ’U(Q’U - gv)Q

v|Ngoo

and the mass formula (cf. [4] §1) gives

i ]. . Hv|N0(qU +€v)
o1 Wi ¢* =1 '

Let vn, be the number of prime factors of Ny. We get

Proposition 3.8. The central critical value L(F,2) is equal to

1 - Y F(We(h)m([h).

q|NO|OO2’YN071 5
he (Yo(No))

3.4. Gross-Kudla type formula.

3.4.1. Definite Shimura curves. We start with a brief review of basic properties of definite Shimura
curves. Further details are referred to [24]. Recall that B is the definite quaternion algebra over
k which is only ramified at places v of k with ¢, = —1, and R is a chosen Eichler A-order of type
(N(]L , Ny ). Let Y be the genus zero curve defined over k whose M-points for any k-algebra M are

Y(M)={re B M :x+#0,Tr(z) =Nr(z) =0}/M*.
The group B* acts on Y (from the right) by conjugation. We define the definite Shimura curves
Xyi no = (RX\BX x Y)/BX,
where B := B ®; A} (A is the finite adele ring of k) and R := [[, Rp.

We have also chosen representatives I, ..., I, of locally-free right ideal classes of R, and R; is the
left order of I;. Then I, L ..., I-1 are representatives of left ideal classes of R, and R; is the right
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order of I;l. Then XNJF Ny is in fact the disjoint union H?:l X;, where X; :=Y/R. Since X, has
genus zero for each 7, we have

n
PIC(XNJ,NJ) = @ Zei,
1=
where the divisor class e; corresponds to the component X;.

For each monic polynomial m in A and 1 <14,j < n, set

#be 17 () = (m)}
Botm) = (@ D,

where w; = #(ij JF5) and Njj is the monic generator of the fractional ideal generated by Nr(b)

(S ZZO

for b € I;1;” ! Then for any monic m € A with (m, Ny) = 1, the Hecke correspondence t,, acting
on X Ni NG is expressed by

n
tmei = ZBij(m)ej.
i=1
The so-called Gross height pairing < -,- > on Pic(XNO+ NO_) is defined by setting
0 ifi#j
<ei,ej>:={ ] ?é‘%
w; ifi=j,

and extending bi-additively. We point out that ¢,, with (m, Ng) = 1 is self-adjoint with respect to
this pairing.

Let M(T'o(Np),R) be the space of R-valued Drinfeld type automorphic forms for T'g(Ng). The
map
D PiC(XNngO—) X Pic(XNJr)NO_) — M(To(Np),R)
which is defined by ®(e;, e;) := ©;; satisfies that for e, e’ € PiC(XNgr,Ng) and for monic m € A with
(m, No) =1,
D (te, €)= (e, tme).
Moreover, let Tg := Rlt,, : monic m € A with (m, Ny) =1]. Then from the Jacquet-Langlands

correspondence and strong multiplicity one theorem (cf. [11]), ® induces a Hecke module homomor-
phism (cf. [24] Theorem 2.6)

®: (Pic(Xyt n-) @z R) @1, (Pic(Xy+ y-) @2 R) — M(To(No), R)

such that for each newform f for I'o(INy), there exists a unique one-dimensional eigenspace Rey in
Pic(XNgr NO—) ®z R satisfying that t,,ef = ¢ (f)es for any monic m € A with (m, Ny) = 1. Here
¢m(f) is the eigenvalue of T,, associated to f. We point out that if f is normalized, then for each
f .
e e PlC(XN;,NO—) ®z R,
Ples,e') =< ey, e > f.
)®3

3.4.2. The diagonal cycle A. Consider (PiC(XNgr,N(;) ®z R) ™", with natural action by ’]1‘]%3, We

have an induced pairing < -,- >®3 on (PiC(XNO*,NO*) ®z R) @3 by setting
<ay ®@ay ®az,d) @ay@ay > =< ay,ad] > <ag,ay > < azay>.
We also have the induced map
93+ (Pic(Xyt y-) @2 R)? x (Pie(X s yo) @2 R)™ = M(To(No), R)®
by setting

D3 (a1 ® ay ® az, a) ® ay ® ay) = %3 (ay,a)) @ ®®3(ay,ab) ® @ (az, a}).
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n
Take A := " ﬁei ® e; ® e;. Then it is clear that
:1 (2

3

Lemma 3.9. The function © is equal to 3 (A, A).

3.4.3. Special values. Let S(T'o(Ng)) be the space of Drinfeld type cusp forms for I'g(Np). For
Fi=f®gohe STo(Nog))® and Fy = f'®@g @K € M(I'o(No))®3, we extend the Petersson inner
product by setting
<F17F2)®3 = (f) f/) ) (gmg/) : (h7 h/)
Given any three monic polynomials mq,mso,m3 in A with (mymems, Ng) = 1, we have a natural
action of Ty, ® Trny ® Tyy on M(Do(Np))®?3 defined by
Tm1 & Tm2 [ ,ij\3 (h1 X hg X hg) = Tm1h1 X Tm2h2 X Tm3 h3.

Recall that our function F = fi® fo® f3 € M (To(No), R)®3, where f1, fa, f3 are three normalized

newforms for T'o(Ng). Let
. ®3
eri=ep Reyp, Qey, € (Plc(XNgr’NO_) ®z R)

where Rey, is the eigenspace corresponding to f;. Let tp € ’]I‘]%3 be the projection from the space
(Pic(XNJ,N(;) ®z R)®3 onto Rep with respect to < -,- >®3 i.e.
< Z,ep >®3
< ep,ep >®3
Define Ap :=tgA, the component of A in the space Rer. Then

tF:L‘ = ER.

Lemma 3.10. The component ofC:) in the eigenspace RF with respect to (-,-)®3 is

< AF,AF >®3 F.

The above lemma says that (F,0)®3 = (F, F)®3. < Ap, Ap >®3 . By Proposition 3.7, we arrive
at our main result:

Theorem 3.11. Let Ny be a square-free ideal of A and let yn, be the number of prime factors of
No. Let F = f1 ® fo ® f3, where f1, fa, fs are normalized Drinfeld type newforms for To(Np).
Suppose the root number ¢ = || ey = 1. Then we have

(F, )%
q|No|oo270 1

v|Ngoo

L(F,2) = < Ap, Ap >®3 .

Remark. 1. The central critical value L(F,2) is a non-negative real number.

2. Suppose ef, = Y B; je; € Pic(Xn,) ®z R where §; ; € R for 1 <4 < 3. Then
j=1

(Zj U{?ﬁl,jﬁmﬁs,j)Q
(Zj wjﬁ%,j)(zj' wjﬁg,j)(zj‘ wjﬁ:%]) .

4. APPLICATION TO ELLIPTIC CURVES AND EXAMPLES

< Ap,Ap >®3=

Let Ny be a square-free ideal of A. Let E be an elliptic curve over k which is of conductor Nyoo
and has split multiplicative reduction at an even number of places including co. From the work
of Weil, Jacquet-Langlands, and Deligne, there exists a normalized Drinfeld type newform fg for
T'o(Np) such that

L(E,s+1) = L(fg,s).
Here L(E, s+ 1) is the Hasse-Weil L-function associated to E.
Let Fg = fr ® fg ® fg. Clearly, the root number of L(Fg, s) is positive, and we have

L(Fg,s) = L(Sym®E, s) - L(E,s — 1)?,

From the work of Deligne [3] and Lafforgue [14], The L-function L(Sym®E,s) is entire. Therefore
the special value formula in Theorem 3.10 implies that



20 FU-TSUN WEI

Corollary 4.1. Let E be an elliptic curve over k which is of conductor Nooo and has split multi-
plicative reduction at an even number of places including co. Let N be the product of primes of A
where E has split multiplicative reduction and Ni© = No/Ny . If we write

Cfe = ZBJ(E)ej € PiC(XN§7NU’) ®z Q,
=1

then the central critical value L(E, 1) does not vanish if Ap := Z?zl wfﬂj(E)S # 0.
Remark. The Birch and Swinnerton-Dyer conjecture predicts the following equality:
ord,_1 L(E, s) = rankz E(k).

It is known that (cf. [22]) ords—1 L(F, s) > rankz E(k), which means, in particular, that the conjec-
ture holds when L(E/k,1) # 0. Therefore the non-vanishing of Ag guarantees the finiteness of the
Mordell-Weil group E(k).

4.1. Examples. We present two examples from elliptic curves in this subsection. Some of the
calculations below were performed using the computer package: Sage.

4.1.1. Example 1. Let k = F(t) (i.e. ¢ = 7). Let E be the following elliptic curve:
E:y? =a2% = 3t(t 4+ 2)x + (—2t5 + 363 + 1).

The conductor of E is (3 —2)oo. More precisely, E has split multiplicative reduction at (3 —2) and
0o. Let Ny = t3 — 2. Let fg be the normalized Drinfeld type newform for I'q(Np) corresponding to
E. Let Fp = fp ® fp ® fp. We compute

L(Fp,s) =1—28¢ % —1617¢~ % — 67228¢ % 4 5764801¢**.

This L-function satisfies the functional equation in Theorem 2.1, and the central critical value
L(Fg,2) =9/49.

On the other hand, vy, = 1, and from a formula of Gekeler (cf. [19] Theorem 1.1) we immediately
get (fm, fr) = 39. Such computation can be also checked via the algorithm in [17]. According

to [18] Example 19, we have w; = 8, wy = --- = wsg = 1, and the corresponding divisor is
ey =[1,—4,-1,-1,2,—1,2,2]. Then we get < Ap,, Ap, >®3=21?/393. Therefore
(Fp, Fp)®? s 393 212 9
— 2 < Ap Ap, > =" . = — = [(Fg,2).
q|No| w20 1 Fer = Fe 77308 ~ 19 MFE2)

4.1.2. Ezample 2. Let k = F3(t) (i.e. ¢ = 3). For 0 < i < 2, let E; be the following elliptic curve
over k:
By =2+ ((t+i)* + D)a® + (t +i)°z.
The conductor of E; is (t)(t + 1)(¢t + 2)oo for each i. More precisely, E; has split multiplicative
reduction at (¢4 ¢) and oo, and has non-split multiplicative reduction at (¢ + j) for j # i.
Let No = t(t+ 1)(t — 1) = t3 —t. Let f; be the normalized Drinfeld type newform for I'(Np)
associated to E;. Let F := fy ® f1 ® fo. We compute the triple product L-function

L(F,s) =1+ 28¢~* + 358¢ % + 2268¢ > + 6561¢**.

This L-function satisfies the functional equation in Theorem 2.1, and the central critical value
L(F,2) =1024/81. On the other hand, vyx, = 3, and we compute that for 0 < i <2, (f;, fi) = 16.
Therefore we get (F, F)®® = 212, The number vy, of prime factors of Ny is 3. The only value
remained is < Ap, Ap >®3.

Let B be the definite quaternion algebra over k ramified at (¢), (¢t + 1), and (¢ — 1). Then
B=k+ka+kB+ kas
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where a? = —1, 82 = Ny = t3 — t, and Ba = —afB. Let R := A+ Aa + AB + AafB, which is a
maximal A-order in B. the class number (of left ideal classes) is 4, and w; = #(R* /F5) = 4 for
1 <4 < 4. We calculate the following Brandt matrices:

(Bi;(t)

0100 00 10 00 0
1 000 00 0 1 00 1
)19434: 00 0 1 ’(B”(Hl))lsmsél: 10 0 0 ’(Bij(t”))lsmg: 01 0
0010 0100 100

The corrsponding divisors ef, for 0 < ¢ < 2 can be chosen by:

ef, = [1,1,-1,-1], e, :=[1,-1,1,-1], ey, := [1,—1,—1,1].

Therefore < Ap, Ap >®3=1, and

(F,F)®3 212 1024
J < Anl A ®3_ 1= = L(F 2).
q|No|oo27o 1 S 8RAar> 34.22 81 (£,2)
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